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APPROXIMATE CONTROLLABILITY AND IRREDUCIBILITY
OF THE 2D ZAKHAROV-KUZNETSOV-BURGERS EQUATION

Mo CHEN*

Abstract. The present paper is a continuation of [Chen and Rosier, Discrete Continuous Dyn. Syst.-
B 25 (2020) 3889-3916] and [Chen, Appl. Math. Optim. 87 (2023) 12]. In this paper, we consider the
2D Zakharov—Kuznetsov—Burgers equation posed on the periodic domain T?. We show that the 2D
Zakharov—Kuznetsov—Burgers equation is globally approximately controllable by a finite dimensional
external force, the proof is based on the Agrachev—Sarychev approach in geometric control theory. As
an application of the approximate controllability result, we establish the irreducibility of the transition
semigroup associated with stochastic Zakharov—Kuznetsov—Burgers equation driven by a degenerate
noise.
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1. INTRODUCTION
The 2D Zakharov—Kuznetsov—Burgers (ZKB) equation
Ut + Uggr + Ugyy + Uty — Ugy — Uyy = 0

appears in the description of ion-acoustic waves in dusty-plasmas (see [1, 2]). Local and global well-posedness
for the 2D ZKB equation are considered in [3-8] study the traveling wave solutions of ZKB equation. Symmetry
analysis of a generalized 2D ZKB equation with a variable dissipation is considered in [9]. [10] obtains the
optimal decay estimate and asymptotic profile for solutions to the generalized ZKB equation. There is few work
on the approximate controllability and irreducibility of ZKB equation.

1.1. Approximately controllability

In this paper, we are interested in the approximately controllability of ZKB equation on T2, namely, let us
consider the following deterministic system

(1.1)

Ut + Uggy + Ugyy + Uy — Ugy — Uyy = L+ 17 in T? x (0,7T),

where T > 0, ug is the initial value, h = h(x,y,t) is a given function and 1 = n(z,y,t) is a control.
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Let H be a finite-dimensional space defined by
H := span{1, cos x, sin x, cos y, sin y }.

For any k € N, H*(T?) denotes the Sobolev space of order k endowed with the usual norm | - ||. For simplicity,
the norm on H°(T?) = L?(T?) is denoted by || - ||. Now, we are in a position to present the first main result in
this paper.

Theorem 1.1. Let T > 0,k € N, k > 2, ug € H*(T?) and h € L?(0,T; H*=*(T?)), for any ¢ > 0 and any
uy € H*(T?) | there exists a control n € L*(0,T;H) such that the solution u of (1.1) satisfies

le(T) — ur||lx <e.

We plan to use the Agrachev—Sarychev approach in geometric control theory to prove Theorem 1.1. Approx-
imate controllability of PDEs by additive finite-dimensional forces has been studied by many authors in the
recent years. The first results are obtained in [11, 12], they consider the Navier-Stokes and Euler systems on the
two dimensional tours. Their approach has been generalized by [13, 14] to the cases of 2D and 3D Navier-Stokes
system and by [15] to the Burgers equation.

The proof of Theorem 1.1 is based on a technique of applying large controls on short time intervals, such
ideas have been used to study finite-dimensional control system. Then [16] applies this idea to parabolic equa-
tion with the nonlinearity which is a smooth function that grows polynomially without any restriction on the
degree and on the space dimension. Then the technique is further developed in [17-20], and it is applied
to prove approximate controllability for the Kuramoto-Sivashinsky equation, Korteweg-de Vries equation,
Benjamin-Bona-Mahony equation and Kadomtsev-Petviashvili I equation, respectively. In this paper, we over-
come the difficulties that come from the structure of the ZKB equation and apply this idea to establish its
approximate controllability.

1.2. Irreducibility

The irreducibility is a fundamental concept in stochastic dynamic system, and plays a crucial role in the
research of ergodic theory, moderate deviation principle. An important reason for the study of the irreducibility
property is its relevance in the analysis of the uniqueness and ergodicity of invariant measures. It is well known
that the strong Feller property together with irreducibility imply the uniqueness of invariant measures for the
transition semigroup.

In rest of this paper, we consider the irreducibility of the stochastic ZKB equation driven by a degenerate
noise, namely, let us consider the following stochastic system

5 .
Ut + Uz + Upyy + Uy — Uy — Uyy = 2 biBi(L)e; in T? x (0,7T), (1.2)
i=1 :
u(0) = ug in T2,

where e1(z,y) = 1,e2(z,y) = cosz,e3(x,y) = sinz, es(z,y) = cosy,es(z,y) = siny, {B;}}_; are real valued
mutually independent Wiener processes defined on a probability space (€2, F,P) and {b;}7_; are real valued
numbers. According to the similar theory as in [21] and [22], Theorem 3.4, we can prove that

Letk € N, k > 2. Ifug € H*(T?), (1.2) admits a unique weak solution u € C([0,T]; H*(T?)) P—a.s. Moreover,
u is a Markov process in H*(T?), which is Feller in H*(T?).

Let u(t, up) denote the unique solution to (1.2) for the initial value ug € H*(T?), and we define the transition
probabilities {P(t,ug,") : t € [0,T],ug € H*(T?)} by

P(t,up,T) := P{u(t,ug) € T}

for all Borel sets I of H*(T?) and all ¢ € [0, 7.
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Definition 1.2. We say that a family of transition probabilities {P(t,ug,-) : t € [0,T],uo € H*(T?))}
is irreducible in H*(T?) if for every wy € HF(T2?),t € [0,T],u; € H¥(T?) and ¢ > 0, we have
P(t,uO,BHk(W)(ul,E)) > 0.

Now, we are in a position to present the second main result in this paper.

Theorem 1.3. LetT >0,k € N, k> 2. Ifb; #0 fori=1,2,--- ,5 then the family {P(t,ug,) : t € [0,T],up €
HF*(T2)} is irreducible in H*(T?).

The proof of Theorem 1.3 relies on the approximate controllability of ZKB equation and the continuity
of the mapping noise — solution along the controllers. It is well known that one usually solves a control
problem to prove the irreducibility for stochastic partial differential equations. Control theory is a useful tool to
study irreducibility of stochastic dynamical systems. The irreducibility of SPDEs has attracted many authors’
attention, (see e.g. [23-28] and references within), in all these papers, the noises are nondegenerate. In [18], the
author establishs irreducibility for Kuramoto-Sivashinsky equation driven by a degenerate noise. In this paper,
we further develop the method in [18] to (1.2) and establish its irreducibility.

The rest of this paper is organized as follows: In Section 2, we give some preliminary results which will be used
in this paper. Section 3 is devoted to the saturating property. The asymptotic property is given in Section 4.
The proofs of Theorem 1.1 and Theorem 1.3 can be found in Section 5 and Section 6.

2. PRELIMINARIES

We consider the following generalisation of system (1.1)

{ut—A<u+<>+<u+o<u+c>x—w in T2 x (0,7), 21

u(0) = ug in T2,
where A is an operator defined as follows:

Au = — A uy + Au, Yu € D(A),
where A = 97 4+ 92 and D(A) = {u € L*(T?) | Au € L*(T?)}. It is easy to see that for any k € N, A generates
a strongly continuous semigroup {S(¢)};>0 on the space H*(T?).

For any k € N and T > 0, we define the space
Xii = C([0,T); H*(T?)) N L*(0, T3 H*T(T?))
endowed with its natural Hilbert norm
lullxr = llulloqo,ry;mx(r2)) + 1wl L2 o, 50+ (12))-

We shall need the following lemmas.

Lemma 2.1. For any k € N, T > 0, ug € H*(T?) and f € L*(0,T; H*=(T?)), there exists a constant C =
C(k,T) > 0 such that

IS¢ uollxy < Clluollx,

I 86— 9fesly < Oz,
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Proof. Tt is easy to see that S(-)ug is the unique solution of the following system

u(0) = ug in T2. (22)

{ut —Au=0 inT?x (0,7),
Multiplying equation (2.2) by u + (—A)*u and integrating on T2, we have

1d E k1

5 72 (Il + I(=2) Ful) + 11(=2) *Ful < 0.
2dt

It follows from Gronwall inequality that

[ullxz < Clluollx-

For the second estimate, we can see that [; S(- — s)f(s)ds is the unique solution of

{ut—Au:f in T2 x (0,7), 23)

u(0) =0 in T2.
Multiplying equation (2.3) by u + (—A)*u and integrating on T2, for any € > 0, we have

2 (Il + -0 Ful?) + =) Bl + () 5
<e (Il + 1(=2)F ull?) + ) (1712, + 1(-0)"" 1)

1 k1
<e (I=2)5ul? + I (=0) Ful?) + Ce) (lull® + 1£17-1) -
For sufficiently small e, we arrive to
d K Bt
= (Il + 1 (=2)5ul?) + 1 (=2)F ul < € (lul + 1£1}-)
Applying Gronwall inequality, we obtain that

lull xr < Cllfll L2751 (12))-

This ends the proof of Lemma 2.1. O
Lemma 2.2. [19] Let k € N, k > 2. For any u,v € H*(T?), we have

luvlle < Cllullzllvllx + llullkllv]l2)-
Lemma 2.3. [29] There exists a constant C > 0 such that for any u € H'(T?),
ullZs(py < Cllullllulls-

Now we can obtain the well-posedness of system (2.1).

Proposition 2.4. Let T > 0 and k € N, k > 2. For any vy € HF(T?),( € H*3(T?) and ¢ €
L2(0,T; H*=Y(T)?), system (2.1) admits a unique solution u € X[ .
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Proof. In order to prove Proposition 2.4, we use a fixed point approach to obtain the local existence and

uniqueness of the solution, then we extend this local solution to an arbitrary time interval by applying a priori

estimate.
Let 0 € (0,1AT) and v € X!, set

(v)(t) = S(t)uo + / S(t — 5)(—vvs — (10)a — CCo + AC + @) (s)ds.

According to Lemma 2.1 and the fact that H*(T?)(k > 2) is a algebra, we can see that

@)l xo
<Cllugllx + C| = vvy — (v{)x — CCa + AC + @l 120,06, -1 (T2))

6
<Clluolle+ € ([ R + 1917 + ICIE + 161 s+ el 1))

-

2

1
2

0
<O+ ol + 1€1Rvs + el manosny) + € [ ot + €I alliZ)as)
<C+ lluollx + 111713 + el L2 0,51 (22))

1
+C02 (||U||%'([0,9];Hk(1r2)) + IS le+3llvlleo,op;8% (r2)))
1
<Cr(1+ |luolle + 1ICIZ 45 + lloll 2o, mr-1(12y)) + C267 ||UH§(57

and

[@(v1) — P(v2)l| xo
<C|[(v1 + v2)
<Cl(v1 + ve2)(

(v1 = v2)lzllL2(0,0;m%-1(12)) + Cll[(v1 — v2)ClellL2(0,0: %1 (12))

U1 — U2)||L2(o,9;Hk(1r2)) +C|l(v1 — U2)§||L2(o,9;Hk(1r2))

<COz(lvrlleqo,00 1% (12)) + V2l (0,007 (12))) [v1(8) — v2(8) [l (0,07 % (12))

+ COz[|C|lk+3llvr — vallopo,01; 1% (12))

<Cy0% (lollxg + Noallxe + ICllkss)llen — vl o
where C'1, Cy and C3 are independent of 6. Set
R =201 (1 + [Juolls + lISIZ 45 + lell 20,0851 (72)))-
If v,v1,v2 € Bxo(R) :=={u € X2 [ullxs < R}, it is easy to see that
2 (0)llxg < 3 + bt R,
1@ (v1) — ®(v1)[|xp < C302 (2R + [[[ln43) 01 — v2] xo-

For 0 sufficiently small such that

6% max{C2R, C3(2R + ||C[5+3)} <

| =
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we arrive to
|9()]xo < R,

1
[@(v1) — ®(v1)llxp < §||U1 — vz xo-

This implies that ® has a unique fixed point v € B X0 (R).
In order to extend this local solution to an arbitrary time interval, it now suffices to obtain the corresponding
a priori estimate. Multiply equation (2.1) by 2u, integrate the result with respect to z,y over T? to obtain

d
%HUII2 + 2([lue |* + Ny %) <CUCHalull + s lull® + ICIE el + el -1l
Lzl + [luy | + C+ (I3 ull® + C(1 + [lel|2y)-
With the use of Gronwall inequality, we have
[ullxz < Clluoll, Sll3: ol 20,751 (12)))- (2.4)

Multiply equation (2.1) by —2Aw, integrate the result with respect to z,y over T? to obtain

d
77 (a1 + Jluy %) + 2] Au]®

<C¢llalllly + lShaliull 1 Aull + ICHE Tl + Nl Aul) - 2/TZ uug Audady.

Taking Lemma 2.3 into consideration, the last term can be estimated as follows,

72/ uuzAudxdy:/ (uiJruzuz)d:cdy
T2 T2

<Cllua | (luzl|Zs(re) + lutyllZs(r2y)
<Cllug | (luallllwelly + [luy[[luwy]l1)
<ClullFllull2

1
<SlAul? + C+ fully).

Then we can see that

d
77 (el =+ [l |1%) + 2[| Aul®

SCA SN + [l Dllullf + [ Aul* + CQ + llel?)
SCA SN + Il D) (luall® + lluyl®) + 1 Aul® + OO+ ol + ull® + Sl ull?)-

It is worth noting that

T
/O lu@)llidt < C(lluoll, IISls, ellzz(o,m;m-1.(r2)));
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together with Gronwall inequality, we find that

T
ts[%pT](|uz(t)||2+||uy(t)||2)+/0 IAu®)?dt < Cllluoll1, lIClla, el 20,7502 (r2))-
€10,

Combining (2.4), we get
[ullxz < Clluolly, 1<l o)l 20,7522 (r2))) - (2.5)

Multiply equation (2.1) by 2(—A)*u, integrate the result with respect to z,y over T2 to obtain

L) B + 2l () F

<O(IClrssllulls + il (=2)F ull + 1 ks lullill(—2) ]
+1CHZ yallull + lolls-ll(=2) Ful)

<O Ikssliulle + lullzllulle(=2) F ull + 1 rsllullel (-2) F ull
+UCIZ Lallulli + llplla—all(—2) F ul

3
4 2 2 ==, 1|12 2
SCA A [[Cllks + llull2)l[ully + [[(=2) = ull” + O + [lellk-1),

1u|

where we have used Lemma 2.2.
Applying Gronwall inequality and (2.5), we have

T
k k41

Sup II(—Au)Z(t)IIQﬂL/0 1(=2)"= u(®)[Pdt < C(lluollk, 1N+ 191l L2 (0 av-1 (72)))-

€10,

Combining (2.4), we have

lullxz < Cllwollk [ICllk+s: 1@l L2 0,151 (72)))-

This completes the proof of Proposition 2.4. O

Remark 2.5. By the similar methods as in the proof of Proposition 2.4 with minor changes, we can see that
Proposition 2.4 also holds for ¢ € L(0,T; H*(T?)).

Let R be the mapping taking a triple (ug, (, ¢) to the solution of (2.1) and R;(ug,(, ¢) be the restriction of
R(uo, ¢, @) at time t. The following result is necessary for the proof of Theorem 1.1.

Proposition 2.6. Let T >0, k € N,k > 2. For any o € L?(0,T; H*=Y(T?)) and ug1, uops € H*(T?), we have
R (uo1,0,¢) — R(uoz, 0,9)|lc(o,rp;m+r2y)y < Clluor — uozl|x-
Proof. Let u; = R(up1,0,9), us = R(ug2,0,¢) and w = u; — ug, then w is a solution of problem

wy — Aw + %[(ul +ug)w], = 0. in T? x (0,7),
’LU(O) = Wp = up1 — Up2 in TQ.

By Proposition 2.4, uy,us € C([0,T]; H*(T?)).
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Multiplying (2.6) by 2w and integrating on T?, we can deduce that

d
Zilell? + 2(ws | + wy %) <Cllus + wal o i) [1w]l[|we |

<O([[ur]l3 + lluzlID wl]® + flw. .
Applying Gronwall inequality, we have
lwllego,ry;z2(r2y) < Cllwol|-
Then, multiplying (2.6) by 2(—A)*w and integrating on T?, we can deduce that

d k k1
Z=2) w420 (=2) = wl?
k=1
<CI(=0)"7 0u((ur +u)w)[I[(=2) % w]
<Cll(ur +u2)wl]f + (=2)F w]?
k+1

<C(llualli + luzllwli + l1(=2) 7= w|f?
k kt1
<C(llualli + lualD(=2) 2wl + flwl]®) + [ (=2) = w]*.

Combining Gronwall inequality and (2.7), we have
lwllcqo,r1; 1% (12)) < Cllwol[x-
The proof is complete.

3. SATURATING PROPERTY

For I C Z2, we set

H(I) = span{cos(pz + qy),sin(pz + qy); for (p,q) € I},

and
d
e = {Go =Y GGius GEHU) (0<i<d), d=1}.
=1
Let
Io={(p,q) €Z% |p| + gl <1}, I = {(p,q) € Z*% |p| <1 and |¢| < 1},
and

In ={(p,q) €Z% |p| < N and |¢| < (N — 1)}, for N >2.

In this section, we investigate the relationship between H(Ix) and C(Iy), the idea comes from [17, 19].

Proposition 3.1. For N € N, we have

H(IN+1) C C(IN)
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Proof. For N = 0. Since Iy C I, to prove H(I;) C C(Ip), we only need to show that for any (p,q) € I1 \ Iy =
{(p.9); Ipl =1,lqgl =1} and any o, 5 € R,

d
acos(px + qy) + Bsin(px + qy) = o — Z CiCiz, where ¢; € H(Ip) (0 < i< d).

i=1
By symmetry arguments, the above result follows from the following equations,

sin(xz 4+ y) = sinz cosy + cosasiny, sin(z —y) = sinx cosy — cos zsiny,

cos(z +y) = cosxcosy —sinzsiny, cos(zx —y) = cosx cosy + sinzsiny,

and

tsinzcosy = —(cosx £ cosy)(cosx £ cosy), — sinz(sinx),,
+ coszsiny = —(sinz F siny)(sinz F siny), — cos z(cos x),,
+coszsiny = —(sinx F cosy)(sinz F cosy), — cos x(cos ),

tsinzsiny = —(cosz £ siny)(cosz £ siny), — sinz(sinx),.

For N =1, let f € H(I2). In order to prove that f € C(I;), there remains to show that for any (p,q) €
12 \Il - {(p7Q)a |p‘ = 27 ‘Q| S 1} and any (X,B S R?

d

acos(pr + qy) + Bsin(pz + qy) = Co — Y _ GiCiw,  Where §; € H(I1) (0 < i < d).
=1

By symmetry arguments, we consider just the cases that (p,q) = (2,0),(2,1),(2,-1).
If (p,q) = (2,0). For any a, 3 € R and o? + 32 # 0, let

Glz,yy) =— a cost +\/—f+ a2+ F2sinz.

BT

Then we have
acos(2x) + Bsin(2z) = —(1C1z-
If (pyq) = (2,1). Let

Ca(z,y) = cosx + sinx + ccos(x + y) + dsin(z + y),
C3(z,y) = cosa — sinx + ccos(x + y) — dsin(z + y),

simple calculations give
(2o + (3C3: = (d — ¢)sin(2x + y) + (d + ¢) cos(2x + y).

Ca(x,y) = cosz +sinz + ccos(z — y) + dsin(z — y),

C5(x,y) = cosx —sinx + ccos(z — y) — dsin(x — y),
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simple calculations give
CaCax + (5C5z = (d — ) sin(2z — y) + (d + ¢) cos(2z — y).

Since the map (¢, d) — (d — ¢,d + ¢) is bijective, we prove that H(Iz) C C(I).
For N > 2, our task is reduced to show that for any (p,q) € In+1 \ In and any «, 8 € R,

d

acos(px + qy) + Bsin(pr + qy) = (o — ZQCW where ¢; € H(In)(0 < < d).
i=1

In fact, let

Co(z,y) = sin(x + y) + cos(z + y) + esin(maz + ny) + d cos(mz + ny),
Cr(z,y) = asin(x + y) + beos(z + y) + dsin(ma + ny) — ccos(mx + ny),

and

Cs(z,y) = sin(x — y) + cos(z — y) + esin(mz + ny) + d cos(mz + ny),
Co(x,y) = asin(z — y) + beos(x — y) + dsin(maz + ny) — ccos(mx + ny).
After standard calculations, we arrive to

a? — b2

C6C6z + C7Crz = sin(2z + 2y) + (1 + ab) cos(2x + 2y)

m+1

+ (c(1+b)+d(—1+a))sin((m+ 1)z + (n+1)y)

m+1
2

m—1
2

m—1

2

(c(1—a)+d(1+4+Db))cos((m+1)z+ (n+1)y)

+ (c(=14b)+d(—1—a))sin((m — 1)z + (n — 1)y)

+

(c(1+a)+d(—1+b))cos((m—1)z+ (n—1)y),

and

a? — b?

C8Csz + Coloz = sin(2z — 2y) + (1 + ab) cos(2x — 2y)

m+1
2
m+1

2
m—1

(c(1+b)+d(—1+a))sin((m+ 1)z + (n—1)y)

+

(c(1—a)+d(1+b))cos((m+ Dz + (n—1)y)

+ (c(=140b) +d(—1—a))sin((m — 1)z + (n+ 1)y)
m—1

2

(c(I1+a)+d(—1+b))cos((m—1)x+ (n+1)y).
It is not difficult to see that

Invi\In ={(p,@); Il =N+ 1, <N}U{(p,q); [p| < N,|q| = N}:=J1UJ.

(3.1)
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If (p,q) € Ji, by symmetry arguments, it only remains to prove that (3.1) holds for (p,q) € Ji1 U J12, where
Ju={Pq: p=N+10<q¢< N}, Juo={(pg; p=-N-10<q¢g<N}

For (p,q) € Ji1, takingm = N,n = ¢—1,a = —1 and b = 1 in {4 and (7, we can obtain that (1, 1), (m,n) € Iy,
namely, (s, (7 € C(In), and

(6Cer + Cr6ra = (N +1)(c — d) sin((N + 1)z + qy) + (N + 1)(c + d) cos((N + 1)z + qy).

For (p, q) € Ji2, takingm = —N,n = q¢—1,a = 1 and b = —1 in (s and (y, we can obtain that (1, —1), (m,n) €
In, namely, (¢,(7 € C(In), and

C8Csa + C9Cox = —(N = 1)(c+ d)sin((N + 1)z + qy) + (N — 1)(c — d) cos((N + 1)z + qy).
If (p,q) € J2, by symmetry arguments, it only remains to prove that (3.1) holds for (p, q) € Jo1 U Jaa, where
Jor ={(p,q): 0<p<N,g=N}, Jo={(p,q); -N<p<0,g=N}.

For (p,q) € Jo1, takingm =p—1,n=N—1,a = —1and b = 1in (g and (7, we can obtain that (1, 1), (m,n) €
Iy, namely, (g, (7 € C(In), and

C6Coa + C7Cra = (N + 1)(¢ — d) sin(pz + Ny) + (N + 1)(c + d) cos(pz + Ny).

For (p,q) € Jaa, taking m = p+1,n =N —1,a =1 and b = —1 in (s and (9, we can obtain that
(1’ _1)7 (m7 TL) € IN7 namelya C8,<9 € C(IN>7 and

C8Csa + CoCox = —(N — 1)(c + d) sin(pz + Ny) + (N — 1)(c — d) cos(px + Ny).

Since the map (¢, d) — (k(c —d), k(c+ d)) is bijective for any k # 0, (3.1) holds for (p,q) € In41 \ Iy and
any «, 8 € R. Thus the conclusion of Proposition 3.1 follows. O

Define
Ho =H(lo) =H, HN =C(In-1), N>1, Hoo = U Hy.
N=0

By Proposition 3.1, we can easily obtain the following corollary.

Corollary 3.2. For any k € N, Ho is dense in H*(T?).

4. ASYMPTOTIC PROPERTY

Now we are in position to prove the asymptotic property which is crucial for the proof of Theorem 1.1.

Proposition 4.1. Let T > 0, k € N and k > 2. For any up € H**3(T?),n € H*3(T?), ¢ € H**(T?) and
h € L?(0,0; H*=1(T?)), for any § € (0,T), the following limit holds

Rg(uo,éféc,h—ktsfln)—>u0+77—CCx inHk(']T2) as d — 0.
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Proof. Let us consider the equation

u— A+ 2+ (w+62)(u+6"2¢), = h+d1n,
u(0) = up.

Make a time substitution and consider the functions

w(t) == uo + t(n — (Ca),
v(t) := u(dt) — w(t),

where ¢ € [0,1]. Then it is not difficult to see that v is a solution of the following system

v — 6AW+w+073) + (v +w+ 673 (v +w+673(), — (( = Oh, (1)
v(0) = 0. )
For k = 0, taking the scalar product in L?(T?) of equation (4.1) with 2v, we can obtain that
d 1 1
Z 1017+ 28 (x| + oy %) <Cdllwlls[lv]|* + C82 [Clsllvll* + o2 [wls Il
+Collwl3llvll + Callh]-1llvlh
1
<COE(1+[[v]?) + 8(l[vs1* + [y |1%)-
Making use of Gronwall inequality, we have
lo(®)]|? < Co%, Ve o] (4.2)

For k = 1, taking the scalar product in L?(T?) of equation (4.1) with —2Awv, we can deduce that

d
p7Al
<C(6llwllallolly + 0= [Cllallvlly + SlIAl [ Av])

[vall? + llvy 1) + 28] Av]?

+26 | [ovg + (wo)g + 677 (C0) + wwy + 5732 (wC)z]Avdady.
T2

Next we estimate separate terms in the right hand side of the last inequality. Applying Gagliardo-Nirenberg
inequality and (4.2), we infer that

26 /T v, Avdady <CO|[v[|Gopzy + COlvl|Fs(p2y + ZHAUH?
<Cd|Jo[|*lo]l3 + Callv|l]|v]|3 + ZIIAvII2 (4.3)
<O ol + Co¥ ol + 2 dl”
Taking ¢ sufficiently small, we have

26/ vy Avdedy < gHAUHQ + C4.
T2
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Using integration by part, it follows that

20 [ (wv),Avdzdy
T2

= — 6/@ (2wgzvv, + 2u}xv§ + 2Wgy vy + 2wwv§ + wxvi — wwvz + 2wy vzvy)dady

<O ||wllalfv]|?.
Similarly, we have
25t [ (copeudady < Co¥IClalol
T2
Considering the remaining terms, it is not difficult to see that

20 / [ww, + 0% (w() ] Avdedy <C(8|wwglly + 0% | (wC)ll1) vl
'11‘2

<C3 (|wll + wllali¢lla)

vl

Substituting these estimates into (4.3), we can obtain from (4.2) that
el + oy I?) + 25080 < 81 80]% + C8E (1 + el + 1)
By Gronwall’s inequality, we have
lva (8)12 + lvy (1)1 < €82,V t € [0,1].
Combining (4.2), we get
lv@)|2 < Cs2, Vtelo1].

For k = 2, taking the scalar product in L?(T?) of equation (4.1) with 2A%v, we can deduce that

d 3
aHAUH2 +20](=A)=2 0|2

3

<C(6wllslvlla + 87 [<llslvll2 + Slla ]l (=) F])

=20 [ [vug + (wv), + 572 (Cv)z + wwy, + 572 (w¢) ] A?vdady.
T2

13
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The last term can be estimated as follows. By the fact that H?(T?) is a algebra and the interpolation inequality
lv]13 < ||lv|l1]Jv]|3, it follows that

=26 [ v A%vdady <OS|of3]I(-2)% 0]
']1‘2

<Colfvlllvlsll(—2)2v]
<C8[[o)l1ll(—2)F0|1? + Callvl[lollll (- 2) ]
<Cat||(-2) 8| + Co% ||(-2) 2o
<Lt +cs,

where we have used (4.2), (4.4) and taken ¢ sufficiently small.
It follows from some elementary calculations that

— 25/ (wv), A?vdxdy
’]1‘2
=— 26/ [A(wmv)Av + A(wvx)Av} dzdy
T2
<Céllwgv||2||lv|l2 — 25/ [W(AV)y + 2Wa Uy + 2wy Uyy + (Aw)vg]Avdady

T2

<Colluwlls|[vl2 + 5/ wy (Av)2dady.
Tz

<C6||Av|)* + C6.
Similarly, we have
—262 /Tz(Cv)wAQUd;vdy < 8% || Av|® + C672.
It is easy to obtain that

26 | fww, + 5% (we),]A%vdady <C8% (||w]|2 + [lw]s[I¢]ls)|Av]

<Cs7 || Aw|? + €53
Gathering together the above estimates, we have
d 2 1 2 1
%HAUH < C§2 || Av||* + Co2.
Applying Gronwall’s inequality and (4.2), we can see that

lv@)|2 < Cs2, Vtelo,1].
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For k > 3, taking the scalar product in L?(T?) of equation (4.1) with 2(—A)*v, we can deduce that

d k ket
D)) 502 + 26 (-2) 0]

1 ht1
<CO|lwllk+slvlle + 02 <l ktsllvllk + ollAllk—1[[(=2) = v])

—20 [ [vvs + (W0)y 4 672 (C0)s + wwy 4 62 (wC) ] (=A) Fudady.
T2

Taking Lemma 2.2 into account, we have

=26 | v (=A)fudady = —§ (—A)%Gx(#)(—&)%vdxdy
T2 T2
k41
<o[lv?|lxI(=2)"= o]
k41
<8l (=2) = wl® + Colvll3 vl

k+1

ket 3 k 3
<O[(—2) = vl + Coz||(—=A) 2 0|* + Co=.
It is not difficult to obtain that
—26 [ (wv).(—A)Fudedy

T2

=—20 | (wyv+wv,)(—A)kvdady
T2

=—25 [ (=A% (wav)(—=A)2vdady — 26 [ w(=A)
T2 T2

k
~25y" /TQ(—A)%w(—A)?vz(—A)%udxdy
=1

k
2

[N

(v2)(—A) Fudady

k
<O8||lwav|k vl + 5/2 we| (=) 5 vPdady + Colwllris > [vlle—is1llv]lx
T i=1
<Cdlwl|p+allv]F

<C6||(—=A) 20| + C6%.

Similarly, we have
o / (Co)a (=) udady < 53 (= A0) |12 + C6.
T2
The remaining terms can be estimated as follows,

—26 [ [wwy + 677 (w)a](—A)Fvdady

']I‘2
<CO% (w345 + [wllessllClrs) | (=2) 20|
<CST|(—A) 20|+ C53.
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Now we conclude that
d k 2 1 k2
i 1(=8)20]" < oz (1 + [|(=Lv) =)
Applying Gronwall’s inequality and (4.2), we have
lo(@®)|} < o2, v telo1].

This completes the proof of Proposition 4.1. O

Remark 4.2. In the proof of Proposition 4.1, we have used the same multiplier as in the proof of Proposition 2.4
(a priori estimates), however, the methods to deal with the terms in the right hand side are very different. Since
we need to treat the parameter 6 more carefully to obtain the estimates of v, the methods in Proposition 2.4
are not enough for this purpose.
5. PROOF OoF THEOREM 1.1
In this section, we denote Ry (ug, 0, ¢) by R¢(uo, ©).

Proof of Theorem 1.1. The proof is divided into four steps.
Step 1. Controllability in small time to ug + Ho. Let us assume for the moment that uy € H*+3(T?). For any
7 € Ho, applying Proposition 4.1 for ( = 0 and 1 = 7, we see that
Rs(uo, h+6710) — ug + 7 in H*(T?) as § — 0.

It follows from the above limit that for any € > 0, there is a time 0 < 6; < T such that n = 01_177 € L%(0,T; H)
and

Re, (w0, h +mn) —uog — 7|k <e.

Step 2. Controllability in small time to uy + Hy. We argue by induction. Assume that the approximate
controllability of (1.1) to the set ug + Hy—1 is already proved. Let ¢ € Hy be of the form

d
(=0C— G (5.1)
i=1
for some integer d > 1 and vectors (o, (1, - ,Cq € H(In—1). It follows from Proposition 3.1 that
H(Ip) = Ho N =1,

Cor Gy Ga € {H(INl) CCUn-—2)=HN-1 N2=>2

namelY7 <O7 Clv e 7<d € HN—I-
Applying Proposition 4.1 for the couple (0, (1), we see that

Rs(uo, 6 2(1,h) — ug — (1¢1e in HF(T?) as § — 0. (5.2)
Using the equality

Res(uo + 07 3¢1,h) = Ra(uo, 0 2C1,h) +6732¢
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and the limit (5.2), we obtain that
1 1
||R5(U() + (S_ECl,h) —ug + (1(1z — 6_§<1||}C —0 as d — 0.

Combining this with the induction hypothesis, and Proposition 2.6, we can find a small time 63 > 0 and a
control n; € L?(0,T;H) such that

IRo, (wo, B +m) —uo — N+ C1Cizllk < e

Iterating this argument successively for the vectors (o, -, (,, we construct a small time # > 0 and a control
n € L?(0,T;H) satisfying

[Ro(uo, h+m1) —uo — Co + C1C1z + -+ - + Calaellk = [[Ro(uo, b +m1) —uo — (|l <&,
where we used (5.1). This proves the approximate controllability in small time to any point in ug + Hx .

Step 3. Global controllability in fized time T. Let € > 0, T > 0 and ug,u; € H*(T?) be arbitrary. By
Corollary 3.2, there is an integer N > 1 and point ¢ € Hy such that

3

| Rr(uo, h) + ¢ — ur[[x < 5

Let us denote 4y = Rr(ug, h) 4+ ¢, according to Proposition 2.4 and 2.6, take to > 0 and r > 0 so small that
I|Re (i, ) — dio|s, < g for t € [0, %] and u € Byyeze) (iio, 7).
This implies
||Rt(u, h) — U1||k <eg, for t € [07t0] and u € BHk(TZ’)('&(),T). (53)
Choosing, if necessary, to smaller, it follows from Proposition 2.4 that
r
||RT7t(’LL0, h) — RT(UQ7h)||]€ < 5, fort € [O,to].

By the result in Step 2, we can find a time 7 € (0,%9) and a control 7o € L?(0,7;H) such that

r

HRT(RTfto(u(bh’)? h + 772) - RTfto(UOa h) - C”k < 9

This means that R (Rr—¢,(uo, ), h+n2) € Byrr2)(tig, 7). Combining this result and (5.3), if we define n(t) =
X[T—to,T—to+rM2(t = T + o), it holds that

||RT(U(), h+ 77) - U1Hk <e.
This completes the proof of Theorem 1.1. [

6. PROOF OF THEOREM 1.3

In order to prove Theorem 1.3, we give some preliminary results which will be used. For k& € N, we define the
space G* := {g € C([0,T]; H*(T?)) | g(0) = 0} with the norm ||g|lgx = sup |lg(t)||x-
0<t<T
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Proposition 6.1. Let T >0, k € N and k > 2, if ug € H*(T?) and g € G**3, then the equation

u(t) —uo + /0 [—Au + uug](s)ds = g(t) (6.1)

has a unique solution u € X,CT, Moreover, the map

F: GF3 o XTI
gl—>u

s well-defined and continuous.

Proof. The well-posedness of (6.1) can be established by the classical method. We just prove that the map F is
continuous. Motivated by [18] and [30], we make substitution u = v + g, then v satisfies the following equation

v —Av+ (v+g)(v+g). = Ag in T? x (0,7T),
v(0) = ug in T2.

Applying the similar methods as in Proposition 2.4, we can obtain that
[ollxr < Cluolle, llgllgr+)-
This means that
[ullxz < C(lluollk: lgllgr+s)-

Let u;(i = 1,2) be the solution to (6.1) with g = g;. Define v; = u; — g;, ¢ = g1 — g2 and v = v; — vg, then v
satisfies the following equation

vy — Av+ (E(v+g))e = Ag in T? x (0,7),
v(0) =0 in T2,

where £ = 3(u1 +u2) and [[€]lxr < C(luollk, lg1llar+s, [|g2llgrs)-
Multiplying (6.2) by 2v yields

d
1017+ 2oz + 2Jlvy I* <Cligllzllo + glllvzll + Clglls o]
<lvel* + ClIglI3 + Dol + C g3 + Dlglls.

Combining Gronwall inequality, we have

lollxz < CUElxp)llgllas- (6.3)
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Multiplying (6.2) by 2(—A)¥v yields

d k kg1
@H(—A)?UHQJFQH(—A) = ol?
k+1

<Clew + DIl (=2) = 0]l + Cllgllessl (=) 2v]

k+1

<CIElxUvlli + g )1 (=2) 2 vl + Cllglsall (=) 2ol
k+1
<I(=2)F 0l + CIENR + DII=2) 2l + CIENE + Dllgl s + ClelR ol

It follows from Gronwall inequality and (6.3) that

[vllxz < CUElxp)lIgllarrs < Cllluollr [g1llgrs, g2llgrsa)ligllgrre.

Namely, we have
[ur — uzllxz < Clluollk, lg1llr+, lg2llgrra)llgr — gallGres.
This completes the proof. O
Now, we are in a position to prove Theorem 1.3.

5
Proof of Theorem 1.3. We define £(t) := Y b;8;(t)e;. Denote E := C([0,T]; H). We know that the norms || - || g
i=1

and || - ||gr+2 are equivalent for the functions in E.

We denote the solution to (6.1) with ug and g by u"°(-,g), by this notation, the solution of (1.2) can be
written as u" (-, §).

According to Theorem 1.1, (1.1) is approximately controllable by H-valued control, for any & > 0, there exists
a control n € L?(0,T;H) such that

€
lu (T, &) —uile < 2

where & (¢) := fot n(s)ds, this leads to the fact

P(Ju"(7.€) — il <€) 2 B([u" (T, €) — u(T,61) | < 5).

It follows from Proposition 2.6 that there exists a positive constant § > 0 such that when ||§ — & || < 0,

e
o

[u™ (T, €) = u* (T, &)l < 3

thus, we can obtain that
P([u*(T, &) —ulle <€) 2 P(|€ — &1l < 9).
Since the support of £(§) is E, we have

P([[€ - &lle <) >0,
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then,
P(|[u" (T, &) —ui|x <e) > 0.
The proof of Theorem 1.3 is complete. L)
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