
ESAIM: COCV 31 (2025) 79 ESAIM: Control, Optimisation and Calculus of Variations
https://doi.org/10.1051/cocv/2025065 www.esaim-cocv.org

EVENT-TRIGGERED DAMPING STABILIZATION

OF EULER–BERNOULLI BEAM EQUATION

Xueru Fan1, Cheng-Zhong Xu2,*, Hua-Cheng Zhou3, Weiwei Hu4

and Chunhai Kou5

Abstract. This article deals with the distributed event-triggered feedback stabilization for an Euler–
Bernoulli beam equation. Novel event-triggered rules with distributed damping control laws are
proposed to stabilize the beam system: one rule is built based on the beam energy and the other
on the beam state information plus an exponentially time-decreasing term to reduce the switching
frequency of actuators. Well-posedness and no Zeno behaviour are completely proven for our event-
triggered sampled feedback control systems. Moreover, by developing Lyapunov functionals, sufficient
LMI-type conditions on the system parameters are proposed to ensure exponential stabilization of the
event-triggered feedback beam system. On the other hand, we show that the exponential stabilization is
not achievable by using the periodic sampled feedback control laws (i.e., constant sample and hold) no
matter what the sampling period is. Numerical simulations are presented to validate the stabilization
performance of our proposed event-triggered control strategy.
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1. Introduction

In the past four decades, the Euler–Bernoulli beam, as a benchmark vibrating system [1, 2], has attracted
wide attention, because it is regarded as a typical model for controlling systems described by partial differential
equations (PDEs). The important applications of Euler–Bernoulli beams in flexible link manipulators and outer
space antennas [3] have prompted extensive studies in the stability analysis [4, 5]. Many effective methods have
been developed to achieve stabilization, notably the backstepping approach [6], the Lyapunov approach combined
with energy multipliers [7, 8], the strain control and proportional derivative algorithm [9], the frequency domain
approach [10] etc. However, most of these approaches were realized by continuous time controls, necessitating
uninterrupted communication and feedback and so resulting in an increased burden on control devices. In this
article, we focus on the stabilization problem on the digital implementation of the control laws. A natural
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choice is the periodic update of the continuous control laws that is a powerful and classic method for realizing
digital continuous-in-time control laws. For finite-dimensional systems, the sampled-and-hold digital version
of a stabilizing state feedback (or dynamic) controller yields a stable sampled-data feedback control system
provided that the sampling period is sufficiently small (see [11–13]). However, the principle, when extended to
infinite-dimensional systems, has limitations, specifically regarding the requirement that the unstable part of
the open-loop system must be finite. Otherwise, there are examples in [14, 15] showing that the principle fails
in sampled-data stabilization of infinite-dimensional systems.

To overcome the limitations of discontinuous stabilization methods, we introduce an event-based control as a
noteworthy alternative to the traditional sampling methods. This approach can effectively reduce the workload
and greatly slow down the actuators wear [16]. One of the remarkable features of the event-based control is
that sensor sampling and control actuator turn on only when the plant state deviates from the expected value
beyond a certain threshold. It is important to note that the implementation of event-triggered control strategies
should avoid Zeno behavior. In other words the occurrence of infinite switching within a limited time interval
must be avoided. Event-based control applications have been explored in [17, 18] for finite dimensional network
control systems.

For infinite-dimensional systems, event-based control strategies have been investigated in the context of first-
order hyperbolic systems [19, 20], parabolic systems [21–24] and some coupled PDE-ODE systems [25, 26] as
well as in various triggering methods such as self-triggered control [27] and adaptive event-triggered control
[28, 29]. Additionally, in [30] event-triggered stabilization for some infinite-dimensional systems was studied
for bounded or unbounded control operators. Two types of trigger laws were analyzed to achieve stabilization
with a positive minimum inter-event time. However, the model was subject to limitations regarding the finite
unstable part of the generator spectrum. In recent works [31, 32] two event-triggered mechanisms of damping
controllers have been proposed to exponentially stabilize wave equations. The stability has been proven by using
Lyapunov’s direct method.

To the best of our knowledge, few studies are devoted to stabilizing the Euler–Bernoulli beam system with
infinite unstable spectrum by using event-triggered damping control. Motivated by the above arguments, we
consider the following Euler–Bernoulli beam equation:

wtt(x, t) + wxxxx(x, t) = u(x, t), x ∈ (0, 1), t > 0,
w(0, t) = 0, wx(0, t) = 0, t > 0,
wxx(1, t) = 0, wxxx(1, t) = 0, t > 0,
w(x, 0) = w0(x), wt(x, 0) = w1(x), x ∈ (0, 1),

(1.1)

where u(x, t) ∈ L1(0,+∞, L2(0, 1)) is the control input, (w0(x), w1(x)) is the initial state and (w(x, t), wt(x, t))
is the system state. Consider the beam system in the Hilbert space H = H2

L(0, 1)× L2(0, 1), where H2
L(0, 1) =

{f ∈ H2(0, 1) : f(0) = f ′(0) = 0} with the inner product

⟨(f1, f2)⊤, (g1, g2)⊤⟩H =

∫ 1

0

[f ′′
1 (x)g

′′
1 (x) + f2(x)g2(x)]dx, ∀f, g ∈ H.

Define the operator A : D(A)(⊂ H) → H,

{
A(ϱ, ς)⊤ = (ς,−ϱ′′′′)⊤, ∀(ϱ, ς)⊤ ∈ D(A),
D(A) =

{
(ϱ, ς)⊤ ∈ H

⋂
(H4(0, 1)×H2

L(0, 1))|ϱ′′(1) = ϱ′′′(1) = 0
}
.

(1.2)

Then the beam equation (1.1) can be rewritten as

ϕ̇(t) = Aϕ(t) +Bu(t), (1.3)
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where ϕ(t) = (w(·, t), wt(·, t))⊤, t > 0, and the input operator B = [0, I]⊤ ∈ B(L2(0, 1),H). By the Lemma 4
in [33], we know that A is a skew-adjoint operator with compact resolvent in H and generates a C0−group
eAt. Then the system operator A has infinitely many unstable eigenvalues. According to [11], by analyzing the
spectral decomposition, the distributed damping control law

u(x, t) = Fϕ(t) = −cwt(x, t), c > 0, (1.4)

can exponentially stabilize system (1.1), where feedback operator F = [0,−cI] ∈ B(H, L2(0, 1)). In practical
applications, the distributed damping control strategy enhances the energy dissipation of the beam system,
thereby improving its stability and longevity. This strategy is widely employed to mitigate unwanted oscillations
in flexible structures such as aerospace components and mechanical systems.

To save the control energy, the purpose of this paper is to exponentially stabilize Euler–Bernoulli
equation (1.1) by using the event-triggered damping control with new trigger rules. Precisely, the paper deals
with stabilization of the following closed-loop system:

wtt(x, t) + wxxxx(x, t) = −cwt(x, tk), x ∈ (0, 1), t ∈ [tk, tk+1), ∀k ∈ N,
w(0, t) = wx(0, t) = 0, t > 0,
wxx(1, t) = wxxx(1, t) = 0, t > 0,
w(x, 0) = w0(x), wt(x, 0) = w1(x), x ∈ (0, 1),

(1.5)

where the trigger time sequence (tk)k∈N is defined by

tk+1 = inf
{
t ≥ tk

∣∣ ∥wt(·, t)− wt(·, tk)∥2 > 2νE(t)
}
, (1.6)

or,

tk+1 = inf
{
t ≥ tk

∣∣ ∥wt(·, t)− wt(·, tk)∥2 > α
(
∥w(·, t)∥2 + ∥wt(·, t)∥2

)
+ E(0)e−θt

}
, (1.7)

where 0 < ν < 1, 0 < α < 1 and θ > 0 are positive tuning parameters. Note that, throughout the paper,

∥φ∥2 =

∫ 1

0

φ2(x)dx ∀φ ∈ L2(0, 1), E(t) =
1

2
(∥wxx∥2 + ∥wt∥2).

The main contributions are fourfold. (i) By analyzing the eigenvalues of the semigroup associated with
closed-loop system, we show that periodic sampled data control cannot guarantee exponential stability of the
closed-loop system no matter what the sampling period is. (ii) To reduce the workload of the controller, we
design an event-triggered control law with two novel trigger rules (1.6)–(1.7) to stabilize Euler–Bernoulli beam
equation. (iii) Sufficient LMI-based conditions for exponential stabilization are derived by Lyapunov’s direct
method. The operator theory is employed to prove the stability of closed-loop system (1.5). (iv) Zeno behavior
under two trigger rules is proven to be excluded.

The rest of this paper is organized as follows. Section 2 is devoted to the statement of the stabilization
problem and presenting the main results, including the discussion on well-posedness, nonrobustness of closed-
loop stability under the periodic sampled control on the one hand, and on the other hand, event-triggered
damping stabilization for the beam system without Zeno behavior. Section 3 is devoted to the proof of main
results by using the operator theory and Lyapunov’s direct method. To validate the theoretical results, numerical
simulations are implemented in Section 4 by applying the finite element method. Section 5 is devoted to our
conclusions. Appendix A contains our proof of some technical results.
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2. Main result

2.1. Nonrobustness of closed-loop stability for beam systems under periodic
sampled-data control

In this part, we first discuss the periodic sampled-data control of the system and show that the closed-loop
stability for beam systems is not robust with respect to periodic sampling. For finite dimensional systems,
applying a periodic sampled-data control law derived from a stabilizing state feedback control law gives us a
still stable sampled-data closed-loop feedback system, provided that the sampling period is sufficiently small
(see [11]). However, unlike the finite dimensional case, the principle fails to be extended to general infinite-
dimensional systems, except that the state feedback law is compact and the input operator is bounded or the
given system is analytic.

Consider the infinite-dimensional control system with period sampled feedback control{
ϕ̇(t) = Aϕ(t) +Bu(t), t ≥ 0, ϕ(0) = ϕ0,
u(t) = Fϕ(kτ), t ∈ [kτ, k(τ + 1)), k ∈ N, (2.1)

with period time τ > 0.

Theorem 2.1. [15] Assume that A generates a strongly continuous semigroup T (t) on X, B ∈ B(U,X), F ∈
B(X,U) is compact, and the semigroup generated by A+BF is exponentially stable. Then, there exists τ∗ > 0
such that for every τ ∈ (0, τ∗), the solution of (2.1) satisfies ∥x(t)∥ ≤ Me−νt∥x(0)∥ for some M ≥ 1 and ν > 0
and ∀ x(0) ∈ X and t ≥ 0.

Theorem 2.2. [14] Assume that A generates an analytic semigroup T (t) on X, B ∈ B(U,X−1), F ∈ B(X,U)
is compact. If the semigroup generated by ABF :

ABF x = (A+BF )x, ∀x ∈ D(ABF ) = {x ∈ X | (A+BF )x ∈ X}.

is exponentially stable. Then, there exists τ∗ > 0 such that for every τ ∈ (0, τ∗), the solution of (2.1) satisfies
∥x(t)∥ ≤ Me−νt∥x(0)∥ ∀ x(0) ∈ X, ∀ t ≥ 0 and for some M ≥ 1 and ν > 0.

Remark 2.3. Assume that the operator A is the infinitesimal generator of an analytic semigroup (typically
arising from a parabolic PDE). From Theorem 2.2, if B ∈ B(U,X−1), F ∈ B(X,U) is compact and ABF is
exponentially stable, then there exists a τ > 0 such that the periodic sampled-data control system (2.1) is
exponentially stable.

Theorem 2.1 and Theorem 2.2 show that the robustness of stability and stabilization with respect to periodic
sampling still holds for infinite-dimensional systems with compact state feedback law where either the input
operator is bounded or the state-space semigroup is analytic. Note that the compactness assumption on the
state feedback operator F is crucial when the input operator is bounded. Several counterexamples (see references
[14, 15]) indicate that the compactness assumption on F cannot be relaxed. In our case, while the input operator
B defined in (1.3) is bounded, the feedback operator F defined in (1.4) is noncompact. We will prove that the
closed-loop stability of the Euler–Bernoulli beam system is nonrobust under periodic sample. In other words the
stability of the closed-loop fails under the periodic sampling no matter what the sampling period is. Precisely,
consider the beam system (1.1) with period time τ > 0 and periodic sampling controller:


wtt(x, t) + wxxxx(x, t) = −c wt(x, kτ), x ∈ (0, 1), t ∈ [kτ, (k + 1)τ), k ∈ N,
w(0, t) = 0, wx(0, t) = 0,
wxx(1, t) = 0, wxxx(1, t) = 0,
w(x, 0) = w0(x), wt(x, 0) = w1(x),

(2.2)
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where the sampled control law is given by:

u(x, t) = −c wt(x, kτ), c > 0, x ∈ (0, 1), t ∈ [kτ, (k + 1)τ)). (2.3)

Then the periodic sampling controlled system (2.2) is governed by

ϕ̇(t) = Aϕ(t) +BFϕ(kτ), t ∈ [kτ, (k + 1)τ), (2.4)

where ϕ(t) = (w(·, t), wt(·, t))⊤ and

B = [0, I]⊤ ∈ B(L2(0, 1),H), F = [0,−cI] ∈ B(H, L2(0, 1)). (2.5)

Notice that F = −cB∗. By the Lemma 4 in [33], we know that A is a skew-adjoint operator with compact
resolvent in H and generates a C0− group eAt. From Theorem 2.9 in [34], p. 109, since BF ∈ L(H), the
following well-posedness result is obvious.

Lemma 2.4. For each initial condition (w0, w1) ∈ H, there exists a unique strong solution to (2.2) satisfying

w ∈ C([0,∞), H2
L(0, 1)) ∩ C1([0,∞), L2(0, 1)). (2.6)

Now, let us show the nonrobustness of closed-loop stability under periodic sampled-data control. Define the
operator Â ≜ A+BF : D(Â)(⊂ H) → H:{

Â(ϱ, ς)⊤ = (ς,−ϱ′′′′ − cς)⊤, ∀(ϱ, ς)⊤ ∈ D(Â),

D(Â) =
{
(ϱ, ς)⊤ ∈ H

⋂
(H4(0, 1)×H2

L(0, 1))|ϱ′′(1) = ϱ′′′(1) = 0
}
,

(2.7)

where A, B and F are defined in (1.2) and (2.5). We can rewrite the closed-loop system (2.2) as

ϕ̇(t) = Âϕ(t) +BF [ϕ(kτ)− ϕ(t)], t ∈ [kτ, (k + 1)τ), (2.8)

where ϕ(t) = (w(·, t), wt(·, t))⊤. Since A is the generator of a C0−semigroup of contractions and BF is dissipative

and bounded operator, from the perturbation theorem in [34], p. 82, Â generates a C0−semigroup T1(t) of

contractions, i.e., ∥T1(t)∥ ≤ 1. By direct computation, we see that the eigenvalues {λn, λ̄n}, n ∈ N, of Â are of
the form

λn =
1

2

(
−c+

√
c2 − 4

(π
2
+ nπ +O(e−n)

)4)
, n → ∞. (2.9)

Then the growth bound of C0−semigroup T1(t) is ω0 = supn∈N Re(λn) < 0. For any 0 < σ < −ω0, there
exists M ≥ 1 such that ∥T1(t)∥ ≤ Me−σt ∀ t ≥ 0, which means that A+BF generates an exponentially stable
C0−semigroup. However, as F is not compact, even though A+BF generates an exponentially stable semigroup,
no sampling period τ > 0 guarantees the exponential stability of the periodic sampled closed-loop system.

Theorem 2.5. For any sampled time τ > 0, the sampled control closed-loop system (2.2) is not exponentially
stable. Moreover, there is no τ∗ > 0 such that (2.2) is strongly stable for all τ ∈ (0, τ∗).

Remark 2.6. Our Theorem 2.5 is consistent with Theorem 2.2 and Theorem 2.1. From Theorem 2.1, the infinite-
dimensional systems with a compact stabilizing feedback F can be still stabilized by the periodic sampled-data
control law, if B is bounded and unstable part of the spectrum of A is finite. Our Theorem 2.5 states that for the
skew-adjoint operator A having an infinite number of unstable spectrum points and B, F bounded, the same
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periodic sampled-data control law can no longer ensure exponential stabilization no matter what the sampling
period τ is, though the semigroup generated by A+BF is exponentially stable.

Remark 2.7. Theorem 2.1 and Theorem 2.2 provide sufficient conditions for the robustness of stability with
respect to periodic sampling, for a class of infinite-dimensional control systems. However, in the context of general
infinite-dimensional systems the robustness of the closed-loop stability to periodically sampling the control law
is still open and interesting question. The Euler–Bernoulli beam system studied in this work demonstrates the
lack of robustness in closed-loop stability under periodic sampling.

2.2. Well-posedness of sampled-data controller structure

As the periodic sampling control law does not guarantee stabilization, we propose event-triggered control
laws to stabilize the beam system (1.1). Referring to the exponentially stabilizing control law (1.4), we design
the event-triggered controller as follows:

u(x, t) = −cwt(x, tk), c > 0, x ∈ (0, 1), t ∈ [tk, tk+1), (2.10)

where (tk)k∈N are the trigger instants defined by the event-triggered control mechanisms (1.6) or (1.7) with
t0 = 0. With the control law (2.10), we have the following closed-loop system:


wtt(x, t) + wxxxx(x, t) = −cwt(x, tk), x ∈ (0, 1), t ∈ [tk, tk+1),∀k ∈ N,
w(0, t) = 0, wx(0, t) = 0, t ≥ 0,
wxx(1, t) = 0, wxxx(1, t) = 0, t ≥ 0,
w(x, 0) = w0(x), wt(x, 0) = w1(x), x ∈ (0, 1).

(2.11)

Then the closed-loop system (2.11) can be rewritten as:

ϕ̇(t) = Aϕ(t) +BFϕ(tk), t ∈ [tk, tk+1),∀k ∈ N, (2.12)

where ϕ(t) = (w(·, t), wt(·, t))⊤, and A, B and F are defined respectively in (1.2) and (2.5).

Definition 2.8. [35] An increasing trigger instants (tk)k∈N in R is said to have Zeno behavior if and only if

lim
k→∞

tk =
∞∑
k=0

(tk+1 − tk) = T < ∞. (2.13)

And then T is called the Zeno time.

Proposition 2.9. A strictly increasing sequence (tk)k∈N in R has no Zeno behavior if and only if lim
k→∞

tk = +∞.

By Definition 2.8 and Proposition 2.9, having no Zeno behavior is necessary to guarantee existence of the
solution of beam system (2.11) for all t ∈ R+. Therefore the following theorem states the well-posedness of the
event-triggered control system (2.11) and confirms the avoidance of Zeno behavior.

Theorem 2.10. For each initial condition (w0, w1) ∈ H, there exists a unique strong solution to (2.11) satisfying

w ∈ C([0,∞), H2
L(0, 1)) ∩ C1([0,∞), L2(0, 1)). (2.14)
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2.3. Event-triggered control mechanisms and stability of the closed-loop system

For Euler–Bernoulli beam equation (1.1), consider the following energy function

E(t) =
1

2

∫ 1

0

[w2
xx(x, t) + w2

t (x, t)]dx. (2.15)

Define the speed deviation ek(x, t) as

ek(x, t) = wt(x, t)− wt(x, tk), x ∈ (0, 1), t ∈ [tk, tk+1), k ∈ N. (2.16)

Then, we propose two event-triggered control mechanisms as follows:

tk+1 = inf
{
t ≥ tk

∣∣ ∥ek(·, t)∥2 > 2νE(t)
}
, (2.17)

tk+1 = inf
{
t ≥ tk

∣∣ ∥ek(·, t)∥2 > α
(
∥w(·, t)∥2 + ∥wt(·, t)∥2

)
+ E(0)e−θt

}
, (2.18)

where ν < 1, α < 1 and θ are positive tuning parameters, (tk)k∈N is the sequence of event-driven instants when
the actuator signal is updated. The event triggered mechanism (2.17) is a static rule, which only supervises the
energy and the damping deviation and does not contain any internal dynamical variable. The event-triggered
mechanism (2.18) is built based on the system state and the initial energy data E(0). The controller (2.10)
will be updated when the event-triggered rules (2.17) and (2.18) are met. In other words, ∥ek(·, t)∥2 ≤ 2νE(t)
and ∥ek(·, t)∥2 ≤ α

(
∥w(·, t)∥2 + ∥wt(·, t)∥2

)
+ E(0)e−θt hold between two instants tk and tk+1. Moreover, we

will prove that the designed mechanisms (2.17) and (2.18) have no Zeno behavior as stated in Theorem 2.10. It
means no occurrence of Zeno behavior [35–37] in the sense that for each T > 0, there exists Tmin > 0 such that
all the event-triggered instants satisfy tk+1 − tk ≥ Tmin ∀ tk+1, tk ∈ [0, T ] and limk→∞ tk = ∞.

Remark 2.11. The event-triggered mechanism (2.17) follows a static rule that is straightforward to imple-
ment. To effectively reduce the frequency of controller updates during the initial stage without compromising
subsequent control decisions, we improve the trigger mechanism using ∥ek(·, t)∥2 ≥ 2νE(t) + E(0)e−θt, where
θ is a large parameter. Further, to achieve close tracking, we take into account the L2 norm of position w
and velocity wt, and tuning parameter α (noting that, by Poincaré inequality, ∥w(·, t)∥2 + ∥wt(·, t)∥2 ≤ 2E(t)).
In other words, the event-triggered law (2.18) reduces the number of event-triggered updates at initial stage
while ensuring close tracking for more accurate control decisions. Therefore, the trigger mechanism (2.18) offers
a perfect balance between simplicity and accuracy, reducing the frequency of actuator communication while
guaranteeing system stability. In summary, the event-triggered mechanism (2.17) is simpler to implement, while
the trigger mechanism (2.18) improves accuracy and efficiency in controller updates.

Remark 2.12. The thresholds ν and α influence the number of event-triggered updates imposed by (2.17) and
(2.18) respectively. The smaller ν or α, the more frequent the updates. Moreover, the parameter θ in trigger law
(2.18) is designed to reduce the communtation frequency of actuators, i.e., a smaller θ can reduce the frequency
of the updates. The influence of the parameters ν and θ on the triggered frequency could be shown by numerical
simulations in Section 4.

The asymptotic behavior of the closed-loop system (2.11) under the event-triggered control is described in
the following theorem.

Theorem 2.13. Given the damping parameter c > 0, there exist positive parameters ν, α and θ such that the
event-triggered controller (2.10) with the trigger law (2.17) or (2.18) exponentially stabilizes beam system (1.1),
i.e., ∥∥∥∥( w(·, t)

wt(·, t)

)∥∥∥∥
H

≤ Me−ϑt

∥∥∥∥( w0

w1

)∥∥∥∥
H

(2.19)

for some positive constants M and ϑ.
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3. Proof of the main result

3.1. Periodic sampled-data control system

In this part, we will prove Theorem 2.5, which states the non-robustness of closed-loop stability for beam
system (2.2) under periodic sampling control, i.e.,

ϕ̇(t) = Aϕ(t) +BFϕ(kτ), t ∈ [kτ, (k + 1)τ),

where ϕ(t) = (w(·, t), wt(·, t))⊤, and A, B and F are respectively defined in (1.2) and (2.5). Let ϱ be the
eigenvector of A corresponding to the eigenvalue λ = iµ2. Then we have the characteristic equation:

{
ϱ′′′′(x)− µ4ϱ(x) = 0, x ∈ (0, 1),
ϱ(0) = ϱ′(0) = ϱ′′(1) = ϱ′′′(1) = 0.

(3.1)

Direct calculation gives the eigenvalues λn = iµ2
n = i

[(
π
2 + nπ

)2
+O(e−|n|)

]
as n → ∞, with the corresponding

eigenvectors (ϱn, λnϱn)
⊤, where

ϱn = (coshµn + cosµn)[cosh(µnx) + cos(µnx)] + (sinµn − sinhµn)[sinh(µnx)− sin(µnx)]. (3.2)

Denote en = (ϱn/µ
2
n, iϱn)

⊤, n ∈ N. Hence λ̄n = −λn and ēn = (ϱn/µ
2
n,−iϱn)

⊤. Then the eigenvectors
{en, ēn|n ∈ N} of operator A forms a Riesz basis for H. From the spectral mapping theorems in [34], p. 45, the
C0 semigroup etA has eigenvalues eλnt, e−λnt ∈ σ(eAt), n ∈ N and the corresponding eigenvectors en, ēn, n ∈ N.
Denote ϕ(t) = (w(·, t), wt(·, t))⊤. Then the solution of (2.4) satisfies

ϕ(tk+1) = eAτϕ(tk) +

∫ tk+τ

tk

eA(tk+τ−s)BFϕ(tk)ds

=
[
eAτ +A−1(eAτ − I)BF

]
ϕ(tk) ≜ ∆τϕ(tk), ∀k ∈ N,

(3.3)

where ∆τ : H → H is the new operator:

∆τ = eAτ +A−1(eAτ − I)BF. (3.4)

Now Theorem 2.5 will be proven by analyzing the spectrum of operator ∆τ .

Proof of Theorem 2.5. Note that {en, ēn|n ∈ N} is a Riesz basis for H, λn = iµ2
n and λ̄n = −λn. We look for

Λn ∈ C such that ∆τφn = Λnφn. We set:

φn = α1en + α2ēn = α1

(
ϱn/µ

2
n

iϱn

)
+ α2

(
ϱn/µ

2
n

−iϱn

)
, α1 ̸= 0 or α2 ̸= 0.
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By B and F defined in (2.5), it yields that

∆τφn = [eAτ +A−1(eAτ − I)BF ](α1en + α2ēn)

= α1e
λnτen + α2e

λ̄nτ ēn + c

(
α2 − α1

2

)
A−1

[
(eAτ − I)(en − ēn)

]
= α1e

λnτen + α2e
−λnτ ēn + c

(
α2 − α1

2

)(
eλnτ − 1

λn
en − eλ̄nτ − 1

λ̄n
ēn

)

=

[
α1e

λnτ + c

(
α2 − α1

2λn

)
(eλnτ − 1)

]
en +

[
α2e

−λnτ + c

(
α2 − α1

2λn

)
(e−λnτ − 1)

]
ēn

= Λnα1en + Λnα2ēn.

(3.5)

Since {en, ēn|n ∈ N} is the orthonormal basis for H, it follows from (3.5) that
[
Λn − eλnτ +

c(eλnτ − 1)

2λn

]
α1 −

c(eλnτ − 1)

2λn
α2 = 0,

c(e−λnτ − 1)

2λn
α1 +

[
Λn − e−λnτ − c(e−λnτ − 1)

2λn

]
α2 = 0.

(3.6)

Thus the system of homogeneous linear equations (3.6) has a non-zeros solution (α1, α2) if and only if the
following holds:

Λ2
n −

[
eλnτ + e−λnτ − c(eλnτ − e−λnτ )

2λn

]
Λn + 1− c(eλnτ − e−λnτ )

2λn
= 0.

This quadratic equation has two roots in C given by:

(Λn)1,2 =
1

2

[
eλnτ + e−λnτ − c(eλnτ − e−λnτ )

2λn

]

± 1

2

[(
eλnτ + e−λnτ − c(eλnτ − e−λnτ )

2λn

)2

+
2c(eλnτ − e−λnτ )

λn
− 4

]1/2
.

(3.7)

Substituting λn = iµ2
n, e

λnτ + e−λnτ = 2 cos(µ2
nτ) and eλnτ − e−λnτ = 2i sin(µ2

nτ) into (3.7) yields

(Λn)1,2 =cos(µ2
nτ)−

c

2µ2
n

sin(µ2
nτ)

±

[(
cos(µ2

nτ)−
c

2µ2
n

sin(µ2
nτ)

)2

+
c

µ2
n

sin(µ2
nτ)− 1

]1/2
.

(3.8)

Since µ2
n =

(
π
2 + nπ

)2
+O(e−|n|) tends to infinity as n goes to infinity, from (3.8) we have: limn→∞ |Λn| = 1.

Therefore, the spectral radius r(∆τ ) ≥ 1, ∀τ > 0. From Gelfand formula in Lemma A.1, we know that r(∆τ ) =
limk→∞ ∥∆k

τ∥1/k and ∆τ is not exponential power stable. By equivalence between exponentially power stability
of ∆τ and exponential stability of system (2.4), it follows from Lemma 2.3 in [14] that the system is not
exponentially stable ∀τ > 0.

Next, we will show that ∀τ∗ > 0, there exists a τ ∈ (0, τ∗) such that the system (2.4) is not strongly stable
with the sampling period τ .
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Indeed, ∀τ∗ > 0, there exists aN such that µ2
n > 2π/τ∗, ∀n ≥ N . Taking two sampling periods τ1 = τ∗−π/µ2

n

and τ2 = τ∗ − 2π/µ2
n, then we have τ1, τ2 ∈ (0, τ∗) and µ2

nτ1 = µ2
nτ

∗ − π, µ2
nτ2 = µ2

nτ
∗ − 2π, and

sin(µ2
nτ) ≤ 0, for τ = τ1 or τ2, ∀n ≥ N. (3.9)

Then ∀τ∗ > 0, there always exists a τ ∈ (0, τ∗) such that sin(µ2
nτ) ≤ 0. Taking sampling period τ and a

sufficiently large integer n satisfying (3.9), we see that[
cos(µ2

nτ)−
c

2µ2
n

sin(µ2
nτ)

]2
+

c

µ2
n

sin(µ2
nτ)− 1

=

(
c2

4µ4
n

− 1

)
(sin(µ2

nτ))
2 − c

µ2
n

sin(µ2
nτ)

(
cos(µ2

nτ)− 1
)
≤ 0.

(3.10)

Considering the modulus of eigenvalue in (3.8), it follows from (3.9) and (3.10) that

|Λn|2 = 1− c

µ2
n

sin(µ2
nτ) ≥ 1.

Hence, for the eigenvalue Λn and the corresponding eigenvector φn, we have

∥∆k
τφn∥ = ∥Λk

nφn∥ ≥ ∥φn∥, lim
k→∞

∥∆k
τφn∥ ≠ 0.

Therefore, the system (2.4) is not strongly stable (see Def. 2.1, [38]). Therefore, for any τ∗ > 0, there always
exists a sampling period τ ∈ (0, τ∗) such that the system (2.11) is not strongly stable. The proof is complete.

3.2. Event-triggered control systems

Before proving the well-posedness of event-triggered control system (2.11) and the absence of Zeno
phenomenon in Theorem 2.10, we present the following lemma, whose proof is postponed to Appendix.

Lemma 3.1. Let (tk)k∈N be a strictly increasing trigger sequence defined by the event-triggered mechanism
(2.17) or (2.18). The energy E(t) of the controlled system satisfies the following inequalities:

(i) For the first event-triggered mechanism (2.17),

e−2M̃0tE(0) ≤ E(t) ≤ e2M0tE(0), t ∈ [0, tk], ∀ k ∈ N,

where M0 = νc/4 and M̃0 = νc/4 + 2c;
(ii) For the second event-triggered mechanism (2.18), on the one hand,

E(t) ≤ α2e
2M1tE(0), t ∈ [0, tk], ∀ k ∈ N, (3.11)

where M1 = αc/4 and α2 = 1 + c
2(αc+ 2θ)

, and on the other hand, by taking θ ≥ (α+ 9)c/2,

E(t) ≥ α1e
−2M̃1tE(0), t ∈ [0, tk], ∀ k ∈ N, (3.12)

where M̃1 = αc/4 + 2c and α1 = 1/2.

Consider the following mapping H → C([t0,∞), L2(0, 1)):

Z(t) = B∗(e(t−t0)A − I)(I +A−1BF )ϕ0, t0 ≥ 0, (3.13)
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where A is defined in (1.2) and B, F are defined in (2.5). B∗ is the dual operator of B. We consider the
orthonormal basis of H formed by the eigenvectors of A:

Aen = iσnen ≜ iµ2
nen, en = (ϱn/µ

2
n, iϱn)

⊤, e−n = ēn, ∥ϱn∥2 = 1/2, ∀ n ∈ N. (3.14)

For each ϕ0 ∈ H, we write

ϕ0 =

∞∑
n=1

(αnen + βne−n) , (3.15)

so that ∥ϕ0∥2H =
∑∞

n=1

(
|αn|2 + |βn|2

)
. Then the following observability inequality holds true:

Lemma 3.2. Let ϕ0 and Z(t) be defined in (3.15) and (3.13), respectively. Then there exists some constant
K > 0 (depending only on c and σ1) such that the following observability inequality is satisfied:

T

2
< Λϕ0, ϕ0 > −K∥ϕ0∥2H ≤

∫ T

0

∥Z(t)∥2dt ≤ T

2
< Λϕ0, ϕ0 > +K∥ϕ0∥2H, ∀ T > 0, (3.16)

where the operator Λ : H → H defined below is positive definite:

Λϕ0 =

∞∑
n=1

{(
2 +

c2

σ2
n

)
(αnen + βne−n)−

(
1 +

ic

σn
+

c2

2σ2
n

)
βnen −

(
1− ic

σn
+

c2

2σ2
n

)
αne−n

}
.

Moreover, we have

< Λϕ0, ϕ0 >H ≥
(

3

3 +K

)
∥ϕ0∥2H.

Remark 3.3. The assertion of Lemma 3.2 still holds for the integral
∫ t0+T

t0
∥Z(t)∥2dt ∀ t0 ≥ 0.

Based on the above lemmas, the well-posedness of the closed-loop system (2.11) and the absence of Zeno
phenomenon can be established, provided that the initial energy E(0) ̸= 0. If E(0) = 0, then the unique solution
of the closed-loop system is zero for all positive time.

Lemma 3.4. For any initial condition (w0, w1) ∈ H such that E(0) ̸= 0, there exist tuning parameters α, ν
and θ in trigger laws (2.17) and (2.18) such that the event-triggered instants (tk)k∈N is a strictly increasing
sequence satisfying limk→∞ tk = ∞ and the closed-loop system (2.11) has a unique solution satisfying

w ∈ C([0,∞), H2
L(0, 1)) ∩ C1([0,∞), L2(0, 1)).

Proof of Lemma 3.4. This lemma will be proven by two steps. In the first step, we will utilize the induction
method to prove the existence of the next instant tk+1 > tk for any k ∈ N and the well-posedness within every
sampled interval [tk, tk+1]. In the second step, we show that the strictly increasing sequence (tk)k∈N diverges to
infinity, thereby guaranteeing the well-posedness result for the entire interval (0,∞).

Set ϕ(t) = (w(·, t), wt(·, t))⊤. Then the solution of (2.11) or (2.12) is given by

ϕ(t) = eA(t−tk)ϕ(tk) +

∫ t

tk

eA(t−s)BFϕ(tk)ds, ∀t ∈ [tk, tk+1),∀k ∈ N, (3.17)
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where A is the generator defined in (1.2), and B, F are bounded operators defined in (2.5). Recall that the
speed deviation is given by

ek(x, t) = wt(x, t)− wt(x, tk) = B∗(ϕ(t)− ϕ(tk)) = B∗(eA(t−tk) − I)(I +A−1BF )ϕ(tk). (3.18)

Base case: On the first time interval [0, t1), the closed-loop system (2.11) under control u(x, t) =
−cwt(x, t0) = −cw1(x), is governed by{

wtt(x, t) + wxxxx(x, t) = −cw1(x), x ∈ (0, 1), t ∈ [0, t1),
w(0, t) = 0, wx(0, t) = 0, wxx(1, t) = 0, wxxx(1, t) = 0, t ≥ 0,

(3.19)

with initial state ϕ0 = (w0, w1)
⊤ ∈ H. From Theorem 2.9 in [34], p. 109, since the source term is −cw1(x) ∈

L2(0, 1) and ϕ0 ∈ H, system (3.19) has a unique solution w(x, t) satisfying (w,wt)
⊤ ∈ C([0, t1],H).

Set

T0 =
4K(3 +K)

3
, ν =

e−2M0T0

2(3 +K)
(3.20)

with K defined in Lemma 3.2. Now, we prove that there is a positive t1, t1 < T0, such that the trigger law (2.17)
is triggered at t1. We prove it by absurd. Suppose that the trigger law is not satisfied on the interval [0, T0].

By (3.18), e0(·, t) is nothing else than the function Z(t) defined in (3.13): e0(·, t) = B∗(eAt−I)(I+A−1BF )ϕ0.
By Lemma 3.2 we have: ∫ T

0

∥e0(·, t)∥2dt ≥
T

2
< Λϕ0, ϕ0 >H −K∥ϕ0∥2H. (3.21)

Since by Lemma 3.2 < Λϕ0, ϕ0 >H≥ 3

3 +K
∥ϕ0∥2H, by taking T = T0 =

4K(3 +K)

3
the following holds true:

∫ T

0

∥e0(·, t)∥2dt ≥ K∥ϕ0∥2H = 2KE(0). (3.22)

Since ∥e0(·, t)∥2 is continuous in t ∈ [0, T ], there exists t∗0 ∈ (0, T ] such that

∥e0(·, t∗0)∥2 = max
0≤t≤T

∥e0(·, t)∥2.

Then from (3.22), it means that

∥e0(·, t∗0)∥2 ≥ 1

T

∫ T

0

∥e0(·, t)∥2dt ≥
K

T
∥ϕ0∥2H =

3

2(3 +K)
E(0), t∗0 ∈ (0, T ]. (3.23)

By Lemma 3.1 we have E(0) ≥ E(t∗0)e
−2M0t

∗
0 and, a fortiori,

E(0) ≥ E(t∗0)e
−2M0T0 . (3.24)

Substituting (3.24) into (3.23), we get:

∥e0(·, t∗0)∥2 > 2νE(t∗0),
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where

ν <
e−2M0T0

2(3 +K)
. (3.25)

Hence the trigger law is triggered at t1 = t∗0. This is in contradiction with the hypothesis. So the existence of
such a t1 is guaranteed.

For the second trigger law (2.18), we set

T0 = max{8K(3 +K), 2θ−1 ln(3 +K)}. (3.26)

We prove that there exists t1 ≤ T0 such that the the second trigger law is triggered at t1. It is proved by absurd.
Suppose that there is no triggering in the interval [0, T0]. We will get a contradiction.

Indeed, by Lemma 3.2 and Remark 3.3 we have:∫ T

T/2

∥e0(·, t)∥2dt ≥
T

2
< Λϕ0, ϕ0 > −K∥ϕ0∥2 −

∫ T/2

0

∥e0(·, t)∥2dt. (3.27)

Application of Lemma 3.2 leads to∫ T/2

0

∥e0(·, t)∥2dt ≤
T

4
< Λϕ0, ϕ0 > +K∥ϕ0∥2. (3.28)

Substituting (3.28) into (3.27) and application of Lemma 3.2 give:∫ T

T/2

∥e0(·, t)∥2dt ≥
T

4
< Λϕ0, ϕ0 > −2K∥ϕ0∥2 ≥

(
3T

4(3 +K)
− 2K

)
∥ϕ0∥2.

As above there exists t∗0 ∈ [T/2, T ] such that

∥e0(·, t∗0)∥2 = max
T/2≤t≤T

∥e0(·, t)∥2.

By taking T = T0 in (3.26), it follows from (3.27) that

∥e0(·, t∗0)∥2 ≥ 2

T0

∫ T0

T0/2

∥e0(·, t)∥2dt ≥
(

1

3 +K

)
∥ϕ0∥2H =

(
2

3 +K

)
E(0), t∗0 ∈ [T0/2, T0]. (3.29)

By Lemma 3.1 we have E(0) ≥ α−1
2 E(t∗0)e

−2M1t
∗
0 and, a fortiori,

E(0) ≥ α−1
2 E(t∗0)e

−2M1T0 . (3.30)

From (3.29), t∗0 ≥ T0/2 and θT0 ≥ 2 ln(3 +K), one has

∥e0(·, t∗0)∥2 − e−θt∗0E(0) ≥
(

2

3 +K
− e−θT0/2

)
E(0) ≥ E(0)

3 +K
≥ e−2M1T0E(0)

(3 +K)α2
.

By Lemma 3.1, the above inequality implies the inequality:

∥e0(·, t∗0)∥2 ≥ αE(t∗0) + e−θt∗0E(0), (3.31)
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where

α <
e−2M1T0

(3 +K)α2
, α2 = 1 +

c

2θ + αc
. (3.32)

Hence the trigger law is triggered at t1 = t∗0. This contradiction proves the existence of such a t1 > 0.

Induction step: for any fixed k ∈ N, assume (w,wt)
⊤ ∈ C([tk−1, tk],H). Then on the (k+1)th time interval

[tk, tk+1), from Theorem 2.9 in [34], p. 109 again, the closed-loop system{
wtt(x, t) + wxxxx(x, t) = −cwt(x, tk), x ∈ (0, 1), t ∈ [tk, tk+1),
w(0, t) = 0, wx(0, t) = 0, wxx(1, t) = 0, wxxx(1, t) = 0,

(3.33)

with initial state (w(x, tk), wt(x, tk))
⊤ ∈ H and the source term −cwt(x, tk) ∈ L2(0, 1) has a unique solution

w(x, t) satisfying (3.17) and (w,wt)
⊤ ∈ C([tk, tk+1],H).

Now consider the next trigger instant tk+1. Similarly there exists some t1 > 0, t1 ≤ T0 = 2K(3 +K)/3, such
that the trigger law is triggered at t = tk + t1. We prove it by absurd. Suppose that there is no triggering in
(tk, tk + T0]. From (3.33) and (3.2), for each ϕ(tk) = (w(x, tk), wt(x, tk))

⊤ ∈ H we have

ek(·, t) = B∗(eA(t−tk) − I)(I +A−1BF )ϕ(tk).

Notice that ∫ tk+T

tk

∥ek(·, t)∥2dt =
∫ T

0

∥B∗(eAt − I)(I +A−1BF )ϕ(tk)∥2dt. (3.34)

Hence the same reasoning as in the case k = 0 is applied by replacing ϕ0 by ϕ(tk) to prove that the trigger law
is triggered at t = tk + t1 with 0 < t1 ≤ 2K(3 +K)/3. This contradiction proves the existence of a triggering
time tk+1 ∈ (tk, tk + T0].

For the second trigger law (2.18), we set T0 = max{8K(3 + K), 2θ−1 ln(2(3 + K))}. By Lemma 3.2,
Remark 3.3 and (3.34) we have:∫ tk+T

tk

∥ek(·, t)∥2dt ≥
T

2
< Λϕk, ϕk >H −K∥ϕk∥2H (3.35)

and ∫ tk+T/2

tk

∥ek(·, t)∥2dt ≤
T

4
< Λϕk, ϕk >H +K∥ϕk∥2H, (3.36)

which leads to

∥ek(·, tk + t∗0)∥2 ≥ 2

T

∫ tk+T0

tk+T0/2

∥ek(·, t)∥2dt ≥ 2E(tk)/(3 +K), t∗0 ∈ [T0/2, T0]. (3.37)

Notice that the same reasoning as in the case k = 0 is applicable to prove existence of a triggering time
tk+1 = tk + t∗0. Indeed, although we do not have exactly the same inequality (3.30), we claim that the similar
one still holds as follows:

E(tk) ≥ α−1
2 e−2M1T0E(tk + t∗0) (3.38)
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where α2 is defined in (3.11). The inequality (3.12) in Lemma 3.1 gives us:

E(0) ≤ α−1
1 e2M̃1tkE(tk). (3.39)

From (3.37), (3.39) and (3.38) we write immediately:

∥ek(·, tk + t∗0)∥2 − e−θ(tk+t∗0)E(0) ≥
(

2

3 +K
− 2e−θT0/2

)
α̃−1
2 E(tk + t∗0)e

−αcT0/2. (3.40)

As T0 ≥ 2θ−1 ln(2(3 +K)) and α satisfies (3.32), the inequality (3.40) implies the required triggering one:

∥ek(·, tk + t∗0)∥2 − e−θ(tk+t∗0)E(0) ≥ αE(tk + t∗0).

We have only to prove the claim. Indeed, integrating (A.4) from tk to t yields:

E(t) ≤ eαc(t−tk)/2E(tk) +
cE(0)e−θtk

2(2θ + αc)

[
eαc(t−tk)/2 − e−θ(t−tk)

]
. (3.41)

By (3.12) in Lemma 3.1 we have

E(0) ≤ α−1
1 e2M̃1tkE(tk). (3.42)

Substituting (3.42) into (3.41) gives us the following:

E(tk + t∗0) ≤ α2e
αct∗0

2 E(tk). (3.43)

As t∗0 ≤ T0, reversing the above inequality proves the claim.
Conclusion step: by induction, for any k ∈ N, we get (w,wt)

⊤ ∈ C([0, tk],H). And this way we define a
strictly increasing sequence (tk) in R. Now we prove that the strictly increasing sequence diverges to infinity,
or, limk→∞ tk = ∞. If not, we assume T = limk→∞ tk < ∞.

From the well-posedness of the closed-loop system (2.11) in [tk.tk+1], k ∈ N, the solution of (2.11) satisfies
wt ∈ C([0, T ], L2(0, 1)), ∀k ∈ N. Then we have the uniform continuity of the function t 7→ e(t) from the compact
set [0, T ] to Hilbert space L2(0, 1) defined by e(t) = ek(·, t) ∀ t ∈ [tk, tk+1]. Hence, ∀ϵ > 0 there exists δ > 0 such
that for every s, t ∈ [tk, tk+1], |t− s| < δ ⇒ ∥ek(·, t)− ek(·, s)∥ < ϵ. Then the contrapositive of this uniform
continuity says that if, for a ϵ > 0,

∥ek(·, t)− ek(·, s)∥ > ϵ ∀ k ∈ N, (3.44)

then there exists some δ > 0 such that |t−s| > δ. From event-triggered control mechanism (2.17) and Lemma 3.1,
setting s = tk and t = tk+1 results that

∥e(tk+1)− e(tk)∥ = ∥ek(·, tk+1)− ek(·, tk)∥ = ∥ek(·, tk+1)∥ >
√
2νE(tk+1)

≥
√

2νE(0)e−M0tk+1 ≥
√

2νE(0)e−M0T = ϵT , (3.45)

where M0 = c(1 +
√
ν). For the event-triggered control mechanism (2.18), letting s = tk, t = tk+1 yields that

∥ek(·, tk+1)− ek(·, tk)∥ = ∥ek(·, tk+1)∥ ≥
√

E(0)e−θtk+1/2 ≥
√

E(0)e−θT/2 = ϵ̃T . (3.46)
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Note that ϵT and ϵ̃T depend only on T , initial energy and tuning parameters c, ν and θ. Thus, there exists a
real number δT > 0 not depending on k such that

|tk+1 − tk| > δT , (3.47)

which implies that

T = lim
k→∞

tk ≥ lim
k→∞

(k − 1)δT = ∞.

Hence, the contradiction with the assumption T < ∞, proves that the sequence (tk)k∈N has no finite accu-
mulation point, which means the absence of Zeno behavior in the event-triggered mechanisms (2.17) and
(2.18).

From the continuous extension at the instants, we see that the unique solution (w,wt) of system (2.11) under
trigger laws (2.17) or (2.18) is continuous for all t ∈ [0,∞), therefore,

w ∈ C([0,∞), H2
L(0, 1)) ∩ C1([0,∞), L2(0, 1)).

This implies that if E(0) ̸= 0, then the studied event-triggered control problem for system (2.11) is well-posed
and has no Zeno behavior. The proof is complete.

Remark 3.5. In the proof of Lemma 3.4, the absence of Zeno phenomenon is established by showing that
tk → ∞ as k → ∞. For any T > 0, the minimum inter-event time δT > 0 depends on the final time T , the initial
energy and the tuning parameters of the event-triggered control. Since k < T/δT < ∞, the actuator cannot be
triggered infinitely many times in any finite time interval. As time progresses, the minimum inter-event time
may decrease, and the control may approach a nearly continuous-in-time implementation as t → ∞, which
is unachievable by periodic sampling control. Although the trigger frequency may increase with time, event-
triggered controllers are feasible and effective in practical applications, because they can stabilize the beam
system within a finite time interval with acceptable precision while avoiding the Zeno phenomenon.

According to Lemma 3.4, the well-posedness of closed-loop system (2.11) and the absence of Zeno behavior
can be proven by considering only E(0) = 0. This proof is provided in Appendix.

To prove the stability of beam system (2.11) under event-triggered control (2.10), we consider the following
candidate of Lyapunov functional

V (w,wt) =
1

2

(
∥wxx∥2 + ∥wt∥2 + εc∥w∥2

)
+

∫ 1

0

εwwtdx, (3.48)

where (w,wt)
⊤ ∈ H and ε ∈ (0, 1) is a positive constant. We claim that V (w,wt) is equivalent to the system

energy (2.15) for every 0 < ε < 1, which can be proven by the following inequalities.

Lemma 3.6. [39], p. 182 (Wirtinger inequality) For g ∈ H1(0, 1), if g(0) = 0 then

∥g(·)∥2L2(0,1) ≤
4

π2
∥g′(·)∥2L2(0,1).

Then, it is not difficult to show the equivalence between the Lyapunov functional (3.48) and the system
energy (2.15).

Lemma 3.7. Let 0 < ε < 1 in (3.48). Then, there exist positive constants β1 and β2 such that

β1E(t) ≤ V (t) ≤ β2E(t), t ≥ 0, (3.49)
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where

β1 = 1− ε > 0, β2 = 1 + ε

(
1 +

16c

π4

)
> 0. (3.50)

Now, we propose LMI-based conditions to guarantee exponential stability of the closed-loop system (2.11)
under the event-triggered mechanism (2.17). By using Lyaponov’s direct method and the S−procedure in
Lemma A.2, the following results can be proven.

Theorem 3.8. Let the damping parameter c > 0. Then there exist positive constants ν, δ1 > 0 and M ≥ 1
such that the closed-loop system (2.11) under the event-triggered mechanism (2.17) is exponentially stabilized.
More precisely, for every initial state (w0, w1) ∈ H defined in (1.2), the closed-loop system (2.11) under the
event-triggered mechanism (2.17) is exponentially stable with energy decay rate 2δ1 as follows:

E(t) ≤ ME(0)e−2δ1t ∀t ≥ 0. (3.51)

Remark 3.9. The parameters ν and δ1 can be explicitly determined by making the following matrix Q positive
definite:

Q =


a1 − εcδ1 −δ1ε −εc/2 0
−δ1ε −a2ν − ε+ c− δ1 −c/2 0
−εc/2 −c/2 a2 0

0 0 0 −a2ν − 16a1/π
4 + ε− δ1

 > 0, (3.52)

where a1, a2, ν and δ1 are real positive constants and 0 < ε < 1.

Proof of Theorem 3.8. Differentiating V (t) along with the trajectory (w(x, t), wt(x, t)) of (2.11) and integration
by parts yield

V̇ (t) =

∫ 1

0

[wxx(x, t)wxxt(x, t) + wt(x, t)wtt(x, t) + εcwt(x, t)w(x, t)

+εw2
t (x, t) + εw(x, t)wtt(x, t)

]
dx

=

∫ 1

0

[
−cwt(x, t)wt(x, tk) + εcw(x, t)wt(x, t) + εw2

t (x, t)

−εw2
xx(x, t)− εcw(x, t)wt(x, tk)

]
dx

=(ε− c)∥wt(·, t)∥2 − ε∥wxx(·, t)∥2

+ c

∫ 1

0

wt(x, t)ek(x, t)dx+ εc

∫ 1

0

w(x, t)ek(x, t)dx,

(3.53)

where ek(x, t) is the speed deviation defined in (2.16). For some δ1 > 0, adding 2δ1V (t) to both sides of (3.53)
leads to

V̇ (t) + 2δ1V (t)

=(ε− c+ δ1)∥wt(·, t)∥2 + (δ1 − ε)∥wxx(·, t)∥2 + εcδ1∥w(·, t)∥2

+

∫ 1

0

[2εδ1w(x, t)wt(x, t) + cwt(x, t)ek(x, t) + εcw(x, t)ek(x, t)] dx

≜
∫ 1

0

Φ⊤(x, t)Q0Φ(x, t)dx,

(3.54)
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with

Φ(x, t) = (w(x, t), wt(x, t), ek(x, t), wxx(x, t))
⊤ (3.55)

and

Q0 =


εcδ1 δ1ε εc/2 0
δ1ε ε− c+ δ1 c/2 0
εc/2 c/2 0 0
0 0 0 δ1 − ε

 . (3.56)

It follows from Wirtinger inequality in Lemma 3.6 that

∫ 1

0

Φ⊤(x, t)Q1Φ(x, t)dx ≥ 0, ∀t > 0, (3.57)

with Q1 = diag(−1, 0, 0, 16/π4). According to the event-triggered rule (2.17), we know that ∥ek(·, t)∥2 ≤ 2νE(t),
∀t ∈ [tk, tk+1), ∀k ∈ N, which means

∫ 1

0

Φ⊤(x, t)Q2Φ(x, t)dx ≥ 0, ∀t ∈ [tk, tk+1), ∀k ∈ N,

with Q2 = diag(0, ν,−1, ν). Note that although the metrics Q1 and Q2 are not positive semi-definite, the integral
of their associated bilinear form is non-negative. By using the S−procedure in (3.54), we find that

V̇ (t) + 2δ1V (t) + a1

∫ 1

0

Φ⊤(x, t)Q1Φ(x, t)dx+ a2

∫ 1

0

Φ⊤(x, t)Q2Φ(x, t)dx

=

∫ 1

0

Φ⊤(x, t)(Q0 + a1Q1 + a2Q2)Φ(x, t)dx

=−
∫ 1

0

Φ⊤(x, t)QΦ(x, t)dx, t ∈ [tk, tk+1), ∀k ∈ N,

(3.58)

where Q ≜ −(Q0 + a1Q1 + a2Q2) is given in (3.52).
We claim that there exist positive parameters a1, a2, δ1, ε such that the matrix Q > 0.
In fact, we first consider the case when δ1 = 0 and denote the corresponding matrix as Q∗:

Q∗ =


a1 0 −εc/2 0
0 −ν∗ − ε+ c −c/2 0

−εc/2 −c/2 a2 0
0 0 0 −ν∗ − 16a1/π

4 + ε

 , (3.59)

where ν∗ ≜ a2ν. Then, by Schur complement, it is not difficult to calculate that Q∗ > 0 if and only if

a1 > 0, −ν∗ − ε+ c > 0, −ν∗ − 16a1
π4

+ ε > 0, a2 −
c2

4

(
ε2

a1
+

1

−ν∗ − ε+ c

)
> 0. (3.60)
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From 0 < ε < 1, (3.60) is equivalent to a1 > 0 and

a2 >
c2

4

(
ε2

a1
+

1

−ν∗ − ε+ c

)
, ν∗ +

16a1
π4

< ε < min {1, c− ν∗} , ν∗ +
16a1
π4

< min{1, c− ν∗}.

Then it is not difficult to know that Q∗ > 0 can be guaranteed by choosing the following parameters

ν∗ ∈ (0,min {1, c/2}) ,

a1 ∈
(
0,min

{
π4(c− 2ν∗)

16
,
π4(1− ν∗)

16

})
,

ε ∈
(
ν∗ + 16a1/π

4,min {1, c− ν∗}
)
, (3.61)

a2 >
c2

4

(
ε2

a1
+

1

−ν∗ − ε+ c

)
.

Furthermore, the tuning parameter ν is easily recovered from ν∗ and a2, i.e.,

0 < ν =
ν∗

a2
<

4min {1, c/2}
c2 [ε2/a1 + 1/(−ν∗ − ε+ c)]

. (3.62)

Then there exist a1, a2, ν and ε such that Q∗ > 0. Next, if δ1 ̸= 0, we can write Q as Q = Q∗ − δ1Q3 where

Q3 =


εc ε 0 0
ε 1 0 0
0 0 0 0
0 0 0 1

 .

From (3.61) we have Q3 ≥ 0. For the parameters a1, a2, ν, ε such that Q∗ > 0, there always exists a small enough
δ1 > 0 such that Q > 0. The claim is proved.

Then, referring to Chapter 2.6.3 in [40], from (3.58), we obtain V̇ (t) < −2δ1V (t), which means

V (t) < e−2δ1tV (0), t > 0.

Taking (3.49) into account, we have

E(t) <
β2

β1
E(0)e−2δ1t, t > 0. (3.63)

The proof is complete.

From Theorem 3.8, we have proven the exponential stability of closed-loop system (2.11) with event-triggered
control mechanism (2.17). This result can be shown by using operator theory. Consider the closed-loop system
(2.11), which can be rewritten as:

ϕ̇(t) = Âϕ(t) +BF [ϕ(tk)− ϕ(t)], t ∈ [tk, tk+1), (3.64)
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where ϕ(t) = (w(·, t), wt(·, t))⊤, Â is defined in (2.7) and B, F are defined in (2.5). Then, the solution of (2.8)
satisfies

ϕ(t) = eÂ(t−tk)ϕ(tk) +

∫ t

tk

eÂ(t−s)BF (ϕ(tk)− ϕ(s))ds

= eÂ(t−tk)ϕ(tk) + c

∫ t

tk

eÂ(t−s)Bek(·, s)ds, t ∈ [tk, tk+1), k ∈ N.
(3.65)

Now, we will prove the exponential stability of closed-loop system (2.11) directly by using operator theory.

Theorem 3.10. Let the damping parameter c > 0. There exists positive parameter ν < σ2/(Mc)2 such that
for any initial condition (w0, w1)

⊤ ∈ H, the closed-loop system (2.11) under event-triggered control mechanism
(2.17) is exponentially stable with decay rate ϑ = σ − cM

√
ν, i.e.,∥∥∥∥( w(·, t)

wt(·, t)

)∥∥∥∥
H

≤ Me−ϑt

∥∥∥∥( w0

w1

)∥∥∥∥
H
.

Proof. Referring to Theorem 5.2 in [34], we introduce the new equivalent norm | · | on H defined by

|x| ≜ sup
t≥0

∥eσtT1(t)x∥H. (3.66)

Then the norm satisfies

∥x∥H ≤ |x| ≤ M∥x∥H, |T1(t)x| ≤ e−σt|x|, ∀x ∈ H, ∀t ≥ 0. (3.67)

Noting that event-triggered mechanism (2.17) guarantees ∥ek(·, t)∥ ≤
√
ν∥ϕ(t)∥H, ∀t ∈ [tk, tk+1), ∀k ∈ N,

which means that the norm of (3.65) satisfies

|ϕ(t)| ≤ e−σ(t−tk)|ϕ(tk)|+ cM
√
ν

∫ t

tk

e−σ(t−s)|ϕ(s)|ds.

By using the Gronwall’s inequality, it yields that eσt|ϕ(t)| ≤ eσtkecM
√
ν(t−tk)|ϕ(tk)| or,

|ϕ(t)| ≤ e(−σ+cM
√
ν)(t−tk)|ϕ(tk)| = e−ϑ(t−tk)|ϕ(tk)|, ∀t ∈ (tk, tk+1], ∀k ∈ N, (3.68)

where ϑ = σ −
√
νcM > 0. Using (3.68) recursively gives |ϕ(t)| ≤ e−ϑt|ϕ(0)|, ∀ ϕ(0) ∈ H, ∀t ≥ 0. Therefore,

from (3.67), we obtain

∥ϕ(t)∥H ≤ |ϕ(t)| ≤ e−ϑt|ϕ(0)| ≤ Me−ϑt∥ϕ(0)∥H.

The proof is complete.

Next we consider the asymptotic behavior of the solution under the second event-triggered control mechanism
(2.18).

Theorem 3.11. Let the damping parameter c > 0. Then there exist positive constants α, θ, δ2 > 0, and M ≥ 1
such that the closed-loop system (2.11) under the event-triggered mechanism (2.18) is exponentially stabilized.
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More precisely, for every initial state (w0, w1) ∈ H defined in (1.2), the solution of the closed-loop system (2.11)
under the event-triggered mechanism (2.18) converges exponentially to zero with decay rate δ2 as follows:

E(t) ≤ ME(0)e−2δ2t, ∀t ≥ 0. (3.69)

Remark 3.12. The parameters α, δ2 and θ can be explicitly determined by making positive definite the
following matrix P :

P =


b1 − b2α 0 −εc/2 0

0 −b2α− ε+ c− δ2 −c/2 0
−εc/2 −c/2 b2 0

0 0 0 −16b1/π
4 + ε− δ2

 > 0, (3.70)

and θ > 2δ2/(1− ε), where b1, b2, α and δ2 are real positive constants and 0 < ε < 1.

Proof of Theorem 3.11. Differentiating V (t) along with the trajectory (w(x, t), wt(x, t)) of (2.11) leads to

V̇ (t) = (ε− c)∥wt(·, t)∥2 − ε∥wxx(·, t)∥2

+ c

∫ 1

0

wt(x, t)ek(x, t)dx+ εc

∫ 1

0

w(x, t)ek(x, t)dx

and

V̇ (t) + 2δ2E(t)

= (ε− c+ δ2)∥wt(·, t)∥2 + (δ2 − ε)∥wxx(·, t)∥2

+ c

∫ 1

0

wt(x, t)ek(x, t)dx+ εc

∫ 1

0

w(x, t)ek(x, t)dx

≜
∫ 1

0

Φ⊤(x, t)P1Φ(x, t)dx,

(3.71)

for some δ2 > 0 where Φ(x, t) is defined in (3.55) and

P1 =


0 0 εc/2 0
0 ε− c+ δ2 c/2 0

εc/2 c/2 0 0
0 0 0 δ2 − ε

 . (3.72)

From event-triggered mechanism (2.18), we have

∥ek(·, t)∥ ≤ α
(
∥w(·, t)∥2 + ∥wt(·, t)∥2

)
+ E(0)e−θt, ∀t ∈ [tk, tk+1), ∀k ∈ N,

which means

∫ 1

0

Φ⊤(x, t)P2Φ(x, t)dx+ E(0)e−θt ≥ 0, (3.73)
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with P2 = diag(α, α,−1, 0), where the metric P2 is not positive semi-definite and the associated bilinear form
is non-negative. Then by (3.57) and (3.73), it follows that

V̇ (t) + 2δ2E(t)

≤V̇ (t) + 2δ2E(t) + b1

∫ 1

0

Φ⊤(x, t)Q1Φ(x, t)dx+ b2

∫ 1

0

Φ⊤(x, t)P2Φ(x, t)dx+ b2E(0)e−θt

=

∫ 1

0

Φ⊤(x, t)(P1 + b1Q1 + b2P2)Φ(x, t)dx+ b2E(0)e−θt

=−
∫ 1

0

Φ⊤(x, t)PΦ(x, t)dx+ b2E(0)e−θt, t ∈ [tk, tk+1), ∀k ∈ N,

(3.74)

where b1, b2 > 0 and P ≜ −(P1 + b1Q1 + b2P2) is given in (3.70). We claim that there exist positive parameters
α, b1, b2, δ2 and ε such that the matrix P > 0.

In fact, P > 0 if and only if

b1 − α∗ > 0, c− ε− δ2 − α∗ > 0, ε− δ2 −
16b1
π4

> 0, b2 −
c2

4

(
ε2

b1 − α∗ +
1

c− ε− δ2 − α∗

)
> 0, (3.75)

where α∗ = αb2. By 0 < ε < 1, it yields that α∗ < b1 and

δ2 +
16b1
π4

< ε < min{c− δ2 − α∗, 1},

δ2 +
16b1
π4

< min{c− δ2 − α∗, 1},

b2 >
c2

4

(
ε2

b1 − α∗ +
1

c− ε− δ2 − α∗

)
.

Then by direct calculation, P > 0 can be guaranteed by choosing the parameters

δ2 ∈ (0,min {c/2, 1}) ,

b1 ∈
(
0,min

{
π4(1− δ2)

16
,
π4(c− 2δ2)

16

})
,

α∗ ∈
(
0,min{c− 2δ2 − 16b1/π

4, b1}
)
, (3.76)

ε ∈
(
δ2 + 16b1/π

4,min {1, c− δ2 − α∗}
)
,

b2 >
c2

4

(
ε2

b1 − α∗ +
1

c− ε− δ2 − α∗

)
.

Then we have

θ > 2δ2/(1− ε), (3.77)

and the tuning parameter α is easily recovered from α∗ and b2, i.e.,

0 < α =
α∗

b2
<

16min{c− 2δ2 − 16b1/π
4, b1}

c2 [ε2/(b1 − α∗) + 1/(c− ε− δ2 − α∗)]
. (3.78)
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It follows that there exist positive constants α, b1, b2, ε and δ2 such that P > 0. Thereby, (3.74) and P > 0
give that

V̇ (t) ≤ −2δ2E(t) + b2E(0)e−θt.

Because of the equivalent relationship (3.49), it yields that

V̇ (t) ≤ −2δ2
β1

V (t) +
b2
β1

V (0)e−θt, t ∈ [0,∞). (3.79)

Integrating (3.79) from t = 0 to t gives us the following:

V (t) ≤ V (0)e−
2δ2
β1

t +
b2V (0)

β1θ − 2δ2

(
e−

2δ2
β1

t − e−θt
)
≤
(
1 +

b2
β1θ − 2δ2

)
e−

2δ2
β1

tV (0),

where θ > 2δ2
β1

. By (3.49), we have

E(t) ≤ β2

β1

(
1 +

b2
β1θ − 2δ2

)
e−

2δ2
β1

tE(0), (3.80)

where β1 and β2 are given by (3.50). In other words, system (1.1) can be exponentially stabilized with the
exponential decay rate 2δ2/β1 > 2δ2 by event-triggered control law (2.10) and trigger rule (2.18).

From Theorem 3.11, we have proven the exponential stability of closed-loop system (2.11) with event-triggered
control mechanism (2.18). Similar to Theorem 3.10, this stability result can be proven by utilizing operator
theory.

Theorem 3.13. Let the damping parameter c > 0. There exist positive parameters α < σ2/(Mc)2 and θ > 2σ
such that for any initial condition (w0, w1)

⊤ ∈ H, the solution of the closed-loop system (2.11) under event-
triggered control mechanism (2.18) converges exponentially to zero with decay rate ϑ = σ − cM

√
α, i.e., for

some positive constant M̃ ≥ 1, ∥∥∥∥( w(·, t)
wt(·, t)

)∥∥∥∥
H

≤ M̃e−ϑt

∥∥∥∥( w0

w1

)∥∥∥∥
H
.

Proof. According to the event-triggered mechanism (2.18), one has

∥ek(·, t)∥2 ≤ α
(
∥w(·, t)∥2 + ∥wt(·, t)∥2

)
+ E(0)e−θt, ∀t ∈ [tk, tk+1), ∀k ∈ N.

From the Poincaré inequality, we see that

∥ek(·, t)∥ ≤
√
α∥ϕ(t)∥H +

√
E(0)e−

θt
2 ∀ t ∈ [tk, tk+1), ∀ k ∈ N. (3.81)

We define ẽ(x, t) by

ẽ(x, t) = ek(x, t), ∀ t ∈ [tk, tk+1), ∀ k ∈ N. (3.82)

From (3.81) and (3.82) it follows that

∥ẽ(·, t)∥ ≤
√
α∥ϕ(t)∥H +

√
E(0)e−

θt
2 , ∀ t ≥ 0. (3.83)
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The solution (3.65) of system (3.64) is written:

ϕ(t) = eÂ(t−tk)ϕ(tk) + c

∫ t

tk

eÂ(t−s)Bek(·, s)ds, ∀ t ∈ [tk, tk+1).

By continuity and by induction we prove easily that

ϕ(t) = eÂ(t−tk)ϕ(0) + c

∫ t

0

eÂ(t−s)Bẽ(·, s)ds, ∀ t ≥ 0. (3.84)

Using the exponential stability of etÂ and (3.83) we get:

∥ϕ(t)∥H ≤ Me−σt∥ϕ(0)∥H + cM

∫ t

0

e−σ(t−s)
(√

α ∥ϕ(s)∥H +
√
E(0)e−

θs
2

)
ds.

By using the Gronwall’s inequality (see Appendix), it yields that

∥ϕ(t)∥H ≤ M̃e−ϑt∥ϕ(0)∥H,

where ϑ = σ − cM
√
α > 0 and M̃ = M

(
1 + c√

2(θ/2− σ)

)
. The proof is complete.

Remark 3.14. If the triggering condition (2.18) is replaced by

tk+1 = inf
{
t ≥ tk ≥ t0

∣∣∣ ∥ek(·, t)∥2 > α
(
∥w(·, t)∥2 + ∥wt(·, t)∥2

)
+ E(t0)e

−θ(t−t0)
}
,

then the conclusion of Theorem 3.13 holds as follows:∥∥∥∥( w(·, t)
wt(·, t)

)∥∥∥∥
H

≤ M̃e−ϑ(t−t0)

∥∥∥∥( w(·, t0)
wt(·, t0)

)∥∥∥∥
H
.

By combining Theorem 3.10 and Theorem 3.13 we have proven the main result of this paper, presented in
Theorem 2.13, which asserts the exponential stability, or exponential decay of the closed-loop system (2.11)
under the event-triggered control mechanisms (2.17) or (2.18).

4. Numerical simulations

In this section, we utilize the finite element method to discretize and simulate the Euler–Bernoulli beam
system (2.11). The dynamical evolution is presented to show the performance of the designed event-triggered
controller (2.10) with the trigger rule (2.17) and (2.18), respectively. For the state (w,wt) ∈ L∞(0,+∞;H), the
initial conditions should be required to satisfy compatibility condition. We choose the initial conditions:

w(x, 0) = γ[cosh(ρx)− cos(ρx)] + [sinh(ρx)− sin(ρx)], wt(x, 0) = 0,

where

γ =
sinh(ρ) + sin(ρ)

cosh(ρ) + cos(ρ)
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Figure 1. Sampled-data control input.

with ρ ≈ 1.8751 (satisfying cosh(ρ) cos(ρ) + 1 = 0). With these initial conditions, the dynamic of the open-loop
system (1.1), where u(t) = 0, is a simple harmonic oscillation. Next, we employ a damping control to stabilize
the Euler–Bernoulli beam system. The control gain of the controller (2.10) is given as c = 5. The spatial grid
size is set to be N = 20, by utilizing Hermitian polynomial functions as the basis for discretizing the space of
H2(0, 1). We implement the fourth-order Runge-Kutta method with a fixed step of dt = 0.0001 in Matlab.

We first consider the periodic sampled-data control beam system. Figure 1 illustrates the performance of
periodic sampled-data control with sampling time period τ = 0.2, 0.02 and 0.002. It is observed that the closed-
loop system under periodic sampled-data control is unstable. As the sampling time period decreases, the time
before divergence appears increases.

Next, we use event-triggered controller (2.10) to stabilize the Euler–Bernoulli system (1.1) under two event-
triggered mechanisms (2.17) and (2.18), respectively.

Case 1: For the triggered mechanism (2.17), we take the parameters ν∗ = 0.5, ε = 0.92, a1 = 2.5, a2 = 5 and
ν = 0.1 satisfying the LMI-type conditions in Theorem 3.8.

Case 2: For the triggered mechanism (2.18), we set the parameters α = 0.2, ε = 0.62, b1 = 2.5, b2 = 10, δ = 0.2
and θ = 5 which satisfy the LMI conditions in Theorem 3.11.
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(a) Evolution of displacement w(x, t) (b) Evolution of velocity wt(x, t)

Figure 2. The state (w,wt) of closed-loop system (2.11).
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Figure 3. Evolution of the state and event-triggered control input wt(1, tk) under trigger rule
(2.17).
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Figure 4. Evolution of the state and event-triggered control input wt(1, tk) under trigger rule
(2.18).
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Figure 5. Evolution of the state and the related release instants under trigger rule under
trigger rule (2.17).
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Figure 6. Evolution of the state and the related release instants under trigger rule under
trigger rule (2.18).

Figure 2 displays the evolution of the state (w,wt) under event-triggered control (2.10). It illustrates the expo-
nential convergence of the event-triggered controlled beam system (2.11) to zero as t → ∞. The state exhibits
a piecewise behavior induced by the piecewise-constant control signal. Figures 3 and 4 depict the evolution of
the beam state ∥w(x, t)∥2, ∥wt(x, t)∥2, and the event-triggered controller (2.10) under trigger rules (2.17) and
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Figure 7. Time evolution of the event-triggering mechanisms (2.17) and (2.18).
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Figure 8. Triggered time instants.

(2.18), respectively. It indicates that the event-triggered control strategy (2.18) with an exponential decay term
effectively reduces communication frequency and saves control energy compared to the event-triggered control
strategy (2.17). Figures 5 and 6 show the system state wt(1, t) and the corresponding controller release instants
under the two event-triggered mechanisms (2.17) and (2.18), respectively. From Figures 5a and 6a, it is observed
that the state wt(1, t) of the event-triggered control system converges under both trigger rules. Furthermore,
Figures 5b and 6b confirm that the Zeno phenomenon does not occur. Meanwhile, over time, the triggering time
interval decreases but does not reach continuous triggering, as the controller is not activated at every time step.
This confirms that the proposed event-triggered controller effectively reduce the frequency of controller updates
while ensuring the stabilization of the beam system. This observation agrees with our theoretical understanding
that event-triggered control provides a sample-and-hold control strategy within any finite time interval, while
gradually approaching nearly continuous-time control as time tends to infinity. Figure 7 shows the sampling
time evolution of the event-triggering mechanisms (2.17) and (2.18) for ν = 0.1, α = 0.2 and θ = 5. As shown in
Figure 7, together with Figures 2–4, the event-triggering mechanisms (2.18) with the term E(0)e−θt effectively
reduces the frequency of controller updates during the initial stage and successfully stabilizes the beam system.
Figure 8a shows that the release frequency is determined by the parameter ν. The smaller the value of ν, the



EVENT-TRIGGERED DAMPING STABILIZATION OF EULER–BERNOULLI BEAM EQUATION 29

faster the triggering. Figure 8b shows that the release frequency is influenced by the parameter θ within the
same parameter α: the bigger the value of θ, the faster the triggering.

In summary, as indicated by the simulations, the states of the beam system (2.11) converge to zero under
event-triggered control with both trigger mechanisms (2.17) and (2.18), whereas the states of periodic sampled-
data control system (2.2) eventually diverges for any sampling time period.

5. Conclusions

In this paper, we have studied the distributed feedback stabilization problem of an Euler–Bernoulli beam
equation by event-based control. We have proved that the periodic sampling of the stabilizing control law loses
the stability of the closed-loop system, no matter what the sampling time period is. In order to save control
energy and reduce the number of updates, the event-triggered control law with two event-triggered mechanisms is
proposed to stabilize the beam system. The existence and uniqueness of the solution of the closed-loop system is
proven based on the operator semigroup theory. By using an elaborated Lyapunov functional, sufficient LMI-type
conditions related to the two trigger rules are established to guarantee exponential stability of the closed-loop
system. The absence of Zeno behaviour is also guaranteed. It is worth noting that the exponential decay term
in the trigger rule can reduce the frequency of control updates.
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[39] G.H. Hardy, J.E. Littlewood and G. Pólya, Inequalities. Cambridge University Press (1952).

[40] S. Boyd, L. El Ghaoui, E. Feron and V. Balakrishnan, Linear Matrix Inequalities in System and Control Theory.
SIAM (1994).



EVENT-TRIGGERED DAMPING STABILIZATION OF EULER–BERNOULLI BEAM EQUATION 31

[41] E. Kreyszig, Introductory Functional Analysis with Applications. John Wiley & Sons (1991).

Please help to maintain this journal in open access!

This journal is currently published in open access under the Subscribe to Open model
(S2O). We are thankful to our subscribers and supporters for making it possible to publish
this journal in open access in the current year, free of charge for authors and readers.

Check with your library that it subscribes to the journal, or consider making a personal
donation to the S2O programme by contacting subscribers@edpsciences.org.

More information, including a list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.

Appendix A.

Proof of Lemma 3.1. Differentiating E(t) along the trajectory (w(x, t), wt(x, t)) of (2.11) leads to:

Ė(t) =

∫ 1

0

[wxx(x, t)wxxt(x, t) + wt(x, t)wtt(x, t)] dx

=− c∥wt(·, t)∥2 + c

∫ 1

0

wt(x, t)ek(x, t)dx, ∀ t ∈ [tk, tk+1).

(A.1)

Notice the following inequality: ∣∣∣∣∫ 1

0

wt(x, t)ek(x, t)dx

∣∣∣∣ ≤ ∥wt(·, t)∥2 + ∥ek(·, t)∥2/4. (A.2)

Substituting (A.2) into (A.1) gives us:

−2c∥wt(·, t)∥2 −
c

4
∥ek(·, t)∥2 ≤ Ė(t) ≤ c

4
∥ek(·, t)∥2, t ∈ [tk, tk+1). (A.3)

As by the first trigger law (2.17), ∥ek(·, t)∥2 ≤ 2νE(t) ∀ t ∈ [tk, tk+1), and ∥wt(·, t)∥2 ≤ 2E(t), it follows immediately
from (A.3) that

−
(
4c+

νc

2

)
E(t) ≤ Ė(t) ≤

(νc
2

)
E(t), ∀ t ∈ [0, tk].

Integrating the above differential inequality proves the first assertion (i) of the lemma.
Similarly, as by the second trigger law (2.18), ∥ek(·, t)∥2 ≤ α(∥w(·, t)∥2 + ∥wt(·, t)∥2) + e−θtE(0) ∀ t ∈ [tk, tk+1), and

∥w(·, t)∥2 + ∥wt(·, t)∥2 ≤ 2E(t), it follows immediately from (A.3) that

−
(
4c+

αc

2

)
E(t)−

( c

4

)
e−θtE(0) ≤ Ė(t) ≤

(αc
2

)
E(t) +

( c

4

)
e−θtE(0), ∀ t ∈ [0, tk]. (A.4)

Integrating the above differential inequality proves the second assertion (ii) of the lemma. Hence the proof of Lemma 3.1
is complete.

Before proving Lemma 2.10, we state the following useful property related with system energy (2.15).

Proof of Lemma 3.2. For each ϕ0 ∈ H, we write it under the form of (3.15). Then, by direct computation, we have

Aϕ0 =
∑
n≥1

(iαnσnen − iβnσne−n),

mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o
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and

(A+BF )ϕ0 =
1

2

∑
n≥1

{[2iσnαn + c(βn − αn)] en + [−2iσnβn + c(αn − βn)] e−n} .

Notice that B∗ = [0 I], eAten = eiσnten and (3.14), it yields that

∫ t

0

B∗eAξ(A+BF )ϕ0dξ =
1

2

∑
n≥1

{
eiσnt

σn
[2iσnαn + c(βn − αn)]

+
e−iσnt

σn
[−2iσnβn + c(αn − βn)] + 2i(βn − αn)

}
ρn,

and

∥∥∥∥∫ t

0

B∗eAξ(A+BF )ϕ0dξ

∥∥∥∥2

=
1

2

∑
n≥1

∣∣∣∣(αn − βn) + eiσnt

[
−αn +

ic(βn − αn)

2σn

]

+e−iσnt

[
βn +

ic(αn − βn)

2σn

]∣∣∣∣2 . (A.5)

Set

Xn = αn − βn, Yn =
ic(βn − αn)

2σn
− αn, Zn = βn +

ic(αn − βn)

2σn
,

which implies that

∣∣∣Xn + eiσntYn + e−iσntZn

∣∣∣2 = |Xn|2 + |Yn|2 + |Zn|2 + (XnȲn + X̄nZn)e
−iσnt

+ (XnZ̄n + YnX̄n)e
iσnt + Z̄nYne

2iσnt + ZnȲne
−2iσnt.

Then integrating (A.5) with respect to t gives us

∫ T

0

∥∥∥∥∫ t

0

B∗eAξ(A+BF )ϕ0dξ

∥∥∥∥2

dt

=
∑
n≥1

{
T

2
(|Xn|2 + |Yn|2 + |Zn|2) +

eiσnT − 1

2iσn
(XnZ̄n + YnX̄n) +

1− e−iσnT

2iσn
(XnȲn + X̄nZn)

+
e2iσnT − 1

4iσn
Z̄nYn +

1− e−2iσnT

4iσn
ZnȲn

}
.

(A.6)

Firstly, by using the Cauchy inequality, the last four terms can be bounded by K
∑
n≥1

(
|αn|2 + |βn|2

)
for some position

constant K depending only on c and σ1. Secondly, notice that the following linear transformation yields an invertible
matrix L∗L:

 Xn

Yn

Zn

 =

 1 −1

−
(
1 + ic

2σn

)
ic

2σn
ic

2σn
1− ic

2σn

[
αn

βn

]
≜ L

[
αn

βn

]
,
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therefore,

L∗L =

[
2 + c2

2σ2
n

−1− ic
σn

− c2

2σ2
n

−1 + ic
σn

− c2

2σ2
n

2 + c2

2σ2
n

]
, (A.7)

and

|Xn|2 + |Yn|2 + |Zn|2 =⟨L∗L(αn, βn)
⊤, (αn, βn)

⊤⟩ =
(

αn

βn

)∗

L∗L

(
αn

βn

)
.

Denote λmin(L
∗L) as the smallest eigenvalue of L∗L. Then it follows that

|Xn|2 + |Yn|2 + |Zn|2 ≥ λmin(L
∗L)

∥∥∥∥( αn

βn

)∥∥∥∥2

. (A.8)

It is easy to see that λmin ≥ 3
3+K

for some positive constant K. Therefore we get

|Xn|2 + |Yn|2 + |Zn|2 ≥ 3

3 +K

(
|αn|2 + |βn|2

)
. (A.9)

Substituting (A.8)–(A.9) into (A.5) proves Lemma 3.2.

Proof of Theorem 2.10. If E(0) = 0, then the source term is w1(x) = 0 and the solution w(x, t) = 0, ∀t > 0. Therefore,
the two triggering laws are never satisfied for t > 0, i.e., t1 = ∞ and (w(·, t), wt(·, t)) = (0, 0) ∀ t ≥ 0. If E(0) ̸= 0, from
Lemma 3.4, there exist tuning parameters ν, α and θ such that the trigger instants (tk)k∈N form a strictly increasing
sequence diverging to infinity, i.e., limk→∞ tk = ∞. Then by Lemma 3.4 the closed-loop system (2.11) is well-posed, i.e.,
there exists a unique solution to (2.11) satisfying (2.14).

Now, we present two lemmas which are crucial to establishment of the main results of the present paper.

Lemma A.1. [41] If T is a bounded linear operator on a complex Banach space, then for the spectral radius r(T ) of T
we have

r(T ) = lim
n→∞

n
√

∥Tn∥. (A.10)

Lemma A.2. [40] Let F0, · · · , Fp be quadratic functions of the variable ξ ∈ Rn:

Fi(ξ) ≜ ξ⊤Piξ + 2u⊤
i ξ + vi, i = 0, 1, · · · , p,

where Pi = P⊤
i and satisfying ∀ξ ∈ Rn, Fi(ξ) ≥ 0, i = 1, · · · , p. If there exist τ1 ≥ 0, · · · , τp ≥ 0 such that

F0(ξ)−
p∑

i=1

τiFi(ξ) ≥ 0, ∀ξ ∈ Rn,

then F0(ξ) ≥ 0, ∀ξ ∈ Rn.

Lemma A.3. (Grönwall’s inequality) Let y(t) ∈ C[t0, T ), T ≤ +∞, satisfying

y(t) ≤ h(t) +m(t)

∫ t

t0

k(s)y(s)ds, t ∈ [t0, T ), (A.11)

where m(t), k(t) and h(t) are nonnegative and continuous in [t0, T ), then the following holds:

y(t) ≤ h(t) +m(t)

∫ t

t0

k(s)h(s)e
∫ t
s m(u)k(u)duds. (A.12)
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