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THE MINIMAL CONTROL TIME FOR THE EXACT

CONTROLLABILITY BY INTERNAL CONTROLS OF 1D LINEAR

HYPERBOLIC BALANCE LAWS

Long Hu1,* and Guillaume Olive2

Abstract. In this article we study the internal controllability of 1D linear hyperbolic balance laws
when the number of controls is equal to the number of state variables. The controls are supported
in space in an arbitrary open subset. Our main result is a complete characterization of the minimal
control time for the exact controllability property.
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1. Introduction and main result

1.1. Problem description

In this paper, we are interested in the controllability properties of a class of one-dimensional (1D) first-order
linear hyperbolic systems (see e.g. [1] for applications). The equations of the system are

∂y

∂t
(t, x) + Λ(x)

∂y

∂x
(t, x) = M(x)y(t, x) + 1ω(x)u(t, x). (1.1a)

Above, t ∈ (0, T ) is the time variable, T > 0, x ∈ (0, 1) is the space variable and the state is y : (0, T )× (0, 1) →
Rn (n ≥ 2). The matrix Λ ∈ C0,1([0, 1])n×n will always be assumed diagonal Λ = diag (λ1, . . . , λn), with m ≥ 1
negative speeds and p ≥ 1 positive speeds (m+ p = n) such that:

λ1(x) ≤ · · · ≤ λm(x) < 0 < λm+1(x) ≤ · · · ≤ λm+p(x), ∀x ∈ [0, 1],

and

(λk(x) = λl(x) for some x ∈ [0, 1]) =⇒ (λk(x) = λl(x) for every x ∈ [0, 1]),

for every k, l ∈ {1, . . . , n}. The matrix M ∈ L∞(0, 1)n×n couples the equations of the system inside the domain.
The function u : (0, T ) × (0, 1) → Rn is called the control, it will be at our disposal. It is crucial to point out
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that, all along this work, the control has the same number of components as the state. On the other hand, it is
allowed to act only on a subdomain (0, T )× ω, where ω is a fixed but arbitrary nonempty open subset of (0, 1).

The system will be evolving forward in time, so we consider an initial condition at time t = 0.
Let us now discuss the boundary conditions. The structure of Λ induces a natural splitting of the state into

components corresponding to negative and positive speeds, denoted respectively by y− and y+. For the above
system to be well-posed, we then need to add boundary conditions at x = 1 for y− and at x = 0 for y+. We will
consider the following type of boundary conditions:

y−(t, 1) = Q1y+(t, 1), y+(t, 0) = Q0y−(t, 0), (1.1b)

where Q0 ∈ Rp×m and Q1 ∈ Rm×p will be called the boundary coupling matrices.
In what follows, (1.1a) and (1.1b) with an initial condition y(0, x) = y0(x) will be referred to as system

(1.1). We recall that it is well-posed in the following functional setting: for every T > 0, y0 ∈ L2(0, 1)n and
u ∈ L2(0, T ;L2(0, 1)n), there exists a unique solution y ∈ C0([0, T ];L2(0, 1)n). By solution we mean weak
solution and we refer for instance [1], Appendix A for a proof of this well-posedness result.

The regularity C0([0, T ];L2(0, 1)n) of the solution allows us to consider control problems in the space
L2(0, 1)n:

Definition 1.1. Let T > 0 be fixed. We say that system (1.1) is exactly controllable in time T if, for every
y0, y1 ∈ L2(0, 1)n, there exists u ∈ L2(0, T ;L2(0, 1)n) such that the corresponding solution y to system (1.1)
satisfies y(T, ·) = y1.

Since controllability in time T1 implies controllability in any time T2 ≥ T1, it is natural to try to find the
smallest possible control time, the so-called “minimal control time”.

Definition 1.2. We denote by Tinf ∈ [0,+∞] the minimal control time (for the exact controllability) of system
(1.1), that is

Tinf = inf {T > 0 | System (1.1) is exactly controllable in time T} .

The time Tinf is named “minimal” control time according to the current literature, despite it is not always a
minimal element of the set. We keep this naming here, but we use the notation with the “inf” to avoid eventual
confusions. The goal of this article is to characterize Tinf .

In order to state our result and those of the literature, we need to introduce the following times:

T I
k =

∫
I

1

|λk(ξ)|
dξ, 1 ≤ k ≤ n, (1.2)

for any nonempty interval I ⊂ (0, 1). We will also use the simpler notation Tk when I = (0, 1). The time Tk is
the time needed for the boundary controllability of a single equation (the transport equation) with speed λk.
Note that the assumption on the speeds implies in particular the following order relation (for any I):

T I
1 ≤ · · · ≤ T I

m and T I
n ≤ · · · ≤ T I

m+1.

Finally, we recall the key notion introduced in [2], Section 1.2 of “canonical form” for boundary coupling
matrices.

Definition 1.3. We say that a matrix Q ∈ Rk×l (k, l ≥ 1 arbitrary) is in canonical form if it has at most one
nonzero entry on each row and each column, and this entry is equal to 1. We denote by (r1, c1), . . . , (rρ, cρ) the
positions of the corresponding nonzero entries, with r1 < . . . < rρ.
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We can prove that, for every Q ∈ Rk×l, there exists a unique Q0 ∈ Rk×l in canonical form such that
LQU = Q0 for some upper triangular matrix U ∈ Rl×l with only ones on its diagonal and some invertible
lower triangular matrix L ∈ Rk×k. The matrix Q0 is called the canonical form of Q and we can extend the
definition of (r1, c1), . . . , (rρ, cρ) to any nonzero matrix. Obviously, when Q is full row rank (i.e. rankQ = k),
we have rα = α for every α ∈ {1, . . . , k}. We refer to the above reference for more details.

1.2. Literature

The controllability of 1D first-order hyperbolic systems with boundary controls (see e.g. system (1.3) below)
has been widely studied. Two pioneering works are [3] for quasilinear systems and [4] for linear systems. In
[4] the author raised the open problem of finding the minimal control time. This was solved in the particular
case M = 0 few years later in [5] for the null controllability property (i.e. when we only want to reach y1 = 0).
Afterwards, it seems that the community turned its attention to quasilinear systems in the C1 framework of so-
called semi-global solutions (see e.g. [6–8]). However, lately there has been a resurgence on finding the minimal
control time. This was initiated by the authors in [9] and followed by a series of works [2, 10–14]. Notably, in
[12] we gave a complete answer for the exact controllability property. Given the importance of this result for
the present work, we recall it in detail:

Theorem 1.4. Let 0 < a ≤ 1 be fixed. Let τ−(0, a) ∈ [0,+∞] denote the minimal control time for the exact
controllability of the system

∂y

∂t
(t, x) + Λ(x)

∂y

∂x
(t, x) = M(x)y(t, x),

y−(t, a) = u(t), y+(t, 0) = Q0y−(t, 0),

y(0, x) = y0(x),

t ∈ (0, T ), x ∈ (0, a), (1.3)

in which u ∈ L2(0, T ;Rm) is the control. Then, we have:

1. τ−(0, a) < +∞ if, and only if, rankQ0 = p.
2. If rankQ0 = p, then

τ−(0, a) = max
1≤j≤p

{
T

(0,a)
m+j + T (0,a)

cj , T (0,a)
m

}
, (1.4)

where the indices cj refer to Q0.

Remark 1.5. The case of a control acting on the other part of the boundary can be reduced to the previous one
after changing x to 1− x and then relabeling the unknowns backwards (i.e. considering ŷk(t, x) = yn+1−k(t, 1−
x)). More precisely, let 0 ≤ b < 1 be fixed, and let τ+(b, 1) ∈ [0,+∞] denote the minimal control time for the
exact controllability of the system

∂y

∂t
(t, x) + Λ(x)

∂y

∂x
(t, x) = M(x)y(t, x),

y−(t, 1) = Q1y+(t, 1), y+(t, b) = v(t),

y(0, x) = y0(x),

t ∈ (0, T ), x ∈ (b, 1),

in which v ∈ L2(0, T ;Rp) is the control. Then, τ+(b, 1) < +∞ if, and only if, rankQ1 = m, and in that case we
have

τ+(b, 1) = max
1≤i≤m

{
T

(b,1)
m+1−i + T

(b,1)
n+1−ci

, T
(b,1)
m+1

}
, (1.5)

where the indices ci refer to the matrix Q̂0 whose (i, j) entry is the (m+ 1− i, p+ 1− j) entry of Q1.
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Controllability of system (1.3) is also sometimes referred to as one-sided controllability, because the control
acts only on one side of the boundary. The situation where two controls are used, or two-sided controllability,
was also studied. Notably, we can extract the following result from the literature (see [13], Remark 1.10 (ii)1,
Rem. 4.6):

Theorem 1.6. Let 0 ≤ c < d ≤ 1 be fixed. Let τ−,+(c, d) denote the minimal control time for the exact
controllability of the system

∂y

∂t
(t, x) + Λ(x)

∂y

∂x
(t, x) = M(x)y(t, x),

y−(t, d) = u(t), y+(t, c) = v(t),

y(0, x) = y0(x),

t ∈ (0, T ), x ∈ (c, d),

in which u ∈ L2(0, T ;Rm) and v ∈ L2(0, T ;Rp) are the controls. Then,

τ−,+(c, d) = max
{
T (c,d)
m , T

(c,d)
m+1

}
. (1.6)

On the contrary, there are very few results concerning the internal controllability of 1D first-order hyperbolic
systems. The first ones seem [15] and [16]. In [15], the authors studied the local exact controllability of quasilinear
versions of system (1.1) (for semi-global C1 solutions). This problem was also revisited in a linear setting in the
recent paper [17]. In both of these articles, the authors proved in particular that system (1.1) with an interval
ω = (a, b) is exactly controllable in any time

T > max {a, 1− b} (Tm+1 + Tm), (1.7)

provided also that Q0, Q1 are invertible square matrices. On the other hand, in [16], the authors investigated
the more challenging problem of internal controllability by a reduced number of controls. For a system of two
equations with periodic boundary conditions, they proved the local exact controllability by only one control.
The present paper is about linear systems when the number of controls is equal to the number of state variables,
in the same spirit as in [17]. We will generalize the result mentioned above by obtaining the best control time
(i.e. Tinf), by considering an arbitrary open set ω and by showing the necessity of the assumptions on Q0, Q1.

1.3. Main result and comments

The main result of this paper is the following complete characterization of the exact controllability properties
for system (1.1).

Theorem 1.7. Let ω ⊂ (0, 1) be a nonempty open subset.

1. Assume that

Q0, Q1 are invertible, (1.8)

(necessarily, m = p = n/2). Then, the minimal control time Tinf of system (1.1) is

Tinf =

0 if ω = [0, 1],

max
I∈C(ωc)

T bc
inf(I) otherwise,

(1.9)

where:

1To apply the backstepping method mentioned therein in our non-strictly hyperbolic framework, we first proceed as described
in the first item of [12].
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� C(ωc) denotes the set of connected components of ωc = (R \ ω) ∩ (0, 1).
� T bc

inf(I) denotes the minimal control time for the exact controllability of the system


∂y

∂t
(t, x) + Λ(x)

∂y

∂x
(t, x) = M(x)y(t, x),

y(0, x) = y0(x),
t ∈ (0, T ), x ∈ I, (1.10)

with the following boundary conditions:

if I = (0, a) with 0 < a < 1: y−(t, a) = u(t), y+(t, 0) = Q0y−(t, 0),

if I = (b, 1) with 0 < b < 1: y−(t, 1) = Q1y+(t, 1), y+(t, b) = v(t),

if I = (c, d) with 0 < c < d < 1: y−(t, d) = u(t), y+(t, c) = v(t),

(1.11)

(above, u, v ∈ L2(0, T ;Rn
2 ) are the controls). We recall that T bc

inf(I) is explicitly given by one of the
formulas (1.4), (1.5) or (1.6).

2. Conversely, if system (1.1) is exactly controllable in some time, then (1.8) holds.

We recall that any open set U in R can be partitioned into disjoint open intervals Ik, k ∈ S, with countable
S, and the connected components of U are simply these Ik. If U is bounded and S is infinite, then necessarily
|Ik| → 0. It follows from the explicit formulas that T bc

inf(Ik) → 0 as well, and the notation maxT bc
inf used in the

statement of our result is thus justified.

Remark 1.8. Theorem 1.7 generalizes [17], Theorem 2.1 (and, to some extent, also [15], Thm. 5.1) on important
aspects:

� We obtain the best possible control time, with an explicit way to compute it (see e.g. Ex. 1.9 below).
� We consider an arbitrary open subset ω, not just an interval.
� We show that the invertibility of the matrices Q0, Q1 are in fact necessary.

Example 1.9. Assume that Λ is constant (in that case, we simply have T I
k = |I|Tk, see (1.2)).

1. Consider an interval ω = (a, b) and assume that Q0, Q1 are the identity matrix. Then, combining our main
result with Theorem 1.4 (and Rem. 1.5), we have

Tinf = max {a, 1− b} max
1≤i≤n

2

{
Tn

2 +i + Ti

}
.

Note that, unless (a, b) = (0, 1), this time is strictly smaller than the control time given in [17] (see (1.7)).
2. Assume that ω touches both parts of the boundary (i.e. 0, 1 ∈ ∂ω), ω ̸= [0, 1], and that Q0, Q1 are

invertible. Then, combining our main result with Theorem 1.6, we see that

Tinf = Lmax
{
Tn

2
, Tn

2 +1

}
,

where L = maxI∈C(ωc) |I| belongs to (0, 1). In particular, system (1.1) is exactly controllable in any time

T ≥ max
{
Tn

2
, Tn

2 +1

}
.

Remark 1.10. Let us also mention the work [18], where it is shown that the connected components of the
complement of the control domain can also play an important role in the controllability properties of 1D
parabolic systems.
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2. The minimal control time

In this part, we prove the first statement of our main result. Let us denote by T ∗ the right-hand side of (1.9),
that is

T ∗ =

0 if ω = [0, 1],

max
I∈C(ωc)

T bc
inf(I) otherwise.

(2.1)

We first point out that the minimal control time by boundary controls T bc
inf enjoys the following important

properties, as is clear from the explicit formulas (1.4), (1.5) and (1.6):

(a) T bc
inf(I) ≤ C |I| for every I, for some some C > 0 independent of I.

(b) T bc
inf(Ik) → T bc

inf(I) for every I and every sequence Ik ⊃ I such that |Ik \ I| → 0.
(c) T bc

inf(I1) ≤ T bc
inf(I2) for every I1 ⊂ I2.

Based on these three properties, we will prove the following essential lemma.

Lemma 2.1. For every ε > 0, there exists a nonempty open subset ω0 ⊂⊂ ω such that:

1. ω0 is a finite union of disjoint open intervals.
2. maxI∈C(ω0

c) T
bc
inf(I) ≤ T ∗ + ε.

Let us admit this lemma for a moment and let us prove the first statement of our main result.

Proof of Theorem 1.7, item 1. 1. Naturally, we start with the case ω = (0, 1). This means that the control
operator is simply the identity. Now observe that system (1.1) is time reversible since Q0, Q1 are assumed
to be invertible. It is easy and well-known how to control such a system in any time. Indeed, let T > 0
and y0, y1 ∈ L2(0, 1)n be fixed. Let η ∈ C1([0, T ]) be a time cut-off function such that

η(0) = 1, η(T ) = 0.

We define

y(t, x) = η(t)yf (t, x) + (1− η(t))yb(t, x), (2.2)

where yf is the solution to the forward problem (without control)
∂yf

∂t
(t, x) + Λ(x)

∂yf

∂x
(t, x) = M(x)yf (t, x),

yf−(t, 1) = Q1y
f
+(t, 1), yf+(t, 0) = Q0y

f
−(t, 0),

yf (0, x) = y0(x),

t ∈ (0, T ), x ∈ (0, 1),

and yb is the solution to the backward problem (without control)
∂yb

∂t
(t, x) + Λ(x)

∂yb

∂x
(t, x) = M(x)yb(t, x),

yb+(t, 1) = Q−1
1 yb−(t, 1), yb−(t, 0) = Q−1

0 yb+(t, 0),

yb(T, x) = y1(x),

t ∈ (0, T ), x ∈ (0, 1).

Note that this second system is well-posed (it can be put in the form of the first one by considering the
change of variable t 7−→ T − t and then relabeling the unknowns). By construction, y satisfies the boundary
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conditions (1.1b), the initial condition y(0, ·) = y0 and the final condition y(T, ·) = y1. The equations will
also be satisfied if we take as control

u(t, x) =
∂y

∂t
(t, x) + Λ(x)

∂y

∂x
(t, x)−M(x)y(t, x). (2.3)

This expression is a priori a formal one, but it can be made rigorous by using the equations satisfied by
yf and f b and defining in fact

u(t, x) = η′(t)(yf (t, x)− yb(t, x)).

Note that u ∈ C0([0, T ];L2(0, 1)n). We can then check that y defined by (2.2) is indeed the weak solution
to system (1.1) associated with this u.

2. Let us now consider an arbitrary open subset ω ⊂ (0, 1). We want to show that Tinf = T ∗, where T ∗ is
given by (2.1). The inequality Tinf ≥ T ∗ is clear. Indeed, if T > Tinf and ω ̸= [0, 1], then, for any open
interval I ⊂ ωc, the system satisfied by the restriction of y to (0, T )× I, which is of the form (1.10)–(1.11)
(with controls in L2(0, T ;Rn

2 ) since y ∈ C0([0, 1];L2(0, T )n)), is also exactly controllable in time T . Let
now T be fixed such that T > T ∗ and let us prove that system (1.1) is exactly controllable in time T . By
Lemma 2.1, there exists a nonempty open subset ω0 ⊂⊂ ω such that

max
I∈C(ω0

c)
T bc
inf(I) < T, (2.4)

and ω0
c is the union of some disjoint open intervals I1, . . . , IN ⊂ (0, 1). We now define

y(t, x) = ξ(x)yout(t, x) + (1− ξ(x))yin(t, x), (2.5)

where:
� ξ ∈ C1([0, 1]) is a space cut-off function such that

ξ(x) =

{
1 if x ̸∈ ω1,

0 if x ∈ ω0,

where ω1 is an arbitrary open subset such that ω0 ⊂⊂ ω1 ⊂⊂ ω.
� yout = yIk in [0, T ]× Ik, where y

Ik ∈ C0([0, T ];L2(Ik)
n) is the controlled solution to (1.10)–(1.11) (with

I = Ik) satisfying yIk(T, x) = y1(x) for x ∈ Ik (whose existence is guaranteed by (2.4)). Outside the
previous domains, we simply set yout = 0.

� yin ∈ C0([0, T ];L2(0, 1)n) is the solution controlled over the whole domain constructed in the first step
of the proof (i.e. yin is y defined in (2.2)).

As before, y satisfies the boundary conditions (1.1b), the initial condition y(0, ·) = y0, the final condition
y(T, ·) = y1 and the control u is then formally defined by (2.3). More rigorously,

u(t, x) = ξ′(x)Λ(x)(yout(t, x)− yin(t, x)) + (1− ξ(x))uin(t, x),

where uin is the control associated with yin. Clearly, suppu ⊂ [0, T ]× ω. Finally, we can check again that
y defined by (2.5) is indeed the weak solution to system (1.1) associated with this u.

Remark 2.2. The second step in the proof above is inspired by the proof of [19], Theorem 2.2 on the equivalence
between internal and boundary controllability for the heat equation. However, whereas in this parabolic setting
the choice of ω0 has no influence on the controllability properties, it is not the case in our hyperbolic setting
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and we must be more subtle as this choice may affect the control time. In the context of hyperbolic systems, it
was used in the proof of [16], Proposition 3.2 (see also [15]). The proof of [17], Theorem 2.1 is also based on this
idea, it is the construction of yout which is slightly different from [16], because of different boundary conditions.

We conclude this section with the proof of the technical lemma.

Proof of Lemma 2.1. 1. Let us denote by T ∗∗ = T ∗ + ε/2. Then T ∗∗ > 0 and, using Property (a), we see
that we can split the interval [0, 1] as follows:

[0, 1] =

N⋃
k=0

[ak, ak+1], T bc
inf(ak, ak+1) ≤ T ∗∗,

for some partition 0 = a0 < a1 < . . . < aN < aN+1 = 1.
2. Let us denote by K the set of indices 0 ≤ k ≤ N such that

ω ∩ (ak, ak+1) ̸= ∅.

Obviously, K is not empty since ω is not either. For k ∈ K, we define

a+k = inf ω ∩ (ak, ak+1), a−k+1 = supω ∩ (ak, ak+1).

Note that a+k < a−k+1 since ω ∩ (ak, ak+1) is open. In the sequel, we denote by K = {k1, . . . , kr} with
k1 < . . . < kr.

3. By very definition, if (0, a+k1
) is not empty, then it is a connected component of ωc and it follows that

T bc
inf(0, a

+
k1
) ≤ T ∗ ≤ T ∗∗.

By Property (b), there exists δ0 > 0 such that (0, a+k1
+ δ0) ⊂ (0, 1) with

T bc
inf(0, a

+
k1

+ δ0) ≤ T ∗∗ +
ε

2
. (2.6)

Similarly, if (a−kr+1, 1) is not empty, then there exists δr > 0 such that (a−kr+1 − δr, 1) ⊂ (0, 1) with

T bc
inf(a

−
kr+1 − δr, 1) ≤ T ∗∗ +

ε

2
, (2.7)

and, if r ≥ 2, 1 ≤ l ≤ r − 1 and (a−kl+1, a
+
kl+1

) is not empty, then there exists δl > 0 such that (a−kl+1 −
δl, a

+
kl+1

+ δl) ⊂ (0, 1) with

T bc
inf(a

−
kl+1 − δl, a

+
kl+1

+ δl) ≤ T ∗∗ +
ε

2
. (2.8)

Let us now define

δ = min
0≤l≤r
1≤ℓ≤r

{
δl,

a−kℓ+1 − a+kℓ

2

}
,

where it is understood that δl is simply omitted if it does not exist. Then, all the previous properties (2.6),
(2.7) and (2.8) remain true with δ instead of δl, thanks to Property (c).
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4. For k ∈ K, by definition of a+k , we have

ω ∩ (a+k , a
+
k + δ) ̸= ∅.

Therefore, there exists an open interval

J+
k ⊂⊂ ω ∩ (a+k , a

+
k + δ).

Similarly, there exists an open interval J−
k+1 ⊂⊂ ω ∩ (a−k+1 − δ, a−k+1). Let us now define

ω0 =
⋃
k∈K

J+
k ∪ J−

k+1.

5. By construction, the connected component I of ω0
c located between J+

k and J−
k+1 is included in (ak, ak+1)

and thus, by Property (c) and definition of ak, satisfies

T bc
inf(I) ≤ T bc

inf(ak, ak+1) ≤ T ∗∗.

On the other hand, the connected component I of ω0
c located between J−

kl+1 and J+
kl+1

(when r ≥ 2) is

included in (a−kl+1 − δ, a+kl+1
+ δ) and thus, by Property (c) and estimate (2.8), satisfies

T bc
inf(I) ≤ T bc

inf(a
−
kl+1 − δ, a+kl+1

+ δ) ≤ T ∗∗ +
ε

2
.

Finally, for the connected component I located before J+
k1
, we distinguish two cases. If (0, a+k1

) is empty,

then I is included in (0, a1) and we obtain that T bc
inf(I) ≤ T ∗∗ as before. If (0, a+k1

) is not empty, then I is

included in (0, a+k1
+ δ) and we obtain that T bc

inf(I) ≤ T ∗∗ + ε/2 as before. A similar argument applies to

the connected component located after J−
kr+1.

3. Invertibility of the boundary coupling matrices

In this part, we prove that condition (1.8) is necessary for system (1.1) to be exactly controllable in some
time. To this end, it is equivalent to show that Q0, Q1 must both be of full row rank, i.e.

rankQ0 = p, rankQ1 = m,

(which implies in particular that p = m).

Proof of Theorem 1.7, item 2. 1. Let us first make some preliminary observations that simplify the problem.
It is clear that we can assume that ω = (0, 1) and take any particular M since the right-hand side in
system (1.1) can then be considered as a new control. We will consider M = −Λ′ because it simplifies
the computations on the so-called adjoint system introduced below. In other words, the controllability of
system (1.1) implies the controllability of the following system:

∂y

∂t
(t, x) + Λ(x)

∂y

∂x
(t, x) = −Λ′(x)y(t, x) + u(t, x),

y−(t, 1) = Q1y+(t, 1), y+(t, 0) = Q0y−(t, 0),

y(0, x) = y0(x),

t ∈ (0, T ), x ∈ (0, 1). (3.1)
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It is also clear that we can consider T as large as we want, and therefore assume at least that T ≥
max {T1, Tn}.

2. We recall that, for system (3.1) to be exactly controllable in time T , it is necessary (and sufficient) that
the following so-called observability inequality holds (see e.g. [20], Thm. 2.42):

∃C > 0,
∥∥z1∥∥2

L2(0,1)n
≤ C

∫ T

0

∥z(t, ·)∥2L2(0,1)n dt, ∀z1 ∈ L2(0, 1)n, (3.2)

where z ∈ C0([0, T ];L2(0, 1)n) is the solution to the adjoint system to (3.1), which in our case is


∂z

∂t
(t, x) + Λ(x)

∂z

∂x
(t, x) = 0,

z−(t, 0) = R∗
0z+(t, 0), z+(t, 1) = R∗

1z−(t, 1),

z(T, x) = z1(x),

t ∈ (0, T ), x ∈ (0, 1), (3.3)

with R0 = −Λ+(0)Q0Λ−(0)
−1 and R1 = −Λ−(1)Q1Λ+(1)

−1, where Λ− = diag (λ1, . . . , λm) and Λ+ =
diag (λm+1, . . . , λm+p). We will disprove the above observability inequality if one of the matrices Q0 or
Q1 is not full row rank. We consider only the case rankQ0 < p, the other one being similar. To disprove
inequality (3.2), we define a sequence of final data (z1,ν)ν≥1 as follows. Since rankQ0 < p, there exists a
nonzero η ∈ Rp with

R∗
0η = 0.

We then take z1,ν− = 0 and, for every 1 ≤ j ≤ p,

z1,νm+j(x) =

{
gν(ϕm+j(x))ηj if 0 < x < ϕ−1

m+j(Tn),

0 otherwise,

where gν : [0, Tn] → R will be determined below and

ϕm+j(x) =

∫ x

0

1

λm+j(ξ)
dξ.

Note that Tn ≤ ϕm+j(1) = Tm+j (see Sect. 1.1). For clarity, we will temporarily drop the dependence in
ν below.

3. We will first establish that

z− = 0.

To this end, it will be convenient to consider negative values for the time parameter t (note that, in fact,
the solution to the adjoint system (3.3) belongs to C0((−∞, T ];L2(0, 1)n)). Following the characteristics,
it is equivalent to show that z−(·, 1) = 0. We will argue by induction and prove that, for every k ∈ N, we
have

zi(t, 1) = 0, for a.e. T − Ti − k(T1 + Tn) < t < T, (3.4)
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for every 1 ≤ i ≤ m. For k = 0, this is satisfied by very definition of z1− = 0. Assume now that this holds
for some k ≥ 0. We first note that, by very definition of z1+, we have

z+(t, 0) = g(T − t)η, for a.e. T − Tn < t < T,

zm+j(t, 0) = 0, for a.e. T − Tm+j < t < T − Tn, (3.5)

for every 1 ≤ j ≤ p. The first condition and the boundary condition z−(t, 0) = R∗
0z+(t, 0) then imply

z−(t, 0) = 0, for a.e. T − Tn < t < T. (3.6)

After these observations, let us now prove (3.4) with k + 1 instead of k. It follows in particular from our
assumption that

z−(t, 1) = 0, for a.e. T − T1 − k(T1 + Tn) < t < T.

Using the boundary condition z+(t, 1) = R∗
1z−(t, 1), we deduce that

z+(t, 1) = 0, for a.e. T − T1 − k(T1 + Tn) < t < T.

Following the characteristics of z+, we obtain

zm+j(t, 0) = 0, for a.e. T − T1 − k(T1 + Tn)− Tm+j < t < T − Tm+j ,

for every 1 ≤ j ≤ p. Combined with (3.5), this gives in particular

z+(t, 0) = 0, for a.e. T − T1 − k(T1 + Tn)− Tn < t < T − Tn.

The boundary condition z−(t, 0) = R∗
0z+(t, 0) and (3.6) then give

z−(t, 0) = 0, for a.e. T − (k + 1)(T1 + Tn) < t < T.

Following the characteristics of z− until they touch x = 1, and using (3.4) for k = 0, we obtain (3.4) with
k + 1 instead of k. This proves the induction.

4. Since now z− = 0, we only have to consider the system satisfied by z+. The j-th component of the solution
z+ is also now given by

zm+j(t, x) =

{
z1m+j(ϕ

−1
m+j(T − t+ ϕm+j(x))) if t− ϕm+j(x) + Tm+j > T,

0 if t− ϕm+j(x) + Tm+j < T.

Using that z1m+j(x) is zero for x > ϕ−1
m+j(Tn), we have

∥∥z1+∥∥2L2(0,1)p
=

p∑
j=1

∫ ϕ−1
m+j(Tn)

0

∣∣z1m+j(x)
∣∣2 dx,

and we can compute (using that T ≥ Tn)∫ T

0

∥z+(t, ·)∥2L2(0,1)p dt =

∫ Tn

0

p∑
j=1

∫ ϕ−1
m+j(Tn)

ϕ−1
m+j(s)

∣∣z1m+j(ξ)
∣∣2 λm+j(ϕ

−1
m+j(ϕm+j(ξ)− s))

λm+j(ξ)
dξds.
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Let us introduce f : [0, Tn] → R defined by

f(s) =

p∑
j=1

∫ ϕ−1
m+j(Tn)

ϕ−1
m+j(s)

∣∣z1m+j(ξ)
∣∣2 dξ. (3.7)

Then, the observability inequality (3.2), the fact that z− = 0 and the previous computations, imply that

f(0) ≤ CL

∫ Tn

0

f(s) ds,

for some L > 0 depending only on Λ. It is clear that such an inequality cannot be true for all nonnegative
smooth functions f : [0, Tn] → R with f(Tn) = 0 and f ′ < 0. For instance, it is violated by the sequence
(fν)ν≥1 defined by

fν(s) =

(
Tn − s

Tn

)ν

, 0 ≤ s ≤ Tn.

To get to the conclusion, we simply “invert” (3.7) for such a sequence: we define gν by

gν(t) =

−(fν)′(t)
∑
j∈J

1

|ηj |2 λm+j(ϕ
−1
m+j(t))

 1
2

,

where J = {j | ηj ̸= 0} is nonempty by definition of η. Note that gν ∈ L2(0, Tn).

Remark 3.1. Let us mention that the exact controllability of general systems with the identity as control
operator has been studied in the literature. Notably, it was proved in the interesting work [21] that, in a Hilbert
space framework, for such a system to be exactly controllable in some time it is necessary and sufficient that
its generator A is the extension of an operator Ā such that −Ā generates a C0-semigroup. This condition is not
always easy to check in practice though, and this is why we have instead chosen to disprove the observability
inequality.
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