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DOMAINS OF DEPENDENCE FOR SUBELLIPTIC WAVE
EQUATIONS AND UNIQUE CONTINUATION FOR FRACTIONAL
POWERS OF HORMANDER’S OPERATORS

Nicoras BurqQ!'?*® AND CLAUDE ZUILY'

Abstract. We prove the sharp domain of dependence property for solutions to subelliptic wave
equations for sums of squares of vector fields satisfying Hormander bracket condition. We deduce a
unique continuation property for the square root of subelliptic Laplace operators under an additional
analyticity condition. Then, with a different, more involved method, we prove the same result of unique
continuation for more general s-powers (0 < s < 1).
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1. INTRODUCTION AND RESULTS

In this article, we are interested in uniqueness properties for subelliptic wave operators and fractionnal powers
of such subelliptic operators. In this note, we are interested in unique continuation properties of fractional
powers of Hormander’s subelliptic sum of squares operators. In the first part of the paper, we determine the
sharp domain of dependence for solutions of subelliptic wave equations in R x R® with smooth coefficients, a
result of independent interest. As an application we give, in the second part, a rather simple proof of unique
continuation for square roots of of Hérmander’s operators with analytic coefficients. Finally, in the third part,
we consider the general case of s-powers of these operators (0 < s < 1) and we prove a similar result of unique
continuation. Let X = (X1,...,X,) be a set of real vector fields with C> coefficients on R.

Following Hérmander we shall denote by £(X7, ..., X,) the Lie algebra generated by X1, ..., X, and we shall
assume Hormander ’s condition, that is,

1,...,X,) has maximal rank at every point o . .
L(X X,)h imal rank int of R 1.1

We shall consider the operator,
P=Y XX, (1:2)
j=1
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2 N. BURQ AND C. ZUILY

where X7 is the adjoint of X; and denote by Hy the closure of C¢° (R9) for the norm

HUH?LI;( = Z ”XjuH%?(Rd)

J

The quadratic form

Qu,v) =Y (Xju, X;0) 12 + (u,0)

J

is continuous on H% and Riesz representation theorem shows that the operator P + Id is an isometry from H%
into its dual space Hy' (which is a distribution space because C§° is dense in H ). We now recall the definition
of the Friedrich’s extension of P (still denoted by P) with domain given by,

D(P) = {u € H%x(RY) : Pu € L*(R%)}. (1.3)

It is well known that the operator P is non negative and selfadjoint (we refer to Section 2 for more about
Friedrich’s extension and the solutions to wave equations)
sin(v/P)

The functional calculus allows to define for any Uy = (ug,u1) € Hy x L? u(t) = cos(v/P)ug + 7B~ U1, the

solution to the wave equation (97 + P)u = 0, with initial data (u,dsu)|i=0 = (ug,u1). Or first result (sharp
domain of dependence) is the following.

Theorem 1.1. Let P be defined by (1.2) satisfying condition (1.1).

Let Uy = (ug,u1) € Hyx x L? and consider the solution to the subelliptic wave equation U = (u,dyu) =
S(t)(Uy) given by the functional calculus. Let dp denote the sub-riemanian distance associated to the operator
P (see Sect. 3 for more details), and for xg € R% tg > 0,p > 0,

C(to) = {(t,x) S [O,to) X Rd : dp(x,.’l,'o) < tg —t},

Bp(zo,p) = {z € R : dp(z,20) < p}. (1.4)

Assume that ug = uy =0 in Bp(xo,to). Then u vanishes within the cone C(to).

In the case of operators defined on a compact manifold (instead of R?) this result has been proved by Melrose
in [1].
Our second result is the following.

Theorem 1.2. Assume (1.1) and that the coefficients of the vector fields X, are real analytic. Let 0 < s < 1.
If ug € D(P?®) is such that ug = P3ug = 0 vanish on an non empty open subset w C R then ug =0 on R

Remark 1.3. 1. Unique continuation for square roots of Laplacian with respect to a C°° metric has been
obtained by Masuda [2]. For more general fractional powers of elliptic operators see for instance, [3], [4],
[5] and [6].

2. In the case s = % we shall give another proof of Theorem 1.2 based on Theorem 1.1 and on an argument
due to Masuda in [2]. This proof is different in essence from that of the case s € (0,1) since the latter is
based on a uniqueness result by Baouendi-Goulaouic which does not require any “hyperbolicity” condition.

3. Notice that, concerning the unique continuation, for our operators, the case of C'* vector fields remain
an open question due to the lack of stable uniqueness for the operators “sum of squares” (see [7]).

4. Notice that in the analytic context, some quantitative uniqueness results were recently obtained by
Laurent-Léautaut [8] for wave equations associated to hypoelliptic operators. These results appear to
be quite different from ours.
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Our motivation to prove Theorem 1.2 was to exhibit examples (in sharp contrast with local operators) where
the non-local nature of fractional powers of subelliptic operators forced some uniqueness results.

In the following section we first recall some basic facts about Friedrich’ extension for sum of squares of vector
fields and set up the framework allowing to solve wave equations (Hille Yosida’s theorem). We then prove the
sharp domain of dependence property for solutions to subelliptic wave equations for sums of squares of vector
fields satisfying Hormander bracket condition in Section 3. In the next section we prove the unique continuation
theorem for the square root of Hormander’s operators, relying on a strategy by Masuda and a uniqueness
result by Bony (this is for this last result that we need the analyticity assumption). In the last section we
extend the result on unique continuation for more general fractional powers relying on works by Stinga-Torrea,
Baouendi-Goulaouic and again Bony.

2. FRIEDRICH’S EXTENSION, HILLE-Y OSIDA

2.1. Friedrich’s extension

Let X = (X1,...,X,) be a set of real vector fields with C* coefficients on R¢ satisfying condition (1.1). We
shall consider the operator,

P=> XX, (2.1)
j=1

where X7 is the adjoint of X;, with domain C5°(R?) C L*(R%).
This operator being symmetric and positive on his domain, we shall still denote by P its Friedrichs self
adjoint extension.

Definition 2.1. We shall denote by H% (R?) the closure of C§°(R?) for the norm,

.
||UH12H;( = Z HX]'UH%P(Rd) + ||u||2L2(Rd)'
j=1

Then the domain of P is given by,
D(P) = {u € Hx (R : Puc L*(R%)}. (2.2)
where, here, P acts in the distribution sense. We endow D(P) with its natural Hilbert norm
lulbipy = [1PullZ + llull?..
Since C§°(RY) is, by definition, dense in H%(R?) we may define,
Hy'(RY) = (Hy(RY),
the dual of H% (R?) as a space of distributions. Notice that since lull zry = [lullr2, we also have
L2CHY, g < lullze (2.3)

We recall from Riesz theorem.
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Lemma 2.2. The operator P + Id is an isometry from H to H)}l, and
va g S H)_(la (fv g)H;(l = <(P + [d)_1f7 §>H;(1><H}( = <(P + Id)_1§7 f>H;1><H;( (24)
Proof. Indeed, from Riesz theorem, for any v € H;(l, there exists a unique u € HY such that
Vw € Hy, (u,w) g1 = <’U,W>H;{1xH}( (2.5)
Since C§°(R?) is dense in HY, we deduce that this is equivalent to
Yw € C°(RY), (u,w) g1 = (P +Id)u,w) = (U,E}H;le;(
and hence, u is the unique distribution u € H solution to
(P+1Id)u=w.
We denote u = (P + Id)~'v. Taking w = u in (2.5) we get
lullzy < llvll g
while taking the supremum over all w € H} with [wllgr =1in (2.5) gives,
ol g < el

As a consequence, P + 1d is an isometry from H% to H)}l. We deduce (2.4) for f =g € H)}l (and hence for all
fe H;(l by polarization). O

Lemma 2.3. The operator P+ Id is a bi-continuous isomorphism from D(P) to L* (and consequently the norm
(P + Id)ul| 2 is equivalent to ||ul|ppy).

Proof. Indeed, we have
(P +Td)ull> < [[Pullp2 + [lull L2,
and from Lemma 2.2 and (2.3),
1P+ 1)~ ull gy, < llull oo < 2
and

IP((P+1d)" )l 2 = [lu— (P +1d) " ullzz < 2[ull .

2.2. The Hille Yosida theorem

As in the sequel, we shall work with several operators with different domains, and in order to navigate
between wave equations defined on these different domains, we need to have a unified framework to study these
wave equations. So, rather than using the functional calculus for self-adjoint operators, we shall use the more
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flexible Hille Yosida theory below. Notice that (see Lem. 2.7) the functional calculus and Hille-Yosida theory
give the same wave solutions (when the operator is self adjoint).

Let us recall how Hille-Yosida theory applies to solve the Cauchy problem for the wave equations with respect
the subelliptic operator P,

O?u+Pu=0 inRxR%

(2.6)
Ult—o = ug, Opuli—p = uq.
We consider the two operators,
P= <—OP (1)> P= (—OP (1))
acting respectively on,
H=HyxL? H=L*xHy, (2.7)
with domains,
D(P) = D(P) x Hy, D(P)=H x L?, (2.8)
where D(P) has been defined in (1.3). Recall that these domains are actually characterized as follows:
D(P)={U €M :PU eH}, DP)={UcH:PU e H},
where Py is the operator _OP (1) acting on distributions.
Then setting U = (u, dsu), Uy = (ug,u1), the problem (2.6) is equivalent to,
QWU +PU=0 inRxRY Ul—g="Up. (2.9)

Recall that an operator T', with domain D(T') defined on a Hilbert H is maximal dissipative (resp. accretive)
if it satisfies,

R(TU,U)g <0 (resp. >0), VU e D(T),

IAN<0 (resp. A>0): YU e H FIVeDT):(T+NV=U.

Lemma 2.4. The operators P — Id and P — Id are mazimal dissipative (resp. P + Id and P + Id are mazimal
accretive).

Proof. Let us prove the result first for P. For U = (ZO) € D(P) x H,
1

(PU, U) = (U1,U0)H;( - (P'LL(],’LLl)L2 = (XUhX(])Lz — (XU(),XUl)Lz, (210)

H} xL?
and consequently

R (PU,U) =0,

HY xL?
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It remains to prove that for e = +1, and all V = (vg,v1) € Hy x L?, we can find U = (Z?) € D(P x H such
that
(P + ld)U = V.
This is equivalent to
U] = Vg — €UQ, Pug + ug = evg — vg € L?

which has a solution given by
Ug = (P+ Id)_l(e’vo — ’Ul), Uy = Y9 — G(P-l- Id)_l(é’vo — ’Ul).

(up ia a priori only in HY, but the equation Pug + ug = evg — vy shows that actually u; € D(P) and hence
Ug € H)l(

Let us now turn to the proof of Lemma 2.4 for P. From (2.4), we have for all U = (ZO>
1

(PU’ U)szH;l = (u1, uo)r2 — <Pu0’u1)H§l
= (u1,uo)r2 — (P +1d)"H (P +1d — 1)uo, @) -1 g1
= (u1,u0) L2 — (uo, W) y o1y g1 + <(P+Id)_1u07u71>H;(1><H§(
= (ul,uo)Lz - (uO,’LL1)L2 + <(P+ Id)_luO,uiﬁH;leé(. (2.11)
We deduce
~ 1
R(PUU) |, | < ol s s < Jwollze sl < 5 (ol + fur3-1).
L2xHy 2

which implies

%((73 —1d)U, U)L2 <0 resp %((75 + 1)U, U)L > 0.

_ 5 1 =
X Hy X Hy

To get a solution to
(P +1d)U = F,
we proceed as in the case P. O

We deduce that P and P are the generators of strongly continuous groups of operators on H, and 7—7, S(t)
and S(t). which implies

Theorem 2.5 ([9], Thm. 2.10 and Prop. 2.24). Consider a strongly continuous group of operators L(t) on a
Hilbert space H, and A its infinitesimal generator with domain D(A). Then,
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1. For any Uy € D(A), the function U : t — U(t) = X(t)Uy is the unique function in C*(R,H) N
C°(R, D(A)) such that,

U(0) = U, %U@:Amw

2. For any Uy € H, the fonction U : t +— U(t) = X(t)Uy is the unique function in C°(R, H) such that,
(1) U(0) = U,
(ii) for any ¥ € CL(R) we have,

/¢ (ﬁGD),mL“/¢@U@&)z—/W@U@&

(in other words, U is a distribution in time with values in the domain of A and it satisfies the equation
U = AU as a distribution in time).

Let us now check that when applying Theorem 2.5 to P, we can weaken the continuity assumption on U for
the uniqueness part in (2), and assume only U € C°(R,H), while still assuming Uy € H. Indeed, this follows
directly from the following observation.

Lemma 2.6. Let Uy € H C H. According to (2.7) and (2.8) we have, H = D(P) Applying (1) in Theorem 2.5
with H = H, A =P and (2) with H=H, A = P we obtain two solutions U(t) and U(t). Then, these two
solutions coincide i.e. we have U(t) = U(t).

Proof. Indeed, since Uy € D(ﬁ), we have,
U(t) € C'(R,H) N C°(R, H),

and it satisfies,

This implies,

ﬁ(/q/;(t)ff(t)dt) = /w(t)ﬁ’(t)dt = —/1/1'(t)U t)dt

where the equality holds in H. We deduce that in the distribution sense,

n)/w ) /w Bt € A,

which also implies by definition that,
/@@ﬁ@&eD@)

This implies by the point (2) in Theorem 2.5 that U(t) = S(t)Uy = U(t). O

We end this section with an elementary lemma showing that Hille Yosida theory and the functional calculus
of self-adjoint operators allow to define the same solutions to wave equations
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Lemma 2.7. Let Q non negative defined on L*(R?) with domain D(Q) be self-adjoint. Then the two solutions
of wave equations given respectively by Hille- Yosida Theorem

v =sa0.4= (5 o)

with A defined on D(QY?) x L? with domain D(Q) x D(QY?) and the functional calculus of self-adjoint
operators

V(t) = (u(t), du(t)) = cos(tr/Q)uo 4 8o \tfxpf )

are equal.

Proof. Tt is clear that t — V (t) € C(R; D(Q'/?) x L?) satisfies conditions i) in Theorem 2.5 and to conclude, it
is enough to prove that it satisfies also conditions ii) in Theorem 2.5. We have since ug € D(Ql/ %) and u; € L2,

/w(w t)dt = /w ) cos(t/Q) o+81n\}/@u1dt

d sm t\f) ~ cos(tvV/@Q) s sin(ty/Q) cos(tv/Q)
/w 0 uy)dt /w(t)( T T g ur)dt € D(Q). (2.12)

Similarly

/ () Opu(t)dt = / Y(t)cos(tr/Q)ur — /Qsin(tr/Q)uodt

/1/) (cos( (t/Q)uo sm\j@f /LZJ cos(ty/Q)ug sm\/@ veQ) uy)dt € D(QY?). (2.13)

and from (2.12), (2.13) we deduce

(S 0) [¥0 (o) == [ o0 (o)

3. DOMAINS OF DEPENDENCE

3.1. The metrics

We shall denote by dp the sub-Riemanian distance attached to the operator P as defined in [10]
Proposition 3.1. It is defined as follows. If z,y € R? we set,

C(z,y) = {0 :[0,1] =R%, o is a Lipschitz curve,
0(0) =z, 0(1) =y and ,6(t) = X}_1a,(t)X;(c(t)) for a.e. t.},

Then

7

1

dp(z,y) = inf{(i/olaj(t)ﬁdt)?, oeC(z,y)}. (3.1)
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Notice that if we denote by Aq the flat Laplacian in R? then da,(z,y) = |z — y| (the Euclidian distance).

3.2. Domains of dependence

The main result of this section concerns the domain of dependence of the solution of the subelliptic wave
problem,

924+ P)u=01in R x RY,
( t )U m (32)
uli—o = up, Opuli—o = uy.

We first begin with a corollary of Theorem 1.1

Corollary 3.1. Let Uy = (ug,u1) € (H' N HY%) x L? and consider the solution to the subelliptic wave equation
U = (u,0u) = S(t)Uy given by the Hille-Yosida theorem. Assume that ug = uy = 0 in a ball {x € R : |z — x| <
ro}. Then there exists n >0 and r > 0 such that w = 0 in the set {(t,x) : 0 <t < n, |z — x| <7}.

Proof of the Corollary. Indeed, notice that for every compact K C R? there exist M > 0, pg > 0 such that for
every zo € K we have Bp(xq, p) C Ba, (o, Mp) for every 0 < p < po.

On the other side, according to [11], the hypothesis (1.1) implies that for every compact K C R there exist
M >0, pg > 0,6 > 0 such that Ba,(xo, p) C Bp(xg, Mp?) for every zq € K.

Then Corollary 3.1 follows easily from Theorem 1.1. O

Remark 3.2.

1. In the case where R? is replaced by a compact manifold a sketch of proof of Theorem 1.1 was given in
a work of Melrose [1]. Here we follow his strategy and give a detailed self-contained proof which applies
also the non-compact setting.

2. In the case where the vector fields (X1, ..., X,) are of Heisenberg type, Theorem 1.1 has been proved by
the second author in [12].

Proof of Theorem 1.1. To prove this result, the idea is to solve first the (elliptic) wave equation associated
to the family of operators P, = P — Ao, where Aq is the flat Laplacian, with initial data a sequence of
smooth initial data (ug g, u1 ) converging to (ug,u;) in Hy x L?, with a proper choice of ex. Setting X; =
(X1,..., X0, /ERO1, . .., /EKOq) We notice that H)l(k =H!'N H}( and hence it is possible to define such solution.
Then we conclude by using the standard dependency domain results for elliptic wave equations and a limiting

process.
In all that follows we take (ug,u1) € Hy(R?) x L?(R?) such that,

ug = U = 0 in Bp(xoﬂfo). (33)

We start with the choice of sequences (ug,u1,%) and eg. From the definition of H}(, there exists ug €
C§°(R?) converging to ug as k — 400 in H%. There exists also a sequence (u1 ;) C C§°(R?) converging to u;
in L%(R%). We shall set,

_ -2
Ek =k 1(1+1I£ja§k”uo7j”%[l) ; Pk :P7€kAo. (34)

Notice that the sequence €;, is nonincreasing and

exlluo k)3 — 0 when k — +o0.
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Let dp, be the Riemanian metric attached to this operator, defined as in (3.1) and introduce the sets,

Ci(to) = {(t,z) € [0,t0) x R*: dp, (z,20) < to — t},

BP;; (anP) = {l’ S Rd : de (l‘,.T()) < p} (35)

Then we have,
Proposition 3.3. ([10], Prop. 3.1) Let xq € R? then for every x € R% we have,

1. The sequence k — dp, (x, o) is non decreasing and bounded by dp(x,xq).
2. limg— 100 dp, (2, 20) = dp(x,20).
3. The convergence is uniform on every compact.

Proof. The non-decreasing property and the pointwise convergence have been proved in [10]. The uniformity
is a consequence of Dini’s theorem since the sequence k — dp, (z, o) is non decreasing and the functions
x +— dp, (,20) and x — dp(x,x0) are continuous. O

Now fix § > 0 small. By Proposition 3.3 on can find kg > 1 such that for k > kg and for x in a large fixed
ball around =z,

)
dp(x,x9) — 3 <dp,(x,x0) < dp(x,x0).
It follows that,

0 1)
Bpk(xo,tofts) CBP(:Co,tof 5), Bpk(xo,t()*(;) CBPk(iro,tofi) CBP(Io,tO). (36)

Let x € C°(R%) be such that,

. 9 . .
x(z) = 0 in Bp(zo,to — 5)7 x(z) = 1in Bp(wo,to)

and set,
v k() = x(@)ujk(z), j=0,1.
Then, according to (3.6),

vo,k € Cgo(Rd), vo.x = 0in Bp, (xo,t0 —96) and (vo) — up in H)l((Rd)
U1,k € Cgo(Rd), Vi,k = 0 in Bpk (zo,to - 5) and ('Ul,k) — up in LQ(Rd).

Now we set,
UYL = (vo,k, v1.8)- (3.8)

For the limiting process the key point is the following result.
Let us set, with €, € (0,1) defined in (3.4),

0 1
Pe = (PJrékao 0)'
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Proposition 3.4. For Uy = (ug,u1) € H = (H' N H%) x L?, consider the solution,
Ux(t) = Sk()U} € C°(R, H)

given by Theorem 2.5 with the operator Py (with initial data UY). Then, when k — oo, the sequence (Ug)
converges weakly to,

U(t) = S(t)Uo,

the solution to the wave equation given by the same theorem with P and initial data Uy = (ug,uq).

Proof. We start with the energy conservation,

Ex(t) = / (e|Vourl” + Z | Xjukl® + [0pui|?) (t, 2)dz = E(0),

Jj=1

Ei(0) = / (el Vavorl? + 3 X004l + [v1.4]2) (2)da.

j=1
Moreover, writing uy(t, ) = ug(0,) + fot Osug(s, ) ds, we obtain,
lur ()22 < lluollL2 + [t Ex(0)"/2.
From the choice of ¢j, given in (3.4), we see easily that,
3C>0: Ei0)<C, Vk.

Since Ej controls uniformly the square of the norm in H% x L?, we deduce that we can find a subsequence
U, such that

Uy, — U weakly in L™(R, Hy x L?), as n — +o0 (3.9)

From the equation (satisfied in the distribution sense),

0 1
atUkn = <P + 5knAO 0) Ukn? (310)
we deduce first that,
0 1 . / d
oU = <—P 0) U, inD'(RxR?. (3.11)

Now, using Lemma 2.2 and (3.10), we see that,
0Uy, is bounded in L*((—1,1),L* x (H~' + Hy")). (3.12)

Let @ = (¢,9) € (C°(R%))? and set 0;(t) = (Ug(t), ®) where (-,-) is the distribution duality. Then () C
C°([-1,1]) and it follows from (3.9) that (0),) converges to (U(-), ®) in D'(R).

On the other hand we have 00, (t) = (0:Uy, (t), ®) so by (3.12) (9:0k,,) is uniformly bounded in L>°([—1, 1]).
Therefore the set (0, ) is equicontinuous, and hence from from the Ascoli theorem it is relatively compact in
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C°([~1,1]). But there exist only one possible accumulation point (U(-), ®) which implies that ), converges to
6 in C°([-1,1]). As a consequence, we have § € C° and

U(0) = lim = Uy, = Up, in D'(RY).

n—-+o0o

We also have from the characterization of Hille-Yosida solutions given in Theorem 2.5, (writing & instead
of k)

/w(t)Uk(t)dt € D(Py),

Py /w VUi(t dt /zp YVUi(t (3.13)

We can now pass to the limit & — 400 in (3.13) and get (in distribution sense),

P([vwua) =~ [veuea (3.14)

Now, clearly [¢/(t)U(t)dt € H and from (3.14) we deduce,

/1/1 t)dt G'Hso/w (t)dt € D(P).

From (3.11), we know that,
U € L¥(R,L? x Hy'),
and consequently,
UeC'R,L* x Hy")

while on the other hand we have U(0) = Up (in D’ but hence also in #). Now the uniqueness part in Theorem 2.5
for the operator P implies U(t) = S(t)Uy, and Lemma 2.6 imply in turn U(t) = S(¢)Uy. Eventually, since the
limit is unique, the extraction process is unnecessary and the whole family (Uy) converges to U = S(t)Uy. O

Then we have the following result.
Proposition 3.5. ([13] Thm. 8, chapter 7) Let (ug,u1) € H%(R?) x L2(R?) and let uy, be the solution of the
problem,
(0} + Po)ug =0 in RM wglimo = vo g,  Opuglimo = vi
given by Hille Yosida Theorem, where (vj ) for j = 0,1 satisfy (3.7).
Then uy, vanishes within C(tg — 9).

Let us now come back to the proof of Theorem 1.1

Assume that (ug, u1) vanish in Bp(xg, o). Then, by (3.7) for k large enough, (vo ,v1,k) vanish in Bp, (2o, to —
§). Then Proposition 3.5 implies that uy, vanish in Cg(tg — &) = {(t,x) € [0,t0 — ) x R : dp, (z,70) < to— 5 —t},
thus in the set C(to — ) = {(t,x) € [0,t9 — ) x R? : dp(x,z0) < to — & —t} since dp, < dp. Since (uy,) converges
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to u, in the space of distributions, we deduce that w vanishes in the set C(tg — d). Since this holds for every
0 > 0 we deduce that u vanishes in the set C(tp).
The proof of Theorem 1.1 is complete. O

4. UNIQUE CONTINUATION OF SQUARE ROOTS OF HORMANDER’S
OPERATORS

In this section we prove Theorem 1.2 for s = 1/2. We assume in this section that the vector fields X =
(X1,...,X,) have analytic coefficients on R.

Since the operator P is a positive Friedrichs self-adjoint extension, we can define its square root v P with
domain H (RY) introduced in Definition 2.1. The proof of Theorem 1.2 for s = 1/2 combines three arguments.
First, our result on the dependency domain for the solutions of the weakly hyperbolic operator Q = 97 + P,
then an argument of holomorphic extension due to Masuda [2], and eventually a result of Bony [14], concerning
the unique continuation for P.

4.0.1. Masuda’s argument
Let ug € H'(R?Y) N H (R?) be such that ug = v/Pug = 0 on an open subset w C R?. Consider the problem,

(i0y + \/]3)u =0, ul—o = uo. (4.1)

Since dyu|i—o = iv/Pug it follows that u is also a solution of the problem (3.2) with ug = u; = 0 in w. Therefore,
by Corollary 3.1 there exists § > 0 and w; open with @y C w such that,

u=01in (—6,0) X wy. (4.2)

Now since v/P is a positive self-adjoint operator in L?(R%) by the spectral theorem the solution of (4.1) can be
written as,

+oo
u(t,:) = VP = / " dE(N)ug. (4.3)
0

The above formula shows that u has a holomorphic extension to the upper half plane Im z > 0 with values in
L?(R%) in the sense that the function,

+oo
z / e*MdE(N)ug, )
0

is holomorphic Im z > 0 for any ¢ € L*(RY).
We shall still denote by u(z, ) this holomorphic extension.
According to (3.2) this extension satisfies,

Pu+Pu=0, in{zeC:Imz>0z¢cR}. (4.4)

Now for z € C such that |Re z| < § we set,
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Let ¢ € C5°(w1) and set,

0(z) = (U(z,-), #) (4.6)

Then 6 is holomorphic for Im z > 0, for Im z < 0 and continuous in {z : |Re z| < } by (4.2). By Morera’s

theorem, 6 is holomorphic in the set {z : |Re z| < d§}. Since, by (4.2), it vanishes in the set {z : |Re z| < §, Im z =
0} we have 6(z) =0 in {z : |[Re 2| < d}.

According to (4.5) and (4.6) it follows that u(z,-) = 0 for |Re z| < § in D’(w1) and consequently u(z,z) = 0

for almost all z in wy.
Now, for x € R%, [¢] < 6 let us set,

(&, x) = (€ +in, x). (4.7)
Then, by the above argument and (4.2) we have,
v(€mx)=0 if €| <d, aax€uw. (4.8)

On the other hand, since u is holomorphic in the set {z : Im z > 0}, the function v is harmonic with respect
to (€,m) in the set O = {(&,7n) : |£| < §, n > 0}. Therefore,

(3‘52 + 3,27)1)(5,77,96) =0, inO xR
Now, by (4.4) we have in O x RY,
dqv(&,m, ) = —02u(€ + in, x) = Pu(&,n, ).
Using the two above equations we find that,
(—8521) - 28,2,11 + Pv)(&,m,2) =0, in O x R% (4.9)
Notice that by Hérmander’s theorem [15], v is a C* function in O x R

4.0.2. Bony’s result
In [14] Bony has proved the following.

Theorem 4.1. Let (Yi,...,Y,) be a set of vector fields on RN with analytic coefficients satisfying
condition (1.1).

Let w be a distribution solution, in RN, of the equation > -, Y Yiw + Z;n:1 a;(x)Y;w+ ap(x)w = 0 where
the a;s are analytic If w vanishes in any open subset then w vanishes identically in RY.

Coming back to the equation (4.9) we set,
Vi =0, Yo =20, Yio=X;,5=1,...,7
Then the function v is a solution of the equation,
r+2

> VYiw=0
k=1
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in O x R%. The system (Y1,...,Y,12) has analytic coefficients and satisfy Hérmander’s condition in O x R¢.
Since, by (4.8), v vanishes on the open set {(&,n,2) : |§| < d, n > 0, x € w;} it follows from Bony’s result that,

v vanishes identically in {(¢,7) : [¢] < 6,7 > 0} x R%.

Since v is continuous in {(&,n) : [€] < §, n > 0} we deduce from (4.7) that ug(r) = v(0,0,z) = 0 for all
x € RY, which completes the proof of Theorem 1.2 for s = 1/2.

5. UNIQUE CONTINUATION FOR S-POWERS OF HORMANDER’S
OPERATORS, 0<s<1.

In this section we consider, as before, a system of vector fields (X1,...,X,) on RY, on which we make, as in
the second part, the following assumptions,

(i) the Lie algebra generated by these vector fields has maximal rank at every point in R,

(43)  the coefficients of the Xs are analytic in RY.

We shall consider the operator, P = Z;=1 X7 X, where X7 is the adjoint of X; and denote by H% the
closure of C$°(RY) for the norm,

HUH?{% = Z ||Xju|\2L2(Rd)

J

We shall work, as before, with the Friedrich’s extension of P (still denoted by P) with domain given by,
D(P) = {u € Hx(R?) : Pu € L*(RY)}, (5.1)

and it is well known that the operator P is non negative and selfadjoint.
Then for 0 < s < 1 we can define, by the functional calculus, the fractional powers P® of P. It is defined by
the formula,

+oo
Poo(z) = / NdE(\)g,

where E()) is the spectral decomposition of P with domain,
D(P%) = {p € L*(R%) : P°p € L*(R")}.
The goal of this section is to prove Theorem 1.2.

5.1. An extension result

Expressing the fractional powers of Laplace operators as the Dirichlet-Neumann operators of some degenerate
elliptic equations goes back to the work of Caffarelli-Silvestre [16]. It has been further generalised to more general
settings by Stinga and Torrea [17] (see also [18]). Here we shall use the following version.

Theorem 5.1 ([17], Thm. 1.1). Let. Lets € (0,1) and ¢ € L?(R?). Consider the following problem in (0, +00) x
RY,

1—-2
O2u(t, ) + >

Owu(t,x) — Pu(t,z) =0, ul—o = . (5.2)
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Then the function u : (0,4+00) x R — R given by the formula,

+oo
uta) = s [ P @e F S (5.3)

where T is the Gamma function, is a solution of (5.2) which is in C°°(]0,+oo[xR%) and satisfies t*0Fu €
C([0, +oo|, L3(R%)) for every k € N. Moreover when ¢ belongs to the domain of P we have, in the L? sense,

lim t'72%0u(t, z) = C(s)Psp(x), (5.4)

t—0+

where C(s) is a (non zero) constant depending only on s € (0,1).

For the sake of completeness, we recall a proof of this result in the appendix

5.2. A Baouendi—Goulaouic uniqueness result

We quote here a particular case, adapted to our situation, of [19], Theorem 4.
Theorem 5.2. (Baouendi-Goulaouic [19]) Let
P = 1207 + a1td; + ap + t*P(x,9,), (t,z) € R x RY,
be a second order Fuchs type operator, where ay,as are real numbers and P is a second order differential operator
with analytic coefficients in a neighborhood of a point xy € R?.
Let A1, Ao be the two roots of the characteristic equation,

)\()\—1)+a1)\+a0:0,

and let h € N be such that Re(\;) < h,j =1,2.
Then if v € C°(R, D’ (wp)) is such that t~"v € CO(R, D' (wp)), where wq is a neighborhood of o and satisfies,

Pu=0, &u0,)=0 0<j<h-—1,
then v vanishes identically near (0,z¢) in R x R,

5.3. Proof of Theorem 1.2

Let u be the solution of (5.2) given by (5.3). Recall that, u € C°(]0, +00), L?(R%)). and by the condition in
the Theorem,

uft=o =0 in w. (5.5)
Consequently, since P is an operator in x whose coefficients do not depend on ¢,

Pult=o =0 in w, (5.6)
Let us set,

A(t,z) = t' " 0u(t, ). (5.7)
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Using (5.4) and the hypothesis in Theorem 1.2 we see that,
lim A(t,z) =0 in L?(w)

t—0t

lim 0%A(t,z) =0 in D'(w).

t—0t

Now according to (5.5) we can write, for x € w,
1 1
u(t,z) =t / (Ou) (M) dA = 125 / AELA(N, 2) dX = (2 B(t, ).
0 0

Since 2s — 1 €] — 1, 1] we deduce from (5.8) that,

lim B(t,z) =0 in L?(w).

t—0+

Set for t > 0,2 € R,
v(t,z) = t' " *u(t,z) = tB(t, ).
then v is a C* function in ]0, +o0o[x R which belongs to C°([0, +o0[, L?>(R?)) and satisfies,
vi—o =0 in L*(w).
Moreover,
O =t 20u + (1 — 28)t ™ *u = A+ (1 — 25)B.
Therefore by (5.8) and (5.11) we deduce that,

lim dyv(t,z) =0, in L*(w).

t—0+

On the other hand, using (5.7), the equation and (5.10), we can write for ¢ > 0,

O A(t, ) =t (tfu + (1 — 25)Jpu) = —t > Pu,
= t_2s+1P(tQSB), — tPB.

It follows then from (5.11) that,

lim 9;A(t,z) =0, in D' (w).

t—0t

From (5.10) we get,

1
0B = / N9, ANt ) d,
0

17

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)
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therefore,
lim 0;B(t,z) =0, in D'(w). (5.17)
t—0+
Using (5.14) we deduce,
lim 9fv(t,z) = lim (0,A(t,z) + (1 — 25)8,B(t,z)) =0, in D' (w). (5.18)
t—0+ t—0+

Therefore, v can be extended as a function in C2([0, +o00), D’(w)) with,
V]i—o = Ov|t—0 = 0?v|t—0 = 0 in D’ (w). (5.19)
Let us now check the equation satisfied by v on ]0, +oo[xR<. Since u = t>~1v we have,

Opu = (25 — )t*2u + t* 719,
O2u = (25 — 1)(2s — 2)t* 7 3u 4+ 2(2s — 1)t* 200 + 1271070,
tPu = t**Pv.

It follows that,
0 =t0fu+ (1 —25)0pu + tPu = t*"2(?07v + (25 — 1)tdyu — (25 — 1)v + t*Pv),
so that,
2020 + (25 — 1)tdw — (25 — 1)v + t*Pv = 0. (5.20)

Setting v = H(t)v where H(t) =1 if ¢ > 0, H(t) = 0 if t < 0 we deduce from (5.19) that v belongs to
C°(R,D'(w)) and is such that t=2v € C°(R, D’(w)). Moreover v satisfies the same equation,

2020 + (25 — 1)td0 — (25 — 1)v + t*Pv = 0, in D' (R x w). (5.21)
We may apply Theorem 5.2. with a; = 2s — 1, a2 = 1 — 2s. The characterisic equation is,
M=)+ 2s = DA +1-25=A+2(s —)A+1-25=0
whose roots are A\; = 1, A3 = 1 — 2s. We can take h = 2 in order that A\; < h.
The conclusion of Theorem 5.2 is then that there exist § > 0 and an open set w; with w7 C w such that

¥ vanishes in | — §,[xw;. It follows from the definition of v that the function w vanishes identically in O :=
]0, 6[xw; . But in ]0, +0o[xR? the operator

1—2s .
Jj=1

is an operator “sum of squares” with analytic coefficients and w is a solution of the equation Pu = 0
in )0, +oo[xR? which vanishes in O. Bony’s theorem (see Thm. 4.1) shows that u vanishes identically in
10, +00[x R4, therefore p = u|;—¢ vanishes identically in R%.



DOMAINS OF DEPENDENCE FOR SUBELLIPTIC WAVE EQUATIONS AND UNIQUE CONTINUATION 19

ACKNOWLEDGMENTS

The research of the first author has received funding from the European Research Council (ERC) under the European
Union’s Horizon 2020 research and innovation programme (Grant agreement 101097172 — GEOEDP). We would also like
to thank C. Letrouit for enlightenments about R. Melrose’s work [1].

1]

DATA AVAILABILITY STATEMENT

REFERENCES

R. Melrose, Propagation for the wave group of a positive subelliptic second order differential operator. Hyperbolic
Equations and related Topics. Academic Press (1986) 181-192.

K. Masuda, Anti-locality of the one-half power of elliptic differential operators. Publ. Res. Inst. Math. Sci. 8 (1972)
207-210.

M.M. Fall, and V. Felli, Unique continuation property and local asymptotics of solutions to fractional elliptic
equations. Commun. PDE 39 (2014) 354-397.

A. Riland, Unique continuation for fractional Schrodinger equations with rough potentials. Commun. PDE 40
(2015) 77-114.

H. Yu, Unique continuation for fractional orders of elliptic equations. Ann. PDE 3 (2017) paper 16.

T. Gosh, M. Salo and G. Uhlmann, The Calderon problem for the fractional Schréodinger equation. Anal. PDE 13
(2020) 455-475.

H. Bahouri, Non prolongement unique des solutions d’opérateurs “somme de carrés”. Ann. Inst. Fourier 36 (1986)
137-155.

C. Laurent and M. Léautaud, Quantitative unique continuation for operators with partially analytic coefficients.
Application to approximate control for waves. J. Fur. Math. Soc. 21 (2019) 957-1069.

N. Burq, P. Gérard, Contréle optimal des équations aux dérivées partielles. Ecole Polytechnique, Département de
Mathématique (2003), http://www.math.u-psud.fr/~\burq/articles/coursX.pdf

D. Jerison and A. Sanchez-Calle, Subelliptic second order differential operators. Lecture Notes in Mathematics 1277.
Springer Verlag, Berlin (1987) 46-77.

C. Fefferman and D.H. Phong, Subelliptic eigenvalues problems. Proceedings of the Conference on Harmonic Analysis
in honor of Antony Zygmund. Wadsworth Math. Series (1981) 590-606.

C. Zuily, Existence globale de solutions régulieres pour I’équation des ondes non linéaire amortie sur le groupe de
Heisenberg. Indiana Univ. Math. J. 42 (1993) 323-360.

L. Evans, Partial Differential Equations. Graduate Studies in Mathematics, 19 (1998). American Mathematical
Society.

J.M. Bony, Principe du maximum, inégalité de Harnack et unicité du probleme de Cauchy pour les opérateurs
elliptiques dégénérés. Ann. Inst. Fourier 19 (1969) 277-304.

L. Hérmander, Hypoelliptic second order differential equations. Acta Math. 119 (1967) 147-171.

L. Caffarelli and L. Silvestre, An extension problem related to the fractional Laplacian. Commun. PDE 32 (2007)
1245-1260.

P. Stinga and J. Torrea, Extension problem and Harnack’s inequality for some fractional operators. Commun. PDE
35 (2010) 2092-2122.

D. Chamorro and O. Jarrin, Fractional Laplacians, extension problems and Lie groups. C. R. Math. Acad. Sci. Paris
353 (2015) 517-522.

M.S. Baouendi and C. Goulaouic, Cauchy problems with characteristic initial hypersurface. Commun. Pure Appl.
Math. XXVTI (1973) 455-475.


http://www.math.u-psud.fr/~\ burq/articles/coursX.pdf

20 N. BURQ AND C. ZUILY

Please help to maintain this journal in open access!

R\BE To
s Oy

P % This journal is currently published in open access under the Subscribe to Open model
9 z (S20). We are thankful to our subscribers and supporters for making it possible to publish
Szo | this journal in open access in the current year, free of charge for authors and readers.
‘B ‘5’ Check with your library that it subscribes to the journal, or consider making a personal
(9). ?.él donation to the S20 programme by contacting subscribers@edpsciences.org.
¥81£ ope

More information, including a list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.

APPENDIX A.
A.1 Proof of Theorem 5.1

Notice first that when ¢ € L?(R?) the function """ ¢, for 7 > 0, belongs to the domain of P* (in fact to the domain
of P* for every p > 0), so P°e™"F(¢) is well defined. Indeed, since A*e¢ ™2™ < ¢(7, 5) for every A > 0 we have,

+oo
/ A2 A(EN) g, 9) < o, 8) 2l ra)-
0

Now let us show that for ¢ € L*(R?) the function u is well defined and belongs to C°([0, +-00), L?(R%)). Indeed we have,

Tl-=s

W= ) Ve drany
u(t,z) = —— e e AT T .
I'(s) Jo 0

In the integral in 7 let us set A7 = u. We obtain,

Foo 1 /+°° _2:2 dp
u(t,z) = O\ OAEN)p, 0(\t) = =— e He  an Al
(ta)= [T o00aB0Ne 000 = 5 [ e (A1)
Since :;fs € L'((0,400)) Lebesgue’s dominated convergence theorem shows that, for fixed A, the function t +— 6(\,t) is

continuous. Let ¢y € [0, +00) and (¢;) C [0,+00) a sequence converging to to. Then,

2 too 2
l[u(ts, ) = ulto, )2 (ma) =/O 0(X, ) — O\ to)"d(E(N) ¢, @)

Since O(\,t) <1 and ¢ € L*(R?) Lebesgue’s dominated convergence theorem shows that the right hand side tends to
zero when j goes to +oo.
2 . 2
Now, using the fact (proved by induction on k € N) that, t*dfe= " = Z;?:l cin(at?) e a >0, cji € R, we see
that,

too 1 & oo AP A d
k ok ) H Je™ s
t" 0 u(t, x) —/0 O\ )AEN)p, 0k(M\t) = () jgzl djk/o e H( 1 )'e aw e

. (A.2)

Since |8x()\,t)| < My, My € RT, the same argument as before shows that t*dfu € C°([0, +oo[, L*(R%)). Thus dfu €
C° (10, +oof, L*(RY).

Suppose we have shown that u satisfies equation (5.2), then v is a C°° function on ]0, +oo[xR?. Indeed the operator
appearing in (5.2) is an operator “sum of squares” with C'™° coefficients, which by hypothesis satisfies Hormander’s
condition (1.1). It is then hypoelliptic. So we are left with the proof of (5.2).
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According to the computation made before we see that,

5 1—-2s 1 +°°/+°° . 1—s AM?, _a2 1
= — A — R, 1
Gt o F(S)/o , © A G g s

1 /+°° /+°° _, 0 a2 1
= — e M —le” n dpdE(N) e,
I'(s) Jo 0 8H[ Hl_S] ndBN)e

Setting 1 = A7 we deduce that,

1—2s 1 oo pHee L, 42
82 a )\5+1 AT i
) /0 / e ey

Let us prove (5.4). According to (A.1) we have,

+oo  ptoo _ 2 41-2s
1259, = F(ls) / / e_“%e_% Zl—s dudE(N)e.
0 0

Setting z = &5 we get,

1—2s _ -1 teo too —zt?\s€ ﬁ
0 0

.’EQ_S

21

1 1
Since s < 1, we have <;2% € L'((0,400)). Set D(s) = foFes 5=+ dz and C(s) = D). Now since P'p € L?(R%) we

0 T 2r(s)

can write, P = f0+°° AdE(N)p so that,

1

1-2s s -1 toe s /Jroo _Aztz_ e iz
0 C(S)Papffr(s)/o X e 1 ) dE()e.

x2—s

1
Set f(\t) = fO'HX’(e_)‘“2 — 1)%32% dz. By the dominated convergence theorem we have, for fixed A € (0,400),

lim, g+ [f(X,t)] = 0 and moreover |f(\, )| < 2D(s). Then,

o s 1
[~ 00u — C(s) P°¢l|7 2 (ra)

and, by the dominated convergence theorem, the right hand side tends to zero when t goes to 07.

+oo 26 5
= mE L PVODPAENe.).
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