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A VARIATIONAL APPROACH TO STABILITY RELATIVE TO A SET
OF SINGLE-VALUED AND SET-VALUED MAPPINGS

Vo Duc THINH!?, XIAOLONG QIN!*® AND JEN-CHIH YAO?

Abstract. Based on the limiting normal cone relative to a set, we present in this paper the novel ver-
sions of the limiting coderivative relative to a set and subdifferentials relative to a set of multifunctions
and singleton mappings, respectively. In addition to giving the necessary and sufficient conditions for
the Aubin property relative to a set of multifunctions, the limiting coderivative relative to a set also
provides a coderivative criterion for the metric regularity relative to a set of multifunctions. Besides,
our study establishes sudifferential characteristics of the metric regularity and the locally Lipschitz
continuity relative to a set for single-valued mappings. In finite dimensional spaces, our results are
more general than the previous results. Furthermore, we also give examples to illustrate our results.
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1. INTRODUCTION

The stability analysis, including the Aubin property (also known as the local Lipschitz-like property or
pseudo-Lipschitz), and metric (sub)regularity of multifunctions or/and solution mappings to parameter systems
is an essential topic to variational analysis because of their applications; see, e.g., [1-13]. These properties can
been characterized through generalized differentials. More precisely, it was demonstrated in [[9], Theorem 5.7]
that the Aubin property around (Z, y) € gph F of a closed-graph multifunction F' : R™ = R™ can be equivalently
characterized by the equality D*F(Z,7)(0) = {0}. Moreover, the exact Lipschitz-like constant of F around (Z, §),
aF(Z,y), can be computed by

aF(z,y) = |D*F(z,9)| :=sup{||lz*| | (v",2") € gph D*F(Z,7),y" € B}.

Meanwhile, the metric regularity of a multifunction is also completely characterized, in [[10], Theorem 4.18],
through its limiting coderivative as follows: the multifunction F': R™ = R™ is metrically regular around (Z, 3)
if and only if F~! satisfies the Aubin property at (%, ), which is also equivalent to the fact that the kernel
of D*F(z,y) is only {0}. This characteristic is known as the Mordukhovich criterion for the metric regularity
of multifunctions. By essential applications in variational and optimization theories, the stability properties of
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multifunctions were generalized in various ways, such as the metric regularity relative to a set (or cone) [8, 14],
the directional metric (sub)regularity [6, 14-17], the Aubin property (local Lipschitz-like continuous) relative
to a set [8, 18-21], and so on. However, whichever way it is extended, it is of great interest to provide the
coderivative characteristic for those stability properties as the Mordukhovich criterions. One such result was
mentioned as the directional coderivative characteristic of the directional metric regularity presented in [6],
Theorem 5. For the Aubin property relative to a set, by using the projectional coderivative, the authors in
[18] established necessary and sufficient characteristics for the Aubin property relative to a set of set-valued
mappings. Besides, testing the locally Lipschitz continuous property relative to a set of single-valued mappings
due to the projectional subdifferential was presented in that paper. A similar result for the metric regularity
relative to a set has not been established through projectional coderivative, however. Recently, the authors
in [22] introduced the new relative to a set versions of coderivatives and used them to provide Mordukhovich
criterions for the Aubin property and metric regularity relative to a set of multifunctions. Besides, establishing
complete characterizations of the relative well-posedness properties with further applications to the stability of
affine variational inequalities was presented in [22]. However, the authors in [22] used two different versions of
coderivative, which are the normal coderivative relative to a set and the mirror contingent coderivative relative
to a set, to obtain the Mordukhovich criterions for the Aubin property relative to a set and for metric regularity
relative to a set of multifunctions. However, the characterizations of the locally Lipschitz continuity and the
metric regularity relative to a set of single-valued due to the relative to a set subdifferentials were not established.
Almost the same time, inspired by [18, 21], the authors in [19] stated a new Mordukhovich criterion for the
Aubin property relative to a set of multifunctions due to the limiting coderivative relative to that set by using
another approach. Formulas for calculating and some applications in studying optimality conditions of the
limiting coderivative were presented in [23]. Moreover, the necessary optimality conditions for the optimization
problems with geometric and generalized equation constraints through the limiting subdifferential and the
limiting coderivative relative to a set were established in [23] also. Furthermore, the authors in [24] stated
explicit formulas of coderivatives relative to a set of the normal cone mapping to a polyhedron. They also
provided a characteristic of the Aubin property relative to a set of that normal cone mapping and thereby give
necessary optimality conditions for simple bilevel optimization problems under certain qualification conditions.
It is important to know that, although there are some similarities between coderivatives relative to a set in [22]
and [19, 23, 24], those coderivatives are different in general.

We, in this paper, first present a new version of the limiting coderivative relative to a set, an improvement
of that one in [19], of set-valued mappings due to the limiting normal cone relative to a set € to their graphic.
This novel limiting coderivative relative to % is also called the % -coderivative. By using the %-coderivative,
we provide the Mordukhovich criterion versions for the Aubin property and metric regularity relative to € of
set-valued mappings. We only use the €-coderivative to establish both of the Mordukhovich criterions for the
Aubin property relative to a set in form of ¥ x 2 and for metric regularity relative to ¥ x Z of a multifunction
F. Tt is important to know that these results are established without the assumption ¢ = F~1(2), which was
used in [22], Theorem 3.9. In addition, we also establish the characteristics for the local Lipschitz continuous
and the metric regularity relative to € of single-valued mappings through their limiting subdifferential relative
to ¥, which is also said to be the ¥-subdifferential.

This paper is organized as follows. In Section 2, we first recall the notions and some basic properties of
the proximal and limiting normal cones relative to a set. In Section 3, we introduce some concepts of the
stability property relative to a set including the Aubin property and metric regularity relative to a set of set-
valued mappings and the locally Lipschitz continuity and metric regularity relative to a set of single-valued.
Besides, the relations between these stability properties are also established in this section. On the basis of
the limiting normal cone relative to a set, we propose the new concept of the limiting coderivative relative
to a set of multifunctions in Section 4. We then apply this new limiting coderivative relative to a set to
characterize the necessary and sufficient conditions for the Aubin property and metric regularity relative to a
set of multifunctions. In Section 5, we introduce the notions of the new limiting subdifferential relative to a set
of single-valued mappings, and we provide the characteristics for the local Lipschitz continuous and the metric
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regularity relative to a set of single-valued mappings due to these subdifferentials. In addition, we present some
examples to illustrate obtained results. The last section, Section 6, ends this paper with concluding remarks.

2. PRELIMINARIES AND AUXILIARIES

We assume, through out of this paper, that all of spaces are finite dimension spaces with Euclidean
norm || - || and scalar product (-,-). Their Cartesian product R™ x R™ is also equipped an Euclidean
norm defined by |[(x,y)|| := v/lz||2 + ||y]|2,- We use | - | for any Euclidean space if there is no confu-
sion. B(x,r) is used to denote the closed ball centered at z with radius » > 0 and B := B(0,1), while
RS = {x=(21,...,25) eR* | 2; 20, Vi=1,...,5}. Set cone () := {Mw | A >0,w e Q} and Z(z,Q) :=
{z* € R | 3tg > 0: T +ta* € QVt € (0,t0]}. Given a sequence of real numbers (t), we write t,, — 01 if t, — 0
and t; > 0 for all k. Let Z € 2. We borrow the notation xy, 2 7 to present that zp — T and x; € Q for all
k € N. The distance function to Q, d(-,Q) : R®* — R, is defined by d(z, ) := inf,cq ||u — z|| for all z € R*. The
set-valued mapping II(-, ) : R®* = R®, with II(z,Q) := {u € R* | ||u — z|| = d(x,Q)} is called the set-valued
mapping projection onto ), and the set II(x, ), which can be empty, is said to be the Fuclidean projector
set of z onto Q. It is known that if Q is closed, then II(z,Q) # 0 for any = € R*. Given u € Q, we define
O Y(u, Q) = {z € R | u € II(z,Q)}, which is always nonempty (in fact, u € II71(u,Q) for all u € Q). The
proxzimal and Fréchet/regular normal cones to Q at Z are respectively given (see [[10], Def. 1.1 and p. 240,] or
[(25], p. 22]) by

NP(z,9) := cone [[I"}(z,Q) — Z]

and

N(z,Q) := {x* e R?| limsupw < O}.

"o e al
Let € be locally closed around z. The limiting normal cone to Q at T is defined by

N(z,Q) := Lim sup (cone [ — II(x, Q)]),

T—T

where Lim sup F(x) signifies the sequential Painlevé-Kuratowski upper/outer limit of F' at Z € dom F' given by
T—T

Lim sup F(z) := {y € R™ | 3z — T, yx — y with y € F(z) for all k € N}.

r—T

The tangent/contingent cone to § at T is given by

T(z,9Q) = {v € R® | 3t — 07, vy — v such that Z + t,v, € Q,Vk € N} .
Remark 2.1. (i) We have from the definition (see [[20], Ex. 6.16]) that z* € N?(Z, ) if and only if there exists
to > 0 such that Z € TI(Z + toz*, Q) and {Z} = II(Z + tz*, Q) for all t € (0,ty). Moreover, it is also known (see
[[10], p. 240] or [[25], Prop. 1.5]) that

NP(z,Q) = {z* | 36 > 0 such that (z*,2 — ) < ||z — 2||* V2 € Q}
= {2* | 36,6 > 0 such that (z*,2 — z) < ||z — z||* Vo € QNB(z,0)} .
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(i) It is known from [[10], p. 240] that N?(z,Q) c N(z,Q) and
N(z,9Q) = Lim sup N(z,Q) = Lim sup N?(z, Q).

r—T T—T
(iii) In general, N?(z, ) is a convex cone, but it is not closed (see [[10], p. 240]).
Let f:R® = R := RU {co} be an extended real-valued mapping. Given ¢ C R", we define fy : R® — R by
flz) ifze¥,
fola) = { (2)

00 otherwise.
We respectively denote the domain, the range, the graph, and the epi-graph of f by
dom f := {z € R" | f(x) < oo}, rgef:={y € R| Iz € dom [, f(z) =y},
and

gph f:={(z, f(z)) | x €dom f}, epif :={(z,0) ER" xR |z € dom f,a > f(x)}.

Mapping [ is called lower semi-continuous relative to € around T if, for any sequence xj %, z,
liminfy oo f(zk) > f(Z). f is called continuous relative to € at T if limy_, o f(zx) = f(Z) for any sequence

Tk %, % The set of all lower semi-continuous mapping relative to € around T is denoted by F«(Z), while
C«(Z) stands for the set of all continuous mapping relative to € at z. If € is a neighborhood of Z, then we write
Z(z) and C(z) instead of Fx () and Cy(T). We say that f is level-bounded if the level set {x € R"™ | f(z) < o}
is bounded (possibly empty) for any o € R.

Given the multifunction F : R™ = R™, we denote

domF:={z € R" | F(z) #0}, rge F:={y e R" | Jx € dom F,y € F(z)}
and
gph F:= {(2,y) € R" x R™ |y € F(x)}
and call the domain, the range, and the graph of F respectively.

Given € C R™ and 2 C R™, we respectively define the multifunctions Fy, FZ, Fgg :R™ = R™ as follows:

Fo(z) = {F(”““) Hx €% pou) = Fa)n2

0 otherwise, ’
and
F2(z) := {F(m) N7 iftxe?,
0 otherwise.
Hence,
dom Fy =dom FNE and gph Fg = gph F N (% x R™),
and
dom F? = dom F N F~Y(2) and gph FZ = gph F N (R" x 2),

while

dom FZ := dom FN€ N F~Y(2), and gph FZ = gph F N (€ x 2).



STABILITY RELATIVE TO A SET OF SINGLE-VALUED AND SET-VALUED MAPPINGS 5

The epigraphical /profile mapping of F, denoted by &£F : R™ = R™ is defined by
EF(x) := F(x) +RY for all z € R".

If f:R™ — R is a single-valued mapping, then gph &f = epi f.
We now recall the concepts of the limiting normal cone to sets, the limiting corderivative of multifunctions,
and the limiting subdifferential of single-valued mappings.

Definition 2.2. Let F: R® = R™ and f:R" — R.
(i) [[10], Definition 3.32]. The multifunction D*F(z,§) : R™ = R" defined by

D*F(z,9)(y") :=={z" e R" | (2", —y") € N((z,9),gph F))} for all y* € R™

is called the limiting coderivative of F at (Z,7y) € gph F.
(ii) [[10], Definition 1.77]. The limiting subdifferential of f at Z € dom f is the following set

Of(z) :={a" e R" | («", —1) € N((%, f (7)), epi f)} .

We now introduce a version relative to a set of the proximal and limiting normal cones as follows.

Definition 2.3. Let () # Q C R”, and let € be locally closed around & € QN E.
(i) The prozimal normal cone relative to € to Q at z is defined by

NY(z,Q) == {z* € R" | 3ty > 0 such that z + ta* € II""(z,QN%E)NE for all t € (0,t0]}.
(ii) The limiting normal cone relative to € to Q at T is defined by

N (Z,9) := Lim sup NZ,(z, Q).
Qe

r——Z

Remark 2.4. In the case that ¥ is convex, the normal cones relative to % in Definition 2.3 reduce to those
ones in [[19], Definition 5] respectively.

Some properties of the proximal and limiting normal cones relative to a set are presented in the following
proposition.

Proposition 2.5. Let 2,4 C R*® be nonempty locally closed around T € QN €. The following assertions hold:

(i)

NE(z,9) —{a:* | 3to > 0 such that z + tz* € €,
1
and (z*,z — ) < %Ha: —z|* forallz € QNE and t € (O,to]}. (2.1)

(ii) The proximal normal cone with respect to a set can be computed by
NE(z,Q) = NP(2,QNE)N%Z(Z,F). (2.2)
Consequently,
NE(z,9Q) = {x* |36,5,p > 0 such that Z + pz* € €

and (z*,z — &) S5||m—i||2Va:€Qﬂ<€ﬁIB%(i,0)}. (2.3)



6 V. D. THINH ET AL.
If, in addition, € is convez, then
NZ(z,Q) :={2* € R" | 3p > 0 such that z + pz* € I (z,QN %) NF}. (2.4)
(iil) N2(z,Q) is a cone. In addition, if € is convex, then NL(Z,Q) is convex. In this case, we have
NP(z, Q) ={2*eR" |3t >0:2+ta" eI H(z,QNFE)NTF} (2.5)

1
= {x* |3t >0:Z+tz* €€ and (2,2 — T) < %Hx—a’cw for allerﬁ‘g}. (2.6)

(iv) N (z,9) is a closed cone.
(v) Ne(Z,9Q) C Lim sup (cone [z — I(x, QN F)]) . If, in addition, € is convez, then
Ng(Z,9Q) = Lim sup (cone [z — (2, QN F)]) (2.7)
©,
r—T
= Lim sup N%(x, ), (2.8)

e—0t

ENQ
T——T

where N&(2,Q) := N (z,QNE) N % (2, E).

Proof. (i) Fixing z* € NZ(z,2), one sees that there exists o > 0 such that z + tz* € II"*(Z,QNE) N ¢ for all
t € (0,t0]. Thus, for any x € QN ¢ and t € (0,tg), we have ||Z — Z — ta*||?> < ||z — Z — ta*||?, which implies that

Pl < Jle - z)? - 262", @ — z) + 2[|2*|%.
This means that

1
(¥, z—7) < EHx—a’cH2 forallz € €N Q and t € (0, to].

Otherwise, let z* € R* and ¢y > 0 satisfy Z + tz* € ¢ and (z*,z — Z) < %l — Z|? for all 2 € QN € and
t € (0,tp]. Then

t|z*|* < [lo — 2| - 22", @ — 7) + 2 ]]2"|?,

which follows that ||z — Z — ta*||? < ||z — & — tx*||? for all z € € N Q. This implies that  + tz* € [I-}(z,Q2N %)
for all ¢ € (0,to]. Combining this with z 4 tz* € ¢ for all t € (0,t], we have z* € NZ(z,9).

(ii) Let y* € NL(z,Q). By the definition, we find ¢y > 0 such that z + ty* € II"(z,QN¢) N € for all
t € (0,to], which implies from the definition of proximal normal cones that y* € N?(Z,Q N €). Hence, y* €
NP(z,QNE)NZ(z,€), which means that

NE(z,Q0) C NP(2,QNE)N%Z(Z,F).

To prove the opposite inclusion, we take y* € N?(z,QNE)NZ(Z, ¥ ). There exist by the definition tg > 0,¢; > 0
such that z + ty* € II74(Z,2NE) for any t € (0,t0] and Z + ty* € € for any ¢ € (0,t1]. Picking ¢ := min{to, ¢},
we see that z + ty* € II"H(Z, QN <€) N € for all ¢ € (0,%], which derives that y* € NZ(z,€). Therefore,

NP(2,QN )N % (z,€) C NL(z,9).
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If € is convex, then Z(Z,%¢) = {u € R®* | Ip > 0 such that T + pu € €}. This combines with (2.2) to give us
(2.4).

(iii) It is easy to see from the definition that N2 (z, () is a cone and the inclusion “C” in (2.5) holds. We next
show the inclusion “O” in the case that ¢ is convex. Take u € {z* € R" | 3t > 0: Z+ta* € II71(2,QNE)NE}.
If u=0, then u € NZ(z,Q). If u # 0, then there exists to > 0 such that Z + tou € II"*(Z,QN¢) N €. For any
t € (0,t0], we have T + tu = (1 — %).’Z‘ + %(55 + tou) € €. Moreover, it implies from Z + tou € II71(Z,Q N €)
that  + tu € II71(2, QN E) for all t € (0,t], which follows that  + tu € II71(z,QNE) NE for all t € (0,t0).
Thus we have v € NZ(z,) and hence the inclusion “>” holds.

(iv) We first prove that N¢(Z,Q) is a cone. Take z* € Ny (Z,Q) and A > 0. There exist by the definition

sequences Ty Z0% % and xj — x* such that z; € NZ(xy, Q) for all k£ € N, which implies that Az} € NZ(zy,Q)
for all k € N due to the conical property of N2 (x,) (see (iii)). Since Az} — Az*, we obtain Az* € N (Z, ().
Hence, N¢(Z,(2) is a cone. Now, we prove that N (Z,(2) is closed. To see this, we take a sequence (z}) C
N (Z, Q) satisfying x5 — z*. We demonstrate that z* € N (Z, ) also. Indeed, if there exists k € N satisfying
x5 = ¥, then z* € N(z,Q). Thus we only need to prove this assertion in the case that =} # z* for all k € N. For
each k € N, there exist, by the definition, sequences x,, one, Z,xy — xj such that 2} € NE(z,,,Q). Since
xy — xp and x} # x*, one sees that there exists, for each k € N, ky,, € N such that ||z} —azi|| < |z} — 27|

for all ky, > ky,. For cach k € N, we take &y := z,,, and & =z}, . Then &y L0, 7, & € NP(F,Q), and
125 — || < 2% — @kl + ok — 2™l = =k, — 2kl + ok — 2" < 2z}, — 27| — 0.

This gives us the assertion that x* € Ng(z, ), so N¢(Z,Q) is closed.

(v) Let 2* € Ne(Z,Q). There exist, by the definition, sequences zj, 0% % and xj, — ¥ such that zj €
N%(mk,ﬂ) for all £k € N. This follows that, for each k € N, there exists t; > 0, which can be assumed to
converge to 0, such that &y, := zy + tpz} € II7 (24, 2N E) NE, which means that

Ty — Tp,
t

Ty = € cone [z — (T, QN F)].

Thus z* € Lim sup [cone (x — II(z, 2 N ¥))], which gives us that
€
T—>T

N (z,9) C Lim sup [cone (z — (z, QN EF))].
€
T

If, in addition, ¥ is convex, then, for any ¢ > 0 small enough, € NB(Z,¢) is a closed and convex set. Taking

. . CNB(T,) _
2* € Lim sup [cone (z — I(z, 2N F))], one sees that there exist sequences xy RGN Z, xj, — «* such that

wﬁi
xj € cone [ry — (2, QN E)]. If 2 =0, then x} € NI (x1,Q). If 2} # 0, then one sees from the fact that
xy € cone [z — (zg, Q2N E)] that there exist T € II(xy, RN E) and ax > 0 such that =} = ap(zy — Zx).
Hence, 25, + O%kx,"; =y, € I71(Z, 2N E) NE, which implies that 2} € NZ(Zy,Q) due to (2.5). On the other
hand, since zy € B(Z,€) and z € 171 (2, 2N ¥), one has ||z — Tx|| < ||z — Z|| < e. This implies, by the
triangular inequality, that ||Z; — Z|| < 2||zx — Z|| < 2¢, which converges to 0 as € — 0. Thus z* € N¢(Z,Q),
which means that

N (Z,9Q) D Lim sup [cone (z — II(x, 2N F))].
€
T—>T
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Thus we obtain equation (2.7). To prove (2.8), it is sufficient to demonstrate inclusion ”2>” because inclusion
“C” holds due to the relation NZ (2, Q) C NS (z,Q) for all 2 € Q and € > 0. Let

¢* € Lim sup N& (x, Q).

e—07T
€NQ
T——>%

There exist sequences €, — 0T, z, 202 % and xy — x* such that zj, € N%‘ (zg, Q) for all k € N. For each
k € N, one sees that there exists py > 0 such that x;, + prpx), € €. Since zj, € Ng&(xp, Q) C Ne, (2, 2N E), one
has that there exists d; > 0 such that

(xf,x — xp) < 2egl|lx — zi|| Vo € QN E NB(xk, 5k). (2.9)

Pick ay, € (0, px) satisfying ag||zi]| < %5;€ and ag, — 0. According to the convexity of ¢ and xy, zi + pr), € €,
we have

o o
g + agay, = (1 — —k)xk + —k(xk +prxy) €€
Pk Pk

Taking wy, € II(xr + arpz), 2N E), one has the following assertion
lwp —ax|? = 200 (@, wi, — @) + g ai]® = ok — 2p — awai|® < ol
which is equivalent to
lwi — zpl|” < 20 (ah, wp — k). (2.10)
This implies from wy € II(zg + ), 2N E) that wy, € QN E and
lwe — zp — apap|| < llok — zr — oapayl] = allg .
This follows that ||wy — x| < 2a||z}|| < 0k, so wi € B(xy,dx). Taking (2.9) into account, we have (x},wy —

zi) < 2€g||wi — x||. Combining this and (2.10), we obtain ||wy — zk|| < 4exay, for all k € N. For each k € N,
we set wj =z}, + aik(xk — wy). Then wy + agw}, = xx + gy, € € and

1
e =27l < llok = &7l + flwk = 2kl = llzi = 27l + lloe = well < lok = 7] + e

Hence w;, — x* as k — oo. On the other hand, for any z € QN ¥, we have

0 < |lzk + oy, — 2| — ||l2x + oy, — wie|?
= 2xy + apxy, — wg, wy — ) + ||wk — tz

= 20w, w — @) + [lwy, — %,

which implies that

1
(Wi, —wy) < —|lwp, —z||* Vo € €NQ.
20ék
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It results that w; € NP(wy, QN %) and then wj € NZ(wi, ) due to wi, + agwj € €. It follows that a* €
N (Z,Q). Therefore,

Lim sup N&(z,Q) C Ne(Z,Q).

e—0T
ENQ
T———%

Hence, the proof is completed. O

3. METRIC REGULARITY AND LOCALLY LIPSCHITZ CONTINUITIES RELATIVE
TO A SET OF MAPPINGS

We first, in this section, present the notions of the metric regularity and Aubin property relative to a set of
set-valued mappings as follows. In what follow, we always assume that sets are nonempty.

Definition 3.1. Let F : R® = R™, and let (Z, %) € gphF. Let € C R™ and 2 C R™ be locally closed around
T and 7, respectively, and let gph Fg be a locally closed around (Z, 3).

(i) F is called to have the Aubin property (or local Lipschitz-like property) relative to € x & around (Z,7)
if there exist x > 0 and neighborhoods V of 4 and U of Z such that

F?(u)NV C F?(z) + kl|ju — z|B Va,uc €nU. (3.1)

The above k is called a Aubin modulus relative to € x 2 of F around (Z, ). The infimum of all of Aubin
modulus relative to € x 2 of F around (Z,§) is called the exact Aubin modulus relative to 2 of F around (Z, 3)
and denoted by 1ip<?F(f,gj). If € =dom F and 2 = R™, then we say that F' has the relative Aubin property
around (Z,y).

(ii) F is called to satisfy the metric regularity relative to € x & around (z,y) if there exist x > 0 and
neighborhoods V of g and U of T such that

Az, F~Y(y) NC) < kd(y, F(x) N D) Yz e UNE,y € V N D.

The above k is called a regular modulus relative to € x 2 of F around (Z,¥). The infimum of all of regular
modulus relative to € x 2 of F around (Z,§) is called the exact regular modulus relative to € x 2 of F around
(z,9) and denoted by regZ F(z,y). If 2 = reg F' and € = R, then F is called to be metrically regular relative
to the image around (Z, 7).

Remark 3.2. (i) In Definition 3.1 (i), the Aubin property relative to € x R™ coincides with the Aubin property
relative to ¢ in [[20], Definition 9.36]. In addition, F' satisfies the Aubin property relative to € x Z is equivalent
to the fact that F satisfies the Aubin property relative to ¢ in sense of [[20], Definition 9.36].

(ii) The metric regularity relative to a set in Definition 3.1 (ii) is different from that in [8], which satisfies

dz, F7' () NE€) < kd(y, F(x)) Yz e UNE,y € VN 2.

However, in the case that & := rge F, they are equivalent and reduce to the metric regularity relative to the
image around (Z, 7).

(iii) The metric regularity relative to a set in Definition 3.1 (ii), which does not need the assumption € =
F~1(2), are more general than that one in [[22], Theorem 3.8]. In the case of € = F~1(2), they are the same.

It is known that the Aubin property of a set-valued mapping is equivalent to the metric regularity of its
inverse mapping (cf. [10, 20]). The similar result for the Aubin property and metric regularity relative to a set
is presented in the following theorem.
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Theorem 3.3. Let F : R" = R™, and let €, 2 be subsets of R™ and R™, respectively. Let (Z,y) € gphFCZZ.
Assume that € x 2 and gpth? are locally closed sets around (Z,q). For the following assertions:

(i) F~1 is metrically regular relative to 2 x € around (i, x) with the modulus T;

(ii) F satisfies the Aubin property relative to € x 2 around (Z,q) with the modulus 7;

(iil) There exist neighborhoods V' of § and U of T and a positive number v > 0 such that

dy, F(x)N2) < 1d(z, F'(y) N €)YV c UNE,y € VNP with d(z, F ' (y) NE) <,

it holds that (iii) = (i) = (ii). In addition, if € C F~1(2), then (ii) = (iii).

Proof. “(iii) = (i)”. Take U := U NB(z,v) and V := V N B(,v) with v := 5. Then U,V are neighborhoods
of Z,y, respectively. Moreover, we have x € UN% and y € V N 2 whenever x € UN% and y € VN 2.
Since ||z — Z|| < v < for any x € U, we achieve d(x, F~'(§) N¢) < ~. From (iii), we have d(y, F(x) N ) <
rd(z, F~1(§) N€) for any x € UNE. To prove (i), it is sufficient to show that

dy, F(x) N 2) < 1d(x, F Y (y) N€) Yy € VN D,z € UNE with d(z, F~*(y) NE) > .
Indeed, taking arbitrarily y € VN 2 and z € U N € with d(z, F~'(y) N €) > ~, we have

d(y, F(z) N 2) < d(y, F(z) N 2) + |ly — ¥
< 7d(z, FH (@) NE) + |ly — 3
<7lle—2z|+ [y -9l
<v(r+1)
<7y < 7d(z, F71(y) N %).

Thus (i) holds.
“(i) = (ii)”. Let F'~! be metrically regular relative to 2 x ¢ C R™ x R™ around (%, ) with modulus 7. Then
there exist neighborhoods V of § and U of Z such that

rd(y, F(2) N 2) <d(z, F ' (y)NE)Vy e VNZ2,2cUNF. (3.2)
Pick € > 0 arbitrarily. For any x,u € U N ¢, we consider the following two cases.
Case 1. FZ(u) NV = (. In this case, it is clearly that FZ(u) NV C F?(x) + 7|z — u|/B.
Case 2. FZ(u)NV # 0. For any y € FZ(u) NV, we have u € F~!(y) N €. According to (3.2), we derive that
d(y, F?(2)) < 7d(z, F'(y) N E) < 7l — ]|,
which implies that F7(u) NV C F?(z) + (7 + €)||z — u||B. Passing to the limit as e — 0%, we have

F@(u) NV c F@(x) + 7|z — u||B,

F satisfies the Aubin property relative to € x 2 around (Z,¥) with modulus 7.
Let ¢ C F~1(2). We next prove “(ii) = (iii)”. Assume that F satisfies the Aubin property relative to ¢ x 2
around (Z,y) with a modulus 7 > 0. We find neighborhoods U of Z and V of § such that

F?(w)NV C F?(z)+ 7|z — u||B for any z,u € UNE. (3.3)
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Since € C F~1(2), we have F'Z(x) # () for all z € €. Taking (3.3) into account, we obtain
dy, FZ(z)) < 7|lu — x| Vo, u e UNE and y € FZ(u)NV.

Let 6 > 0 satisfy z 4+ 0B C U, and put U := z + g]B%. Let % >e>0.Foranyze UN€,yecVNg satisfying
d(z, F1(y) N%) < &, we find u € F~(y) N'¥ such that

|z — ull < d(z, FX(y) %) +e < §+g:g,

which implies that v € U N'%¢". Hence,
dy, F?(z)) < 7|z —ul| < 7(d(z, F X (y) NE) + €) = 7d(x, F~(y) N E) + Te.
Passing to the limit as e — 0% yields d(y, F(z) N 2) < 7d(z, F~*(y) N €) forallz e UNE andy c VN2. O

We now consider the stability of single-valued mappings. Note that the local Lipschitz continuity relative to
a set of single-valued mappings was presented in [[20], Definition 9.1] (as strict continuity relative to a set) as
follows.

Definition 3.4 ([20], Definition 9.1 (b)). Consider the mapping f : R — R and # € dom f. Let ¥ C R" be
locally closed around Z and satisfy f € F4(Z). Then f is said to be locally Lipschitz continuous relative to €
around Z if

lip, f(Z) :== xllniu;:i W < 00. (3.4)
T z#u

Here, lip, f(Z) is called the exact Lipschitzian constant relative to € of f around Z. If (3.4) holds with € =
dom f, then f is said to be relatively locally Lipschitz continuous around .

Remark 3.5. (i) It is clearly that the indicator function dq with a nonempty closed set 2 € R™ is a locally
Lipschitz continuous relative to €2 at any bounded point of €2, but it is not continuous at these points.

(ii) It is known (cf. [[18], p. 457]) that f is locally Lipschitz continuous relative to ¢ around Z if and only
if &f satisfies the Aubin property relative to ¥ x R around (Z, f(z)). A differently equivalent characteristic of
the locally Lipschitz continuity relative to a set of single-valued mappings was given in Proposition 3.6.

Proposition 3.6. Let f : R® — R and & € dom f. Let € C R™ be locally closed around T and satisfy f € F(T).
Then f is locally Lipschitz continuous relative to € around T if and only if the set-valued mapping Fy : R® = R
defined by

1] otherwise

Fy(z) = {{f(x)} if z € dom f, (3.5)

satisfies the Aubin property relative to € x R around (z, f()).

Proof. Let Fy satisfy the Aubin property relative to @ x R around (Z, f(Z)), which means that there exist 7 > 0
and neighborhoods U of Z and V' of g such that

Fi(z)NV C Fr(u) + 7|lu — z||B, Ya,u € € NU. (3.6)
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Taking = Z in (3.6), we have {f(Z)} C {f(v)} + 7[lu — Z||B, which implies that [|f(u) — f(Z)| < Tllu —
z|, Yu € € NU. Thus we can find a neighborhood U of z such that f(u) € V for all u € ¥ NUN U. Set
U:=UnNU. Then U is a neighborhood of # and f(u) € V for all u € € x U. In view of (3.6), one has
F¢(z) C Fy(u)+ 7|z — u||B, Vz,u € € NU, which is equivalent to | f(z) — f(u)| < 7l|lu—z|| for all z,u € ¥NU.
It follows that

e @ =1
W el
x,u p— x

so f is locally Lipschitz continuous relative to ¥ around Z. Let f be locally Lipschitz continuous relative to ¢
around z, which means that

|f(x) = f(u)

0 <7:= limsup ————F+ < o0.

R
TFU

For any € > 0, one sees that there exists § > 0 such that

WgT—l—e, Ve #u e € NB(ZT,0). (3.7)
T—u

Taking = Z in (3.7), we have |f(Z) — f(u)| < (7 + €)||Z — u|| for all u € € NB(Z, ). Setting V := B(f(z),r)
with 7 := (7 4+ €)d > 0, we derive that f(u) € V for all u € € N B(z, ). Taking (3.7) into account, we obtain

{f@)}nV c{f(w)}+ (r+¢€)|u—=z|B, Vz,u € € NB(Z,4),

which yields Fr(z) NV C F(u) + (1 +¢€)|lu — z||B, Vz,u € € NB(Z,J). Hence, Fy satisfies the Aubin property
relative to ¢ x R around Zz. O

Definition 3.7. Let f : R” — R and Z € dom f. Let ¥ C R", 2 C R be locally closed around z and f(z),
respectively. Assume that f € Cy(Z). Then f is said to be metrically regular relative to € x 2 around T if there
exists 7 > 0 and neighborhoods U of Z and V of § := f(Z) such that d(z, f~'(y) N E€) < 7lly — f(z)| for all
reUNFandyeVnNg.

Remark 3.8. (i) In Definition 3.7, if ¢ and 2 are neighborhoods of Z and f(Z), respectively, then the metric
regularity relative to € x 2 around Z reduces to the metric regularity around z, i.e., (see [[10], p. 20]) there exist
7 > 0 and neighborhoods U of Z and V of § := f(Z) such that d(z, f~(y)) < 7lly — f(z)| for all z € U, y € V.

(ii) f is metrically regular relative to € x 2 around Z if and only if the set-valued mapping F as in (3.5) is
metrically regular relative to € x 2 around (Z, f(Z)).

4. LIMITING CODERIVATIVE RELATIVE TO A SET AND THE STABILITY
OF SET-VALUED MAPPINGS

As it was mentioned, the limiting coderivative relative to a set, introduced in [19], provides an equivalent
characteristic for the Aubin property relative to a set for set-valued mappings. However, a similar result for
the metric regularity of set-valued mappings has not been established yet. We now introduce a new limiting
coderivative relative to a set, which is a slight improvement of that in [19]. With this new limiting coderivative,
we provide equivalent characteristics not only for the Aubin property relative to a set but also for the metrically
regular property relative to a set of the set-valued mappings.
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Definition 4.1. Let F : R" = R™ and ) # 2" C R"™ x R™ be locally closed around (z,%) € gph £ N 2. The
X -coderivative of F at (z,7) is a multifunction D% F(Z,y) : R™ = R™ defined by

2 F@,y)(y") ={z" eR" [ (2", —y") € No((Z,7),gph F)}, Vy* € R™.

Let f: R™ — R. We write D* f(z)(y*) instead of D*Fy(Z, f(Z))(y*) for all y* € R, where F} is given as (3.5).

Remark 4.2. (i) If 2" := % x R™ in Definition 4.1, then D% F(z,¥) is reduced to D% F(z,y) in [19].
(ii) In general, the € x R™-coderivative is not equal the normal coderivative relative to € in [22]. This is
demonstrated in the following example.

Example 4.3. Consider ¢ := {(z1,z2) | (x1,22) = (0,0) or x1 # 0,23 = 1 sin(log |x1])} and the multifunction
F :R? = R defined by

0 if 1 = T2 = 0,
F(xq, =
(w1,22) {(Z) otherwise.

In this case, we have gphF N€ x R = {(0,0,0)}. Moreover, we can see
Z((0,0,0),% x R) = {(0,0)} x R and T((0,0,0),% x R) = {(u1,uz) | |ua| < |usl}.
Thus we obtain
Nexr((0,0,0), gphF) = {(0,0)} x R, Nigxx((0,0,0),gphF) = {(u1,u2) | uz| < Jus|} x R,

where Newr((0,0,0), gphF) is the limiting normal cone with respect to 4 x R to gphF at (0,0,0) in sense of
[22]. Tt follows that

DigpF(0,0,0)() = {(0,0)} € DigF(0,0,0)(") = {(u, u2) | ua] < |us}

for all 2* € R, where D% F(0,0,0) is the normal corderivative relative to € of F at (0,0,0) in seems of [22].

We now provide the necessary and sufficient conditions for the Aubin property relative to a set of
multifunctions due to their limiting coderivative relative to that set as follows.

Theorem 4.4. Let F : R" =2 R™, and let € C R™ and 2 C R™ be conver and locally closed around T and
y, respectively with (z,y) € gphF N (€ x Z). Assume that gph FZ is locally closed around (z,%). Then the
following statements are equivalent:

(i) F satisfies the Aubin property with respect to € X 9 around (Z,y).

(ii) For any x > ipZF(Z,7),

|lz*|| < slly*|| for all (y*,2*) € gph Doy F7 (%, 7). (4.1)

(iii) D g F7(2,7)(0) = {0},
E‘i}) D% o F (2, 9)(0) = {0}.

lipgw F'(Z.9) = | D spn F7 (2, 9)| := sup {||2"|| | y* € B,2" € D F7(2.9)(y") } (4.2)
= D% o F (@, 9)ll == sup {||a"|| | y* € B,a" € D, o F(2,5)(y") }
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Proof. The process of the proof is as follows: (i) < (ii) < (iii) < (iv). We first prove (i) = (ii). Let F satisfy
the Aubin property with respect to € x & around (Z, 7). Then F? satisfies the Aubin property with respect to
% x R™ around (z,9). Pick 2* € D% pn F'Z(Z,9)(y*) with some y* € R™. Using the definition, one sees that

7 m
) M (z,y) and (ch,yZ) — (@, y*) such that

there exist sequences (z, Y
(l‘;;, _y]:) € N%X]Rm((xk7 yk)7 gphF-@)
It follows from (2.4) in Proposition 2.5 that there exists ay > 0 for every k € N satisfying

(@, yx) + ar(zg, —yr) € € x R™

and the following inequality holds for all (z,y) € gph FZ N (€ x R™)

(@2 — 2x) — oy — k) < in@:,y) (@)l (4.4)

Besides, from the Aubin property with respect to € x 2 around (Z, ) with the constant x of F, we find
neighborhoods U of Z and V of § such that

F?(x)NV C F2(2) + K|z —z|B forallz,2€ UNE. (4.5)

Take n € (0, %) satisfying z +3nB C U and g+ 2nB C V, and pick kg € N such that zj := z + apa}, xr € T+nB
and yi € g+ nB for all k > kq. For any € > 0, we further take

2ea (1 + k)

12 e (0,1).

Ak := min{n,
Then, for any x € B(x, Ag), one has x € x; + 7B C T+ 2nB C U. Pick &y := Apzg + (1 — A )xg. It follows from

1
< — that
n 9 a

Tk € Mip(xp +2nB) + (1 — A\p)zk C xp + AgB.

Moreover, by the convexity of €, we obtain Iy € €, so &y € (zx + \B) N €. Taking © = x, and z = Zy, in (4.5),
we obtain

yr € F7(&x) + kllzg — 31||B,
which implies the existence of g € FZ(%},) and by, € B satisfies
Yk = Jk + Kllze — Tk [|bg

Taking (4.4) into account with = = &,y = Jx, we obtain

1 ~ 2 20 ~ 2 2
— (||Z — + k°||Tp — x b
20 (” k k” H k k” ” k” )

IN

<x2a T — xk> + <y27 H”:zk - xk||bk>

1
< g+ K2 &k — ]|

< e(1+w)|Tx — k|-
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Note that Zx — x = Mg (2K — k) = Agagzy. It follows that
A (T, aray) + Ak (Yi, fokl[ 2 ]|o) < Are(1+ r)al|l2g ],
which gives us that
gl < wllygll + e(X + %).

Passing to the limit as e — 0 and k — oo, we further conclude ||z*|| < &|ly*|.

(ii) = (i) Let relation (4.1) hold for some x > 0. We prove that F' satisfies the Aubin property with respect to
€ x 2 around (Z,y) with 0 < lip,  z F'(Z,9) < k. Indeed, if this assertion is not true, then (3.1) is not satisfied

d @ "
for some & > k. Thus there exist z},, 2}, 4013% Z with x}, # «f and y} —(3)+ 9 such that

4 (4, F? (a}) > Rllaf, — o,
which implies that y) & F?(x},), so y; ¢ F(z},), which is due to the fact that yj/ € 2. Since gph FZ is locally
closed around (Z, ), one sees that there exists a r > 0 such that Q := gph F'Z N (B(z,4r) x B(y, 2r(k + 1)) is a
closed set, which implies that  is compact. Setting r := max{||z}, — Z||, ||z} — Z|, [lyy — 7ll}, we have r, — 0T
and z), 2} € B(Z,r) and y; € B(y, ). Without loss of generality, we may assume that r, < r for all k. Let
Vi € I(y;s F7(x7,)). Then yj # i/ and
by — o > g — wi ) > Rl — x| Yy € F2 (). (4.6)
For each k € N, we define the extended real-valued function as follows:

or(@,y) = llz — 2/l + lly — vi | + da(z,y) V(z,y) €R" x R™.

Then ¢y, is lower semi-continuous, level-bounded, and proper. By using [[20], Theorem 1.9], we have that

there exists (2, k) € €2, which is a global minimizer to . We next prove that (&g, Jx) “x2, (z,7). Since
(Zk,Ur) € Q2 CE x Z, it is enough to prove that & — Z and g — y. Indeed, we first see that

Ellzy — 2kl = on (@8, y) = (@, G) = EllEe — 2.
By the facts that =, 2} — = and

i — 2l < Nl — 2 + | — 7
< |laf — a4 + ik - 2|
< 2flaf, — 2 + I} — ] < 3, (47)

we obtain & — T.
On the other hand, since (&, §x) is the global minimizer to pg, one has

(e, O) = Rllzn — 2l + i — dell < on(af,vg) = &llay, — 2fll,
which follows from ||Z; — .|| — 0 and ||z}, — z}|| — 0 that ||y} — gx|| = 0. According to y;, — ¥, we derive that

Uk = Y.
We next demonstrate that &5 # «j,. Indeed, in the opposite that &, = x, one has g € F 7z, %) Thus

(@, Or) = 196 — vill = lyg — vkl > Ellzg, — 2kl = or (@, vK),
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which contradicts the fact that (2, ) is a global minimizer to . Define, for each k € N,
o2, y) = Fllw — il + [ly — yi|| for all (z,y) € R" x R™

and vy, := T ||z}, — 24| > 0. For any (z,y) € B(Z, vx) X B(gx, &), we have
N N Tk N
lz = 2ill = llzh = 25l = lle = 25l = (1= ) ek — &l > 0. (4.8)

It implies that = # x},, so ||z — x}|| is twice continuously differentiable at x. This combines with the convexity
of ||y — yy/|| indicates

/ Y~ Yk : ",
ap¢k(w7 y) = (Rx_xf,o> + (07 ly— y//H) if Yy 7é Yk
| — 7| {0} xB™  ify=y
due to [[25], Corollary 2.6] and Proposition 2.11. Since (2, Jx) is a global minimizer of ¢y, it is also a global

minimizer of ¢ over 2. Thus there exist, by [[25], Exercise 8.4 (b)], (zi,y.) € QN [B(&k, vk) X B(gx, vy)] for
1 = 1,2 such that

(0,0) € 0"dn(xk, i) + NP((a7, yk), Q) + vi(B" x B™)

- 1.171,/ n m
c (Rt b xBm 4 N (ad ), + (B < BT,
k k‘

Thus there exists (b1, b2) € B™ x B™ such that

~ JJ/ _xl R
(’u’vv) = (KM — by, (14 V/C)b2> € Np((xi7ylz)79) - N(($27y/%)79) (4.9)
k k

?rm

Putting, for each k € N, z} : /%H 2“71 T and y; := (1 — vy )bs, we prove that
T

BN

% * ri(1+R
(wh, ) € NS (22, 42), gph F?).

Indeed, since z}, € B(&g,vy) for i = 1,2, we have ||z} — @] < vp = |2}, — &||, which together with (4.8)
indicates that

mz — 2 L xfﬁ — x}v -z Tk e .
= — |l S 7 2nd - <1l—-(1--)=—"Vi=1.2
‘m;—fckn ’ e [Ty R Pyl (RS DA I

By the triangular inequality, we have
’ Th— T T — T ’<‘ ap —aj Ty — H T) — T, Ty — ),
lof —abll Nk =il = i —aill m —xkn ot =]l T =il
hih- il 1A
Al =l ka - %H |25 — 4|
Ty — T T) — T ‘ ‘ T — &y
+ + || A
‘ ok =il Nan — ot &5 — @]
T T T
T Tk Th TR
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So we can find b3 € B™ such that

1 /
Ly — Ty,

Tp =R + krbs = u + viby + Rrbs.

ek — @l
Otherwise, we also have y; = v — 2u;,b2, so the following relations

(@i w): (2,y) — (2, 90)) _ ((utviby + Rrids,v — 2vibs) , (2,y) — (2, 47))
(2, y) = (2%, vl 1, y) = (@i i)
< ((u,v), (JS, y) — (xivyl%»
I, y) = (@7 i)
((w,v), (,y) — (=}, 42))
1, y) = (@i v

+ [|(vib1 + Rribs, —2vbs) ||

< + (1 4+ R)

hold for all (x,y) € Q. Passing to the superior limit and taking (4.9) into account, we obtain
<(JJZ, y;;)v (l‘, y) — (lem yl%»
I, y) = (@7 v

<(u’ U)) (l‘, y) — ($i’ Z/;%»
Iz, 9) = (2, )

lim sup
(@) (22,92)

< limsup
(.9) (22 v2)

+r(1+ &) < e i=ri(1+ &)

which implies that

(@7, i) € Ney (@7, 92), Q) = Ney (27, 47), 8ph F7 1 (€ x R™)). (4.10)

Moreover, it is easy to see from the notation of (z},y;) that

/

2 — 22—z
(atoa) + 1T g g = (s + I e ) e
which means that (z},y}) € Z((23,y%), ¢ x R™). From (4.10), we further obtain

(xlt:’y;::) € N‘ZCXR""((IivyI%%gphF-@)' (411)

We have from (4.7) and the fact g — § that

i — 2l < llak — @xll + 2 — 2| < 7i + 3ri = 4y — 07, (4.12)
Iy = 3l < v — Gxll + 196 = gl < e + N9 — 7l — 0T (4.13)
Moreover, without loss of generality, we can assume that } — z* for some z* € R” with ||z*|| = & and y; — y*

for some y* € B™. Since ¢, — 0T, we have by Proposition 2.5 (v) that

(z*,y") € Limsllp N& g ((2,9),gph F) = Negxpm ((Z,7), gph F7),
e—0

gphF.
(z.y) ——(z.9)
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80 2% € Dy pm FZ(Z,9)(—y*). However, it is easy to see that

K+ K S n—i—ﬁ;

* ~
= >
ot = 7> S

=yl

which contradicts (4.1). Thus F has to satisfy the Aubin property with respect to € x & around (Z, ) for any
constant & > k. Moreover, we also have lipZ F(z, ) < k. So (i) < (ii).
(ii) < (iii) is obvious. We continue to prove (iii) < (iv). To do this, we need to show that

{0} € Do F(2,9)(0) C Digen F7 (,7)(0) = {0}. (4.14)

Since {0} C D% 5, F(z,9)(0) and D%z F?(Z,5)(0) = {0}, it is sufficient to show that
Digy o F(%,9)(y") C Digypn F7(2,7)(y") for all y* € R™. (4.15)

hFZ
Let z* € D%, F(z,5)(y*). Then there exist sequences (xy, y) P, (2,7) and (x5, y5) — (2%, y*) such that

the following relations

(x5, —yx) € N& o ((xk, yr), gPh F) = NP((zx, yx), gph F N (€ x 2)) N R ((xk, yr), C x D)
C N?((z1,yx),gph FZ N (€ x R™)) N Z((x1,yx), € x R™)

=NE gm <(xk7 Yk), gph Fg)

2
hold for all k& € N. Thus (z*, —y*) € Ngxrm((Z,7),gph F?), which is due to (zg,yx) sl (z,7) and
(z},y;) — (2*,y*). This implies that z* € D%, . F7(Z,7)(y*) and then (4.15) holds. Thus, we obtain (4.14).
Let us now prove formulas (4.2) and (4.3). To do this, we prove that

lipZ F(Z,5) 2 |1D% g F7 (2, 9)I| 2 | D F(2,5)|| 2 Ling F (%, 7).

First, let us prove lip2 F(%,9) > || D& .gm F? (%, 7)||. Taking an arbitrarily s > lipZ F(, ), one sees that F has
the Aubin property around (Z,§) with respect to € x 2, so inequality (4.1) holds with x, which means that
|z*|| < klly*| for all (y*,z*) € gph D% pm F'Z(Z,7). Thus, for any y* € B and 2* € D%, pn FZ(Z,9)(y*), we
have ||z*|| < &, which follows that

D% wzm 7 (2, 9)| := sup {|l2*|| | y* € B,2" € Dy F7(Z,7)(y*) } < 5.

Since « is arbitrarily taken in [lip%F(g’c,g),oo), we obtain lipZ F(Z, ) > || D& gm FZ(Z,7)|. From (4.15), we
have

IDG sz FZ (2, 9)|| 2 | D o F (2, ).

It remains to prove ||DL ., F(Z,7)| > lipZ F(,7). Suppose by the contradiction that | D% o F(Z,7)] <

lipZ F (&, 7). Taking & := D¢ o (@ ’y)thp%F(E g), we obtain || D%, ,F(z,9)|| < k < lipZ F(z,7), so F does

not Satlsfy the Aubin property with respect to € x & around (Z,y) with constant . This implies that there
exists * # 0 such that «* € D%, F(z,y)(0). We obtain by setting * = (x + )” - that

(0,7) € gph Dip o F(#,5) and [ =k +1 > k.
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Hence,
D% x o (2, §)|| := sup{[|z"|| | y* € B, (y*, 2") € gph Do o F(Z,9)} = [| 7] > &,
which reaches a contradiction. Thus || D%, F(Z,9)| > lipZ F(Z,). The proof of the theorem is completed. [

Remark 4.5. (i) Although we have an equivalent characteristic between the Aubin property relative to € x 2
around (Z,9) of F and the equality D pn FZ(Z,4)(0) = {0}, this approach does not help in establishing an
equivalent characteristic for metric regularity relative to 4 x 2 of set-valued mappings. Meanwhile, charac-
terizing the Aubin property relative to € x & through the € x Z-coderivative, D%, F(z,7)(0) = {0} is an
important basis for achieving the characteristic of metric regularity relative to € x 2 of set-valued mappings.

(ii) Taking Z = R™, we see that Theorem 4.4 reduces to [[19], Theorem 3]. In addition, by taking ¢ := dom F
and 2 = R™ in Theorem 4.4, we obtain a necessary and sufficient for a multifunction with the relative Aubin

property.
We next provide coderivative characteristics for the metric regularity relative to a set of set-valued mappings.

Theorem 4.6 (Coderivative criterion for metric regularity relative to a set). Let F' : R™ = R™, and let (Z,7) €
gphF. Assume that gph F%? and € x 9 are locally closed around (Z,y). Suppose, in addition, € and 2 are
convez. For the following statements:
) F is metrically regular relative to € x 9 around (T,§);
i) F~1 satisfies the Aubin property relative to 2 x € around (,7%);
it) D, (5, 2)(0) = {0}
iv) kerD% , F(z,y) = {0},

it holds that (1) = (ii) & (ili) < (iv). In addition, if 2 C F(¥), then the above implications are equivalent
to each other. In this case, the reqular constant can be computed by

(i
(i
(i
(

regZ F(7,9) = | Do (5, 7)|- (4.16)
Proof. (i) = (ii) < (iii) directly implies from Theorems 3.3 and 4.4. We now justify (iii) < (iv). It is sufficient
to demonstrate that
(y*,z*) € gph D%, F(%,7) if and only if (—z*, —y*) € gph D}, - F (7, 7).
Indeed, let (y*,2*) € gphD%, ,F(Z,y). By the definition, one sees that there exist sequences
(Tk, Yk) M (z,9) and (z}, y5) — (z*,y*) such that (z},—y;) € N%X@((:L’k,yk),gphF), which is equiv-
alent to the fact that there exists ¢ > 0 such that (@, yx) + t(x}, —y;) € I ((2k, yk),gph FNE x 2)NE x D.

Otherwise, since (z,y) € gph F if and only if (y,z) € gph F~1, one has that (z,ys) BPhENG X7, (Z,7) is

gphF~ N2 x€
e —

equivalent to (yg, xx) (g,%) and
(zh, yu) + t(zf, —yi) € I ((zk, 9), PR F NE X ) NE x 9
if and only if
(Y, x) + t(—yr, x5) € T ((yg, 21),ePh F' N2 x €)N P x E.

This means that (2}, —y;) € N2 o, ((zk, yr), gph F) if and only if (—y}, z}) € No o ((yx, zx), gph F~1), which
is equivalent to (—y*,2*) € Nox#((9,Z),gph F~1). Thus

(*x*v*y*) € gphD*@x%Fil(g’j)v

which indicates that 0 € D%, F(z,y)(y*) if and only if —y* € D}, . F~*(y,z)(0). Hence, one has (iii) < (iv).
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If, in addition, 2 C F(%€), then we have by using Theorem 3.3 again that (i) < (ii), so (i) & (i) & (iii)
(iv). Note that formula (4.16) is from Theorems 3.3 and 4.4. Hence, the proof of the theorem is completed. [

Remark 4.7. In Theorem 4.6, we does not need the assumption that ¢ = F~1(2), which is essential in [[22],
Theorem 3.9]. Moreover, it is different to [[22], Theorem 3.9], which used the relative mirror contingent coderiva-
tive to state the metrically regular property a set. In Theorem 4.6, we use the coderivative in Definition 4.1 to
characterize for the metric regularity relative to a set.

Now, it is the time to consider examples to illustrate how Theorems 4.4 and 4.6 are used to check the Aubin
property and metric regularity relative to a set of set-valued mappings.

Example 4.8 (Relative Aubin property but no metric regularity relative to image). Consider the multifunction
F : R? = R? given by

F(z,y) = {(u,0)" € RL | M(u,0)" + (z,9)" € R, {(u,0) ", M(u,v)" + (2,9)7) = 0},

where

It follows that

domF =Ry xR, rgeF =R, xR, and
gphF:{(ﬂc,y,u,v)—r eR* | z,u,v > 0,2 >u,y+utv>0
u(z —u) =0,v(u+v+y) =0}

Picking z := (z,9) = (0,0),w := (@,v) = (0,0), and ¢ := dom F and 2 :=rge I, we have gph F%? =gph F.

e It is known from [[19], Ex. 3] that D «r2F(Z,w)(0,0) = {(0,0)}, which means that F' satisfies the relative
Aubin property around (z, ).

e We now justify that F is not metrically regular relative to image around (z,w) due to (1,1) €

gph FN(R*x 2)

ker Di ., o, F(Z,w). To see this, we take (%, 1,0,0) (z,w) and prove that

11
T 75070)7gphF)

(0707 _15 _1) € N]}g2><@((k k

Indeed, for any (z,y,u,v) € gph F'Z QB((%, %,0,0)7 le)’ we have
,0,0)[1%,

((0,0,-1,-1), (z,y,u,v) — (

b

x| =

1
070)> =-—u—-v<0< EH(‘rayvuvv)_(

T =

1
’k"

T =

which implies that (0,0, —1,—1) € Ng2x o ((Z, ), gph F'). Thus
(1,1) € ker Dy F' (2, w).

Using Theorem 4.6, we derive that F' is not metrically regular relative to image around (Z, w).
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Example 4.9. Let 2 = R;. We consider the normal cone mapping to €2, 4 : R = R defined by

R ifz=0,
N (z) =< {0} ifx>0,
0 if z <0.

We have dom.#" = R, rge./” = R_, and gph. 4" = ({0} x R_) U (R_ x {0}). We find D% ,,.4#(0,0) with
€ :=dom .4/ and 2 := rge /. By direct computation, we have

{(0,0)} ife=0,y=0;
Ry x {0} ifz=0,y<0;
{0} xR_ ifz>0,y=0;
0 otherwise,

which implies that N¢x4((0,0),gph A7) = (R4 x {0}) U ({0} x R_). Therefore,

e D% ,4(0,0)(0) =Ry, which means that .4 does not satisfy the relative Aubin property at (0,0).
e ker D%, ,.4°(0,0) = R_, which follows that .4 is not metrically regular relative to image around (0,0).

Let us consider 2 := {0}. Then 2 C .# (R, ). By direct computation, we have

{(0,0)} ifx>0,y=0;
1] otherwise.

Ny, 5((z,y),eph A) = {

It follows that Ng_ . 5((0,0),gph.4#") = {(0,0)}, and then

ker DD*MX@—JV(O, 0) = {0} and DD’§+X@JV(O, 0)(0) = {0}.

This is equivalent to the fact that F' is not only metrically regular relative to Ry x {0} around (0,0), but also
satisfies the Aubin property relative to Ry x {0} around that point.

5. LIMITING SUBDIFFERENTIAL RELATIVE TO A SET AND THE STABILITY
OF SINGLE-VALUED MAPPINGS

In this section, we first present the concept of subdifferentials relative to a set which is small improvements of
those introduced in [19]. Then we use these subdifferentials to provide characteristics for the metric regularity
and locally Lipschitz continuous property relative to a set of single-valued mappings.

Definition 5.1. Consider the extended real-valued function f : R” — R. Let 2" Cc R"*! and epif N2 be
locally closed around (z, f(Z)) € epif N Z .

(i) The set Og f(Z) := {z* € R" | (z*,—1) € N ((Z, f(T)),epi f)} is called the 2 -subdifferential of f at Z.
We also call every vector z* € g f(Z) to be a 2 '-subgradient of f at Z.

(ii) The 2 -singular subdifferential of f at z, denoted 0% f(Z), is defined by

7 f(E) = {a" e R" [ (27,0) € No (%, (%)), epi f)} .

If z ¢ dom f or (Z, f(Z)) ¢ £, then we put Oy f(Z) := 0% f(Z) := 0.

The relation between O o f(Z) and D% ,& f(Z, f(Z)) is completely presented in the following proposition.
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Proposition 5.2. Let f : R" — R, and let € C R™ and 2 C R. Let (%, f(Z)) € € x 9. Suppose that epi f N
€ x D is locally closed around (Z, f(Z)). Assume, in addition, that 2 is convex. Then

Ao f(Z) if A > 0;
D% o6 f(@, [(2)(N) = § 8F, 0 f(2) i A=0;

] otherwise.

Proof. We consider the following three cases:
Case 1. A > 0. In this case,

Dig 06 f(@, F@)(N) = {a* € R" | (27, ~)) € Nexo (@, £(2)), b 6 F) }

Notice that gph &fZ = {(x,7) | 7 > f(2),2 € €,r € Z} = epi f N (€ x 2). Hence,

Dipa 1o f@)N) = {2° € B (5,-1) € Nes (2. 2D, ) |
~{oer 15 conar).
Therefore, D% ,& f(Z, f(Z))(A) = ANOgx o f(Z).
Case 2. A = 0. In this case,

{x eR"™ | (%,0) € Ngxa| (

= {x ER”|$ Eagng

)

Dig o8 f(2.J(@)(0) = {a* € R | (2,0) ezvm(xff: ephéf) |
(2.1
7).

Hence, we obtain D%, ,&f(z, f(7))(0) = 0F, 5 f(Z).
Case 3. A < 0. We assume the opposite that there exists 2* € D%, f(Z, f(Z))(\). We find, by the definition,

2
sequences (zj, %) héle, (z, f(z)) and (z}, A\x) = (x*, ) such that (x}, A\y) € N&. ,,((xx,7%), gph & f). Thus,
for each k € N, there exists, due to Proposition 2.5 (i), p, — 0T such that (zg, %) + pr(z}, =) € € x 2 and

(hyx —xp) — Ap(r — 1) < (llz = zx|* + (r — 7)) V(z,7) € gph Ef NE x . (5.1)

1
2pi,
Moreover, by the fact that Ay — A < 0, without loss of generality, we can assume that 0 < % < =g for all
k € N, which implies that

1 1 Pk
1 _— — = —
( + 5y ) o (Tk )\kpk) e + A €9

due to g, T — Axpr € Z and the convexity of 2. Picking x = xy and r = r, + &, one has (x,r) € gph gﬂ?. Tak-

k
ing (5.1) into account, we conclude that —A5r < T kz, which is equivalent to A\ > 0. This is a contradiction
to 0 < + < =X for all k € N. Hence, D%, 67 (7, f( ))(A) = 0. O

Let f: R® = Rand ¢ C dom f. Then ¢ C Ff_l(R), where F is defined as in (3.5). Moreover, it is known that
f is the locally Lipschitz continuity relative to ¢ around Z if and only if & f satisfies the Aubin property relative to
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% x R around (Z, f(Z)). Thus, by using Proposition 5.2 and Theorem 4.4, we obtain the necessary and sufficient
condition for the local Lipschitz continuity relative to € of single-valued mappings via the € x R-subdifferential
and the ¥ x R-singular subdifferential as follows.

Theorem 5.3. Let f: R™ = R, and let € be convex and locally closed around T € € Ndom f. Let f € Fp(T).
For the following statements:

(i) f is locally Lipschitz continuous relative to € around T;

(ii) there exists k > 0 such that ||x*|| < k whenever ©* € dexrf(T);

(i) 05, f(7) = 0};

(iv) Ogxrf(Z) is nonempty compact set and lip, f(Z) = max{||z*| | z* € dexrf(Z)},
it holds that (i) & (i) < (i) = (iv).

In what follow, we provide the subdifferential criterion for the metric regularity relative to a set of single-valued
mappings.

Theorem 5.4. Let f :R" = R and €, 2 be subsets of R™ and R, respectively with 9 C f(€). Let f € Cx(Z),
and let € x 2 be convex and locally closed around (Z, f(Z)). For the following statements:

(i) f is metric reqularity relative to € X 2 around T;

(ii) ker D% o, f(z) = {0};

(iii) 0 ¢ a‘ia”x_@f(f%
it holds that (i) < (ii). In addition, if 9 = f(€), then (i) (or (ii)) implies (iii).

Proof. (i) < (ii) is due to Remark 3.8 (ii) and Theorem 4.6. It remains to prove (ii) = (iii) in the case
of 9 = f(¥). Indeed, 0 € O¢xof(Z), which means that (0, —1) € Ngx2((Z, f(Z)),gph & f). Thus there exist

).
2
sequences (T, Yx) ehéle, (z, f(z)) and (x,y;) — (0,—1) such that (z},y;) € N2, (@, f(Z)),gph & f). Thus

we can find §,p > 0 such that
(@ w0, (@,y) = (2, 90)) < pll(@,y) = (2x, w0)* V(z,y) € gph & fZ NB((Z, f(%)), ). (5.2)

Since f € Cg(Z) and zy “, Z, one has f(z) Z f(Z) and then (zy, f(zx)) € gph &FZ NB((z, f(z)),6) for k
large enough. If y > f(xy) for all sufficiently large k, then we have by taking x = zy,y = f(x) in (5.2) that

(Wi, fzr) — yr) < pllf(@r) — yrll?,

which implies that y; > p|f(zx) — yx| — 0 as k — oo. This contradicts y; — —1. Therefore, there exists a
subsequence (xy_,yr,) of (zk,yr) satisfying yx, = f(zx,). It follows that

gph fNEx2
—_—

(z, f(z)).

(xks y Yk )

Moreover, we also have

(952571111) € Np((xks7yka)7gph(g)f) m‘@((l‘ksayks)’% X -@)
c Np((xksvyks)vgphf) m%((xk.s?yks)’% X R),

which is due to the fact that gph f C gph & f and the property of proximal cones. This gives us that
(07 _1) € Nchg((.f, f(j))7gphf)a

so 1 € ker D%, f(Z). This is a contradiction. Thus 0 ¢ %« % f(Z) and hence (ii) holds. O

We close this section via the following illustrated examples for Theorem 5.4.
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Example 5.5. Consider the function f : R — R defined by f(x) = 2% — 2x for all x € R.

o Let ¥ = R,. By the directly computation, we have

Nexa (@ f@)aoh ) = { () |02 02 0 URL(-2.-1)

which implies that D%, f(z) = {0}. Thus f is locally Lipschitz continuous relative to ¢ around z.
e Let ¥ =R, and 2 :=[—1,00). Then 2 = f(%). In view of

Negwo((Z, f(Z)),gph f) = Nexr((2, f(Z)), gph f)

= {(u,v) |v > %u > 0} UR(=2,-1),

one has ker D% ., f(Z) = R_, so f is not metrically regular relative to ¢ x 2 around z.
We next check this assertion by definition. Indeed, for any neighborhoods U and V of 0, we take x = 0
and a sequence Yy = % Then y; € V for sufficiently large k and

I ne = {1+ VT +y.

Moreover, we also have d(z, f ! (yx) N ) = |1 + /T + yx| > 2, while |f(z) — f(yx)| = £+ — 0. Thus there
is no 7 > 0 such that

d(z, [~ (yw) N€) < 7If(x) = fye)] Yk,

so f is not metrically regular relative to ¥ x R around .
e Let ¥ :=R and 2 :=[-1,00). Then ¥ = f(%) and f is metrically regular relative to € x 2 around Z.
Indeed, in this case, we have Ny o ((Z, f(Z)),gph f) = R(2,1), so ker D, ,, f()(0) = {0}.

6. CONCLUSION

New versions of the limiting coderivative and subdifferentials relative to a set were presented in this study. We
characterized the Aubin property relative to a set and the metric regularity relative to a set of multifunctions
based on the new limiting coderivative relative to a set. Additionally, the new subdifferentials relative to a
set provide the characteristics for the metric regularity and the locally Lipschitz continuity relative to a set of
single-valued mappings. The coderivative and subdifferential relative to a set characteristics in this work can
be used to identify the Aubin property and the metric regularity of set-valued mappings as well as the locally
Lipschitz continuity and the metric regularity relative to a set of single-valued mappings in non-Euclidean
finite-dimensional spaces, which is because these stability properties do not depend on equivalent norms of
finite-dimensional spaces.
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