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THE NEUMANN CONDITION FOR THE SUPERPOSITION
OF FRACTIONAL LAPLACIANS

SERENA DIPIERRO, EDOARDO PROIETTI LiPPI, CATERINA SPORTELLI"
AND ENRICO VALDINOCI

Abstract. We present a new functional setting for Neumann conditions related to the superposition
of (possibly infinitely many) fractional Laplace operators. We will introduce some bespoke functional
framework and present minimization properties, existence and uniqueness results, asymptotic formulas,
spectral analyses, rigidity results, integration by parts formulas, superpositions of fractional perimeters,
as well as a study of the associated heat equation.
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1. INTRODUCTION

1.1. Superposition of fractional Laplacians and Neumann conditions

Nonlocal operators have significantly impacted contemporary research, playing a crucial role in both the-
oretical studies and practical applications across various fields of applied sciences. In this trend, the analysis
of models arising from the superposition of operators of different orders is also receiving increasing attention
also to improve our understanding of complex systems with long-range interactions acting on different scales,
to allow for a more accurate and realistic representation of several physical phenomena and to possibly increase
computational power in numerical simulations.

In this paper, a novel functional framework for Neumann conditions is introduced, specifically tailored to
address the superposition of fractional Laplace operators, potentially involving an infinite (even uncountable)
number of such operators. The results obtained include, among the others, minimization properties, exis-
tence and uniqueness theorems, asymptotic behavior, spectral analyses, continuity results, integration by parts
formulas and divergence theorems, as well as a study of the associated heat equation.

The mathematical setting that we can consider with our methods is very broad but, for the sake of
concreteness, we focus on the following specific framework.

Let 4 be a nonnegative and nontrivial finite (Borel) measure over (0,1) and let o > 0. The operator that
we address here deals with the possible coexistence of a Laplacian and a possibly continuous superposition of
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fractional Laplacians, namely
Lo (u) == —alAu +/ (—A)°udp(s). (1.1)
(0,1)

As customary, the notation (—A)® stands for the fractional Laplacian, defined, for all s € (0,1), as

2u(@) — ufa +3) — ulz — y)
Phiss

(=AY u(z) = cN7s/ dy. (1.2)

The positive normalizing constant cy s is chosen in such a way to provide consistent limits as s /1 and as s \, 0,
namely

1 — S = (— 1 = — 1 — S = (— 0 =
il/rri( A)Yu=(—-A)u Au and il\I"%( A)u = (—A)u = u.

The explicit value of ¢y s does not play a major role in our paper and is given by

_ 22571F(N;23)
N = TN ()

see e.g. [1], Definition 1.1.

In the nonlocal context, at least three notions of fractional normal derivatives have been considered. One
of them is of “geometric” type, and deals with the incremental quotient in the normal direction related to
the half of the order of the operator: this notion is typically very useful for boundary regularity, Pohozaev-type
identities, Hopf-type results, moving plane methods, symmetry results, etc. (see in particular [2-6]). This notion
gives rise to overdetermined problems when combined to Dirichlet external data, but when one allows suitable
larger function spaces, the problem with this type of Neumann condition becomes well-posed, see [7, 8].

A second notion of fractional boundary derivative arises from spectral considerations, in which, roughly
speaking, one considers, in lieu of (1.2), a different operator of fractional order obtained by eigenfunction
expansion and multiplication by powers of eigenvalues (the Neumann condition being thus encoded into the
choice of eigenfunctions, see [9-11]). The structure of this spectral operator is however quite different from that
of the integral fractional Laplacian in (1.2), see in particular [12], Section 2.3 for similarities and differences.

Another notion of fractional normal derivative has been put forth in [13] and it is nicely compatible with
energy methods and variational techniques; also it has a natural probabilistic interpretation which makes it
suitable for applications in mathematical biology (see [14, 15]). This latter notion of fractional derivative related
to (—A)*® takes the form

Asu(z) == cns /Q W dy. (1.3)

While the first notion of fractional derivative is strictly linked to the order of the fractional operator (or
of the induced boundary regularity) and the second to the spectral structure of the classical Laplacian, the
latter setting happens to be conveniently flexible and can deal with the case of operators of mixed order as
well. In fact, as we aim to show in this paper, it can be advantageously exploited in a very general framework
comprising also the superposition of possibly infinitely many fractional Laplacians (and possibly a continuum
of operators). The setting provided here is actually prone to further generalizations, but we present the results
in their simplest possible form. For this, we define the Neumann conditions associated to the operator L,
in (1.1) in the following way:
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Definition 1.1. We say that u satisfies the (a, u)-Neumann conditions if

Nou(x) du(s) = g(z) forallz e RN\ Q, ifa=0,
(0,1)

dyu(z) = h(x) for all z € 09, if u=0,

dyu(x) = h(x) for all z € 9Q and
Nou(z) du(s) = g(z) forall z e RV \Q, if a# 0 and p # 0.

(0,1)
Moreover, when ¢ = 0 in RV \ Q and h = 0 on 952, we call the conditions in (1.4) as homogeneous (o, j1)-
Neumann conditions.

It is worth noting that continuous superpositions of operators of different fractional orders have been recently
considered in [16-18] in the more general case in which pu is a signed measure. We refer the interested reader
also to [19] for the case of combinations of fractional Laplacians with the “wrong sign”. However, the setting
of [16-18] is quite different from the one presented here, since it was tailored for problems subject to Dirichlet
boundary conditions, while the main focus here is about conditions of Neumann type.

1.2. Main results

As a first result, we show that the functions minimizing the integral of the Gagliardo seminorms (which will
be defined precisely in (2.1)), namely

/ )2 du(s),
(0,1)

are the ones satisfying the homogeneous Neumann condition

Au(r)dp(s) =0 (1.5)

(0,1)

for every z € RY \ © (and this is interesting, because it relates the homogeneous Neumann condition directly
to a variational problem).

Theorem 1.2. Let u: RN — R with u € LY(Q). For all z € RN \ Q, we define

u(2)
Euxzz/ csfidzd s).
) (0,1) a o |v—2|N+2s uls)

We set

where Fy stands for E, when u=1.
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Then,

/ e [ dp(s) < / e [u]? du(s). (L.7)
(0,1)

(0,1)

We also give an existence and uniqueness result for solutions of

1.8
with (o, p)-Neumann conditions. (18)

{La#(u) —f inQ,

In the forthcoming Section 2 we will introduce the precise functional setting for this problem, see in particular
formulas (2.3) and (2.5) for the definition of the functional spaces 3, (2) and H, ,(12), respectively.

Theorem 1.3. Let € be a bounded Lipschitz domain. Assume that f € L?(Q), g € LY(RN\ Q) and h € L*(09).
Suppose that there exists 1 € C*(RN) such that 1) = h on O and

Npdu(s) = g in RV \ Q.
(0,1)

Then, problem (1.8) admits a solution in H, . (Q) if and only if

/fdas:—/ gdx—a/ hdseN 1. (1.9)
Q RN\Q o

Moreover, if (1.9) holds, the solution is unique up to an additive constant.

We observe that the statement of Theorem 1.3 is in analogy with the case p = 0 (see [20], p. 294) and with the
fractional case in which o = 0 and p is a Dirac delta centered at some s € (0,1) (see [13], Thm. 3.9). The proof
of Theorem 1.3 follows the same strategy of [13], Theorem 3.9 and therefore it is postponed to Appendix A.

The following result deals with the behavior at infinity of functions satisfying the homogeneous Neumann
condition in RV \ Q.

Theorem 1.4. Let Q be a bounded open subset of RN . Let u € 3, () be a bounded function such that
Nudpu(s) =0 in RV \ Q.
(071)

Then

1
lim u(z)=-— | wu(z)dx.
|| —+o0 (=) |Q|/Q (=)

We also study the eigenvalue problem associated with our superposition operator under Neumann conditions:

Theorem 1.5. Let Q@ C R™ be a bounded Lipschitz domain.
Then, there exists a sequence of eigenvalues

0= <A< A3

with a corresponding sequence of eigenfunctions u; : R™ — R, with i € {1,2,...}, which provide a complete
orthogonal system in L*(Q).
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Interestingly, the Neumann condition forces a global continuity property, as stated in the following result:

Theorem 1.6. Let Q C RY be a domain with C* boundary. Let u be continuous in Q, with

Nudu(s) =0 in RNV \ Q. (1.10)
(0,1)

Then, u is continuous in the whole of RYV.

These main results will be complemented by other auxiliary results which have their own interest, such
as continuous and compact embeddings (Prop. 2.3), divergence theorems and integration by parts formulas
(Lem. 3.1 and 3.2), maximum principles (Lem. 4.3), Poincaré inequalities (Lem. 5.1), mass conservation, energy
decresingness and asymptotics for the heat equation (Props. 6.1, 6.2 and 6.3), asymptotic properties of a
normalized Neumann condition (Prop. 7.2), superpositions of fractional perimeters, etc.

1.3. Examples and possible applications

The setting that we introduce here for the Neumann conditions extends the one proposed in [13] but is also
entirely new in its wide generality. Moreover, the assumptions on the measure p allow us to consider many
specific cases which, to the best of our knowledge, have never been addressed in the literature. We provide some
examples® below:

o If u =4, for some s € (0,1) and a = 0, then the operator introduced (1.1) reduces to the fractional
Laplacian, for some s € (0,1). In this case, the Neumann conditions in (1.4) turn out to be

Neu(z) = g(z) for all z € RV \ Q.

In this case, we find exactly the setting introduced in [13];
o If 4 = B, with 8 > 0 and « # 0, then the operator defined in (1.1) reduces to the mixed local and nonlocal
problem

Lo u(u) =—aAu+ B(—A)°u (1.11)

and the Neumann conditions in (1.4) simplify to

{3uu(:p) =h(z) for all z € OQ, 112)

Neu(x) = g(z) for all z € RV \ Q.

The mixed operator (1.11) has been widely studied in the recent literature also in regards to elliptic
regularity [21-27], parabolic estimates [28, 29], classification and symmetry results [30], geometric and
functional inequalities [31, 32], numerical schemes [33], Aubry-Mather theory [34], transport in magnetic
fields [35], etc.
The study of this mixed operator problem under the Neumann condition (1.12) has emerged in [14, 36]
and has been further extended in [37].

o Let n € N with n > 2 and consider the measure given by

u :: Zésk. (1-13)
k=1

S i ——— : :
As customary, §s denotes the Dirac measure concentrated at some fractional power s € (0,1).
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If o # 0, the operator in (1.1) provides the superposition of a Laplacian and n nonlocal operators with
different orders, namely

Lou(u) = —alu+ Y (=A)*u.
k=1

Also, the Neumann conditions in (1.4) reduce to

8,,u(x) = h(x) for all x € 09,
Z =g(z) forallz e RN\ Q.

At the best of our knowledge, this setting is new in the literature;
If « =0 and p is as in (1.13), we have the superpositions of n fractional Laplacians, i.e.

n

A)ky
k=1
with the Neumann conditions in (1.4) given by
Z =g(x) forallz € RV \ Q.

This case is also new;
If a # 0 and

+oo

pi=Y kb, (1.14)
k=1

with ¢ > 0 for any k& € N\ {0}, then we are able to address the case of a mixed order operator consisting of
a Laplacian and a convergent series of infinitely many fractional Laplacians, namely the operator in (1.1)
reads as

+oo
Lo u(u) = —alu+ Z ¢k (—A)%Fu.
k=1

In this case, the Neumann conditions reduce to
8 u( ) = h(z) for all z € 092,

ch =g(z) forallz e RN \Q.

As far as we know, this problem happens to be new as well;
If &« = 0 and p is defined as in (1.14) with ¢; > 0 for any k& € N\ {0}, then the operator in (1.1) is written
as a convergent series of nonlocal operators, that is

+oo
u) = Z ek (—A)Fu.
k=1
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Moreover, the Neumann conditions in (1.4) are given by
+o0 .
ZL/V@ku(z) =g(x) forallz € RV \ Q.
k=1

Also this case has not been explored in the existing literature;
e Given a measurable, nonnegative and not identically zero function f, we consider the continuous
superposition of fractional operators corresponding to the measure p such that

du(s) := f(s)ds, (1.15)

where ds stands for the usual Lebesgue measure. In this case, if a # 0, the operator in (1.1) boils down to

1
Lou(u) =—aAu +/ fs)(—A)’uds.
0
With this choice, the Neumann conditions are given by

Oyu(x) = h(x) for all z € 09,
1
/ f(s) Aeu(z)ds = g(z) for all z € RV \ Q.
0

To the best of our knowledge, the existing literature lacks of this specific case.
e If @ = 0 and the measure u satisfies (1.15), then we can cover the case of a continuous superposition of
fractional operators of the form

1
Loute) = [ 1)) uds

and the Neumann conditions in (1.4) reduce to
1 —
/ f(s) Aeu(z)ds = g(x) for all z € RN\ Q.
0

1.4. Organization of the paper

The rest of this paper is organized as follows. The functional framework needed for this paper will be presented
in Section 2.

Section 3 will put forth the integration by parts formulas, discuss minimization properties and give the proof
of Theorem 1.2.

Section 4 will make precise the notion of weak solutions and provide the proofs of Theorem 1.4.

The spectral theory and the proof of Theorem 1.5 will be contained in Section 5.

The heat equation will be discussed in Section 6 and Section 7 will be devoted to the proof of Theorem 1.6
(an alternative proof of Thm. 1.6 being showcased in Appendix E).

The connection with fractional perimeters will be presented in Section 8.

Appendix A contains the proof of Theorem 1.3.

Appendices B, C and D contain some results which easily stem from [13], Propositions 3.1, 3.7, and 4.3. For
the sake of completeness, we provide them with all the details.
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2. FUNCTIONAL SETTING

In this section, we introduce the functional setting that we work in. To maintain the discussion as simple as
possible, we follow the approach in [13]; a different approach with a more delicate choice of test spaces would

require the finer analysis put forth in [38].

We start by considering the case in which only nonlocal interactions are present, that is a = 0. To do this,

we introduce the Gagliardo seminorm, that is

/2
Ju(x) — u(y) P '
[u]s := (CN,s /Q oy drdy )
where Q := R2V \ (RV \ Q)2

Given g € LY(RY \ Q), we also define the norm

1/2
1
l[ullc == (Iulliz(m + g1 ull 2 @\ + 3 /(O 1)[u}§du(5)>

as well as the space H,(Q) of all measurable functions such that the norm in (2.2) is finite, namely

H,(Q) := {u: RY — R measurable : |ul|, < +o0}.

(2.1)

(2.2)

(2.3)

To deal with the more general case, we consider functions g € L(RY \ Q) and h € L'(9€) and define the

norm

[[ullv,pe =—<IIU%2(Q) + A1 2ullZe o) + Mgl ullZ2 @)

1/2
1
+alVullag + 5 [ [u]?du(s)>
(0,1)

and the space

HY(Q) if 4 =0,
Heau () := < H, () ifa=0,
HY(Q)NH,(Q) if p#£0and a#0,

endowed with the norm in (2.4).
It is easy to check that the norms defined in (2.2) and (2.4) are induced by the scalar products

(u,v), = /qu dz + /]RN\Q lg|luv dz + /(071) C];s //Q (u() _|Z(y)£,|<lz\)7(+$2)s_ v(y)) da dy du(s)

and
(U, 0)a,p = / wvdx +/ |h|uv dsN 1 +/ lg|luv dz + a/ Vu - Vodz
Q o0 RN\Q Q

ens [ (u(@) —u(y)(v(z) —v(y))
i /(0,1) //Q |z — y|N+2s e dy du(e),

2

respectively.

(2.4)
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Proposition 2.1. (H,, (), - ||a,.) s a Hilbert space.
Proof. We observe that

(F. (), |- l|.) is a Hilbert space. (2.8)

(see Appendix B). Hence, the completeness of H, ,,(£2) follows from its definition in (2.5) and 2.8.

Accordingly, observing that (2.7) is a bilinear form and |ul|q,, = (u,u),ly/ fb, it only remains to show that
if ||/, = 0, then u =0 a.e. in RN (or, if x4 =0, in ).

To this aim, we observe that, if |[u[|s,, = 0, then |lu|z2(q) = 0, and thus v = 0 a.e. in Q. Hence, if 4 = 0, the
proof is concluded. Otherwise, we also have

|u(@) — u(y)® )
CN,s —————>—dady | du(s) =0,
/(0,1) ( v /Q |z — y[N+2s (=)

which gives

_ 2
/ 0 W dzdy =0 forany s € supp(n)-

Hence |u(z) — u(y)| = 0 for any (z,y) € Q. In particular, for a.e. v € R™\ Q and y € Q, we get
u(z) = u(z) - uly) =0,

which means that v = 0 for a.e. z € R™. This concludes the proof. O

As a next step, we aim to prove an embedding result for the spaces 3, (Q2) and H, ().
We notice that, since £ is nontrivial, there exists sy € (0,1) such that

u([s2,1)) > 0. (2.9)

We will show that the space H,(£2) is continuously embedded in L% (€2), with?

2N
2 = (2.10)
# N — 2811

For this, we provide a preliminary result.

Lemma 2.2. Let s € (0,1). Let also s < s1 < s2 < 1 and Q be an open subset of RNV, Let u: Q2 — R be a
measurable function. Then,

()‘2 / ()|2
u =+ d:l?d + d.l?d
| HLZ(Q) //X, |x |N+251 ys Hu||L"’(Q) " ‘x ‘N+232 v

where ¢ = ¢(N,s) > 1.
Ezxplicitly, one can take
2wN-—1

c(N,s) =1+ :
S

2We remark that some arbitrariness is allowed in the choice of sy in (2.10), hence the results obtained will be stronger if one

picks sy “as large as possible” but still verifying (2.9).
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where wy_1 denotes the measure of the unit sphere in RY.

Proof. We write

)|2d d
QxQ \SU—ZJ|N+281 Y

_ 2 _ 2
:// 7‘16(96) 1&%2' dxdy—l—// 7“6(%) AZ/L_(FZZ' dz dy.
(Qx)N{|z—y|<1} |z -y o Q@xQ)N{|lz—y|>1} |z — y o

Notice that, since s1 < so, we have

2 2
u(z) — u(y u u(y
// 7| () NJ(FQQ dzdy < // 7| () N;Zl dz dy
OQxQ)N{|z—y|<1} lz -yl QxQ)ﬂ{\z y|<1} |z —yl

WP (2.11)
//QXQ |517*Z/\N+252 dody.
Moreover, since N + 2s; > N and s; > s > 0, we have
_ 2
i o) ~ )l
(@xQ){ja—y|>1} [T —y[N T2
dz dz 2w (212)
2 2 N-1 2
N </fz [ute)ld /|z|>1 2| N+2s1 +/Q|U(y)| dy/|z|>1 Ile”Sl) ST lullzz@)-
Thus, combining (2.11) and (2.12), we have
u(y)|® 2wzv 1 // u(y)|®
dedy < (1 dzd
JullZ gy + //Q y |x— |N+% y< (14 ||u||L2<m - |x— |N+%2 y
u(y)l®
(nunm I aray).
as desired. 0

Thanks to Lemma 2.2, we are able to prove an embedding result for the space H,(£2) defined in (2.3).

Proposition 2.3. Let Q be a bounded, open set in RY with Lipschitz boundary. Let sy be as in (2.9). Then,
the space 3, (2) is continuously embedded in H*(2).
In particular, 3, (Q) is compactly embedded in LI(QY) for any q € [1,2%)).

)’ “sy

Proof. We observe that

2
CN,s
ull2agq + / s [ deayans) < . (2.13)
X

thanks to (2.2). Then, we use Lemma 2.2 with s1 := s4 and sp := s € [sy,1). By (2.9), without loss of generality
we can assume that there exists 6 > 0 such that p([sy,1 — 6]) > 0. We set

m:= min {1 CN’S}
selspi-o) Lp[sg, 1—6])7 2 f°
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From this, we have

2 CN,s )|2
dzdyd
ey + 5 T dedvdnGs)

> ||u||%2(9) +/ s // N+2)|2 dz dy du(s)
[s5,1—0] QxQ |~”'3* | s
l[ull72(q) Lo // u(y)|®

= 0. : dz dy | du(s

/[sﬁ 1-4] (u([sml - Qx Ix—le”é (s) (2.14)

Ju(z) —u(y)]?
>m w72 +// dxdy ) du(s
[sul 8] (' HL ) axQ |$—y|N+23 =)
u(y)l?
2 dxdy | d
> o oy i+ [, R dean)auts

= ClHUHHSu(Q)a

for some Cy = C1(N, s4,6) > 0.
Now, combining inequalities (2.13) and (2.14) we arrive at

HUH?LW(Q) < C|\u||i,

up to renaming the constant C.
This proves that () is continuously embedded in H®#(2), as claimed. Finally, the compact embedding
follows from [39], Corollary 7.2 and this concludes the proof. O

As a consequence of Proposition 2.3, we derive a suitable compact embedding result for the space H, . (€2)
as well.

Corollary 2.4. Let Q be a bounded, open set in RN with Lipschitz boundary. Assume that o # 0. Then, the
space Hy, ,,(Q) is continuously embedded in H* ().
In particular, we have that Ha ,(Q) is compactly embedded in L1(Q) for any q € [1,2%), where

2N

2% = —.
N -2

Proof. Let a # 0. We observe that, by the definition of the norm in (2.4), if u € H, ,(£2), then
[ull1(0) < Cllulla,u,
for a suitable constant C' > 0. O

3. INTEGRATION BY PARTS FORMULAS AND MINIMIZATION PROPERTY

In this section, we will prove some auxiliary formulas which will be useful in the forthcoming results.
To start, we give the analogue of the divergence theorem. We point out that the assumptions required in the
next two results are significantly more general than the ones required in [13], Lemma 3.2 and Lemma 3.3.

Lemma 3.1. Let u: RY — R be such that u € C*(Q) and

(—A)*u € L' (Q x (0,1)). (3.1)
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Assume that the function

Qx (RY\ Q) x(0,1) 3 (z,y,s) — cMSM belongs to L' (Q x (RN \ Q) x (0,1)). (3.2)
Then,
/ / x)dadu(s) = / Nsu(z) dz dp(s). (3.3)
(0,1) (0,1) JRN\Q

Proof. We first point out that the assumptions (3.1) and (3.2) give that the integrals in (3.3) are finite.

Now, we observe that
dx dy daxdy =0,
/ /Q\x—va / /Q|a:—y|N+29 !

since the role of z and y is symmetric.

This implies that
u(z) — u(y)
CN, ————> dedydu(s) = 0.
Jow oy

Hence, recalling the definitions in (1.2) and (1.3), we can use (3.2) to exchange the order of integration and

obtain
u(z) — u(y)
/O 1)/ (0,1) Q JRN ‘I‘_y‘N+2s ( )
B s T ngas dydzdpu(s
/(0’1) //RN\Q |.Z’— |N+25 (s)
B ) drdydu
/0 ,1) /RN\Q/Q |z — |N+23 (s)
- Ay) dy dus),
(0,1) JRN\Q
as desired. ]

We have the following integration by parts formula.

Lemma 3.2. Let u,v : RN — R be such that u,v € C?(Q) and

Qx(0,1)3 (z,y,8) — cNs (u() ;%Z%{Qg o)) belongs to L*(Q x (0,1)). (3.4)

Assume that

(—A)*uv € LY(Q x (0,1)) (3.5)
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and that the function

(u(x) — u(y))v(z)

|Jj _ y|N+23

(RV\ Q) x 2 x (0,1) > (z,y,8) — cn,s

belongs to L' (RM \ Q) x Q x (0,1)).

Then,

/0 1 // |x_ Z(iil‘”(y” dz dy du(s)

/01/ ) dz du(s /01/RN\Q z) Nou(x) dz du(s)

where ¢y s is the constant in (1.2).

13

(3.6)

(3.7)

Proof. First, we observe that the assumptions (3.4), (3.5) and (3.6) guarantee that the integrals in (3.7) are

finite.
We notice that Q = (2 x Q) U (2 x RV \ Q) U (RY \ Q x Q). Then, we compute

/ / |x_ |2ﬁ)s”(y)) drdy
// |N+22d dy AAU(Q)dedy
_2// |x— |N+22d dy.

Moreover,

J GBI RIC Y
Q JRN\Q

|I‘ _ |N+25

u(z) —u(y)

d dy // dz dy
//]RN\Q |~T— |N+2S JRN\Q |$— \N“S
u(z) —u(y)

dxd +/ / dz dy,

//]RN\Q |~T— |N+2S RN\Q |$— \N”S Y

and in a similar way

[ [ Z@f”(y” ey
RN\Q |30— yl
(v)
d dy — dzd
/RN\Q/ |9C— |N+29 /]RN\Q/ |$— \N+28 Y

/RN\Q/ |x_y|N+22 dzdy +/ /RN\Q )md dy.
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Combining all the previous identities, we get

= y(fé(iil_ o) 41y
/sz/RN |$— N;Zd dy+/RN\Q/Q |9C%—)|NJ(F2‘Zd dy-

Thus, by using (1.2) and (1.3),

o o0 i vtz

:/(0’1)/91;(35)(—@ ) dz du(s /0 . /RN\Q z)Nsu(x) da du(s).

This concludes the proof. O
Now we complete the proof of Theorem 1.2.

Proof of Theorem 1.2. Without loss of generality, we can suppose that

|u(z) — u(y)|?
cN7s/ ——— = dedydu(s) < +oo,
/(0,1) o |z—yNt2s

otherwise we are done.
Now, we observe that

Ju(x) — u(y)|? / / u(z) — uly)|?
CN,s ———~ras dzdydpu(s) = CN,s T drdy du(s), 3.8
/(0,1) N /Q q |z —y|Nt2s (5) ©1) N | Jo e — gV (s) (3.8)

so we only need to consider the integral over (R \ Q) x Q, or equivalently over Q x (R \ ). Setting ¢(z) :=
u(z) — u(z), for every y € RV \ Q we have

lu(z) = u(y)I* Ju(x —pw)lP
/(071)61\7,5 0 |z — y[Nt2s dedu(s) /0 " / |x— ‘N+2€ dzdu(s)
/ /'u —u)l” = 2e(y)(u(@) — aly)) + o)

7 — g dz du(s).

We notice that, for every y € RV \ Q,

u(x) — u(y) B E.(y) _
/(0 1)CN7S/Q|J:_|]V+2gd xdu(s) = Eyu(y) Ey(y) =0.
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Therefore we deduce from the identity in (3.9) that

|u(z) — u(y)|? / / i) — A1 + |0 ()2
CNs | e dedp drdu(s
/(0,1) Mo Jo o —y[N2s (5) 01) |x— y|N+2s (s)

ja(x) —a(y)|?
CN,s drdu(s
/(0,1) o |z —y[Nt2s 5)

WV

for every y € RY \ ), and the equality holds if and only if ¢(y) = 0.
Integrating over R™ \ Q (or, equivalently, over RY \ Q), and using Fubini’s theorem, we conclude that

[u(z) — u(y)|* li(z) — a(y)|?
CN’S N IN+2s dﬂ: dyd:u S 2 / CN,s/ _— dgj dy d'u s),
/(0,1) /]RN\Q o |z—ylVe ) ©0.1) r\o o o —y[NF (s)

and the equality holds if and only if ¢ = 0 in R \ Q. This and (3.8) imply (1.7), as desired. O
4. WEAK SOLUTIONS WITH («, it)-NEUMANN CONDITIONS
In this section we consider the problem

{Lw(u) —f inQ, 1)

with (o, p)-Neumann conditions

for some suitable functions f: Q = R, g : R¥\ Q — R and h: 9Q — R.
We now provide the following definition.

Definition 4.1. Assume that f € L2(Q), g € LY(RY \ Q) and h € L1(9£2). We say that u € H, () is a weak
solution of the problem (4.1) if, for any v € H, . (),

/vu de+/0 . CNS// g@g_”(y)) da dy du(s)

:/fvd:r+/ gvdx+/ hvd%Nﬁl.
Q RN\Q a0

We state the following preliminary result, with the proof provided in Appendix C.

Proposition 4.2. Assume that f € L*(Q), g € L'(RN \ Q) and h € L' (99). Let I : s, (Q) — R be the
functional defined as

a cns ([ Julz) —u(y)
= - Vu2dm+/ : / dedydu(s
2 /Q Vul oy 4 Mo lz—yNt2 (=)

—/fud:z:—/ gudx—/ hudsN 1L
Q RN\Q o0

Then, critical points of I are weak solutions of the problem (4.1).

Next result is a sort of maximum principle and is helpful to prove the existence and uniqueness result in
Theorem 1.3.

Lemma 4.3. Let f € L*(Q), g € LY(RN \ Q) and h € L' (99) be nonnegative functions. Let u € H,,,(Q) be a
weak solution of (4.1).
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Then, u is constant.

Proof. The argument is inspired by that of Lemma 3.8 in [13], but some care is needed to address the presence
of the measure p. To this end, observing that the constant function v = 1 belongs to H, , (), we can use it as
a test function in (4.2) to obtain that

O=/fdx+/ gdx + hd,%’;Nfl.
Q RV \Q oQ

This implies that f =0 a.e. in , g = 0 a.e. in RV \ Q and » = 0 a.e. in OQ.
Thus, taking v := u in (4.2), we get

engs ([ u(@) —uly)?
o Vqux+/ —/ —————>—dadydu(s) =0,
/Q Vel on 2 Jo |z—ylNt2 (s)

hence u is constant in RV, as desired. O]

Now we complete the proof of Theorem 1.4 (though inspired by Prop. 3.13 in [13], the complication arising
from the measure does require here some bespoke modifications).

Proof of Theorem 1.4. We observe that, since {2 is bounded, there exists R > 0 such that 2 C Bg. Thus, if
y € Q and |z| > R, we have

2] = R< |z —y| < |2[ + R.

Since u is bounded, we set @(z) := u(x) + ¢ for some ¢ > 0 such that @ > 0. We notice that, for any z € RV \ Q,

Hi(w)du(s) = [ Au(x)du(s) =0.
(0,1) (0,1)

Thus, recalling the definition in (1.3), for any € RY \ Q we can write

u(y)
CN,s ——————dydpu(s
. /(0,1) /Q |z — y| N+ (=)
u(x) = T .
CN,s / g Ay du(s)
/(0,1) o |z —y|NF2s
Therefore, if |x| > R, from the previous inequality we obtain that
u(y)
O RN (R g -,
Jun e o s Avem ~ G Ay )

1 <a(z) <
Jon e s van [ e | e vt

which becomes

/(071) md“(s)][ L /<o,1) (\fvlfNWdu(S)
)70 /

/ e dus H s < e dp(s
(0.1) (] = R)N+2s y (o] + R)N+2s
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Now, we claim that

CN,s
NS Sa—
/(0’1) (lz] + R)N+2s (s)

| |lim p =1.
z|—>+o0 N,s
A L d,u(s)
/(0,1) (Jo| = R)N+2s
To check this, first we observe that
CN,s 1 1
s [ en - ) dute)
/(0,1) (lz| + R)N+2s _q Jon (le| = R)N*2s (|| + R)N+2s
CN,s CN,s ’
22— dpu(s) / s du(s)
/(0,1) (x| = R)N+2s 1) (lz] = R)N+2s

where we can write

/(071) e ((l’| - ;%)NHS T (2] + ;)N+2s> du(s)

() e

o / CN,s
0,1y (x| = R)N+2s

Setting
2R
t:=——— <1,
|z| + R

we have

t t

1—(1—t)N+2 = (N + 25)/ (1—7)V+2=ldr < (N + 2)/ dr = (N + 2)t,

0 0

and so

CN.s 2R >N+25 2R(N + 2) CN s
e Iy . du(s)gif NS qu(s).
.AMHM—RW“Sl ( o]+ R [+ R S (o] = R)V¥2:

Accordingly,
CN,S P s His
. (0,1) (Jo] = R)N*2s (|| + R)N+2 . 2R(N+2)
lim < lim ——~=0.
|| +oo / CN,s dpu(s) |o|=+o0 |2| + R
(0,1 (|z] = R)N+2s

From this and (4.5) we obtain (4.4).
Thus, from (4.4), passing to the limit in (4.3), we see that

lim a(z) = ﬁ/ﬁﬂ(m) dez,

|z| =400

17
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which implies

as desired. 0

5. EIGENVALUES AND EIGENFUNCTIONS

In this section we examine the spectral properties of the problem (4.1). To this aim, for any measurable
function u : RY — R, we set

u(y) P
o0 = ol + [ eme f[| B aydnts) (1)
X

and we define the space

H,(Q) := {uELZ( '/0 y //Q . |x— |N+2)S| dxdyd,u(s)<+oo}.

Arguing as in Proposition 2.8, it is easy to check that H,(2) is a Hilbert space as well. Moreover, it is worth
noting that in the proof of Proposition 2.3, we have also proved that H,(f2) is continuously embedded in H*#(2).
In our setting, the following version of the Poincaré inequality holds:

Lemma 5.1. Let s € (0,1) and let Q@ C RY be any bounded Lipschitz domain.
Then, for any function v € H, (), we have

/Qu(x)f]iu(:r)dz dz < e, 1) /01) //QQ |x_y|N+2)s2d dy du(s),

for a suitable constant c¢(€2, i) > 0.

Proof. The argument presented is a sharpening of Lemma 3.10 in [13]. Assume by contradiction that the desired
inequality does not hold. Then, there exists a sequence u,, € H,(§2) such that

][ wn(@)dz = 0, [lunllz2 = 1 (5.2)
Q

and

/0 1) //QXQ u7|1$— |N+(25)| dedydu(s) < 111 (5.3)

Hence, by (5.1), (5.2) and (5.3) we gather that u, is bounded in H,(2). Besides, by Proposition 2.3, we infer
that the embeddings

H,.(Q) C H,(Q) C H**(Q)
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are continuous. Moreover, by [39], Corollary 7.1, we have that H*#(Q) is compactly embedded in L?(2). Hence,
up to subsequences, u,, converges to some u € L?(Q), namely

Up —u in L2(Q) and wu, —u a.e. in Q.

Furthermore, by (5.2),

f u(r)dr =0, and ||ullp2@q) = 1. (5.4)
Q

Thus, recalling that u,, converges to u a.e. in §2 as n — +o0, by (5.3) and Fatou’s Lemma, we get

u(y)|? - |un (@) — un(y)]?
—————Z dzdydu(s) < liminf —————> dxdydu(s) <0.
/o 1) //QXQ |JU—2/|NJr2g n—++o0 01) axQ |33—ZU|NJr2g

Since p is nontrivial, we infer by the previous identity that u is constant in €, in contradiction with (5.4). O

We now provide the definition of eigenvalues and eigenfunctions of the operator L., in (1.1) with
homogeneous (a, pt)-Neumann conditions in Definition 1.1.

Definition 5.2. We say that A € R is an eigenvalue if the problem

{Lw(u) =X inQ (5.5)

with homogeneous (¢, p)-Neumann conditions

admits a solution u € I, ,(2) which is not identically zero.
If A is an eigenvalue, we call the solution u an eigenfunction associated to the eigenvalue A.

With this setting, we can prove Theorem 1.5 (in this regard, some care is needed to deal with the presence
of the measure p and the possible coexistence with a local operator):

Proof of Theorem 1.5. We set
Li(Q) = {f € L*(Q): / f(z)dz = 0} :
Q

Moreover, let T be the operator defined as
To: f€L3(Q) — Tof =u € Ha u(Q), (5.6)
where u denotes the unique weak solution to the problem (4.1), according to the Definition 4.1. We point out

that, by Theorem 1.3 and since f € L2(f2), there exists a unique solution to problem (4.1), up to an additive
constant. We can choose such a constant to be e.g. f u(z)dz. In this way,

/Q (u(az) - ]éu(x)dx) dz =0
and then u € LE(Q).

Also, we define the operator T as the restriction

T:feLiQ) — Tof|, € L5(Q). (5.7)
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Let us show that T is a compact and self-adjoint operator.
We start proving that T is compact. To this, we test (4.2) with v = u = Ty f, getting

engs ([ Julz) —u(y)?
@ Vu 2dm—i—/ : / ————dedydu(s) = [ fudzx
/Q [Vl 01 2 Mo |lz—yNtas (5) Q (5.8)

< fllzz o) llull 22 @)-

We notice that two cases can occur:

e if & #£0, by (5.8), we infer that

2
« Vul?dz < a/ Vul?dx +/ CN,s / Mdz dy du(s
/Q [Vl Q [Vl 01 2 Mo |z—yNt2 uls) (5.9)

< 1 fllzz @) llull 2 @)-

Also, the classical Poincaré inequality gives

1/2
ull 2o < e ( / w?dx) , (5.10)
Q

for a suitable constant ¢; > 0 depending only on Q. Thus, combining (5.9) and (5.10), we have

1/2
o ( / |Vu|2dx) < esll s, (5.11)
Q

for a suitable co > 0;
e if a =0, by (5.8) it follows that

CN.s u(y)l? / CNs/ |u(z) — u(y)[?
——————dzdydu(s) < —_ ————>—dxdydu(s
/0 1) //ZXQ |z — |N+2S =) 0y 2 Jao |lz—yNt2s (s) (5.12)

< ||fHL2(Q)||UHL2(Q)~

Now, recalling that f u(z)dz = 0 since u € L(f2), by Lemma 5.1 we get

1/2
CNS )‘2

llzaey < (e ) / e ) MO ayauts )
1@ 0,1) QxQ |~”U - |N+2S

Thus, (5.12) becomes

1/2
CN,s 2
/ 3 // N+2)s‘ da dy du(s) < asllfllz2 o). (5.13)
0,1) Qx0 |95 -yl

with ¢3 > 0 depending only on © and pu.

Now, let f,, be any bounded sequence in L3(Q) and let u,, := Tf,. On the one hand, if a # 0, by (5.11) we
obtain that u, is bounded in H'(Q2), which is compactly embedded in L?(2). Hence, u,, converges strongly to
some u € L?(9), up to subsequences.
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On the other hand, if o = 0, by (5.13) we infer that u, is bounded in H,(Q2). By [39], Corollary 7.2, the
space H,(Q2) is compactly embedded in L?(£2) and again u,, converges strongly, up to subsequences, to some
u € L?(Q). Consequently, we have that T is a compact operator.

Let us show that T is self-adjoint. To this aim, we take fi, fa € C§°(2) satistying

]éfl (z)dz = ]ifg(x)dx =0.

Hence, by (5.6) and (4.2) (recall that g = h = 0), we have

ens [ (Tofi(x) — Tofi(y)(v(z) — v(y))
oz/QV(Tofl)(;l:) -Vo(z)dz+ /(0’1) 5 //Q dz dy du(s)

oy
(5.14)
= [ fivdz for any v € H, . (2)
Q
and
Sl da ens [ (Tofa(z) = Tofoy)) (w(z) —wly)) s
a/QV(Tofz)(x) Vu(z)d +/(0’1) 5 //Q [z — y|N+2s de dy du(s) (5.15)

= /Qfgw dz for any w € Hq ,,(£2).

Now, recalling the definition (5.7) and testing (5.14) and (5.15) with v := Ty fa € Ho,u () and w := Ty f1 €
Ha,u () respectively, we obtain that

[ 7@ The = [ p@)Thde forany fi.f € G (@) (5.16)
Q Q

We employ a density argument to prove that the identity (5.16) holds for any fi, fo € L3(). For this, we
notice that if fi, fo € L3(£2), one can find two sequences fi ., fo., € C5°(Q) such that f1, — f1 in L*(Q) and
fon = f2 in L?(Q), as n — +o0.

Thus, by (5.16) we deduce that

/ Frn(@) T fon (2)dz = / Fo(@) T 1 (2)da. (5.17)
Q Q

Moreover, recalling that (5.11) and (5.13) hold with u = Tof and f € L%(Q), either by (5.7), (5.10), (5.11)
if & # 0 or by Lemma 5.1 and (5.13) if a = 0, we have

ITfinllz2) < callfinllzz  and T fonllzz) < esllf2nllz2 @),

for some constants ¢4, c5 > 0.
Thus, Tf1, — Tf1 in L*(Q) and T'f2,, — Tfo in L?(Q2) as n — +oo and by (5.17) we have

/ (@) T o) = / fol) Tfi (x)da,
Q Q

which means that 7 is a self-adjoint operator in L?(£2).
Then, by the spectral theorem, there exists a sequence of eigenvalues {p;}i>2 of T with corresponding
eigenfunctions {e; };>2 which are a complete orthogonal system of L3 ().
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We claim that
wi #0 foranyie{2,...,n}. (5.18)
If not, there exists i € {2,...,n} such that pu; = 0. Hence,
0=pe;=Te; =Tpe; in (5.19)
and also

Nei(x)du(s) =0
(0,1)

in R™\ Q, by construction.
This, along with (5.19), imply that

Toez'(y)
cN,s/ T s—dy du(s)
/(071) o |z —y[mt2s
1
eNys | T Ay du(s)
/(0,1) /Q |z — y|nt2s

Hence, by the previous identity and (5.19) we infer that

Toe;(x) = =0 inR"\Q.

0= —aA(Tye;) +/ (—A)*(Toe;)dp(s) =e; inQ
(0,1)

in the weak sense, which gives e; = 0 in Q. This contradicts the fact that e; is an egenfunction and then (5.18)
holds.
Now, in light (5.18), we set

1

Xi=p;  foranyie{l,...,n}.

Moreover, we also define u; := Tpe; and we claim that wusg,us,... is the desired systems of eigenfunctions with

corresponding eigenvalues Az, As, .. ..
Indeed, by definition

U; = Toei = T@Z‘ = ;€4 in Q,

which means that the desired properties of orthogonality and completeness properties of wus,us,... simply
follows by those of es, e3,... and the previous identity provides that

—ab() + [ (A) () duls) = —ad(Toe) + [ (“A)F (Te) duls) = e = s in €
(0,1) (0,1)

which means that also the spectral property holds. Let us prove that

A; >0 for any i > 2. (5.20)



THE NEUMANN CONDITION FOR THE SUPERPOSITION OF FRACTIONAL LAPLACIANS 23

To this end, we notice that the corresponding eigenfunctions uy, us, ... are solutions of the problem

LQM(UIL') = /\iui in Q
with homogeneous («, p)-Neumann conditions,

Then, taking u; as a test function in the weak formulation of this problem, we find

. 2
o Vulz 2d.17+/ CN,s‘/v |U(I) U(y)| dae dy du(s :)\/u T de’
Jivurars [ e ] RO ayduts) = x [ w

which entails that \; > 0.

Let us prove that A; > 0. To check this, suppose by contradiction that A\; = 0. Then, Lemma 4.3 provides
that u; is constant. As we also know that that u; € L3(), it follows that u; = 0, against the fact that u, is an
eigenvalue. This proves (5.20).

From (5.20), up to reordering them, we can suppose that 0 < Ay < A3 < ... and we notice that A; = 0 is
an eigenvalue, with eigenfunction u; = 1, again by Lemma 4.3. Therefore, we have a sequence of eigenvalues
0=X < X2 < A3 <...and its corresponding eigenfunctions are a complete orthogonal system in L%(£2) (see
the proof of [13], Thm. 3.11). This concludes the proof. O

6. THE HEAT EQUATION

In this section we study the heat equation with homogeneous Neumann conditions, namely

Owu(z,t) + Lo u(u(z, t)) =0 in  x (0,400),
u(z,0) = up(x) in Q, (6.1)
with homogeneous («, pt)-Neumann conditions in (0, +00).

Here, we deal with classical solutions, that is u(-,t) € L= (RN)NC(Q) N C?(Q) for any ¢ € [0, +00) and u(z,-) €
C1((0,+00)) N C(]0,+00)), with the homogeneous («,u)-Neumann conditions satisfied pointwise in RV \
and 0f) respectively.

The next two results give that classical solutions of problem (6.1) preserve their mass and have energy that
decreases in time.

We point out that the assumptions required throughout this section are significantly more general than the
ones required in [13], Propositions 4.1, 4.2 and 4.3.

Proposition 6.1. Let u(z,t) be a classical solution of (6.1) satisfying
dyu € Ly, ((0,400), L' (€2)) (6.2)
and
aAu(t) € L) and (—=A)*u(-,t) € L' (2 x (0,1))  for any t € (0, +00). (6.3)

Assume that the following statements hold:

o if a# 0, then

u(-,t) € CHQ)  for any t € (0, +00); (6.4)
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o if u Z0, then, for any t € (0,4+00), the function

u(x, t) B u<y’ t)

N
Qx (RY\ Q) x(0,1) > (z,y,8) — |z — y[Nt2s

belongs to L* (2 x (RN \ Q) x (0,1)). (6.5)
Then,
/ u(x,t)de = / ug(x)dx  for any t € (0, +00),
Q Q

namely the total mass is conserved.

Proof. The argument presented here is a careful refinement of Proposition 4.1 in [13]. In light of (6.2) and (6.3),
from the dominated convergence theorem we have

%/ﬂu(a:,t)dxz/gﬁtu(x,t) da::oz/QAu(a:,t)dx—/(071)/Q(—A)Su(x,t)dxdu(s).

Moreover, by (6.4) and (6.5), and using the homogeneous Neumann conditions in Definition 1.1, we have that
divergence theorem and Lemma 3.1 apply and

4 / u(z,t)dz = o dyu(z)dsaN 1 4 / Asu(z,t)de dpu(s) = 0.
dt Jo a0 (0,1) JR¥\Q

This implies that the quantity fQ u(z,t) dz does not depend on ¢, which concludes the proof. O
Proposition 6.2. Let u(x,t) be a classical solution of (6.1) such that

aVu(-, t)Vowu(-,t) € L'(Q) (6.6)
and suppose that the function

(uz,t) = uly, t))(Oru(z,t) — dru(y,t))

Q x (071) > (xvyaS)HCN>S |x—y|N+23 (6 7)

belongs to L*(Q x (0,1)),
and
adyu(-, ) Aul-,t) € LI(Q)’ Bu(- ) (—A)*ul-t) € Ll(Q x (0,1)), (6.8)

for any t € (0, +00).
In addition, assume that:

e if a #0, then the assumption in (6.4) is satisfied,
o if u 0, then, for any t € (0,4+00), the function

(u(z,t) — uly,t))Oru(z,t)

RY\ Q) x Q% (0,1) 3 (z,9,8) — cns
( \ Q) 0,1) > (z,y,5) N, |z — y|N+2s (6.9)

belongs to L' (RN \ Q) x Q x (0,1)) .
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Then, the energy

CN,s |u Y, )|
Vu(z,t) 2dx—|—/ // drdydu(s
/| ) (0,1) ‘x_y‘NHS (s)

is decreasing in time t > 0 (and strictly decreasing, unless u is independent of time).

Proof. This proof is inspired to Proposition 4.2 in [13], but here some additional care is required to distinguish
the cases a # 0 and u # 0.
We compute F’(t) and show that it is negative. Indeed, recalling (6.6) and (6.7), we have

E'(t) = a/ Vu(z, t)Vouu(r,t)dz
CN,s (x,t) — u(y,t)(Oru(z, t) — dwuly,t))
/o 1) // \x — [Nt dz dy dp(s).

In light of (6.4), (6.6), (6.7), (6.8) and (6.9), from Lemma 3.2, the classical integration by parts formula and
the homogeneous Neumann conditions, we gather that

/Vu (z,t)VOou(z,t)dz +/ N.s // u(,t) = uly |x)1(§ix<f?:) — duly,1)) dz dy du(s)

0,1)

(6.10)

= fa/ﬂé)tu(:p,t)Au(x,t) dx+/(0’1)/98tu(:v,t)(A)su(x,t) dz du(s)
—/ Oru(x,t) (ozAu(a:,t) da:—/ (—A)u(x,t) d,u(s)) dz.
Q (0,1)
Thus, (6.10) becomes

—/ Ou(z,t) (—La,pu(z,t)) / |0pu(z, t)|* dz <
Q

with the equality holding if and only if w is constant in time. This concludes the proof. O

The next result generalizes [13], Proposition 4.3 to our setting, with the proof postponed to Appendix D.

Proposition 6.3. Let u(z,t) be a classical solution of (6.1) satisfying (6.2) and (6.3).
In addition, assume that:

e if a # 0, then the assumption in (6.4) is satisfied,
o if u #0, then, for any t € (0,4+00), the assumption in (6.5) is satisfied.

Then,
1 o
u(z,t) — l ug(z)dz in L*() ast — +oo.
Q
7. CONTINUITY PROPERTIES

In this section we study some continuity properties induced by the nonlocal Neumann condition (1.5) and
we prove Theorem 1.6.
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Proof of Theorem 1.6. First, we fix zop € RY \ Q and we prove that u is continuous at zg. Since RY \ Q is an

open set, there exists p > 0 such that |zo —y| > p for any y € Q. So, if x € B,/2(20), we have that

|z —y| = |xo —y| — |0 — | = for any y € Q.

[N

As a concequence, if p is small enough, for any = € B,/5(x0) and y € Q we have that

u(y)| +1 _ 2N+ gN+2
g < e (@ +1) < S (lelle +1):

From this, we deduce that

lu(y)| +1 2N+2
eNs | oo dydp(s) < Q ( Ul 7 0o my 1) cn,s dpu(s
/(0’1) s / y\N+25 ( ) pN+2 | | H ||L () ©,1) ( )

alr— ,
2N+2
< Ul + 1) sup v [ duts)
ph+? O eom T o
< +00.

Thus, by the Neumann condition in (1.10) and the dominated convergence theorem we obtain that

/ ch/ M)y ds)
. . o1 O Jolr—yNt2e
lim u(z) = lim :
T—x0 T—xT( 1
/(0 ) CNs /Q PR dydu(s)

u(y)
s —=—— dyd
_ /(0,1) o /Q lzo — y|NF2s ydp(s)

1
s ————dyd
/(0,1) s /Q lzg — y|NF2s yduls)

= u(zp).

This proves that u is continuous at any point of RY \ €.

Now we show that u is continuous at any point p € 9. To do so, we need a more accurate argument,
since numerators and denominators may create singularities which have to be attentively estimated to detect
cancellations. We take a sequence {pi}r converging to p as k goes to infinity. Let g be the projection of pg

onto Q. Since p € €, from the minimizing property of the projection we have that
Ipk — qi| = inf [pr — €| < |pr — pl,
£en
and so
lm g —pl < lim (Jgr —prl+ |px — pl) < lim 2[p, —p| =0.
k—+oo k—+o0 k—+o00
Thus, since by assumption u is continuous in €2, we have

lim u(gqr) = u(p).

k—+o0c0

(7.1)
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R

2T Ty

EN

"Dk 0

F1GURE 1. The rigid motion R of Q.

Now we claim that

lim (u(gx) — u(pk)) = 0. (7.2)

k——+oo

To prove this, it is enough to consider the points pj, that belong to RY \ Q. Indeed, if py € Q, we have p = q
and so (7.2) is trivially satisfied.

We define vy, := (pr — qr)/|pr — qk|, so that vy is the exterior normal of Q at g € 9Q. We consider a rigid
motion Ry such that Rigr = 0 and Ry, = ey = (0,---,0,1) (see Fig. 1). Let hy := |pr, — gr|. We notice that

hi Repe = g " Ric(pr — ) = Revie = en. (7.3)
Then, the domain
O := hy ' RO

has a vertical exterior normal at 0 and approaches the half space II := {zxy < 0} as k — oo.
Now, we use the homogeneous Neumann condition at p to obtain

u(y)

CN,s/ T Nvras wdu(s)

/(0,1) o |px —y|N 2
1

ens | ————— dydu(s)
/(0,1) /Q Ipr — y|N+2s
u(y) — u(gr)

cNs | TN dydu(s

_ /(0,1) /Q Ipx — y|NF2s (=)

1
c ————dydu(s
/(0,1) N’s/ﬂ o — g2 Y )

=1 + I,

u(pr) — u(qr) = —u(qr)

with

u(y) — ulgx
[ oene ) WZ dy du(s)
(0,1) QQB\/Tk(Qk) Pk —Y

1
CN.s ———dydu(s
/(071) w /Q|pk_y|N+23 ydu(s)

1=
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and

/(071) CN,S/ u(y) — u(gr) dy dyu(s)

NB —(au) 1Pk — YN F
I = Vi 2 . (7.4)

1
ens | ———— dydu(s
/(0,1) a /lek—yN“s yduls)

We observe that from the uniform continuity of u in 2, we have

lim — sup |u(y) —u(gr)| = 0.

kﬁJFOOQﬁBm(Qk)
Therefore,
i < L — = 0. .
Jim (6 lm s u(y) — ulg)| = 0 (7.5)

i (ax)

Moreover, using the change of variable n := h;lkay and recalling (7.3), we obtain

. lu(y) — u(g)| .
/(071) N,s/ — s dy du(s)

NB_(ar) lpe — y|NF2s

1
CN.s ———— dydu(s
/(0,1) A /Q e — g2 Y ul)

1
ens s Ay dis)
(01) /Q\Bmm) Pk —y|V+2

1
cNs | ————————=dydu(s
/(0,1) e /Q|Pk—y|N+25 yduls)

hyy
CN,s dndu(s)

Qk\Bl/\/’Tk |hkfR;16N — hkR;1U|N+23

= 2||u||Loo(ﬁ) / / hy 5)
CN,s - - dndp(s
(0,1) an [heRy Ten — hiRy, | NH2s

|I2] <

< 2Jul| oo )

(071)

h72s

k

CN, / T~z dndu(s)
’ U\B,, i len —n|N+2s

h];2s
CN.s —F ———dndu(s
/(0,1) A /Qk len — n|N+2s dps)

Now, we observe that, if n € Qy \Bl/\/th we have

(0,1)

= 2||u||Loo(ﬁ)

lex — 0|Vt = len — " leny —nl* = |en — 0|V (In] — 1)°

= len =N (02 = 1)° > Jew — VR,
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for k large enough, and consequently

hy
CN.s —F —— dndu(s
/(071) N, ‘/Qk len — n|N+2s ndu(s)

h*QS
k
CN.s —F ———dndu(s
/(0,1) a /Qk len — nvres o

12| < 2[|ul| oo ()

Then, setting

m = min {n €N : supp() N ((;)n (;)M] 4 (2)},

we can multiply and divide (7.6) by hi(ws)m to obtain

hQ(%)mfzs
k
cN,S/ T nas dndu(s)
/(0,(7/8)”"1] a, len —n|NT2

hz(g)’" 25
k
CN.s ———————dndu(s
N, /Qk ‘6N71’}|N+25 n /1’()

2] < 2[|ull o )

(0,(7/8)™ 1]

29

(7.6)

(7.7)

Recalling that €, converges to the half space II, if k is large enough, then we can suppose that €, c RV \

Bijs(en). In this way,

1 1
enys | T dndu(s) < CN,s/ 3 dndu(s)
/S;k len —m|N+2s RN\B, 5(en) €N — 0|V T28

+oo

_ —1-2s 3, — CN,s 92s—1

=CN,s WN-1 P p=— WN-1,
1/2 S

which is uniformly bounded for s € (0, 1).
Moreover, in view of (7.7) we can focus on the case s < (7/8)
result, we see that

m—1

7\ 1,
hi(s) 30 ask— +oo

and therefore, by the dominated convergence theorem,

h2(%)m7%5

lim cN,S/ —k — dpdpu(s) = 0.
k—+o0 J(q,(7/8)m—1] Q |6N — 77|N+25

We observe that, for any s € ((7/8)™, (7/8)™1],

2(%)"—2s
lim ¢ hkid = 400
hmstoo 10° Q. lexn —n|N+2s " '

(otherwise we exit the support of ). As a
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Hence, by Fatou’s lemma and (7.7),

. (i)
klg-ll-rolcf; /((7/8)"’,(7/8)”11] CN,s /Qk Tex —NTE dndu(s) = +oo. (7.10)
Using (7.9) and (7.10) in (7.8), we obtain that

kEIJIrloo |I2] = 0. (7.11)

This and (7.5) imply (7.2), as desired.
From (7.1) and (7.2) we conclude that

li —
G Jm u(pr) = u(p),

that is u is continuous at p, as desired. O

Next result is a consequence of Theorem 1.6.

Corollary 7.1. Let Q C RN be a domain with C' boundary and let vy € C(Q). Let
vo(z) if x € Q,
vo(y)
v(x) = cN,s | —— - dydu(s
(@) /(0,1) o /Q |z — y|N+2s (=)

1
s | v dyd
/(071>CN’ /Q|l”—y|N+25 ydu(s)

Then v € C(RY), it satisfies v =vo in Q and

if v € RV \ Q.

Neudp(s) =0 in RV \ Q.
(0,1)

Proof. By construction, v = vy in Q and f(oAl) Asudp(s) =0 in RV \ Q. Hence, we can use Theorem 1.6 to
obtain that v € C(RY). O

We now study the behavior of the normalized Neumann function defined as

Hu(w) dpa(s)

Nu(z) = ©1) . (7.12)

1
s | T vaes dyd
/<0,1) o /Q\x*leﬂs ydu(s)

Proposition 7.2. Let Q C RN be a domain with C* boundary and let u € C(RN). Then,

lim A u(z) =0. (7.13)
z—0Q
zeRM\Q
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Proof. Let {zx}1 be a sequence in RV \ Q such that z, converges to z., € 9 as k goes to infinity.
Fromgorollary 7.1 applied with v := u, there exists v € C(RY) such that v = u in  and f(o,l) Asvdu(s) =0
in RV \ Q. By the continuity of u and v we also have that

lim  (u(zr) —v(zr) = (W(Eeo) — v(2a)) = 0. (7.14)

k— o0

Moreover,

Nu(zy) = Nulzy) — No(xy)
ADWJ”mgﬁfWW@jéfmAﬁTMﬁNwm>

o lr—
| ewe | o dwdn(s
enys | s dydp(s
(0,1) e Jq |z — y|NH2s
u(wg) —v(zy)
cNs | 15— dydu(s
/(0,1) /sz |z — y|N+2s (=)

1
s | T v dyd
/(0,1) . /Q\xfy|N+zs ydu(s)

= u(zg) — v(xg).

This and (7.14) imply that

lim ]u(xk) =0,

k—+o00

that is (7.13), which concludes the proof. O

8. THE SUPERPOSITION OF FRACTIONAL PERIMETERS

In this section we discuss the relation between the superposition of nonlocal Neumann derivatives and the
notion of superposition of fractional perimeters, which we introduce in here.

At first, we recall that, in the local case, taking d,u = 1, the perimeter of Q (often denoted by Per(£2)) can
be obtained as

|am:/ dN"t = | o,udaNt.
o o0

In the nonlocal case, discussed in [13], Remark 3.4, a similar result was established by considering a notion of
normalized nonlocal derivative. We now extend this idea to cover the case of superpositions of operators (and
perimeters) of different order. To this end, one considers

d
ws,Q(I) = CN,S/ i

o Jo = gV
and the normalized nonlocal derivative given by

ws.o(x)

)

Nou(z) = for z € RV \ Q. (8.1)
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In this setting, if A;u(z) = 1 for any 2 € RY \ 0, then the fractional perimeter, introduced in [40] turns to be
the integral of A;u(x) over RV \ ), namely

Per,(Q) = . Nu(z)de, (8.2)

see [13], Remark 3.4.
In our setting, the normalized superposition of nonlocal derivatives is defined in (7.12) and can be written as

() du(s)
Nu(z) =~ for z € RV \ Q.
/ we(z) du(s)
(0,1)

The reader can appreciate similarities and differences with respect to (8.1).
Also, if A u(x) = 1, the superposition of fractional perimeters, provided that Pery(Q2) € L((0,1),du), can

be obtained as
/ Pers () du(s) / // L dzdy | du(s)
I's 8) = CN.s ———dx s
(0,1) a (0,1) e o Jrv\q o —y[NT2e v
:/ </ ws o(x) da:) dp(s)
0,1) \ JRM\Q
:/ (/ ws () du(s)) dz
RN\Q \ J(0,1)
_ / ( / we(x) du(s)>
R¥N\Q \ J(0,1)

A u(x)de

:/ < Nsu(x)du(s) | da.
0,1) \ JRM\Q

This identity is interesting, because it recovers the superposition of fractional perimeters from the superposition
of fractional Neumann derivatives.
We stress that (8.3) can not be obtained by directly integrating the identity in (8.2). This would be true if

Asu(x) = 1 for any s € supp(u) which, in general, is not guaranteed by the condition A u(z) = 1.
It is also worth noting that, if u = d, for some fractional power s € (0, 1), then (8.3) turns into (8.2).
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APPENDIX A. PROOF OF THEOREM 1.3

We now provide a complete proof of Theorem 1.3.

Proof of Theorem 1.3. We first deal with the case ¢ = 0 and h = 0, corresponding to the homogeneous («, u)-Neumann
conditions introduced in Definition 1.1. In this case, we assume that f #Z 0, otherwise the constant is clearly the only
solution, due to Lemma 4.3.
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Taking € € L*(Q), we look for a function v € H,,,.(Q) which solves

/vgpdx+a/ Vv - Vepdz
Q Q

ens [ (w(@) —v(y)(e(x) — ¢(y)) B
+/(0’1) 2 //Q |z — y|N+2s dz dydu(s) = /Q&pd;r,

(A1)

for any ¢ € Hq,,(£2), with homogeneous (a, p)-Neumann conditions.
Let us consider the functional F : Hq ,(2) — R defined as

F(p) := / Epdx  for any ¢ € Hq, ().
Q

Clearly, the functional F is linear, and it is also continuous on Ha,,(£2). Indeed, by Proposition 2.3, we have

a,p-

[F(p)l < /Q &l dz < [I€ll 2o lell2@) < IEllz2@) el

Thus, from the Riesz representation theorem we know that, for any given ¢ € L*(Q), problem (A.1) admits a unique
solution v € Ha ().
Moreover, taking ¢ := v in (A.1) and using again Proposition 2.3, we obtain that

[ollap = / €vdz < ClE] 2 e- (A.2)
Q

Now, we can define the operator Ty : L?(Q) — Ha,,.(Q) as Tof := v, and we also denote by T its restriction operator in
Q, that is

T¢ :=Tog|,.

We remark that the function To€ is defined in the whole of RY, while T¢ is its restriction in €. In light of this, we see
that T : L*(Q) — L*(Q).

We claim that T is a compact operator. To show this, we take a bounded sequence {¢;}xen in L?(£2). From (A.2)
we have that the sequence {Tok }ren is bounded in H,,,(£2), and from Proposition 2.3 we deduce that the sequence
{T¢k}ren admits a subsequence that converges strongly in L? (©2). This proves that T is compact.

Now, we claim that T is a self-adjoint operator. To show this, we take &1, &2 € C§°(Q2) and we use the weak formulation
in (A.1). From this, we have that for any ¢, ¢ € Ha, . (),

/Toflnpdera/ VTé - Vedx
Q Q

(A.3)
ens [ (To&i(x) — To&i (y) (e (x) — ¢(y)) _
+ /(0,1) > //Q o=y dzdydu(s) = /Qﬁupdz
and
/ Toggqbda:—i—a/ VTvé: - Vodx
@ e (A.4)

ENys (Toéa () — Tob2(y)) (d(z) — 9(y)) B
+/<0,1) T//Q |z — y|N+2s dz dydpu(s) = /§2§2¢d$.
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Taking ¢ := Tp&2 in (A.3) and ¢ := To&1 in (A.4), we obtain that

/ 51 Tofz dz = / 52 TOfl dx for any 51752 € CSO(Q)
Q Q

Thus, since Toé1 = T and Tpée = T2 in (), we conclude that
/ & Té dx = / & Té dx for any &1,& € C5°(Q). (A.5)
Q Q

If €1, & € L*(Q), then there exist two sequences {&1 x }ren and {€a,1 hren in C§° () such that &, converges to &1 and &
converges to &2 in L*(Q). Then, from (A.5), we have that

/f1,k TEz,de?:/ &2,k T61 k d. (A.6)
Q Q

Moreover, from (A.2) we deduce that T¢; , and Té€ x converge respectively to T¢; and T€; in L*(Q). Hence,

k—+o0o

lim / fl’k T£2,k dz = / §1 T§2 dz
Q Q
and

lim /fgykalykdxz/ngfl dz.
Q Q

k—+oco

These facts and (A.6) imply that

/§1T£2d$:/§2T£1d3; for any £1,& € L*(9).
Q Q

This proves that T is a self-adjoint operator.
Now, we claim that

Ker(Id —T) consists only of constant functions. (A7)

We first check that constant functions are in Ker(Id — T'). For this, let ¢ € R. We take a function costantly equal to ¢
and observe that Ac =0 = (—A)°c in Q, and so Lq,,(c) + ¢ = ¢. Moreover, we see that d,¢ = 0 on 9Q and

Needu(s) =0

(0,1)
in RV \ Q. This shows that Toc = ¢ in RY, and so T'c = ¢ in Q, wich implies that ¢ € Ker(Id —T).

Now, we show that if ¢ € Ker(Id —T) C L*(Q2), then ¢ is constant. By construction, Tof € Ha,,(Q) is a weak
solution of

Lo (Tof) +Tof =€ in Q (A.8)
with

9, (To€) =0 on Q and Ne(To€) dp(s) = 0 in RV \ Q. (A.9)
(0.1)
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On the other hand, since £ € Ker(Id — T') we have that
§=T¢=T¢ inQ. (A.10)
Hence, from (A.8), To€ is a weak solution of
Lou(To€) =0 in Q.

This, (A.9) and Lemma 4.3 imply that To& is constant. Then, from (A.10) we have that £ is constant in 2, which
concludes the proof of (A.7).
From (A.7) and the Fredholm Alternative, we have that

Im(Id—T) = Ker(Id — T)" = {constant functions}*,

where the orthogonality notion is in L?(€2), that is
Im(Id—T):{feL2(Q): /fdx:O}. (A.11)
Q

Thus, taking f such that [, fdz =0, by (A.11) we know that there exists w € L*(Q) such that f =w — Tw. Now, we
set u := Tow. By construction, u is a weak solution of

Lo, (Tow) + Tow = w in Q,

with 0,u = 0 in 90 and

Hsudu(s) =0
(0,1)

in R™ \ Q. As a consequence,
f=w—Tw=w—Tow= Lau(Tow) = La,u(u) inQ

in the weak sense, so that u is the desired solution.
Viceversa, let u € Hq,, () be a weak solution of

{Lauu) —f inQ

with homogeneous (¢, ;1)-Neumann conditions.
We set w := f + u and observe that
Lop(u)+u=f+u=w inQ
in the weak sense. So, we have that v = Tow in RY, and hence u = Tw in Q. Thus,
(Id-Thw=w—-u=f inQ,

and so f € Im(Id — T). Finally, from (A.11) we obtain that [, fdz = 0.
This conludes the proof in the case g =0 and h = 0.
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Now, we deal with the nonhomogeneous case (4.1). By assumption, there exists a function ¢» € C*(R™) such that 8,1 =
h on 0N and

Nopdu(s) =g in RV \ Q.
(0,1)

Thus, letting @ = v — v, we get that @ is a weak solution of

{Lw(u) =7 inQ

with homogeneous (o, ;t)-Neumann conditions,

where f:= f — La,.(¢). B
Then, from the proof in the homogeneous case, this problem admits a solution if and only if fQ fdz =0, that is

Oz/ﬂfdx:/gfdmf/gLow(ip)dm. (A.12)

From Lemma 3.1 and the divergence theorem, we have

el = - A 7A s
/QL () de a/Q wder/(o,l)/Q( )2 dadu(s)
=a | BpdN! +/ Netp da dpu(s)

o (0,1) JRN\Q

:a/ hd%N71+/ gdx.
a0 RN\Q

From this and (A.12) we conclude that a solution of (4.1) exists if and only if (1.9) holds.
Finally, thanks to Lemma 4.3 the solution is unique up to an additive constant, which completes the proof of the
desired result. O

APPENDIX B. PROOF OF (2.8)

In this appendix we show that (2.8) holds, namely (H,(£2), || - ||,) is a Hilbert space. The argument is rather standard,
but it is included here for the reader’s facility.

Proof of (2.8). It is easy to check that (2.6) is a bilinear form and ||ul|, = (v, u)i/z. Moreover, if ||u|l, = 0, we get
that |lu||p2(q) = 0. This gives u = 0 a.e. in Q and

() — u(y)?
/<01> (N/ o o gz drdy ) du(s) =0,

which, in turn, entails that

_ 2
/Q % dzdy =0 for any s € supp(u).

Hence |u(z) — u(y)| = 0 for any (z,y) € Q. From this, we infer that for a.e. x € R\ Q and y € Q,
u(z) = u(z) —u(y) =0,

which means that u = 0 for a.e. z € RY.
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We now prove that 3, (€2) is complete. To this end, let uj denote a Cauchy sequence with respect to the norm (2.2).
Hence, uy, is a Cauchy sequence in LQ(Q) and converges, up to subsequences, to some u € LQ(Q) and also a.e. in Q2. More
precisely, this means that there exists a subset Z; ¢ RY with?

|Z1|=0 and wur(z)—u(z) forallzeQ)\Z;. (B.1)
Moreover, given any U : RY — R, for any (z,y) € R*¥ and s € (0,1), we define the new function

Ey(z,y,s) = (U(T:Z — Zf%?j‘?ﬁ” 2 (B.2)

Now, since

(uk(z) = ur(y) — un(x) +unly)) xa(z,y)
|z — y|(NF2)/2

Euk (mayv S) - Euh(m7yvs) =

and wug is a Cauchy sequence, for any € > 0 there exists N. € N such that, if h, & > N¢,

2
ur —up)(x) — (up —u
&2 2/ cN,s// ICE IC) ](Vfgs DIEN dx dy du(s) =: ||Euk —EuhHQLz(RZNx(o,l))'
(0,1) Q |z — yl

Thus, we have that E,, is a Cauchy sequence in L? (RzN x (0,1),dzdy du)A From this we infer that E,, converges, up
to subsequences, to some F in L2 (R2N x (0,1),dzdy d,u) and Fy, (z,y,s) converges to E(z,y,s) a.e. in R*N x (0,1).
Namely, there exist Z» C R*" and ¥ C (0,1) such that

1Z2] =0, u(E)=0

- (B.3)
and  FEy, (z,y,s) = E(z,y,s) for all (z,y) € R™" \ Z2, s € (0,1) \ =.
Let fix s € (0,1) \ X. For any z € 2, we set
Sy ={y eRY : (z,y) e R*V \ Z»},
W= {(z,y) e R® :z € Qand y e RV \ S,}
and V= {xeQ:|RV\ S| =0}
We claim that
W C Zy. (B.4)

Indeed, if (z,y) € W, then y € RV \ S,, namely (z,y) € R* \ Z; and hence (z,y) € Z2, as desired.
Accordingly, by (B.3) and (B.4) we find that |[W| = 0.
Hence, by Fubini’s theorem it follows that

0:|W|:/‘RN\SZ dz,
Q

and thus [RY \ S,| = 0 for a.e. x € Q. Also, we have |2\ V| = 0 which, together with (B.1), gives
QN VA Z)[ = QAV)UZ| < [Q\ V] +]Z1] = 0.

In particular, we infer that V' \ Z; is non empty.

3Tn (B.1) we have used the standard notation | - | to denote the Lebesgue measure of a set.
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Let us fix g € V' \ Z1. Now, since zo € Q \ Z1, we have

kEToo uk(zo) = u(xo)

by (B.1). Moreover, |RY \ S.,| = 0 since xg € V, namely for any y € S, (i.e. for a.e. y € RY), it follows that (zo,%) €
R?N \ Z,. Hence, by (B.2) and (B.3),

lim By, (z0,y,5) = |ro — y|” V"% lim  (uk(z0) — uk(y))xa(z0,y) = E(z0,y, ). (B.5)

k—+o0o k—+o0o
In addition, since Q x (RY \ Q) C Q, by the definition in (B.2),

_ uk(zo) — uk(y)
Eu,(20,y,8) = Tzo — y|(N¥2)/2

for a.e. y € RV \ Q.
Hence, we have

lim ug(y) = lim (uk(:co) — |xo — y\(N+25>/2Euk (0,9, 3))

k—+oo k—+oo

y|(N+23)/2E(

u(zo) — o — T0,Y, )

for a.e. y € RV \ Q.

Also, we can argue as in (B.5) to show that the latter limit does not depend on s as well. From this and (B.1) we
infer that uj converges a.e. in RY. Up to a change of notation, we have that ux converges a.e. in RY to some w.

Now, recalling that uy is a Cauchy sequence in H,,(Q2), fixed any € > 0, there exists N. € N such that, for any k > N,

€2 > liminf |jus — Uh”i
h—+oco

> lim inf/ (ur, — uh)Qd:L‘ + lim inf/ lg|(ux — uh)zdx
Q RN\Q

h—+oco h—-+oco

_ _ _ 2
+ lliminf/ CN,s/ (e = un)(@) J(Vufz un) ()| dz dy du(s).
(0,1) Q |x—y| s

h—+oo

Hence, since us converges to u a.e. in RY, by Fatou’s Lemma we get

2> /(uk —u)’dz +/ lg|(us, — u)?da
Q RN

\Q
1 |(ur — u)(z) = (ux — u)(y)|?
—&—7/ c ,5/ dxdydu(s
2 Jo,1) v Q |z — y|N+2s )

2
= [Jur = ully,
namely, uy converges to u in H, (), i.e. 3, () is complete. O

APPENDIX C. PROOF OF PROPOSITION 4.2

In this appendix we prove that Proposition 4.2 holds. The argument presented is rather standard, but it is included
here for the reader’s facility.

Proof of Proposition 4.2. Let u € Ha,, (). By the Holder inequality and recalling definition (2.4),

’/qudx

<Nz llull L2 < callulla,p
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and

/ gudx
RN\Q

for some positive constants ci, c2.
Similarly, there exists c3 > 0 such that

1/2 1/2 1/2 1/2
</ O i R e [ PV
R

] [ rdo < I g I 2l < ol

L1(8%)

From this, we infer that if u € Ha,, (),
1w)] < eallullan < +oo.

We now evaluate the first variation of the functional I. To this end, let ¢ € (0,1) and take v € Ha,, (). Hence,

2
I(u+ev) /|V u + ev)| dm—i—/ CNS/ |u+sv (a: ‘I(Vu+—2|—sav)(y)\ dz dydu(s)
(0,1)

_/f(u+5v)dx—/ g (u+ev)de — h(u—i—av)dﬁﬁN*l
Q RN\Q 80

=1I(u)+e (a ; Vu-Vvdz + /(0 C];’S //Q (u(@) _|Z(‘1_J);‘(Z%)s_ v(y) dz dy dp(s)

o)

—/f’udm—/ gvdm—/ hvdjﬂN1>

Q RN \Q a0
(6] 2 CN,s |'U(‘T) - U(y)‘Q

+ 2 f/ Vv dx—i—/ —/ " dadydu(s) | .
(2 Q‘ | on 4 Mo |lz—ylNt2e ydyu(s)

From this, we infer that

lim WEU—_[ = a/ Vu - Vvdm—i—/ =y // (@) _v(y))dwdydu(s)

£—0 0,1) |Jj —y|N+2s

—/fudx—/ gudz — [ hvdseN 1,
Q RN\Q a0

namely

—a/ Vu - Vvdm—i—/o , N // |x— )ng)s_v(y))dmdydu(S)

—/fvdw—/ gvdr — hodseN L.
Q RN \Q oQ

Hence, if u is a critical point of I, we have that u is a weak solution of (4.1), according to the definition stated in (4.2).
This completes the proof. O

APPENDIX D. PROOF OF PROPOSITION 6.3

Here we prove Proposition 6.3.
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Proof of Proposition 6.3. Let

i),
mi= — uo(x) dx
] Jo o)

be the total mass of u, which does not depend on ¢ thanks to Proposition 6.1. Defining

2/ lu(z,t) — m|* dz,
Q

from Proposition 6.1 we have
At) = / (w?(z,t) + 2mu(z, t) + m?) dz = / u?(z) dz — |Q|m?.
Q Q

In light of (6.2), (6.3), (6.4) and (6.5), we can use Lemma 3.2, the classical integration by parts formula and the
homogeneous Neumann conditions to obtain

Al(t) = 2/ Owu(z, t)u(z,t) de = 2a/ u(z, t)Au(z, t)de — 2 / u(z, t)(—A)’u(z, t) dz

Q

2
:—Za/ |Vu(a:,t)|2da7—/ / |u N+2 ol dz dy dp(s)
Q (0,1) Z/‘ s

<0,

which gives that A is decreasing.
Moreover, if u # 0, we can use the Poincaré inequality in Lemma 5.1 and Proposition 6.1 to get

A’(t)g—/m) // Julz |x7 |N+2S)‘ da dy dp(s)

(D.1)
< —C/Q lu(z,t) — m|” doz = —cA(t),

for some ¢ > 0. We notice that, in the case y = 0, one can prove a Poincaré inequality as in Lemma 5.1 and still obtain
the inequality in (D.1).
Thus, from (D.1) it follows that A(t) < e “*A(0), and so

lim / |u(z,t) —m|*dz =0,

t——+oo Q

that is, u converges to m in L*(Q) as t — +oo. O

APPENDIX E. AN ALTERNATIVE PROOF OF (7.11)

Here we provide an alternative proof of (7.11) in the proof of Theorem 1.6.

Lemma E.1. Under the same assumptions of Theorem 1.6, recalling the definition in (7.4), we have

lim |12| =0.
k—+oo
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Proof. The same arguments as in Theorem 1.6 allow us to state inequality (7.6), namely

Byt
CN.s "k dndu(s
‘/('0,1) i [)k ‘6]\] —n‘N+25 n ,LL( )

h*QS :
k
s — ———dnd
/(0,1) o /Qk leny —n|N+2s nduls)

12| < 2[[ull oo )

Let us define

7 d
_Ts n
ks =y czv,s/ oo —iNFs
Q len —n

_ dn
and B = thScN,S/ —_—
a, len —nN+2s

We claim that

| awcduts)
(0,1)

Br,s du(s)
(0,1)

lim

k—+oo

=0.

First, we notice that for k large enough, it holds that Q, C RY \ Bi2(en). From this, we have

—Ts d’l] —Ts dz
ars < h, 2 ens = h, "N —
k ex v = B
RN\By 5(en) 1N — T RN\Bj /5

7 +oo s 7

— %S —1—s 2 — s

=hy, ! enswN-1 p dp=—wNn-rensh T
1/2 S

We define the set

N 9 1
G:z{xGR oy <1 — = x%+»--+x?\,_l,2<|x71|<2m},

as shown in Figure E.1. Since 2, converges to the halfplane II, we get
CC (Qk N B1/2\/ﬁ) C Qp  for sufficiently large k.

Moreover, we can write

1
C=1<(p,b1,....,0n_1) ERx[0,20]N 2 x [0,7]: p€ |2, ——
{<p1 wo1) € R x [0, 27] ”’””[am

with ¥ C [0, 27V 72 x [0, 7].
From this and recalling the definition in (E.2), we have

1
- dn 2s 2hn pN !
s=h 2s s — = h, ““cNns ——df | d
Br,s 2= hy, cn, /e|6N77/|N+25 k CN’/2 . pNt2s P

1 cC
= niew ([La0) [ 5 = e, St )
P 2

], 0:(91,...,91\7_1)62},

43

(B.4)

(E.5)
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FIGURE E.1. The set € (in blue).

where we introduced the notation

WS, ::/de.
>

Now, by (E.4) and (E.5) we infer that

7 s
98 —£s 1 b
Qs _ “wN-1¢N,s hy * B 25T N1 hp
Br,s W1 S Wi~ hwgo 2%
> —2s - —2 2sh S - -
hk} CN,s TS [2 s —2 Shk}

Let us take § > 0 such that 1([6,1)) > 0. We notice that

Ok, s

Bk,s

5
< Ch} for s € (6,1),

for a positive constant C' > 0 which does not depend on s. Hence, we have

/ ks dpu(s) Br,s dpu(s)
(6:1) $ Je s
D conf SRV <onf
Br.s dpa(s) Br,s dpu(s)
©.1) ©.1)

In light of the previous inequality and recalling that hry — 0 a k — 400, we get

/ e dpi(s)
(4,1)
Bk,s d/.t(S)

lim

k—+oco

=0.

(0,1)

(E.6)
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e
Besides, multiplying and dividing by h,j(s, we have

2° T(6—s)
ks du(s) WN-1 —conshy dp(s)
(0,6) (0,6) S
h e CN,s 25, —28+%8 25, —s+T6 ’
Br,s dpu(s) Bk,sdu(s)—}—wN,l/ - {2 h, "% —2%h, 1| du(s)
(0,1) (0,5) 61 28

We notice that, by the dominated convergence theorem, it follows that

s T(6—s

. e )
1 “cnsh} d =0.
kjgloo (0,6) S ONoe uis)
Moreover, since —2s + %5 < 0 for s € (,1), we get
. CN,s —2s *2S+%5 _ 92s *S+%5 _
kLquo . - [2 h,, 2%h,, dp(s) = +oo.
Therefore, we infer that
| awcduts)
Jim A E—) (E.7)
iy
- Br,s dpu(s)

(0,1)

Finally, by (E.6) and (E.7) we have that (E.3) holds. This concludes the proof. O
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