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THREE-LEVEL MULTI-LEADER-FOLLOWER INCENTIVE
STACKELBERG DIFFERENTIAL GAME WITH H,, CONSTRAINT

NA XIANG AND JINGTAO SHT*

Abstract. This paper is concerned with a three-level multi-leader-follower incentive Stackelberg game
with He constraint. Based on Hs/Ho control theory, we firstly obtain the worst-case disturbance and
the team-optimal strategy by finding a closed-loop Nash equilibrium of the corresponding nonzero-sum
stochastic differential game. The main objective is to establish an incentive Stackelberg strategy set
of the three-level hierarchy in which the whole system achieves the top leader’s team-optimal solution
and attenuates the external disturbance under Ho, constraint. On the other hand, followers on the
bottom two levels in turn attain their state feedback Nash equilibrium, ensuring incentive Stackelberg
strategies while considering the worst-case disturbance. By convex analysis theory, maximum principle
and decoupling technique, the three-level incentive Stackelberg strategy set is obtained. Finally, a
numerical example is given to illustrate the existence of the proposed strategy set.

Mathematics Subject Classification. 91A15, 91A65, 93E20.

Received December 23, 2024. Accepted September 29, 2025.

1. INTRODUCTION

The Stackelberg game, pioneered by von Stackelberg [1] in 1952, has important applications in various
fields, such as economics, engineering management and computer science, etc. Bagchi and Basar [2] initially
considered stochastic linear-quadratic (SLQ) nonzero-sum Stackelberg differential game and established existence
and uniqueness of the Stackelberg solution, where the diffusion term of the state equation did not contain the
state and control variables. Yong [3] discussed the open-loop solution of SLQ nonzero-sum Stackelberg differential
game, where the coefficients of the system with both state-dependent and control-dependent noise are random,
and the weight matrices for the controls in the cost functionals are not necessarily positive definite, and obtained
the feedback representation of the open-loop equilibrium wia a new stochastic Riccati equation. In recent two
decades, stochastic Stackelberg differential game has been extensively investigated and there has been a great
deal of literature around it. Bensoussan et al. [4] derived the maximum principle for the stochastic Stackelberg
differential game with the control-independent diffusion term under different information structures. Shi et al.
[5, 6] studied SLQ Stackelberg differential games with asymmetric information. Li et al. [7] discussed the SLQ
Stackelberg differential game under asymmetric information by a layered calculation method. Li and Yu [§]
considered an SLQ generalized Stackelberg game with the multilevel hierarchy. Moon and Bagar [9] studied
SLQ Stackelberg mean field game (MFG) with the adapted open-loop information structure of the leader,
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where one leader and arbitrarily large number of followers was considered, and solved by fixed-point approach,
while Wang [10] tackled it by a direct approach. Zheng and Shi [11] discussed a Stackelberg stochastic differential
game with asymmetric noisy observations. Kang and Shi [12] studied a three-level SLQ Stackelberg differential
game with asymmetric information. Feng et al. [13] established a unified two-person differential decision setup,
and studied the relationships between zero-sum SLQ Nash and Stackelberg differential game, local versus global
information. Wang and Wang [14] considered SLQ mean-field type partially observed Stackelberg differential
game with two followers. Li and Shi [15] studied closed-loop solvability of SLQ mean-field type Stackelberg
differential games.

In the Stackelberg game, the leader’s strategy can induce the decision or action of the followers such that
the leader’s team-optimal solution can be achieved, which is called the incentive Stackelberg game, and this has
been extensively studied for over 40 years. Ho et al. [16] investigated the deterministic and stochastic versions of
the incentive problem, and their relationship to economic literature is discussed. Zheng and Bagar [17] studied
the existence and derivation of optimal affine incentive schemes for Stackelberg games with partial information
by a geometric approach. Zheng et al. [18] discussed applicability and appropriateness of a function-space
approach in the derivation of causal real-time implementable optimal incentive Stackelberg strategies under
various information patterns. Mizukami and Wu [19, 20] considered the derivation of the sufficient conditions
for the LQ incentive Stackelberg game with multi-players in a two-level hierarchy. Ishida and Shimemura [21]
investigated the three-level incentive Stackelberg strategy in a nonlinear differential game, and derived the
sufficient condition for a linear quadratic differential game, while Ishida [22] considered different incentive
strategies. Li et al. [23] studied the team-optimal state feedback Stackelberg strategy of a class of discrete-time
two-person nonzero-sum LQ dynamic games. Mukaidani et al. [24] discussed the incentive Stackelberg game for
a class of Markov jump linear stochastic systems with multiple leaders and followers. Lin et al. [25] investigated
the incentive feedback strategy for a class of stochastic Stackelberg games in finite and infinite horizon. Gao
et al. [26] considered the incentive feedback Stackelberg strategy for discrete-time stochastic systems, then the
incentive Stackelberg strategy for discrete-time stochastic systems with mean-field terms is discussed in [27].

The incentive Stackelberg game is often combined with robust control theory. The incentive Stackelberg
games under the H, constraint is based on Hs/H control theory to solve. Ahmed and Mukaidani [28] studied
the incentive Stackelberg game for a class of deterministic discrete-time system with a deterministic external
disturbance. For stochastic version, Mukaidani et al. [29] considered the incentive Stackelberg game with one
leader and one follower subject to external disturbance by means of static output-feedback. [30-34] discussed
the incentive Stackelberg game with one leader and multiple non-cooperative followers subjected to the H.,
constraint. Ahmed et al. [35] investigated multi-leader-follower incentive Stackelberg games for SLQ systems
with Ho constraint. Mukaidani et al. [36] considered the incentive Stackelberg game for a class of Markov
jump SLQ systems with multi-leader-follower under H,, constraint, where followers attain their state feedback
Nash equilibrium and Pareto optimality. Mukaidani et al. [37] studied a robust static output feedback incentive
Stackelberg game for a Markov jump SLQ system with multi-leader-follower, where the Pareto optimal strategies
of the followers as cooperative strategy is chosen. Mukaidani et al. [38] considered the static output feedback
strategy for robust incentive Stackelberg games with a large population for mean-field stochastic systems.

In this paper, we study a three-level multi-leader-follower incentive Stackelberg game with H,, constraint,
which has practical significance, especially in corporate governance. The first level is specified as the Decision-
making Level 1 with one person; the second level is lower than the first level and is specified as the Managerial
Level 2 with two people; the third level is the lowest level of the whole system and is specified as the Executive
Level 3 with three people (see Fig. 1a). Considering practical examples such as company management (Chairman
— General Manager — Department Head) and national governance (Central Government — Local Government —
Subdistrict Office), they are all multi-level. Based on the pyramid principle, the number of people at the upper
level is always relatively small. These two reasons prompt us to consider a three-level multi-leader-follower
incentive Stackelberg game. For the convenience of research, we assume that there are i players in level 4,
and there exists a special one-way influence relationship, which also reflects the asymmetry of the hierarchical
structure. The arrows in the Figure la indicate the leader’s incentives for followers. Since Decision-making
Level 1 is in the highest position, who can incentivize each player in Managerial Level 2 and Executive Level 3
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Decision-making Level 1

Managerial Level 2

Executive Level 8

FIGURE 1. The three-level incentive Stackelberg game.

accordingly. Two people in Managerial Level 2 can only make incentives to the three people in the next level
(Executive Level 3). For three people of Executive Level 3, they can only respond to the incentives of all the
leaders (Decision-making Level 1 and Managerial Level 2). Figure 1b depicts the incentives and responses of the
three-level Stackelberg game system in detail. In this hierarchical incentive mechanism (see Fig. 1b), Decision-
making Level 1 allocates individualized incentives to all players. Subsequently, Managerial Level 2 and Executive
Level 3, after internalizing the incentive signals, engage in Nash equilibrium to achieve Decision-making Level
1’s team optima. Two people in Managerial Level 2 act as the leaders of Executive Level 3, also need to
incentivize each player in Executive Level 3 in order to achieve the team optimum of Decision-making Level
1. Each individual in Executive Level 3 engages in a Nash game to respond to Managerial Level 2’s incentive.
Since there is a significant difference in hierarchy between Decision-making Level 1 and Executive Level 3, the
actions of Executive Level 3 can only affect Managerial Level 2 and cannot directly influence Decision-making
Level 1.

Besides, due to the limited abilities and complicated information environment, the whole company doesn’t
have access to full information about the market. So it is quite natural to consider information uncertainty. Based
on this, the drift term of the state equation contains the external stochastic disturbance v(-), which is unknown
to all players in the three-level incentive Stackelberg game system. We address incentive and model uncertainty
primarily through Hs/H., control, viewing the disturbance as a new player and finding a closed-loop Nash
equilibrium solution of the corresponding two-person nonzero-sum Nash game based on the definition of team-
optimal strategy. Then, according to the worst-case disturbance, the incentives between each level are carried
out, and finally the team-optimal strategy of the game is reached. Our main contributions are summarized as
follows.

e We investigate a class of three-level multi-leader-follower Stackelberg games with H., constraint, where
the control variables and the external disturbance enter the diffusion term and drift term of the state
equation, respectively.

e We derive sufficient conditions for the three-level incentive Stackelberg game using information on
follower’s strategies, and prove that three-level incentive matrices depend on an initial state value xg.

e viag convex optimization approach, we can achieve the open-loop Nash equilibrium for Managerial Level 2
and Executive Level 3 with corresponding incentives from leaders.

e By Hy/H. control theory, the team-optimal strategy and the worst-case disturbance, which are the
outcomes of a closed-loop Nash equilibrium are derived at the same time, based on which the three-level
incentive Stackelberg strategy is obtained.

The rest of this paper is organized as follows. Section 2 introduces some preliminary notations and formula-
tions of the team-optimal solution and the finite horizon stochastic Ha/H, control problem. Section 3 discusses
incentive Stackelberg equilibrium strategies. In Section 4, an algorithm procedure and a numerical example are
used to elaborate the effectiveness of the proposed results. Section 5 concludes the paper.
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2. PRELIMINARIES

Let (2, F,F,P) be a complete filtered probability space on which a standard one-dimensional Brownian
motion W = {W(t),0 <t < oo} is defined, where F = {F3;},-, is the natural filtration of W () augmented by
all the P-null sets in F. Let R™ denote the n-dimensional Euclidean space with standard Euclidean norm | - |
and standard Euclidean inner product (-,-). The transpose of a vector (or matrix) x is denoted by z'. Tr(A)
denotes the trace of a square matrix A. Let R™*" be the Hilbert space consisting of all n x m-matrices with
the inner product (4, B) := Tr(ABT) and the norm |A| := (A, A)2. Denote the set of symmetric n x n matrices
with real elements by S™. If M € S™ is positive (semi-) definite, we write M > (>)0. If there exists a constant
6 > 0 such that M > 61, we write M > 0.

Consider a finite time horizon [0, 7] for T > 0. Let H be a given Hilbert space, we denote

T
L3(0,T;H) := {¢ :[0,T] x @ — H| ¢ is F-progressively measurable,IE/ lp(s)|?ds < oo}.
0

We consider the following controlled linear stochastic differential equation (SDE):

2 2 3
dz(t) = +) Bri(tuni(t) + > Y Baij(tuai(t) + Z Z Baji(t)usji(t) + E(t)o(t )] dt
. 2 . J; 3 = 13 2
)+ Dri(tyuri(t) + > Y Daij(thugij(t) + > Y Dajilt)us;i(t) [dW (), t € [0,T],
i=1 i=1 j=1 j=1i=1
x(0) = xo,

(2.1)
where A(-), B1;(+), B2 (+), B3ji(-), C(), D1i(+), D2i;(+), D3;i(+), E(-) are deterministic and uniformly bounded
functions on [0,7] of proper dimensions. v(-) € LZ(0,T;R™) represents the external unknown disturbance,
x(-) € R™ the state process, o € R™ the initial state. u1;(-) € R™** represents Decision-making Level 1’s control
input for the ith of Managerial Level 2; ug;;(-) € R™2# represents the ith of Managerial Level 2’s control input
for the jth of Executive Level 3; ug;;(-) € R™34* represents the jth of Executive Level 3’s control input according
to the ith of Managerial Level 2 in the sense of incentive strategy. Moreover, the index ¢ = 1,2 and j = 1,2,3
denote the ith player of Managerial Level 2 and the jth player of Executive Level 3.

For the sake of simplicity, for i = 1,2, j = 1,2, 3, let

Ul (t) := col [un(t) u12(t)], 'UQi(t) ;= col [’LLQ“ (t) U2i2(t) Ung(t)],
us;(t) := col[usj1 (t) usja(t)], wei(t) := colugi(t) ugi(t) uis(t) usii(t) usi(t) ussi(t)].

The admissible control set U; of Decision-making Level 1 is defined as follows:

uy is F-progressively measurable,

T
such that (E/ |u1(s)|2ds>
0

Uy = {ul ([0, 7] x Q+— R™

1

2

2
< 400, with mq = Zmu},
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the admissible control set Us; of the ith of Managerial Level 2 is

Uy; = {uQi 1[0, T] x Q +— R™2 | uy; is F-progressively measurable,

T
such that (IE/ |u2i(s)|2ds>
0

the admissible control set Uf3; of the jth of Executive Level 3 is

[N

< 400 with moy; = Zm%j},

Usj = {u;:,j 1[0, T] x Q +— R™3 | ug; is F-progressively measurable,

T
such that <E/ |u3j(s)|2ds>
0

Under some mild conditions on the coefficients, for any (zg,u1,us1,us2,us1, uss, uss,v) € R™ X
Ul X U1 X Uz X Uz1 X Uz X Uzz X LIQF(O,T; R™), there exists a unique (strong) solution z(-) =
x(+; 20, U1, U1, U2z, U31, U2, Uz3, v) € LE(0,T;R™) to (2.1). Thus, we can define the cost functionals as follows.

For Decision-making Level 1:

1
2

< 400 with mg; = stﬂ}

T 2
I (uy, ugy, uga, ugy, uss, uss, v o) = E{ / [(Ql(t)x(t),x(t)) + Z (Ri(t)u1i(t), uai(t))
0 i=1
» VL 22)
303 i (0 (0,0 0) + 303 (R OV, a0 e+ (Gra(T) D) .
i=1 j=1 j=1i=1
for the ith of Managerial Level 2:
T
J7 (w1, U1, ugo, ust, usa, Uss, v; o) = E{/ |:<Q2i(t)$(t)7$(t)> + (Rai(t)uri(t), uai(t))
0
3 3 (2.3)
+ Z R2z] Ugw ’UQ,] + Z R2]Z U3ﬂ ) U3ji(t)> :| dt —+ <G27,I(T), l‘(T» },
j=1 j=1
for the jth player of Executive Level 3:
T 2
J? (w1, ug1, g2, usy, Usa, uss, v; To) = E{ /0 [(Qw(t)x(t), z(t)) + Z (Raij(t)uzij(t), u2is(t))
i=1
(2.4)

+ 2 (Rapit)uagt) ) [ + (Gasa(T). (D)) .

where Q1(-), Ri(+), R1i;(+), Ruji(+), Q2i(+), R2i(+), R2ij(+), R2ji(+), Q35 (-), R3i; (), R3;i(+) are deterministic and uni-
formly bounded symmetric matrix-valued functions on [0,7] of proper dimensions. G1, Ga;, G3; are n X n
symmetric matrices. In addition, the weighting coefficients of cost functionals (2.2)—(2.4) satisfy the following:
(A1) Q1(-) 20, Q2i(-) =0, Q35(-) =0, G1 >0, G2; >0, G35 > 0. B
(A2) R;(-) >0, Ruj(') >0, lei(') > 0, Roi(+) >0, Rgij(') >0, R2ji(') > 0, Rgij(') > 0, R3ji(') > 0.
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Next, we will introduce some definitions. First, we introduce the team-optimal solution concept (see [39]),
which is an important concept in this paper.

Definition 2.1. Let J!(u1,us21, u2e, us1, uss, u33; To) be a given cost functional of the leader (Decision-making
Level 1), where () denotes the leader’s control, and (ua1(+), uaa(+), us1(+), usa(), uss(-)) denotes the followers’
controls (Managerial Level 2 and Executive Level 3). A control set (uf,u3;, ub,, us;, usy, uls) is known as the
team-optimal solution of this game if

1/, % * * * * * 1 .
I (U7, ugy, usg, Usy, Use, U3s; To) < J(Ur, Ut , Uz, U1, Us2, Uss; To),

for any ui € Uy, ug; € Usy, ugj € Us;.

If J! is quadratic and strictly convex on the product space Uy x Ua1 X Uaa X Usy X Uss X Uss, then a unique
team-optimal solution exists.

Second, we introduce the finite horizon stochastic Hy/Hs problem. Consider the following stochastic linear
system:

da(t) = [A(t)z(t) + B(t)u(t) + E(t)v(t)]dt + Ay (£)z(t)dW (1),
z(0) = zo, (2.5)
z(t) = col[C(t)z(t) D(t)u(t)], DT (#)D(t) = I,

where all coefficient matrices are continuous functions of time with suitable dimensions. xy € R™ denotes the
initial state, u(-) € L2(0,T;R™) denotes the control input, v(-) € L2(0, T; R™) denotes the external disturbance,
and W(t) € R is a 1-dimensional standard Brownian motion defined in the filtered probability space (2, F,F, P).
z(-) € R™= represents the controlled output. Then, the finite horizon stochastic Hy/H, problem of (2.5) can be
stated as follows (see [40]).

Definition 2.2. Given the disturbance attenuation v > 0,0 < T' < o0, to find a state feedback control u*(t,z) €

L2(0,T;R™) and the worst case disturbance v*(t,x) € LZ(0,T;R™), such that
1)

110,79

”‘C”[O,T] = sup
v(-)ELZ(0,T;R"v), v#£0, o =0 ||U|| [0,T7]

W=

{EffTeTCo s uTurar)
. ERE !
v(-)€LZ(0,T5R™ ), v#0, 20=0 {Efo uTvdt}

2) When the worst case disturbance v*(¢,z) € L2(0,T;R™), if it exists, is applied to (2.5), u*(-) minimizes
the output energy

T
Ju(u,v*) = ]E/ [2TCTCx +uTuldt. (2.6)
0
Here, the so-called worst case disturbance v* means that

T
v*(t,x) = argmin J,(u*,v) = argmin E/ (Vv v —2T2]dt, Vze € R™. (2.7)
veLZ(0,T;R™v) veLZ(0,T;R™v) JO
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If the previous (u*,v*) exists, then we say that the finite horizon Hs/H,, control has Nash equilibrium solution
(u*,v*), i.e.,

Ju(u*v*) < Jyu(u,v*),  Jy(ut,v*) < J,(u*,v),

*

u* is a solution to the stochastic Hy/Ho, control, and v* is the corresponding worst-case disturbance.
Remark 2.3. J,(u?,v*;0) > 0 if and only if ||£]|j0,7) < -

In [41], the finite horizon stochastic Hs/H, control problem can be formulated as a stochastic LG nonzero-
sum game.

Three-level incentive Stackelberg game under the H,, constraint with multiple leaders and multiple followers,
in this paper, is formulated as follows.

1) Given the disturbance attenuation level v > 0, find the team-optimal strategy of Decision-making Level 1
with H,, constraint:

1 * * * * * * *, 1 *,
J (UlaU217U227U31a’u327u33a” v‘rO) <J (UhU21,U22,U317U32au337”0 ,330)7

0 < Jy(ul, Uz, Usgs Uzg, Usn, U3, ™3 00) < Jy (U, udy, Udg, Uzy, Uzg, Uz, V3 To),
for any (Ul,UQl,UQQ,Ugl, 7.L32,U33) S Lﬁ X u21 X Z/{QQ X U31 X U32 X U33, v 7é 0e L%(O,T, Rn”), where
Jo (U1, u21, uga, u31, Usz, u33, V5 To)
T 2
—5{ - (Gua(r) () + [ [72||v||2 (@i (B (t), (1) — 3 (RaEyusa(t), uss(t)
0 i=1 (29)
2 3 3 2
ZZ Rlz] UJZZJ UQZj ZZ lez u3]z ) Usz( )>:|dt}
=1 j=1 j=1i=1

2) Decision-making Level 1 announces the following feedback strategy in advance to Managerial Level 2:
uy;(t) = T (2(2), uoi(t), us1i (t), usei(t), ussi(t), t). (2.10)

The parameters in (2.10) can be determined in the next step.
3) Find the Nash equilibrium strategies of Managerial Level 2:

JR(ul uly; w0) < TR (uer, uly; o),  J2(ul,uly; o) < T2 (ul), uea; o), (2.11)

where for ¢ = 1,2,
T (e, uea; o) == JZ (T1(, , ugi, us1i, Uszs, Uss;), Uzt , Us2, Ust, Us2, Uss, ™ (2); 39, (2.12)
and ug; = col[uQil Ugio U3 U31; U325 ’nggi], I'y = col [Fll,].—\lg}, v*(x) is the closed-loop outcome worst-case
disturbance solved in the first step. Decide parameters in (2.10) such that u; () = u%;(¢), then the corresponding

incentive strategy is denoted as I'j,.
4) Managerial Level 2 announce the following feedback strategy in advance to Executive Level 3:

uaij (1) = T (#(t), ugji(t), 1) (2.13)

The parameters in (2.13) can be determined in the next step.
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Decision-making Level 1 I_Stepl:Find Team-optimal strategy (u], z-*)J
Step2: Design an incentive Step4: Attain incentive strategy set Step2: Design an incentive
to Managerial Level 2 ﬁ to Managerial Level 2

Managerial Level 2 I Step3: Nash Equilibrium

: J ) Step7: Attain the incentive strategy set of Managerial Le\1e 2
Step5: Design an incentive Step5: Design an incentive

to Executive Level 3 to Executive Level 3

Step6: Nash Equilibrium

Executive Level 3

FIGURE 2. The procedure of three-level incentive Stackelberg differential game with H
constraint.

5) Find the Nash equilibrium strategies of Executive Level 3:
j;’(ﬂ31,ﬂ327ﬂ33;$o) < j;’ (-3;(us;); o), (2.14)
where for j = 1,2, 3,
J? (us1, usa, uss; w0) == J5 (T3, Tha, (D2ij)i g ust, usa, uss, v* (2); 20), (2.15)

and uz; = COl[’Lngl ’ngjg}, G_3;(us;) denotes the control profile which include ug; and s (K =1,2,3, k # j).
Decide parameters in (2.13) such that ws;(t) = u3;(t), then the corresponding incentive strategy is denoted as
5,5

We provide a flowchart (see Fig. 2) to facilitate a more intuitive understanding of the three-level incentive
Stackelberg differential game with H., constraint.

In this article, we may suppress time index ¢ if it causes no confusion.

3. INCENTIVE STACKELBERG EQUILIBRIUM STRATEGIES

3.1. Team-optimal strategy

As mentioned above, the state equation is (2.1), and the cost functional of Decision-making Level 1 is (2.2).
Due to the definition of team-optimal solution, for simplicity, we introduce the following notation, centralizing
the control inputs in the stochastic system (2.1) and (2.2). The following centralized stochastic system can be
introduced:

{dx(t) [A(t)z(t) + Be(t)uc(t) + E(t)v(t)]dt + [C(t)z(t) + De(t)uc(t)]dW (t), (3.1)
x(0) = xp, )

together with

T (e, v320) = E{ [ 11050, 2(0) + (ReOhuet), o)t + (GaalD), (7)) } (3.2)

Jo (te, v; 20) =E{/O [Y?[Iv]1? = (Qu(t)a(t), x(t)) — (Re(t)uc(t), uc(t)) |dt — (Gra(T), x(T)) } (3.3)
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where

:= [B11 Bi2 Bo11 Baiz Bais Bao1 Bay Bass Bsin Baia Bso1 Bsao B3y Bass),

.:= [D11 D13 Da11 D21a Dars Daoy Dago Dags Dsiy D31 D3y Doy D3y Dass],
. := block diag(R; Rz Ri11 Ri12 Ri13 Ri21 Riz2 Ri2s Ri11 Ri12 Ri21 Rige Risi Risa),

:= col[u1 uo1 w22 us1 uz2 Uss).

Theorem 3.1. For system (3.1), the following three statements are equivalent:
(i) The finite horizon Ha/Hy, control has a solution (uX(-),v*(-)) with

ue(t) = ©1(0)x(t), v (1) = O5(t)z(1).

(ii) There exists a closed-loop Nash equilibrium (©7,0;03,0).
(i1i) The coupled GDREs (generalized differential Riccati equations)

P+ P (A+EO;) +(A+EO5)TP +CTPC+Q
—(P\B.+C"P,D.)(R.+ D! PD,)"*(B] P, + D] P,C) =0, (3.4)
@; = —’}/—2ETP2, Pl(T) = G1, R. + DIPlDC > 0.

Py + Py(A+ B.©®") + (A+ B.O) P, + (C + D.O})" P,(C + D.O%)
— Q1 - (0]) RO} —7 *REE'P, =0, (3.5)
©; =—(R.+D]PD.)"Y (B P+ DI PC), PyT)=-G,

have a solution (Py(-), P2(+)) on [0,T]. If the solution of GDREs exists, then

1) The optimal strategies are given by

ui(t) = —(R.+ D] PD.)"Y(B] P, + D] P,C)x(t), v*(t) = -y 2E" Pyx(t). (3.6)

2) The cost functionals at equilibrium are

Jl(uz,v*;xo) = xJPl(O)xo, Jy(ug, v*5 o) = a:OTPg(O)xO.

3) The following inequalities hold:

Pi(t) >0, Py(t)<0, tel0,T].

Proof. For the implication (iii)=-(ii), applying the standard completion of squares argument and It6’s formula
to s — (Pa(s)z(s), x(s)), under the system (3.1), we have

T
E(G1z(T), z(T)) = —IE/ [((Py + P, A+ AT Py + CTPC)a,2) + 2((P2B. + C" PaD,)uc, z)
0

+ 2(PyEv, x) + <D;'—P2Dcuc, u)]dt — (P2 (0)zo, zo).
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Substituting for E(G12(T),z(T)) in J,(ue, v; o) gives

T
Jo (U, v;30) = E/ [72|v —O%x|® + <( — R, + DCTPQDC)uC,uC> — <( — R, + D;FPQDC)'LL;,UZ> (3.7)
0 .

+2{(P2B. + C" PyD,.)(uc — u}), z)]dt + (P2(0)xo, o),

which implies that
T
Jp(ul,v;x0) = (P2(0)zg, 20) + IE/ 72\11 — ®§x\2dt > (Py(0)xg, x0) = Jp(ul, v*;20). (3.8)
0

Accordingly, the second Nash inequality is derived. In addition, when v*(t) = —y~2E" Pyz(t) is implemented
in the state equation, it becomes

dz(t) = [(A— v ?EE" Py)z + Beu.]dt + [Cx + Deuc]dW,
z(0) =2

0,

Thus, minimizing

T
Jl(ucav*§x0) =E {/0 [<Q1:ZZ,:17> + <Rcucauc>]dt + <G1x(T)7$(T)>}

is a standard stochastic LQ optimization problem. By Theorem 5.2 of Sun et al. [42] and GDRE (3.4), applying
It6’s formula to s — (P1(s)z(s), z(s)), we have

E(G12(T), z(T)) = (P1(0)xo, o) + E/OT [((P1+ Pi(A+ EO}) + (A+ EO3) P+ CTP,C)a, x)

+2((P1Be + CTPiD.)uc, z) + (D} PiDeuc, uc)]dt.

Substituting E(G1z(T), z(T)) into J* (u., v*;20) gives

T
T (ue, v*;0) = (P1(0)x0, 20) + E/ ((Re+ DZPlDC)(uC — O1z),u. — Ofz)dt
0
> (Py(0)ao, x0) = J* (ug, v*; 20).
Hence, the first Nash inequality is derived.

The implication (ii)=-(iii) follows from Theorem 5.2 of Sun et al. [42].
For the implication (ii)=(i), the operator £ associated with the system

dz(t) = [Ax + Beul + Ev]dt 4+ [Cx + D.ul]dW,
2(0) = wo,

is defined as

L:LA(0,T;R™) — R, L(v(t)) = J(uf,v;zo), te][0,T].
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From Definition 2.2 and (3.8), ||£||j0,7] is

{fo [ Q1x, 1) (Rcuz,uz)]dt + (Glx(T),x(T))}

L1707y = sup
O (yeL2(0,T R ), vs£0, 20=0 E [1 o(t)2dt
—Jyp(u,v;20) +7°E fT lo(t)|2dt
= sup
v(-)€LZ(0,T;R"v), v#£0, o =0 EfO |U |2dt
—(Py(0)z0, z0) — ¥*E fo |v — O3z|2dt + y*E fo lv]2dt
= sup
v(-)EL2(0,T5R™v ), v#£0, zo=0 Efo |v|2dt
—~2E [T |v — ©32|2dt
= sup i L)T‘ sl +7% <A
v(-)EL2(0,T;R™v ), v£0, 20 =0 E [, |v|2dt
Thus, we get
11,7y < -

From the previous proof process, (ii) implies that
1Ll <7, JH(ug, v%520) < T (ue, v*520), (3.10)

where u}, v* are defined by (iii).
In order to obtain the implication (ii)=-(i), it suffices to show that ||£||jo,7) < 7 in (3.10) can be replaced by

H'C”[O,T] <7.
Following a similar line of argument as in [41]. Define an operator

Lo : L3(0,T;R™) — L&(0, T;R™)
v(t) = v(t) — ©5(t)x(t; ul, v; 0)
Lov(t) = v(t) — O3(t)z(t;ug, v;0),

where x(-;u}, v;0) denotes the solution of

{dx (t) = [(A+ B.O})z + Ev]dt + (C + D.OF)xdW (t),
(0) =0.

It is easy to see that Ly is a bounded linear operator and bijective, and that its inverse £ 1'is given by
Lyto(t) = o(t) + ©3(1)F ) (t),
where (") (-) is the solution of

dz(t) = [(A + B.O} + E63)7") + Ev]dt + (C + D.07)i"dW (1),
#(0) = 0.
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By the bounded inverse theorem, £5*' is bounded with ||£;![|>0. Thus from (3.8), we have

T
Vlvllfory — ' (i, v50) = Jo(ug,v;0) = 72E/ v — ©3a(t; ug, v; 0)[*dt
0

2

T

Y

=2l 2 Tl / w(O)Pdt > ol
0

for some sufficiently small € > 0, which yields || £||jo,7] < 7. The implication (ii)=(i) is complete.
For the implication (i)=-(ii), by Definition 2.2, (i)=-(ii) is obvious. O

By R, Be, D, and u., we can display and represent all elements in u*(-) as follows:

ug = col [UT Usy Uy Uy Uzp u§3],
= col [UE UTp U1y Upg Upg Upny Ugg Uog U311 Uie Uay Usgp Uszy Uszs ]v
ul;(t) = —(Ri + D),PyDy;) (B, P, + D], P,C)x(t), (3.11)
u3;;(t) = =(Rusj + DajjPrDaij) "' (Byy; Pr + Dy PLC)(t),
u3;i(t) = —(Ruji + Dg;; P Dsji) ™ (Bg;; Py + D4, PLC)a(t).

In other words, (3.11) is the team-optimal solution with H., constraint in three-level incentive system, and
the worst-case disturbance is v*(t) = —y 2E T Pyx(t).
For the sake of the discussion that follows, we set

Ry, := block diag(Rij1 Rij2 Riiz Ri1i Ri2i Risi),
B; := [Byi1 Baiz Baisz Bs1i Bsai Bssi |, Di := [Daj1 Daja Dais D31; Dsa; Dssi |,

then

u’;(t) = —(Ry; + D] PLD;)"Y (B, P, + D] P,C)x(t). (3.12)

ct

3.2. Nash equilibrium of Managerial Level 2

Based on the incentive given by Decision-making Level 1 ahead of time, two people in Managerial
Level 2 determine their strategies to achieve a Nash equilibrium by responding to the announced strategy of
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Decision-making Level 1. Assume incentive form of Decision-making Level 1 is the following feedback strategy:
uy4(t) = Fu( (), u2i(t), usni(t), usai(t), uszi(t), t) = —(R; + D{;P1Dy;) " (By;P1 + D, P\C)x

+ 27711] uzij + (Rugj + D21JP1D22J) 1(B;I;jpl + D;ijplc)x}
+ Z Cuij[usji + (Ruji + D3JZP1D3]Z) 1(B3TjiP1 + D?)Tjiplc)z]

_ [_ (R; + D{,P.Dy;)"Y(B;. P, + D7, +Zn1” Ruyj + D3, PiDai;) " (B3, P + D3, P,C)
Jj=1

3 3
+ Z Crij(Raji + DygjPrDsji) ' (B4 P1 + D;jiplc)] T+ Z Miju2ij + Z Crijusji
e ; ;

3 3 3
Z 145 (t)z(t) + Z Mij (t)uais (t) + Z Crij (t)us;i(t)

(3.13)
where

&1ij :=— (Ri + D{;P1D1;) " (B; Py + D, P,C) + mij(Ruij + Dg;; P1Daij) ™"

X (BzTijpl + DzTijpl )+ Cuij (Raji + D3jiP1D3ji) (BBjipl + DSjiPIC)a

and &155(t) € R™X™ nyy5(t) € R™eXm2i 0 (,5(t) € R™iX™3ii are (unknown) strategy parameter matrices
whose components are continuous functions of ¢ on the interval [0, T] respectively. Notice that

uy;(t) =T (f(t)a ud; (1), usy; (1), uze; (t), uzs; (t), t)

3 3 . 5 . (3.14)
= Z &1 (V)z(t) + Z Mg (H)usg; (1) + Z Cuiz (H)ug;; (t).
j=1 j=1 j=1
The worst-case disturbance v*(-) has the following closed-loop form

o (@)(t) = —y (O ET (O Pa(t)a(t). (3.15)

Then we substitute (3.13) and (3.15) into state equation (2.1) and cost functional for the ith of Managerial
Level 2 (2.3). By simplification, we have

2 3 3 2 2 3 3 2
dr = {Aaf +) 0 Bojugij + Z Z 3Jiu3ji:| dt + {Cm + ) Daijuzii + 3 DsjiUBji] aw

i=1 j=1 i=1 j=1 j=1i=1

2 (3.16)
[Am + Z BC,um} dt + {C’x + Z Dmum} dw,

i=1 i=1

x(0) = xp,
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jl'z(ucla Ue2s LE()) = E{ /0 [<Q21(t)$(t), x(t)> + 2 <.’L’(t), SQ,L(t)’U,CZ(t»

(3.17)
(Rt (O)es(t), et (6)) Jd + (G (T), 2(T)) }
where
Uci(t) := col[ugi1 (t) unia(t) uzis(t) usi(t) us2i(t) ussi(t)],
2 3 2 3
A:=A—~2FEE"P, + Z Z Bii&ij, C:=C+ Z Z D144,
i=1 j=1 i=1 j=1
Baij := Baij + Biimij,  Bsji i= Bsji + B1iC1ij,  Bei i= [Bai1 Bai2 Bais Bs1i Bsai Basil,
ij = Dajj iMij> i = Dsj; iC1ij, i = i i i i i il
Dayij := Daij + Dvimiij,  Dsji = Dsji + D1iCiij,  Dei := [Dai1 Daiz Daiz Ds1; Dsg; Dss;)
3 3 3
in = Q2 + (Zﬂrz‘j>Rzi<Z§1ij>, So; 1= Zf;'iji [7711'1 N1i2 M43 Cri1 Caz CliB]v
j=1 j=1 j=1
Roit + nijy Roimia N1 Raimio N1 Raimis
Rl = Mo R2imiin Roio + 15 Raintiz T , (3.18)
Mz R2iniit n1i3 Rainiz Raiz + 1,3 Rainnia
M RoiCiin i RoiClie ni RaiCuis 1 2
2 7 T T R R
Rei = | M R2iCiin M R2iCriz M RaiCuis | Ri=(p8 pi)s
MizReiCiit M3R2iCliz Mg RaiCuis o e
GaRoimin  aReimiz (i Raimuis
R:zi = C{EQRQinlil C;;2R2i771i2 C{EQR%UMS )
Cﬂstmm Cﬂstmuz Cﬂstmlw
Roti + (i RoiCin - (i Raiuie (i RaiCuas
Rl = (o RoiCiin Rosi + (foRaiCria (3o RaiCuis
(fiaR2iCia (fiaR2iCin Rosi + (13 R2iCuis
Next, Managerial Level 2 need to find the Nash equilibrium
(A () € TR0, TR a0 150) s L300, 3 RS O 1)),
such that
Jr(ul ubiwo) < JF(uer, ubys o),  J3(ul, uly;ze) < J5(ufi, ueas o), (3.19)

for any (te1 (), tea(+)) € LE(0, T3 R =1 m2154m01)) s [2(0, T3 RZ5=1 (Mo tmase)),

Definition 3.2. Let F(g) be a real-valued functional of g € L(0,T;R™). If F(g) > 0 for all g € L2(0,T;R"),
F(+) is said to be positive semidefinite. If furthermore, F'(g) > 0 for all g # 0, F is said to be positive definite.
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Lemma 3.3. Let (A1)-(A2) hold. For any zo € R", J2(u' ;(uc);x0) is convex (resp., strictly convex) in
uei(+) € LE(0,T; szzl(m%f*m“i)) if and only if J[(g:(+)) is positive semidefinite (resp., positive definite), where

T
Ji(g9:(-)) =E {/0 [(Qaiz, 2i) + 2(2, S2i9i) + (Reigi, 9i)] dt + (Gaiz((T), ZQ(T)>} :
and z}(+) satisfies:

(3.20)

dz{(t) = [AZ] + Beig;]dt + [Cz + D.igi]dW,
2(0) = 0.

Proof. We consider the case i = 1, and the proof is the same when i = 2. For any ¢ € R", fix u,, let 1(-), z2(-)

be the states of (3.16) corresponding ul; (), u2; (-), respectively. Taking any A; € [0, 1] and denoting Ag := 1 — Ay,
we get

M7 (uly, udy; o) + Ao 7 (uly, ubys wo) — JE(Muly + Aguly, udy; o)
T
= >\1)\2E{ / [(Qa1 (w1 — @2), 21 — x2) + 2 (w1 — T2, Sa1 () — uly))
0
(Rl = ) = )] A+ (G = 22)(D), (a1 = 22)(T) .

Denote g1 := ul; — u%, 2] := o1 — x5. Therefore, 2/ (-) is deterministic and satisfies (3.20). Hence

AT (g, uly; o) + Ao J7 (udy, ulys zo) — J7 (Mudy + Aguly, uly; zo) = MA2Ji (g1(:)),
and the lemma follows. O

Remark 3.4. When the coefficient matrix R.;(-) is sufficiently large, the convexity of JE(uer, uly; w9) and
J2(ul}, ue2; o) can usually be ensured.

We give the following assumption:

(A3) For i = 1,2, Re;(-) > 0.

For Managerial Level 2, in order to obtain the ith player’s Nash equilibrium strategies, the following result
can be derived through by Theorem 2.2.1 of [43].

Proposition 3.5. Let (A1)-(A3) hold. Suppose the attenuation index vy is sufficiently large. Then, (u;(+), ub(+))
s an open-loop Nash equilibrium if and only if the stationary condition is satisfied:
{5;1(?5)95(?5) + Rer(t)ugy (1) + BA(D)F(t) + DL (DZ() =0, t€[0,T], P-as.,

) +BLAOY () + DL Z(t) =0, te[0,T]), P-as.,

S
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=
~
>
9]
)
=
S
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.
3
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!
&
-
&
)
3
&5
=
)
le)
&
S
)
~
<

dz = [AZ 4 Beuly + Beoub|dt 4+ [CZ + Deul; + Deouly | dW,
dj = —[AT§+ CTz+ Qu + Soyuli|dt + zdW, (3.21)
i(O) = 2o, g(T) = GZlf%(T)a
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dz = [AZ 4 Beuy + Beoub|dt 4+ [CZ + Deul; + Deouly|dW,

AY = —[ATY + CTZ + Qa2 + Sppuby]dt + ZdW, (3.22)
#(0) =z, Y(T) = Gori(T).

Moreover, the Nash equilibrium becomes

— _p1 T (i BT (t)§ DT (¢)z -a.s.
{ujl(t)— ﬁ“‘f (t)[S9, (1) (t) 1(t)y(t)++Dcl(t) 1], t€[0.1], P-as., (3.23)

ub(t) = =Ry ()95 (1)(1) DhH(t)Z(1)], te[0,T], P-as.

To obtain the closed-loop representation of Nash equilibrium, plugging (3.23) into (3.21) and (3.22), we have
the following Hamiltonian system:

dz =[(A — BaR;'S3, — BoR5'S9)% — BaR,'Blij — BaR;'D/\ 2
— BooR'BLY — BeoR,' D5, Z)dt
+ [(C = D1 R;' S5, — DeoR 3! S95)& — DaRy' B\j — DeaR;' D]\ 2
— DRy BLY — DesR,' DS Z]aw, (3.24)
dj =— [(A = BaR;'Sy;) "5+ (C — DeaR1'S3)) T2 + (Qa1 — Sa1 Ry Sy )&]dt + zdW,
dY = — [(A = BaaR3'S3,) Y 4+ (C — DeaRy' S95) ' Z + (Qa2 — Soa Ry’ S| dt + ZdW,
#(0) =9, G(T) = Go1i(T), Y(T)= Gapi(T).

. e - o
Y= (}%) Z:= (Z) By := (—-BaR;'Bl, —BoRj'Bl),

BQ = (*Bcch_fD;rl 7Bc2Rc_21D(—~r2) ) Dl = (7D61RC_11331 7D62RC_21§;B> )
- - A— B4R;'S), 0 (3.25)
Dy = (~-DaR;'D], —DaRy'DL), A= ( 0o Al QR‘;SJQ)’
c c
Co— C—-DaR;i'Sy, 0 Q- Qa1 — Sa1 R, S5, G.— (G=
: 0 C — DR S5, ) T\ Qa2 — S22R' S ) T\ G )

Then (3.24) can be rewrite as follows:

dZ = [(A— BaR;' Sy, — BeaRyy' S55)% + B1Y + ByZ]dt
+ [(C — DaaR'Sy; — DeaRy' Sop) 7 + D1 Y + DoZ]dW,
dY = —[ATY + C'Z + Qzdt + ZdW,
#(0) = 29, Y(T)=G&(T).

(3.26)
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Proposition 3.6. Suppose that the following equation

2
I+ H(A — Z BciRcilS;> + BT+ AT+ Q+ (CT + IBy)(I — Dy)~*
=1

(3.27)

2
x (HC’ — > TDuiR;'Sy; + H]D)1H> =0, IT)=G,
i=1

admits a solution I1(-) such that I — 1Dy has bounded inverse, then the Nash equilibrium (3.23) has the following
representation:

2
ul(t) = -R;! [S; + (B4 0)II+ (D), 0)(I-IDy)* <1‘IC — Z D, RSy + HDll'I)]:E(t),
=1

(3.28)
2
ulh(t) = —R {SQTQ +(0 BL)I+(0 DS)(I—1IDy)~" (Hc = Z D RSy, + HD1H>]§J(t),
=1
where Z(-) satisfies
2
di = |A— BaR'Sy; — BeaRy' Soy + ByIT + By (I — TIDy) ~* (HC — Y IDuR;'Sy, + HID)JI) Zdt
i=1
2
+|C = D R}'Sq; — Dea Ry Sgp + DT + Dy (1 — TID,) ! (HC - Z D RSy, + HID)1H> EdW,
=1
(3.29)
o IT,
Proof. Let Y = Iz with II = (H ), we have
2
2
Z = (I —TIDy)~* (HC - Z D RSy, + H]D)lﬂ)i =¥z,
1=1
with ¥ = <§1>, and II satisfies (3.27), the proof is omitted here. O
2

For (3.13) to become the incentive strategy of Decision-making Level 1, (3.28) must be matched with the
corresponding team-optimal strategies of Managerial Level 2 and Executive Level 3 from some conditions. We
assume that the following equation holds:

ufi(t) = uy(t),  telo,T]. (3.30)

Proposition 3.7. When the relation (3.30) holds, &(t) = Z(t), where Z(-) is the closed-loop state process
corresponding to (xq, ©7%,0,0%5,0) in Theorem 3.1.
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Proof. By the closed-loop system, let Z(-) = z(-;u},v*) be the closed-loop state process corresponding to
('TOa G)Tv Oa 637 0)

dz = [AZ + B.u} + Ev*|dt + [Cﬁc + D u*]dW

{(A ~2EET P)E + Z Byul; + Z Z Boijul;; + Z Z Bgﬂugﬂ]

11]1 j=11i=1

|:CI + Z Dhul, + Z Z DQl]”Qz] + Z Z D3J1u3]1:| dw.

=1 5=1 Jj=11i=1

(3.31)

Plugging (3.14) into (3.31), we get

2 3 2 3 3 2
dz = KA ~vEETP+ > ) Blifli]‘)l‘ + ) ) (Baij + Bumigusy; + > (Bsji + BliClij)Ugji:| de
i=1 j=1 =1 j=1 j=1 =1
R 2 3 3 2
+ [(C +Y ) Dufuj)w + )0 (Daij + Dygmuij)usy; + > > (Dsji + Du‘Cu‘j)U;ji] dw,
i=1 j=1 i=1 j=1 j=1i=1
(3.32)
By Proposition 3.5 and notations (3.18), we have
2 3 2 3 3 2
dz = |:<A - ,Y*QEETPQ + Z Z Bliflij)j + Z BQZJ + Bhr]lw u2” + Z Z(ngi + Bliclij)“;ﬁ} dt
i=1 j=1 =1 j=1 j=1i=1
2 3 2 3 3 2
+ [(C +Y Y Duflz‘j)i‘ + )0 (Daij + Dyimij)ugy; + > > (Dsji + DliClij)u;_ji] dw,
i=1 j=1 =1 j=1 j=1i=1
LZ'(O) = 2o,
(3.33)

then the subtraction of these two equations yields the following equation:

2 3
d(F—1z) = (A YPEE'P+) ) Bhgl,])( 7)dt + (C + Z Z Dhgl”) z)dW,
1j=1 1—1 (3.34)
=1 j= =1 j=
(z —z)(0) =0.
Obviously, Z(-) — Z(-) = 0 is the solution to the above equation. Therefore,
z(t) = z(t), te 0,17, P-a.s.

The proof is complete. O

When the relation (3.30) holds, for i = 1,2, it can be expressed briefly as follows:

|RSH(S3, + B + DLX) = (Rag + D D)™ (B] Py + DT PLC) (1) = 0, 535
te0,T), P-a.s. '
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Remark 3.8. In fact, equation (3.35) contains twelve equations, in which 71,5, (1;; and the solution II(-) of
equation (3.27) are mutually coupled.

Summarizing what is stated above, we obtain the theorem with the incentive strategy of Decision-making
Level 1 under the additional condition.

Theorem 3.9. Let (A1)-(A8) hold, suppose the attenuation v is sufficiently large. If there exist matriz-valued
functions ny;; and (5;; such that (5.27) admits solution 11*(-), satisfying equation (5.35), then there exists the
incentive strateqy set of Decision-making Level 1 in the three-level incentive Stackelberg game under the Hy,
constraint with multiple leaders and multiple followers (2.1)-(2.4), given by

Fi (a?(t), u2i(t), U314 (t), u32; (t), U33i(t), t)

2 3 3 (3.36)
= Zﬁfij(t)x(t) + Z nfij(t)uﬁj(t) + Z qij(t)“fiji(t)a
= =1 j=1

where

&ij = —(Ri+ D{;P\D1;) " (Bf;P1 + D;P\C) + n};;(Ruij + Dy;; Py Do) ™"
X (Bgy; Py + Dyg;; PLC) + (fi5(Ruji + D35, Py D3ji) ' (Bs;; Py + Dy, PLC).

Proof. The proof is obvious from what is stated prior to Theorem 3.9, we omit it here. O

Remark 3.10. We notice that the following equation holds, which will be used next:

uy;(t) = (@), ug; (8), uzy; (), usg; (1), uis (), t)

3 3 3 (3.37)
= foij (t)z(t) + anij(t)uzij(t) + Z (i (B)ug;(0).
=1 j=1 =1

&1ij» My and (f;; depend on the initial state value xg, because the equation (3.35) includes the closed-loop
team-optimal trajectory Z(-), which depends on zg.

3.3. Nash equilibrium of Executive Level 3

Since a sufficient condition for the incentive strategy for Decision-making Level 1 has been obtained by
Theorem 3.9, we will derive one for Managerial Level 2 next. Decision-making Level 1 announces the incentive
strategy (3.36) and Managerial Level 2 announces the incentive strategy ahead of time, three people in Executive
Level 3 determine their strategies to achieve a Nash equilibrium by responding to the announced strategy of
Decision-making Level 1 and Managerial Level 2.

We consider the following announced strategy of the ith of Managerial Level 2:

waij(t) = Taij (2(), uzji(t),t) = —(Risj + Dy;;PrDaij) ' (Byy; P + Dy PiC)
+ paij [usji + (Ruji + Dg,TjiP1D3ji)_1(BgTjiP1 + DgTjiP10)33}
= [ = (Ruij + Dqy; P1Daij) " (Byy; PL + D3y ; PLC) + paij(Ryji + Daj; PLDsji)
x (B3P + D3, PLO)| @ + pasjusji == 0255 (1) (t) + p2ij (t)ussi(t),

(3.38)
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and 6g;;(t) € R™25%7  po,i(t) € R™M2iX™s5i are (unknown) strategy parameter matrices whose components are
continuous functions of ¢ on the interval [0, T] respectively. Notice that

U345 (t) = Lra(@(t), u3;(2), 8) = O2i5 (1) (t) + paij (t)uz;; (1) (3.39)

Substituting (3.36), (3.38) and (3.15) into state equation (2.1) and cost functional for the jth member of
Executive Level 3 (2.4), we will get

3 2 3 2
dx = |:A$ + Z Z B3j1u3j1:| dt + |: Z Z ﬁ ]2U3]z:|
j=1i=1 j=1i=1
3 4
= |:ACE + Z B3j’lL3j:| dt + |:é$ + Z bgju;gj:| dVV, (3 0)
2(0) = xo,
— T ~
B vasizn) =B [ [(Qus0)o(e). o) + 2 o(0), Sy 0y (1)
0 (3.41)

T (R (t)usy (6, sy (1) ]t + (Gjae(T), 2(T)) }

where
2 3 2 3
A:=A—y’EETP + Z Z Bii(&1i5 + miij02i5) + Z Z Bs;j02i,
i=1 j=1 i=1 j=1
2 3 2 3
Ci=C+Y > Dl + i) + > D Daijbaij,  us;(t) = col[ugj (t) ugja(t)],
i=1 j=1 i=1 j=1

Byji = Bui(nis;02i5 + (i) + Baijpaij + Baji,  Daji = Dua(niijpaij + Ciij) + Daigpaij + Daji,
2

Bsj = (Bsji  Bsja) . Dyj = (Dsj1 Dsja), Q35 = Qaj + Z%Tinsij%m

i=1

Rsj1 + pay i Ra1jpa1j 0
Ssi = (04, Rs1;p21; 0O39:Rsoipaoi), Rs;:= y] 215483150215 .
3j ( 21113150215 22 32]p22j) 33 0 R3jo + P;—ijSQjPsz

Next, Executive Level 3 need to find the Nash equilibrium (g1 (+), @s2(:), @s3(:)) € Us1 X Usa X Uss, such that

J3 (31, Usa, Uss; wo) < Ji (ust, Usz, Uss; To)s
J3 (i1, Uz2, Uss; w0) < J; (W31, usz, U333 To), (3.42)
j:?(ﬂ?mﬂszﬂgs;xo) < 3(u31,u32,U33;x0),

i.e., for j=1,2,3,
TP (i1, Us2, Uss; wo) < J; (i—3;(us;); To),

for any (usi(-), us2(+), uss(-)) € Usy X Usa X Uss.
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Lemma 3.11. Let (A1)-(A8) hold. For any xy € R™, jjg(ﬂ_gj(Ugj);l'o) is convex (resp., strictly convex) in
uz;(-) € L]%(O,T;RZ?:l msii) if and only if J} (hj(-)) is positive semidefinite (resp., positive definite), where

T
lel(hj()) = E {/0 |:<Q3jZ;/, Z;/> -+ 2 <Z;-/, nghj> + <R3jh]‘, hj>] dt + <G332’§/(T),Z;/(T)>} y

and zj/ () satisfies:

{dz;'(t) = [A2}] + Bsjh;]dt + [Cz! + DsjhyldW, (3.43)
27(0) = 0.
Proof. Similar to the proof of Lemma 3.3, we omit it. O

Remark 3.12. When Rj;(-) is sufficiently large, the convexity of jf(ﬂ_gj (usj); xo) can usually be ensured.

We introduce the following assumption:
(A4) The map h; +— J7(h;) is uniformly positive definite.

Proposition 3.13. Let (A1)-(A4) hold. Suppose the attenuation index ~ is sufficiently large. Then,
(u31(+), U32(+), us3(-)) is an open-loop Nash equilibrium if and only if stationary condition is satisfied:

Rs;(t)ts; () + Sg;(t)E(t) + Bs, ()3;(t) + Dd,;(8)2;(¢) =0, t€[0,T], P-as.,

where (£(-),9;(-), 2;(-)) satisfies the following FBSDE:

3 3
de = |: Aj; + Z B3ju3.7':| dt + |: AJAJ + Z DSj“Sj:l aw,
Jj=1 Jj=1

) ) R (3.44)
dij; = — {AT;;J- +C7 %5 + Qa8 + ngagj] + 2;dW,
.’2(0) = Xy, QJ(T) = ngi'(T)
Moreover, the Nash equilibrium becomes
ti3;(t) = =Ry, (t)[Sa; (1)@ (t) + Ba,; (t)i; (t) + Dg; (H)2;(1)], t€[0,T], P-as. (3.45)

Proof. The details are omitted here. O
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To obtain the state feedback representation of Nash equilibrium, plugging (3.45) into (3.44), we have the
following Hamiltonian system:

3 3 3
dz = KA - ZngRwlsgj)@ — Y Bs;Ry B — ZngjolD;jéj} dt

Jj=1 Jj=1 Jj=1

= [(C -3 ﬁijgjlsgj)f — Y DsiRy'Bii; — > ngR:,)le;jzj} aw,
j=1

Jj=1 j=1
R .. SO . (3.46)
dyl |:(A 331R31 531) Y1 + (C D31R31 531) 21 + (Q31 SglR S31):| dt + ZldI/V,
A = (A~ Bya Ry S5,) g + (C = Dsa R ST) 2 + (@ — Ssa Ry Sy)|dt + Z5aW,
Ay = ~| (A = Bys Ry S53) s + (C = Dy R S1) 2 + (Qas — Sy Ry STy) |t + 25dW,
£(0) =z0, G1(T) = Gna(T), G2(T) = Ga2(T), y3(T) = Ga32(T).
Set
(0 21 R R X R R R
Y:=|d2|, Z:=[%], Bi:=(-BsuRy'Byy —BsR3Bjy —Bs3Ry'Biy),
U3 Z3
By := (~Bs Ry Df;  —BsaRyy D3, —BssRyy' D) |
D, := (—=Ds1Ry' By, —DssRiyy Bjy —DasRay Bs)
Dy = (=Ds1Ry' D3, —DssRyy' Dy —DssRay D)
A — B3 R3!S3, 0 0 C:?:n — S31R3,' 53,
A= 0 A-BpRy'Sh, 0 , Q= | Qs — SRy 5% |,
0 0 A — Bs3R33 54, Q33 — S33R33 Sy
C—DuRy'S3, 0 0 G
C .= 0 C - D32R3 532 0 s G := G32
0 0 C - D33R§31 S;;, G33
We can express the Hamiltonian system (3.46) more compactly as follows:
A 3 A
di = K Z 33133]153,])1: +B,Y + Bzz} dt + [(O > Dg,jjols;j)f + DY + D,Z|dW,
=1 =t (3.47)
dY = —-[ATY + CTZ + Qz|dt + ZdW,
2(0) =z, Y(T)=Gz(T).
Proposition 3.14. Suppose that the following equation
o+ q»( Zng 3]153]) +AT®+OB1®+Q+ (C" +®By)(I — dDy) !
(3.48)

X <c1>é - Z ®Ds; Ry} Sy, + <I>D1<I>) =0, ®T)=G,
j=1
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admits a solution ®(-) such that I — ®Dy has bounded inverse, then the Nash equilibrium (3.45) has the following
representation:

31 (t) = —R3' {S; +(B; 0 0)@+(Dy; 0 0)(I—®Dy)™*
A 3 A
X (cpc — Y ®D3;Ry}' Sy, + OD 1 ® }i:(t),
j=1

lizo(t) = —R3y [532 +(0 B, 0)@+(0 D, 0)(I—®Dy)™*

3
X (@é — Z ®Ds; Ry} Sy, + @Dld))} i(t),
j=1

ﬁ33(t)—R3_31{S;3+(0 0 Bi)@+(0 0 DJ;)([I—oDy)™*

3 (3.49)
x (@é — > ®Ds;Ry} S5, + <I>D1<I>>} (1),
j=1
where Z(-) satisfies
3 3
di = [A — Y B3;R3'Sy; + Bi® + By(I — $D,) ! (@c — > ®Ds;R;}Sq; + <I>D1<I>>] adt
j=1 j=1
e O (3.50)
+ {c — > DsjRy}S5; + D1® + Dy(I — ®Dy) ™" <<1>c — Y ®Ds;Ry} Sy + @Dl@ﬂ &dW,
j=1 j=1
¢,
Proof. Let Y = &% with ® = | ®3 |, we have
UE]
~ 3 A
Z=(I-3Dy) ! <<1>c — Y ®Ds;Ry! Sy + <I>D1<I>)£ = Ug,
j=1
U,y
with ¥ = | Uy |, and @ satisfies (3.48). Then the Nash equilibrium (3.45) has the above representation (3.49).
£
O

For (3.38) to become the incentive strategy of Managerial Level 2, (3.49) must be matched with the
corresponding team-optimal strategies of Executive Level 3 from some conditions. We give the following
assumption:

sy (t) =y (),  tel0,T], (3.51)
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i.e.,

Ugi(t) = wip(t),  te€[0,T),  j=1,2,3 i=12 (3.52)
Proposition 3.15. When the relation (3.51) holds, &(t) = Z(t).
Proof. In fact, substituting (3.39) into (3.37), we have

3
uj; = Z [(ﬁij +n7402i5)7 + ((5 + Ufijﬂmj)ugji]- (3.53)
=1

By (3.53), (3.39) and (3.31), we achieve

2 3 2 3

dz = |:(A Y 2EETP2 + Z ZBM 512] + 771”0213 + Z ZB21]021j>
i=1j=1 =1 j=1
3
+ Z Z <B3]7 + BQlJPQIJ + Blz(nthZU =+ Cl?]))u3jl:| dt
Jj=11i=1
3 (3.54)
S [CES 9 SENCIRT NS 9) SN E
=1 j5=1 1=1 j=1
3 2
+ Z Z (D3ji + Daijpaij + D1i(n7;p2i; + Cfij)) u;,ji:l aw,
j=1i=1

Moreover, Z(-) satisfies

2 3 2 3
di = [(A — Y PEETPy+ ) Y Bu(&y +mii02i) + Y B2z‘j92ij>f7

i=1 j=1 i=1 j=1

3 2
+ Z Z <Blz nlsz%_] + Clz]) + B217/022_] + B3]z) u3jz:| dt

Jj=11i=1

S~ 2 3 (3.55)
|: C+ZZD1l 511] +7712J92’Lj +ZZD2U92”)

i=1 j=1 =1 j=1

3
+ Z Z <D1i(7ﬁijp2ij +(ij) + Daijpaij + DSji)USji:| aw,
j=1i=1
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Subtracting the above two equations under the constraint (3.52), we get

2 3 2 3
d(z —z) = |:A — ’}/72EETP2 + Z Z Bh(fik” + 77;']'021']') + Z Z BQZ']‘QQZ']'] (z — &)dt
i=1 j=1 i=1 j=1
2 3 2 3 . (356)
+ {C + Z Z D1 (755 + m14502i5) + Z Z D2ij92ij):| (z — &)dW,

i=1 j=1 i=1 j=1

(z—2)(0)=0.
Then, z(-) — Z(-) = 0 is the solution of this equation, we have
z(t) = (1), te0,77], P-a.s.
The proof is complete. O
When the relation (3.52) holds, it can be expressed briefly as follows,
— (Raji + p;—ini’)iijij)_l(p;’jRSijQZij + B:;rjiq)j + ﬁg—,l;z\lfj) + (Ryji + Dg—,l;-Z-P1D3ji)_1

(3.57)
x (Bg;PL+ D3, P.C)|Z(t) = 0.

From the above analysis, we obtain the following theorem.

Theorem 3.16. Let (A1)-(A4) hold, and suppose the attenuation «y is sufficiently large. If there exist matriz-

valued functions ps;; and 03, such that (3.48) admits solution ®*(-), satisfying equation (3.57), then there

exists the incentive strategy set of Managerial Level 2 in the three-level incentive Stackelberg game under the
H, constraint with multiple leaders and multiple followers (2.1)-(2.4), given by

05,5 (x(t), us;i(t), t) = 05;;(£)x(t) + p3;; (t)us;i(t), (3.58)
where
035 = —(Ruij + Dy PLD2ij) " (By;; PL + Dy, PLC) + p;;(Ruji + Dy PrDsji) ' (Bg;: Py + Dy, PLC),

3
U= (I — &*Dy) ! (@*é — ) " D3Ry Sy + <I>*D1c1>*>.
j=1

Proof. The proof is obvious from what is stated prior to Theorem 3.16, we omit the details. O
Remark 3.17. Notice that the following equation holds:
uZij(t) = F&j (z(t), u;ji(t)v t) = 9§ij(t)$(t) + p;ij(t)ugji(t)~ (3.59)

p5;; and 05, depend on the initial state value xo, because the equation (3.57) includes the closed-loop team-
optimal trajectory Z(-), which depends on xg.



26 N. XIANG AND J. SHI

4. A NUMERICAL EXAMPLE

In this section, we give a numerical example with three-level multi-leader-follower, to demonstrate the effec-
tiveness of our proposed incentive Stackelberg strategy set. Due to the close relationship between Hy/H, control
and the closed-loop Nash equilibrium of the corresponding two-person nonzero-sum game, the Hy/H ., optimal
control and the worst-case disturbance are the outcomes of the closed-loop Nash equilibrium rather than the

closed-loop representation of the open-loop Nash equilibrium.

Firstly, from the previous analysis in Section 3, we give an algorithm procedure to illustrate the process of

solving incentive Stackelberg equilibrium strategies.

Algorithm 1: Algorithm procedure of the incentive Stackelberg equilibrium strategies.

Input: Choose coefficients of the stochastic system (2.1)—(2.4).

1 Solve Py(+), P(-) from equation (3.4) and (3.5).
2 Obtain the closed-loop state trajectory Z(-) by (3.31).
Obtain the team-optimal strategy w}(-) and the worst-case disturbance v*(-) by (3.6).
Input: Equal division N, terminal values of n1;; and (1450 7145 (IV + 1), G145 (N +1).
for k=1 to N do

Calculate &1;;(N — k + 2) via (3.13).

Calculate the values of all matrices in (3.18) and (3.25) at time N — k + 2.

Solve II(N — k + 1) from equation (3.27), and calculate (N — k + 2).

w

w N o «os

Obtain Mij (N —k + 1) and glij(N —k + 1) by (335), and calculate 517](]\[ —k + 1)

Output: Incentive strategy parameters 77;;, (i;;, and &j;; for Decision-making Level 1.

Input: Terminal values of po;j: pai; (N + 1).
for k=1 to N do
Calculate 09;;(N — k + 2) via (3.38).
Calculate the values of all matrices mentioned in Section 3.3 at time N — k + 2.
Solve ®(N — k + 1) from equation (3.48), and calculate (N — k + 2).
Obtain pg;; (N — k + 1), and calculate 09;;(N — k + 1).

Output: Incentive strategy parameters p3;;, ¢3;; for Managerial Level 2.

SNV S

6 Obtain the incentive strategy sets of Decision-making Level 1 and Managerial Level 2 via (3.36) and

(3.58), respectively.

Example 4.1. The system coefficients are given as follows: A = 0.01, C = 0.01, £ = —0.1, By; = 0.65, Bi2
0.8, Dll = 0.4, D12 == 0.97 B211 = _0.1, 3212 == 0.27 B213 = 0.5, 3221 = 0.2, 3222 == _0.1, 3223 = 0.2, BSll
0.57 3312 - 0.1, 3321 = 0.57 3322 - 0.27 B331 = 0.57 3332 - 0.]., D211 - _0.]., D212 = 0.].7 D213 - 0.2, D221
0.57 D222 == _0.27 D223 == _0.97 D311 == 0.27 D312 == 0.1’ D321 = 0.27 D322 == 0.1, D331 == 0.5, D332 == 0.17 Ql ==
Q21 =8,02=04,Q31 =5,Q33 =3,Q32 =02, By = Ry =1, Ry11 = Ri12 =5, Rii3 = 1, Ri21 =5, Riga =
Ri23 =5, Ri11 =5, Ri12 =1, Rig1 =95, Rizo =1, Riz1 =1, Rizo =1, Roo1 =9, Ro12 =8, Ro13 = 1, Roon =
Raga = Raooz = 1, Ro11 = 3, Ro12 = 2, Roo1 = 4, Rogo = 1, Ro31 = Rago = 2, R311 = Raa1 = R3o2 = Rao3 =
R312 = 0.2, R313 = 0.3, R311 = R321 = R3ao = Raza = 1, R312 = 2, R331 = 0.5, G1 = Ga1 = G2 = 1, G

G333 =0.5, G32 = 0.2, o = 0.5, T = 0.8, and the disturbance attenuation level v = 10.

=

—_

= O

Consider the three-level multi-leader-follower incentive Stackelberg game with H., constraint by the

algorithm. We can give plots of the optimal state trajectory Z(-) and the team-optimal strategy wu’
col [UTl Ulp 51y Udrp U1z Udpy Udgy Udpz U311 U31p Ulpl Ulpn U3zl Ul ] in Figures 3 and 4, respectively.
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FI1GURE 3. The closed-loop state trajectory Z(-).
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FIGURE 4. The team-optimal strategy wu}(-).

In the meanwhile, the worst-case disturbance v*(+) is plotted in Figure 5.

Avoiding complex calculations, we only discuss the incentive for Decision-making Level 1, Managerial Level 2
being the same as it. Set N = 80, terminal values 71;; (/N + 1) and ¢1;;(IV + 1) are given as follows: 9111 (N +1) =
50, m12(N +1) =30, n113(N +1) = =20, n121(N +1) = =10, n122(N + 1) =40, 9123(N +1) =10, G111 (N +1) =
10, Gri2(N +1) = =10, C113(N + 1) = 10, Gi21(N + 1) = 10, Cr22(N + 1) = 20, C123(N + 1) = —10. Through
the algorithm above, we can derive plots of the moduli of incentive strategy parameters 7n7j;;, (i;; and £;; in

Figures 6-8 under the disturbance attenuation level 4 = 10. (Since these parameters are complex numbers, for
convenience, we only provide the images of their moduli.)
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FIGURE 6. The moduli of incentive strategy parameters nj,;(-).

The incentive intensities are very regular in the early stage. It can be roughly seen from Figures 6—8 that the
incentive cycle of Decision-making Level 1 is 0.03, but in the final stage, a drastic adjustment occurs to achieve
the team-optimal strategy. The figures and results are consistent with the theory of digital signal processing,
where the measured excitation signal is a periodic signal, and non-sinusoidal periodic signal excitation in radio
1), [45)).
Next, we investigate the impacts of the disturbance attenuation level v on the closed-loop state trajectory Z(-)
*(-). When the disturbance attenuation level -y takes these values in {1,10,100},
isturbance v*(+) is plotted in Figure 9, and Figures 10 and 11 depict the changes

and electronic engineering ([4

and team-optimal strategy u
the change of the worst-case d

Time

of the closed-loop state trajectory Z(-) and team-optimal strategy uX(-).



THREE-LEVEL MULTI-LEADER-FOLLOWER INCENTIVE STACKELBERG DIFFERENTIAL GAME WITH H,, CONSTRAINT29

20
B |xo0.14 X047
6t Y 15.61 Y 15.61
I.II it ||III .Ill'| III III |IIII f\ "I ﬁ IIlI'| f\ 'ill Ill' IIII| it |F'| 'Ill Ao

LY I|',II.| i .'I' A |'| .'I' I N .'I' A i A
LAVAVAVAY YAVAVAYAVANAVAVRVRVRAVRVAY I'\. NN u
12 r
1071

X014 X047

81 | Y 6.997 Y 6.997
o L/ \/
4
ok

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Time

FIGURE 7. The moduli of incentive strategy parameters (7;;(-).
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FIGURE 8. The moduli of incentive strategy parameters &7, (-).

In Figure 9, the higher disturbance attenuation level means that the measure of the worst possible impact of
stochastic disturbance on the system that players can accept is larger. In other words, players are not conservative
and remain optimistic about unknown risks. As a result, the worst-case disturbance v*(-) they consider will be
smaller. So the intensity of the team-optimal strategy u(-) they give will also be relatively small (Fig. 11).

Finally, we consider the impacts of terminal values of 71;; and (1;; on the moduli of incentive strategy
parameters 77, (i;; and &;;;. Consider the intensities (absolute values) of terminal values 71;;(N + 1) and
G4 (N + 1) become 50% of the original under the same disturbance attenuation level v = 10, which are given
as follows: 77111(N + 1) = 25, 7’]112(N + 1) = 15, ’17113(N + 1) = —107 77121(N + 1) = —5, ’17122(N + 1) = 20,
mas(N +1) =5, Guu(N +1) =5, Cri2(N +1) = =5, Cus(N +1) =5, G21(N + 1) =5, (122(N + 1) = 10,
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FIGURE 9. The impact of v on the worst-case disturbance v*(-).
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FIGURE 10. The impact of  on the closed-loop state trajectory Z(-).

C123(IN + 1) = —5. By the algorithm procedure, we get plots of the corresponding moduli of incentive strategy
parameters 77;;, (1;; and &f;; in Figures 12-14.

Compared to Figures 6-8, to make the intensities of terminal incentive parameters smaller, the incentive
strategy parameters’ intensities at the initial stage must be larger to achieve the same objective under the same
system, while the incentive cycle of Decision-making Level 1 remains unchanged (see Figs. 15-17).

Furthermore, as shown in Figures 15-17, when the terminal values of the incentive intensities becomes 50% of
the original values, the incentive intensities in the early stage are actually consistent with the original incentive
intensities (about the original terminal values) delayed by 0.01. In Figures 18-20, the cyan dashed lines are
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FIGURE 11. The impact of v on the team-optimal strategy w}(-).
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FIGURE 12. The impacts of 71;;(N + 1) and (155(IN + 1) on the moduli of ny;;(-).

obtained by translating the blue lines (original) to the right by 0.01 units. In the early stage, they completely
coincide with the red lines (new).

Remark 4.2. We have to emphasise that the algorithm procedure of solving incentive Stackelberg equilibrium
strategies depends on the terminal values of incentive strategy parameters 71;;(-), C145(-) and p2;;(-) to be
determined, which is a drawback of the algorithm.
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FIGURE 13. The impacts of 71;;(N + 1) and (145(N + 1) on the moduli of ¢f;;(-).
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FIGURE 14. The impacts of £1,;(N + 1) and &1;;(N + 1) on the moduli of £3,;(-).

5. CONCLUDING REMARKS

In this paper, we have studied a three-level multi-leader-follower incentive Stackelberg game with H., con-
straint, where the control variables and the external disturbance enter the diffusion term and drift term of
the state equation, respectively. Via Hs/Hs, control theory, convex analysis theory, maximum principle and
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FIGURE 16. The variation of ¢ with the terminal value 7:,;(IN 4+ 1) and (1;;(N +1).

decoupling technique, the three-level incentive Stackelberg strategy set is given. We derive sufficient conditions
for the three-level incentive Stackelberg game, and show that three-level incentive matrices depend on an initial
state value xg and the corresponding trajectory is equivalent to the optimal-team trajectory Z(-) after achieving
incentive. Numerical simulations are also given.

In the future, we will consider multi-leader-follower incentive Stackelberg differential game with partial obser-
vation, where both the leader and the followers have their own observation equations. Linear-quadratic mean
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field type multi-leader-follower incentive Stackelberg differential game is also an interesting and challenging
topic.
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