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PERFECT PLASTICITY VERSUS DAMAGE: AN UNSTABLE

INTERACTION BETWEEN IRREVERSIBILITY AND

Γ-CONVERGENCE THROUGH VARIATIONAL EVOLUTIONS

Élise Bonhomme*

Abstract. This paper addresses the question of the interplay between relaxation and irreversibility
through quasi-static evolutions in damage mechanics, by inquiring the following question: can the quasi-
static evolution of an elastic material undergoing a rate-independent process of plastic deformation be
derived as the limit model of a sequence of quasi-static brittle damage evolutions? This question is
motivated by the static analysis performed in [J.-F. Babadjian et al. Commun. Pure Appl. Math.
74 (2021) 1803–1854], where the authors have shown how the brittle damage model introduced by
Francfort and Marigo (see [G.A. Francfort and J.-J. Marigo, Eur. J. Mech. A Solids 12 (1993) 149–
189, G.A. Francfort and J.-J. Marigo, J. Mech. Phys. Solids 46 (1998) 1319–1342]) can lead to a
model of Hencky perfect plasticity. Problems of damage mechanics being rather described through
evolution processes, it is natural to extend this analysis to quasi-static evolutions, where the inertia is
neglected. We consider the case where the medium is subjected to time-dependent boundary conditions,
in the one-dimensional setting. The idea is to combine the scaling law considered in [J.-F. Babadjian,
et al. Commun. Pure Appl. Math. 74 (2021) 1803–1854] with the quasi-static brittle damage evolution
introduced in [G.A. Francfort and A. Garroni, Arch. Rational Mech. Anal. 182 (2006) 125–152] by
Francfort and Garroni, and try to understand how the irreversibility of the damage process will be
expressed in the limit evolution. Surprisingly, the interplay between relaxation and irreversibility is not
stable through time evolutions. Indeed, depending on the choice of the prescribed Dirichlet boundary
condition, the effective quasi-static damage evolution obtained may not be of perfect plasticity type.
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1. Introduction

1.1. Interplay between Γ-convergence and variational evolutions

Rate-independent systems have proved to be very useful in many problems of continuum mechanics dealing
with dissipative phenomena such as elastoplasticity, damage or fracture. These models share similar energetic
formulations which put in competition a stored energy and a dissipated one which does not depend on the speed
of the loading (see [1] and references therein). When the model involves a scaling parameter, say ε > 0, a natural
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2 E. BONHOMME

attempt consists first in studying static models before treating the related evolutions. Such considerations can
be dealt within a more general setting, such as in [2] where the authors derive a sufficient condition in order for
a family of parametrized time-dependent energy functionals of the form Eε +Dε to approximate the expected
effective energy E0 +D0 in the limit, where Eε and Dε respectively stand for the stored and dissipated parts of
the total energy and E0 and D0 are their corresponding Γ-limits. In a nutshell, for ε ∈ [0,∞), if Eε stands for
the stored energy and Dε(q, q̃) stands for the minimal energy dissipated as the medium changes from the states
q to q̃, an evolution qε is called an energetic solution during the time interval [0, T ] if it satisfies the following
stability and energy balance conditions

Eε(t, qε(t)) ≤ Eε(t, q) +Dε(qε(t), q) for all admissible state q

Eε(t, qε(t)) + Dissε(qε; 0, t) = Eε(0, qε(0)) +

∫ t

0

∂sE(s, qε(s)) ds

for all time t ∈ [0, T ], where the cumulated dissipation Dissε(qε; 0, t) is the total variation of qε with respect
to the ”distance” Dε in the time interval [0, t]. Given energetic solutions {qε}ε>0 converging to some q0, the
authors derive in [2], Theorem 3.1 a sufficient condition in order for q0 to be an energetic solution of the limit
problem associated to E0 and D0. In particular, a joint condition on the interplay between the stored and
dissipated energies is needed. Unfortunately, even if we have separate Γ-convergence of Eε and Dε to E0 and D0

respectively, the Γ-limit of the total energies Eε +Dε might differ from the sum of the Γ-limits. This particular
issue is adressed in [3] where the authors consider a family of quasi-static evolutions involving internal oscillating
energies Eε and dissipations Dε and show that the Γ-limit of the sum can still be additively split as the sum of
a stored energy Ẽ0 and a dissipated one D̃0, even though they a priori differ from E0 and D0. More generally,
the interaction between Γ-convergence and variational evolutions frequently involves unexpected and tedious
non-commutability phenomena in various contexts. For instance, such considerations have attracted renewed
interest in the derivation of lower dimensional models for thin structures in the evolutionary setting, in the
context of elastoplasticity [4, 5], crack propagation [6] or delamination problems [7], without being exhaustive.
Another case study concerns the stability of unilateral minimality properties through variational evolutions, as
in fracture mechanics [8] or periodic homogenization in multi-phase elastoplasticity [9].

1.2. Motivation and results

In the static analysis led in [10], Theorem 3.1, the authors consider a family of brittle damage energies
(introduced in [11, 12]) within a specific scaling law, and show how an asymptotic analysis in a singular limit
can lead to a model of Hencky perfect plasticity. More precisely, they introduce a small parameter ε > 0
and consider a linearly elastic material which can only exist in one of two states: a damaged one whose elastic
properties are described via a symmetric fourth-order Hooke Law εA0 and a sound one with a stronger elasticity
tensor A1, satisfying εA0 < A1 in the sense of quadratic forms acting on MN×N

sym . Introducing the characteristic
function of the damaged region, χ ∈ L∞(Ω; {0, 1}), and following the model introduced by Francfort and Marigo,
the total energy associated to a displacement u ∈ H1(Ω;RN ) and χ is given as the sum of the elastic energy
stored inside the material and a dissipative cost, taken as proportional to the volume of the damaged zone:∫

Ω

1

2
(χεA0 + (1− χ)A1) e(u) : e(u) dx+

κ

ε

∫
Ω

χdx

where κ/ε > 0 is the material toughness of the damaged region and the symmetric gradient e(u) =(
∇u+∇uT

)
/2 is the linearized elastic strain. As the parameter ε tends to 0, the elasticity coefficients of

the weak material degenerate to zero while the diverging character of κ/ε forces the damaged region to con-
centrate on vanishingly small sets. It is by now well-known that for fixed ε > 0, the minimization of the above
energy with respect to the couple (u, χ) is ill-posed, so that the energy must be relaxed. By doing so, the
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brittle character of the damage is lost as minimizing sequences tend to develop microstructures and the class of
admissible solutions is extended to the set of all possible homogenized elasticities, resulting from fine mixtures of
strong and weak material (see [12–15]). Given some displacement u and minimizing first pointwise with respect
to χ, one can check that the asymptotic analysis of these energies is equivalent to finding the Γ-limit of the
family of functionals ∫

Ω

min

Å
1

2
εA0e(u) : e(u) +

κ

ε
;
1

2
A1e(u) : e(u)

ã
︸ ︷︷ ︸

=:Wε(e(u))

dx

when ε ↘ 0, or still the Γ-limit of their lower semicontinuous envelopes, given by

Eε(u) :=
∫
Ω

SQWε(e(u)) dx

where SQWε is the symmetric quasiconvex envelope of Wε (see [15]). An explicit formula of SQWε is generally
unknown, as its expression is obtained through a minimization among all attainable composite materials (the
G-closure set, see [14]) and makes use of the Hashin–Shtrikman bounds. Slightly adapting the proof of [10],
Theorem 3.1 (see Appendix A for a precise statement and its proof), the authors have shown that when A0 and
A1 are isotropic Hooke Tensors defined by

Aiξ = λitr(ξ)Id + 2µiξ for all ξ ∈ MN×N
sym

where λ1 > λ0 > 0 and µ1 > µ0 > 0 are the Lamé coefficients, the brittle damage energies Eε Γ-converges in
L1(Ω;RN ) as ε ↘ 0 to the functional

E : u ∈ BD(Ω) 7→
∫
Ω

W (e(u)) dx+

∫
Ω

I∗K

Å
dEsu

d|Esu|

ã
d|Esu|+

∫
∂Ω

I∗K ((w − u)⊙ ν) dHN−1

where K = {τ ∈ MN×N
sym : G(τ) ≤ 2κ} is a closed convex set, G : MN×N

sym → R is defined by

G(τ) :=


τ2
1

λ0+2µ0
if λ0+2µ0

2(λ0+µ0)
(τ1 + τN ) < τ1,

(τ1−τN )2

4µ0
+ (τ1+τN )2

4(λ0+µ0)
if τ1 ≤ λ0+2µ0

2(λ0+µ0)
(τ1 + τN ) ≤ τN ,

τ2
N

λ0+2µ0
if τN < λ0+2µ0

2(λ0+µ0)
(τ1 + τN ) ,

(1.1)

with τ1 ≤ ... ≤ τN the ordered eigenvalues of τ ∈ MN×N
sym , W is the infimal convolution

W : ξ ∈ MN×N
sym 7→ inf

τ∈MN×N
sym

ß
1

2
A1τ : τ + I∗K(ξ − τ)

™
and

I∗K : ξ ∈ MN×N
sym 7→ sup

τ∈K
{τ : ξ}

is the support function of K, standing for the plastic dissipation potential (see [16]). In particular, for all
displacement u ∈ BD(Ω), writing the Radon–Nikodým decomposition of Eu with respect to Lebesgue

Eu = e(u)LN Ω+ Esu
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and using the definition of the infimal convolution, we infer that the absolutely continuous linearized strain can
be additively split as e(u) = e+ pa with e and pa ∈ L1(Ω;MN×N

sym ) such that

W (e(u)) =
1

2
A1e : e+ I∗K(pa) L1-a.e. in Ω.

Therefore, defining p = Esu+ paLN Ω+ (w − u)⊙ νHN−1 ∂Ω, one can check that

Eu = eLN Ω+ p Ω,

so that

E(u) =
∫
Ω

1

2
A1e : edx+

∫
Ω

I∗K

Å
dp

d |p|

ã
d |p|

is indeed the energy functional corresponding to Hencky perfect plasticity, as mentioned in [17].
The objective of the present paper is to extend this work to the quasi-static case in a one-dimensional setting.

More specifically, we consider a linearly elastic material whose reference configuration is Ω = (0, L), a bounded
open interval, with toughness κ > 0 and stiffness a1 > 0, subjected to a prescribed time-dependent displacement
on ∂Ω = {0, L}:

w ∈ AC([0, T ];H1(R)).

Adapting the analysis led in [10] to the quasi-static setting, we consider a family of quasi-static brittle damage
evolutions (introduced in [13]) within the same specific scaling law. More precisely, we introduce a small param-
eter ε > 0 and apply [13], Theorem 2 to a linearly elastic material which can only exist in a damaged state or
in a sound state with respective stiffness 0 < εa0 < a1, subjected to the prescribed displacement w on ∂Ω and
with toughness κ/ε. Thus, we recover a triple

(uε,Θε, aε) : [0, T ] → H1(Ω)× L∞(Ω; [0, 1])× L∞(Ω; [0, a1]) (1.2)

describing the quasi-static evolution of brittle damage undergone by the medium for a fixed ε > 0. In other
words, the state of the damaged medium (for ε > 0 fixed) at time t ∈ [0, T ] is dictated by the displacement
uε(t) while its elastic properties are given by the stiffness aε(t) ∈ GΘε(t)(εa0, a1) (see Sect. 2), where Θε(t) is the
volume fraction of sound material a1 (see Prop. 3.1 below). We next wish to perform the asymptotic analysis
of these evolutions when taking the limit ε ↘ 0, in the hope of recovering a quasi-static evolution of perfect
plasticity in the limit, of which we briefly recall the fundamentals now.

In [16], Suquet proposed the (first complete) mathematical kinematical framework adapted to evolutions of
perfect plasticity for dissipative materials and proves the existence of solutions in terms of the displacement
field, under the assumption of small deformations. Heuristically, let Ω = (0, L) be the configuration at rest of an
elastoplastic medium with stiffness a1, whose evolution is driven by a time-dependent boundary displacement
w : [0, T ]× R → R prescribed on ∂Ω. The behaviour of the material is described via three kinematic variables
(u, e, p), where the displacement u : [0, T ] × Ω → R is such that the linearized strain Du = e + p is additively
decomposed in an elastic strain e : [0, T ] × Ω → R and a plastic strain p : [0, T ] × Ω → R accounting for the
reversible and permanent deformations respectively. In the quasi-static setting, where inertia is neglected, the



PERFECT PLASTICITY VERSUS DAMAGE 5

evolution satisfies the Constitutive Equations
a1e(t) = σ(t)

σ(t) ∈ K

ṗ(t) : σ(t) = sup
τ∈K

ṗ(t) : τ
in Ω

and the Equilibrium Equation ®
σ′(t) = 0 in Ω

u(t) = w(t) on ∂Ω

at all time t ∈ [0, T ]. In other words, the Constitutive Equations mean that the elastic strain is proportional to
the stress σ, which is constrained to lie in a given closed and convex set K ⊂ R standing for the elasticity domain
and whose boundary ∂K is referred to as the yield surface. The last assertion is nothing but Hill’s maximum
work principle. More recently, quasi-static plastic evolutions have been revisited into a variational evolution
formulation for rate-independent processes. The problem has been interpreted in an energetic form that does
not require the solutions to be smooth in time nor in space, making use of modern tools of the calculus of
variations instead (see [1, 17, 18] and references therein). Following [18], Definition 4.2, a quasi-static evolution
of perfect plasticity is a triple

(u, e, p) : [0, T ] → BV (Ω)× L2(Ω)×M(Ω)

subjected to the relaxed boundary condition p(t) ∂Ω = (w(t) − u(t)) (δL − δ0) and satisfying the additive
decomposition Du(t) = e(t)L1 Ω+ p(t) Ω, such that®

σ(t) = a1e(t), σ′(t) = 0 in H−1(Ω), σ(t) ∈ K L1-a.e. in Ω,

p : [0, T ] → M(Ω) has bounded variation,

(1.3a)

(1.3b)

and the Energy Balance

1

2

∫
Ω

a1e(t) : e(t) dx+DissK(p; 0, t) =
1

2

∫
Ω

a1e(0) : e(0) dx+

∫ t

0

∫
Ω

σ(s)ẇ′(s, x) dxds (1.4)

holds, for all time t ∈ [0, T ]. The dissipative plastic cost cumulated during the time interval [0, t] associated to
p, DissK(p; 0, t), is defined as

sup

{
n∑

i=1

∫
Ω

I∗K

Å
d(p(si)− p(si−1))

d |p(si)− p(si−1)|

ã
d |p(si)− p(si−1)| : n ∈ N, 0 = s0 ≤ s1 ≤ ... ≤ sn = t

}
.

As shown in [18], Theorem 3.6, the Euler conditions (1.3a) are equivalent to the Global Stability Condition

1

2

∫
Ω

a1e(t) : e(t) dx ≤ 1

2

∫
Ω

a1η : η dx+

∫
Ω

I∗K

Å
d(q − p(t))

d |q − p(t)|

ã
d |q − p(t)|

for all t ∈ [0, T ] and (v, η, q) ∈ BV (Ω)× L2(Ω)×M(Ω) such that Dv = ηL1 Ω+ q Ω and q ∂Ω = (w(t)−
v)(δL − δ0).
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The existence of quasi-static evolutions is (by now classically) obtained by performing a time-discretization
and solving incremental minimization problems inductively, before letting the time-step tend to 0 (see [1, 18, 20–
22] for instance). The purpose of the present paper is not to prove the existence of quasi-static evolutions of
perfect plasticity, but to establish whether such evolutions can be derived from the quasi-static brittle damage
evolutions introduced above in (1.2). By analogy with the static analysis of [10], we expect to derive the same
closed convex set of plasticity K which is given by the closed interval

K :=
[
−
√
2κa0,

√
2κa0

]
as one can check that G(τ) = τ2/a0 for all τ ∈ R in this simplified setting. In particular, the support function
of K is simply given by

I∗K =
√
2κa0 | · | .

Therefore, following the variational framework of quasi-static perfect plasticity recalled above (see [1, 18]),
the dissipative cost cumulated during a time interval [s, t] ⊂ [0, T ] due to a time dependent Radon measure
q : [0, T ] → M([0, L]) is defined as

DissK(q; s, t) =
√
2κa0 V(q; s, t)

where

V(q; s, t) = sup

{
n∑

i=1

|q(si)− q(si−1)|
(
[0, L]

)
: n ∈ N, s = s0 ≤ s1 ≤ ... ≤ sn = t

}

is the total variation of q during the time interval [s, t]. The question inquired in the present work is then: when
passing in the limit ε ↘ 0 (in some sense detailed in the next sections) in the above brittle damage evolutions
(1.2), can we derive a quasi-static evolution of perfect plasticity

(u, e, p) : [0, T ] → BV ((0, L))× L2((0, L);R)×M([0, L];R)

satisfying (1.3) and (1.4)? Contrary to the static analysis, the interplay between damage and Γ-convergence turns
out to be unstable through the time evolution process. Indeed, as explained in Theorem 1.1 and Theorem 1.2,
the effective quasi-static evolution derived in the subsequent sections might not be of perfect plasticity type.
Instead, it can be interpreted as one of damage, characterised by means of the material’s compliance as internal
variable:

Theorem 1.1. Let ε > 0 and (uε,Θε, aε) be a quasi-static evolution of the homogenized brittle damage model
given by Proposition 3.1. There exists a subsequence (not relabeled) and absolutely continuous functions

(u, e, p, σ, µ) : [0, T ] → BV ((0, L))× R×M([0, L])×K ×M([0, L])
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such that for all t ∈ [0, T ]

uε(t) ⇀ u(t) weakly-* in BV ((0, L)),

µε(t) :=
1−Θε(t)

ε
L1 (0, L) ⇀ µ(t) weakly-* in M([0, L]),

σε(t) → σ(t) in R,

eε(t) :=
σε(t)

a1
Θε(t) ⇀ e(t) weakly in L2((0, L)),

pε(t) :=
σε(t)

a0
µε(t) ⇀ p(t) weakly-* in M([0, L]),

when ε ↘ 0 and satisfying the following assertions for all t ∈ [0, T ]:

i. Additive Decomposition: Du(t) = e(t)L1 (0, L) + p(t) (0, L) in M((0, L))

ii. Relaxed Dirichlet Condition: p(t) {0, L} =
(
w(t)− u(t)

)(
δL − δ0

)
in M({0, L})

iii. Constitutive Equation: σ(t) = a1e(t)

iv. Equilibrium Equation: σ′(t) = 0 in H−1((0, L))

v. Stress Constraint: σ(t) ∈ K.

Furthermore, the effective compliance defined by

c : t ∈ [0, T ] 7→ µ(t)

a0
+

1

a1
L1 (0, L) ∈ M([0, L];R+)

is non-decreasing in time and satisfies the following assertions:

vi. Constitutive Equation: Du(t) = σ(t)c(t) (0, L) in M((0, L)) for all t ∈ [0, T ]

vii. Griffith Evolution Law: ċ(t)
(
2κa0 − σ(t)2

)
= 0 in M([0, L];R+) for L1-a.e. t ∈ [0, T ]

viii. Energy Balance: Q(t) + Diss(0, t) = Q(0) +

∫ t

0

σ(s)
[
ẇ(s)

]L
0
ds for all t ∈ [0, T ]

where

Q(t) :=
1

2
σ(t)Du(t) ((0, L))

corresponds to the elastic energy stored in the medium at time t ∈ [0, T ] and

Diss(0, t) :=

∫ t

0

d

ds

Å
1

2
σ(s)2c(s) ({0, L}) + κa0c(s) ([0, L])

ã
ds

stands for the dissipative cost due to damage cumulated during the time interval [0, t].

Let us briefly motivate the interpretation of the effective model as one of damage. A process of damage is
a dissipative phenomenon during which the rigidity tensor of the material is irreversibly weakening. General
damage models are classically based on the introduction of an internal variable ζ(t, x) describing the evo-
lution of the rigidity tensor a(t, x) = ã(ζ(t, x)). For instance, a natural and simple choice consists in taking
a(t, x) := a0χ(t, x) + a1 (1− χ(t, x)), where ζ(t, x) := χ(t, x) ∈ [0, 1] is non-decreasing in time (thus forcing the
irreversibility of damage) and χ = 1 corresponds to fully damaged regions while χ = 0 corresponds to sound
regions. (The particular case where χ(t, x) ∈ {0, 1} only takes the values 0 and 1 corresponds to brittle damage,
while the general case χ(t, x) ∈ [0, 1] corresponds to progressive damage.) The evolution of the material is then
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governed, on the one hand, by the Hooke Law which states that the Cauchy stress is linearly proportional to
the strain

σ(t, x) = a(t, x)Du(t, x),

and by a Griffith’s type maximal stress constraint on the other hand, which stipulates that elastic deformations
will only yield to damage when the Cauchy stress exceeds a given threshold. In other words, the rigidity tensor
of the material will drop from the value a1, the rigidity of the sound state, to the value a0, the rigidity of the
damaged state, if the Cauchy stress exceeds a given threshold (see [11, 16, 23]). Here, the effective model is
consistent with another damage model, where we interpret the compliance c : [0, T ] → M(Ω) as the internal
damage variable ζ(t, x), by formally setting

a(t, x) := c(t, x)−1.

Indeed, irreversibility of damage is enforced by the non-decreasing character of the material’s compliance, while
the Hooke Law vi ., a Griffith’s type maximal stress constraint vii . and an Energy Balance viii . are satisfied as
one can interpret (by formally inverting the compliance)

1

2
σ(t)Du(t) =

1

2
c(t)−1Du(t)2

as the stored elastic energy density of the effective damaged medium at time t ∈ [0, T ]. Also note the analogy
between the ordering condition a0 ≤ a(t, x) ≤ a1 in the model of [11] and the ordering condition satisfied by
the effective material here

a−1
1

(
µ+ L1 Ω

)
≤ c ≤ a−1

0

(
µ+ L1 Ω

)
in M(Ω;R+).

As mentioned above, according to the choice of the Dirichlet condition, the medium’s response to the loading
might differ from a perfect plastic behaviour:

Theorem 1.2. The quasi-static evolution (u, e, p) : [0, T ] → BV ((0, L)) × R × M([0, L]) of Theorem 1.1 is
a quasi-static evolution of the perfect plasticity model (1.3) and (1.4) if and only if the Dirichlet boundary
condition w ∈ AC([0, T ];H1(R)) satisfies:

for all 0 ≤ s < t ≤ T,
∣∣∣[w(t)]L

0

∣∣∣ < ∣∣∣[w(s)]L
0

∣∣∣⇒ ∣∣∣[w(t)]L
0

∣∣∣ ≤ √
2κa0

L

a1
. (1.5)

In other words, the limit evolution of Theorem 1.1 coincides with a quasi-static evolution of perfect plasticity
if and only if

t ∈ [0, T ] 7→
∣∣∣[w(t)]L

0

∣∣∣ := |w(t)(L)− w(t)(0)|

is non-decreasing after the ”first” time t∗0 ∈ [0, T ] at which |[w]L0 | strictly exceeds the threshold
√
2κa0L/a1

(see Rem. 5.2). Yet, the validity of the condition (1.5) roughly consists in limiting the study to a loading
phase where perfect plasticity and damage are indistinguishable, as discussed in Section 6, thus hiding the
fundamental difference between perfect plasticity and the effective model. Indeed, as illustrated in Figures 4
and 5 in a loading-unloading cycle, the limit quasi-static model obtained is of plasticity type in the loading phase
and of damage type in the unloading phase. In particular, the medium goes back into its reference configuration
without residual plastic strain.
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The present study may be seen as an illustration of non-stability issues arising when dealing with problems of
H-convergence in the L1(Ω) framework where ellipticity is lost during the time process, even when working in
the simplest evolution setting and in dimension one.

1.3. Organization of the paper

In Section 2, we recall some notation and preliminary results. In Section 3, we introduce the family of
quasi-static brittle damage evolutions derived in [13], Theorem 2 associated to a linearly elastic material with
toughness κ/ε and stiffness tensors εa0 and a1, for ε > 0, given a prescribed boundary datum and no volume
force load in the one-dimensional setting. Particularly, due to the explicit knowledge of the G-closure set of
all admissible homogenized composite materials in dimension one, we collect starting information of crucial
interest for the subsequent sections. In Section 4, we derive the effective quasi-static evolution when passing to
the limit ε ↘ 0. We first give uniform bounds in Proposition 4.1 and next analyse the behaviour and regularity
properties of the effective evolution. Section 5 adresses the question of the nature of the quasi-static evolution
and determines in Theorem 1.2 the necessary and sufficient condition ensuring the perfectly plastic behaviour
of the evolution. Finally, Section 6 discusses whether the present work could be improved in order to derive a
quasi-static evolution of perfect plasticity.

2. Notation and preliminaries

Matrices. If a and b ∈ RN , with N ∈ N \ {0}, we write a · b =
∑N

i=1 aibi for the Euclidean scalar product and
|a| =

√
a · a for the corresponding norm. The space of symmetric N ×N matrices is denoted by MN×N

sym and is

endowed with the Frobenius scalar product ξ : η = tr(ξη) and the corresponding norm |ξ| =
√
ξ : ξ.

Measures. The Lebesgue and k-dimensional Hausdorff measures in RN are respectively denoted by LN and
Hk. If X is a borel subset of RN and Y is an Euclidean space, we denote by M(X;Y ) the space of Y -valued
bounded Radon measures in X which, according to the Riesz Representation Theorem, can be identified to
the dual of C0(X;Y ) (the closure of Cc(X;Y ) for the sup-norm in X). The weak-* topology of M(X;Y ) is
defined using this duality. The indication of the space Y is omitted when Y = R. For µ ∈ M(X;Y ), its total
variation is denoted by |µ| and we denote by µ = µa + µs the Radon–Nikodým decomposition of µ with respect
to Lebesgue, where µa is absolutely continuous and µs is singular with respect to the Lebesgue measure LN .
Functional spaces. We use standard notation for Lebesgue and Sobolev spaces. If U is a bounded open subset
of RN , we denote by L0(U ;Rm) the set of all LN -measurable functions from U to Rm. We recall some properties
regarding functions with values in a Banach space and refer to [18, 24, 25] for details and proofs on this matter.
If Y is a Banach space and T > 0, we denote by AC([0, T ];Y ) the space of absolutely continuous functions
f : [0, T ] → Y . If Y is the dual of a separable Banach space X, then every function f ∈ AC([0, T ];Y ) is such
that the weak-* limit

ḟ(t) = w*- lim
s→t

f(t)− f(s)

t− s
∈ Y

exists for L1-a.e. t ∈ [0, T ], ḟ : [0, T ] → Y is weakly-* measurable and t 7→ ∥ḟ(t)∥Y ∈ L1([0, T ]). If f : [0, T ] ×
R → R is a function of two variables, time and spatial derivatives will be respectively denoted by ḟ and f ′.
Functions of bounded variation. Let U ⊂ RN be an open bounded set. A function u ∈ L1(U ;Rm) is a
function of bounded variation in U , and we write u ∈ BV (U ;Rm), if its distributional derivative Du belongs
to M(U ;Mm×N ). We use standard notation for that space and refer to [26] for details. We just recall that if
U has Lipschitz boundary, every function u ∈ BV (U ;Rm) has an inner trace on ∂U (still denoted by u and
HN−1-integrable on ∂U) and there exists a constant C > 0 depending only on U such that

1

C
∥u∥BV (U ;Rm) ≤ |Du|(U) +

∫
∂U

|u| dHN−1 ≤ C ∥u∥BV (U ;Rm) (2.1)

according to [29], Proposition 2.4, Remark 2.5 (ii).
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Homogenization and H-convergence We refer to [14] for an exhaustive presentation of these notions and
only recall minimal results. We denote, for fixed α, β > 0, the subset of fourth-order symmetric tensors

Fα,β =
¶
A ∈ RN4

: Aijkl = Aklij = Ajikl, α |ξ|2 ≤ Aξ : ξ ≤ β |ξ|2 for all ξ ∈ MN×N
sym

©
.

Let Ω be a bounded open set of RN . We say that An ∈ L∞(Ω;Fα,β) H-converges to A ∈ L∞(Ω;Fα,β) if, for
every f ∈ H−1(Ω;RN ), the solutions un ∈ H1

0 (Ω;RN ) of the equilibrium equations®
−div

(
Ane(un)

)
= f in Ω

un = 0 on ∂Ω

are such that un ⇀ u weakly in H1
0 (Ω;RN ) and Ane(un) ⇀ Ae(u) weakly in L2(Ω;MN×N

sym ) as n ↗ +∞, where

u ∈ H1
0 (Ω;RN ) is the solution of ®

−div
(
Ae(u)

)
= f in Ω

u = 0 on ∂Ω.

Given a volume fraction θ ∈ L∞(Ω; [0, 1]) and A,B ∈ L∞(Ω;Fα,β) with A ≤ B as quadratic forms on MN×N
sym ,

the G-closure set

Gθ(A,B)

is defined as the set of all possible H-limits of χnA+ (1− χn)B where χn ∈ L∞(Ω; {0, 1}) weakly-* converges
to θ in L∞(Ω; [0, 1]).

Convex analysis. We recall some definition and standard results from convex analysis (see [27]). Let f : RN →
[0,+∞] be a proper function (i.e. not identically +∞). The convex conjugate of f is defined as

f∗(x) = sup
y∈RN

{x · y − f(y)}

which turns out to be convex and lower semicontinuous. If f is convex and finite, we define its recession function
as

f∞(x) = lim
t↗+∞

f(tx)

t
∈ [0,+∞]

which is convex and positively 1-homogeneous. If f, g : RN → [0,+∞] are proper convex functions, then their
infimal convolution is defined as

f □ g(x) = inf
y∈RN

{f(x− y) + g(y)}

which is convex as well. The indicator function of a set C ⊂ RN is defined as IC = 0 in C and +∞ otherwise.
The convex conjugate I∗C of IC is called the support function of C.

3. Francfort–Garroni’s model of quasi-static brittle damage

For all ε > 0, we consider a linearly elastic material whose reference configuration is Ω = (0, L), with toughness
κ/ε and stiffness tensors εa0 and a1, corresponding to its damaged and sound zones respectively. Applying
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Theorem 2 and Remark 5 of [13] to this linearly elastic material without volume force load and with a prescribed
boundary condition w ∈ AC([0, T ];H1(R)), it ensures the following existence result for a relaxed quasi-static
damage evolution.

Proposition 3.1. For all ε > 0, there exist a time-dependent density, a displacement and a stiffness tensor
Θε : [0, T ] → L∞((0, L); [0, 1])

uε : [0, T ] → H1((0, L))

aε =

Å
1−Θε

εa0
+

Θε

a1

ã−1

: [0, T ] → L∞((0, L))

(3.1)

all weakly-* measurable, such that

Dirichlet Boundary Condition: uε(t) ∈ w(t) +H1
0 ((0, L)) for all t ∈ [0, T ];

Initial Minimality: for all v ∈ w(0) +H1
0 ((0, L)) and θ ∈ L∞((0, L); [0, 1]),∫ L

0

Å
1

2
aε(0)|u′

ε(0)|2 +
κ

ε

(
1−Θε(0)

)ã
dx ≤

∫ L

0

Å
1

2

εa0a1
θa1 + (1− θ)εa0

|v′|2 + κ

ε
θ

ã
dx; (3.2)

Monotonicity: for all T ≥ t ≥ s ≥ 0, aε(t) ≤ aε(s) and Θε(t) ≤ Θε(s) L1-a.e. in (0, L);

One-sided Minimality: for all t ∈ [0, T ], v ∈ w(t) +H1
0 ((0, L)) and θ ∈ L∞((0, L); [0, 1]),

1

2

∫ L

0

aε(t) |u′
ε(t)|

2
dx ≤ 1

2

∫ L

0

εa0aε(t)

θaε(t) + (1− θ)εa0
|v′|2 dx+

κ

ε

∫ L

0

θΘε(t) dx; (3.3)

Energy Balance: for all t ∈ [0, T ], the total energy

Eε(t) :=
1

2

∫ L

0

aε(t) |u′
ε(t)|

2
dx+

κ

ε

∫ L

0

(1−Θε(t)) dx

satisifes

Eε(t) = Eε(0) +
∫ t

0

∫ L

0

aε(s)u
′
ε(s)ẇ

′(s) dxds. (3.4)

Remark 3.2. Note the absence of a second term in the left-hand side of the One-sided Minimality (3.3),
which means that (uε(t), aε(t), 0) minimizes the total energy among all kinematically admissible displacement
and admissible damage arrangements within the body, at time t ∈ [0, T ] and ε > 0 fixed. In other words, any
additional damage inside the sound regions of the medium aε(t) strictly increases the total energy, i.e. for all
θ ∈ L∞((0, L); [0, 1]):

Eε(t) ≤
1

2

∫ L

0

aθ |v′θ|
2
dx+

κ

ε

∫ L

0

(
(1−Θε(t)) + θΘε(t)

)
dx

where

aθ :=

Å
θ

εa0
+

1− θ

aε(t)

ã−1
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and vθ ∈ w(t) +H1
0 ((0, L)) is the solution of®(

aθv
′
θ

)′
= 0 in (0, L),

vθ = w(t) on {0, L}.

Proof. This is the direct application of [13], Theorem 2, Remark 5 together with [14], Lemma 1.3.32, Formula
(1.109) which stipulates that for all 0 < a < b and all θ ∈ L∞((0, L); [0, 1]),

Gθ(a; b) =

ß
ab

θb+ (1− θ)a

™
.

In particular, one gets that uε : [0, T ] → H1((0, L)) is strongly measurable (in the sense of [24], Def. 2.101) as
it is continuous outside of an at most countable subset of [0, T ]. One also gets that aε : [0, T ] → L2((0, L)) is
strongly measurable (which is equivalent to the weak-* measurability according to Pettis’ Theorem, see [24],
Thm. 2.104), since for all ϕ ∈ L2((0, L))

t ∈ [0, T ] 7→
∫ L

0

ϕaε(t) dx =

∫ L

0

max (0, ϕ)aε(t) dx−
∫ L

0

max (0,−ϕ)aε(t) dx

is L1-measurable, as it is the difference between two non-increasing functions. For similar reasons, one also infers
that Θε : [0, T ] → L2((0, L); [0, 1]) is strongly measurable. Note that aε : [0, T ] → L∞((0, L)) and Θε : [0, T ] →
L∞((0, L); [0, 1]) are (a priori) only weakly-* measurable. To see this, it suffices to take ϕ ∈ L1((0, L)) instead
of L2((0, L)) above.

For all ε > 0, a naive first use of the One-sided Minimality (3.3) entails the following properties of the stress

σε = aεu
′
ε : [0, T ] → L2((0, L)).

Proposition 3.3. For all ε > 0 and all t ∈ [0, T ], the stress σε(t) is homogeneous in space and σε ∈ L0
(
[0, T ];R

)
.

Moreover,

u′
ε = σε

Å
1−Θε

εa0
+

Θε

a1

ã
. (3.5)

Proof. Indeed, for all v ∈ H1
0 ((0, L)) and δ > 0, applying (3.3) with θ = 0 and v± := uε(t) ± δv ∈ w(t) +

H1
0 ((0, L)) ensures that

0 ≤
∫ L

0

σε(t)u
′
ε(t) dx ≤

∫ L

0

σε(t)u
′
ε(t) dx± 2δ

∫ L

0

σε(t)v
′ dx+ δ2

∫ L

0

aε(t)|v′|2 dx.

Dividing by δ > 0 then letting δ ↘ 0 entails that
∫ L

0
σε(t)v

′ dx = 0, which implies the space homogeneity of σε.
Formula (3.5) is a consequence of the expression of aε and the definition of σε.

For all ε > 0 and t ∈ [0, T ], we define the function

W t
ε : (x, ξ) ∈ (0, L)× R 7→ min

Å
κΘε(t)(x)

ε
+

1

2
εa0|ξ|2;

1

2
aε(t)(x)|ξ|2

ã
.
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A second application of the One-Sided Minimality (3.3) implies that for L1-a.e. x ∈ (0, L)

1

2
aε(t)(x)|u′

ε(t)(x)|2 = C
(
W t

ε(x, ·)
)(
u′
ε(t)(x)

)
=: CW t

ε

(
x, u′

ε(t)(x)
)

where CW t
ε

(
x, ·
)
is the convex envelope of W t

ε(x, ·), which is explicitly known in the one-dimensional setting.

Proposition 3.4. For L1-a.e. in {x ∈ (0, L), aε(t)(x) > εa0},

1

2
aε(t)|u′

ε(t)|2 =



1

2
σε(t)u

′
ε(t) if

|σε(t)|√
2κa0

≤ Lε,

|σε(t)|
 

2κa0Θε(t)

aε(t)(aε(t)− εa0)
− κa0Θε(t)

aε(t)− εa0
if Lε <

|σε(t)|√
2κa0

≤ aε(t)

εa0
Lε,

κΘε(t)

ε
+

1

2
εa0|u′

ε(t)|2 if
aε(t)

εa0
Lε <

|σε(t)|√
2κa0

,

(3.6)

with

Lε :=

…
a1

a1 − εa0
> 1.

In particular, for all ε > 0 such that

{x ∈ (0, L), aε(t)(x) > εa0} ≠ ∅,

we have

|σε(t)| ≤
√
2κa0Lε.

Remark 3.5. Note that, although the first regime of the identity (3.6) is a tautology, it actually prevents the
last two regimes to occur since they have different growths. We refer to the proof of Lemma A.1 in Appendix A
for a rigorous demonstration.

Proof. Let ε > 0 and t ∈ [0, T ]. As we are working in the scalar setting, symmetric quasiconvex and convex
envelopes coincide. According to [15], Lemma 3.1, we have that for all ξ ∈ R and x ∈ (0, L)

CW t
ε(x, ξ) := inf

®∫ 1

0

W t
ε(x, ξ + ϕ′(y)) dy : ϕ ∈ H1

0 ((0, 1))

´
= min

θ∈[0,1]

®
κΘε(t)(x)

ε
θ +

1

2

Å
1− θ

aε(t)(x)
+

θ

εa0

ã−1

|ξ|2
´
.

The above minimization being over a strictly convex function, the minimum is indeed reached at a unique
minimizer in [0, 1]. Since

g : (x, θ) ∈ (0, L)× [0, 1] 7→ κΘε(t)(x)

ε
θ +

1

2

aε(t)(x)εa0
θaε(t)(x) + (1− θ)εa0

|u′
ε(t)(x)|2

is a Carathéodory function, Aumann’s measurable selection creterion (see [28], Thm. 1.2) entails that the
(unique) minimizer θε(t)(x) ∈ [0, 1] of g(x, ·) is actually L1-measurable in (0, L), i.e. θε(t) ∈ L∞((0, L); [0, 1])
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and for L1-a.e. x ∈ (0, L)

CW t
ε(x, u

′
ε(t)(x)) =

κΘε(t)(x)

ε
θε(t)(x) +

1

2

Å
1− θε(t)(x)

aε(t)(x)
+

θε(t)(x)

εa0

ã−1

|u′
ε(t)(x)|2.

Therefore, (3.3) implies that

1

2

∫ L

0

aε(t)|u′
ε(t)|2 dx = min

θ∈L∞((0,L);[0,1])

∫ L

0

g(x, θ(x)) dx

≤
∫ L

0

g(x, θε(t)(x)) dx =

∫ L

0

CW t
ε(t)(x, u

′
ε(t)(x)) dx.

Since one simultaneously has CW t
ε(t)(x, u

′
ε(t)(x)) ≤ 1

2aε(t)(x)|u
′
ε(t)(x)|2 for all x ∈ (0, L), we infer that

CW t
ε(t)(x, u

′
ε(t)(x)) =

1

2
aε(t)(x)|u′

ε(t)(x)|2 for L1-a.e. x ∈ (0, L).

Therefore, (3.6) is the consequence of Lemma A.1 (see Appendix A) applied to W t
ε(x, ·) at every point x in the

set {aε(t) > εa0}. Note that the constant Lε =
»

a1

a1−εa0
> 1 only depends on ε > 0 and not on x ∈ (0, L) nor

t ∈ [0, T ].

4. The limit quasi-static evolution

As previously explained, the objective of this work is to derive an effective limit model by letting ε tend to 0.
Since we expect a limit model of perfect plasticity type, one has to identify which quantities will play the role
of the elastic and plastic strains at the scale ε > 0. Meanwhile, in order to pass to the limit along converging
subsequences in the brittle damage evolutions described in Proposition 3.1, we rely on uniform bounds computed
in Proposition 4.1 below.

4.1. Uniform bounds and compactness

Proposition 4.1. There exists a constant C(w, T ) ∈ (0,+∞) such that

sup
t∈[0,T ]

sup
ε>0

Eε(t) ≤ C (4.1)

and

sup
t∈[0,T ]

sup
ε>0

ß
1

ε
∥Θε(t)− 1∥L1((0,L)) + ∥uε(t)∥BV ((0,L)) + |σε(t)|

™
≤ C. (4.2)

Proof. Let us first prove (4.1). Note that (3.2) applied with θ = 0 and v = w(0) directly entails

Eε(0) ≤
1

2

∫ L

0

a1|w′(0)|2 dx.

As for the subsequent times t ∈ [0, T ], (3.3) applied with θ = 0 and v = w(t) entails

1

2

∫ L

0

aε(t)|u′
ε(t)|2 dx ≤ 1

2

∫ L

0

a1|w′(t)|2 dx ≤ a1
2

∥w∥2L∞([0,T ];H1(R)) .
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On the other hand, since w is absolutely continuous from [0, T ] into H1(R), we infer that

ẇ′ ∈ L1([0, T ];L2(R))

is Bochner integrable. Therefore, gathering the uniform bound on the initial time energies together with Cauchy–
Schwarz inequality for the scalar-product

(ξ, η) ∈ L2((0, L))× L2((0, L)) 7→
∫ L

0

aε(s)ξη dx ∈ R

(for all time s ∈ [0, t] fixed) and the Energy Balance (3.4), we get that

Eε(t) = Eε(0) +
∫ t

0

∫ L

0

σε(s)ẇ
′(s) dxds

≤ Eε(0) +
∫ t

0

Ç∫ L

0

aε(s)|u′
ε(s)|2 dx

å 1
2
Ç∫ L

0

aε(s)|ẇ′(s)|2 dx
å 1

2

ds ≤ C(w, T ).

We next show (4.2). Let ε > 0 and t ∈ [0, T ]. First, as shown in [10], Lemma 2.3, Formula (2.6), there exists
a constant c > 0 (only depending on a0, a1 and κ) such that the function

Wε : ξ ∈ R 7→ min

ß
κ

ε
+

1

2
εa0|ξ|2;

1

2
a1|ξ|2

™
satisfies CWε(ξ) ≥ c|ξ| − 1

c for all ξ ∈ R. Remembering the definition (3.1) of aε(t) and the fact that

CWε(ξ) = min
θ∈[0,1]

®
κθ

ε
+

1

2

Å
θ

εa0
+

1− θ

a1

ã−1

|ξ|2
´

for all ξ ∈ R, we in particular get that

Eε(t) ≥
∫ L

0

CWε

(
u′
ε(t)
)
dx ≥ c ∥u′

ε(t)∥L1((0,L)) −
L

c
.

Thus, using the equivalent norm in BV ((0, L)) recalled in (2.1) leads to

∥uε(t)∥BV ((0,L)) ≤ ∥uε(t)
′∥L1((0,L)) + |w(t)(0)|+ |w(t)(L)| ≤ C(w, T ).

Finally, the homogeneity in space of the stress σε(t) ∈ R implies that

Eε(t) ≥
1

2

∫ L

0

aε(t)|u′
ε(t)|2 dx ≥ T

2a1
|σε(t)|2

as well, thus concluding (4.2).

From the uniform bounds (4.2), we obtain compactness properties.
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Proposition 4.2. There exists a subsequence (not relabeled and independent of t) and a non-negative Radon
measure µ : [0, T ] → M

(
[0, L];R+

)
, which is non-decreasing in time, such that


Θε(t) → 1 strongly in L1((0, L)) for all t ∈ [0, T ]

µε(t) :=
1−Θε(t)

ε
1(0,L) ⇀ µ(t) weakly-* in M

(
[0, L]) for all t ∈ [0, T ]

(4.3a)

(4.3b)

as ε ↘ 0.

Remark 4.3. Henceforth, we will work along the subsequence (not relabeled) mentioned in Proposition 4.2.

Proof. One directly deduces from (4.2) that Θε(t) strongly converges to 1 in L1((0, L)) as ε ↘ 0 for all time
t ∈ [0, T ]. Next, using the non-decreasing character (in time) of the non-negative Radon measures

µε : t ∈ [0, T ] 7→ 1−Θε(t)

ε
1(0,L) ∈ M

(
[0, L];R+

)
together with (4.2), one can apply the generalized version of Helly’s Theorem recalled in [18], Lemma 7.2 for the
topological duals of separable Banach spaces and find a subsequence and a limit time-dependent non-negative
Radon measure µ : [0, T ] → M

(
[0, L];R+

)
such that µε(t) ⇀ µ(t) weakly-* in M

(
[0, L]

)
as ε tends to 0, for

all t ∈ [0, T ]. Note that the monotonicity in time of µε is preserved by the pointwise weak-* convergence in
M
(
[0, L]

)
.

4.2. Initial time of the evolution

We begin with a corollary of the analysis led in [10], Theorem 3.1 in the static setting, taking into account a
prescribed Dirichlet boundary datum. We refer to Appendix A for a more general statement of this proposition
and its proof.

Proposition 4.4. The functional Fε : L
1((0, L)) → R+ defined for all u ∈ L1((0, L)) by

Fε(u) :=


∫ L

0

CWε(u
′) dx if u ∈ w(0) +H1

0 ((0, L))

+∞ otherwise

Γ-converges in L1 as ε ↘ 0 to the functional

F(u) :=


∫ L

0

W (u′) dx+
√
2κa0 |Dsu|

(
(0, L)

)
+
√
2κa0

(
|w(0)(L)− u(L)|+ |w(0)(0)− u(0)|

)
if u ∈ BV ((0, L))

+∞ otherwise

where

W : ξ ∈ R 7→ inf
η∈R

{a1
2

|ξ − η|2 +
√
2κa0 |η|

}
.

In particular, we infer that

Eε(0) = Fε(uε(0)) = minFε.
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Indeed, according to [15], Lemma 3.1 we first remark that

CWε(u
′
ε(0)) ≤

κ

ε
(1−Θε(0)) +

aε(0)

2
|u′

ε(0)|
2

hence Fε(uε(0)) ≤ Eε(0). Besides, (3.2) implies that Eε(0) ≤ Fε(v) for all v ∈ w(0) + H1
0 ((0, L)), where we

exchanged the infimum and the integral thanks to Aumann’s criterion.
Therefore, we deduce from the Fundamental Theorem of Γ-convergence together with the bounds (4.1) and

(4.2) that there exist a further subsequence (still not relabeled) and a displacement u(0) ∈ BV ((0, L)) such that

uε(0) ⇀ u(0) weakly-* in BV ((0, L)) and Eε(0) → E(0) := F(u(0)) = minF (4.4)

when ε ↘ 0.

4.3. Time independence of the subsequences

We first show that, along the whole subsequence introduced in Proposition 4.2 (not relabeled and independent
of t), {σε(t)}ε pointwise converges to some limit stress σ(t) for all time in [0, T ].

Proposition 4.5. Along the subsequence introduced in Proposition 4.2 (independent of t, not relabeled), we
have that for all time t ∈ [0, T ],

µε(t)
(
[0, L]

)
=

∫ L

0

1−Θε(t)

ε
dx → l(t) := µ(t)

(
[0, L]

)
≥ 0

and

σε(t) → σ(t) :=

[
w(t)

]L
0

l(t)
a0

+ L
a1

(4.5)

when ε ↘ 0, where
[
w(t)

]L
0
:= w(t)(L)− w(t)(0). Moreover,

σ(t) ∈ K = [−
√
2κa0,

√
2κa0] for all t ∈ [0, T ]. (4.6)

In particular, we infer that σ ∈ L∞([0, T ];K),

σε
∗
⇀ σ weakly-* in L∞([0, T ];R) (4.7)

and for all t ∈ [0, T ],

Eε(t) −→
ε↘0

E(0) +
∫ t

0

∫ L

0

σ(s)ẇ′(s)(x) dxds =

[
w(t)

]L
0

2
σ(t) + κl(t) =: E(t). (4.8)

Proof. We work along the subsequence introduced in Proposition 4.2. Let t ∈ [0, T ]. Note that by the weak-*
convergence of µε(t) to µ(t) in M([0, L]), one gets that

µε(t)
(
[0, L]

)
=

∫ L

0

1−Θε(t)(x)

ε
dx −→

ε↘0
l(t) := µ(t)

(
[0, L]

)
≥ 0.
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Since uε(t) ∈ w(t) +H1
0 ((0, L)) satisfies u

′
ε(t) = σε(t)aε(t)

−1 and σε(t) is homogeneous in space, we infer by the
Integration by Parts Formula in H1((0, L)) that

[
w(t)

]L
0
=

∫ L

0

u′
ε(t)(x) dx = σε(t)

∫ L

0

Å
1−Θε(t)(x)

εa0
+

Θε(t)(x)

a1

ã
dx.

Since ∫ L

0

Å
1−Θε(t)(x)

εa0
+

Θε(t)(x)

a1

ã
dx −→

ε↘0

l(t)

a0
+

L

a1
> 0,

we obtain

σε(t) −→
ε↘0

σ(t) :=

[
w(t)

]L
0

l(t)
a0

+ L
a1

,

which proves (4.5) and (4.7). Next, recalling Proposition 3.4, for all ε > 0 such that

{x ∈ (0, L), aε(t)(x) > εa0} ≠ ∅,

we have

|σε(t)| ≤
√
2κa0Lε.

We must then distinguish two cases.

� Either lim supε↘0 L1 ({aε(t) > εa0}) = 0, hence

L |σ(t)| = lim
ε

L |σε(t)| = lim
ε

Ç∫
{aε(t)=εa0}

εa0 |u′
ε(t)| dx+ |σε(t)| L1 ({aε(t) > εa0})

å
= 0

and σ(t) = 0 ∈ K.
� Or lim supε↘0 L1 ({aε(t) > εa0}) > 0. Up to another subsequence (still not relabeled), we can assume
that L1 ({aε(t) > εa0}) > 0 for all ε > 0. In particular, it implies that {aε(t) > εa0} ≠ ∅ hence |σε(t)| ≤√
2κa0Lε for all ε > 0. Taking the limit when ε ↘ 0, we obtain that |σ(t)| ≤

√
2κa0 hence σ(t) ∈ K.

In any cases, we get that the stress constraint (4.6) is satisfied. Thus, by homogeneity in space of σε(t), the
Dominated Convergence Theorem entails that

∫ t

0

∫ L

0

σε(s)ẇ
′(s)(x) dxds =

∫ t

0

σε(s)

Ç∫ L

0

ẇ′(s)(x) dx

å
ds −→

ε↘0

∫ t

0

∫ L

0

σ(s)ẇ′(s)(x) dxds.

Therefore, using the convergence of the energies at the initial time (4.4) together with the Energy Balance (3.4),
one gets that

Eε(t) −→
ε↘0

E(0) +
∫ t

0

∫ L

0

σ(s)ẇ′(s)(x) dxds =: E(t) ∈ R+.
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By homogeneity in space of σε(t) again, since

Eε(t) =
1

2
σε(t)

∫ L

0

w′(t)(x) dx+ κ

∫ L

0

1−Θε(t)(x)

ε
dx −→

ε↘0

[
w(t)

]L
0

2
σ(t) + κl(t)

we deduce that

E(t) =
[
w(t)

]L
0

2
σ(t) + κl(t)

which completes the proof of (4.8) and Proposition 4.5.

We now define what will play the role of the elastic and plastic strains at the scale ε > 0, by setting
eε = σε

Θε

a1
∈ L2((0, L))

pε =
σε

a0
µε = σε

1−Θε

εa0
1(0,L) ∈ L2((0, L))

(4.9a)

(4.9b)

which, by (3.5), satisfy the additive decomposition u′
ε = eε + pε at all time. Using Proposition 4.2 together with

the homogeneity in space of σε and σ, we infer that for all t ∈ [0, T ]



eε(t) → e(t) :=
σ(t)

a1
strongly in L2((0, L))

pε(t) ⇀ p(t) :=
σ(t)

a0
µ(t) weakly-* in M

(
[0, L]

)
u′
ε(t) ⇀ σ(t)

Å
µ(t) (0, L)

a0
+

L1

a1

ã
= p(t) (0, L) + e(t)L1 weakly-* in M((0, L))

(4.10a)

(4.10b)

(4.10c)

when ε ↘ 0. Let us recall that

µ(t)([0, L]) = l(t) and p(t)([0, L]) =
σ(t)

a0
l(t). (4.11)

The uniform bound (4.2) ensures that for all t ∈ [0, T ], there exist a further subsequence (depending on t,
not relabeled) and a displacement u(t) ∈ BV ((0, L)) such that

uε(t) ⇀ u(t) weakly-* in BV ((0, L))

when ε ↘ 0. In particular, we deduce from (4.10c) that

Du(t) = p(t) (0, L) + e(t)L1 in M((0, L);R)

is independent of the subsequence defining u(t). Moreover, one can check that

p(t) {0, L} =
(
w(t)− u(t)

)(
δL − δ0

)
. (4.12)



20 E. BONHOMME

Indeed, extending the problem on a larger open interval [0, L] ⊂ Ω′ and setting
uε(t) = uε(t)1(0,L) + w(t)1Ω′\(0,L)

pε(t) = pε(t)1[0,L]

eε(t) = eε(t)1(0,L) + w′(t)1Ω′\(0,L)

one can check that 
uε(t) ⇀ u(t)1(0,L) + w(t)1Ω′\(0,L) weakly-* in BV (Ω′)

pε(t) ⇀ p(t) := p(t)1[0,L] weakly-* in M(Ω′)

eε(t) ⇀ e(t) := e(t)1(0,L) + w′(t)1Ω′\(0,L) weakly in L2(Ω′)

when ε ↘ 0. Therefore, using [29], Remark 2.3 (i), we get that

Duε(t) = eε(t) + pε(t) ⇀ e(t) + p(t) = Du(t)1(0,L) + w′(t)1Ω′\(0,L)L1 +
(
w(t)− u(t)

)(
δL − δ0

)
which implies (4.12). In particular, we infer that the limit displacement u(t) is actually independent of the
subsequence. Indeed, let u1(t) and u2(t) ∈ BV ((0, L)) be two weak limits of {uε(t)}ε>0 in BV ((0, L)). On the one
hand, (4.10c) entails that D(u1(t)− u2(t)) = 0 in M

(
(0, L)

)
hence u1(t)− u2(t) = C(t) ∈ R is homogeneous

in space. On the other hand, the internal traces of u1(t) and u2(t) being prescribed on {0, L} by (4.12), we
infer that C(t) =

(
u1(t)− u2(t)

)
(L) = 0 hence u1(t) = u2(t) in BV ((0, L)). Therefore, we infer that the whole

sequence converges and there exists

u : [0, T ] → BV ((0, L))

such that

uε(t) ⇀ u(t) weakly-* in BV ((0, L)) when ε ↘ 0, for all t ∈ [0, T ]. (4.13)

Note that u(0) ∈ BV ((0, L)) was already given by (4.4) and the static analysis led in [10], entailing the
following Constitutive Equation at the initial time.

Proposition 4.6.

E(0) = La1
2

e(0)2 +
√
2κa0 |p(0)|

(
[0, L]

)
(4.14)

and (
2κa0 − σ(0)2

)
l(0) = 0. (4.15)

Proof. Gathering (4.10c) and (4.12), we can identify the absolutely continuous and singular parts (with respect
to L1) in the Radon–Nikodým decompositions of Du(0) and p(0):®

Dau(0) = e(0)L1 + p(0)a

p(0)s = Dsu(0)1(0,L) + (w(0)− u(0)) (δL − δ0) .

By definition of the inf-convolution and (4.4), we get that W (Dau(0)) ≤ a1

2 e(0)2+
√
2κa0 |p(0)a| L1-a.e. in (0, L)

and E(0) = F(u(0)) ≤ La1

2 e(0)2 +
√
2κa0 |p(0)|

(
[0, L]

)
, where we identified absolutely continuous measures with
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their densities. Besides, combining (4.8), (4.5) and (4.11), we also have that

E(0) = σ(0)2

2

Å
l(0)

a0
+

L

a1

ã
+ κl(0)

=
La1
2

e(0)2 +
√
2κa0 |p(0)|

(
[0, L]

)
+
(√

2κa0 − |σ(0)|
)2 l(0)

2a0

≥ La1
2

e(0)2 +
√
2κa0 |p(0)|

(
[0, L]

)
.

Therefore, we obtain that E(0) = La1

2 e(0)2 +
√
2κa0 |p(0)|

(
[0, L]

)
and

(
2κa0 − σ(0)2

)
l(0) = 0.

4.4. Regularity of the evolution

Looking at the proof of Proposition 4.5 and defining, for all time t ∈ [0, T ], the function

∆(t) =

ÅE(t)
a0

+
κL

a1

ã2

− 2κ

a0

∣∣∣[w(t)]L
0

∣∣∣2 ,
one can check that

∆(t) =

Å
σ(t)2

2a0
− κ

ã2 Å
l(t)

a0
+

L

a1

ã2

≥ 0 and l(t) =
a0
2κ

ÅE(t)
a0

− κL

a1
+
»

∆(t)

ã
.

On the one hand, since

E(t) = E(0) +
∫ t

0

∫ L

0

σ(s)ẇ′(s, x) dxds

and

s 7→
∫ L

0

σ(s)ẇ′(s, x) dx is integrable on [0, T ],

we infer that E ∈ AC([0, T ];R). On the other hand, since w ∈ AC
(
[0, T ];C0([0, L])

)
and the product of abso-

lutely continuous functions remains absolutely continuous, we infer that ∆ ∈ AC([0, T ];R). In particular, we
deduce that l, σ, e and p are continuous on the whole interval [0, T ]. By non-negativity and monotonicity in
time of µ, we also infer that µ is continuous from [0, T ] to M([0, L]).

Using the Energy Balance in Proposition 3.1 together with the non-decreasing character of l, (4.8) and (4.5),
we can actually show that σ ∈ AC([0, T ];R). From this, we will deduce that l, u, p and µ inherit the same
regularity. This is a strong result because it is usually obtained a posteriori, once an Energy Balance of the type
(4.19) is proved to be satisfied (see [18]). Remarkably, here we do not rest on such an Energy Balance in order
to prove the regularity of the quasi-static evolution. This is the content of the following proposition.

Proposition 4.7. The mapping (σ, e, l, µ, p, u) : [0, T ] → K ×R×R+ ×M([0, L])×M([0, L])×BV ((0, L)) is
absolutely continuous.

Proof. One can check that for all 0 ≤ s ≤ t ≤ T ,

L

2a1
(σ(t)− σ(s))

2
=

∫ t

s

(σ(r)−σ(s))
[
ẇ(r)

]L
0
dr− l(s)

2a0
(σ(t)−σ(s))2− (l(t)− l(s))

2a0

(
σ(t)2 − 2σ(t)σ(s) + 2κa0

)
.

(4.16)
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Indeed, the convergences in Proposition 4.5 together with the homogeneity in space of σ and σε imply that

L

2a1
(σ(t)− σ(s))2 = L

Å
σ(t)e(t)

2
− σ(s)e(s)

2
− σ(s)(e(t)− e(s))

ã
= lim

ε↘0

∫ L

0

Å
σε(t)eε(t)

2
− σε(s)eε(s)

2
− σε(s)(eε(t)− eε(s))

ã
dx.

Using (4.10a), (4.9a), (4.9b) and writing lε :=
∫ L

0
1−Θε

ε dx, we get that

L

2a1
(σ(t)− σ(s))2 = lim

ε↘0

Å
Eε(t)−

∫ L

0

σε(t)pε(t)

2
dx− κlε(t)− Eε(s) +

∫ L

0

σε(s)pε(s)

2
dx+ κlε(s)

− σε(s)

∫ t

s

[
ẇ(r)

]L
0
dr + σε(s)

∫ L

0

(pε(t)− pε(s)) dx

ã
= E(t)− E(s)− κ(l(t)− l(s))− σ(s)

∫ t

s

[
ẇ(r)

]L
0
dr

− σ(t)2

2a0
l(t) +

σ(s)2

2a0
l(s) + σ(s)

Å
σ(t)l(t)

a0
− σ(s)l(s)

a0

ã
so that (4.8) entails (4.16). In particular, since 2κa0 ≥ σ(s)2, we obtain

L

2a1
|σ(t)− σ(s)|2 ≤

∫ t

s

|σ(r)− σ(s)|
∣∣∣[ẇ(r)]L

0

∣∣∣ dr =: Vs(t). (4.17)

Applying a Gronwall type Lemma (in the spirit of [18], Lem. 5.3), we infer that σ is absolutely continuous on
[0, T ]. Indeed, fixing T ≥ s ≥ 0 momentarily, one can remark that Vs ∈ AC([s, T ];R) and

V̇s(t) = |σ(t)− σ(s)|
∣∣∣[ẇ(t)]L

0

∣∣∣ ≤…2a1
L

Vs(t) + η
∣∣∣[ẇ(t)]L

0

∣∣∣
for L1-a.e. t ∈ [s, T ] and any η > 0. As

√
· is locally lipschitz on [η,+∞), we infer that

…
2a1
L

Vs + η is absolutely

continuous on [s, T ] and

d

dt

Ç…
2a1
L

Vs + η

å
(t) =

a1
L

V̇s(t)»
2a1

L Vs(t) + η
≤ a1

L

∣∣∣[ẇ(t)]L
0

∣∣∣ for L1-a.e. t ∈ [s, T ].

Thus, integrating between s and t for any T ≥ t ≥ s ≥ 0 entails that…
2a1
L

Vs(t) + η −√
η ≤ a1

L

∫ t

s

∣∣∣[ẇ(r)]L
0

∣∣∣ dr.
After taking the limit η ↘ 0, (4.17) yields that

|σ(t)− σ(s)| ≤
…

2a1
L

Vs(t) ≤
a1
L

∫ t

s

∣∣∣[ẇ(r)]L
0

∣∣∣ dr for all 0 ≤ s ≤ t ≤ T,
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thus proving the absolute continuity of σ and e = σa−1
1 from [0, T ] to R. In particular, (4.8) entails that

l =
1

κ

(
E − σ

2

[
w
]L
0

)
∈ AC([0, T ];R).

Since µ : [0, T ] → M([0, L];R+) is non-decreasing in time, (4.11) implies

0 ≤ (µ(t)− µ(s))
(
[0, L]

)
= l(t)− l(s)

for all 0 ≤ s ≤ t ≤ T , so that

µ ∈ AC
(
[0, T ];M([0, L])

)
and p =

σ

a0
µ ∈ AC

(
[0, T ];M([0, L])

)
.

Finally, the Trace Theorem in BV ((0, L)), (4.13) and (4.12) imply that for all 0 ≤ s ≤ t ≤ T ,

∥u(t)− u(s)∥BV ((0,L)) ≤ L |e(t)− e(s)|+ |p(t)− p(s)| ([0, L]) + |w(t)− w(s)| (L) + |w(t)− w(s)| (0),

thus proving the absolute continuity of u from [0, T ] to BV ((0, L)) as well.

At this point, we have identified good candidates for the limit evolution:

(u, e, p, σ, µ) : [0, T ] → BV ((0, L))× R×M([0, L])×K ×M([0, L]),

which are all absolutely continuous on [0, T ] and satisfy the following assertions for all t ∈ [0, T ]:

i. Additive Decomposition: Du(t) = e(t)L1 (0, L) + p(t) (0, L) in M((0, L))

ii. Relaxed Dirichlet Condition: p(t) {0, L} =
(
w(t)− u(t)

)(
δL − δ0

)
in M({0, L})

iii. Constitutive Equation: σ(t) = a1e(t)

iv. Equilibrium Equation: σ′(t) = 0 in H−1((0, L))

v. Stress Constraint: σ(t) ∈ K.

The absolute continuity of (u, σ, p, µ, l) guarantees that (u, σ) describes a quasi-static damage evolution, whose
internal variable is the effective compliance (inverse effective rigidity)

c : t ∈ [0, T ] 7→ µ(t)

a0
+

1

a1
L1 (0, L) ∈ M([0, L];R+)

satisfying the Constitutive Equation vi ., the Griffith Evolution Law vii . and the Energy Balance viii . stated in
Theorem 1.1.

Proof of Theorem 1.1: Using (4.8) and (4.5), one can check that for L1-a.e. t ∈ [0, T ] the following quantities
are well defined and satisfy

[
ẇ(t)

]L
0
= σ̇(t)

Å
l(t)

a0
+

L

a1

ã
+ σ(t)

l̇(t)

a0

and

Ė(t) = σ(t)
[
ẇ(t)

]L
0
=

σ̇(t)
[
w(t)

]L
0

2
+

σ(t)
[
ẇ(t)

]L
0

2
+ κl̇(t).
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Hence

κl̇(t) +
σ̇(t)

[
w(t)

]L
0

2
=

σ(t)
[
ẇ(t)

]L
0

2
=

σ̇(t)
[
w(t)

]L
0

2
+

σ(t)2 l̇(t)

2a0
,

entailing that

l̇(t)

Å
κ− σ(t)2

2a0

ã
= 0.

Besides, using that µ is non-decreasing in time together with [18], Theorem 7.1, Formula (7.4) and (4.11) ensures
that

µ̇(t)
(
[0, L]) = lim

h↘0

µ(t+ h)
(
[0, L]

)
− µ(t)

(
[0, L]

)
h

= lim
h↘0

l(t+ h)− l(t)

h
= l̇(t) (4.18)

for L1-a.e. t ∈ [0, T ]. Thus, by non-negativity of the Radon measure µ̇(t), we infer that

µ̇(t)
(
2κa0 − σ(t)2

)
= 0 in M([0, L];R+) for L1-a.e. t ∈ [0, T ],

which proves the validity of vii . of Theorem 1.1.
Moreover, recalling that

Q(t) =
1

2
σ(t)Du(t) ((0, L)) =

1

2
σ(t)2c(t) ((0, L)) ,

(4.8) entails that

E(t) = Q(t) +
1

2
σ(t)2c(t) ({0, L}) + κa0c(t)([0, L])

= Q(0) +
1

2
σ(0)2c(0) ({0, L}) + κa0c(0)([0, L]) +

∫ t

0

σ(s)
[
ẇ(s)

]L
0
ds

hence

Q(t) +

∫ t

0

d

ds

Å
σ(s)2c(s)({0, L})

2
+ κa0c(s) ([0, L])

ã
ds = Q(0) +

∫ t

0

σ(s)
[
ẇ(s)

]L
0
ds.

This proves the Energy Balance viii . and concludes the demonstration of Theorem 1.1.

Remark 4.8. The effective limit model obtained here is a different type of damage model where the dissipative
phenomena is described by means of an internal variable, the effective compliance c : [0, T ] → M([0, L];R+),
whose non-decreasing character in time accounts for the irreversibility of damage. This is a threshold stress
model, based on the conjecture that damage propagates if and only if the stress saturates the constraint.

� Formally inverting the compliance c(t), the Constitutive Equation vi . allows us to interpret 1
2σ(t)Du(t) =

1
2c(t)

−1Du(t)2 as the stored (elastic) energy density of the effective damaged medium at time t ∈ [0, T ].
In other words, one can interpret the left hand side of the Energy Balance viii . as the sum of the elastic
energy stored at time t

Q(t) =
1

2
σ(t)Du(t)((0, L)) =

σ(t)2

2

Å
µ(t)((0, L))

a0
+

L

a1

ã
and the dissipative cost due to damage cumulated during the time interval [0, t].
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� As explained above, the Griffith type Evolution Law states that damage can only grow when the stress
σ saturates the constraint. This threshold condition generalizes the Initial Constitutive Law (4.15) to
the quasi-static setting. As will be explained in the Section 5, this Constitutive Law (4.15) a priori
does not propagate to subsequent times through the evolution process, unless the prescribed boundary
condition satisfies (1.5), corresponding to the case of perfect plasticity. In this case, one can check that(
2κa0 − σ(t)2

)
l(t) = 0 for all t ∈ [0, T ].

Motivated by the static analysis led in [10] where the authors have shown how brittle damage can lead to
Hencky perfect plasticity, it is natural to extend this analysis to quasi-static evolutions and inquire whether
(u, e, p, σ) is of perfect plasticity type or not. Following [18], Definition 4.2, Theorem 3.6, in order for this
quasi-static evolution to be of perfect plasticity type, it only remains to prove the Energy Balance:

La1
2

e(t)2 +
√
2κa0

∫ t

0

|ṗ(s)| ([0, L]) ds = La1
2

e(0)2 +

∫ t

0

∫ L

0

σ(s)ẇ′(s)(x) dxds (4.19)

for all time t ∈ [0, T ], where we used that
∫ t

0
|ṗ(s)| ([0, L]) ds = V(p; 0, t) according to [18], Theorem 7.1. As u,

σ, p, µ and l are all absolutely continuous on [0, T ], we have the following Proposition:

Proposition 4.9. For all t ∈ [0, T ],

La1
2

e(t)2 +

∫ t

0

σ(s)ṗ(s)([0, L]) ds =
La1
2

e(0)2 +

∫ t

0

σ(s)
[
ẇ(s)

]L
0
ds. (4.20)

Proof. Indeed, for all t ∈ [0, T ], (4.8) and (4.5) entail that

E(t) =
La1
2

e(t)2 + l(t)

Å
σ(t)2

2a0
+ κ

ã
=

La1
2

e(t)2 + l(0)

Å
σ(0)2

2a0
+ κ

ã
+

∫ t

0

d

ds

Å
l

Å
σ2

2a0
+ κ

ãã
(s) ds.

Using that
˙̂

lσ2 = l̇σ2 + 2lσσ̇ together with (4.15) and vii . of Theorem 1.1, we infer that

E(t) = La1
2

e(t)2 +
√
2κa0 |σ(0)|

l(0)

a0
+

∫ t

0

Ç
l̇

a0

√
2κa0 |σ|+

lσσ̇

a0

å
ds.

Thus (4.11), Theorem 1.1 and (4.18) entail that

E(t) = La1
2

e(t)2 +
√
2κa0 |p(0)| ([0, L]) +

∫ t

0

σ

Ç
l̇σ + lσ̇

a0

å
ds

=
La1
2

e(t)2 +
√
2κa0 |p(0)| ([0, L]) +

∫ t

0

σ(s)ṗ(s)([0, L]) ds.

Then, (4.8), (4.4) and (4.15) complete the proof of (4.20).

Therefore, due to the homogeneity in space of σ together with the stress constraint, (4.20) ensures that the
upper bound inequality of (4.19) is always satisfied:
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Proposition 4.10. For all t ∈ [0, T ],

La1
2

e(t)2 +
√
2κa0

∫ t

0

|ṗ(s)| ([0, L]) ds ≥ La1
2

e(0)2 +

∫ t

0

∫ L

0

σ(s)ẇ′(s)(x) dxds.

Having all the previous results in mind, one would naturally be tempted to intuit the validity of the Energy
Balance (4.19), hence proving that the quasi-static damage evolution (u, e, p, σ) is indeed one of perfect plasticity.
Surprisingly, the interplay between relaxation and irreversibility of the damage is not stable through time evo-
lutions. Indeed, depending on the choice of the prescribed Dirichlet boundary condition w ∈ AC([0, T ];H1(R)),
the effective quasi-static damage evolution may not be of perfect plasticity type, as illustrated in the example
of Figure 3. Understanding on which condition the effective quasi-static evolution is of perfect plasticity type is
the content of the next section.

5. Energy balance

We can prove that the Energy Balance (4.19) is satisfied if and only if σ saturates the constraint once l is
non-zero, until the end of the process (see Fig. 2).

Lemma 5.1. Let t0 = sup {t ∈ [0, T ] : µ(t)
(
[0, L]

)
= 0}. The Energy Balance (4.19) is satisfied if and only if

σ saturates the constraint during the whole time interval [t0, T ] , i.e.

|σ(t)| =
√
2κa0 for all t ∈ [t0, T ]. (5.1)

Proof. Let us heuristically explain the argument. On the one hand, let us assume that (5.1) holds. Since
µ(t) = 0 = p(t) in M

(
[0, L]

)
for all t ∈ [0, t0] and |σ(t)| =

√
2κa0 for all t ∈ [t0, T ], the Flow-Rule holds:

σ(t)ṗ(t)
(
[0, L]

)
=

√
2κa0 |ṗ(t)|

(
[0, L]

)
for L1-a.e. t ∈ [0, T ]. (5.2)

This is immediate during the time interval [0, t0], while during the time interval [t0, T ], by continuity we infer
that σ is constant and either σ ≡

√
2κa0 or σ ≡ −

√
2κa0. Especially, since p = σ

a0
µ and µ is non-decreasing

in time, we infer that p is either non-decreasing or non-increasing in time on [t0, T ], according to the sign of

σ. Hence, σṗ = σ2

a0
µ̇ =

√
2κa0 |ṗ| in M

(
[0, L];R+

)
. Therefore, the validity of the Energy Balance (4.19) follows

from (4.20) and (5.2).
On the other hand, (5.1) is also a necessary condition. Let us assume that the Energy Balance (4.19) is

satisfied. From (4.20), we infer that∫ t

0

σ(s)ṗ(s)
(
[0, L]

)
ds =

√
2κa0

∫ t

0

|ṗ(s)|
(
[0, L]

)
ds

for all t ∈ [0, T ]. As σṗ
(
[0, L]

)
≤

√
2κa0 |ṗ|

(
[0, L]

)
always holds, we deduce that equality (5.2) is satisfied L1-a.e.

on [0, T ]. In particular, (5.1) must hold, otherwise the Flow-Rule will not be satisfied during a non L1-negligible
set of times in [t0, T ]. Indeed, if |σ(t)| <

√
2κa0 for some t ∈ (t0, T ), considering the maximal time interval

I ⊂ (t0, T ], containing t, during which σ never saturates the constraint, we get by continuity of σ and vii . of
Theorem 1.1 that Int(I) is a non empty interval and µ is a constant non-zero measure on I. Moreover, there
exists E ⊂ I such that L1(E) > 0 and σ̇ ̸= 0 on E. If such was not the case, σ would be constant on I, which is
impossible by maximality of the interval. Thus, one simultaneously has ṗ

(
[0, L]

)
= σ̇/a0l ̸= 0 and |σ| <

√
2κa0

on E, so that |σ| |σ̇/a0| l <
√
2κa0 |σ̇/a0| l which is in contradiction with the Flow-Rule (5.2).

Yet, this sufficient and necessary condition (5.1) relies on the definition of the time t0. It remains to find
an equivalent condition which can be expressed only in terms of the data of the setting. This is the content of
Theorem 1.2, illustrated in Figure 1.
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Figure 1. Sufficient and necessary condition for perfect plasticity.

Proof of Theorem 1.2: Necessary condition. Assume that the Energy Balance (4.19) is satisfied at all time
t ∈ [0, T ]. Then, Theorem 5.2 and Theorem 6.1 of [18] ensure that (u, e, p, σ) ∈ AC

(
[0, T ];BV ((0, L)) × R ×

M([0, L])×K
)
satisfies the Flow Rule:

σ(t)ṗ(t)
(
[0, L]

)
=

√
2κa0 |ṗ(t)|

(
[0, L]

)
for L1-a.e. t ∈ [0, T ]. (5.3)

On the one hand, (4.5) together with the trace theorem in BV ((0, L)) entail that, at all time, Du((0, L)) =[
u
]L
0
= Le+ p((0, L)) =

[
w
]L
0
− σl

a0
+ p((0, L)) so that

p([0, L]) = p((0, L)) +
[
w − u

]L
0
=

σl

a0
=

σµ([0, L])

a0
.

On the other hand, by (4.18) we infer that for L1-a.e. time in [0, T ], the following time derivatives exist and
satisfy

ṗ =
σ̇µ

a0
+

σµ̇

a0
in M([0, L]) hence ṗ([0, L]) =

σ̇l

a0
+

σµ̇([0, L])

a0
=
ı̇σl
a0

=
˙̧ �p([0, L]). (5.4)

Let t0 := sup {t ∈ [0, T ] : l(t) = 0}, with the convention t0 = 0 if l(0) > 0 (see Fig. 2). As l is non-decreasing

on [0, T ], if t0 = T then l ≡ 0 at all time and (4.5) entails that
[
w
]L
0
≡ σ L

a1
at all time as well, so that (1.5) is

always true since σ ∈ K. We can thus assume that t0 < T . Suppose that 0 ≤ a < b ≤ T are such that∣∣∣[w(b)]L
0

∣∣∣ < ∣∣∣[w(a)]L
0

∣∣∣ .
We have to prove that ∣∣∣[w(b)]L

0

∣∣∣ ≤ √
2κa0

L

a1
. (5.5)
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Figure 2. Stress constraint saturated after time t0.

Using again the non-decreasing character of l and (4.5), since∣∣∣[w]L
0

∣∣∣ = |σ|
Å

l

a0
+

L

a1

ã
,

we necessarily have |σ(b)| < |σ(a)| ≤
√
2κa0 hence |σ(b)| <

√
2κa0 in particular. By continuity of σ and because

0 < b ≤ T , there exists η > 0 such that for all s ∈ [b− η, b] ⊂ [0, T ], |σ(s)| <
√
2κa0. Let us consider

s0 := inf{s < b : |σ(t)| <
√
2κa0 for all s < t ≤ b}

and

I := (s0, b].

Recalling vii . of Theorem 1.1, by continuity we know that l is constant on the whole segment

I := [s0, b].

Let us prove that l ≡ 0 on I (hence on [0, b]), which will prove (5.5) due to (4.5) once more. By contradiction,
assume that l ≡ c > 0 on I. Since σ does not saturate the constraint during all the time interval (s0, b], the

Flow Rule (5.3) implies that ṗ(s)([0, L]) = σ̇(s)l
a0

= 0 for L1-a.e. s ∈ (s0, b]. Therefore, σ is constant during the

whole time interval I and in particular

|σ(s0)| <
√
2κa0.

Next, let us show that s0 > 0. Indeed,

� either l(0) = 0. Hence, one can check that l(t0) = 0 by definition of t0 and continuity of l. This implies
that s0 > t0 since l(s0) = c > 0.

� or l(0) > 0 thus t0 = 0. Then, (4.15) entails that |σ(0)| =
√
2κa0 so that s0 > 0 since |σ(s0)| <

√
2κa0.
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Thus, since s0 > 0, |σ(s0)| <
√
2κa0 and σ is continuous on [0, T ], there exists η > 0 small enough such that

|σ(s)| <
√
2κa0 for all s ∈ (s0 − η, b] ⊂ [0, T ], which is impossible by definition of I.

Sufficient condition. Assume (1.5). Let us show that the Energy Balance (4.19) is satisfied. As before, we
consider the time t0 := sup {t ∈ [0, T ] : l(t) = 0}, with the convention t0 = 0 if l(0) > 0. If t0 = T then l ≡ 0
at all time and (4.11) entails that µ ≡ 0 ≡ p in M([0, L]) at all time as well. Hence, the Energy Balance is
obviously satisfied as it simply states that

E(t) = E(0) +
∫ t

0

∫ L

0

σẇ′ dxds =
σ(t)2L

2a1
,

which is true thanks to (4.8) and (4.5). Therefore, we can assume that t0 < T .
Let us first note that we always have

|σ(t0)| =
√
2κa0. (5.6)

Indeed,

� either t0 > 0. In this case, by continuity of l and definition of t0, we must have l(t0) = 0. By contradiction,
assume that |σ(t0)| <

√
2κa0. Then, by continuity of σ and l again, there exists η > 0 small enough such

that |σ(s)| <
√
2κa0 for all s ∈ (t0 − η, t0 + η) ⊂ [0, T ]. Once more, vii . of Theorem 1.1 entails that l is

constant on the whole segment [t0 − η, t0 + η]. In particular, 0 = l(t0) = l(t0 + η) which is impossible by
definition of t0.

� Or t0 = 0. We must again consider two cases.
◦ Either l(0) = 0. By contradiction, assume that |σ(0)| <

√
2κa0. By continuity of l and σ, as before

there exists η > 0 small enough such that |σ(s)| <
√
2κa0 for all s ∈ [0, η) ⊂ [0, T ], entailing that

0 = l(0) = l(η) which is again impossible by definition of t0.
◦ Or l(0) > 0 and (4.15) ensures that |σ(0)| =

√
2κa0.

Next, let us show that, as illustrated in Figure 2,

|σ(t)| =
√
2κa0 for all subsequent time t ∈ [t0, T ]. (5.7)

By contradiction, assume there exists t0 < t ≤ T such that |σ(t)| <
√
2κa0 and consider the maximal time

interval where σ does not saturate the constraint, by defining:

t1 = inf{s ∈ [0, t] : |σ| <
√
2κa0 for all time in (s, t]}

and

t2 = sup{s ∈ [t, T ] : |σ| <
√
2κa0 for all time in [t, s)}.

By continuity of σ and (5.6), we have that t0 ≤ t1 < t ≤ t2 ≤ T and |σ(s)| <
√
2κa0 for all s ∈ (t1, t2). Since

t1 ≥ t0, we infer that l ≡ l(t1) > 0 is a positive constant on the whole segment [t1, t2] by vii . of Theorem 1.1.
One can also check that |σ(t1)| =

√
2κa0. Indeed, either t1 = t0 and (5.6) concludes, or t1 > t0. In particular

t1 > 0 and the continuity of σ together with the definition of t1 imply that |σ(t1)| =
√
2κa0. Therefore, (4.5)

yields that for all s ∈ (t1, t2)∣∣∣[w(t1)]L0 ∣∣∣ = √
2κa0

Å
l

a0
+

L

a1

ã
>
∣∣∣[w(s)]L

0

∣∣∣ = |σ(s)|
Å

l

a0
+

L

a1

ã
.
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By (1.5), we get that
∣∣∣[w(s)]L

0

∣∣∣ ≤ √
2κa0

L

a1
for all s ∈ (t1, t2). The continuity of

[
w
]L
0
and (4.5) imply that

∣∣∣[w(t1)]L0 ∣∣∣ = √
2κa0

Å
l

a0
+

L

a1

ã
≤

√
2κa0

L

a1
,

which is impossible by positivity of l > 0. We have thus proven the validity of (5.7).
Therefore, we are in the configuration of Figure 2. Whether l(0) > 0 or not, one can check that

p(t) =
σ(t0)

a0
µ(t) and

(√
2κa0 − |σ(t)|

)2 l(t)

2a0
= 0 for all t ∈ [0, T ]. (5.8)

Indeed, either l(t0) > 0 hence t0 = 0 and σ = σ(0) = ±
√
2κa0 is constant on the whole segment [0, T ]. Or

l(t0) = 0, so that µ(t) = 0 = p(t) for all t ∈ [0, t0] and σ = σ(t0) = ±
√
2κa0 is constant on the whole segment

[t0, T ]. In particular (5.8) is satisfied. Consequently, the monotonicity of µ entails that

V(p; 0, t) =
∣∣∣∣σ(t0)a0

∣∣∣∣ (µ(t)([0, L])− µ(0)
(
[0, L]

))
= |p(t)|

(
[0, L]

)
− |p(0)|

(
[0, L]

)
for all t ∈ [0, T ]. Using (4.4), (4.14), (4.15) and (4.8), we infer that

E(t) = La1
2

e(0)2 +
√
2κa0 |p(0)|

(
[0, L]

)
+

∫ t

0

∫ L

0

σẇ′ dxds

=
La1
2

e(t)2 +
√
2κa0 |p(t)|

(
[0, L]

)
+
(√

2κa0 − |σ(t)|
)2 l(t)

2a0

=
La1
2

e(t)2 +
√
2κa0 |p(t)|

(
[0, L]

)
for all t ∈ [0, T ], which concludes the proof of the Energy Balance (4.19) since

La1
2

e(0)2 +

∫ t

0

∫ L

0

σẇ′ dxds =
La1
2

e(t)2 +
√
2κa0 |p(t)|

(
[0, L]

)
−
√
2κa0 |p(0)|

(
[0, L]

)
=

La1
2

e(t)2 +
√
2κa0V(p; 0, t).

Remark 5.2. Condition (1.5) is equivalent to the non-decreasing character of
∣∣∣[w]L

0

∣∣∣ during the time interval

[t∗0, T ] where

t∗0 = inf
{
t ∈ [0, T ] :

∣∣∣[w(t)]L
0

∣∣∣ > √
2κa0L/a1

}
,

with the convention t∗0 = T if
∣∣∣[w]L

0

∣∣∣ remains smaller or equal to
√
2κa0L/a1 during the whole time interval

[0, T ]. Note that

t∗0 = t0. (5.9)
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Figure 3. An example of boundary condition preventing a perfectly plastic response.

Indeed, on the one hand, either t0 = 0 ≤ t∗0, or t0 > 0. In this case, we infer that

∣∣∣[w(t)]L
0

∣∣∣ = |σ(t)| L
a1

≤
√
2κa0

L

a1

for all previous time 0 ≤ t < t0 according to (4.5), Proposition 4.2 and the fact that l(t) = 0. Therefore, t ≤ t∗0
which leads to t0 ≤ t∗0 when t tends to t0. On the other hand, assume by contradiction that t∗0 > t0. By definition
of t0 and t∗0, we deduce that for all t ∈ (t0, t

∗
0),∣∣∣[w(t)]L

0

∣∣∣ = |σ(t)|
Å
l(t)

a0
+

L

a1

ã
≤

√
2κa0

L

a1
and l(t) > 0.

In particular, we infer that |σ(t)| <
√
2κa0 for all t ∈ (t0, t

∗
0), entailing that l ≡ l(t∗0) > 0 on [t0, t

∗
0] by vii . of

Theorem (1.1) and continuity of l. Then, (5.6) implies that

∣∣∣[w(t0)]L0 ∣∣∣ = √
2κa0

Å
l(t∗0)

a0
+

L

a1

ã
>

√
2κa0

L

a1

which is impossible.

6. Concluding remarks

In spite of the conjecture motivated by the static analysis of [10], Theorem 1.2 determines the exact conditions
on which the quasi-static evolution (u, e, p, σ) is of perfect plasticity type or not. In particular, when the
prescribed boundary datum w ∈ AC([0, T ];H1(R)) is such that |[w]L0 | is decreasing and remains larger than√
2κa0

L
a1
, the Energy Balance (4.19) is never satisfied (see Fig. 3).

This suggests to interpret (u, c) rather as a quasi-static evolution of damage as stated in Theorem 1.1, even
when the prescribed boundary datum satisfies (1.5). In this case, the very specific nature of the plastic evolution
illustrated in Figure 2 seems to confirm the interpretation of the evolution as one of damage. Indeed, the only
configuration of perfect plasticity we obtain is very restrictive as the evolution remains purely elastic until a
threshold time t0, after which the stress σ always saturates the constraint and the damage keeps on increasing,
so that the elastic strain remains constant until the end of the process which is rather specific to damage than
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Figure 4. Effective stress evolution in a loading-unloading cycle.

plasticity. Besides, when choosing T > 2
√
2κa0/a1 and applying a loading-unloading Dirichlet condition

w : (t, x) ∈ [0, T ]× [0, L] 7→ x
(
t1[0,T2 ]

(t) + (T − t)1(T
2 ,T)(t)

)
,

the response of the limit model is indeed typical of damage, as illustrated in Figure 4.
Using (5.9), one can check that t0 =

√
2κa0/a1 > 0, hence

µ ≡ 0 and σ ≡ a1
L

[
w
]L
0
≥ 0 on [0, t0].

By (5.6), vii . of Theorem (1.1) and the increasing character of
[
w
]L
0
during the time interval

[
t0,

T
2

]
, we infer

that

σ ≡
√
2κa0 on

ï
t0,

T

2

ò
,

which corresponds to the hardening phase. Then, since l is non-decreasing and
[
w
]L
0
is decreasing during the

unloading phase, (4.8) entails that σ decreases during the time interval
[
T
2 , T

]
. In particular, 0 ≤ σ(t) <

√
2κa0
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Figure 5. Loading-unloading cycle.

for all t ∈
(
T
2 , T

]
, so that µ ≡ µ

(
T
2

)
is constant during the unloading phase and

σ(t) ≡
[
w(t)

]
l(T

2 )
a0

+ L
a1

= 2
√
2κa0

T − t

T
for all t ∈

ï
T

2
, T

ò
.

In particular, at the end of the loading-unloading process, the medium goes back to its reference configuration,
whereas in perfect plasticity one expects a residual plastic strain (see Fig. 5). On the other hand, interpreting
the evolution as one of damage also fails to be completely satisfactory, as |σ| never exceeds the damage yield
threshold

√
2κa0, including during the hardening phase, which is specific to perfect plasticity and therefore

consists in a painful lack of generality for the description of a damage evolution as well (see Fig. 5). One could
wonder if the effective model we obtained lies somehow in between damage and plasticity. Without being able
to answer completely this question, let us remark that the effective evolution obtained here does not fit in the
large class of elastoplasticity-damage models introduced in [19–21] where we expect the Energy Balance to hold
and the plastic yield surface to shrink as damage increases, whereas here (4.19) is not always satisfied and
∂K = {±

√
2κa0} is fixed.

Let us also remark that, unlike what happens in the models considered in [30], Theorem 6.3 and Remark 6.4
in the one-dimensional setting, the effective model doesn’t imply u(t) ∈ SBV ((0, L)) if the stress |σ(t)| <

√
2κa0

is subcritical. To see this, given any non-negative Radon measure ν ∈ M((0, L))+ supported in (0, L) such that
ν((0, L)) = 1, let us introduce the following quantities:

ĉ : t ∈ [0, T ] 7→ l(t)

a0
ν +

1

a1
L1 (0, L) ∈ M((0, L))+,

σ̂ : t ∈ [0, T ] 7→
[
w(t)

]L
0

ĉ(t) ((0, L))
∈ R

and û : t ∈ [0, T ] 7→ û(t) ∈ BV ((0, L)) the solution of®
Dû(t) = σ̂(t)ĉ(t) in M((0, L)),

û(t) = w(t) on {0, L}.
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One can check that (û, σ̂, ĉ) : [0, T ] → BV ((0, L))× R×M((0, L)) is absolutely continuous and satisfies for all
t ∈ [0, T ]:

σ̂(t) =

[
w(t)

]L
0

l(t)
a0

+ L
a1

= σ(t),

˙̂c(t) = l̇(t)
ν

a0
in M((0, L))+

and ĉ is non-decreasing in time. In particular, we get that (û, ĉ, σ) is a solution of the effective damage model,
since it satisfies the Constitutive Equation vi ., the Griffith Evolution Law vii . (using (4.18)) and the Energy
Balance viii .. Indeed, for all t ∈ [0, T ], since ĉ(t)({0, L}) = 0 we get

1

2
σ(t)Dû(t)((0, L)) +

∫ t

0

d

ds
(κa0ĉ(s)((0, L))) ds

=
1

2
σ(t)2

Å
l(t)

a0
+

L

a1

ã
+

∫ t

0

κl̇(s) ds = E(t)− κl(0)

=
1

2
σ(0)Dû(0)((0, L)) +

∫ t

0

σ(s)
[
ẇ(s)

]L
0
ds

where we used (4.8). In particular for the loading-unloading cycle discussed above, since l(0) = 0, we infer
that the effective evolution (u, c, σ) and (û, ĉ, σ) are both solutions of the damage model and they have the
same energies at all time t ∈ [0, T ]. In particular, if the measure ν has a Cantor part νc, we never have

û(t) ∈ SBV ((0, L)) sinceDcû(t) = σ(t)
a0

νc, even in the unloading phase whereas σ(t) is subcritical. This departure
with the models of [30] may be explained by the irreversibility of damage which, in the effective model, results
in an unilateral minimality property which ensures that at all time, any additional damage in the medium will
strictly increase the total energy (note the analogy with the One-Sided minimality of [13]). Indeed, one can
check that any solution (u∗, c∗, σ∗) : [0, T ] → BV ((0, L)) × M([0, L])+ × R of the effective damage model is
uniquely determined by c∗, hence we directly write the total energy only in terms of the compliance:

E(t, c∗) :=
1

2

∣∣∣[w(t)]L
0

∣∣∣2
c∗(t)([0, L])

+ κa0c∗(t)([0, L]).

Then, for all t ∈ [0, T ] and all c∗ ∈ M([0, L])+ such that c∗([0, L]) ≥ c∗(t)([0, L]),

E(t, c∗) ≤
1

2

∣∣∣[w(t)]L
0

∣∣∣2
c∗([0, L])

+ κa0c
∗([0, L]).

Indeed, since |σ∗(t)| ≤
√
2κa0, we have

(
1

2

∣∣∣[w(t)]L
0

∣∣∣2
c∗(t)([0, L])c∗([0, L])

− κa0

)(
c∗([0, L])− c∗(t)([0, L])

)
≤
Å
1

2
|σ∗(t)|2 − κa0

ã (
c∗([0, L])− c∗(t)([0, L])

)
≤ 0.
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Looking at the constructive proof of [13], Theorem 2, one could argue that passing to the limit ε ↘ 0 in the
time-continuous quasi-static evolutions might not have been the right approach, as some incremental information
(see the minimality formulae and track of the history of damage [13], Formulae (15), (16), (21)) available at
the stage of time discretizations is lost once the time step has been sent to 0 (see [3] for a related case study of
non-commutability). Indeed, let us fix a time subdivision TN = {0 = tN0 , ..., tNN = T} of [0, T ] with

δN := sup
i∈J0,N−1K

∣∣tNi+1 − tNi
∣∣ .

Following minor adaptations of the present work and passing first to the limit ε ↘ 0, we infer the existence of
a piecewise constant in time evolution

(uN , eN , pN , σN , µN ) : [0, T ] → BV ((0, L))× L2((0, L))×M([0, L])× R×M([0, L])

with uniformly bounded variation in N such that

σN ∈ L∞([0, T ];K) is homogeneous in space,

pN =
σN

a0
µN , eN =

σN

a1
,
[
w
]L
0
= σN

Ç
µN

(
[0, L]

)
a0

+
L

a1

å
,

and for all i ∈ J0, NK

(
ui
N , eiN , piN

)
∈ A(w(tNi )),

E i
N :=

σi
N

[
w(tNi )

]L
0

2
+ κµi

N

(
[0, L]

)
= E(0) +

∫ tNi

0

σN

[
ẇ
]L
0
ds+ oδN↘0(1),

µi
N

(
[0, L]

)
=

a0
2κ

ÅE i
N

a0
− κL

a1
+
»
∆i

N

ã
,

(6.1)

where

∆i
N =

ÅE i
N

a0
+

κL

a1

ã2

− 2κ

a0

∣∣∣[w(tNi )
]L
0

∣∣∣2 ≥ 0

and (v, η, q) ∈ A(w(tNi )) means that v ∈ BV ((0, L)), η ∈ L2((0, L)), q ∈ M
(
[0, L]

)
, Dv = η + q (0, L) and

q {0, L} = (w(tNi )− v)
(
δL − δ0

)
. Moreover, as we pass to the limit ε ↘ 0 in the incremental minimality [13],

Formulae (15) and (16)

(ui
N,ε, 1−Θi

N,ε, a
i
N,ε) ∈ argmin

u∈w(tNi )+H1
0 ((0,L))

θ∈L∞((0,L);[0,1])

a∈Gθ(εa0,a
i−1
N,ε)

®∫ L

0

Å
1

2
a |u′|2 + κ

ε
θΘi−1

N,ε

ã
dx

´
of the discrete evolution of [13], one could hope that (uN , eN , pN ) satisfies a stronger incremental minimality as
in [18], Formula (4.12):

(ui
N , eiN , piN ) ∈ argmin

(u,e,p)∈A(w(tNi ))

®∫ L

0

1

2
a1e

2 dx+
√
2κa0

∣∣p− pi−1
N

∣∣ ([0, L])´ . (6.2)
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Assume that (6.2) holds. Then, following exactly the proof of [18], Theorem 4.5 ensures the existence of a
subsequence (independent of t, not relabeled) and a quasi-static evolution of perfect plasticity

(u, e, p) : [0, T ] → BV ((0, L))× L2((0, L))×M([0, L])

satisfying (1.3) and (1.4), such that for all t ∈ [0, T ]
uN (t) ⇀ u(t) weakly-* in BV ((0, L)),

eN (t) ⇀ e(t) weakly in L2((0, L)),

pN (t) ⇀ p(t) weakly-* in M([0, L]),

when passing to the limit δN → 0. In particular, all the above quantities in (6.1) pass to the limit as δN → 0.
Therefore, Theorem 1.2 holds true for the quasi-static evolution (u, e, p) as well. Consequently, for any prescribed
boundary datum w ∈ AC([0, T ];H1(R)) not satisfying (1.5), we come to a contradiction. It unfortunately proves
that commuting the limits in ε and N leads to no better statement.

One could then argue that the One-sided Minimality of [13], Theorem 2 might be too weak and that it
might have been preferable to pass to the limit ε ↘ 0 in the time-continuous quasi-static evolution of [31],
Theorem 7 instead, since the Minimality condition considered in [31], Definition 3 is stronger as stated in
[31], Remark 4. Unfortunately again, as we are working in the one-dimensional setting, the two minimality
conditions are equivalent. Indeed, let us fix ε = 1 for the present discussion. By optimality of the evolution [13],
Proposition 1, there exists χn : [0, T ] → L∞((0, L); {0, 1}) non-decreasing in time such that χn(t) ⇀ 1 − Θ(t)
weakly-* in L∞((0, L)) for all time t ∈ [0, T ]. Setting Dn := {χn = 1}, we have that for all (A, θ) such that

A ∈ Ĝθ({Dn(t)}, a0, a1) = Gθ(a0, a1), A ∈ Gθ̃(a0, a(t)) with

θ̃ :=
θ − (1−Θ(t))

Θ(t)
1{Θ(t)>0} ∈ L∞((0, L); [0, 1]).

Therefore, A is an admissible competitor for the One-sided minimality of [13], Theorem 2 too.
Eventually, we conclude with a general remark by noticing that this one-dimensional analysis seems to raise

the question whether Hencky perfect plasticity is distinguishable from damage or not in a static setting, as
mentioned in the recent survey [32], Section 1, p. 10.

Appendix A

Lemma A.1. Let a, b,K > 0 with a < b and f : ξ ∈ R 7→ min
{
K + a|ξ|2; b|ξ|2

}
. Then, for all ξ ∈ R,

Cf(ξ) =


b|ξ|2 if |ξ| ≤

»
aK

b(b−a) ,

|ξ|
»

4abK
b−a − aK

b−a if
»

aK
b(b−a) < |ξ| ≤ b

a

»
aK

b(b−a) ,

K + a|ξ|2 if |ξ| > b
a

»
aK

b(b−a) .

In particular, for all ξ ∈ R,

Cf(ξ) = b|ξ|2 ⇒ |ξ| ≤
 

aK

b(b− a)
.

Proof. We do not detail the calculations and refer to Figure A.1 for the demonstration. The key point for the

last assertion is that for all ξ ∈ R such that |ξ| >
»

aK
b(b−a) ,
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Figure A.1. Convex envelope.

� either |ξ| ≤ b
a

»
aK

b(b−a) and b|ξ|2 > Cf(ξ) = |ξ|
»

4abK
b−a − aK

b−a since
Ä
b|ξ| −

»
aK
b−a

ä2
> 0,

� or |ξ| > b
a

»
aK

b(b−a) =
»

b
a

»
K
b−a hence b|ξ|2 > Cf(ξ) = a|ξ|2 +K since

»
b
a > 1.

Proposition A.2. Let Ω ⊂ RN be an open bounded set with Lipschitz boundary and A0 and A1 be two symmetric
fourth order isotropic tensors, i.e.

Aiξ = λitr(ξ)Id + 2µiξ

for all ξ ∈ MN×N
sym where λ1 > λ0 > 0 and µ1 > µ0 > 0 are the Lamé coefficients. For a fixed toughness κ > 0,

we consider the closed convex set

K = {τ ∈ MN×N
sym : G(τ) ≤ 2κ}

with G defined by (1.1) in the Introduction. We define

W (ξ) =

Å
1

2
A1id : id

ã
□ I∗K(ξ)

and

Wε(ξ) = min

ß
κ

ε
+

1

2
εA0ξ : ξ;

1

2
A1ξ : ξ

™
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for all ε > 0 and all ξ ∈ MN×N
sym . Then, given a boundary datum w ∈ H1(RN ;RN ), the functional Fε :

L1(Ω;RN ) → R+ defined for all u ∈ L1(Ω;RN ) by

Fε(u) :=


∫
Ω

SQWε(e(u)) dx if u ∈ w +H1
0 (Ω;RN )

+∞ otherwise

Γ-converges in L1(Ω;RN ) as ε ↘ 0 to the functional

F(u) :=


∫
Ω

W (e(u)) dx+

∫
Ω

I∗K

Å
dEsu

d|Esu|

ã
d|Esu|+

∫
∂Ω

I∗K ((w − u)⊙ ν) dHN−1

if u ∈ BD(Ω)

+∞ otherwise.

Proof. The proof of the Γ-lim inf inequality presents no particular difficulty and we do not give the details of its
proof. The key point is to extend approximating sequences uk → u by w in a larger open bounded set Ω ⊂⊂ Ω′

and rely on [10], Theorem 3.1 in Ω′ to conclude.
The proof of the Γ-lim sup inequality relies on the approximation result [17], Theorem 3.5 in BD, which

allows us to reduce to the case where u ∈ w + C∞
c (Ω;RN ). Indeed, let u ∈ BD(Ω). Using the Radon–Nikodým

decomposition of Eu with respect to Lebesgue and owing to a measurable selection criterion together with the
definition of the inf-convolution, there exist e and pa in L2(Ω;MN×N

sym ) such that

Eu = e(u)LN Ω+ Esu, e(u) = e+ pa

and W (e(u)) =
1

2
A1e : e+ I∗K(pa) LN -a.e. in Ω.

We define p = Esu1Ω + paLN Ω + (w − u) ⊙ νHN−1 ∂Ω ∈ M(Ω;MN×N
sym ). Following the proof of [17],

Theorem 3.5 with minor adaptations, one can find a sequence

(uk, ek, pk) ∈ LD(Ω)× L2(Ω;MN×N
sym )× L1(Ω;MN×N

sym )

such that

e(uk) = ek + pk for all k ∈ N,
(uk − w, ek − e(w), pk) ∈ C∞

c (Ω;RN )× C∞
c (Ω;MN×N

sym )× C∞
c (Ω;MN×N

sym )

and

uk → u strongly in L1(Ω;RN ), ek → e strongly in L2(Ω;MN×N
sym ),

pk ⇀ p weakly-* in M
(
Ω;MN×N

sym

)
and

∫
Ω

|pk| dx → |p|
(
Ω
)

when k ↗ ∞. By Reshetnyak’s Continuity Theorem (see [26], Thm. 2.39), we get that

∫
Ω

I∗K(pk) dx →
∫
Ω

I∗K

Å
dp

d |p|

ã
d |p|

=

∫
Ω

I∗K(pa) dx+

∫
Ω

I∗K

Å
dEsu

d |Esu|

ã
d |Esu|+

∫
∂Ω

I∗K ((w − u)⊙ ν) dHN−1
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when k ↗ ∞. Therefore, by definition of the inf-convolution and by lower semi-continuity of the Γ-upper limit,
denoted by F ′′, if F ′′(uk) ≤ F(uk) we would get that

lim sup
k↗∞

∫
Ω

W
(
e(uk)

)
dx ≤

∫
Ω

1

2
A1e : edx+

∫
Ω

I∗K(pa) dx+

∫
Ω

I∗K

Å
dEsu

d |Esu|

ã
d |Esu|

+

∫
∂Ω

I∗K ((w − u)⊙ ν) dHN−1 = F(u).

Therefore, we can assume without loss of generality that u ∈ w + C∞
c (Ω;RN ) and conclude the proof of the

upper bound arguing as in [10], Proposition 3.3.
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mathématiciens. Comptes Rendus Méc. (2023) 1–23. https://10.5802/crmeca.170.

Please help to maintain this journal in open access!

This journal is currently published in open access under the Subscribe to Open model
(S2O). We are thankful to our subscribers and supporters for making it possible to publish
this journal in open access in the current year, free of charge for authors and readers.

Check with your library that it subscribes to the journal, or consider making a personal
donation to the S2O programme by contacting subscribers@edpsciences.org.

More information, including a list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.

https://10.5802/crmeca.170
mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o

	Perfect plasticity versus damage: an unstable interaction between irreversibility and -convergence through variational evolutions
	1 Introduction
	1.1 Interplay between -convergence and variational evolutions
	1.2 Motivation and results
	1.3 Organization of the paper

	2 Notation and preliminaries
	3 Francfortr潴散琠ⴭGarroni's model of quasi-static brittle damage
	4 The limit quasi-static evolution
	4.1 Uniform bounds and compactness
	4.2 Initial time of the evolution
	4.3 Time independence of the subsequences
	4.4 Regularity of the evolution

	5 Energy balance
	6 Concluding remarks

	References

