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DOMAINS OF DEPENDENCE FOR SUBELLIPTIC WAVE

EQUATIONS AND UNIQUE CONTINUATION FOR FRACTIONAL

POWERS OF HÖRMANDER’S OPERATORS

Nicolas Burq1,2,* and Claude Zuily1

Abstract. We prove the sharp domain of dependence property for solutions to subelliptic wave
equations for sums of squares of vector fields satisfying Hörmander bracket condition. We deduce a
unique continuation property for the square root of subelliptic Laplace operators under an additional
analyticity condition. Then, with a different, more involved method, we prove the same result of unique
continuation for more general s-powers (0 < s < 1).
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1. Introduction and results

In this article, we are interested in uniqueness properties for subelliptic wave operators and fractionnal powers
of such subelliptic operators. In this note, we are interested in unique continuation properties of fractional
powers of Hörmander’s subelliptic sum of squares operators. In the first part of the paper, we determine the
sharp domain of dependence for solutions of subelliptic wave equations in R×Rd with smooth coefficients, a
result of independent interest. As an application we give, in the second part, a rather simple proof of unique
continuation for square roots of of Hörmander’s operators with analytic coefficients. Finally, in the third part,
we consider the general case of s-powers of these operators (0 < s < 1) and we prove a similar result of unique
continuation. Let X = (X1, . . . , Xr) be a set of real vector fields with C∞ coefficients on Rd.

Following Hörmander we shall denote by L(X1, . . . , Xr) the Lie algebra generated by X1, . . . , Xr and we shall
assume Hörmander ’s condition, that is,

L(X1, . . . , Xr) has maximal rank at every point of Rd. (1.1)

We shall consider the operator,

P =

r∑
j=1

X∗
jXj , (1.2)
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where X∗
j is the adjoint of Xj and denote by H1

X the closure of C∞
0 (Rd) for the norm

∥u∥2H1
X
=

∑
j

∥Xju∥2L2(Rd)

The quadratic form

Q(u, v) =
∑
j

(
Xju,Xjv

)
L2 +

(
u, v

)
L2

is continuous on H1
X and Riesz representation theorem shows that the operator P + Id is an isometry from H1

X

into its dual space H−1
X (which is a distribution space because C∞

0 is dense in H1
X). We now recall the definition

of the Friedrich’s extension of P (still denoted by P ) with domain given by,

D(P ) = {u ∈ H1
X(Rd) : Pu ∈ L2(Rd)}. (1.3)

It is well known that the operator P is non negative and selfadjoint (we refer to Section 2 for more about
Friedrich’s extension and the solutions to wave equations)

The functional calculus allows to define for any U0 = (u0, u1) ∈ H1
X ×L2 u(t) = cos(

√
P )u0 +

sin(
√
P )√

P
u1, the

solution to the wave equation (∂2t + P )u = 0, with initial data (u, ∂tu)|t=0 = (u0, u1). Or first result (sharp
domain of dependence) is the following.

Theorem 1.1. Let P be defined by (1.2) satisfying condition (1.1).
Let U0 = (u0, u1) ∈ H1

X × L2 and consider the solution to the subelliptic wave equation U = (u, ∂tu) =
S(t)(U0) given by the functional calculus. Let dP denote the sub-riemanian distance associated to the operator
P (see Sect. 3 for more details), and for x0 ∈ Rd, t0 > 0, ρ > 0,

C(t0) = {(t, x) ∈ [0, t0)×Rd : dP (x, x0) < t0 − t},
BP (x0, ρ) = {x ∈ Rd : dP (x, x0) < ρ}.

(1.4)

Assume that u0 = u1 = 0 in BP (x0, t0). Then u vanishes within the cone C(t0).

In the case of operators defined on a compact manifold (instead of Rd) this result has been proved by Melrose
in [1].

Our second result is the following.

Theorem 1.2. Assume (1.1) and that the coefficients of the vector fields Xj are real analytic. Let 0 < s < 1.
If u0 ∈ D(P s) is such that u0 = P su0 = 0 vanish on an non empty open subset ω ⊂ Rd then u0 = 0 on Rd.

Remark 1.3. 1. Unique continuation for square roots of Laplacian with respect to a C∞ metric has been
obtained by Masuda [2]. For more general fractional powers of elliptic operators see for instance, [3], [4],
[5] and [6].

2. In the case s = 1
2 we shall give another proof of Theorem 1.2 based on Theorem 1.1 and on an argument

due to Masuda in [2]. This proof is different in essence from that of the case s ∈ (0, 1) since the latter is
based on a uniqueness result by Baouendi-Goulaouic which does not require any “hyperbolicity” condition.

3. Notice that, concerning the unique continuation, for our operators, the case of C∞ vector fields remain
an open question due to the lack of stable uniqueness for the operators “sum of squares”(see [7]).

4. Notice that in the analytic context, some quantitative uniqueness results were recently obtained by
Laurent-Léautaut [8] for wave equations associated to hypoelliptic operators. These results appear to
be quite different from ours.
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Our motivation to prove Theorem 1.2 was to exhibit examples (in sharp contrast with local operators) where
the non-local nature of fractional powers of subelliptic operators forced some uniqueness results.

In the following section we first recall some basic facts about Friedrich’ extension for sum of squares of vector
fields and set up the framework allowing to solve wave equations (Hille Yosida’s theorem). We then prove the
sharp domain of dependence property for solutions to subelliptic wave equations for sums of squares of vector
fields satisfying Hörmander bracket condition in Section 3. In the next section we prove the unique continuation
theorem for the square root of Hörmander’s operators, relying on a strategy by Masuda and a uniqueness
result by Bony (this is for this last result that we need the analyticity assumption). In the last section we
extend the result on unique continuation for more general fractional powers relying on works by Stinga-Torrea,
Baouendi-Goulaouic and again Bony.

2. Friedrich’s extension, Hille-Yosida

2.1. Friedrich’s extension

Let X = (X1, . . . , Xr) be a set of real vector fields with C∞ coefficients on Rd satisfying condition (1.1). We
shall consider the operator,

P =

r∑
j=1

X∗
jXj (2.1)

where X∗
j is the adjoint of Xj , with domain C∞

0 (Rd) ⊂ L2(Rd).
This operator being symmetric and positive on his domain, we shall still denote by P its Friedrichs self

adjoint extension.

Definition 2.1. We shall denote by H1
X(Rd) the closure of C∞

0 (Rd) for the norm,

∥v∥2H1
X
=

r∑
j=1

∥Xjv∥2L2(Rd) + ∥u∥2L2(Rd).

Then the domain of P is given by,

D(P ) = {u ∈ H1
X(Rd) : Pu ∈ L2(Rd)}. (2.2)

where, here, P acts in the distribution sense. We endow D(P ) with its natural Hilbert norm

∥u∥2D(P ) = ∥Pu∥2L2 + ∥u∥2L2 .

Since C∞
0 (Rd) is, by definition, dense in H1

X(Rd) we may define,

H−1
X (Rd) =

(
H1

X(Rd)
)′
,

the dual of H1
X(Rd) as a space of distributions. Notice that since ∥u∥H1

X
≥ ∥u∥L2 , we also have

L2 ⊂ H−1
X , ∥u∥H−1

X
≤ ∥u∥L2 . (2.3)

We recall from Riesz theorem.
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Lemma 2.2. The operator P + Id is an isometry from H1
X to H−1

X , and

∀f, g ∈ H−1
X , (f, g)H−1

X
= ⟨(P + Id)−1f, g⟩H−1

X ×H1
X
= ⟨(P + Id)−1g, f⟩H−1

X ×H1
X

(2.4)

Proof. Indeed, from Riesz theorem, for any v ∈ H−1
X , there exists a unique u ∈ H1

X such that

∀w ∈ H1
X , (u,w)H1

X
= ⟨v, w⟩H−1

X ×H1
X

(2.5)

Since C∞
0 (Rd) is dense in H1

X , we deduce that this is equivalent to

∀w ∈ C∞
0 (Rd), (u,w)H1

X
= ⟨(P + Id)u,w⟩ = ⟨v, w⟩H−1

X ×H1
X

and hence, u is the unique distribution u ∈ H1
X solution to

(P + Id)u = v.

We denote u = (P + Id)−1v. Taking w = u in (2.5) we get

∥u∥H1
X
≤ ∥v∥H−1

X
,

while taking the supremum over all w ∈ H1
X with ∥w∥H1

X
= 1 in (2.5) gives,

∥v∥H−1
X

≤ ∥u∥H1
X
.

As a consequence, P + Id is an isometry from H1
X to H−1

X . We deduce (2.4) for f = g ∈ H−1
X (and hence for all

f ∈ H−1
X by polarization).

Lemma 2.3. The operator P + Id is a bi-continuous isomorphism from D(P ) to L2 (and consequently the norm
∥(P + Id)u∥L2 is equivalent to ∥u∥D(P )).

Proof. Indeed, we have

∥(P + Id)u∥L2 ≤ ∥Pu∥L2 + ∥u∥L2 ,

and from Lemma 2.2 and (2.3),

∥(P + Id)−1u∥H1
X
≤ ∥u∥H−1

X
≤ ∥u∥L2

and

∥P ((P + Id)−1u)∥L2 = ∥u− (P + Id)−1u∥L2 ≤ 2∥u∥L2 .

2.2. The Hille Yosida theorem

As in the sequel, we shall work with several operators with different domains, and in order to navigate
between wave equations defined on these different domains, we need to have a unified framework to study these
wave equations. So, rather than using the functional calculus for self-adjoint operators, we shall use the more
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flexible Hille Yosida theory below. Notice that (see Lem. 2.7) the functional calculus and Hille-Yosida theory
give the same wave solutions (when the operator is self adjoint).

Let us recall how Hille-Yosida theory applies to solve the Cauchy problem for the wave equations with respect
the subelliptic operator P ,

∂2t u+ Pu = 0 in R×Rd,

u|t=0 = u0, ∂tu|t=0 = u1.
(2.6)

We consider the two operators,

P =

(
0 1

−P 0

)
, P̃ =

(
0 1

−P 0

)
,

acting respectively on,

H = H1
X × L2, H̃ = L2 ×H−1

X , (2.7)

with domains,

D(P) = D(P )×H1
X , D(P̃) = H1

X × L2, (2.8)

where D(P ) has been defined in (1.3). Recall that these domains are actually characterized as follows:

D(P) = {U ∈ H : P0U ∈ H}, D(P̃) = {U ∈ H̃ : P0U ∈ H̃},

where P0 is the operator

(
0 1

−P 0

)
acting on distributions.

Then setting U = (u, ∂tu), U0 = (u0, u1), the problem (2.6) is equivalent to,

∂tU + PU = 0 in R×Rd, U |t=0 = U0. (2.9)

Recall that an operator T , with domain D(T ) defined on a Hilbert H is maximal dissipative (resp. accretive)
if it satisfies,

ℜ(TU,U)H ≤ 0 (resp. ≥ 0), ∀U ∈ D(T ),

∃λ < 0 (resp. λ > 0) : ∀U ∈ H ∃V ∈ D(T ) : (T + λ)V = U.

Lemma 2.4. The operators P − Id and P̃ − Id are maximal dissipative (resp. P + Id and P̃ + Id are maximal
accretive).

Proof. Let us prove the result first for P. For U =

(
u0
u1

)
∈ D(P )×H1

X ,

(
PU,U

)
H1

X×L2 = (u1, u0)H1
X
− (Pu0, u1)L2 = (Xu1, X0)L2 − (Xu0, Xu1)L2 , (2.10)

and consequently

ℜ
(
PU,U

)
H1

X×L2 = 0.
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It remains to prove that for ϵ = ±1, and all V =
(
v0, v1

)
∈ H1

X ×L2, we can find U =

(
u0
u1

)
∈ D(P ×H1

X such

that

(P + ϵId)U = V.

This is equivalent to

u1 = v0 − ϵu0, Pu0 + u0 = ϵv0 − v1 ∈ L2

which has a solution given by

u0 = (P + Id)−1(ϵv0 − v1), u1 = v0 − ϵ(P + Id)−1(ϵv0 − v1).

(u0 ia a priori only in H1
X , but the equation Pu0 + u0 = ϵv0 − v1 shows that actually u1 ∈ D(P ) and hence

u0 ∈ H1
X .

Let us now turn to the proof of Lemma 2.4 for P̃. From (2.4), we have for all U =

(
u0
u1

)
(
P̃U,U

)
L2×H−1

X

= (u1, u0)L2 − (Pu0, u1)H−1
X

= (u1, u0)L2 − ⟨(P + Id)−1(P + Id− 1)u0, u1⟩H−1
X ×H1

X

= (u1, u0)L2 − ⟨u0, u1⟩H−1
X ×H1

X
+ ⟨(P + Id)−1u0, u1⟩H−1

X ×H1
X

= (u1, u0)L2 − (u0, u1)L2 + ⟨(P + Id)−1u0, u1⟩H−1
X ×H1

X
. (2.11)

We deduce ∣∣∣ℜ(P̃U,U)
L2×H−1

X

∣∣∣ ≤ ∥u0∥H−1∥u1∥H−1 ≤ ∥u0∥L2∥u1∥H−1 ≤ 1

2
(∥u0∥2L2 + ∥u1∥2H−1).

which implies

ℜ
(
(P̃ − Id)U,U

)
L2×H−1

X

≤ 0 resp ℜ
(
(P̃ + Id)U,U

)
L2×H−1

X

≥ 0.

To get a solution to

(P̃ ± Id)U = F,

we proceed as in the case P.

We deduce that P and P̃ are the generators of strongly continuous groups of operators on H, and H̃, S(t)

and S̃(t). which implies

Theorem 2.5 ([9], Thm. 2.10 and Prop. 2.24). Consider a strongly continuous group of operators Σ(t) on a
Hilbert space H, and A its infinitesimal generator with domain D(A). Then,
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1. For any U0 ∈ D(A), the function U : t 7→ U(t) = Σ(t)U0 is the unique function in C1(R, H) ∩
C0(R, D(A)) such that,

U(0) = U0,
d

dt
U(t) = AU(t).

2. For any U0 ∈ H, the fonction U : t 7→ U(t) = Σ(t)U0 is the unique function in C0(R, H) such that,
(i) U(0) = U0,
(ii) for any ψ ∈ C1

0 (R) we have,∫
ψ(t)U(t)dt ∈ D(A), and A

(∫
ψ(t)U(t)dt

)
= −

∫
ψ′(t)U(t)dt,

(in other words, U is a distribution in time with values in the domain of A and it satisfies the equation
∂tU = AU as a distribution in time).

Let us now check that when applying Theorem 2.5 to P, we can weaken the continuity assumption on U for
the uniqueness part in (2), and assume only U ∈ C0(R, H̃), while still assuming U0 ∈ H. Indeed, this follows
directly from the following observation.

Lemma 2.6. Let U0 ∈ H ⊂ H̃. According to (2.7) and (2.8) we have, H = D(P̃). Applying (1) in Theorem 2.5

with H = H̃, A = P̃ and (2) with H = H, A = P we obtain two solutions Ũ(t) and U(t). Then, these two

solutions coincide i.e. we have Ũ(t) = U(t).

Proof. Indeed, since U0 ∈ D(P̃), we have,

Ũ(t) ∈ C1(R, H̃) ∩ C0(R,H),

and it satisfies,

d

dt
Ũ(t) = P̃Ũ(t), Ũ(0) = U0.

This implies,

P̃
(∫

ψ(t)Ũ(t)dt
)
=

∫
ψ(t)Ũ ′(t)dt = −

∫
ψ′(t)Ũ(t)dt,

where the equality holds in H̃. We deduce that in the distribution sense,

P0

(∫
ψ(t)Ũ(t)dt

)
=

∫
ψ(t)Ũ ′(t)dt ∈ H,

which also implies by definition that, ∫
ψ(t)Ũ(t)dt ∈ D(P).

This implies by the point (2) in Theorem 2.5 that Ũ(t) = S(t)U0 = U(t).

We end this section with an elementary lemma showing that Hille Yosida theory and the functional calculus
of self-adjoint operators allow to define the same solutions to wave equations



8 N. BURQ AND C. ZUILY

Lemma 2.7. Let Q non negative defined on L2(Rd) with domain D(Q) be self-adjoint. Then the two solutions
of wave equations given respectively by Hille-Yosida Theorem

U(t)U0 = SA(t), A =

(
0 1

−Q 0

)
,

with A defined on D(Q1/2) × L2 with domain D(Q) × D(Q1/2) and the functional calculus of self-adjoint
operators

V (t) =
(
u(t), ∂tu(t)

)
, u(t) = cos(t

√
Q)u0 +

sin(t
√
Q)

√
p

u1

are equal.

Proof. It is clear that t 7→ V (t) ∈ C(R;D(Q1/2)× L2) satisfies conditions i) in Theorem 2.5 and to conclude, it
is enough to prove that it satisfies also conditions ii) in Theorem 2.5. We have since u0 ∈ D(Q1/2) and u1 ∈ L2,

∫
ψ(t)u(t)dt =

∫
ψ(t) cos(t

√
Q)u0 +

sin(t
√
Q)√

Q
u1dt

=

∫
ψ(t)

d

dt

( sin(t√Q)√
Q

u0 −
cos(t

√
Q)

Q
u1

)
dt = −

∫
ψ′(t)

( sin(t√Q)√
Q

u0 −
cos(t

√
Q)

Q
u1

)
dt ∈ D(Q). (2.12)

Similarly∫
ψ(t)∂tu(t)dt =

∫
ψ(t)cos(t

√
Q)u1 −

√
Q sin(t

√
Q)u0dt

=

∫
ψ(t)

d

dt

(
cos(t

√
Q)u0 +

sin(t
√
Q)√

Q
u1

)
dt = −

∫
ψ′(t)

(
cos(t

√
Q)u0

sin(t
√
Q)√

Q
u1

)
dt ∈ D(Q1/2). (2.13)

and from (2.12), (2.13) we deduce(
0 1

−Q 0

)∫
ψ(t)

(
u(t)
∂tu(t)

)
dt = −

∫
ψ′(t)

(
u(t)
∂tu(t)

)
dt

3. Domains of dependence

3.1. The metrics

We shall denote by dP the sub-Riemanian distance attached to the operator P as defined in [10]
Proposition 3.1. It is defined as follows. If x, y ∈ Rd we set,

C(x, y) = {σ : [0, 1] →Rd, σ is a Lipschitz curve,

σ(0) = x, σ(1) = y and , σ̇(t) = Σr
j=1aj(t)Xj(σ(t)) for a.e. t.},

Then,

dP (x, y) = inf
{( r∑

j=1

∫ 1

0

|aj(t)|2 dt
) 1

2

, σ ∈ C(x, y)
}
. (3.1)
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Notice that if we denote by ∆0 the flat Laplacian in Rd then d∆0(x, y) = |x− y| (the Euclidian distance).

3.2. Domains of dependence

The main result of this section concerns the domain of dependence of the solution of the subelliptic wave
problem,

(∂2t + P )u = 0 in R×Rd,

u|t=0 = u0, ∂tu|t=0 = u1.
(3.2)

We first begin with a corollary of Theorem 1.1

Corollary 3.1. Let U0 = (u0, u1) ∈ (H1 ∩H1
X)× L2 and consider the solution to the subelliptic wave equation

U = (u, ∂tu) = S(t)U0 given by the Hille–Yosida theorem. Assume that u0 = u1 = 0 in a ball {x ∈ Rd : |x−x0| <
r0}. Then there exists η > 0 and r > 0 such that u = 0 in the set {(t, x) : 0 ≤ t < η, |x− x0| < r}.

Proof of the Corollary. Indeed, notice that for every compact K ⊂ Rd there exist M > 0, ρ0 > 0 such that for
every x0 ∈ K we have BP (x0, ρ) ⊂ B∆0(x0,Mρ) for every 0 < ρ < ρ0.

On the other side, according to [11], the hypothesis (1.1) implies that for every compact K ⊂ Rd there exist
M > 0, ρ0 > 0, δ > 0 such that B∆0

(x0, ρ) ⊂ BP (x0,Mρδ) for every x0 ∈ K.
Then Corollary 3.1 follows easily from Theorem 1.1.

Remark 3.2.

1. In the case where Rd is replaced by a compact manifold a sketch of proof of Theorem 1.1 was given in
a work of Melrose [1]. Here we follow his strategy and give a detailed self-contained proof which applies
also the non-compact setting.

2. In the case where the vector fields (X1, . . . , Xr) are of Heisenberg type, Theorem 1.1 has been proved by
the second author in [12].

Proof of Theorem 1.1. To prove this result, the idea is to solve first the (elliptic) wave equation associated
to the family of operators Pk = P − εk∆0, where ∆0 is the flat Laplacian, with initial data a sequence of
smooth initial data (u0,k, u1,k) converging to (u0, u1) in H1

X × L2, with a proper choice of εk. Setting Xk =
(X1, . . . , Xr,

√
εk∂1, . . . ,

√
εk∂d) we notice that H

1
Xk

= H1 ∩H1
X and hence it is possible to define such solution.

Then we conclude by using the standard dependency domain results for elliptic wave equations and a limiting
process.

In all that follows we take (u0, u1) ∈ H1
X(Rd)× L2(Rd) such that,

u0 = u1 = 0 in BP (x0, t0). (3.3)

We start with the choice of sequences (u0,k, u1,k) and εk. From the definition of H1
X , there exists u0,k ∈

C∞
0 (Rd) converging to u0 as k → +∞ in H1

X . There exists also a sequence (u1,k) ⊂ C∞
0 (Rd) converging to u1

in L2(Rd). We shall set,

εk = k−1
(
1 + max

1≤j≤k
∥u0,j∥2H1

)−2
, Pk = P − εk∆0. (3.4)

Notice that the sequence εk is nonincreasing and

εk∥u0,k∥2H1 → 0 when k → +∞.
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Let dPk
be the Riemanian metric attached to this operator, defined as in (3.1) and introduce the sets,

Ck(t0) = {(t, x) ∈ [0, t0)×Rd : dPk
(x, x0) < t0 − t},

BPk
(x0, ρ) = {x ∈ Rd : dPk

(x, x0) < ρ}.
(3.5)

Then we have,

Proposition 3.3. ([10], Prop. 3.1) Let x0 ∈ Rd then for every x ∈ Rd we have,

1. The sequence k 7→ dPk
(x, x0) is non decreasing and bounded by dP (x, x0).

2. limk→+∞ dPk
(x, x0) = dP (x, x0).

3. The convergence is uniform on every compact.

Proof. The non-decreasing property and the pointwise convergence have been proved in [10]. The uniformity
is a consequence of Dini’s theorem since the sequence k 7→ dPk

(x, x0) is non decreasing and the functions
x 7→ dPk

(x, x0) and x 7→ dP (x, x0) are continuous.

Now fix δ > 0 small. By Proposition 3.3 on can find k0 ≥ 1 such that for k ≥ k0 and for x in a large fixed
ball around x0,

dP (x, x0)−
δ

2
≤ dPk

(x, x0) ≤ dP (x, x0).

It follows that,

BPk
(x0, t0 − δ) ⊂ BP (x0, t0 −

δ

2
), BPk

(x0, t0 − δ) ⊂ BPk
(x0, t0 −

δ

2
) ⊂ BP (x0, t0). (3.6)

Let χ ∈ C∞(Rd) be such that,

χ(x) = 0 in BP

(
x0, t0 −

δ

2

)
, χ(x) = 1 in BP (x0, t0)

c

and set,

vj,k(x) = χ(x)uj,k(x), j = 0, 1.

Then, according to (3.6),

v0,k ∈ C∞
0 (Rd), v0,k = 0 in BPk

(x0, t0 − δ) and (v0,k) → u0 in H1
X(Rd).

v1,k ∈ C∞
0 (Rd), v1,k = 0 in BPk

(x0, t0 − δ) and (v1,k) → u1 in L2(Rd).
(3.7)

Now we set,

U0
k = (v0,k, v1,k). (3.8)

For the limiting process the key point is the following result.
Let us set, with εk ∈ (0, 1) defined in (3.4),

Pk =

(
0 1

−P + εk∆0 0

)
.
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Proposition 3.4. For U0 = (u0, u1) ∈ H := (H1 ∩H1
X)× L2, consider the solution,

Uk(t) = Sk(t)U
0
k ∈ C0(R,H)

given by Theorem 2.5 with the operator Pk (with initial data U0
k ). Then, when k → ∞, the sequence (Uk)

converges weakly to,

U(t) = S(t)U0,

the solution to the wave equation given by the same theorem with P and initial data U0 = (u0, u1).

Proof. We start with the energy conservation,

Ek(t) =

∫ (
εk|∇xuk|2 +

r∑
j=1

|Xjuk|2 + |∂tuk|2
)
(t, x)dx = Ek(0),

Ek(0) =

∫ (
εk|∇xv0,k|2 +

r∑
j=1

|Xjv0,k|2 + |v1,k|2
)
(x)dx.

Moreover, writing uk(t, ·) = uk(0, ·) +
∫ t

0
∂suk(s, ·) ds, we obtain,

∥uk(t)∥L2 ≤ ∥u0∥L2 + |t|Ek(0)
1/2.

From the choice of εk given in (3.4), we see easily that,

∃C > 0 : Ek(0) ≤ C, ∀k.

Since Ek controls uniformly the square of the norm in H1
X × L2, we deduce that we can find a subsequence

Ukn such that

Ukn → U weakly in L∞(R, H1
X × L2), as n→ +∞ (3.9)

From the equation (satisfied in the distribution sense),

∂tUkn
=

(
0 1

−P + εkn
∆0 0

)
Ukn

, (3.10)

we deduce first that,

∂tU =

(
0 1

−P 0

)
U, in D′(R×Rd). (3.11)

Now, using Lemma 2.2 and (3.10), we see that,

∂tUk is bounded in L∞((−1, 1), L2 × (H−1 +H−1
X )). (3.12)

Let Φ = (φ,ψ) ∈ (C∞
0 (Rd))2 and set θk(t) = ⟨Uk(t),Φ⟩ where ⟨·, ·⟩ is the distribution duality. Then (θk) ⊂

C0([−1, 1]) and it follows from (3.9) that (θkn
) converges to ⟨U(·),Φ⟩ in D′(R).

On the other hand we have ∂tθkn(t) = ⟨∂tUkn(t),Φ⟩ so by (3.12) (∂tθkn) is uniformly bounded in L∞([−1, 1]).
Therefore the set (θkn) is equicontinuous, and hence from from the Ascoli theorem it is relatively compact in
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C0([−1, 1]). But there exist only one possible accumulation point ⟨U(·),Φ⟩ which implies that θkn
converges to

θ in C0([−1, 1]). As a consequence, we have θ ∈ C0 and

U(0) = lim
n→+∞

= U0,kn = U0, in D′(Rd).

We also have from the characterization of Hille-Yosida solutions given in Theorem 2.5, (writing k instead
of kn) ∫

ψ(t)Uk(t)dt ∈ D(Pk),

Pk

(∫
ψ(t)Uk(t)dt

)
= −

∫
ψ′(t)Uk(t)dt. (3.13)

We can now pass to the limit k → +∞ in (3.13) and get (in distribution sense),

P
(∫

ψ(t)U(t)dt
)
= −

∫
ψ′(t)U(t)dt. (3.14)

Now, clearly
∫
ψ′(t)U(t)dt ∈ H and from (3.14) we deduce,

P
(∫

ψ(t)U(t)dt
)
∈ H so

∫
ψ(t)U(t)dt ∈ D(P).

From (3.11), we know that,

∂tU ∈ L∞(R, L2 ×H−1
X ),

and consequently,

U ∈ C0(R, L2 ×H−1
X )

while on the other hand we have U(0) = U0 (in D′ but hence also in H). Now the uniqueness part in Theorem 2.5

for the operator P̃ implies U(t) = S̃(t)U0, and Lemma 2.6 imply in turn U(t) = S(t)U0. Eventually, since the
limit is unique, the extraction process is unnecessary and the whole family (Uk) converges to U = S(t)U0.

Then we have the following result.

Proposition 3.5. ([13] Thm. 8, chapter 7) Let (u0, u1) ∈ H1
X(Rd)× L2(Rd) and let uk be the solution of the

problem,

(∂2t + Pk)uk = 0 in R1+d, uk|t=0 = v0,k, ∂tuk|t=0 = v1,k

given by Hille Yosida Theorem, where (vj,k) for j = 0, 1 satisfy (3.7).
Then uk vanishes within Ck(t0 − δ).

Let us now come back to the proof of Theorem 1.1
Assume that (u0, u1) vanish in BP (x0, t0). Then, by (3.7) for k large enough, (v0,k, v1,k) vanish in BPk

(x0, t0−
δ). Then Proposition 3.5 implies that uk vanish in Ck(t0−δ) = {(t, x) ∈ [0, t0−δ)×Rd : dPk

(x, x0) < t0−δ− t},
thus in the set C(t0− δ) = {(t, x) ∈ [0, t0− δ)×Rd : dP (x, x0) < t0− δ− t} since dPk

≤ dP . Since (uk) converges
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to u, in the space of distributions, we deduce that u vanishes in the set C(t0 − δ). Since this holds for every
δ > 0 we deduce that u vanishes in the set C(t0).

The proof of Theorem 1.1 is complete.

4. Unique continuation of square roots of Hörmander’s
operators

In this section we prove Theorem 1.2 for s = 1/2. We assume in this section that the vector fields X =
(X1, . . . , Xr) have analytic coefficients on Rd.

Since the operator P is a positive Friedrichs self-adjoint extension, we can define its square root
√
P with

domain H1
X(Rd) introduced in Definition 2.1. The proof of Theorem 1.2 for s = 1/2 combines three arguments.

First, our result on the dependency domain for the solutions of the weakly hyperbolic operator Q = ∂2t + P ,
then an argument of holomorphic extension due to Masuda [2], and eventually a result of Bony [14], concerning
the unique continuation for P .

4.0.1. Masuda’s argument

Let u0 ∈ H1(Rd)∩H1
X(Rd) be such that u0 =

√
Pu0 = 0 on an open subset ω ⊂ Rd. Consider the problem,

(i∂t +
√
P )u = 0, u|t=0 = u0. (4.1)

Since ∂tu|t=0 = i
√
Pu0 it follows that u is also a solution of the problem (3.2) with u0 = u1 = 0 in ω. Therefore,

by Corollary 3.1 there exists δ > 0 and ω1 open with ω1 ⊂ ω such that,

u = 0 in (−δ, δ)× ω1. (4.2)

Now since
√
P is a positive self-adjoint operator in L2(Rd) by the spectral theorem the solution of (4.1) can be

written as,

u(t, ·) = eit
√
Pu0 =

∫ +∞

0

eitλdE(λ)u0. (4.3)

The above formula shows that u has a holomorphic extension to the upper half plane Im z > 0 with values in
L2(Rd) in the sense that the function,

z 7→
∫ +∞

0

eizλ⟨dE(λ)u0, φ⟩

is holomorphic Im z > 0 for any φ ∈ L2(Rd).
We shall still denote by u(z, ·) this holomorphic extension.
According to (3.2) this extension satisfies,

∂2zu+ Pu = 0, in {z ∈ C : Im z > 0, x ∈ Rd}. (4.4)

Now for z ∈ C such that |Re z| < δ we set,

U(z, ·) =

{
u(z, ·), Im z ≥ 0,

u(z, ·), Im z < 0.
(4.5)
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Let φ ∈ C∞
0 (ω1) and set,

θ(z) = ⟨U(z, ·), φ⟩ (4.6)

Then θ is holomorphic for Im z > 0, for Im z < 0 and continuous in {z : |Re z| < δ} by (4.2). By Morera’s
theorem, θ is holomorphic in the set {z : |Re z| < δ}. Since, by (4.2), it vanishes in the set {z : |Re z| < δ, Im z =
0} we have θ(z) = 0 in {z : |Re z| < δ}.

According to (4.5) and (4.6) it follows that u(z, ·) = 0 for |Re z| < δ in D′(ω1) and consequently u(z, x) = 0
for almost all x in ω1.

Now, for x ∈ Rd, |ξ| < δ let us set,

v(ξ, η, x) = u(ξ + iη, x). (4.7)

Then, by the above argument and (4.2) we have,

v(ξ, η, x) = 0 if |ξ| < δ, a.a x ∈ ω1. (4.8)

On the other hand, since u is holomorphic in the set {z : Im z > 0}, the function v is harmonic with respect
to (ξ, η) in the set O = {(ξ, η) : |ξ| < δ, η > 0}. Therefore,

(∂2ξ + ∂2η)v(ξ, η, x) = 0, in O ×Rd.

Now, by (4.4) we have in O ×Rd,

∂2ηv(ξ, η, x) = −∂2zu(ξ + iη, x) = Pv(ξ, η, x).

Using the two above equations we find that,

(−∂2ξv − 2∂2ηv + Pv)(ξ, η, x) = 0, in O ×Rd. (4.9)

Notice that by Hörmander’s theorem [15], v is a C∞ function in O ×Rd.

4.0.2. Bony’s result

In [14] Bony has proved the following.

Theorem 4.1. Let (Y1, . . . , Ym) be a set of vector fields on RN with analytic coefficients satisfying
condition (1.1).

Let w be a distribution solution, in RN , of the equation
∑m

k=1 Y
∗
k Ykw +

∑m
j=1 aj(x)Yjw + a0(x)w = 0 where

the a′js are analytic If w vanishes in any open subset then w vanishes identically in RN .

Coming back to the equation (4.9) we set,

Y1 = ∂ξ, Y2 =
√
2∂η, Yj+2 = Xj , j = 1, . . . , r.

Then the function v is a solution of the equation,

r+2∑
k=1

Y ∗
k Ykv = 0
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in O ×Rd. The system (Y1, . . . , Yr+2) has analytic coefficients and satisfy Hörmander’s condition in O ×Rd.
Since, by (4.8), v vanishes on the open set {(ξ, η, x) : |ξ| < δ, η > 0, x ∈ ω1} it follows from Bony’s result that,

v vanishes identically in {(ξ, η) : |ξ| < δ, η > 0} ×Rd.

Since v is continuous in {(ξ, η) : |ξ| < δ, η ≥ 0} we deduce from (4.7) that u0(x) = v(0, 0, x) = 0 for all
x ∈ RN , which completes the proof of Theorem 1.2 for s = 1/2.

5. Unique continuation for s-powers of Hörmander’s
operators, 0<s<1.

In this section we consider, as before, a system of vector fields (X1, . . . , Xr) on Rd, on which we make, as in
the second part, the following assumptions,

(i) the Lie algebra generated by these vector fields has maximal rank at every point in Rd,

(ii) the coefficients of the X ′
js are analytic in Rd.

We shall consider the operator, P =
∑r

j=1X
∗
jXj , where X

∗
j is the adjoint of Xj and denote by H1

X the

closure of C∞
0 (Rd) for the norm,

∥u∥2H1
X
=

∑
j

∥Xju∥2L2(Rd)

We shall work, as before, with the Friedrich’s extension of P (still denoted by P ) with domain given by,

D(P ) = {u ∈ H1
X(Rd) : Pu ∈ L2(Rd)}, (5.1)

and it is well known that the operator P is non negative and selfadjoint.
Then for 0 < s < 1 we can define, by the functional calculus, the fractional powers P s of P . It is defined by

the formula,

P sφ(x) =

∫ +∞

0

λsdE(λ)φ,

where E(λ) is the spectral decomposition of P with domain,

D(P s) = {φ ∈ L2(Rd) : P sφ ∈ L2(Rd)}.

The goal of this section is to prove Theorem 1.2.

5.1. An extension result

Expressing the fractional powers of Laplace operators as the Dirichlet-Neumann operators of some degenerate
elliptic equations goes back to the work of Caffarelli-Silvestre [16]. It has been further generalised to more general
settings by Stinga and Torrea [17] (see also [18]). Here we shall use the following version.

Theorem 5.1 ([17], Thm. 1.1). Let . Let s ∈ (0, 1) and φ ∈ L2(Rd). Consider the following problem in (0,+∞)×
Rd,

∂2t u(t, x) +
1− 2s

t
∂tu(t, x)− Pu(t, x) = 0, u|t=0 = φ. (5.2)
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Then the function u : (0,+∞)×Rd → R given by the formula,

u(t, x) =
1

Γ(s)

∫ +∞

0

P se−τP (φ)(x)e−
t2

4τ
dτ

τ1−s
, (5.3)

where Γ is the Gamma function, is a solution of (5.2) which is in C∞(]0,+∞[×Rd) and satisfies tk∂kt u ∈
C([0,+∞[, L2(Rd)) for every k ∈ N. Moreover when φ belongs to the domain of P s we have, in the L2 sense,

lim
t→0+

t1−2s∂tu(t, x) = C(s)P sφ(x), (5.4)

where C(s) is a (non zero) constant depending only on s ∈ (0, 1).

For the sake of completeness, we recall a proof of this result in the appendix

5.2. A Baouendi–Goulaouic uniqueness result

We quote here a particular case, adapted to our situation, of [19], Theorem 4.

Theorem 5.2. (Baouendi-Goulaouic [19]) Let

P = t2∂2t + a1t∂t + a0 + t2P (x, ∂x), (t, x) ∈ R×Rd,

be a second order Fuchs type operator, where a1, a2 are real numbers and P is a second order differential operator
with analytic coefficients in a neighborhood of a point x0 ∈ Rd.

Let λ1, λ2 be the two roots of the characteristic equation,

λ(λ− 1) + a1λ+ a0 = 0,

and let h ∈ N be such that Re(λj) < h, j = 1, 2.
Then if v ∈ C0(R,D′(ω0)) is such that t−hv ∈ C0(R,D′(ω0)), where ω0 is a neighborhood of x0 and satisfies,

Pu = 0, ∂jt u(0, ·) = 0, 0 ≤ j ≤ h− 1,

then v vanishes identically near (0, x0) in R×Rd.

5.3. Proof of Theorem 1.2

Let u be the solution of (5.2) given by (5.3). Recall that, u ∈ C0([0,+∞), L2(Rd)). and by the condition in
the Theorem,

u|t=0 = 0 in ω. (5.5)

Consequently, since P is an operator in x whose coefficients do not depend on t,

Pu|t=0 = 0 in ω, (5.6)

Let us set,

A(t, x) = t1−2s∂tu(t, x). (5.7)
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Using (5.4) and the hypothesis in Theorem 1.2 we see that,

lim
t→0+

A(t, x) = 0 in L2(ω) (5.8)

lim
t→0+

∂αxA(t, x) = 0 in D′(ω). (5.9)

Now according to (5.5) we can write, for x ∈ ω,

u(t, x) = t

∫ 1

0

(∂tu)(λt) dλ = t2s
∫ 1

0

λ2s−1A(λt, x) dλ := t2sB(t, x). (5.10)

Since 2s − 1 ∈]− 1, 1[ we deduce from (5.8) that,

lim
t→0+

B(t, x) = 0 in L2(ω). (5.11)

Set for t > 0, x ∈ Rd,

v(t, x) = t1−2su(t, x) = tB(t, x). (5.12)

then v is a C∞ function in ]0,+∞[×Rd which belongs to C0([0,+∞[, L2(Rd)) and satisfies,

v|t=0 = 0 in L2(ω). (5.13)

Moreover,

∂tv = t1−2s∂tu+ (1− 2s)t−2su = A+ (1− 2s)B. (5.14)

Therefore by (5.8) and (5.11) we deduce that,

lim
t→0+

∂tv(t, x) = 0, in L2(ω). (5.15)

On the other hand, using (5.7), the equation and (5.10), we can write for t > 0,

∂tA(t, x) = t−2s
(
t∂2t u+ (1− 2s)∂tu) = −t−2s+1Pu,

= t−2s+1P (t2sB). = tPB.

It follows then from (5.11) that,

lim
t→0+

∂tA(t, x) = 0, in D′(ω). (5.16)

From (5.10) we get,

∂tB =

∫ 1

0

λ2s∂tA(λt, x) dλ,
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therefore,

lim
t→0+

∂tB(t, x) = 0, in D′(ω). (5.17)

Using (5.14) we deduce,

lim
t→0+

∂2t v(t, x) = lim
t→0+

(
∂tA(t, x) + (1− 2s)∂tB(t, x)

)
= 0, in D′(ω). (5.18)

Therefore, v can be extended as a function in C2([0,+∞),D′(ω)) with,

v|t=0 = ∂tv|t=0 = ∂2t v|t=0 = 0 in D′(ω). (5.19)

Let us now check the equation satisfied by v on ]0,+∞[×Rd. Since u = t2s−1v we have,

∂tu = (2s − 1)t2s−2v + t2s−1∂tv,

∂2t u = (2s − 1)(2s − 2)t2s−3v + 2(2s − 1)t2s−2∂tv + t2s−1∂2t v,

tPu = t2sPv.

It follows that,

0 = t∂2t u+ (1− 2s)∂tu+ tPu = t2s−2
(
t2∂2t v + (2s − 1)t∂tu− (2s − 1)v + t2Pv

)
,

so that,

t2∂2t v + (2s − 1)t∂tv − (2s − 1)v + t2Pv = 0. (5.20)

Setting ṽ = H(t)v where H(t) = 1 if t > 0, H(t) = 0 if t < 0 we deduce from (5.19) that ṽ belongs to
C0(R,D′(ω)) and is such that t−2ṽ ∈ C0(R,D′(ω)). Moreover ṽ satisfies the same equation,

t2∂2t ṽ + (2s − 1)t∂tṽ − (2s − 1)v + t2P ṽ = 0, in D′(R× ω). (5.21)

We may apply Theorem 5.2. with a1 = 2s − 1, a2 = 1− 2s. The characterisic equation is,

λ(λ− 1) + (2s − 1)λ+ 1− 2s = λ2 + 2(s − 1)λ+ 1− 2s = 0

whose roots are λ1 = 1, λ2 = 1− 2s. We can take h = 2 in order that λj < h.
The conclusion of Theorem 5.2 is then that there exist δ > 0 and an open set ω1 with ω1 ⊂ ω such that

ṽ vanishes in ] − δ, δ[×ω1. It follows from the definition of ṽ that the function u vanishes identically in O :=
]0, δ[×ω1. But in ]0,+∞[×Rd the operator

P = ∂2t +
1− 2s

t
∂t −

r∑
j=1

X∗
jXj

is an operator “sum of squares” with analytic coefficients and u is a solution of the equation Pu = 0
in ]0,+∞[×Rd which vanishes in O. Bony’s theorem (see Thm. 4.1) shows that u vanishes identically in
]0,+∞[×Rd, therefore φ = u|t=0 vanishes identically in Rd.
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Appendix A.

A.1 Proof of Theorem 5.1

Notice first that when φ ∈ L2(Rd) the function e−τPφ, for τ > 0, belongs to the domain of P s (in fact to the domain
of P ρ for every ρ > 0), so P se−τP (φ) is well defined. Indeed, since λ2se−2τλ ≤ c(τ, s) for every λ > 0 we have,

∫ +∞

0

λ2se−2τλ d
(
E(λ)φ,φ

)
≤ c(τ, s)∥φ∥2L2(Rd).

Now let us show that for φ ∈ L2(Rd) the function u is well defined and belongs to C0([0,+∞), L2(Rd)). Indeed we have,

u(t, x) =
1

Γ(s)

∫ +∞

0

λs

∫ +∞

0

e−τλe−
t2

4τ
1

τ1−s
dτ dE(λ)φ.

In the integral in τ let us set λτ = µ. We obtain,

u(t, x) =

∫ +∞

0

θ(λ, t)dE(λ)φ, θ(λ, t) =
1

Γ(s)

∫ +∞

0

e−µe
−λ t2

4µ
dµ

µ1−s
(A.1)

Since e−µ

µ1−s ∈ L1((0,+∞)) Lebesgue’s dominated convergence theorem shows that, for fixed λ, the function t 7→ θ(λ, t) is

continuous. Let t0 ∈ [0,+∞) and (tj) ⊂ [0,+∞) a sequence converging to t0. Then,

∥u(tj , ·)− u(t0, ·)∥2L2(Rd) =

∫ +∞

0

|θ(λ, tj)− θ(λ, t0)|2d(E(λ)φ,φ).

Since θ(λ, t) ≤ 1 and φ ∈ L2(Rd) Lebesgue’s dominated convergence theorem shows that the right hand side tends to
zero when j goes to +∞.

Now, using the fact (proved by induction on k ∈ N) that, tk∂k
t e

−αt2 =
∑k

j=1 cjk(αt
2)je−αt2 , α > 0, cjk ∈ R, we see

that,

tk∂k
t u(t, x) =

∫ +∞

0

θk(λ, t)dE(λ)φ, θk(λ, t) =
1

Γ(s)

k∑
j=1

djk

∫ +∞

0

e−µ(λ t2

4µ

)j
e
−λ t2

4µ
dµ

µ1−s
. (A.2)

Since |θk(λ, t)| ≤ Mk,Mk ∈ R+, the same argument as before shows that tk∂k
t u ∈ C0([0,+∞[, L2(Rd)). Thus ∂k

t u ∈
C0(]0,+∞[, L2(Rd)).

Suppose we have shown that u satisfies equation (5.2), then u is a C∞ function on ]0,+∞[×Rd. Indeed the operator
appearing in (5.2) is an operator “sum of squares” with C∞ coefficients, which by hypothesis satisfies Hörmander’s
condition (1.1). It is then hypoelliptic. So we are left with the proof of (5.2).

mailto:subscribers@edpsciences.org
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According to the computation made before we see that,

∂2
t u+

1− 2s

t
∂tu =

1

Γ(s)

∫ +∞

0

∫ +∞

0

e−µλ
(
− 1− s

2µ
+

λt2

4µ2

)
e
−λ t2

4µ
1

µ1−s
dµ dE(λ)φ,

=
1

Γ(s)

∫ +∞

0

∫ +∞

0

λ e−µ ∂

∂µ

[
e
−λ t2

4µ
1

µ1−s

]
dµ dE(λ)φ,

=
1

Γ(s)

∫ +∞

0

∫ +∞

0

λ e
−λ t2

4µ
1

µ1−s
dµ dE(λ)φ.

Setting µ = λτ we deduce that,

∂2
t u+

1− 2s

t
∂tu =

1

Γ(s)

∫ +∞

0

∫ +∞

0

λs+1e−λτe−
t2

4τ
1

τ1−s
dτ dE(λ)φ,

=
1

Γ(s)

∫ +∞

0

e−τP (P s+1φ) e−
t2

4τ
1

τ1−s
dτ = Pu.

Let us prove (5.4). According to (A.1) we have,

t1−2s∂tu =
1

Γ(s)

∫ +∞

0

∫ +∞

0

e−µ−λt

2µ
e
−λt2

4µ
t1−2s

µ1−s
dµ dE(λ)φ.

Setting x = µ
λt2

we get,

t1−2s∂tu =
−1

2Γ(s)

∫ +∞

0

∫ +∞

0

e−λxt2λs e
− 1

4x

x2−s
dxdE(λ)φ.

Since s < 1, we have e
− 1

4x

x2−s ∈ L1((0,+∞)). Set D(s) =
∫ +∞
0

e
− 1

4x

x2−s dx and C(s) = − D(s)
2Γ(s)

. Now since P sφ ∈ L2(Rd) we

can write, P sφ =
∫ +∞
0

λsdE(λ)φ so that,

t1−2s∂tu− C(s)P sφ =
−1

2Γ(s)

∫ +∞

0

λs
(∫ +∞

0

(e−λxt2 − 1)
e−

1
4x

x2−s
dx

)
dE(λ)φ.

Set f(λ, t) =
∫ +∞
0

(e−λxt2 − 1) e
− 1

4x

x2−s dx. By the dominated convergence theorem we have, for fixed λ ∈ (0,+∞),
limt→0+ |f(λ, t)| = 0 and moreover |f(λ, t)| ≤ 2D(s). Then,

∥t1−2s∂tu− C(s)P sφ∥2L2(Rd) =
1

4Γ(s)2

∫ +∞

0

λ2s|f(λ, t)|2d
(
E(λ)φ,φ),

and, by the dominated convergence theorem, the right hand side tends to zero when t goes to 0+.
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