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GLOBAL APPROXIMATE CONTROLLABILITY
OF THE CAMASSA-HOLM EQUATION BY A FINITE
DIMENSIONAL FORCE

SHIRSHENDU CHOWDHURY", RAJIB DUTTA AND DEBANJIT MONDAL

Abstract. In this article, we consider the Camassa—Holm equation posed on the periodic domain T.
We show that in any positive time, the Camassa—Holm equation is globally approximately controllable
in H°(T) for s > % by a three dimensional external force. The proof is based on Agrachev-Sarychev
approach in geometric control theory. In particular, our three dimensional control prevents a finite time
blow up of the solution of Camassa—Holm equation in H*(T) for s > 3.

Mathematics Subject Classification. 93B05, 93C20, 76B15, 35Q35, 93B27.

Received November 12, 2024. Accepted August 16, 2025.

1. INTRODUCTION

The controllability of non-linear partial differential equations (PDEs) has gained a lot of interest in the
literature throughout the years. For instance, see the book of Coron [1] and the reference therein. Numerous local
controllability results have been established using linearization techniques, with some extending to semiglobal
or even global controllability. More recently, several authors have shown interest in global controllability results
from a geometric perspective, see Jurdjevic [2] and Agrachev et al. [3, 4], along with the cited references. In this
article, we explore this perspective for the Camassa—Holm equation.

1.1. The system under study

We consider a control problem related to the Camassa—Holm equation on the circle T := R/27Z, given by
Up — Upgg + 26Uz + SUUL = 2UpUgy + Ulgry for (t,2) e Ry x T. (1.1)

This equation models the unidirectional propagation of shallow water waves, including the phenomenon of wave
breaking. Here, u(t,x) denotes the fluid velocity at time ¢ and position x, while x is a non-negative constant.
The Camassa—Holm equation was first introduced by Fokas and Fuchssteiner [5] as a bi-Hamiltonian system.
Later, Camassa and Holm [6] derived it as a model for shallow water waves and showed that it admits peaked
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solitary wave solutions, known as peakons. Furthermore, the equation (1.1) can be written as

1
u + uug + (I — 07) 0, (2ku + v + 5(1195)2) =0,

which is a nonlocal and nonlinear perturbation of the inviscid Burgers equation.

1.2. The control problem

We consider the following control system:

{ut — Upgy + Up + Uy = 2UpUpy + Ulgey +1(t, ), for (t,2) € (0,T) x T, (12)

u(0, ) = up(z), for z €T,

where T' > 0, ug is a given initial condition, and 7 is a control. For simplicity in calculations, we choose kK = %,
though a similar analysis can be carried out for general k.
The primary question we address is the following controllability problem: Given wg, u1, and T > 0, can we
find a control n such that the solution u(t, z) of (1.2), starting from wug, stays arbitrarily close to u; at time 77
To formalize this question, we introduce the notion of approximate controllability for the system.

Definition 1.1. Let H be a Hilbert space and G a vector space. The equation (1.2) is said to be approximately
controllable in H using G-valued control if, for any given T' > 0, € > 0, and ug,u; € H, there exists a control n
with values in G and a solution u of (1.2) such that

|u(T) —ui||g < e.

In this paper, we establish the approximate controllability of (1.2) using controls that belong to a finite-
dimensional vector space G. To formulate our main result, we first introduce the relevant function spaces.

1.3. Function spaces and Notations

Let s € R. We define the pseudo-differential operator A® := (I — 0,,)*% wia its action on Fourier coefficients:
Asf(n)=(1+n?)? f(n), neL,
where f(n) denotes the n-th Fourier coefficient of f, given by
f = [ e s o
T

We next introduce the Sobolev spaces H® = H?(T) of periodic functions on the torus T, defined for any s € R
by

N

H*(T) =< feD(T):||fllg: = |A°fllpe ~ (Z(l +n2)s|f(n)|2> < 00

nez

The Cauchy problem for (1.2) is shown to be locally (in time) well-posed in H*(T) for s > 2. Consequently,
our focus is on establishing approximate controllability results in the same functional framework.

Throughout this article, we use the notation P < @ for positive quantities P and @ to mean there exists a
constant ¢ > 0 such that P < cQ.
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1.4. Main result

We are now in a position to announce the main result of the present work.

Theorem 1.2. (Global approzimate controllability of the Camassa—Holm equation) For s > %, the equation
(1.2) is approzimately controllable in H*(T) by piecewise constant controls taking values in H, where

H = span{1,sin(z), cos(x)}. (1.3)
Next, we briefly discuss known results on the well-posedness and control for the Camassa—Holm equation.

1.5. Literature on the Camassa—Holm equation

¢ Well-posedness: Constantin and Escher [7] established the local-in-time well-posedness of the periodic
Camassa—Holm equation in H? and demonstrated that solutions can blow up in finite time. Subsequently,
Himonas and Misiolek [8] extended this result by proving the local-in-time well-posedness and finite-time
blow-up phenomena for the periodic Camassa—Holm equation in H® with s > % For related results, see
also the works of Danchin [9], Himonas and Holliman [10], and Misiolek [11]. The phenomenon of blow-up
for the Camassa-Holm equation has been extensively studied by many authors; for further details, refer
to [12, 13].

e Controllability: Here, we discuss existing controllability results for both the linearized and nonlinear
Camassa—Holm equations.

The linearized systems of the Camassa—Holm equation and the Benjamin-Bona—Mahony (BBM) equa-
tion around zero share the same structure. Both exhibit an accumulation point in the spectrum of their
associated linearized operators, which makes null controllability unattainable wvia localized interior or
boundary controls. This limitation is discussed in Glass [14] (Sect. 1.3) and Micu [15] (Sect. 4). Specifically,
Micu [15] demonstrated that the system is not spectrally controllable but is approximately controllable
using boundary control in L?(0,T).

Glass [14] used the return method and scaling arguments to establish the global exact controllability
of the nonlinear Camassa—Holm equation in H*(T) for s > %, using localized interior control on the one-
dimensional torus. On the other hand, for the viscous Camassa—Holm equation, Mitra [16] utilized the
moment method and source term arguments to demonstrate that the system can be driven to a constant
steady state via localized interior control, provided the initial condition is sufficiently close to the steady
state.

e Stabilizability: The asymptotic behavior of the Camassa-Holm equation has been studied in detail in
[17]. In [14], the global asymptotic stabilizability of the Camassa—Holm equation with periodic bound-
ary conditions was proved using an interior feedback control. Similarly, Perrollaz [18] established global
asymptotic stabilization by means of a Dirichlet boundary feedback law.

The exponential stabilization of parabolic partial differential equations (PDEs) using localized finite-
dimensional controls, either applied in the interior or at the boundary, is a well-studied area. Notable
contributions in this field include the works of Raymond, Barbu, Liu, and Triggiani [19-24].

1.6. Our approach and achievement of the present work

e Main contributions of Theorem 1.2: The global controllability result is very significant for non-linear
PDEs, as in this case the control does not impose restrictions on the amplitude of initial and final targets
or on the control time 7. In [14], Glass established the global exact controllability in H*® for s > 3/2
using localized controls in C([0,T]; H¥73(T)), whereas our controls act everywhere and take values in a
three-dimensional space spanned by 1, sinz and cosx. The construction of finite-dimensional controls is
particularly advantageous for practical applications in physics and engineering. Roughly speaking, the
control obtained by Glass is localized in space, but in our case the control is localized in Fourier modes.
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It is well-known that solutions of the Camassa—Holm equation (1.1) can exhibit finite-time blow-up
phenomena in H*(T) for s > %, due to the presence of nonlinear terms in the equation [12, 25]. However,
by introducing a three-dimensional force term into (1.1), we not only guarantee global controllability at
any given time 7T, but also prevent the occurrence of finite-time blow-up in the solution.

e Agrachev—Sarychev Method. The Lie algebraic framework in geometric control theory for finite-
dimensional nonlinear ODEs has been extensively investigated (e.g., [2, 26]). This methodology has also
been extended to various nonlinear PDEs. The first significant application, by Agrachev and Sarychev in [4,
27], demonstrated the approximate controllability of the two-dimensional Navier—Stokes/Euler equations
on a torus using finite-dimensional controls over the entire domain.

Subsequent developments expanded this approach to other equations. For instance, Shirikyan applied
it to the three-dimensional Navier—-Stokes equations [28, 29], while Nersisyan tackled the compressible
and incompressible Euler equations [30, 31]. Shirikyan also explored its application to the viscous Burgers
equation [32, 33], and Sarychev extended it to the Schrodinger equation [34]. More recently, Coron, Xiang,
and Zhang [35] employed this method to establish small-time approximate controllability for the one-
dimensional semiclassical cubic Schrédinger equation.

Recent applications of this technique include Narsesyan’s work on nonlinear parabolic PDEs [36], which
generalizes earlier results by Glatt—Holtz, Herzog, and Mattingly [37]. Using similar methods, Chen demon-
strated global approximate controllability for the Korteweg—de Vries equation [38], Jellouli addressed the
Benjamin-Bona-Mahony equation [39], and Gao investigated the Kuramoto—Sivashinsky equation [40].
To our knowledge, this article provides the first application of the Agrachev—Sarychev method for the
Camassa—Holm equation.

Agrachev [41] posed an interesting open problem on the approximate controllability of the incompress-
ible Navier—Stokes equations using finite-dimensional localized interior controls. Recently Nersesyan and
Rissel [42, 43] made significant contributions on this problem.

e Strategy of the Proof : The proof of Theorem 1.2 is inspired by recent applications of the Agrachev—
Sarychev method, particularly the works of Nersesyan [36] and Jellouli [39]. However, adapting this
approach to the Camassa—Holm equation presents significant difficulties due to its nonlocal and non-
linear structure, which involves multiple interacting terms of different types. This complexity introduces
substantial complications at various stages of the proof, including the establishment of well-posedness and
stability estimates, the implementation of the large-control/small-time scaling limit, and the verification
of the saturation property. Overcoming these challenges requires refined tools to manage the intricate
interplay between the various nonlinear components.

Using the saturation property, we reduce the problem of approximate controllability to that of steering
the system toward targets lying in an affine finite-dimensional subspace translated by the initial condition.
We then show that, over sufficiently small time intervals, the system can be driven from the initial state
ug to a state arbitrarily close to any point in ug + H. By iteratively applying this procedure, we establish
global approximate controllability within arbitrarily small time intervals. The core of this approach lies
in employing large controls over short time spans, exploiting a specific asymptotic property linked to the
nonlinear structure of the equation. Finally, we establish the global approximate controllability at any
prescribed time using the continuity of the solution with respect to time and the stability properties of
the system.

This method extensively employs nonlinear dynamics and geometric control theory, offering a robust
framework for tackling global controllability challenges in nonlinear PDEs, even in the presence of blow-up
phenomena.

We end this section with the outline of the article below.

1.7. Organization of the paper

The rest of this article is organized as follows.
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e Section 2 contains some propositions regarding well-posedness (local in time existence and uniqueness),
stability, asymptotic property and density of certain space in H® with the algebraic property of resolvent
map, which are very useful ingredients of the proof of our main result.

e Section 3 is devoted to proving the Theorem 1.2.

e Basic properties of the pseudo-differential operator A® and Friedrichs mollifier are studied in Section 4.
Then the proof of the Proposition (2.1)-(2.4) on well-posedness, stability and asymptotic property are
presented.

2. EXISTENCE AND PROPERTIES

In this section, we discuss the well-posedness, semi-global stability, and asymptotic behavior of the solution
to the equation (1.2). These properties serve as fundamental tools for establishing approximate controllability.
The proofs of most these results will be presented in Section 4.

First we note that the study of (1.2) is equivalent to analyzing the following equation:

{ut +A720,u+ N(u) = A= 2p, (2.1)

(0, 2) = up(x),
where

A 2u= (I — Opz) u,
N(u) = uu, + A2 (2uuw + uxum)

To establish our main result, we will focus on a perturbed version of (2.1). Let ¢ := ¢(z) be a given function
defined on T. Consider the perturbed equation:

u + A720,(u+ ) + N(u+ ) = A72f,
(2.2)
u(0,z) = uo(x),
where ug and f are given functions. We now present the well-posedness result for (2.2).
Proposition 2.1 (Well-posedness). Lets > 3, ug € H*(T), ¢ € H*TX(T) and f € L>((0,00); H**(T)). Then

there exists a time Ty := Ty (uo, ¢, f) > 0 such that system (2.2) admits a solution u € C(]0,Ty]; H*(T)).
Further, we establish the following stability result.

Proposition 2.2 (Semi-global Stability). Let s > 3, R >0, ¢ € H*™(T) and f € L°°((0,00); H*~*(T)). Let
u,vo € H?(T) with ||ug|gs < R and ||vo||ms < R. Then there exists a time T* := T*(R, ¢, f) > 0 and a positive
constant Cr such that

[lu(®) = v(@) || grs—1 < Crlluo — vol|gs—1, for allt €[0,T7], (2.3)

where u(t) and v(t) are the solutions of (2.2) associated with initial data ug, vy respectively. Furthermore, (2.2)
admits a unique solution for initial conditions belonging to H®.

We define the solution of (2.2) as

u(t) := Ry(uo, @, f),
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provided it exists. Based on the uniqueness of the solutions to (2.2) and (2.1), we have the following property:

Rt(u()ﬂmf) :Rt(u0+@70u f) - ¥ (24)

whenever the solution exists. This equivalence highlights that the study of approximate controllability for both
(1.2) and (2.2) is the same.

Now, if we choose ug,vg € H*TH(T) with ||ug| gs+1 < R and ||vg||gs+1 < R, the corresponding solutions
satisfy the following stability inequality:

[Rt(u0,0, f) — Re(vo, 0, f)llas < Crllug — vollas, (2.5)

which follows from (2.3). This stability result plays a crucial role in establishing the approximate controllability
of (1.2).
The solution map R; satisfies the following flow property:

Lemma 2.3. Let the assumptions of Proposition 2.1 on s,ug, and ¢ hold, and define

fl(s)a s € [Oat1)7
f(s)=q f2(s), s € [t1,t1 +t2),
fa(s), s€[t1+1ta,t1 +ta +t3),

for some t1,ta,t3 > 0, with f; € H*"2(T). Assume T* > t; + to +t3. Then the solution Ri(ug,0, f) of (2.2)
satisfies

Rt1+t2+t3 (u0707 f) = Rt:s (RtQ (Rtl (Uo, 07 fl())v 0’ f2( - tl)) 707 f3( -t - t2)) .

Proof. Let 0 < s <t and ﬁ(t, s,v, ) denote the solution of (2.2) at time ¢ with ¢ = 0 and initial condition

R(s,s,v, f) = v. This implies that R(ug,0, f) = R(t,0,ug, f). By the uniqueness of solutions, we have the
following relationship for all o € [s, ]

~

R(ta 0—77/?\/(0—3 S?“’O?f)?f) :ﬁ(t757u03f)' (26)

Using (2.6), we can write

~

R(tl +t2 +ti’noau()vf) =

~ ~

(t1 + to + ts, t1 + to, R(t1 + to, t1, R(t1,0,uq, f1(+)), fa(- — t1)), f3(- — ta — t1))
(t3,0, R (t1 + ta,t1, R(t1,0,u0, f1(-)), fo - — t1)), fa(- — ta — t1))

o (Rt 4t R 0,0, (). fal- = 0)),0, fol- = t2 = 1)

ts (Rey (R (10,0, f1(1)), 0, f2(- — 1)), 0, f3(- —t2 — t1)) .

I
A A DD

This completes the proof.
O

Next, we analyze the properties of solutions to the perturbed equation (2.2) when f is constant in time. For
T > 0, define the set

O(uo, T) = {(cp, £) € H+Y(T) x H*~2(T) | the solution of (2.2) exists in C([0, T]; HS(T))} .
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This set contains all ¢ and f for which a solution exists on the interval [0, T]. In general, a solution may not
exist for the entire time interval [0, T, so the set ©(ug,T’) could be empty. However, the following results ensure
that the solutions exist on [0, T] for any finite positive time T', provided that ¢ and f are sufficiently large. Let
0 > 0. Consider the system:

u(0, ) = ug(x), zeT.

We now present an asymptotic property for the solution of (2.7).

Proposition 2.4 (Asymptotic property). Let T > 0, s > %, and ug, o € HSTL(T). Then the solution of (2.7)
satisfies the following properties.

1. Formng € H*=2(T), there exists 5o > 0, for all § € (0,8), such that
(672,07 n0) € O(uo, T).
2. Forng € H*Y(T), the following limit holds at time t = &
Ris(uo, 6 20,6 o) = ug + A 29 — N(¢), in H*(T) as & — 07.

This asymptotic property demonstrates that the controlled trajectory, starting from wg, can approach any
neighborhood of any point in the affine space ug + C within a short time. Here, the subspace C is generated
by the nonlinearity of the equation. This result is useful to achieve approximate controllability in a short time
using a large control that lies in a three-dimensional subspace. Motivated by this, we introduce the following
chain of subsets.

For any set G, we define

d
F(G) = {U—ZN(%) ‘ n,¢i €G, Vd>1}.
=1

Using this definition, we construct a sequence of sets as follows:
oo
Ho :=H = span{l,sin(z),cos(z)}, Hp:i=FHp1) forn>1, He = U Hpe1-
n=1

From this construction, it is clear that
HoCHiC---CHyCr-- C Heoo (2.8)

Definition 2.5. A space H is said to be saturating if H., is dense in H*(T) for all s > 0.

It is not immediately clear that H forms a vector space. However, the following proposition establishes this
fact and provides additional properties.

Proposition 2.6 (Density). The spaces Hy satisfy the following properties:
(i) For N > 1, Hy is a vector space of dimension 21 + 1. Specifically,

Hn = span{1,sin(z), cos(z),...,sin(2Vz), cos(2Vz)}. (2.9)
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(i) The space H is saturating, that is, Ho is dense in H*(T).

Proof. First we prove that Hy is a vector space spanned by {sin(mx),cos(mz) | 0 < m < 2V}. We establish

this by induction. Before applying induction, we observe that
(I — O0yz) tsin(ma) = m sin(mzx),
(I — 0yz)~tcos(ma) = m cos(max).
Using above formulas and trigonometric identities, we obtain that for k,m € Z,
N( sin(mz) + sin(k‘ac)) = By, sin(2ma) + By, sin(2kx)
+ Ay g sin((m + k)x) — Ay —p sin((m — k)zx),
N(cos(mx) + cos(k:c)) = fN(sin(mx) + sin(km)),
N(Sin(mx) + cos(kx)) = By, sin(2max) — By, sin(2kx)
+ Ak cos((m + k)x) £ Ay, —i cos((m — k)x),
where

3m(1+m?)
2(1+4m?2)

A= (k+m)(3 + km + k% + m?)
R 2l (k)

B,, =
We begin by proving the result for N = 1. Setting m = k =1 in (2.10) and (2.11), it follows that
span{sin(2x)} C H;.
Similarly, substituting m = k =1 in (2.12), we deduce that
span{cos(2z)} C H;.
From the definition of H1, we therefore have
Hy1 = span{l, sin(z), cos(x), sin(2x), cos(2x) }.
Next, we prove the result for N > 1 by induction. Assume the result holds for N — 1, that is,

Hy_1 = span{1,sin(z), cos(x), .. .,sin(2V "1z), cos(2V "1z)}.

(2.12)

To show that the result holds for N, we set m = k =2N-2 4+ 1 <j <2N¥=2in (2.10) and (2.11), to obtain

span{sin((2V ! 4+ 2j)z)} C Hy, for j=1,2,...,2N2

(2.13)

Choosing m = 2¥=1 + 25, 0 < j <2N¥~! — 1, k =1 and using the structure Hy = F(Hn_1), we see that

span{sin((2¥7! +2j — 1)2)} CHy  for j=0,1,2,...,28 71— 1.
We combine (2.13) and (2.14) to get

span{sin((2V ' + j)z)} CHy for j=1,2,...,28 1.

(2.14)

(2.15)
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Similarly choosing m, k properly in (2.12), we get that
span{cos((2V 1 +j)x)} CHy forj=1,2,...,2N" L. (2.16)
From (2.15), (2.16) using the definition of Hy, we see that
Hx = span {1,sin(x),cos(x),...,sin(2Vz), cos(2Vx)}.

This completes the proof of (i). The proof of (ii) follows from (i). O

Remark 2.7. The above proposition suggests that if ¢1,¢a,...,cpr € R and 0,91, 92,..., 0 € Hy-1, then
there exist 7, 91, P2, ... Pp € Hy—_1 such that

P

M
n— Zci/\/(sﬁi) =1 - ZN(¢3)~

s=1

The saturation property plays a crucial role in establishing approximate controllability. Specifically, for any
given ug,u; € H*(T), we use the saturation property to find an integer N and a point uy € Hy such that uy is
arbitrarily close to u; — ug. Utilizing the asymptotic property, with the particular choices ¢ = 0 and 1y = A%uy,
we have

Rs(u0,0,071ng) = up +uy  in H*, as 6 — 0.

This implies that the initial state ug can be driven close to a desired target state u; within a short time ¢, > 0
using a control that takes values in Hpy. It suggests that approximate controllability can be achieved with a
control that lies in a finite-dimensional subspace of H*(T). However, the dimension of the control space depends
on the initial and target states. Then an immediate question arises: Can we find a subspace V such that the
equation is approximately controllable with a V-valued control for any pair of initial and target states? The
answer is affirmative, and it can be achieved using an #H-valued control, where

H = span{1,sin(x), cos(z)}.
This is the main novelty of this work, and the next section is devoted to establishing this result.

3. PROOF OF THEOREM 1.2

We begin this section by introducing the notion of small-time approximate controllability for the control
system (1.2). The formal definition is provided below.

Definition 3.1. Let H be a Hilbert space and G be a vector space. We say that the equation (1.2) is small
time approximately controllable in H by a control values in G if for any € > 0, ¢ > 0 and any ug,u; € H, there
exists a 0 € (0,0) and a control f € L*>°(0,4;G) such that the solution u of (1.2) satisfies

||R5(U’O7Oaf) - ulHH S £.

In order to prove the main theorem, first we show that the equation (1.2) is small time approximately con-
trollable. The proof is inspired by [36], which establishes the approximate controllability by a finite dimensional
control for a nonlinear parabolic PDEs.

Proposition 3.2. For s > % and H as (1.3), equation (1.2) is small time approximately controllable by H-
valued control.
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Proof. Let ug € H*TX(T), ¢ > 0, and o > 0. We first use the asymptotic property to establish small-time
approximate controllability from wg to ug + H. This is proven using induction through the following steps.

STEP 1: Small time approximate controllability from ug to ug + Ho. Let ug € H** and v, € ug + Ho.
Then, there exists a n € Ho such that u; = ug + 7. Using Proposition 2.4, we find that

Rs(ug, 0,0 *A%n) = ug +1n, asd —07".
Thus, there exists a ¢ € (0,0) such that
||R5(U(),O,f)_u1HHs <g,

where f(t,-) = $A%n(-). This shows that the equation (1.2) is small-time approximately controllable from ug to

ug + Ho using an Hp-valued control.

STEP 2: Small time approximate controllability from ug to ug + Hy. Assume that the equation (1.2) is
small-time approximately controllable from wug to ug + Hy—1 using an Hp-valued control. We will show that it
is also controllable from ug to ug + Hy.-

Let w1 € up + Hy. From the definition of Hy, there exist 1, 1,92, ..., pq € Hy—1 such that

d
u1 :U0+77—ZN(%‘)7

i=1

for some d € N. We prove the result using induction on d.
Case d = 1: Suppose u; = ug + 1 — N(p1). Using the asymptotic property of Proposition 2.4 and the flow
property (2.4), we have

Res(ug + 67 %01,0,0) — 67201 = ug — N(p1) in H® as § — 0F.
Thus, there exists a d2 € (0,0/3) such that

— — 9
[Ra (o + 85 %01,0,0) = (w0 + 8,01 = N(r))ll- < 5. (3.1)

Since ug + 5;1/2@1 € up + Hy—1, the induction hypothesis implies there exists a §; € (0,0/3) and f; €
L>((0,81); Ho) such that

1R, (w0, 0, f1) — (uo + 65 *01)l| - < % (3.2)
Define 4g = ug + 6;1/2@1 — N(¢1), so that
ur = ug + 17— N(p1) = o +1— 05 1 € i + Hu—1.
By the induction hypothesis, there exists a d3 € (0,0/3) and fo € L>((0,d3); Ho) such that

~ 15
R s, (110, 0, f2) —wi | m= < 3 (3.3)
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Now define the control function as follows:

fl(t)v te (Oval)a
f(t) =40, t € (01,01 + 02),
fa(t), t € (81 + 92,01 + d2 + 3).

Let § = 61 4 92 + d3, where ¢ € (0,0). Using the stability property (2.5), the flow property (2.4) and Lemma 2.3
combined with the results from (3.1), (3.2), and (3.3), we deduce that

[Rs(uo,0, f) —ui|lm= S e
This proves the result for d = 1.

Case d > 1: Assume the result holds for d — 1. Let uy = ug +1n — Z?le\f((pi)7 where 1, 01, 02,...,0q4 € Hn_1.
By the induction hypothesis, there exists a 6; € (0,0/2) and f; € L*((0, d1); Ho) such that

d—1
||R51 (u()vovfl) - (UO + n— ZN(QOZ))HHS < g
=1

Define 49 = ug +n — Zf;ll N(@;). Then u; = 19 — N(pg). Using the case for d = 1 with 4y, there exists a
d2 € (0,0/2) and fo € L°°((0,d2); Ho) such that

~ g
||R52(u0707f2) - UIHHS < 3

Let 6 = 1 + 02, where § € (0,0), and consider the control function:

) A®), te(0,61),
1) = {fQ(t), t € (01,61 + 82).

Using the results for d — 1 and d = 1, we conclude that
[Rs(uo,0, ) —uilms Se

This completes the proof for d.

STEP 3: Global approximate controllability at small time in H?. Let ug,u; € H* and € > 0, 0 > 0. By
the density of H5t! in H*, there exists a iip € H**! such that

lwo — tol| s < €. (3.4)
Using the saturating property of Proposition 2.6, there exists o € Hpy such that
[lur — (G0 + on)||a= <e. (3.5)
By the result of STEP 2, there exists a § € (0,0) and f € L>((0,0); Ho) such that

||R5(a0’0’f)_(a0+(pN)||H5 < €. (36)
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Combining inequalities (3.4), (3.5), and (3.6), along with the stability result (2.5), we deduce that the system
exhibits small-time global approximate controllability in H® with Hy-valued control. This concludes the proof.
O

Now we use the small time global approximate controllability result to prove our main result.

Proof of Theorem 1.2. Let T > 0 and ¢ > 0. For given ug,u; € H®, we aim to demonstrate the existence of
a control n € L2((0,T);Ho) such that (0,7) € O(ug,T) and the solution of (1.2) satisfies

IR (uo,0,n) — uillms <e.

Using the small-time approximate controllability result, starting from wg, we can move close to u; in a short
time using a Hp-valued control. Then the strategy is to employ a Ho-valued control to keep the trajectory near
uy for the remaining time period.

First, due to the time continuity of solutions and the stability property (2.5), we note that a control-free
trajectory starting near u; remains close to u; for a certain duration. More precisely, there exists a r € (0,¢)
and a time 7 > 0 such that

[Re(v,0,0) —ui|lm= <e (3.7)
for all t € [0, 7] and v € H*(T) with |[v — ui||gs < 7.

Next, applying the small-time approximate controllability result of Proposition 3.2, we find a § € (0,7T) such
that

[R5 (0,0, f) —ur|lms <r

for some Hg-valued control f. Combining this fact with (3.7), along with the stability property (2.5) and the
flow property of Lemma 2.3, we deduce that

HRts-‘rt(an 079) - ulHH“' S €

for all t € [0, 7], where the control g is defined by f on the interval (0,4) and zero else. If § + 7 > T, then the
proof is complete. Otherwise, repeating this process, we find a ¢’ > 0 and a Hg-valued control f; such that

||R6+T+5’+t(u0? 0, fl) - Ul”HS Se

for all t € [0,7]. If § + 7+ &’ + 7 > T, the proof is complete. If not, we iterate the process, and after a finite
number of steps, we arrive near u; at time 7" using a Hg-valued control. This completes the proof. O

4. PROOF OF THE PROPOSITIONS 2.1-2.4

In this section, we study the equation (2.2). More precisely, we prove Propositions 2.1-2.4. In order to do
this, we collect some properties of the pseudo-differential operator A® = (I — d,,)2 and the H*® space, which
will be used through out this section.

Lemma 4.1. The space H® and the operator A® possess the following properties:

(i) Boundedness of A°: The operator A° : H" — H"~° is bounded, that is,

IA°fllggr=s < | fllEe,  forall f € H". (4.1)
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(ii) Algebraic property of H*: Let s > % The space H® forms an algebra, that is,

1fgllers < [ fllers

g”HSa fO’f' a”fngHs'

Moreover,
1fgll s S N fllezllglms-r, forall f e H*, ge H*".
(iii) Commutator estimates: The commutator [A®, f], defined as
(A%, flg = A*(fg) — fA°(9),
satisfies the following bound for s > %
I1A*, flgllze < 1A fllzellgliie + 102f o= 1A gl e,

for all f € H® and g € H° L.

13

(4.4)

(iv) Calderén—Coifman—Meyer type commutator estimate: For s > %, the following inequality holds:

[A°0z, flglle S (1fllme+rllglle,

for all f € H**! and g € H®.

(4.5)

The proofs of (i) and the first part of (ii) are standard, while the second part of (ii) can be found in Lemma 4

of [44]. For (iii), refer to the appendix of Kato and Ponce [45], and for (iv), see Proposition 4.2 in [46].

Next, we outline some key properties of the Friedrichs mollifiers, which will be used to construct approximate

solutions for (2.2).

Lemma 4.2. Lete € (0,1] and j be a Schwartz function on R satisfying 0 < 3(5) <1 forall£ € R and 3(5) =1

for [&] < 1. We define the periodic function j. by

Je(z) := % Z}(an)emx.

neZ

For f € L*(T), the Friedrichs mollifier J. is defined by
Jef 1= Je x [.

The operator J. satisfies the following properties:

e Smoothing Property: J.f is a smooth periodic function.

o Commutativity: For s > 0, the operator J. commutes with A®:
AN J. = JA°.

o Self-Adjointness: For all f,g € L?, we have

<J6fa g>L2 = <fv ']Eg)LQ-

(4.6)
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e Boundedness: The operator J. is bounded, that is,
| Jeull e < ||ullgs for allu € H®. (4.10)
o Ifw satisfy ||0yw| L~ < oo. Then, there exists a constant C > 0 such that for any f € L?,
[[Je, w] 0 fll 2 < CllOzwlpo || fll 2 (4.11)

For detailed properties of mollifiers we refer to the Appendix of the book by J. Bedrossian and V. Vicol [47],
while inequality (4.11) can be found in [10]. We now proceed to the proof of Proposition 2.1.

4.1. Proof of Proposition 2.1
Let ug € H®, p € H¥1(T) and f € L>((0,00); H*~%(T)) be given periodic functions. We rewrite (2.2) as

- —F
we=—(u+ @) (u+ 9) — Flu), o)
u(0,z) = uo(x),
where
F(u) = A2 |0 (u+ )+ 2(u+ )0 (1 + 9) + Do+ 9)ra(u + 0) = f] (4.13)
To proceed, we first analyze the operator associated with F.
Lemma 4.3. Let s >0, ¢ € H® and g € H*~2(T). Then the map F : H® — H*, defined by,
F(v) = A2 [0 (0 + ) + 200+ ¥)0p (v + ) + 0y (v + ¥)ra v + ) — g
satisfies the following estimates:
(i) Well-defined : for allv € H® and s > 3,
IF@)lre S N0+ D) e+ [0+ ) [Fe + gl a2 (4.14)
(i) Locally Lipschitz : for any vy,vy € H®,
3
I (v1) = Fvz)lr S L+ loallrs + llozllzze) [lor = w2l fors > 3, (4.15)
and
1
(1) = Fo2)llzre S (LA lvillzsss + llvallgress) oo = vallas, - fors > 5. (4.16)

Proof. (i). Using the boundedness of
A0, : H™' — H?,
and the fact that H*~! forms an algebra for s > %, we deduce that

172 (0 + )0+ 9):) - = SIA20u((0 + )l
S 1@+ S N+ 9,
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Similarly, we have

1A= (00 + $)0ra (v + ) = S @0+ 0) P lsres S 10+ ) 3

Combining the above estimates, we obtain the desired estimate (4.14).
(ii). First we estimate the difference of F(v;) and F(vq) as

IF(v1) = F(v2)llzre S A0z (01 = v2)llazs + [IAT20a[(v1 + 9)* = (v2 + )] 2=
+[IAT20:[(0a (v1 + 4))* = D (v2 + )] -

Further using the bound of A~28,, we have

[F(v1) = F(v2)llms < o1 — vallrs—1 + [[(v1 — v2)(v1 + v2 + 2¢)|| o
+ |(0xv1 — Ozv2)(Oxv1 + Ouv2 + 25| grs—1
S vy = va s + [[(v1 = v2)(v1 + v2 + 29) || e
+ [|(9zv1 — Ozv2) (0201 + Opv2 + 202 ) || o1

To conclude the proof, we use the algebra of H® in the second term and the inequality (4.3) with s > 1/2 in
the last term. O

For establishing the existence of a solution to equation (4.12), one natural approach is to treat it as an initial
value problem for an ODE in H?. This requires the right-hand side of (4.12) to lie in H*®. The Lemma 4.3 con-
firms that F(u) € H® for any u € H*®. However, the presence of the Burgers’ nonlinearity uu, poses a difficulty,
as this term does not, in general, belong to H® when v € H®. To address this, we mollify the Burgers’ term
and analyze the corresponding ordinary differential equation (ODE). This mollification technique is inspired by
the work of Himonas and Holliman [10], which examines the Cauchy problem for a generalized Camassa—Holm
equation. For an introduction to the mollification approach, readers may refer to Chapter 2 of the book by
Bedrossian and Vicol [47].

The Mollified IVP: Let ¢ € (0,1]. We consider the mollified version of the problem (4.12), given by:
{Ut = —J[(Jew) (Jott) + upe + Ptz + 0] — F(u), (4.17)
u(0, ) = uo(x).
By utilizing the smoothing property of J., we observe that the mapping
u = Jo[(Jeu) (Jeug))]

is locally Lipschitz in H*®. Using the Picard theorem for initial value problems (IVPs), we conclude that for
each € > 0, equation (4.17) has a unique solution u. € C([0,T;); H®), where T, > 0 is the maximal interval of
existence.

To establish the existence of a solution to equation (4.12), we proceed with the following steps:

STEP 1: Prove the existence of a time T, > 0 such that u. exists on [0, 7] for all £ > 0.
STEP 2: Establish uniform bounds on u..
STEP 3: Show that u. converges to a solution u of (4.12).

With these steps outlined, we now proceed to their proofs.
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STEP 1 : We begin by estimating the H® energy of u.. To do so, we apply the operator A® to both sides of
(4.17), multiply the resulting equation by A®u., and integrate over T. This yields the following identity:

1d

5&”“6“%5 = —(A*Jc[(Jeue) (OnJeue)], Auc) 2 — (A° J[uepsr + p0rue + pa], A uc) 12

—(AN°F(ug), Aug) e,
=: —Il — IQ - I3. (418)

First, we rewrite I; by commuting the exterior operator J. with A®. Utilize the self-adjoint property of J.
we deduce

I = / A°[(Joue) (0 Jeue)] - A Jeue do
T
= /[As, Jeug|0p (Joue) - A Joue dz 4+ / Jeue0p A (Joue) - A° Joue da. (4.19)
T T

Setting v = J.u. and using (4.4) from Lemma 4.1 we can bound the first term of (4.19)

S (Wl Nowvll e + a0l ol ) ol

/[AS7 v]0yv - APvdx
T

< Nl 10w ue | o

The second term of (4.19) is estimated as

/ v 0, (A°v) APvde
T

_ ’_1/395@ (A*0)2 dz
2 Jr

S 1100uell oo flue 77 -

S 1020 L

/T (A*v)2dz

Combining these estimates, we obtain
L] S el (4.20)
Next, we estimate I5. Recall that

I = /AS Je(uey) - ANusdz + / A® J(p0pue) - Mue do + / A® T (pps) - Aue da. (4.21)
T T T

Using the properties of A® and J., along with the Cauchy—Schwarz inequality, the first term of I5 is estimated
as

|| %

< Nuepall s lucll e < ll@alme

/AS Je(ueps) - Mue de
T

The second term of I> can be rewritten as
/ A (pdyue) - A°Jeu. dz
T

:/[AS,@]awug-ASJEUde—I—/
T

A ([Jm <P]Asaacua> -ANu.dz + %Aﬁxw(JgAsug)AsuE dz.
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Applying (4.4) and (4.11), we find

S Npllzslue |7

/ AN (Opucp) - A Jeue do
T

The final term in (4.21) is bounded by

/TASJe(@%) Aue dz| S el 1@ e llue 2

Combining these estimates yields

1121 S (el e e + oo el )

For the third term of (4.18), using (4.14), we have

|Is] = /ASF(ug) cANudz| < ||\ F(ue)| ms||uell s
T

< (e + @) llre + 11z + DN + 1w 00y )tz

Using the estimates (4.20), (4.22) and (4.23) in (4.18), we have

d
gplluelir: < CQ+ fluellzpe + luel)

17

(4.22)

(4.23)

where C' is a positive constant, depends on ¢, f and s but independent of €. Further, applying the inequality

a? bl
ab< — + —
p q

for non-negative a, b with % + % =1, we derive the following differential inequality
d, o 4
Sl < €0+ July).
Solving this, we obtain
l|lus(t)|%. < tan <3C’t + tan ™ (HUQH%I)), for all t € [0,T:).
Choose, Ty (ug, f, ) > 0, such that
0<3CT, +tan~! (HUOH%IS) =: Cspp < g,
which is possible as

0 < tan™" (||u0||%{s) < g

(4.24)

(4.25)
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This implies that

ue € C([0,T%]; H®)
is a solution of (4.17).

STEP 2: The above analysis establishes that u. satisfies the uniform bound

sup |lue(t)||ms < y/tan(Cs ., ), for all €€ (0,1].

te[0,7%]
Using (4.2) and (4.10), we have the following estimates
e ((Jeue) (e Jeuc)) ot S lluelFe,

and

1 Je(pOzue) |1 S el me llue |l e

Applying these inequalities and (4.26), we derive the uniform estimate for the time derivative

sup || 0suc(t)||gs— < M, for all € € (0,1],
te(0,T]

for some positive constant M.
Using (4.26) and (4.27), we further deduce

||'U;5||CO,0([07T*];H57<7) <M, forallee (O, 1],

for some positive constant M, where 0 < o < 1. Here, we have used the inequality

”wHCOvU([O,T*];HS*”) < ||w\|00([o,T*];HS) + ||wt||C°([0,T*];H5*1)-

(4.26)

(4.27)

(4.28)

Finally, we use (4.26), (4.27), and (4.28), to conclude that the limit of u. as e — 0 is a solution of (4.12).

STEP 3: We begin by defining the interval I = [0, T,], where T, is the common lifespan of all u.. Using the
bounds established in (4.26), (4.27), and (4.28), we conclude that there exists a subsequence of u., still denoted

by u., such that

(1) ue = win L>(I; H?),
(ii) Qpue — Opu in L®(I; H5™1),
(iii) we — uwin C([; H*1), and

(iv) ue = w in C(I; H*=7) for o € (0,1),
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where u € L>(I; H*) N Lip(I; H*~Y) N C(I; H¥=1) N C(I; H*~7). The first two convergence results follow from
the Banach—Alaoglu theorem, while the last two are derived using Ascoli’s theorem. Next, we show that u is a

solution of (4.12). By choosing o sufficiently small such that
H*7(T) < CY(T),

we deduce that
u. — u in C(I; C*(T)).

This implies the following
F(us) = F(u) in C(I; C(T)),

and
(Jeue)(J:0pue) — uu, in C(I; C(T)).

Since u. satisfies (4.12), we have
Opue — —(u+ @)y (u+ ¢) = F(u) in C(I;C(T)).
Using (iii) and the fact that u € L>°(I; H*) N Lip(I; H*~1), we can further conclude that
ue C(I;H?).
(See (2.28), page 44, in [47].) Hence u € C(I; H*(T)) N C*(I; H*~1(T)) is a solution of the equation

{Ut = —(u+ )0 (u+ ) - Flu),

uw(0,x) = up(x).

This completes the proof of existence.
Our next objective is to prove Proposition 2.2.

4.2. Proof of Proposition 2.2
R >0, ¢ € H**YT) and f € L*>®((0,00); H*7%(T)). Let ug,vo € H*(T) with |jug|lgs <

3
Let s > 3
R and ||vg||gs < R. Then, by the previous proposition, there exists a time
T :=T*(R,,f) >0

such that the corresponding solutions
u,v € C([0,T7]; H*(T))

with initial data u(0) = ug, v(0) = vo exist. Moreover, the estimate (4.25) ensures that the existence time T*
depends only on R, ¢, and f. Thus T* is uniform for all initial data in the ball of radius R in H*(T). We define



20 S. CHOWDHURY ET AL.

for ¢ € [0,T*]. Then w is a solution of the equation

F(v)),

vo ().

{wt = ~30,(0w) - (F(u) -
w(0,z) = wo(x) := up(z) —
Consequently, we see that w satisfies
d
=: -7, — 1.

Using the definition of commutator, Z; can be expressed as

I = /[As’lﬁx,ﬂ]w As’lwdac+/193$(As’1w) A twde.
T T

By (4.5), we get following estimate of the first term in (4.31)

S 191zl

/[Asflaﬁ,ﬁ]w A twde
T

Applying integration by parts and Sobolev inequality on the second term of (4.31), we have

/ 90, (A tw) A wda
T

Combining the above estimates, we obtain

Z1] < 19 e ol pea

Considering the second term of (4.30) and using the property (4.16) we have
I Z2] S (L4 (9]l Fpema-
Putting the bounds of Z; and Z5 in (4.30) we deduce

d
Slhwllizes S (14 19l ) ol

Using the bound (4.26), we get

d
&HwHHkl < Kgllwllgs-1,
for some Kpr > 0, Applying the Gronwall’s inequality, we find

lw®)||gs—1 < Cr ||w(0)||gs-1, forallte [0,T*],

KpT*

where Cr :=e > (. This completes the proof.

Sl = — (8010 (0w), A H) g — 20 (F(w) — F(0)), A M) s

SN0z Lo wll e S N0 e lwlFges

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)



GLOBAL CONTROLLABILITY OF CAMASSA-HOLM EQUATION BY FINITE DIMENSIONAL FORCE 21

4.3. Proof of Proposition 2.4

Let 6 € (0,1). Since ug,p € H*t! and 19 € H*2, there exists a T5 > 0 such that u € C([0, T5]; H**!) is a
solution of

wn = = (1= 00a) (w673 )s + 2(u+ 5 @)+ 67 )s + (u+ 5 ) (u+ 02 )
—0 | — (u+6"20) (u+ 6" 2¢p),, (4.35)

u(0,x) = uo,
and we denote this solution as
u(t) = R (uo, 6_%30, 6 o), forallt € [0,Ts).

We now show that there exists a g > 0 such that T5 > T and u € C([0,T]; H®) for all § € (0,dp). To establish
(1) of Proposition 2.4, we estimate the H®-norm of u(t). Following the analysis of STEP 1 in the proof of
Proposition 2.1, with 5’%4,0 and 619 in the place of ¢ and f, respectively, and J. = Id, we find that ||u(t)]|z-
satisfies

d 1
gl < 55 + Nl

Applying Gronwall’s inequality, we conclude that there exists a dg > 0 such that 0 < g < T and
((5_%%)7 5 no) € O(uo, T),

for all § € (0,0p).
Next, we proceed to prove part (2) of Proposition 2.4. For that we define the functions

o(t) == u(dt), w(t):=uo+t| —opr + (1= )~ (0 — 200 — sowsom)},
and
z(t) :=v(t) —w(t), forte[0,1].

Then =z satisfies the following system

2 = 6{(1 — Opy) ™t [(z +w+6"20), + 2z +w)(z 4w+ 6 20), + 207 20(2 4 w),

+z4+w)(z4+w+ 5_%@)9; + 5_%<p(z + w)i},

z(0,z) = 0.
The H*-norm of z(t) satisfies

d d. .
&HzH%{S(T) = &HA 2lTory = —26(T1 + o+ Ts + Ja), (4.37)
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where
T = (A (220), ASZ>L2(T), (4.38)
TIo = <A58x(zw F o Ep), A5z>L2(T), (4.39)
Iy = <As(wwx) +6TEAD, (pw), A82>L2(T), (4.40)
Ti = <AS (Fi(2) + G1(2)), Asz>L2(T), (4.41)
with
Fi(z) =A"? [893(2 +w) +2(2 4+ w)0z (2 + w) + 02(2 + w) 0w (2 + w)} ;
and

Gi(z) = §2AT20, o+ 2(z +w)p + vz (2 + w)z}

Using the commutator property, we estimate [J; and J2 as in I; and Is of the proof of Proposition 2.1, and
obtain the following bounds

NARSY B2 (4.42)
(Tl S Mlwll e |23 + 072 @l e |21 (4.43)

For J3, we find
(Tl S Nl 12l ms + 072l o [lwl] oo |2 e (4.44)

To estimate J4, we first note that

IR @l S 2+ wlls + 2 + wle, (4.45)
and
Il S 572 (Ilellae + 2l (lellme + lwlae) + lwlae el ). (4.46)
Thus,

T4l S WE @l a2l + G (=) e
S (2 + wlle + 11z + wlidy ) I12lae

+672 (H@HHS + 2l ae lepllers + llwllae) + [lwll ||S0||Ha‘> 1]z (4.47)

Combining (4.37), (4.42), (4.43), (4.44), and (4.47), we obtain

d 1
Sl < % (el + 2l + 2] )

<4t (1 n ||z||;£,5). (4.48)
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Using Gronwall’s inequality, we conclude that

12(8)]|%. < tan(Vét). (4.49)

Thus,

lz(1)]|%: =0 asd—0T.

This completes the proof.
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