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A VARIATIONAL APPROACH TO STABILITY RELATIVE TO A SET

OF SINGLE-VALUED AND SET-VALUED MAPPINGS

Vo Duc Thinh1,2, Xiaolong Qin1,* and Jen-Chih Yao3

Abstract. Based on the limiting normal cone relative to a set, we present in this paper the novel ver-
sions of the limiting coderivative relative to a set and subdifferentials relative to a set of multifunctions
and singleton mappings, respectively. In addition to giving the necessary and sufficient conditions for
the Aubin property relative to a set of multifunctions, the limiting coderivative relative to a set also
provides a coderivative criterion for the metric regularity relative to a set of multifunctions. Besides,
our study establishes sudifferential characteristics of the metric regularity and the locally Lipschitz
continuity relative to a set for single-valued mappings. In finite dimensional spaces, our results are
more general than the previous results. Furthermore, we also give examples to illustrate our results.
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1. Introduction

The stability analysis, including the Aubin property (also known as the local Lipschitz-like property or
pseudo-Lipschitz), and metric (sub)regularity of multifunctions or/and solution mappings to parameter systems
is an essential topic to variational analysis because of their applications; see, e.g., [1–13]. These properties can
been characterized through generalized differentials. More precisely, it was demonstrated in [[9], Theorem 5.7]
that the Aubin property around (x̄, ȳ) ∈ gphF of a closed-graph multifunction F : Rn ⇒ Rm can be equivalently
characterized by the equalityD∗F (x̄, ȳ)(0) = {0}. Moreover, the exact Lipschitz-like constant of F around (x̄, ȳ),
aF (x̄, ȳ), can be computed by

aF (x̄, ȳ) = ∥D∗F (x̄, ȳ)∥ := sup {∥x∗∥ | (y∗, x∗) ∈ gphD∗F (x̄, ȳ), y∗ ∈ B} .

Meanwhile, the metric regularity of a multifunction is also completely characterized, in [[10], Theorem 4.18],
through its limiting coderivative as follows: the multifunction F : Rn ⇒ Rm is metrically regular around (x̄, ȳ)
if and only if F−1 satisfies the Aubin property at (ȳ, x̄), which is also equivalent to the fact that the kernel
of D∗F (x̄, ȳ) is only {0}. This characteristic is known as the Mordukhovich criterion for the metric regularity
of multifunctions. By essential applications in variational and optimization theories, the stability properties of
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multifunctions were generalized in various ways, such as the metric regularity relative to a set (or cone) [8, 14],
the directional metric (sub)regularity [6, 14–17], the Aubin property (local Lipschitz-like continuous) relative
to a set [8, 18–21], and so on. However, whichever way it is extended, it is of great interest to provide the
coderivative characteristic for those stability properties as the Mordukhovich criterions. One such result was
mentioned as the directional coderivative characteristic of the directional metric regularity presented in [6],
Theorem 5. For the Aubin property relative to a set, by using the projectional coderivative, the authors in
[18] established necessary and sufficient characteristics for the Aubin property relative to a set of set-valued
mappings. Besides, testing the locally Lipschitz continuous property relative to a set of single-valued mappings
due to the projectional subdifferential was presented in that paper. A similar result for the metric regularity
relative to a set has not been established through projectional coderivative, however. Recently, the authors
in [22] introduced the new relative to a set versions of coderivatives and used them to provide Mordukhovich
criterions for the Aubin property and metric regularity relative to a set of multifunctions. Besides, establishing
complete characterizations of the relative well-posedness properties with further applications to the stability of
affine variational inequalities was presented in [22]. However, the authors in [22] used two different versions of
coderivative, which are the normal coderivative relative to a set and the mirror contingent coderivative relative
to a set, to obtain the Mordukhovich criterions for the Aubin property relative to a set and for metric regularity
relative to a set of multifunctions. However, the characterizations of the locally Lipschitz continuity and the
metric regularity relative to a set of single-valued due to the relative to a set subdifferentials were not established.
Almost the same time, inspired by [18, 21], the authors in [19] stated a new Mordukhovich criterion for the
Aubin property relative to a set of multifunctions due to the limiting coderivative relative to that set by using
another approach. Formulas for calculating and some applications in studying optimality conditions of the
limiting coderivative were presented in [23]. Moreover, the necessary optimality conditions for the optimization
problems with geometric and generalized equation constraints through the limiting subdifferential and the
limiting coderivative relative to a set were established in [23] also. Furthermore, the authors in [24] stated
explicit formulas of coderivatives relative to a set of the normal cone mapping to a polyhedron. They also
provided a characteristic of the Aubin property relative to a set of that normal cone mapping and thereby give
necessary optimality conditions for simple bilevel optimization problems under certain qualification conditions.
It is important to know that, although there are some similarities between coderivatives relative to a set in [22]
and [19, 23, 24], those coderivatives are different in general.

We, in this paper, first present a new version of the limiting coderivative relative to a set, an improvement
of that one in [19], of set-valued mappings due to the limiting normal cone relative to a set C to their graphic.
This novel limiting coderivative relative to C is also called the C -coderivative. By using the C -coderivative,
we provide the Mordukhovich criterion versions for the Aubin property and metric regularity relative to C of
set-valued mappings. We only use the C -coderivative to establish both of the Mordukhovich criterions for the
Aubin property relative to a set in form of C ×D and for metric regularity relative to C ×D of a multifunction
F . It is important to know that these results are established without the assumption C = F−1(D), which was
used in [22], Theorem 3.9. In addition, we also establish the characteristics for the local Lipschitz continuous
and the metric regularity relative to C of single-valued mappings through their limiting subdifferential relative
to C , which is also said to be the C -subdifferential.

This paper is organized as follows. In Section 2, we first recall the notions and some basic properties of
the proximal and limiting normal cones relative to a set. In Section 3, we introduce some concepts of the
stability property relative to a set including the Aubin property and metric regularity relative to a set of set-
valued mappings and the locally Lipschitz continuity and metric regularity relative to a set of single-valued.
Besides, the relations between these stability properties are also established in this section. On the basis of
the limiting normal cone relative to a set, we propose the new concept of the limiting coderivative relative
to a set of multifunctions in Section 4. We then apply this new limiting coderivative relative to a set to
characterize the necessary and sufficient conditions for the Aubin property and metric regularity relative to a
set of multifunctions. In Section 5, we introduce the notions of the new limiting subdifferential relative to a set
of single-valued mappings, and we provide the characteristics for the local Lipschitz continuous and the metric
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regularity relative to a set of single-valued mappings due to these subdifferentials. In addition, we present some
examples to illustrate obtained results. The last section, Section 6, ends this paper with concluding remarks.

2. Preliminaries and auxiliaries

We assume, through out of this paper, that all of spaces are finite dimension spaces with Euclidean
norm ∥ · ∥ and scalar product ⟨·, ·⟩. Their Cartesian product Rn × Rm is also equipped an Euclidean
norm defined by ∥(x, y)∥ :=

√
∥x∥2n + ∥y∥2m. We use ∥ · ∥ for any Euclidean space if there is no confu-

sion. B(x, r) is used to denote the closed ball centered at x with radius r > 0 and B := B(0, 1), while
Rs

+ := {x = (x1, . . . , xs) ∈ Rs | xi ≥ 0, ∀i = 1, . . . , s} . Set cone (Ω) := {λω | λ ≥ 0, ω ∈ Ω} and R(x̄,Ω) :=
{x∗ ∈ Rs | ∃t0 > 0 : x̄+ tx∗ ∈ Ω ∀t ∈ (0, t0]} . Given a sequence of real numbers (tk), we write tk → 0+ if tk → 0

and tk > 0 for all k. Let x̄ ∈ Ω. We borrow the notation xk
Ω−→ x̄ to present that xk → x̄ and xk ∈ Ω for all

k ∈ N. The distance function to Ω, d(·,Ω) : Rs → R, is defined by d(x,Ω) := infu∈Ω ∥u− x∥ for all x ∈ Rs. The
set-valued mapping Π(·,Ω) : Rs ⇒ Rs, with Π(x,Ω) := {u ∈ Rs | ∥u− x∥ = d(x,Ω)} is called the set-valued
mapping projection onto Ω, and the set Π(x,Ω), which can be empty, is said to be the Euclidean projector
set of x onto Ω. It is known that if Ω is closed, then Π(x,Ω) ̸= ∅ for any x ∈ Rs. Given u ∈ Ω, we define
Π−1(u,Ω) := {x ∈ Rs | u ∈ Π(x,Ω)}, which is always nonempty (in fact, u ∈ Π−1(u,Ω) for all u ∈ Ω). The
proximal and Fréchet/regular normal cones to Ω at x̄ are respectively given (see [[10], Def. 1.1 and p. 240,] or
[[25], p. 22]) by

Np(x̄,Ω) := cone [Π−1(x̄,Ω)− x̄]

and

N̂(x̄,Ω) :=

{
x∗ ∈ Rs | lim sup

x
Ω−→x̄

⟨x∗, x− x̄⟩
∥x− x̄∥

≤ 0

}
.

Let Ω be locally closed around x̄. The limiting normal cone to Ω at x̄ is defined by

N(x̄,Ω) := Lim sup
x→x̄

(
cone [x−Π(x,Ω)]

)
,

where Lim sup
x→x̄

F (x) signifies the sequential Painlevé-Kuratowski upper/outer limit of F at x̄ ∈ domF given by

Lim sup
x→x̄

F (x) := {y ∈ Rm | ∃xk → x̄, yk → y with yk ∈ F (xk) for all k ∈ N} .

The tangent/contingent cone to Ω at x̄ is given by

T (x̄,Ω) :=
{
v ∈ Rs | ∃tk → 0+, vk → v̄ such that x̄+ tkvk ∈ Ω,∀k ∈ N

}
.

Remark 2.1. (i) We have from the definition (see [[20], Ex. 6.16]) that x∗ ∈ Np(x̄,Ω) if and only if there exists
t0 > 0 such that x̄ ∈ Π(x̄+ t0x

∗,Ω) and {x̄} = Π(x̄+ tx∗,Ω) for all t ∈ (0, t0). Moreover, it is also known (see
[[10], p. 240] or [[25], Prop. 1.5]) that

Np(x̄,Ω) =
{
x∗ | ∃δ > 0 such that ⟨x∗, x− x̄⟩ ≤ δ∥x− x̄∥2 ∀x ∈ Ω

}
=

{
x∗ | ∃δ, θ > 0 such that ⟨x∗, x− x̄⟩ ≤ δ∥x− x̄∥2 ∀x ∈ Ω ∩ B(x̄, θ)

}
.
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(ii) It is known from [[10], p. 240] that Np(x̄,Ω) ⊂ N̂(x̄,Ω) and

N(x̄,Ω) = Lim sup
x→x̄

N̂(x,Ω) = Lim sup
x→x̄

Np(x,Ω).

(iii) In general, Np(x̄,Ω) is a convex cone, but it is not closed (see [[10], p. 240]).

Let f : Rn → R̄ := R ∪ {∞} be an extended real-valued mapping. Given C ⊂ Rn, we define fC : Rn → R̄ by

fC (x) :=

{
f(x) if x ∈ C ,

∞ otherwise.

We respectively denote the domain, the range, the graph, and the epi-graph of f by

dom f := {x ∈ Rn | f(x) < ∞} , rge f := {y ∈ R | ∃x ∈ dom f, f(x) = y} ,

and

gph f := {(x, f(x)) | x ∈ dom f} , epi f := {(x, α) ∈ Rn × R | x ∈ dom f, α ≥ f(x)} .

Mapping f is called lower semi-continuous relative to C around x̄ if, for any sequence xk
C−→ x̄,

lim infk→∞ f(xk) ≥ f(x̄). f is called continuous relative to C at x̄ if limk→∞ f(xk) = f(x̄) for any sequence

xk
C−→ x̄. The set of all lower semi-continuous mapping relative to C around x̄ is denoted by FC (x̄), while

CC (x̄) stands for the set of all continuous mapping relative to C at x̄. If C is a neighborhood of x̄, then we write
F (x̄) and C(x̄) instead of FC (x̄) and CC (x̄). We say that f is level-bounded if the level set {x ∈ Rn | f(x) ≤ α}
is bounded (possibly empty) for any α ∈ R.

Given the multifunction F : Rn ⇒ Rm, we denote

domF := {x ∈ Rn | F (x) ̸= ∅} , rgeF := {y ∈ Rm | ∃x ∈ domF, y ∈ F (x)}

and

gphF := {(x, y) ∈ Rn × Rm | y ∈ F (x)}

and call the domain, the range, and the graph of F respectively.
Given C ⊂ Rn and D ⊂ Rm, we respectively define the multifunctions FC , FD , FD

C : Rn ⇒ Rm as follows:

FC (x) :=

{
F (x) if x ∈ C ,

∅ otherwise,
, FD(x) := F (x) ∩ D

and

FD
C (x) :=

{
F (x) ∩ D if x ∈ C ,

∅ otherwise.

Hence,

domFC = domF ∩ C and gphFC = gphF ∩ (C × Rm),

and

domFD = domF ∩ F−1(D) and gphFD = gphF ∩ (Rn × D),

while

domFD
C := domF ∩ C ∩ F−1(D), and gphFD

C = gphF ∩ (C × D).
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The epigraphical/profile mapping of F , denoted by EF : Rn ⇒ Rm, is defined by

EF (x) := F (x) + Rm
+ for all x ∈ Rn.

If f : Rn → R̄ is a single-valued mapping, then gphE f = epi f.
We now recall the concepts of the limiting normal cone to sets, the limiting corderivative of multifunctions,

and the limiting subdifferential of single-valued mappings.

Definition 2.2. Let F : Rn ⇒ Rm and f : Rn → R̄.
(i) [[10], Definition 3.32]. The multifunction D∗F (x̄, ȳ) : Rm ⇒ Rn defined by

D∗F (x̄, ȳ)(y∗) := {x∗ ∈ Rn | (x∗,−y∗) ∈ N((x̄, ȳ), gphF )} for all y∗ ∈ Rm

is called the limiting coderivative of F at (x̄, ȳ) ∈ gphF .
(ii) [[10], Definition 1.77]. The limiting subdifferential of f at x̄ ∈ dom f is the following set

∂f(x̄) := {x∗ ∈ Rn | (x∗,−1) ∈ N((x̄, f(x̄)), epi f)} .

We now introduce a version relative to a set of the proximal and limiting normal cones as follows.

Definition 2.3. Let ∅ ≠ Ω ⊂ Rn, and let C be locally closed around x̄ ∈ Ω ∩ C .
(i) The proximal normal cone relative to C to Ω at x̄ is defined by

Np
C (x̄,Ω) :=

{
x∗ ∈ Rn | ∃t0 > 0 such that x̄+ tx∗ ∈ Π−1(x̄,Ω ∩ C ) ∩ C for all t ∈ (0, t0]

}
.

(ii) The limiting normal cone relative to C to Ω at x̄ is defined by

NC (x̄,Ω) := Lim sup

x
Ω∩C−−−→x̄

Np
C (x,Ω).

Remark 2.4. In the case that C is convex, the normal cones relative to C in Definition 2.3 reduce to those
ones in [[19], Definition 5] respectively.

Some properties of the proximal and limiting normal cones relative to a set are presented in the following
proposition.

Proposition 2.5. Let Ω,C ⊂ Rs be nonempty locally closed around x̄ ∈ Ω ∩ C . The following assertions hold:
(i)

Np
C (x̄,Ω) =

{
x∗ | ∃t0 > 0 such that x̄+ tx∗ ∈ C ,

and ⟨x∗, x− x̄⟩ ≤ 1

2t
∥x− x̄∥2 for all x ∈ Ω ∩ C and t ∈ (0, t0]

}
. (2.1)

(ii) The proximal normal cone with respect to a set can be computed by

Np
C (x̄,Ω) = Np(x̄,Ω ∩ C ) ∩ R(x̄,C ). (2.2)

Consequently,

Np
C (x̄,Ω) =

{
x∗ |∃θ, δ, p > 0 such that x̄+ px∗ ∈ C

and ⟨x∗, x− x̄⟩ ≤ δ∥x− x̄∥2 ∀x ∈ Ω ∩ C ∩ B(x̄, θ)
}
. (2.3)
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If, in addition, C is convex, then

Np
C (x̄,Ω) :=

{
x∗ ∈ Rn | ∃p > 0 such that x̄+ px∗ ∈ Π−1(x̄,Ω ∩ C ) ∩ C

}
. (2.4)

(iii) Np
C (x̄,Ω) is a cone. In addition, if C is convex, then Np

C (x̄,Ω) is convex. In this case, we have

Np
C (x̄,Ω) =

{
x∗ ∈ Rn | ∃t > 0 : x̄+ tx∗ ∈ Π−1(x̄,Ω ∩ C ) ∩ C

}
(2.5)

=

{
x∗ | ∃t > 0 : x̄+ tx∗ ∈ C and ⟨x∗, x− x̄⟩ ≤ 1

2t
∥x− x̄∥2 for all x ∈ Ω ∩ C

}
. (2.6)

(iv) NC (x̄,Ω) is a closed cone.
(v) NC (x̄,Ω) ⊂ Lim sup

x
C−→x̄

(cone [x−Π(x,Ω ∩ C )]) . If, in addition, C is convex, then

NC (x̄,Ω) = Lim sup

x
C−→x̄

(cone [x−Π(x,Ω ∩ C )]) (2.7)

= Lim sup
ϵ→0+

x
C∩Ω−−−→x̄

N̂ ϵ
C (x,Ω), (2.8)

where N̂ ϵ
C (x,Ω) := N̂ϵ(x,Ω ∩ C ) ∩ R(x,C ).

Proof. (i) Fixing x∗ ∈ Np
C (x̄,Ω), one sees that there exists t0 > 0 such that x̄+ tx∗ ∈ Π−1(x̄,Ω∩C )∩C for all

t ∈ (0, t0]. Thus, for any x ∈ Ω∩C and t ∈ (0, t0), we have ∥x̄− x̄− tx∗∥2 ≤ ∥x− x̄− tx∗∥2, which implies that

t2∥x∗∥2 ≤ ∥x− x̄∥2 − 2t⟨x∗, x− x̄⟩+ t2∥x∗∥2.

This means that

⟨x∗, x− x̄⟩ ≤ 1

2t
∥x− x̄∥2 for all x ∈ C ∩ Ω and t ∈ (0, t0].

Otherwise, let x∗ ∈ Rs and t0 > 0 satisfy x̄ + tx∗ ∈ C and ⟨x∗, x − x̄⟩ ≤ 1
2t∥x − x̄∥2 for all x ∈ Ω ∩ C and

t ∈ (0, t0]. Then

t2∥x∗∥2 ≤ ∥x− x̄∥2 − 2t⟨x∗, x− x̄⟩+ t2∥x∗∥2,

which follows that ∥x̄− x̄− tx∗∥2 ≤ ∥x− x̄− tx∗∥2 for all x ∈ C ∩Ω. This implies that x̄+ tx∗ ∈ Π−1(x̄,Ω∩C )
for all t ∈ (0, t0]. Combining this with x̄+ tx∗ ∈ C for all t ∈ (0, t0], we have x∗ ∈ Np

C (x̄,Ω).
(ii) Let y∗ ∈ Np

C (x̄,Ω). By the definition, we find t0 > 0 such that x̄ + ty∗ ∈ Π−1(x̄,Ω ∩ C ) ∩ C for all
t ∈ (0, t0], which implies from the definition of proximal normal cones that y∗ ∈ Np(x̄,Ω ∩ C ). Hence, y∗ ∈
Np(x̄,Ω ∩ C ) ∩ R(x̄,C ), which means that

Np
C (x̄,Ω) ⊂ Np(x̄,Ω ∩ C ) ∩ R(x̄,C ).

To prove the opposite inclusion, we take y∗ ∈ Np(x̄,Ω∩C )∩R(x̄,C ). There exist by the definition t0 > 0, t1 > 0
such that x̄+ ty∗ ∈ Π−1(x̄,Ω∩C ) for any t ∈ (0, t0] and x̄+ t̃y∗ ∈ C for any t̃ ∈ (0, t1]. Picking t̄ := min{t0, t1},
we see that x̄+ ty∗ ∈ Π−1(x̄,Ω ∩ C ) ∩ C for all t ∈ (0, t̄], which derives that y∗ ∈ Np

C (x̄,Ω). Therefore,

Np(x̄,Ω ∩ C ) ∩ R(x̄,C ) ⊂ Np
C (x̄,Ω).
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If C is convex, then R(x̄,C ) = {u ∈ Rs | ∃p > 0 such that x̄+ pu ∈ C } . This combines with (2.2) to give us
(2.4).

(iii) It is easy to see from the definition that Np
C (x̄,Ω) is a cone and the inclusion “⊂” in (2.5) holds. We next

show the inclusion “⊃” in the case that C is convex. Take u ∈
{
x∗ ∈ Rn | ∃t > 0 : x̄+ tx∗ ∈ Π−1(x̄,Ω∩C )∩C

}
.

If u = 0, then u ∈ Np
C (x̄,Ω). If u ̸= 0, then there exists t0 > 0 such that x̄+ t0u ∈ Π−1(x̄,Ω ∩ C ) ∩ C . For any

t ∈ (0, t0], we have x̄ + tu = (1 − t
t0
)x̄ + t

t0
(x̄ + t0u) ∈ C . Moreover, it implies from x̄ + t0u ∈ Π−1(x̄,Ω ∩ C )

that x̄+ tu ∈ Π−1(x̄,Ω ∩ C ) for all t ∈ (0, t0], which follows that x̄+ tu ∈ Π−1(x̄,Ω ∩ C ) ∩ C for all t ∈ (0, t0].
Thus we have u ∈ Np

C (x̄,Ω) and hence the inclusion “⊃” holds.
(iv) We first prove that NC (x̄,Ω) is a cone. Take x∗ ∈ NC (x̄,Ω) and λ > 0. There exist by the definition

sequences xk
C∩Ω−−−→ x̄ and x∗

k → x∗ such that x∗
k ∈ Np

C (xk,Ω) for all k ∈ N, which implies that λx∗
k ∈ Np

C (xk,Ω)
for all k ∈ N due to the conical property of Np

C (xk,Ω) (see (iii)). Since λx∗
k → λx∗, we obtain λx∗ ∈ NC (x̄,Ω).

Hence, NC (x̄,Ω) is a cone. Now, we prove that NC (x̄,Ω) is closed. To see this, we take a sequence (x∗
k) ⊂

NC (x̄,Ω) satisfying x∗
k → x∗. We demonstrate that x∗ ∈ NC (x̄,Ω) also. Indeed, if there exists k ∈ N satisfying

x∗
k = x∗, then x∗ ∈ N(x̄,Ω). Thus we only need to prove this assertion in the case that x∗

k ̸= x∗ for all k ∈ N. For
each k ∈ N, there exist, by the definition, sequences xkm

Ω∩C−−−→ x̄, x∗
km

→ x∗
k such that x∗

km
∈ Np

C (xkm
,Ω). Since

x∗
km

→ x∗
k and x∗

k ̸= x∗, one sees that there exists, for each k ∈ N, km0 ∈ N such that ∥x∗
km

− x∗
k∥ ≤ ∥x∗

k − x∗∥
for all km ≥ km0

. For each k ∈ N, we take x̃k := xkm0
and x̃∗

k := x∗
km0

. Then x̃k
Ω∩C−−−→ x̄, x̃∗

k ∈ Np
C (x̃k,Ω), and

∥x̃∗
k − x∗∥ ≤ ∥x̃∗

k − x∗
k∥+ ∥x∗

k − x∗∥ = ∥x∗
km0

− x∗
k∥+ ∥x∗

k − x∗∥ ≤ 2∥x∗
k − x∗∥ → 0.

This gives us the assertion that x∗ ∈ NC (x̄,Ω), so NC (x̄,Ω) is closed.

(v) Let x∗ ∈ NC (x̄,Ω). There exist, by the definition, sequences xk
C∩Ω−−−→ x̄ and x∗

k → x∗ such that x∗
k ∈

Np
C (xk,Ω) for all k ∈ N. This follows that, for each k ∈ N, there exists tk > 0, which can be assumed to

converge to 0, such that x̃k := xk + tkx
∗
k ∈ Π−1(xk,Ω ∩ C ) ∩ C , which means that

x∗
k =

x̃k − xk

tk
∈ cone [x̃k −Π(x̃k,Ω ∩ C )].

Thus x∗ ∈ Lim sup

x
C−→x̄

[cone (x−Π(x,Ω ∩ C ))], which gives us that

NC (x̄,Ω) ⊂ Lim sup

x
C−→x̄

[cone (x−Π(x,Ω ∩ C ))] .

If, in addition, C is convex, then, for any ϵ > 0 small enough, C ∩ B(x̄, ϵ) is a closed and convex set. Taking

x∗ ∈ Lim sup

x
C−→x̄

[cone (x−Π(x,Ω ∩ C ))], one sees that there exist sequences xk
C∩B(x̄,ϵ)−−−−−−→ x̄, x∗

k → x∗ such that

x∗
k ∈ cone [xk − Π(xk,Ω ∩ C )]. If x∗

k = 0, then x∗
k ∈ Np

C (xk,Ω). If x
∗
k ̸= 0, then one sees from the fact that

x∗
k ∈ cone [xk − Π(xk,Ω ∩ C )] that there exist x̃k ∈ Π(xk,Ω ∩ C ) and αk > 0 such that x∗

k = αk(xk − x̃k).
Hence, x̃k + 1

αk
x∗
k = xk ∈ Π−1(x̃k,Ω ∩ C ) ∩ C , which implies that x∗

k ∈ Np
C (x̃k,Ω) due to (2.5). On the other

hand, since xk ∈ B(x̄, ϵ) and xk ∈ Π−1(x̃k,Ω ∩ C ), one has ∥xk − x̃k∥ ≤ ∥xk − x̄∥ ≤ ϵ. This implies, by the
triangular inequality, that ∥x̃k − x̄∥ ≤ 2∥xk − x̄∥ ≤ 2ϵ, which converges to 0 as ϵ → 0. Thus x∗ ∈ NC (x̄,Ω),
which means that

NC (x̄,Ω) ⊃ Lim sup

x
C−→x̄

[cone (x−Π(x,Ω ∩ C )] .
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Thus we obtain equation (2.7). To prove (2.8), it is sufficient to demonstrate inclusion ”⊃” because inclusion
“⊂” holds due to the relation Np

C (x,Ω) ⊂ N̂ ϵ
C (x,Ω) for all x ∈ Ω and ϵ ≥ 0. Let

x∗ ∈ Lim sup
ϵ→0+

x
C∩Ω−−−→x̄

N̂ ϵ
C (x,Ω).

There exist sequences ϵk → 0+, xk
C∩Ω−−−→ x̄ and x∗

k → x∗ such that x∗
k ∈ N̂ ϵk

C (xk,Ω) for all k ∈ N. For each

k ∈ N, one sees that there exists pk > 0 such that xk + pkx
∗
k ∈ C . Since x∗

k ∈ N̂ ϵk
C (xk,Ω) ⊂ N̂ϵk(xk,Ω ∩ C ), one

has that there exists δk > 0 such that

⟨x∗
k, x− xk⟩ ≤ 2ϵk∥x− xk∥ ∀x ∈ Ω ∩ C ∩ B(xk, δk). (2.9)

Pick αk ∈ (0, pk) satisfying αk∥x∗
k∥ < 1

2δk and αk → 0. According to the convexity of C and xk, xk + pkx
∗
k ∈ C ,

we have

xk + αkx
∗
k = (1− αk

pk
)xk +

αk

pk
(xk + pkx

∗
k) ∈ C

Taking wk ∈ Π(xk + αkx
∗
k,Ω ∩ C ), one has the following assertion

∥wk − xk∥2 − 2αk⟨x∗
k, wk − xk⟩+ α2

k∥x∗
k∥2 = ∥wk − xk − αkx

∗
k∥2 ≤ α2

k∥x∗
k∥2

which is equivalent to

∥wk − xk∥2 ≤ 2αk⟨x∗
k, wk − xk⟩. (2.10)

This implies from wk ∈ Π(xk + αkx
∗
k,Ω ∩ C ) that wk ∈ Ω ∩ C and

∥wk − xk − αkx
∗
k∥ ≤ ∥xk − xk − αkx

∗
k∥ = αk∥x∗

k∥.

This follows that ∥wk − xk∥ ≤ 2αk∥x∗
k∥ < δk, so wk ∈ B(xk, δk). Taking (2.9) into account, we have ⟨x∗

k, wk −
xk⟩ ≤ 2ϵk∥wk − xk∥. Combining this and (2.10), we obtain ∥wk − xk∥ ≤ 4ϵkαk for all k ∈ N. For each k ∈ N,
we set w∗

k := x∗
k + 1

αk
(xk − wk). Then wk + αkw

∗
k = xk + αkx

∗
k ∈ C and

∥w∗
k − x∗∥ ≤ ∥x∗

k − x∗∥+ ∥w∗
k − x∗

k∥ = ∥x∗
k − x∗∥+ 1

αk
∥xk − wk∥ ≤ ∥x∗

k − x∗∥+ 4ϵk.

Hence w∗
k → x∗ as k → ∞. On the other hand, for any x ∈ Ω ∩ C , we have

0 ≤ ∥xk + αkx
∗
k − x∥2 − ∥xk + αkx

∗
k − wk∥2

= 2⟨xk + αkx
∗
k − wk, wk − x⟩+ ∥wk − x∥2

= 2αk⟨w∗
k, wk − x⟩+ ∥wk − x∥2,

which implies that

⟨w∗
k, x− wk⟩ ≤

1

2αk
∥wk − x∥2 ∀x ∈ C ∩ Ω.
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It results that w∗
k ∈ Np(wk,Ω ∩ C ) and then w∗

k ∈ Np
C (wk,Ω) due to wk + αkw

∗
k ∈ C . It follows that x∗ ∈

NC (x̄,Ω). Therefore,

Lim sup
ϵ→0+

x
C∩Ω−−−→x̄

N̂ ϵ
C (x,Ω) ⊂ NC (x̄,Ω).

Hence, the proof is completed.

3. Metric regularity and locally Lipschitz continuities relative
to a set of mappings

We first, in this section, present the notions of the metric regularity and Aubin property relative to a set of
set-valued mappings as follows. In what follow, we always assume that sets are nonempty.

Definition 3.1. Let F : Rn ⇒ Rm, and let (x̄, ȳ) ∈ gphF. Let C ⊂ Rn and D ⊂ Rm be locally closed around
x̄ and ȳ, respectively, and let gphFD

C be a locally closed around (x̄, ȳ).
(i) F is called to have the Aubin property (or local Lipschitz-like property) relative to C × D around (x̄, ȳ)

if there exist κ > 0 and neighborhoods V of ȳ and U of x̄ such that

FD(u) ∩ V ⊂ FD(x) + κ∥u− x∥B ∀x, u ∈ C ∩ U. (3.1)

The above κ is called a Aubin modulus relative to C × D of F around (x̄, ȳ). The infimum of all of Aubin
modulus relative to C ×D of F around (x̄, ȳ) is called the exact Aubin modulus relative to D of F around (x̄, ȳ)
and denoted by lipD

CF (x̄, ȳ). If C = domF and D = Rm, then we say that F has the relative Aubin property
around (x̄, ȳ).

(ii) F is called to satisfy the metric regularity relative to C × D around (x̄, ȳ) if there exist κ > 0 and
neighborhoods V of ȳ and U of x̄ such that

d(x, F−1(y) ∩ C ) ≤ κd(y, F (x) ∩ D) ∀x ∈ U ∩ C , y ∈ V ∩ D .

The above κ is called a regular modulus relative to C × D of F around (x̄, ȳ). The infimum of all of regular
modulus relative to C ×D of F around (x̄, ȳ) is called the exact regular modulus relative to C ×D of F around
(x̄, ȳ) and denoted by regD

CF (x̄, ȳ). If D = regF and C = Rn, then F is called to be metrically regular relative
to the image around (x̄, ȳ).

Remark 3.2. (i) In Definition 3.1 (i), the Aubin property relative to C ×Rm coincides with the Aubin property
relative to C in [[20], Definition 9.36]. In addition, F satisfies the Aubin property relative to C ×D is equivalent
to the fact that FD satisfies the Aubin property relative to C in sense of [[20], Definition 9.36].

(ii) The metric regularity relative to a set in Definition 3.1 (ii) is different from that in [8], which satisfies

d(x, F−1(y) ∩ C ) ≤ κd(y, F (x)) ∀x ∈ U ∩ C , y ∈ V ∩ D .

However, in the case that D := rgeF , they are equivalent and reduce to the metric regularity relative to the
image around (x̄, ȳ).

(iii) The metric regularity relative to a set in Definition 3.1 (ii), which does not need the assumption C =
F−1(D), are more general than that one in [[22], Theorem 3.8]. In the case of C = F−1(D), they are the same.

It is known that the Aubin property of a set-valued mapping is equivalent to the metric regularity of its
inverse mapping (cf. [10, 20]). The similar result for the Aubin property and metric regularity relative to a set
is presented in the following theorem.



10 V. D. THINH ET AL.

Theorem 3.3. Let F : Rn ⇒ Rm, and let C ,D be subsets of Rn and Rm, respectively. Let (x̄, ȳ) ∈ gphFD
C .

Assume that C × D and gphFD
C are locally closed sets around (x̄, ȳ). For the following assertions:

(i) F−1 is metrically regular relative to D × C around (ȳ, x̄) with the modulus τ ;
(ii) F satisfies the Aubin property relative to C × D around (x̄, ȳ) with the modulus τ ;
(iii) There exist neighborhoods V of ȳ and U of x̄ and a positive number γ > 0 such that

d(y, F (x) ∩ D) ≤ τd(x, F−1(y) ∩ C ) ∀x ∈ U ∩ C , y ∈ V ∩ D with d(x, F−1(y) ∩ C ) ≤ γ,

it holds that (iii) ⇒ (i) ⇒ (ii). In addition, if C ⊂ F−1(D), then (ii) ⇒ (iii).

Proof. “(iii) ⇒ (i)”. Take Ũ := U ∩ B(x̄, ν) and Ṽ := V ∩ B(ȳ, ν) with ν := γτ
τ+1 . Then Ũ , Ṽ are neighborhoods

of x̄, ȳ, respectively. Moreover, we have x ∈ U ∩ C and y ∈ V ∩ D whenever x ∈ Ũ ∩ C and y ∈ Ṽ ∩ D .
Since ∥x − x̄∥ ≤ ν < γ for any x ∈ Ũ , we achieve d(x, F−1(ȳ) ∩ C ) < γ. From (iii), we have d(ȳ, F (x) ∩ D) ≤
τd(x, F−1(ȳ) ∩ C ) for any x ∈ Ũ ∩ C . To prove (i), it is sufficient to show that

d(y, F (x) ∩ D) ≤ τd(x, F−1(y) ∩ C ) ∀y ∈ Ṽ ∩ D , x ∈ Ũ ∩ C with d(x, F−1(y) ∩ C ) > γ.

Indeed, taking arbitrarily y ∈ Ṽ ∩ D and x ∈ Ũ ∩ C with d(x, F−1(y) ∩ C ) > γ, we have

d(y, F (x) ∩ D) ≤ d(ȳ, F (x) ∩ D) + ∥y − ȳ∥
≤ τd(x, F−1(ȳ) ∩ C ) + ∥y − ȳ∥
≤ τ∥x− x̄∥+ ∥y − ȳ∥
≤ ν(τ + 1)

≤ τγ < τd(x, F−1(y) ∩ C ).

Thus (i) holds.
“(i) ⇒ (ii)”. Let F−1 be metrically regular relative to D ×C ⊂ Rn ×Rm around (ȳ, x̄) with modulus τ . Then

there exist neighborhoods V of ȳ and U of x̄ such that

τd(y, F (x) ∩ D) ≤ d(x, F−1(y) ∩ C ) ∀y ∈ V ∩ D , x ∈ U ∩ C . (3.2)

Pick ϵ > 0 arbitrarily. For any x, u ∈ U ∩ C , we consider the following two cases.
Case 1. FD(u) ∩ V = ∅. In this case, it is clearly that FD(u) ∩ V ⊂ FD(x) + τ∥x− u∥B.
Case 2. FD(u)∩ V ̸= ∅. For any y ∈ FD(u)∩ V , we have u ∈ F−1(y)∩C . According to (3.2), we derive that

d(y, FD(x)) ≤ τd(x, F−1(y) ∩ C ) ≤ τ∥x− u∥,

which implies that FD(u) ∩ V ⊂ FD(x) + (τ + ϵ)∥x− u∥B. Passing to the limit as ϵ → 0+, we have

FD(u) ∩ V ⊂ FD(x) + τ∥x− u∥B,

F satisfies the Aubin property relative to C × D around (x̄, ȳ) with modulus τ.
Let C ⊂ F−1(D). We next prove “(ii) ⇒ (iii)”. Assume that F satisfies the Aubin property relative to C ×D

around (x̄, ȳ) with a modulus τ > 0. We find neighborhoods U of x̄ and V of ȳ such that

FD(u) ∩ V ⊂ FD(x) + τ∥x− u∥B for any x, u ∈ U ∩ C . (3.3)
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Since C ⊂ F−1(D), we have FD(x) ̸= ∅ for all x ∈ C . Taking (3.3) into account, we obtain

d(y, FD(x)) ≤ τ∥u− x∥ ∀x, u ∈ U ∩ C and y ∈ FD(u) ∩ V.

Let θ > 0 satisfy x̄ + θB ⊂ U, and put Ũ := x̄ + θ
2B. Let

θ
6 > ϵ > 0. For any x ∈ Ũ ∩ C , y ∈ V ∩ D satisfying

d(x, F−1(y) ∩ C ) ≤ θ
3 , we find u ∈ F−1(y) ∩ C such that

∥x− u∥ ≤ d(x, F−1(y) ∩ C ) + ϵ <
θ

3
+

θ

6
=

θ

2
,

which implies that u ∈ U ∩ C . Hence,

d(y, FD(x)) ≤ τ∥x− u∥ ≤ τ(d(x, F−1(y) ∩ C ) + ϵ) = τd(x, F−1(y) ∩ C ) + τϵ.

Passing to the limit as ϵ → 0+ yields d(y, F (x) ∩D) ≤ τd(x, F−1(y) ∩ C ) for all x ∈ Ũ ∩ C and y ∈ V ∩D .

We now consider the stability of single-valued mappings. Note that the local Lipschitz continuity relative to
a set of single-valued mappings was presented in [[20], Definition 9.1] (as strict continuity relative to a set) as
follows.

Definition 3.4 ([20], Definition 9.1 (b)). Consider the mapping f : Rn → R̄ and x̄ ∈ dom f . Let C ⊂ Rn be
locally closed around x̄ and satisfy f ∈ FC (x̄). Then f is said to be locally Lipschitz continuous relative to C
around x̄ if

lipC f(x̄) := lim sup

x,u
C−−−→

x̸=u
x̄

|f(x)− f(u)|
∥x− u∥

< ∞. (3.4)

Here, lipC f(x̄) is called the exact Lipschitzian constant relative to C of f around x̄. If (3.4) holds with C =
dom f , then f is said to be relatively locally Lipschitz continuous around x̄.

Remark 3.5. (i) It is clearly that the indicator function δΩ with a nonempty closed set Ω ∈ Rn is a locally
Lipschitz continuous relative to Ω at any bounded point of Ω, but it is not continuous at these points.

(ii) It is known (cf. [[18], p. 457]) that f is locally Lipschitz continuous relative to C around x̄ if and only
if E f satisfies the Aubin property relative to C × R around (x̄, f(x̄)). A differently equivalent characteristic of
the locally Lipschitz continuity relative to a set of single-valued mappings was given in Proposition 3.6.

Proposition 3.6. Let f : Rn → R̄ and x̄ ∈ dom f . Let C ⊂ Rn be locally closed around x̄ and satisfy f ∈ FC (x̄).
Then f is locally Lipschitz continuous relative to C around x̄ if and only if the set-valued mapping Ff : Rn ⇒ R
defined by

Ff (x) =

{
{f(x)} if x ∈ dom f,

∅ otherwise
(3.5)

satisfies the Aubin property relative to C × R around (x̄, f(x̄)).

Proof. Let Ff satisfy the Aubin property relative to C ×R around (x̄, f(x̄)), which means that there exist τ > 0
and neighborhoods U of x̄ and V of ȳ such that

Ff (x) ∩ V ⊂ Ff (u) + τ∥u− x∥B, ∀x, u ∈ C ∩ U. (3.6)
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Taking x = x̄ in (3.6), we have {f(x̄)} ⊂ {f(u)} + τ∥u − x̄∥B, which implies that ∥f(u) − f(x̄)∥ ≤ τ∥u −
x̄∥, ∀u ∈ C ∩ U. Thus we can find a neighborhood Ũ of x̄ such that f(u) ∈ V for all u ∈ C ∩ U ∩ Ũ . Set
Ū := U ∩ Ũ . Then Ū is a neighborhood of x̄ and f(u) ∈ V for all u ∈ C × Ū . In view of (3.6), one has
Ff (x) ⊂ Ff (u)+ τ∥x−u∥B, ∀x, u ∈ C ∩ Ū , which is equivalent to |f(x)− f(u)| ≤ τ∥u−x∥ for all x, u ∈ C ∩ Ū .
It follows that

lim sup

x,u
C−−−→

x̸=u
x̄

|f(x)− f(u)|
∥x− u∥

< ∞,

so f is locally Lipschitz continuous relative to C around x̄. Let f be locally Lipschitz continuous relative to C
around x̄, which means that

0 ≤ τ := lim sup

x,u
C−−−→

x ̸=u
x̄

|f(x)− f(u)|
∥x− u∥

< ∞.

For any ϵ > 0, one sees that there exists δ > 0 such that

|f(x)− f(u)|
∥x− u∥

≤ τ + ϵ, ∀x ̸= u ∈ C ∩ B(x̄, δ). (3.7)

Taking x = x̄ in (3.7), we have |f(x̄)− f(u)| ≤ (τ + ϵ)∥x̄− u∥ for all u ∈ C ∩ B(x̄, δ). Setting V := B(f(x̄), r)
with r := (τ + ϵ)δ > 0, we derive that f(u) ∈ V for all u ∈ C ∩ B(x̄, δ). Taking (3.7) into account, we obtain

{f(x)} ∩ V ⊂ {f(u)}+ (τ + ϵ)∥u− x∥B, ∀x, u ∈ C ∩ B(x̄, δ),

which yields Ff (x) ∩ V ⊂ Ff (u) + (τ + ϵ)∥u− x∥B, ∀x, u ∈ C ∩ B(x̄, δ). Hence, Ff satisfies the Aubin property
relative to C × R around x̄.

Definition 3.7. Let f : Rn → R̄ and x̄ ∈ dom f . Let C ⊂ Rn,D ⊂ R be locally closed around x̄ and f(x̄),
respectively. Assume that f ∈ CC (x̄). Then f is said to be metrically regular relative to C ×D around x̄ if there
exists τ > 0 and neighborhoods U of x̄ and V of ȳ := f(x̄) such that d(x, f−1(y) ∩ C ) ≤ τ∥y − f(x)∥ for all
x ∈ U ∩ C and y ∈ V ∩ D .

Remark 3.8. (i) In Definition 3.7, if C and D are neighborhoods of x̄ and f(x̄), respectively, then the metric
regularity relative to C ×D around x̄ reduces to the metric regularity around x̄, i.e., (see [[10], p. 20]) there exist
τ > 0 and neighborhoods U of x̄ and V of ȳ := f(x̄) such that d(x, f−1(y)) ≤ τ∥y − f(x)∥ for all x ∈ U, y ∈ V.

(ii) f is metrically regular relative to C × D around x̄ if and only if the set-valued mapping Ff as in (3.5) is
metrically regular relative to C × D around (x̄, f(x̄)).

4. Limiting coderivative relative to a set and the stability
of set-valued mappings

As it was mentioned, the limiting coderivative relative to a set, introduced in [19], provides an equivalent
characteristic for the Aubin property relative to a set for set-valued mappings. However, a similar result for
the metric regularity of set-valued mappings has not been established yet. We now introduce a new limiting
coderivative relative to a set, which is a slight improvement of that in [19]. With this new limiting coderivative,
we provide equivalent characteristics not only for the Aubin property relative to a set but also for the metrically
regular property relative to a set of the set-valued mappings.
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Definition 4.1. Let F : Rn ⇒ Rm and ∅ ≠ X ⊂ Rn × Rm be locally closed around (x̄, ȳ) ∈ gphF ∩ X . The
X -coderivative of F at (x̄, ȳ) is a multifunction D∗

X F (x̄, ȳ) : Rm ⇒ Rn defined by

D∗
X F (x̄, ȳ)(y∗) = {x∗ ∈ Rn | (x∗,−y∗) ∈ NX ((x̄, ȳ), gphF )} , ∀y∗ ∈ Rm.

Let f : Rn → R̄. We write D∗f(x̄)(y∗) instead of D∗Ff (x̄, f(x̄))(y
∗) for all y∗ ∈ R, where Ff is given as (3.5).

Remark 4.2. (i) If X := C × Rm in Definition 4.1, then D∗
X F (x̄, ȳ) is reduced to D∗

CF (x̄, ȳ) in [19].
(ii) In general, the C × Rm-coderivative is not equal the normal coderivative relative to C in [22]. This is

demonstrated in the following example.

Example 4.3. Consider C := {(x1, x2) | (x1, x2) = (0, 0) or x1 ̸= 0, x2 = x1 sin(log |x1|)} and the multifunction
F : R2 ⇒ R defined by

F (x1, x2) :=

{
0 if x1 = x2 = 0;

∅ otherwise.

In this case, we have gphF ∩ C × R = {(0, 0, 0)}. Moreover, we can see

R((0, 0, 0),C × R) = {(0, 0)} × R and T ((0, 0, 0),C × R) = {(u1, u2) | |u2| ≤ |u1|} .

Thus we obtain

NC×R((0, 0, 0), gphF ) = {(0, 0)} × R, ÑC×R((0, 0, 0), gphF ) = {(u1, u2) | |u2| ≤ |u1|} × R,

where ÑC×R((0, 0, 0), gphF ) is the limiting normal cone with respect to C × R to gphF at (0, 0, 0) in sense of
[22]. It follows that

D∗
C×RF (0, 0, 0)(z∗) = {(0, 0)} ⊊ D̃∗

CF (0, 0, 0)(z∗) = {(u1, u2) | |u2| ≤ |u1|}

for all z∗ ∈ R, where D̃∗
CF (0, 0, 0) is the normal corderivative relative to C of F at (0, 0, 0) in seems of [22].

We now provide the necessary and sufficient conditions for the Aubin property relative to a set of
multifunctions due to their limiting coderivative relative to that set as follows.

Theorem 4.4. Let F : Rn ⇒ Rm, and let C ⊂ Rn and D ⊂ Rm be convex and locally closed around x̄ and
ȳ, respectively with (x̄, ȳ) ∈ gphF ∩ (C × D). Assume that gphFD

C is locally closed around (x̄, ȳ). Then the
following statements are equivalent:

(i) F satisfies the Aubin property with respect to C × D around (x̄, ȳ).
(ii) For any κ ≥ lipD

CF (x̄, ȳ),

∥x∗∥ ≤ κ∥y∗∥ for all (y∗, x∗) ∈ gphD∗
C×RmFD(x̄, ȳ). (4.1)

(iii) D∗
C×RmFD(x̄, ȳ)(0) = {0}.

(iv) D∗
C×DF (x̄, ȳ)(0) = {0}.

Moreover,

lipC×RF (x̄, ȳ) = ∥D∗
C×RmFD(x̄, ȳ)∥ := sup

{
∥x∗∥ | y∗ ∈ B, x∗ ∈ D∗

C×RmFD(x̄, ȳ)(y∗)
}

(4.2)

= ∥D∗
C×DF (x̄, ȳ)∥ := sup

{
∥x∗∥ | y∗ ∈ B, x∗ ∈ D∗

C×DF (x̄, ȳ)(y∗)
}

(4.3)
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Proof. The process of the proof is as follows: (i) ⇔ (ii) ⇔ (iii) ⇔ (iv). We first prove (i) ⇒ (ii). Let F satisfy
the Aubin property with respect to C ×D around (x̄, ȳ). Then FD satisfies the Aubin property with respect to
C × Rm around (x̄, ȳ). Pick x∗ ∈ D∗

C×RmFD(x̄, ȳ)(y∗) with some y∗ ∈ Rm. Using the definition, one sees that

there exist sequences (xk, yk)
gphFD∩C×Rm

−−−−−−−−−−→ (x̄, ȳ) and (x∗
k, y

∗
k) → (x∗, y∗) such that

(x∗
k,−y∗k) ∈ Np

C×Rm((xk, yk), gphF
D).

It follows from (2.4) in Proposition 2.5 that there exists αk > 0 for every k ∈ N satisfying

(xk, yk) + αk(x
∗
k,−y∗k) ∈ C × Rm

and the following inequality holds for all (x, y) ∈ gphFD ∩ (C × Rm)

⟨x∗, x− xk⟩ − ⟨y∗k, y − yk⟩ ≤
1

2αk
∥(x, y)− (xk, yk)∥2. (4.4)

Besides, from the Aubin property with respect to C × D around (x̄, ȳ) with the constant κ of F , we find
neighborhoods U of x̄ and V of ȳ such that

FD(x) ∩ V ⊂ FD(z) + κ∥z − x∥B for all x, z ∈ U ∩ C . (4.5)

Take η ∈ (0, 1
2 ) satisfying x̄+3ηB ⊂ U and ȳ+2ηB ⊂ V , and pick k0 ∈ N such that zk := xk+αkx

∗
k, xk ∈ x̄+ηB

and yk ∈ ȳ + ηB for all k ≥ k0. For any ϵ > 0, we further take

λk := min{η, 2ϵαk(1 + κ)

1 + κ2
} ∈ (0, 1).

Then, for any x ∈ B(xk, λk), one has x ∈ xk + ηB ⊂ x̄+2ηB ⊂ U . Pick x̃k := λkzk + (1− λk)xk. It follows from

η <
1

2
that

x̃k ∈ λk(xk + 2ηB) + (1− λk)xk ⊂ xk + λkB.

Moreover, by the convexity of C , we obtain x̃k ∈ C , so x̃k ∈ (xk +λkB)∩C . Taking x = xk and z = x̃k in (4.5),
we obtain

yk ∈ FD(x̃k) + κ∥xk − x̃k∥B,

which implies the existence of ỹk ∈ FD(x̃k) and bk ∈ B satisfies

yk = ỹk + κ∥xk − x̃k∥bk.

Taking (4.4) into account with x = x̃k, y = ỹk, we obtain

⟨x∗
k, x̃k − xk⟩+ ⟨y∗k, κ∥x̃k − xk∥bk⟩ ≤

1

2αk

(
∥x̃k − xk∥2 + κ2∥x̃k − xk∥2∥bk∥2

)
≤ 1

2αk
(1 + κ2)∥x̃k − xk∥2

≤ ϵ(1 + κ)∥x̃k − xk∥.
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Note that x̃k − xk = λk(zk − xk) = λkαkx
∗
k. It follows that

λk⟨x∗
k, αkx

∗
k⟩+ λk⟨y∗k, καk∥x∗

k∥bk⟩ ≤ λkϵ(1 + κ)αk∥x∗
k∥,

which gives us that

∥x∗
k∥ ≤ κ∥y∗k∥+ ϵ(1 + κ).

Passing to the limit as ϵ → 0 and k → ∞, we further conclude ∥x∗∥ ≤ κ∥y∗∥.
(ii) ⇒ (i) Let relation (4.1) hold for some κ ≥ 0. We prove that F satisfies the Aubin property with respect to

C ×D around (x̄, ȳ) with 0 ≤ lipC×RF (x̄, ȳ) ≤ κ. Indeed, if this assertion is not true, then (3.1) is not satisfied

for some κ̃ > κ. Thus there exist x′
k, x

′′
k

domFD
C−−−−−→ x̄ with x′

k ̸= x′′
k and y′′k

FD(x′′
k )−−−−−→ ȳ such that

d
(
y′′k , F

D(x′
k)
)
> κ̃∥x′

k − x′′
k∥,

which implies that y′′k /∈ FD(x′
k), so y′′k /∈ F (x′

k), which is due to the fact that y′′k ∈ D . Since gphFD
C is locally

closed around (x̄, ȳ), one sees that there exists a r > 0 such that Ω := gphFD
C ∩

(
B(x̄, 4r)× B(ȳ, 2r(κ̃+ 1)

)
is a

closed set, which implies that Ω is compact. Setting rk := max{∥x′
k − x̄∥, ∥x′′

k − x̄∥, ∥y′′k − ȳ∥}, we have rk → 0+

and x′
k, x

′′
k ∈ B(x̄, rk) and y′′k ∈ B(ȳ, rk). Without loss of generality, we may assume that rk < r for all k. Let

y′k ∈ Π(y′′k ;F
D(x′

k)). Then y′k ̸= y′′k and

∥y − y′′k∥ ≥ ∥y′k − y′′k∥ > κ̃∥x′′
k − x′

k∥ ∀y ∈ FD(x′
k). (4.6)

For each k ∈ N, we define the extended real-valued function as follows:

φk(x, y) := κ̃∥x− x′
k∥+ ∥y − y′′k∥+ δΩ(x, y) ∀(x, y) ∈ Rn × Rm.

Then φk is lower semi-continuous, level-bounded, and proper. By using [[20], Theorem 1.9], we have that

there exists (x̂k, ŷk) ∈ Ω, which is a global minimizer to φk. We next prove that (x̂k, ŷk)
C×D−−−→ (x̄, ȳ). Since

(x̂k, ŷk) ∈ Ω ⊂ C × D , it is enough to prove that x̂k → x̄ and ŷk → ȳ. Indeed, we first see that

κ̃∥x′′
k − x′

k∥ = φk(x
′′
k , y

′′
k ) ≥ φk(x̂k, ŷk) ≥ κ̃∥x̂k − x′

k∥.

By the facts that x′
k, x

′′
k → x̄ and

∥x̂k − x̄∥ ≤ ∥x̂k − x′
k∥+ ∥x′

k − x̄∥
≤ ∥x′′

k − x′
k∥+ ∥x′

k − x̄∥
≤ 2∥x′

k − x̄∥+ ∥x′′
k − x̄∥ ≤ 3rk, (4.7)

we obtain x̂k → x̄.
On the other hand, since (x̂k, ŷk) is the global minimizer to φk, one has

φk(x̂k, ŷk) = κ̃∥x̂k − x′
k∥+ ∥y′′k − ŷk∥ ≤ φk(x

′′
k , y

′′
k ) = κ̃∥x′

k − x′′
k∥,

which follows from ∥x̂k − x′
k∥ → 0 and ∥x′

k − x′′
k∥ → 0 that ∥y′′k − ŷk∥ → 0. According to y′′k → ȳ, we derive that

ŷk → ȳ.
We next demonstrate that x̂k ̸= x′

k. Indeed, in the opposite that x̂k = x′
k, one has ŷk ∈ FD(x′

k). Thus

φk(x̂k, ŷk) = ∥ŷk − y′′k∥ ≥ ∥y′k − y′′k∥ > κ̃∥x′
k − x′′

k∥ = φk(x
′′
k , y

′′
k ),



16 V. D. THINH ET AL.

which contradicts the fact that (x̂k, ŷk) is a global minimizer to φk. Define, for each k ∈ N,

ϕk(x, y) := κ̃∥x− x′
k∥+ ∥y − y′′k∥ for all (x, y) ∈ Rn × Rm

and νk := rk
4 ∥x′

k − x̂k∥ > 0. For any (x, y) ∈ B(x̂k, νk)× B(ŷk, νk), we have

∥x− x′
k∥ ≥ ∥x′

k − x̂k∥ − ∥x− x̂k∥ ≥ (1− rk
4
)∥x′

k − x̂k∥ > 0. (4.8)

It implies that x ̸= x′
k, so ∥x− x′

k∥ is twice continuously differentiable at x. This combines with the convexity
of ∥y − y′′k∥ indicates

∂pϕk(x, y) =

(
κ̃

x− x′
k

∥x− x′
k∥

, 0

)
+

{(
0,

y−y′′
k

∥y−y′′
k ∥

)
if y ̸= y′′k ;

{0} × Bm if y = y′′k

due to [[25], Corollary 2.6] and Proposition 2.11. Since (x̂k, ŷk) is a global minimizer of φk, it is also a global
minimizer of ϕk over Ω. Thus there exist, by [[25], Exercise 8.4 (b)], (xi

k, y
i
k) ∈ Ω ∩ [B(x̂k, νk) × B(ŷk, νk)] for

i = 1, 2 such that

(0, 0) ∈ ∂pϕk(x
1
k, y

1
k) +Np((x2

k, y
2
k),Ω) + νk(Bn × Bm)

⊂
{
κ̃

x1
k − x′

k

∥x1
k − x′

k∥

}
× Bm +Np((x2

k, y
2
k),Ω) + νk(Bn × Bm).

Thus there exists (b1, b2) ∈ Bn × Bm such that

(u, v) :=

(
κ̃

x′
k − x1

k

∥x1
k − x′

k∥
− νkb1, (1 + νk)b2

)
∈ Np((x2

k, y
2
k),Ω) ⊂ N̂((x2

k, y
2
k),Ω). (4.9)

Putting, for each k ∈ N, x∗
k := κ̃

x′
k−x2

k

∥x′
k−x2

k∥
and y∗k := (1− νk)b2, we prove that

(x∗
k, y

∗
k) ∈ N̂

rk(1+κ̃)
C×Rm ((x2

k, y
2
k), gphF

D).

Indeed, since xi
k ∈ B(x̂k, νk) for i = 1, 2, we have ∥xi

k − x̂k∥ ≤ νk = rk
4 ∥x′

k − x̂k∥, which together with (4.8)
indicates that ∥∥∥∥ xi

k − x̂k

∥x′
k − x̂k∥

∥∥∥∥ ≤ rk
4

and

∥∥∥∥ xi
k − x′

k

∥xi
k − x′

k∥
− xi

k − x′
k

∥x̂k − x′
k∥

∥∥∥∥ ≤ 1− (1− rk
4
) =

rk
4

∀i = 1, 2.

By the triangular inequality, we have∥∥∥∥ x2
k − x′

k

∥x2
k − x′

k∥
− x1

k − x′
k

∥x1
k − x′

k∥

∥∥∥∥ ≤
∥∥∥∥ x2

k − x′
k

∥x2
k − x′

k∥
− x̂k − x′

k

∥x̂k − x′
k∥

∥∥∥∥+

∥∥∥∥ x1
k − x′

k

∥x1
k − x′

k∥
− x̂k − x′

k

∥x̂k − x′
k∥

∥∥∥∥
≤

∥∥∥∥ x2
k − x′

k

∥x2
k − x′

k∥
− x2

k − x′
k

∥x̂k − x′
k∥

∥∥∥∥+

∥∥∥∥ x2
k − x̂k

∥x̂k − x′
k∥

∥∥∥∥
+

∥∥∥∥ x1
k − x′

k

∥x1
k − x′

k∥
− x1

k − x′
k

∥x̂k − x′
k∥

∥∥∥∥+

∥∥∥∥ x1
k − x̂k

∥x̂k − x′
k∥

∥∥∥∥
≤ rk

4
+

rk
4

+
rk
4

+
rk
4

= rk.
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So we can find b3 ∈ Bn such that

x∗
k = κ̃

x1
k − x′

k

∥x1
k − x′

k∥
+ κ̃rkb3 = u+ νkb1 + κ̃rkb3.

Otherwise, we also have y∗k = v − 2νkb2, so the following relations

⟨(x∗
k, y

∗
k), (x, y)− (x2

k, y
2
k)⟩

∥(x, y)− (x2
k, y

2
k)∥

=
⟨(u+ νkb1 + κ̃rkb3, v − 2νkb2) , (x, y)− (x2

k, y
2
k)⟩

∥(x, y)− (x2
k, y

2
k)∥

≤ ⟨(u, v), (x, y)− (x2
k, y

2
k)⟩

∥(x, y)− (x2
k, y

2
k)∥

+ ∥(νkb1 + κ̃rkb3,−2νkb2)∥

<
⟨(u, v), (x, y)− (x2

k, y
2
k)⟩

∥(x, y)− (x2
k, y

2
k)∥

+ rk(1 + κ̃)

hold for all (x, y) ∈ Ω. Passing to the superior limit and taking (4.9) into account, we obtain

lim sup

(x,y)
Ω−→(x2

k,y
2
k)

⟨(x∗
k, y

∗
k), (x, y)− (x2

k, y
2
k)⟩

∥(x, y)− (x2
k, y

2
k)∥

≤ lim sup

(x,y)
Ω−→(x2

k,y
2
k)

⟨(u, v), (x, y)− (x2
k, y

2
k)⟩

∥(x, y)− (x2
k, y

2
k)∥

+ rk(1 + κ̃) ≤ ϵk := rk(1 + κ̃)

which implies that

(x∗
k, y

∗
k) ∈ N̂ϵk((x

2
k, y

2
k),Ω) = N̂ϵk((x

2
k, y

2
k), gphF

D ∩ (C × Rm)). (4.10)

Moreover, it is easy to see from the notation of (x∗
k, y

∗
k) that

(x2
k, y

2
k) +

∥x2
k − x′

k∥
κ̃

(x∗
k, y

∗
k) =

(
x′
k, y

2
k +

∥x2
k − x′

k∥
κ̃

(1− νk)b2

)
∈ C × Rm,

which means that (x∗
k, y

∗
k) ∈ R((x2

k, y
2
k),C × Rm). From (4.10), we further obtain

(x∗
k, y

∗
k) ∈ N̂ ϵk

C×Rm((x2
k, y

2
k), gphF

D). (4.11)

We have from (4.7) and the fact ŷk → ȳ that

∥x2
k − x̄∥ ≤ ∥x2

k − x̂k∥+ ∥x̂k − x̄∥ ≤ rk + 3rk = 4rk → 0+, (4.12)

∥y2k − ȳ∥ ≤ ∥y2k − ŷk∥+ ∥ŷk − ȳ∥ ≤ rk + ∥ŷk − ȳ∥ → 0+. (4.13)

Moreover, without loss of generality, we can assume that x∗
k → x∗ for some x∗ ∈ Rn with ∥x∗∥ = κ̃ and y∗k → y∗

for some y∗ ∈ Bm. Since ϵk → 0+, we have by Proposition 2.5 (v) that

(x∗, y∗) ∈ Lim sup
ϵ→0+

(x,y)
gphFC−−−−→(x̄,ȳ)

N̂ ϵ
C×Rm((x, y), gphF ) = NC×Rm((x̄, ȳ), gphFD),
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so x∗ ∈ D∗
C×RmFD(x̄, ȳ)(−y∗). However, it is easy to see that

∥x∗∥ = κ̃ >
κ+ κ̃

2
≥ κ+ κ̃

2
∥ − y∗∥,

which contradicts (4.1). Thus F has to satisfy the Aubin property with respect to C × D around (x̄, ȳ) for any
constant κ̃ > κ. Moreover, we also have lipD

CF (x̄, ȳ) ≤ κ. So (i) ⇔ (ii).
(ii) ⇔ (iii) is obvious. We continue to prove (iii) ⇔ (iv). To do this, we need to show that

{0} ⊂ D∗
C×DF (x̄, ȳ)(0) ⊂ D∗

C×RmFD(x̄, ȳ)(0) = {0}. (4.14)

Since {0} ⊂ D∗
C×DF (x̄, ȳ)(0) and D∗

C×RmFD(x̄, ȳ)(0) = {0}, it is sufficient to show that

D∗
C×DF (x̄, ȳ)(y∗) ⊂ D∗

C×RmFD(x̄, ȳ)(y∗) for all y∗ ∈ Rm. (4.15)

Let x∗ ∈ D∗
C×DF (x̄, ȳ)(y∗). Then there exist sequences (xk, yk)

gphFD
C−−−−→ (x̄, ȳ) and (x∗

k, y
∗
k) → (x∗, y∗) such that

the following relations

(x∗
k,−y∗k) ∈ Np

C×D((xk, yk), gphF ) = Np((xk, yk), gphF ∩ (C × D)) ∩ R((xk, yk),C × D)

⊂ Np((xk, yk), gphF
D ∩ (C × Rm)) ∩ R((xk, yk),C × Rm)

= Np
C×Rm

(
(xk, yk), gphF

D
)

hold for all k ∈ N. Thus (x∗,−y∗) ∈ NC×Rm((x̄, ȳ), gphFD), which is due to (xk, yk)
gphFD

C−−−−→ (x̄, ȳ) and
(x∗

k, y
∗
k) → (x∗, y∗). This implies that x∗ ∈ D∗

C×RmFD(x̄, ȳ)(y∗) and then (4.15) holds. Thus, we obtain (4.14).
Let us now prove formulas (4.2) and (4.3). To do this, we prove that

lipD
CF (x̄, ȳ) ≥ ∥D∗

C×RmFD(x̄, ȳ)∥ ≥ ∥D∗
C×DF (x̄, ȳ)∥ ≥ lipD

CF (x̄, ȳ).

First, let us prove lipD
CF (x̄, ȳ) ≥ ∥D∗

C×RmFD(x̄, ȳ)∥. Taking an arbitrarily κ ≥ lipD
CF (x̄, ȳ), one sees that F has

the Aubin property around (x̄, ȳ) with respect to C × D , so inequality (4.1) holds with κ, which means that
∥x∗∥ ≤ κ∥y∗∥ for all (y∗, x∗) ∈ gphD∗

C×RmFD(x̄, ȳ). Thus, for any y∗ ∈ B and x∗ ∈ D∗
C×RmFD(x̄, ȳ)(y∗), we

have ∥x∗∥ ≤ κ, which follows that

∥D∗
C×RmFD(x̄, ȳ)∥ := sup

{
∥x∗∥ | y∗ ∈ B, x∗ ∈ D∗

C×RmFD(x̄, ȳ)(y∗)
}
≤ κ.

Since κ is arbitrarily taken in
[
lipD

CF (x̄, ȳ),∞
)
, we obtain lipD

CF (x̄, ȳ) ≥ ∥D∗
C×RmFD(x̄, ȳ)∥. From (4.15), we

have

∥D∗
D×RmFD(x̄, ȳ)∥ ≥ ∥D∗

C×DF (x̄, ȳ)∥.

It remains to prove ∥D∗
C×DF (x̄, ȳ)∥ ≥ lipD

CF (x̄, ȳ). Suppose by the contradiction that ∥D∗
C×DF (x̄, ȳ)∥ <

lipD
CF (x̄, ȳ). Taking κ :=

∥D∗
C×DF (x̄,ȳ)∥+lipD

CF (x̄,ȳ)

2 , we obtain ∥D∗
C×DF (x̄, ȳ)∥ < κ < lipD

CF (x̄, ȳ), so F does
not satisfy the Aubin property with respect to C × D around (x̄, ȳ) with constant κ. This implies that there
exists x∗ ̸= 0 such that x∗ ∈ D∗

C×DF (x̄, ȳ)(0). We obtain by setting x̃∗ = (κ+ 1) x∗

∥x∗∥ that

(0, x̃∗) ∈ gphD∗
C×DF (x̄, ȳ) and ∥x̃∗∥ = κ+ 1 > κ.
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Hence,

∥D∗
C×DF (x̄, ȳ)∥ := sup{∥x∗∥ | y∗ ∈ B, (y∗, x∗) ∈ gphD∗

C×DF (x̄, ȳ)} ≥ ∥x̃∗∥ > κ,

which reaches a contradiction. Thus ∥D∗
C×DF (x̄, ȳ)∥ ≥ lipD

CF (x̄, ȳ). The proof of the theorem is completed.

Remark 4.5. (i) Although we have an equivalent characteristic between the Aubin property relative to C ×D
around (x̄, ȳ) of F and the equality D∗

C×RmFD(x̄, ȳ)(0) = {0}, this approach does not help in establishing an
equivalent characteristic for metric regularity relative to C × D of set-valued mappings. Meanwhile, charac-
terizing the Aubin property relative to C × D through the C × D-coderivative, D∗

C×DF (x̄, ȳ)(0) = {0} is an
important basis for achieving the characteristic of metric regularity relative to C × D of set-valued mappings.

(ii) Taking D = Rm, we see that Theorem 4.4 reduces to [[19], Theorem 3]. In addition, by taking C := domF
and D = Rm in Theorem 4.4, we obtain a necessary and sufficient for a multifunction with the relative Aubin
property.

We next provide coderivative characteristics for the metric regularity relative to a set of set-valued mappings.

Theorem 4.6 (Coderivative criterion for metric regularity relative to a set). Let F : Rn ⇒ Rm, and let (x̄, ȳ) ∈
gphF. Assume that gphFD

C and C × D are locally closed around (x̄, ȳ). Suppose, in addition, C and D are
convex. For the following statements:

(i) F is metrically regular relative to C × D around (x̄, ȳ);
(ii) F−1 satisfies the Aubin property relative to D × C around (ȳ, x̄);
(iii) D∗

D×CF−1(ȳ, x̄)(0) = {0};
(iv) kerD∗

C×DF (x̄, ȳ) = {0},
it holds that (i) ⇒ (ii) ⇔ (iii) ⇔ (iv). In addition, if D ⊂ F (C ), then the above implications are equivalent

to each other. In this case, the regular constant can be computed by

regD
CF (x̄, ȳ) = ∥D∗

D×CF−1(ȳ, x̄)∥. (4.16)

Proof. (i) ⇒ (ii) ⇔ (iii) directly implies from Theorems 3.3 and 4.4. We now justify (iii) ⇔ (iv). It is sufficient
to demonstrate that

(y∗, x∗) ∈ gphD∗
C×DF (x̄, ȳ) if and only if (−x∗,−y∗) ∈ gphD∗

D×CF−1(ȳ, x̄).

Indeed, let (y∗, x∗) ∈ gphD∗
C×DF (x̄, ȳ). By the definition, one sees that there exist sequences

(xk, yk)
gphF∩C×D−−−−−−−−→ (x̄, ȳ) and (x∗

k, y
∗
k) → (x∗, y∗) such that (x∗

k,−y∗k) ∈ Np
C×D((xk, yk), gphF ), which is equiv-

alent to the fact that there exists t > 0 such that (xk, yk) + t(x∗
k,−y∗k) ∈ Π−1((xk, yk), gphF ∩C ×D)∩C ×D .

Otherwise, since (x, y) ∈ gphF if and only if (y, x) ∈ gphF−1, one has that (xk, yk)
gphF∩C×D−−−−−−−−→ (x̄, ȳ) is

equivalent to (yk, xk)
gphF−1∩D×C−−−−−−−−−→ (ȳ, x̄) and

(xk, yk) + t(x∗
k,−y∗k) ∈ Π−1((xk, yk), gphF ∩ C × D) ∩ C × D

if and only if

(yk, xk) + t(−y∗k, x
∗
k) ∈ Π−1((yk, xk), gphF

−1 ∩ D × C ) ∩ D × C .

This means that (x∗
k,−y∗k) ∈ Np

C×D((xk, yk), gphF ) if and only if (−y∗k, x
∗
k) ∈ Np

D×C ((yk, xk), gphF
−1), which

is equivalent to (−y∗, x∗) ∈ ND×C ((ȳ, x̄), gphF−1). Thus

(−x∗,−y∗) ∈ gphD∗
D×CF−1(ȳ, x̄),

which indicates that 0 ∈ D∗
C×DF (x̄, ȳ)(y∗) if and only if −y∗ ∈ D∗

D×CF−1(ȳ, x̄)(0). Hence, one has (iii) ⇔ (iv).
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If, in addition, D ⊂ F (C ), then we have by using Theorem 3.3 again that (i) ⇔ (ii), so (i) ⇔ (ii) ⇔ (iii) ⇔
(iv). Note that formula (4.16) is from Theorems 3.3 and 4.4. Hence, the proof of the theorem is completed.

Remark 4.7. In Theorem 4.6, we does not need the assumption that C = F−1(D), which is essential in [[22],
Theorem 3.9]. Moreover, it is different to [[22], Theorem 3.9], which used the relative mirror contingent coderiva-
tive to state the metrically regular property a set. In Theorem 4.6, we use the coderivative in Definition 4.1 to
characterize for the metric regularity relative to a set.

Now, it is the time to consider examples to illustrate how Theorems 4.4 and 4.6 are used to check the Aubin
property and metric regularity relative to a set of set-valued mappings.

Example 4.8 (Relative Aubin property but no metric regularity relative to image). Consider the multifunction
F : R2 ⇒ R2 given by

F (x, y) =
{
(u, v)⊤ ∈ R2

+ | M(u, v)⊤ + (x, y)⊤ ∈ R2
+, ⟨(u, v)⊤,M(u, v)⊤ + (x, y)⊤⟩ = 0

}
,

where

M :=

[
−1 0
1 1

]
and (x, y)⊤ :=

(
x
y

)
.

It follows that

domF = R+ × R, rgeF = R+ × R+ and

gphF = {(x, y, u, v)⊤ ∈ R4 | x, u, v ≥ 0, x ≥ u, y + u+ v ≥ 0

u(x− u) = 0, v(u+ v + y) = 0}.

Picking z̄ := (x̄, ȳ) = (0, 0), w̄ := (ū, v̄) = (0, 0), and C := domF and D := rgeF , we have gphFD
C = gphF .

� It is known from [[19], Ex. 3] that DC×R2F (x̄, w̄)(0, 0) = {(0, 0)}, which means that F satisfies the relative
Aubin property around (z̄, w̄).

� We now justify that F is not metrically regular relative to image around (z̄, w̄) due to (1, 1) ∈

kerD∗
R2×DF (z̄, w̄). To see this, we take ( 1k ,

1
k , 0, 0)

gphF∩(R2×D)−−−−−−−−−−→ (z̄, w̄) and prove that

(0, 0,−1,−1) ∈ Np
R2×D((

1

k
,
1

k
, 0, 0), gphF ).

Indeed, for any (x, y, u, v) ∈ gphFD ∩ B(( 1k ,
1
k , 0, 0),

1
2k ), we have

⟨(0, 0,−1,−1), (x, y, u, v)− (
1

k
,
1

k
, 0, 0)⟩ = −u− v ≤ 0 ≤ 1

2
∥(x, y, u, v)− (

1

k
,
1

k
, 0, 0)∥2,

which implies that (0, 0,−1,−1) ∈ NR2×D((z̄, w̄), gphF ). Thus

(1, 1) ∈ kerD∗
R2×DF (z̄, w̄).

Using Theorem 4.6, we derive that F is not metrically regular relative to image around (z̄, w̄).
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Example 4.9. Let Ω = R+. We consider the normal cone mapping to Ω, N : R ⇒ R defined by

N (x) =


R− if x = 0,

{0} if x > 0,

∅ if x < 0.

We have domN = R+, rgeN = R−, and gphN = ({0} × R−) ∪ (R− × {0}). We find D∗
C×DN (0, 0) with

C := domN and D := rgeN . By direct computation, we have

Np
C×D((x, y), gphN ) =


{(0, 0)} if x = 0, y = 0;

R+ × {0} if x = 0, y < 0;

{0} × R− if x > 0, y = 0;

∅ otherwise,

which implies that NC×D((0, 0), gphN ) = (R+ × {0}) ∪ ({0} × R−). Therefore,

� D∗
C×DN (0, 0)(0) = R+, which means that N does not satisfy the relative Aubin property at (0, 0).

� kerD∗
C×DN (0, 0) = R−, which follows that N is not metrically regular relative to image around (0, 0).

Let us consider D̄ := {0}. Then D̄ ⊂ N (R+). By direct computation, we have

Np

R+×D̄
((x, y), gphN ) =

{
{(0, 0)} if x > 0, y = 0;

∅ otherwise.

It follows that NR+×D̄((0, 0), gphN ) = {(0, 0)}, and then

kerD∗
R+×D̄N (0, 0) = {0} and D∗

R+×D̄N (0, 0)(0) = {0}.

This is equivalent to the fact that F is not only metrically regular relative to R+ × {0} around (0, 0), but also
satisfies the Aubin property relative to R+ × {0} around that point.

5. Limiting subdifferential relative to a set and the stability
of single-valued mappings

In this section, we first present the concept of subdifferentials relative to a set which is small improvements of
those introduced in [19]. Then we use these subdifferentials to provide characteristics for the metric regularity
and locally Lipschitz continuous property relative to a set of single-valued mappings.

Definition 5.1. Consider the extended real-valued function f : Rn → R̄. Let X ⊂ Rn+1 and epi f ∩ X be
locally closed around (x̄, f(x̄)) ∈ epi f ∩ X .

(i) The set ∂X f(x̄) := {x∗ ∈ Rn | (x∗,−1) ∈ NX ((x̄, f(x̄)), epi f)} is called the X -subdifferential of f at x̄.
We also call every vector x∗ ∈ ∂X f(x̄) to be a X -subgradient of f at x̄.

(ii) The X -singular subdifferential of f at x̄, denoted ∂∞
X f(x̄), is defined by

∂∞
X f(x̄) := {x∗ ∈ Rn | (x∗, 0) ∈ NX ((x̄, f(x̄)), epi f)} .

If x̄ /∈ dom f or (x̄, f(x̄)) /∈ X , then we put ∂X f(x̄) := ∂∞
X f(x̄) := ∅.

The relation between ∂C×Df(x̄) and D∗
C×DE f(x̄, f(x̄)) is completely presented in the following proposition.
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Proposition 5.2. Let f : Rn → R̄, and let C ⊂ Rn and D ⊂ R. Let (x̄, f(x̄)) ∈ C × D . Suppose that epi f ∩
C × D is locally closed around (x̄, f(x̄)). Assume, in addition, that D is convex. Then

D∗
C×DE f(x̄, f(x̄))(λ) =


λ∂C×Df(x̄) if λ > 0;

∂∞
C×Df(x̄) if λ = 0;

∅ otherwise.

Proof. We consider the following three cases:
Case 1. λ > 0. In this case,

D∗
C×DE f(x̄, f(x̄))(λ) =

{
x∗ ∈ Rn | (x∗,−λ) ∈ NC×D

(
(x̄, f(x̄)), gphE f

)}
.

Notice that gphE fD
C = {(x, r) | r ≥ f(x), x ∈ C , r ∈ D} = epi f ∩ (C × D). Hence,

D∗
C×DE f(x̄, f(x̄))(λ) =

{
x∗ ∈ Rn | (x

∗

λ
,−1) ∈ NC×D

(
(x̄, f(x̄)), epi f

)}
=

{
x∗ ∈ Rn | x

∗

λ
∈ ∂C×Df(x̄)

}
.

Therefore, D∗
C×DE f(x̄, f(x̄))(λ) = λ∂C×Df(x̄).

Case 2. λ = 0. In this case,

D∗
C×DE f(x̄, f(x̄))(0) =

{
x∗ ∈ Rn | (x∗, 0) ∈ NC×D

(
(x̄, f(x̄)), gphE f

)}
=

{
x∗ ∈ Rn | (x∗, 0) ∈ NC×D

(
(x̄, f(x̄)), epi f

)}
=

{
x∗ ∈ Rn | x∗ ∈ ∂∞

C×Df(x̄)
}
.

Hence, we obtain D∗
C×DE f(x̄, f(x̄))(0) = ∂∞

C×Df(x̄).
Case 3. λ < 0.We assume the opposite that there exists x∗ ∈ D∗

C×DE f(x̄, f(x̄))(λ).We find, by the definition,

sequences (xk, rk)
gphE fD

C−−−−−→ (x̄, f(x̄)) and (x∗
k, λk) → (x∗, λ) such that (x∗

k, λk) ∈ Np
C×D((xk, rk), gphE f). Thus,

for each k ∈ N, there exists, due to Proposition 2.5 (i), pk → 0+ such that (xk, rk) + pk(x
∗
k,−λk) ∈ C × D and

⟨x∗
k, x− xk⟩ − λk(r − rk) ≤

1

2pk

(
∥x− xk∥2 + (r − rk)

2
)
∀(x, r) ∈ gphE f ∩ C × D . (5.1)

Moreover, by the fact that λk → λ < 0, without loss of generality, we can assume that 0 < 1
k < −λk for all

k ∈ N, which implies that (
1 +

1

kλk

)
rk − 1

kλk
(rk − λkpk) = rk +

pk
k

∈ D

due to rk, rk−λkpk ∈ D and the convexity of D . Picking x = xk and r = rk+
pk
k
, one has (x, r) ∈ gphE fD

C . Tak-

ing (5.1) into account, we conclude that −λk
pk

k ≤ 1
2pk

p2
k

k2 , which is equivalent to λk ≥ 0. This is a contradiction

to 0 < 1
k < −λk for all k ∈ N. Hence, D∗

C×DE f (x̄, f(x̄))(λ) = ∅.

Let f : Rn → R̄ and C ⊂ dom f. Then C ⊂ F−1
f (R), where Ff is defined as in (3.5). Moreover, it is known that

f is the locally Lipschitz continuity relative to C around x̄ if and only if E f satisfies the Aubin property relative to
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C ×R around (x̄, f(x̄)). Thus, by using Proposition 5.2 and Theorem 4.4, we obtain the necessary and sufficient
condition for the local Lipschitz continuity relative to C of single-valued mappings via the C ×R-subdifferential
and the C × R-singular subdifferential as follows.

Theorem 5.3. Let f : Rn → R̄, and let C be convex and locally closed around x̄ ∈ C ∩ dom f . Let f ∈ FC (x̄).
For the following statements:

(i) f is locally Lipschitz continuous relative to C around x̄;
(ii) there exists κ > 0 such that ∥x∗∥ ≤ κ whenever x∗ ∈ ∂C×Rf(x̄);
(iii) ∂∞

C×Rf(x̄) = {0};
(iv) ∂C×Rf(x̄) is nonempty compact set and lipC f(x̄) = max{∥x∗∥ | x∗ ∈ ∂C×Rf(x̄)},

it holds that (i) ⇔ (ii) ⇔ (iii) =⇒ (iv).

In what follow, we provide the subdifferential criterion for the metric regularity relative to a set of single-valued
mappings.

Theorem 5.4. Let f : Rn → R̄ and C ,D be subsets of Rn and R, respectively with D ⊂ f(C ). Let f ∈ CC (x̄),
and let C × D be convex and locally closed around (x̄, f(x̄)). For the following statements:

(i) f is metric regularity relative to C × D around x̄;
(ii) kerD∗

C×Df(x̄) = {0};
(iii) 0 /∈ ∂C×Df(x̄),

it holds that (i) ⇔ (ii). In addition, if D = f(C ), then (i) (or (ii)) implies (iii).

Proof. (i) ⇔ (ii) is due to Remark 3.8 (ii) and Theorem 4.6. It remains to prove (ii) ⇒ (iii) in the case
of D = f(C ). Indeed, 0 ∈ ∂C×Df(x̄), which means that (0,−1) ∈ NC×D((x̄, f(x̄)), gphE f). Thus there exist

sequences (xk, yk)
gphE fD

C−−−−−→ (x̄, f(x̄)) and (x∗
k, y

∗
k) → (0,−1) such that (x∗

k, y
∗
k) ∈ Np

C×D((x̄, f(x̄)), gphE f). Thus
we can find δ, p > 0 such that

⟨(x∗
k, y

∗
k), (x, y)− (xk, yk)⟩ ≤ p∥(x, y)− (xk, yk)∥2 ∀(x, y) ∈ gphE fD

C ∩ B((x̄, f(x̄)), δ). (5.2)

Since f ∈ CC (x̄) and xk
C−→ x̄, one has f(xk)

D−→ f(x̄) and then (xk, f(xk)) ∈ gphE fD
C ∩ B((x̄, f(x̄)), δ) for k

large enough. If yk > f(xk) for all sufficiently large k, then we have by taking x = xk, y = f(xk) in (5.2) that

⟨y∗k, f(xk)− yk⟩ ≤ p∥f(xk)− yk∥2,

which implies that y∗k ≥ p|f(xk) − yk| → 0 as k → ∞. This contradicts y∗k → −1. Therefore, there exists a
subsequence (xks , yks) of (xk, yk) satisfying yks = f(xks). It follows that

(xks , yks)
gph f∩C×D−−−−−−−−→ (x̄, f(x̄)).

Moreover, we also have

(x∗
ks
, y∗ks

) ∈ Np((xks
, yks

), gphE f) ∩ R((xks
, yks

),C × D)

⊂ Np((xks
, yks

), gph f) ∩ R((xks
, yks

),C × R),

which is due to the fact that gph f ⊂ gphE f and the property of proximal cones. This gives us that

(0,−1) ∈ NC×D((x̄, f(x̄)), gph f),

so 1 ∈ kerD∗
C×Df(x̄). This is a contradiction. Thus 0 /∈ ∂C×Df(x̄) and hence (ii) holds.

We close this section via the following illustrated examples for Theorem 5.4.
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Example 5.5. Consider the function f : R → R defined by f(x) = x2 − 2x for all x ∈ R.

� Let C = R+. By the directly computation, we have

NC×R((x̄, f(x̄)), gph f) =

{
(u, v) | v ≥ 1

2
u ≥ 0

}
∪ R+(−2,−1),

which implies that D∗
C×Rf(x̄) = {0}. Thus f is locally Lipschitz continuous relative to C around x̄.

� Let C = R+ and D := [−1,∞). Then D = f(C ). In view of

NC×D((x̄, f(x̄)), gph f) = NC×R((x̄, f(x̄)), gph f)

=

{
(u, v) | v ≥ 1

2
u ≥ 0

}
∪ R+(−2,−1),

one has kerD∗
C×Df(x̄) = R−, so f is not metrically regular relative to C × D around x̄.

We next check this assertion by definition. Indeed, for any neighborhoods U and V of 0, we take x = 0
and a sequence yk = 1

k . Then yk ∈ V for sufficiently large k and

f−1(yk) ∩ C =
{
1 +

√
1 + yk

}
.

Moreover, we also have d(x, f−1(yk) ∩ C ) = |1 +
√
1 + yk| > 2, while |f(x)− f(yk)| = 1

k → 0. Thus there
is no τ > 0 such that

d(x, f−1(yk) ∩ C ) ≤ τ |f(x)− f(yk)| ∀k,

so f is not metrically regular relative to C × R around x̄.
� Let C := R and D := [−1,∞). Then D = f(C ) and f is metrically regular relative to C × D around x̄.
Indeed, in this case, we have NC×D((x̄, f(x̄)), gph f) = R(2, 1), so kerD∗

C×Df(x̄)(0) = {0}.

6. Conclusion

New versions of the limiting coderivative and subdifferentials relative to a set were presented in this study. We
characterized the Aubin property relative to a set and the metric regularity relative to a set of multifunctions
based on the new limiting coderivative relative to a set. Additionally, the new subdifferentials relative to a
set provide the characteristics for the metric regularity and the locally Lipschitz continuity relative to a set of
single-valued mappings. The coderivative and subdifferential relative to a set characteristics in this work can
be used to identify the Aubin property and the metric regularity of set-valued mappings as well as the locally
Lipschitz continuity and the metric regularity relative to a set of single-valued mappings in non-Euclidean
finite-dimensional spaces, which is because these stability properties do not depend on equivalent norms of
finite-dimensional spaces.
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