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THE RELATIONSHIP BETWEEN MAXIMUM PRINCIPLE
AND DYNAMIC PROGRAMMING PRINCIPLE FOR STOCHASTIC
RECURSIVE CONTROL PROBLEM WITH RANDOM
COEFFICIENTS

YUCHAO DONG!, QINGXIN MENG? AND QI ZHANG**

Abstract. This paper aims to explore the relationship between maximum principle and dynamic pro-
gramming principle for stochastic recursive control problem with random coefficients. Under certain
regular conditions for the coefficients, the relationship between the Hamiltonian system with random
coefficients and stochastic Hamilton—-Jacobi—Bellman equation is obtained. It is very different from
the deterministic coefficients case since stochastic Hamilton—Jacobi—Bellman equation is a backward
stochastic partial differential equation with solution being a pair of random fields rather than a deter-
ministic function. A linear quadratic recursive optimization problem is given as an explicitly illustrated
example based on this kind of relationship.
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1. INTRODUCTION

As we all know, Pontryagin maximum principle (MP) and Bellman dynamic programming principle (DPP)
serve as the most two important methods in solving optimal control problems. Both of them aim to obtain some
necessary conditions of optimal controls. Hence it is natural to think that they have some kind of relationship,
although they have been developed separately and independently in literature to a great extent. In general, the
MP gives a necessity condition of the optimal control by the Hamiltonian system which is a forward—backward
equation consisting of the optimal state equation, the adjoint equation and optimality condition. On the other
hand, the DPP characterizes the optimal control by the Hamilton—Jacobi-Bellman (HJB) equation, to which
the value function is a solution. Therefore, the relationship between Hamiltonian system and HJB equation can
be thought as a relationship between MP and DPP.
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For the deterministic control system, the Hamiltonian system is an ordinary differential equation and the HJB
equation is a first-order partial differential equation (PDE), whose connection was first given by Pontryagin,
Boltyanski, Gamkrelidze and Mischenko [1] in 1962. Since the value function V' is not always smooth, some
nonsmooth versions of the relationship were studied by using nonsmooth analysis and generalized derivatives.
For example, an attempt to relate these two methods without assuming the smoothness of the value function
was done by Barron and Jensen [2], where the viscosity solution was used to derive the MP from the DPP. The
relationship in deterministic case is known as

\I/t = —Vm(t,Xt) and ‘/t(t, Xt) = H(t,Xt,ﬂt,\Ilt),

where 7 is the optimal control, X is the optimal state, ¥ is the adjoint variable, H is the Hamiltonian function,
and V is the value function, respectively. For the stochastic control system whose state equation is a stochas-
tic differential equation (SDE) with deterministic coefficients, the Hamiltonian system is a forward—backward
stochastic differential equation (FBSDE) with deterministic coefficients, the HJB equation is a second-order
fully nonlinear PDE, and their connection was given by Bismut [3] and Bensoussan [4]. As for nonsmooth value
function, Zhou [5, 6] obtained the relationship between them in the viscosity sense of HJB equation. Also a recent
progress for such a relationship in an infinite-dimensional space is made by Chen and Lu [7]. The relationship
in this case can be summarized as

Pt = _Vz(taXt)u qt = _sz(t7Xt)o—(t7Xtvﬂt)a

and

W(tvjt) =G (tvxtaﬂta *Vz(tvxt% 7Vr1(ta Xt)) )

where o is the diffusion coefficient, (p, ¢) is the adjoint pair and G is the generalized Hamiltonian function.

However, when the state equation is a SDE with random coefficients, things are much different. Bear in
mind that HJB equation in this case is a backward stochastic partial differential equation (BSPDE) with a
pair of adapted solution, rather than a deterministic PDE with a deterministic solution. There should be also
a relationship between MP and DPP, as well as between FBSDE with random coefficients and stochastic HJB
equation, but no existing literature is concerned with this issue as far as we know.

The relationship between MP and DPP not only demonstrates the connection between two main methods of
control theory, but also plays a very important role in economic theory as pointed out in Yong and Zhou [8].
Moreover, the relationship can be regarded as an extension of Feynman—Kac formula to fully nonlinear PDE,
if one notices that the Hamiltonian system is a stochastic forward—backward ordinary differential equation and
HJB equation is a fully nonlinear PDE in a stochastic control system with deterministic coefficients. For the
random coefficients settings, Feynman—Kac formula is further extended to non-Markovian framework and fully
nonlinear BSPDE. The reader can refer to [9-12] for related studies.

The control system we study for the relationship between MP and DPP is a stochastic recursive one with a
general cost functional, which is governed by the following controlled FBSDE:

dX, = b(s,XS,us)ds + O'(S,Xs,us)dWs
XO = T,

dYs = —f(s, X, Ys, Zs,us)ds + Z,dW,
Yr = h(Xr),

and the following cost functional:
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The above stochastic recursive control system was given by Peng [13] to establish DPP in the Lipschitz setting
of the generator and explore the connection between its value function and HJB equation. In the meantime,
Duffie and Epstein [14] studied such a control system from mathematical finance point of view, and they put
forward the concept of stochastic (recursive) differential utility which is actually a solution of FBSDE.

From MP point of view, Peng [15] studied the above recursive control system and derived a local MP by
representing the adjoint equation as a FBSDE, in which the control domain is convex. For the general settings
that the control domain is nonconvex and the diffusion depends on control, the Ekeland variational principle
was applied to obtain the MP in Wu [16] and Yong [17] by treating the second solution and the terminal
condition in backward stochastic differential equation (BSDE) as a control and a constraint, respectively. By
introducing new and general first-order and second-order adjoint equations, Hu [18] obtained the MP for the
recursive stochastic optimal control problem without unknown parameters. These results, especially Hu [18],
eventually solved the long-standing open problem put forward in Peng [19].

There has been results on the relationship between MP and DPP for stochastic recursive optimal control
system with deterministic coefficients. With sufficiently regular assumptions on the coefficients, Shi [20] and Shi
and Yu [21] first demonstrated this relationship. Nie, Shi and Wu [22, 23] studied the relationship between MP
and DPP in the sense of viscosity solution of HJIB equation. The relationship is summarized as follows:

p: :Vw(t7Xt)Tk:a
q: = [V$x(t7Xt)U(t7Xtaat) + VZ‘(taXt)
sz (t7 Xtv _V(tv Xt)7 _Vx(ta Xt)a(t; Xt7 ﬂt)v ﬂt)] k:v

and

‘/t(ta Xt) = G (ta Xt: _V (t7 Xt)a _Vl(ta Xt)7 _V.LL(tv Xt)a ﬂt)) )

where (p*, ¢*) is the adjoint pair of the forward part, k* is the adjoint process of the backward part in stochastic
recursive control system and G is the corresponding generalized Hamiltonian function.

In our paper, the most important feature is that the coefficients of the system we consider are random. We
emphasize that this is an essential difference from existing literature. In 1992, Peng [13] studied the optimal
control problem of non-Markovian stochastic systems using dynamic programming. Compared with the optimal
control problem of Markovian stochastic systems, the value function is no longer a deterministic function, but
a random field. In other words, it is a family of semi-martingales. Furthermore, the HJB equation derived from
Bellman’s principle of optimality is no longer a second-order fully nonlinear PDE, but a second-order fully
nonlinear BSPDE, whose solution is a pair of random fields as BSDE’s. To distinguish it from the classical HJB
equation, we call it the stochastic HJB equation. As in the deterministic case, the existence of the solution for
stochastic HJB equation is a very hard problem. The solvability has only been proved for a few cases, see [24-28]
for instance. One contribution of our paper is to show that the value function of the recursive optimal control
problem will be the classical solution of stochastic HJB equation, if the needed regularity is satisfied. It can
be seen as a general form of Feynman—Kac representation. In this sense, our work extends the result of Tang
[12], in which the author used a forward-backward system to represent semilinear BSPDE. In fact, our proof is
partly inspired from that work, i.e. we also use the random field generated by the controlled SDE. Furthermore,
we proved a verification theorem to show that the solution of stochastic HJIB equation gives the optimal control.
Another contribution of our paper is to show the relationship between the MP and the DPP. The relationship
is very different from that for stochastic recursive optimal control system with deterministic coefficients due
to the appearance of stochastic HIB equation. Note that we also assume that the value function is smooth to
obtain the desired result, but how to deal with nonsmooth case is still unsolved. Actually, the solvability for the
stochastic HJB equation in a general form is a long-existing open problem.

The rest of this article is organized as follows. In Section 2, we introduce some notations and the basic setup
of our problem. We characterize the optimal control by DPP, i.e. the connection between the value function
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and stochastic HJB equation in Section 3. In Section 4, the optimal control is characterized by MP, i.e. the
stochastic Hamiltonian system. In Section 5, we show the connection between the MP and the DPP. As an
application we discuss a linear quadratic (LQ) recursive utility portfolio optimization problem with the random
coefficients in Section 6, in which the state feedback optimal control is obtained by both MP and DPP methods,
respectively and the relationship is demonstrated explicitly.

2. NOTATIONS AND STATEMENT OF THE PROBLEM

Let (Q, #, P) be a complete probability space, and {W;,0 < ¢t < T} is a one-dimensional standard Brownian
motion on it generating a right-continuous filtration F = {.%; }o<i<7. Let E be an Euclidean space, and its inner

product and norm are denoted by (+,-) and | - |, respectively. For a function ¢ : R® — R, we denote by ¢, its
gradient and by ¢, its Hessian (a symmetric matrix). If ¢ : R® — RF (k > 2), ¢, = (gf?) is the corresponding
J

k x n Jacobian matrix.

Next we introduce some useful spaces of random variables and stochastic processes. For any 8 € (0, 00) and
t € [0,T7], define

1
Ing

T
. Mg(t,T; E): space of F-adapted processes f : Q x [t,T]| — E with Hf||M§(t7T;E) = (E/t |fs|ﬂds> < o0

. Sg(t,T;E): space of F-adapted continuous processes f : Q x [t,7] — E with ”fHSf; £

(t,T;E)
1A%
(E sup |fs|ﬁ> < o3

s€[t,T]

1
o LP(Q, Z; E): space of F-measurable random variables £ : Q@ — E with [|€]|16(0,7,.5) = (]E\ﬂﬁ)l/\ﬁ < c0.

For any t,s € [0,7] with ¢ < s, we define the admissible control set U?[t, s] = MZ(t,s;U) with U being a
closed convex subset of R¥. Given x € R” and u € U?[0, T, we consider the following FBSDE

dX2em = b(s, X0T ug)ds + o (s, XOT u, ) dW,
X((]),x;u = (2 1)
dY507w;u = —f(S, Xg,x;u7 YSO,w;u7 Zg,w;u7 us)ds + Zg’m;udWs '

ng,x;u — h(Xg,x;u)7
with the cost functional
J(0,z;u) £ }/bow;u’

where b: Q@ X [0,T| xR*" XU - R", 0: Qx [0,T]xR"xU = R", f:Ox[0,T]|xR*"XRxRxU —R, h:
QxR* — R.
We need the following assumptions on coefficients (b, o, f, h).

Assumption 2.1. For any (w,t,2,u) € Q x [0,T] x R* X U, b(-,z,u) and o(-, z,u) are F-adapted processes; b,
o are differentiable with respect to u and twice differentiable with respect to x; by (¢, 2, u), 0y (¢, 2, 1), byy (¢, 2, 1)
and 0, (t, z,u) are continuous in (z,u); there exists a constant K such that

b(t, 2, u)l, |o(t, z,u)| < K1+ |z +[ul) and |bel, [bul, |bacl; |0z, |ou], [00e] < K.
Assumption 2.2. For any (w,t,x,21,Z2,y,2,u,u1,u2) € XX [0,T] xR" xR*" X R*" x RxRx U x U x U,

f(G,x,y,z,u) is an F-adapted process and h(z) an Fr-measurable random variable; f is differentiable with
respect to (z,y,z,u) and h is differentiable with respect to z; f.(t,z,y,2,u), fy(t, z,y,2z,u), f2(t,z,y, 2, u),
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fu(t,x,y, z,u) are continuous in (z,y, z,u), hy(z) is continuous in z; there exists a constant K > 0 such that
for v € [0, 1)

[ty z0) = f(t,y,0,0)] S K27, |h(2)] < K(1L+]a?),
[£(£,0,0,0,0)[, [fyl: =] < K, | falt, 2,9, 2,0) [ + [fu(t, 2,y, 2, u)| < K(1+ |2| + |u]),

|he ()] < K(1 4 |z]),
and

|f(ta$17yazaul) - f(t7$2ayazau2)‘ + |h({L‘1) - h($2)|
S KA+ |za] + [22))(Jzr — 22]) + K1+ |ur] + [uz|)|ur — ual.

Under Assumption 2.1, we can see that, for any given admissible control u, the forward part of FBSDE (2.1)
admits a unique strong solution X* € S% (0, T;R™). Thus, the terminal h(X%) is only L'-integrable due to the
quadratic growth of h with respect to x, so the classic result for the solvability of BSDE is no longer applicable.
The assumptions on f in Assumption 2.2 guarantee the conditions of Theorem 6.3 in [29] are satisfied, so we
can apply this theorem to the backward part of FBSDE (2.1), which is a BSDE with L!-integrable terminal
value, to get the unique solution (Y% Z%) € ng(O,T; R) x M;(O,T; R) for any 8 € (0,1). It is easy to check
that |J(0,2;u)| < co. Then, we put forward the optimal control problem.

Problem 2.3. Find an admissible control @ such that

J(0,z;a) = uel/ifrzl[fo - J(0, z;u). (2.2)

_Any @ € U?[0,T] satisfying (2.2) is called an optimal control process of Problem 2.3. With 4, the solution
(X,Y, Z) of the state equation (2.1) is called the optimal state process, and consequently (@; X,Y, Z) is called
an optimal pair of Problem 2.3.

3. THE DYNAMIC PROGRAMMING PRINCIPLE FOR STOCHASTIC RECURSIVE
CONTROL PROBLEM

In this section, we are concerned with the DPP and the corresponding stochastic HJB equation for stochastic
recursive control Problem 2.3. We shall show that, if the value function is a random field with some regularities,
it will be the solution for the stochastic HJB equation. To this end, for t € [0,T], ¢ € L?(Q,.%; R") and
u € U?[t, T), we consider the following parameterized FBSDE:

dXLO" = b(s, XS ug)ds + o (s, XU, ug)dW,
G
dXt ¢ - C’ (3.1)
Yo = ff(s,Xﬁ’C;“,Yf*c;“,Zﬁ’g?“,us)ds + Zé’C?“dI/Vs
YTLC;U _ h(X;’C;").

Similar to the solvability of FBSDE (2.1), under Assumptions 2.1 and 2.2, by Theorem 6.3 in [29] again, FBSDE
(3.1) admits a unique strong solution ©h¢* = (X e yheu Zteu)y e §2 (¢ T;R™) x Sg(t, T;R) x M;(t, T;R)
for any 8 € (0,1). We call ©¢% or © = (X,Y, Z) whenever its dependence on u and (¢, ¢) is clear from context,
the state process and (u; ©) the admissible pair.
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For a given control process u € U?[t,T], we define the associated cost functional as follows:
J(t,z;u) 2 Y5 (t,z) € [0,T] x R™. (3.2)
From Theorem A.2 in [30], we get the following relation
J(t, Gu) = YO
For ( =z € R", we define the value function

V(t,x) = uggﬁiﬁr{fﬂ J(t,x;u), (t,x)€[0,T] xR,

where the notation essinf stands for the essential infimum.

Now we discuss a generalized DPP for our stochastic optimal control problem. For this purpose, we define
the family of (backward) semigroups associated with FBSDE (3.1), which was first introduced by Peng [30].
Given the initial data (t,), a positive number § < T' — ¢, an admissible control process u € U>[t,t + 6] and a
real-valued random variable n € L?*(Q, %, s;R), we put

GLEMS () = Y™ s €[t t+ ),

where (X.t’x’“, y.he Zt’xu) is the solution of the following FBSDE with the time horizon ¢ + 6,

dxbme = (s, X" ug)ds + o (s, XL5, ug)dW,

Xy = g,

df/’st,w;u = —f(S, X;,,w;u7 ?St,w;u7 Z;,w;u7 us)ds + Z§7m;udWs
t,a;

Y;inu = n

Obviously, for any admissible control pair (u; X% V%4 7Z6%4)  we have

G (M) = G (V)

t48, X 1 m tziu,

= GtV ) = G (T (46, X053 w).

tt+6\ t4+8

Moreover, the following DPP holds by a similar proof as in [30].
Theorem 3.1. Under Assumptions 2.1 and 2.2, the value function V (t,x) obeys the following DPP: for any
0<t<t+6<T,zeR",

. t,xiu t,xsu
Vit.z) = ueulzr[ltf,wé] Gilits (V(t+3, Xiks ))-

Next we shall show the relationship between the value function and stochastic HJB equation. For this purpose,
the following lemma is needed.

Lemma 3.2. ([12]) For any fized admissible control u, set X% to be the solution of the following SDE:

dX, = b(s, Xs,us)ds + o(s, X, us)dWs
XO =x.
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Then, almost surely, for each s € [0,T], X, is a diffeomorphism of C*. The gradient OXE satisfies the following
SDE:

dOX® = b, (s, X% us)0XZds + 0, (s, X¥, ug)OXTdWy
OXg = 1.

Moreover, from the boundedness of the derivatives, a classical estimation for SDE yields that

§M7

E| sup |0X7[*
s€[0,T]

where M is a constant independent of x.
Then main result of this section is presented below.

Proposition 3.3. In additional to Assumptions 2.1 and 2.2, we also assume that the control region U C RF is
bounded and for each t € [0,T], x € R™, the infimum of the cost functional J(t,x;-) is attained by an optimal
control u*H%. Moreover, assume that the value function V admits the following semimartingale decomposition:

V(t2) = hiz) + /t " (s 2)ds - /t NG oW, e 0., (3.4)

where the R-valued function T'(t,-) and U(t,-) are Fy x B(R™) measurable for each t € [0,T) and V,T', U satisfy
the following assumptions:

(i) (t,z) — V (¢, ) is continuous a.s.,

(ii) z+— V(t,z) is C% for each t € [0,T] a.s.,
(i11) x — T'(t,2) is continuous for each t € [0,T] a.s.,
(iv) x — W(t,z) is is C* for each t € [0,T] a.s.,

(v) There exists K € M%(0,T;R") such that

V(t,2)l, [h(@)], D), [0(t,2)] < Ke(1+ J2f?),
02V (t, )], 1020 (t,2)| < Ki(1 4 [x),
1022V (¢, 7)| < Ky,
Tt 2) =Tt y)| < Ki(1 + 2] + [y])]z — yl.
Then, the value function V', together with W, constitutes a pair of solution of the stochastic HIB equation
{dV(t, z) =— i%fG(t, 2, V(t,x), Ut z), Vot z), Uu(t, 2), Vau (t, ), u)dt + U(t, 2)dW; 53
V(T,z) =h(x),
where
G(t,z,y,2,p,q, A, u) = (p,b(t,z,u)) + {q,0(t,z,u)) + %tr((oa*)(t,x,u)A)
+f(t,z,y,0"p + z,u).

Proof. The proof of this proposition is similar to Proposition 4.1 in Meng, Dong, Shen and Tang [31]. Here we
only give a brief proof for the convenience of the readers. For a detailed proof, please refer to [31].
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For a fixed admissible control v and z, we abbreviate X for X% for simplicity. Applying Ito-Ventzell
formula to V (¢, X;), we have

V(t, X¢)
= V(t + 57 Xt+5)

t+0
+/ (F(S,XS)—G(S,XS,V(S,XS)7\I/(S,XS),VI(S,XS)7\I/x(S,XS)7VIm(S,XS),'LLS)
t
t+6
—|—f(s,Xs,V(s,Xs),Zé,us)>ds —/ Z AW,
t

where Z! = 0*V,(s, X;) + ¥(s, X,). From condition (v), it can be verified that Z’' € M%(0,T;R). Consider the
following BSDE

t+4d

t+0
Y, = V(t+ 6, Xpvs) + F(s, X5, Y, Zs, us)ds —/ Z,dW,.

T

From the DPP, we shall have Y; > V (¢, X;). From this, one can get that

t+6
E l/ A(s, Xq,ug)ds
¢

where
A(s,z,u) = T(s,z) — G(s,2,V(s,2),V(s,2), Va(s,2), Up(s, 1), Vau(s,2), u).

Due to the arbitrariness of § and ¢, it implies that

A(s,Xs,us) <0 foraa. se€[0,T], as.
Note that XZ is the stochastic flow generated by the SDE (3.3). Previous argument shows that

A(s,X5,us) <0 for a.a. s €[0,T], as.
From Lemma 3.2, with probability 1, for each s, X, is a diffeomorphism of class C'*. Hence, we also have that

A(s,z,us) <0 for a.a. s €[0,T], as.

From the arbitrariness of u, we get that

supA(s,z,u) <0 for all z € R”, a.a. s € [0,T], as.

On the other hand, note that the optimal control v*"* and its corresponding state denoted by Xu"" exist.
For simplicity, we abbreviate the pair as (u*, X*). Following the same argument as previous, it holds that

A(s, X2 ;ur) =0, for a.a. s € [0,7], a.s.
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This will imply that

supA(s,z,u) =0 for all z € R", a.a. s €[0,7], a.s.

which gives us the desired result. O

In above, we have proved that the value function is the solution of the stochastic HJB equation under suitable
conditions. We will then prove the converse result.

Proposition 3.4. [Stochastic Verification Theorem] Let (©,U) be the solution of stochastic HIB equation (3.5)
and assume that they satisfy the reqularity assumptions in Proposition 3.3. Then, for any (t,x) and u € U?[t,T],
we have

O(t,x) < J(t,x;u).
Moreover, if there exists an admissible control u € U[t, T| such that, for a.a. s € [t,T], a.s. w € §,

G(S, Xzal‘;u’ @(u Xt,a:;u)7 \I/(t, Xt’w;u), (I)a: (t7 Xt,w;u)’ \ij (t, Xt,x;u), éwz (t7 Xt,a:;u), us)
=inf G(s, XL, ®(t, XV5M), W(t, XDTY), O (¢, XD5), Uy (b, XDTY), @ (8, X 1), 0),
v

u is the optimal control.

Proof. The result is obtained by applying It6 formula to ®(s, X{%%) and comparing it with Y %%, Since the
calculation is almost the same to previous proposition, we omit the proof here. O

4. THE MAXIMUM PRINCIPLE FOR STOCHASTIC RECURSIVE CONTROL
PROBLEM

In this section, we derive the stochastic maximum principle of Problem 2.3. We first define the Hamiltonian
function H : Q@ x [0,T] x R" x Rx R xR" x R" x R x U — R by

H<t7 x’ y? Z7p7 q’ k’ u) = <p7 b(t7 tT7 u)> + <q7 0(t7 :I;’ u)) - kf<t7 ‘/L.’ y? Z7 u)'

To simplify our argument, we introduce some abbreviated notations. For this, let (; XY Z ) be an optimal
4-tuple of Problem 2.3. For ¢ = b, 0,b,,b,,0,,0,, define

P(t) = o(t, Xy, ),

for Y= fafacvfyafmfua define

and for h, define

Now we are ready to give the necessary conditions of optimality for the optimal control of
Problem 2.3. Let (u;©) = (u; X,Y,Z) be an optimal 4-tuple. Fix any admissible control u € U?[0,7T]. Con-
sider u! € MF(0,T;R*) as u} = % For any € € [0, 1], we construct a perturbed admissible control as
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below

uf =+ eul.

Since u°® is still a convex combination of u and @, u° is an admissible control, and moreover, the boundedness of

u! is used in the deductions in the rest of this section. Denote by (X¢,Y ¢, Z¢) the corresponding state equation

and consider the following variational equations:

dx} = [bz(t)th + bu(t)u%} dt + [o—m(t)th + au(t)ui] dw,
X5 =0,

Ay (t) = — [ FX!+ F, (O + f.(0) 2] + fu(t)utl} dt + Z}dw,

Yr = hy(T) X7 (4.1)

Since h, is of linear growth with respect to z, the terminal h, (T )X+ is not L?-integrable in general. Thus, the
solvability of (4.1) is not obvious. To solve it, we shall introduce the following result for BSDE with L terminal
value proved in [29].

Lemma 4.1. Consider the following BSDE

aY, = —f(t, Yy, Z,)dt + Z:dW,
Yr = 57

with f being uniformly Lipschitz continuous with respect to (y,z) and & being LP-integrable for some p > 1.

There exists a unique solution (Y, Z), and for some constant C,

€7 + (/0 |f(t,0,0)|dt> ] .

1Y U5 + 112115, < CE

Moreover, we have the following lemmas.

Lemma 4.2. Under Assumption 2.1, it holds that

E sup |X§— X;P = O(eP) (4.2)
0<t<T
and
E sup |X{—X; —eX}|P = o(eP), (4.3)
0<t<T
for any p > 1.

Proof. The proof is rather standard. For (4.2), by the LP estimate for SDE (see Prop. 2.1 in [32]) and
Assumptions 2.1, we have

T p
E( sup |Xf _Xt|17> < C|:]E(/ |b(t7Xt,’LL§) —b(t,Xt,’LLt)|dt)
0

0<t<T

T ~ ~ p/2
—HE(/ o (t, X, uf) —U(t,Xt,ut)|2dt> ]
0
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T p/2
< CIE(/ |us at|2dt>
0
T p/2
= CE(/ |Eu%|2dt)
0
T p/2
_ Cep]E( / |ut1|2dt)
0

= O(eP).
For (4.3), denote 6X = X° — X — ¢X!. Then we have

d6X, = bu(t)0X, + (bu(t) — bu(t)) (X — Xp)dt + 5, ()0 X,
+(02(t) — 02(H)(XF — Xo)dW,
6Xo= 0

with
~ 1 — —
by (t) £ / be(t, Xi + MX7 — Xp), 6 + Aeug)dA
0
and
1 — —
Galt) & / ot Xy + MNXE — X)), + Aeul)dA.
0

Hence (4.3) follows from the previous estimation for X — X and a standard estimation for SDE. The proof is
completed. O

It is also easy to show that X1 is LP-integrable for any p > 1, and then the terminal value he(T )Xk is
LP-integrable for any p € (1,2), which together with Lemma 4.1 leads to

Lemma 4.3. Under Assumptions 2.1 and 2.2, FBSDE (4.1) admits a unique solution (X1,Y1, Z'). Moreover,
Xt e SPoand (Y, Z1Y) € SP2 x MP2 for any p1 > 1 and py € (1,2).

Next we prove the expansion for Y.

Lemma 4.4. Under Assumptions 2.1 and 2.2, we have for any p € (1,2)

-Y,
limE sup |75775 ~Y}P =o0. (4.4)
=0 o<t<T €
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Proof. A direct calculation gives

}/;E o K o E}/tl
= ho(T)(X7 — Xr) + ha(T)5X(T)

T T

+/ fz(s)(Xi—Xs—aX;)ds+/ fu(8)(YE = Ys —ev)!
tT ] ) ; ) )

—|—/ f2(s)(Z5 — Zs —6Z§)ds—|—/ (fo(s) = fu(s))eXlds

+ / (Fy(5) — Fy(s)eYids + / (F(s) — Fu(s))eZ1ds

t T
e / (Fuls) — Fuls))ulds + / (Z5(s) - Z(s) — eZ})AW,,

with

/fxtXtJr)\(X —X0),Y(t) + MYE = Y2), Ze + N Z5 — Zy), g + Aeuy)dA,

and fy, fz, ha similarly defined. Combining Lemma 4.1 and Lemma 4.3, we have

E sup |Y7 ~ Y, - e¥;]P = ofe?),
0<t<T

which is equivalent to (4.4).

Finally, we have the following MP based on a stochastic Hamiltonian system.

Theorem 4.5. Under Assumptions 2.1 and 2.2, set (#;0) = (u; X,Y,Z) to be an optimal 4-tuple of

Problem 2.3. Then, we have for a.a. t € [0,T], a.5. w € Q,
Hu(t,Xt, Y;ta Ztvptv qt, ktaﬂt)(u - at) 2 07 fOT‘ any u € U7

where A = (p, q, k) is the solution to the following FBSDE:

pr = —h;(T)kT,
dky, = —H,(t)dt — H.(t)dW,

ko = —1, ogth

with n(t) = H,H,,H,, H., H, defined as

7(t) = n(t, O, Ay, Gr).

(4.5)

(4.6)

Proof. Fix any admissible control u € U?[0, T)]. For any ¢ € [0, 1], we construct a perturbed admissible control

u =1+ eut,
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with u} = —“=%_and the corresponding state equation is denoted by (X¢,Y*, Z¢). Let (X, Y1, Z') be the

Jug—tu|V1?

solution of FBSDE (4.1). From Lemma 4.4, we have for any p € (1, 2),

YE - Y, b
limE[sup : t—Y;l }:0.
e—0 0<t<T g
Then, it holds that
YE — }7 e\ _ n
yl= lim Y0 gy, SO0 =IO (4.7)
e—0t £ e—0+ £

Applying It6 formula to (Y;}, ki) + (X}, pt), we have
T — — —
Y= B[ HX0 Ve 2w buldt
0
Thus, by the variational inequality (4.7), we have

T
E/ Hu(t7Xt;}_/t7Zt7at7pt7qt7 kt)u%dt 2 07
0

which is equivalent to

Up — Uy

———Fdt >0,
|Ut —Ut| V1

T
E/ Hu(t;Xt7naZtaﬂtaptaQt7k‘t)
0

for any u € U?[0, T]. Due to the arbitrariness of u!, we shall get that

- - = uU—1u
Hu(ﬂXt,Yty ZmutaptaCIhkt)m >0,
— Ut

for any w € U. This will implies (4.5). O

5. THE RELATIONSHIP BETWEEN MP AND DPP

In this section, we will state the relationship between MP and DPP for the recursive optimization problem.

Theorem 5.1. Under Assumptions 2.1, 2.2 and the assumption that the value function admits the following
form

V(t,2) = hiz) + /t " (s a)ds /t N s aydm., te o], (5.1)

we have for a.a. s € [t,T], a.s. w € £,

F(Sa sz) :G(Sv X?wa Us, V(S, Xz’z)a \Ij(s7 Xz’z)v Vz(sa X?z)a \Ijr(sa Xi,a:), me(’S’ Xﬁ’w))

= inf G(s, X0%,u, V(s X07), W(s, X07), Vs, X07), Wa(s, X07), Vaa (s, X07)).
ue
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Moreover, if V.€ C13([0,T] x R") and T',, ¥, € C%°([0,T] x R™), we have

Ps = — Vx(S,X?I)kS,

Gs == | Va(s, XO) f2 (5, X7, V (5, X07), 07 (8, X0, 10s) Va5, X37) (5.2)
+ Vi (8, X0 (5, X7 ug) + W(s, X1T), ﬁs) + U, (s, X5 | ks,
for a.a. s € [0,T], a.s. w € Q, where ks satisfies kg = —1 and
dks =fy (s, X0% s,V (s, X07), 0(s, X0 1) Vo (s, X0F) + W (s, X17))kods 5.3

+ fo(s, XE g, Vs, XE®), 0 (s, X0 ) Ve (s, X5¥) + U (s, X0¥)) ksdW,, for s € [t, T).

Proof. First note that there exists a unique solution of (5.3), since f is Lipschitz continuous with respect to y
and z. Noticing that V satisfies HIB equation (3.5) and has a form as (3.4), we conclude

I'(s,x) = ;Ielf G(s,z,u,V(s,x),¥(s,x), Va(s,x), Vy(s, x), Vau(s,z))

§G(s,x7us7V(s,m),\P(S,w), Va(s, ), (s, x), Vm(s,m)).
Thus
0 :G(s, X5 g, V(s, XE7), W(s, XET), Vi (s, X0T), U, (s, X1T), VM(S,)_(?“)) —T(s, X5)
<G(s,z,us,V(s,2),¥(s,x),Va(s,2), Vu(s,2), Vou(s,x)) — I(s,z).
Bearing in mind that V € C13([0,T] x R") and ', € C%9(]0,T] x R™), we have

0

%{G(s,x,QS,V(s,x),\I/(s,x),Vm(s,x),\Ilm(s,x),vm(s,x)) —F(‘g’x)} . =0.

r=

This implies

—_

(02)" (s, X:’za Us) (Vm(s, Xt’z)g(sa Xt,:r’ ﬁs)) =+ tr((aa*)(s, X?Ia Us) Vs (s, Xﬁ’z))

T ous)Va(s, Xt ) + Vau (s, th)b(s,X;’m 7] o (s, X" )W, (S,Xz’z)

; s)+
+ U, (s, X0 o (s, X0 10,) +fz(s XbT Vs, X0®), (s, X0*) + 0%V, (s, X! w),ﬂs)

O |

—l—fy(s,X'z’ V(s X5™), W(s, Xm) + 0"V (s, XE7), S)V (5, Xb7) (5.4)
+ fZ (Sa X§7x7 V(S’ X; x)7 \II( s ) + 0*V$(87X?x)’as)\lll’(&xgx)

+ fz (S) X;7$7 V(S7 Xﬁ T)? W(S’ X£7T) + O-*V-/E(S7 X;#E)? 'U;S)O';(S, XS"’L‘, as)Vw(S, X;7$)

+ f2 (5; Xz,x7 V(Sa X: 1)7 \11(8, ﬁ z) + U*Vx(57 X;,z)’ ’U,S)U* (57 X;’Ia as)vxx(sa X:’I) - Fz(sa X?m)

=0.

Here and in the rest of this paper,

%tT((UU*)waw) = (tT(UU*(Va;);m),tT(UU*(Va:)iI),--- 7tr(00*<v$)2$)> :
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On the other hand, from (5.1), we have

Ve(t, ) = hy(z) + /tT Iy(s,z)ds — /tT U, (s, z)dWy, tel0,T].

Then by the application of Itd’s formula to —V;. (s, X1%)k,, it turns out from (5.4) that
— Vau(s, X5V kg

T T T
— VaT X e+ [ eV X+ [ Valr XNl + [ v X0 -k,
] T 0 T
=— V. (T, X%gﬂ)kT + / {— I, (r, Xﬁ"”) + §tr((aa*)(r, Xﬁ’m, Uy ) Vipaa (T, Xﬁw))

Vi (r, X0, X0, ) + W (1, XY, Xﬁ’m,ﬂr)] b dr

W (r, X)) 4 Vi (1, X070 (1, X207 1) | ke AW,

+ o+ o+

T
Vm(r,)_(ﬁ@)fy(r,)_(ﬁm,W’m,Zﬁvﬂ”,aT)der+/ Vo (r, X05) fo (o, X2, Y5, Z57 i, ) b AW,

T _
Wy (r, Xﬁ’w) + Vi (, Xﬁ’x)a(r, Xﬁ’waﬂr) fa(r, Xﬁ’m7}7rt’x» Zﬁ’aj,ﬂr)k‘rdr

T, X525V ke
o

+

—( o) (r, X5 @ )(Vm(r, Zp)o(r, )_(sz,ar)) — b (r, X1 0,V (7, Z,)

{\I!z (r, XE*) + Vi (r, X2 (r, Xﬁ’l,u,,)} fo(r, XE® Y% 75 4, ) k,.dr

(T,
T — —_ — — —
+ [— (00" (r, X%, 1) (Vao (ry K)o (ry K%)= B2 ry K52, ) Vi (r, X5%)
— o (r, X0F U)Wy (r, XE) — £ (7‘7 X5% V(r, X57), U (r, XE®) + 0* Vi (r, Xﬁ”?),m)

— /2 (T, XE% YV (r, X0%), U (r, XEP) + 0* Vo (r, X0, aT)U;(r, X5 a4, )V (r, Xﬁ“)] k,.dr

T
_ / _ [%(n ) 4 Vi (r, XY er(r, X%, ) + Vi X0V £ 1, Xﬁvﬂ,?f@,Zﬁvw,ur)} o d W,

15

(5.5)
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Due to h,(X5") = Vi (T, X3%), by the uniqueness of the solution to FBSDE (4.6), we obtain (5.2). O

6. AN EXAMPLE: L) PROBLEM

In this section, we take the LQ problem for example to show the relationship between stochastic MP and
stochastic DDP. Consider the following forward-backward stochastic system:

dX;, = [ASXS + Bsus]ds + [C’SXS + Dsus]dWS

Xt =,

dYS = - [)\SYS + <QSXS7XS> + <Rsusaus>]d5 + stWs
Yo = (GXp, X7).

The admissible control set is U?[t, T| and the cost functional is defined as (3.2). Note that in this section we
always take the control domain U = R*. Although U is not bounded, all the results in Section 3 still hold due
to the LQ structure (refer to e.g. Tang [24] and [25]).

We have the following assumptions for the coeflicients.

Assumption 6.1.

1. The coefficients A, B,C, D, \,@Q, and R are all bounded F-adapted processes;
2. The coefficients ) and R are uniformly positive definitive, i.e., there exists a constant C such that

Qs, Rs > C1, for all s € [t,T], a.s.,

where [ is the identity matrix.

For any u € U?[t, T| and initial state z, we introduce the corresponding adjoint equation

dps = - [A:ps + C;kQS - kaQsXs} ds + qdes
pr = —2k7GXr,

dks = Asksds

ky = —1.

From stochastic Hamiltonian system we proved in Section 4, we shall have the following theorem.

Theorem 6.2. If (u, X) is the optimal pair of LQ problem, (4, X) satisfies
_QEsRsas + DZQs + B:p.s =0,

where (P, q, k) is the solution to the corresponding adjoint equation with the optimal pair (@, X). Therefore, the
optimal control has the dual presentation

_ 1- ., _ . .
Uy = 5’% 1Rs 1[Dsqs + Bsps].
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If we give an explicit presentation to (p,q, k), a further expression of optimal control can be demonstrated.
For this, combining the adjoint system with the original controlled system, we have the following stochastic
Hamiltonian system:

dX, = [ASXS + Bsus]ds —+ [CSXS + Dsus}dWS

XO =,

Y, = —[\Ys + (QuXa, Xo) + (Ratig, us)|ds + ZodW,
Yr = (GXrp, Xr),

dps = - [A:ps + C;qu - 2stsXs]d5 + qdes

pr = —2krG X7,

dks = Asksds

ko = -1,

—2ksRsus + D}qs + Bips = 0.

In summary, the stochastic Hamiltonian system completely characterizes the optimal control in LQ problem.
Therefore, solving LQ problem is equivalent to solving the stochastic Hamiltonian system. But this Hamiltonian
system consists of coupled FBSDEs. Thus, this characterization is far from satisfactory. We then introduce the
Riccati equation to give the state feedback representation of the optimal control and further discussion of
stochastic Hamiltonian system.

Different from the Markovian case, the Riccati equation here is a BSDE due to the non-Markovian coefficients

APy = —{A:Ps + Py As + C:P.Cy + APy + CrLg + LCy + Q,
~[P,B, + C:P,D, + L,D;]

x[Ry + D:P,D,| " [PsBy + C:P.Dy + LyD,]"}ds + LydW, (6-1)

Pr=G

The solvability of (6.1) had been solved by Tang [25].

Theorem 6.3. Under Assumption 6.1, the stochastic Riccati equation (6.1) has a unique solution (P, L), where
P is a uniformly bounded and nonnegative matriz-valued process and L satisfies

T p
E(/hf@)<ax
0

for any p > 1.

For the concerned L(Q problem, we still define its value function as

t,x) £ inf J(t,z;u.) = inf Y25
V(vx) JIEIAJ(WQU) 1}2./4 t
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Then, the corresponding stochastic HJB equation is

V(t,x)

u

T
= (Gz, ) —|—/ ian(s,x,u,V(s,x),\If(s,x),Vz(s,x),\llm(s,x),Vm(s,x))ds
t

T
—/ U(s,z)dW,
¢ . (6.2)
1
= (Gz,x) + /t iI&f{(Vz(s,xLASx + Bsu) + itr((C’sx + Dyu)(Cs + Dyu) Vyu (s, 2))

+(U,(s,7),Csz + Dgu) + AV (s, x) + (Qs X5, Xs) + (Rsu, u) }ds

T
—/ U(s,z)dWs.
¢

With the help of stochastic Riccati equation, we can obtain a solution of above stochastic HIB equation.

Proposition 6.4. If (P, L) is the unique solution of the stochastic Riccati equation (6.1), ((Psx,x), (Lsx,x))
is a classical solution of the stochastic HIB equation (6.2).

Proof. Set

v(s,z) = (Psz,x), (s,x) = (Lsz,x).

First note that v, (s, z) = (Ps + P)x = 2Psx, ¥, (s,2) = (Ls + LY)x = 2Lsx, vy (s,x) = Ps + P = 2P,. Then
we have

1
inf{(vy(s, ), Asx + Bsu) + itr((C’Sx + Dsu)(Csx + Dsur) vz (s, x)) + (¢ (s,2),Csz + Dgu)
+ )\S’U(S,l') + <sta £U> + <RSU,U>}
1
= inf{(2P,x, Asx + Bsu) + itr((C’sx + Du)(Csx + Dsu)*zPs) + (2Lgx, Csx + Dgu)

+ )\S<P5£L',£E> + <sta (E> + <RSU,U>} (63)

+2(u, [PsBs + C;P;Dy + LyDy)"z) + (u, (Rs + D P;Dy)u)}
= <[P9As + A:PG + Qs+ O:PGCG + C:Ls +L,Cs + /\SPS]QS, .CE>
—([PsBs + C;P;Ds + Ly D, (Rs + DiP,D,)~" [PsBs + CiP.Ds + LyD,]| “z,3)}
Thus, noticing (6.1), we have
d(Pyx,z) = —{{[PsAs + ALPs + Qs + CiP;Cs + Ci Ly + L,Cy + A\ Py |z, z)
—([PsBs + C;P,Dy + LyD,](Rs + D:iP,Dy)~" [PsBs + C;P;Ds + LyD,]| “z,7)}ds
+(Lsx, z)dWs.
By the definition for (v, ), together with (6.3), it turns out that

dv(s,z) = — ir;f{(vx(s, x), Asz + Bsu) + %tr((C’sx + Du)(Csw + D) *vgy (s, @)
+{z(s,x), Csz + Dsu) + Asv(s,x) + (Qsw, x) + (Rsu, u) tds + (s, x)dWy,

which demonstrates that (v,1) is the classical solution of the stochastic HIB equation. O
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With a classical solution of stochastic HIB equation, we can further obtain the optimal control for the LQ
problem.

Proposition 6.5. The optimal control of LQ problem is given by
s = —(Rs + D:P,D,)"*[P;B, + C;P,D, + L,D,]" X,.

Proof. By Proposition 3.4, we see that the candidate control-state pair (u, X) for the optimal one is of the

following feedback form: .
us = —(Ry + DiP,D,)" " [P;B, + C:P,Ds + LD, X,.

To show that it is indeed the optimal pair, one only need to prove that « is a admissible control, which is proved
in Tang [25]. O
Finally, applying It6 formula to dP; X ks, we immediately have the desired relationship for LQ problem.

Theorem 6.6. For L) Problem, we have the relationship between stochastic Hamiltonian system and stochastic
HJB equation below:

Ds = _2PsXs];:S7

st -2 [PS(CSXS + Dsas) + LSXS]

ks.
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