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THE MINIMAL CONTROL TIME FOR THE EXACT
CONTROLLABILITY BY INTERNAL CONTROLS OF 1D LINEAR
HYPERBOLIC BALANCE LAWS

LoNnGg Hu'"* AND GUILLAUME OLIVE?

Abstract. In this article we study the internal controllability of 1D linear hyperbolic balance laws
when the number of controls is equal to the number of state variables. The controls are supported
in space in an arbitrary open subset. Our main result is a complete characterization of the minimal
control time for the exact controllability property.
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1. INTRODUCTION AND MAIN RESULT

1.1. Problem description

In this paper, we are interested in the controllability properties of a class of one-dimensional (1D) first-order
linear hyperbolic systems (see e.g. [1] for applications). The equations of the system are

dy

a(t, x) + A(:v)@(t7 x) = M(x)y(t,z) + 1, (z)ult, ). (1.1a)

ox

Above, t € (0,T) is the time variable, T > 0, = € (0, 1) is the space variable and the state is y : (0,7) x (0,1) —
R™ (n > 2). The matrix A € C%1([0, 1])"*"™ will always be assumed diagonal A = diag (A1, ..., \,), with m > 1
negative speeds and p > 1 positive speeds (m + p = n) such that:

M) < <A () <0< A () < -+ < Apgp(), V€ [0,1],
and
(Ag(x) = N(z)  for some x € [0,1]) = (Ax(z) =XN(z) for every z € [0,1]),

for every k,l € {1,...,n}. The matrix M € L*°(0,1)"*™ couples the equations of the system inside the domain.
The function w : (0,T) x (0,1) — R™ is called the control, it will be at our disposal. It is crucial to point out
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2 L. HU AND G. OLIVE

that, all along this work, the control has the same number of components as the state. On the other hand, it is
allowed to act only on a subdomain (0,7) X w, where w is a fixed but arbitrary nonempty open subset of (0, 1).

The system will be evolving forward in time, so we consider an initial condition at time ¢ = 0.

Let us now discuss the boundary conditions. The structure of A induces a natural splitting of the state into
components corresponding to negative and positive speeds, denoted respectively by y_ and y;. For the above
system to be well-posed, we then need to add boundary conditions at x = 1 for y_ and at x = 0 for y;.. We will
consider the following type of boundary conditions:

y—(t,1) = Qry+(t,1), y+(t,0) = Qoy—(¢,0), (1.1b)

where Qg € RP*™ and @ € R™*P will be called the boundary coupling matrices.

In what follows, (1.1a) and (1.1b) with an initial condition y(0,z) = y%(z) will be referred to as system
(1.1). We recall that it is well-posed in the following functional setting: for every T > 0, y° € L?(0,1)" and
u € L2(0,T;L?(0,1)"), there exists a unique solution y € C°([0,T]; L?(0,1)"). By solution we mean weak
solution and we refer for instance [1], Appendix A for a proof of this well-posedness result.

The regularity C°([0,T7]; L?(0,1)™) of the solution allows us to consider control problems in the space
L2(0,1)™:

Definition 1.1. Let T > 0 be fixed. We say that system (1.1) is exactly controllable in time T if, for every
y°,y! € L2(0,1)", there exists u € L?(0,T;L?(0,1)") such that the corresponding solution y to system (1.1)
satisfies y(T,-) = y*.

Since controllability in time 77 implies controllability in any time T > T3, it is natural to try to find the

smallest possible control time, the so-called “minimal control time”.

Definition 1.2. We denote by Tins € [0, +00] the minimal control time (for the exact controllability) of system
(1.1), that is

Tine =inf {T'>0 | System (1.1) is exactly controllable in time 7'} .

The time Ti,¢ is named “minimal” control time according to the current literature, despite it is not always a
minimal element of the set. We keep this naming here, but we use the notation with the “inf” to avoid eventual
confusions. The goal of this article is to characterize Ti,s.

In order to state our result and those of the literature, we need to introduce the following times:

1
I_
Tk_/1|)\k(§)|d£7 1<k<n, (1.2)

for any nonempty interval I C (0,1). We will also use the simpler notation T} when I = (0,1). The time T} is
the time needed for the boundary controllability of a single equation (the transport equation) with speed .
Note that the assumption on the speeds implies in particular the following order relation (for any I):

T/ <---<T! and T!<...<TI...
Finally, we recall the key notion introduced in [2], Section 1.2 of “canonical form” for boundary coupling
matrices.

Definition 1.3. We say that a matrix @Q € R¥*! (k,1 > 1 arbitrary) is in canonical form if it has at most one
nonzero entry on each row and each column, and this entry is equal to 1. We denote by (r1,¢1),..., (75, ¢,) the
positions of the corresponding nonzero entries, with r; < ... <r,.
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We can prove that, for every @ € R¥*! there exists a unique Q° € RF*! in canonical form such that
LQU = QO for some upper triangular matrix U € R'*! with only ones on its diagonal and some invertible
lower triangular matrix L € R¥** The matrix Q° is called the canonical form of @ and we can extend the
definition of (r1,c¢1),...,(rp, ¢,) to any nonzero matrix. Obviously, when @ is full row rank (i.e. rank Q = k),
we have r, = a for every o € {1,...,k}. We refer to the above reference for more details.

1.2. Literature

The controllability of 1D first-order hyperbolic systems with boundary controls (see e.g. system (1.3) below)
has been widely studied. Two pioneering works are [3] for quasilinear systems and [4] for linear systems. In
[4] the author raised the open problem of finding the minimal control time. This was solved in the particular
case M = 0 few years later in [5] for the null controllability property (i.e. when we only want to reach y* = 0).
Afterwards, it seems that the community turned its attention to quasilinear systems in the C'* framework of so-
called semi-global solutions (see e.g. [6-8]). However, lately there has been a resurgence on finding the minimal
control time. This was initiated by the authors in [9] and followed by a series of works [2, 10-14]. Notably, in
[12] we gave a complete answer for the exact controllability property. Given the importance of this result for
the present work, we recall it in detail:

Theorem 1.4. Let 0 < a <1 be fized. Let 7_(0,a) € [0,+0c0] denote the minimal control time for the exact
controllability of the system

0 0
S (t2) + M) 52 (ta) = M(@)y(t, @),
ot Oz te(0,T), x € (0,a), (1.3)
y—(t,a) =u(t), y+(t,0) = Qoy-(t,0),
y(0,2) = 1°(2),
in which v € L*(0,T;R™) is the control. Then, we have:
1. 7_(0,a) < 400 if, and only if, rank Qo = p.
2. Ifrank Qg = p, then
_ (0,a) (0,a) (0,a)
7_(0,a) = Jnax {Tmﬂ + 1., Ty, }, (1.4)

where the indices c; refer to Q.

Remark 1.5. The case of a control acting on the other part of the boundary can be reduced to the previous one
after changing x to 1 — x and then relabeling the unknowns backwards (i.e. considering g (¢, ) = yp+1-r(t, 1 —
x)). More precisely, let 0 < b < 1 be fixed, and let 74 (b, 1) € [0, 400] denote the minimal control time for the
exact controllability of the system

% )+ Aw) 2L (1,2) = M(@)y(t, ),

Y- (ta 1) = Qler(ta 1)’ er(t, b) = U(t)a te (O’T)’ Te (b7 1)7
y(0,2) = y°(x),

in which v € L?(0,T; RP) is the control. Then, 7, (b,1) < 4o if, and only if, rank Q; = m, and in that case we
have

b,1 b,1 b1
7+(b,1) = [pax {Tr(n—i-l)—i + T¢5+1)—civ Trsz+1)} ) (1.5)

where the indices c; refer to the matrix @0 whose (7, 7) entry is the (m +1—4,p+ 1 — j) entry of Q1.
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Controllability of system (1.3) is also sometimes referred to as one-sided controllability, because the control
acts only on one side of the boundary. The situation where two controls are used, or two-sided controllability,
was also studied. Notably, we can extract the following result from the literature (see [13], Remark 1.10 (ii)?,
Rem. 4.6):

Theorem 1.6. Let 0 < ¢ < d <1 be fized. Let 7_ 1 (c,d) denote the minimal control time for the exvact
controllability of the system

W 1,2y + M) 2

o S2(ta) = M(@)y(t, ),
y_(t,d) =u(t), yi(tc)=uv(t), t€(0,7), x € (c,d),
y(0,2) = y°(x),

in which u € L*(0, T;R™) and v € L?(0,T;RP) are the controls. Then,
7+ (c,d) = max {T,(,f’d), Tﬁjff} . (1.6)

On the contrary, there are very few results concerning the internal controllability of 1D first-order hyperbolic
systems. The first ones seem [15] and [16]. In [15], the authors studied the local exact controllability of quasilinear
versions of system (1.1) (for semi-global C'! solutions). This problem was also revisited in a linear setting in the
recent paper [17]. In both of these articles, the authors proved in particular that system (1.1) with an interval
w = (a,b) is exactly controllable in any time

T > max{a,1 — b} (Trnt1 + Tin), (1.7)

provided also that Qg,@; are invertible square matrices. On the other hand, in [16], the authors investigated
the more challenging problem of internal controllability by a reduced number of controls. For a system of two
equations with periodic boundary conditions, they proved the local exact controllability by only one control.
The present paper is about linear systems when the number of controls is equal to the number of state variables,
in the same spirit as in [17]. We will generalize the result mentioned above by obtaining the best control time
(i.e. Tint), by considering an arbitrary open set w and by showing the necessity of the assumptions on Qg, Q1.

1.3. Main result and comments

The main result of this paper is the following complete characterization of the exact controllability properties
for system (1.1).

Theorem 1.7. Let w C (0,1) be a nonempty open subset.
1. Assume that

Qo, Q1 are invertible, (1.8)

(necessarily, m =p =n/2). Then, the minimal control time Tins of system (1.1) is

0 ifw= [07 1]a
Ting = . 1.
inf max TPS(I)  otherwise, (1.9)
IeC(w®)
where:
ITo apply the backstepping method mentioned therein in our non-strictly hyperbolic framework, we first proceed as described

in the first item of [12].
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o C(w®) denotes the set of connected components of w® = (R\ @) N (0,1).
e TPS(I) denotes the minimal control time for the exact controllability of the system

Jy y
gt (b @) TAR)F (Ga) = Mayta), oy per (1.10)
y(0,2) =1°(x),
with the following boundary conditions:
if I =(0,a) with0 <a <1: y—(t,a) = u(t), y+(t,0) = Qoy—(t,0),
FI=0b1) witho<b<l:  y (1) =Quus(t1), yi(t,b) = v(t), (1.11)
if I =(c,d) with0<ec<d<1l: y_(t,d) =u(t), y+(t,c) = v(t),

(above, u,v € L?(0,T;R%) are the controls). We recall that T$(I) is explicitly given by one of the
formulas (1.4), (1.5) or (1.6).
2. Conversely, if system (1.1) is exzactly controllable in some time, then (1.8) holds.

We recall that any open set U in R can be partitioned into disjoint open intervals Iy, k € S, with countable
S, and the connected components of U are simply these I. If U is bounded and S is infinite, then necessarily
|I;;| — 0. It follows from the explicit formulas that TP$(Ix) — 0 as well, and the notation max7TP¢ used in the
statement of our result is thus justified.

Remark 1.8. Theorem 1.7 generalizes [17], Theorem 2.1 (and, to some extent, also [15], Thm. 5.1) on important
aspects:

e We obtain the best possible control time, with an explicit way to compute it (see e.g. Ex. 1.9 below).
e We consider an arbitrary open subset w, not just an interval.
o We show that the invertibility of the matrices @, Q1 are in fact necessary.

Example 1.9. Assume that A is constant (in that case, we simply have T} = |I| T, see (1.2)).

1. Consider an interval w = (a,b) and assume that Qg, @1 are the identity matrix. Then, combining our main
result with Theorem 1.4 (and Rem. 1.5), we have

Ting = max {a,1 - b} max {Ty;+7T;}.

Note that, unless (a,b) = (0, 1), this time is strictly smaller than the control time given in [17] (see (1.7)).
2. Assume that w touches both parts of the boundary (i.e. 0,1 € dw), @ # [0,1], and that Qo, Q1 are
invertible. Then, combining our main result with Theorem 1.6, we see that

Tinr = Lmax {T%, T%-i—l} )

where L = maxecge) |I| belongs to (0,1). In particular, system (1.1) is exactly controllable in any time
T > max {T%, T%—&-l}-

Remark 1.10. Let us also mention the work [18], where it is shown that the connected components of the
complement of the control domain can also play an important role in the controllability properties of 1D
parabolic systems.
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2. THE MINIMAL CONTROL TIME

In this part, we prove the first statement of our main result. Let us denote by T the right-hand side of (1.9),
that is

max TP$(I otherwise.
1ec (@) 1nf( )

T = (2.1)

We first point out that the minimal control time by boundary controls 7°$ enjoys the following important
properties, as is clear from the explicit formulas (1.4), (1.5) and (1.6):

(a) TP¢(I) < C |I] for every I, for some some C' > 0 independent of I.

inf

(b) TPe(I) — TPS(I) for every I and every sequence Iy, O I such that [T, \ I| — 0.

inf inf
(c) TPS(I1) < TPS(Iy) for every Iy C Io.

Based on these three properties, we will prove the following essential lemma.
Lemma 2.1. For every € > 0, there exists a nonempty open subset wg CC w such that:

1. wqg is a finite union of disjoint open intervals.
2. maXIeC(Toc) 7_'111)1%(]) S T* + E.
Let us admit this lemma for a moment and let us prove the first statement of our main result.
Proof of Theorem 1.7, item 1. 1. Naturally, we start with the case w = (0,1). This means that the control
operator is simply the identity. Now observe that system (1.1) is time reversible since Qg, @)1 are assumed
to be invertible. It is easy and well-known how to control such a system in any time. Indeed, let 7' > 0
and y°, y' € L?(0,1)" be fixed. Let n € C1([0,T]) be a time cut-off function such that

We define

y(t,x) = n(t)y! (t,x) + (1= n(t)y’(¢,2), (2.2)
where yf is the solution to the forward problem (without control)

oy’ oyt
S L)+ A@) G (ta) = M(a)y! (1),
yi (t, 1) = Qlyi(tv 1)7 yi (t7 0) = Qoyi (tv 0)7

yf(07 T) = yO(x),

te (0,T), z€(0,1),

and y® is the solution to the backward problem (without control)

b b
O (42) + A@) L (.0) = M) (),

L) = QT (L), 3t (1,0) = Qg t,0), 1€ O Tl e e D)
yb(Tvx) = yl(x)v

Note that this second system is well-posed (it can be put in the form of the first one by considering the
change of variable t — T — t and then relabeling the unknowns). By construction, y satisfies the boundary
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conditions (1.1b), the initial condition y(0,-) = y" and the final condition y(7,-) = y'. The equations will
also be satisfied if we take as control
0 0
u(t,@) = S (t,2) + Alw) 52 () — M(a)y(t, o). (2.3)
This expression is a priori a formal one, but it can be made rigorous by using the equations satisfied by
yl and f° and defining in fact

u(t,x) = n/(t)(yf(t, T) — yb(t’l'))'

Note that u € CY([0, T]; L?(0,1)™). We can then check that y defined by (2.2) is indeed the weak solution
to system (1.1) associated with this u.

2. Let us now consider an arbitrary open subset w C (0,1). We want to show that Ti,y = T*, where T* is
given by (2.1). The inequality Tins > T is clear. Indeed, if T > Tin¢ and @ # [0, 1], then, for any open
interval I C @°, the system satisfied by the restriction of y to (0,7T") x I, which is of the form (1.10)—(1.11)
(with controls in L2(0,T;R%) since y € C°([0,1]; L%(0,T)™)), is also exactly controllable in time T Let
now 7T be fixed such that 7" > T* and let us prove that system (1.1) is exactly controllable in time 7. By
Lemma 2.1, there exists a nonempty open subset wy CC w such that

TPY(I) < T, 2.4
Ierél(?‘%c) mf( ) ( )

and wp® is the union of some disjoint open intervals I, ..., Iy C (0,1). We now define
y(t,z) = E(x)y™" (t, ) + (1 - £(2))y™ (t, 2), (2.5)

where:
e £ € C1([0,1]) is a space cut-off function such that

g(z):{l if ¢ w1,

0 if z € Wy,

where w; is an arbitrary open subset such that wy CC wy CC w.

o y°ut = ylk in [0, 7] x I, where y'* € CO([0,T]; L*(Ix)") is the controlled solution to (1.10)—(1.11) (with
I = I},) satisfying y'*(T,z) = y*(z) for = € I, (whose existence is guaranteed by (2.4)). Outside the
previous domains, we simply set y°%* = 0.

e y'" € C°([0,T); L?(0,1)™) is the solution controlled over the whole domain constructed in the first step
of the proof (i.e. y™ is y defined in (2.2)).

As before, y satisfies the boundary conditions (1.1b), the initial condition y(0,-) = °, the final condition

y(T,-) = y* and the control u is then formally defined by (2.3). More rigorously,

u(t,z) = €' (2)A@) (™" (t @) — Y™ (t,2)) + (1 = &(2))u™(t, ),

where v is the control associated with ™. Clearly, suppu C [0, T] x w. Finally, we can check again that
y defined by (2.5) is indeed the weak solution to system (1.1) associated with this u.
O

Remark 2.2. The second step in the proof above is inspired by the proof of [19], Theorem 2.2 on the equivalence
between internal and boundary controllability for the heat equation. However, whereas in this parabolic setting
the choice of wy has no influence on the controllability properties, it is not the case in our hyperbolic setting
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and we must be more subtle as this choice may affect the control time. In the context of hyperbolic systems, it
was used in the proof of [16], Proposition 3.2 (see also [15]). The proof of [17], Theorem 2.1 is also based on this
idea, it is the construction of y°"* which is slightly different from [16], because of different boundary conditions.

We conclude this section with the proof of the technical lemma.

Proof of Lemma 2.1. 1. Let us denote by T** = T* 4+ ¢/2. Then T** > 0 and, using Property (a), we see
that we can split the interval [0, 1] as follows:

N
[0,1] = U lag, ax],  Tof(an, apyr) < T,

k=0

for some partition 0 = ap < a; < ... <ay < an41 = 1.
2. Let us denote by K the set of indices 0 < k < N such that

wN (ak,ags1) # 0.
Obviously, K is not empty since w is not either. For k € K, we define
af =infwnN (ag, ax1), Ajyq = SUpw N (ag, ag41).-
Note that af < aj4, since wN (ax,ary1) is open. In the sequel, we denote by K = {ki,...,k.} with
ki <...<k,.
3. By very definition, if (0, azl) is not empty, then it is a connected component of w® and it follows that
T3§(0,05,) < T" < T
By Property (b), there exists o > 0 such that (O,a;l'1 +dp) C (0,1) with

inf

TS0, af +60) < T** + % (2.6)
Similarly, if (a;, ,,,1) is not empty, then there exists d, > 0 such that (a; ,, — -, 1) C (0,1) with
bc/  — *k €
Tinf(akr+1 -0, 1) ST + 3 (2.7)

and, if r >2,1<I<r-—1and (a,;+1,a'k"l+1) is not empty, then there exists §; > 0 such that (a,, ,, —
5l,az+1 +4;) C (0,1) with

_ wx €
Toi(ag, 1 — Sy ap, | +8) ST + 3 (2.8)

Let us now define

- +
a —a
. kot1 k
§= min { &, 2L The {
0<i<r 2
1<

where it is understood that §; is simply omitted if it does not exist. Then, all the previous properties (2.6),
(2.7) and (2.8) remain true with ¢ instead of ¢;, thanks to Property (c).
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4. For k € K, by definition of a;, we have
wn (af,af +0) #0.
Therefore, there exists an open interval
JFccwn(af,a) +9).

Similarly, there exists an open interval J;_ ; CC w N (a; ., —6,a; ). Let us now define

wo=|J JF U,
keK

5. By construction, the connected component I of wg® located between J, ,j and J_ ; is included in (ak, ap+1)
and thus, by Property (c) and definition of ay, satisfies

TPE(I) < TS (ap, apyr) < T

inf in

On the other hand, the connected component I of wy® located between J; ,, and J,:ZH (when r > 2) is
included in (ay, ,; — 4, azlﬂ + 9) and thus, by Property (c) and estimate (2.8), satisfies

inf n

— * % €
TE() < Tf(ag, ¢y — diay,, +0) < T + 3

Finally, for the connected component I located before J,j'l , we distinguish two cases. If (0, agl) is empty,
then I is included in (0,a;) and we obtain that T>¢(I) < T** as before. If (0, a;) is not empty, then [ is

inf
included in (0, azl + 6) and we obtain that TP¢(I) < T** + ¢/2 as before. A similar argument applies to
the connected component located after J; .
O

3. INVERTIBILITY OF THE BOUNDARY COUPLING MATRICES
In this part, we prove that condition (1.8) is necessary for system (1.1) to be exactly controllable in some
time. To this end, it is equivalent to show that g, @1 must both be of full row rank, i.e.

rank Qg = p, rank(@); = m,

(which implies in particular that p = m).

Proof of Theorem 1.7, item 2. 1. Let us first make some preliminary observations that simplify the problem.
It is clear that we can assume that w = (0,1) and take any particular M since the right-hand side in
system (1.1) can then be considered as a new control. We will consider M = —A’ because it simplifies
the computations on the so-called adjoint system introduced below. In other words, the controllability of
system (1.1) implies the controllability of the following system:

%(t, x)+ A(x)%(t, z) = —N(2)y(t,x) + u(t, x),

y*(t 1) = Q1y+(t7 1)’ er(ta 0) = QOyf(tvo)a t€ (O’T)’ z € (0,1). (3.1)
y(0,2) = y°(),
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It is also clear that we can consider T as large as we want, and therefore assume at least that T >
max {17, T, }.

. We recall that, for system (3.1) to be exactly controllable in time T, it is necessary (and sufficient) that

the following so-called observability inequality holds (see e.g. [20], Thm. 2.42):
2 r 2
C > 0, ||Zl|‘L2(O71)n < C/O Hz(tv ')HLZ(O,l)ﬂ dta vzl € L2(Oa 1)na (3'2)

where 2z € CY([0,T); L?(0,1)™) is the solution to the adjoint system to (3.1), which in our case is

%(t,m) + A(x)%(t, x) =0,
2 (£,0) = Riz, (£,0), 2z (t,1) = Riz_(t,1), 1€ (0.T), z€(0,1), (3:3)

2(T,x) = 2' (),
with Ry = —A4+(0)QoA_(0)~! and Ry = —A_(1)Q1A4(1)7!, where A_ = diag (A1,...,\,) and A, =
diag (Am41,- -, Amtp). We will disprove the above observability inequality if one of the matrices Qo or
(@1 is not full row rank. We consider only the case rank Qg < p, the other one being similar. To disprove

inequality (3.2), we define a sequence of final data (z1"),>1 as follows. Since rank Qg < p, there exists a
nonzero ) € RP with

Rin=0.
We then take 2" = 0 and, for every 1 < j < p,

1. o {9”(¢m+j($))77j fo<z< (b;ikg(Tn)?
20 (x) =

0 otherwise,

where ¢¥ : [0,T,] — R will be determined below and

’” 1
)= [ 5 %

Note that T;, < ¢pm4;(1) = Thnyj (see Sect. 1.1). For clarity, we will temporarily drop the dependence in
v below.

. We will first establish that

z_ =0.

To this end, it will be convenient to consider negative values for the time parameter ¢ (note that, in fact,
the solution to the adjoint system (3.3) belongs to C°((—o0,T]; L2(0,1)")). Following the characteristics,
it is equivalent to show that z_(-,1) = 0. We will argue by induction and prove that, for every k € N, we
have

zi(t,1) =0, forae T—-T,—k(Th+T,) <t<T, (3.4)
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for every 1 < i < m. For k = 0, this is satisfied by very definition of 2! = 0. Assume now that this holds
for some k > 0. We first note that, by very definition of Zi7 we have

z4(t,0) = g(T — t)n, forae T'—-T, <t<T,
Zm+;(t,0) =0, fora.e. T — Ty <t <T —T,, (3.5)

for every 1 < j < p. The first condition and the boundary condition z_(¢,0) = R§z+(¢,0) then imply
z_(t,0)=0, forae T-T,<t<T. (3.6)

After these observations, let us now prove (3.4) with k£ 4+ 1 instead of k. It follows in particular from our
assumption that

z_(t,1)=0, forae T-T1—k(Th+T,) <t<T.
Using the boundary condition z4(¢,1) = Rjz_(t,1), we deduce that

24(t,1) =0, forae T-Ty—k(T1+T,) <t<T.
Following the characteristics of z, we obtain

Zm+(t,0) =0, forae T —T1 —k(Th +T) — Tty <t <T — Ty,
for every 1 < j < p. Combined with (3.5), this gives in particular
24 (8,00 =0, forae T—-Ti—k(T1+T,) —Thn<t<T-T,.

The boundary condition z_(t,0) = R§z4(¢,0) and (3.6) then give

z_(t,0)=0, forae T—(k+1)(Th+T,) <t<T.
Following the characteristics of z_ until they touch = 1, and using (3.4) for k = 0, we obtain (3.4) with
k + 1 instead of k. This proves the induction.

. Since now z_ = 0, we only have to consider the system satisfied by z. The j-th component of the solution
z4+ is also now given by

oy = [P O G @) @) 4 T > T,
R 0 i £ — G (@) + Ty < T

Using that 2, ;(x) is zero for z > ¢;1+j(Tn), we have

P oot (Tw)
[0 =20 [ @ a
j=1

and we can compute (using that 7' > T,,)

4 Tn &, [fms(Tn) 2 At (s (Pm+4 (€) = 9))
|l = [ /¢ L e déds.
j=1

i (8 )\m+j (6)
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Let us introduce f : [0,7,] — R defined by

P m.+J( ")

Z/ 2L () ae. (3.7)

= ‘"L+J(s)

Then, the observability inequality (3.2), the fact that z_ = 0 and the previous computations, imply that

0) < CL/O " f(s)ds

for some L > 0 depending only on A. It is clear that such an inequality cannot be true for all nonnegative
smooth functions f : [0,7,] = R with f(7,,) = 0 and f’ < 0. For instance, it is violated by the sequence
(f¥)u>1 defined by

fr(s) = (Tn_s)u, 0<s<T,.

To get to the conclusion, we simply “invert” (3.7) for such a sequence: we define ¢g” by

v — — vy 1
g~ (t) (f") (t)jEZJ |77j|2 )\m+j(¢';’b£l‘j(t))

where J = {j | n; # 0} is nonempty by definition of 1. Note that g* € L?(0,T,,).
[

Remark 3.1. Let us mention that the exact controllability of general systems with the identity as control
operator has been studied in the literature. Notably, it was proved in the interesting work [21] that, in a Hilbert
space framework, for such a system to be exactly controllable in some time it is necessary and sufficient that
its generator A is the extension of an operator A such that —A generates a Cy-semigroup. This condition is not
always easy to check in practice though, and this is why we have instead chosen to disprove the observability
inequality.
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