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OPTIMALITY CONDITIONS FOR A CLASS OF MULTI-OBJECTIVE

CONTROL PROBLEMS

Yanming Dong1 and Xu Liu2,*

Abstract. This paper is devoted to studying a class of infinite-dimensional multi-objective control
problems. First, an abstract linear system is driven by a leader control and two follower controls. For
each leader control, a pair of follower controls is searched for as a Nash equilibrium of the game problem,
while the aim of leader controls is to solve a constrained infinite-dimensional optimization problem.
The first-order necessary condition for solutions to this optimization problem is given through a finite
codimensionality condition. As applications, some multi-objective control problems for wave equations
and quasi-linear parabolic equations are studied, respectively.
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1. Introduction

Let Y , U , V1, V2 and W be Hilbert spaces, and E be a nonempty closed convex subset of Y . For T > 0, set
U = L2(0, T ;U), V1 = L2(0, T ;V1), V2 = L2(0, T ;V2) and H = C([0, T ];Y ). Assume that f0 : U × V1 × V2 → R
and f : U × V1 × V2 → Y are continuous. For two Banach spaces Z1 and Z2, we denote by L(Z1;Z2) the set of
all bounded linear operators from Z1 to Z2, and denote by Z∗ the dual space of a Banach space Z.

First, we consider the following controlled linear system:{
yt(t) = Ay(t) +Bu(t) + C1v1(t) + C2v2(t) t ∈ (0, T ),

y(0) = y0,
(1.1)

where (u, v1, v2) ∈ U × V1 × V2 is a triple of control variables, y ∈ H is the state variable, y0 ∈ Y is an initial
value, A : D(A) ⊆ Y → Y generates a C0-semigroup {S(t)}t≥0 on Y , B ∈ L(U ;Y ) and Ci ∈ L(Vi;Y ) for i = 1, 2.
For each fixed u ∈ U and i = 1, 2, consider the following functionals:

Ji(v1, v2;u) =
1

2

∫ T

0

∣∣Di[y(t)− yi,d(t)]
∣∣2
W
dt+

µi

2

∫ T

0

|vi(t)|2Vi
dt, ∀ vi ∈ Vi, (1.2)

where µ1, µ2 > 0, y1,d, y2,d ∈ L2(0, T ;Y ) and D1, D2 ∈ L(Y ;W ).
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For any given u ∈ U , a pair (v̄1, v̄2) ∈ V1 × V2 is called a Nash equilibrium for J1 and J2, if

J1(v̄1, v̄2;u) ≤ J1(v1, v̄2;u), ∀ v1 ∈ V1 and J2(v̄1, v̄2;u) ≤ J2(v̄1, v2;u), ∀ v2 ∈ V2. (1.3)

Note that a pair (v̄1, v̄2) ∈ V1 × V2 is a Nash equilibrium for J1 and J2, if and only if

J1,v1(v̄1, v̄2;u)v1 ≜ lim
r→0

J1(v̄1 + rv1, v̄2;u)− J1(v̄1, v̄2;u)

r
= 0, ∀ v1 ∈ V1, (1.4)

and

J2,v2(v̄1, v̄2;u)v2 ≜ lim
r→0

J2(v̄1, v̄2 + rv2;u)− J2(v̄1, v̄2;u)

r
= 0, ∀ v2 ∈ V2. (1.5)

It will be shown that for any given u ∈ U , there exists a unique Nash equilibrium (v̄1, v̄2) ∈ V1 × V2 for the
functionals J1 and J2.

Next, we study the following infinite-dimensional optimization problem:

(P) min
{
f0(u, L1(u), L2(u)) ∈ R

∣∣∣ f(u, L1(u), L2(u)) ∈ E and u ∈ K
}
,

where K ⊆ U is a closed convex subset, and (L1(u), L2(u)) denotes the Nash equilibrium for the functionals J1
and J2 associated to u ∈ K. Suppose that ū ∈ K is a solution to the problem (P), that is,

f0(ū, L1(ū), L2(ū)) = min
{
f0(u, L1(u), L2(u)) ∈ R

∣∣∣ f(u, L1(u), L2(u)) ∈ E and u ∈ K
}
.

The purpose of this paper is to present a first-order necessary condition for the solution ū to (P).
The problem proposed above is a multi-objective control problem. In the system (1), the triple (u, v1, v2) of

controls may be divided into two levels. The leader control u is dominant, and decisions of follower controls
(v1, v2) are influenced by it. For any leader control, a pair of follower controls is searched for such that the
functionals J1 and J2 have a Nash equilibrium. Then, the leader control is characterized as a solution to a
constrained infinite-dimensional optimization problem. As an example in practice, strategies of government in
a city may be regarded as leader controls and different decisions of some real estate agencies serve as follower
controls. This multi-objective control problem is to find a strategy of the government, according to which,
the decisions of these agencies can reach a Nash equilibrium in the game. Meanwhile, the behaviors of the
government and agencies keep housing price as close to expected and reduce cost as possible.

Up to now, there are numerous works on multi-objective control problems of partial differential equations.
We refer to [1–12] and references therein for some known results in this respect. In the above existing works,
the existence of hierarchical controls was discussed and some of them may be regarded as a special type of
the problem (P). For example, in [3], Stackelberg-Nash strategies to control linear parabolic equations were
studied. For any leader control, a couple of follower controls is given as a Nash equilibrium for the functionals
J1 and J2. The leader control is responsible for null controllability with minimum control cost, that is, in the
optimization problem (P), E = {0}, f(u, L1(u), L2(u)) = y(·, T ) and f0(u, L1(u), L2(u)) = |u|2L2(O×(0,T )) with
O being a nonempty open subset of Rn, where y is the solution to a linear parabolic equation with the leader
control u and the follower controls (L1(u), L2(u)). This paper is mainly concerned with first-order necessary
conditions for solutions to the problem (P).

The rest of this paper is organized as follows. In Section 2, we characterize a Nash equilibrium for the
functionals J1 and J2 for any given leader control. Section 3 is devoted to giving a first-order necessary condition
for solutions to the optimization problem (P) by finite codimensionality. In Section 4, as applications, two
examples on wave and quasi-linear parabolic equations are given, respectively.
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2. Characterization on nash equilibrium

For a linear densely defined operator A : D(A) ⊆W1 →W2 with two Hilbert spaces W1 and W2, we denote
by A′ : D(A′) ⊆W2 →W1 its adjoint operator, and

(Az, w)W2 = (z,A′w)W1 , ∀ w ∈ D(A′) and z ∈ D(A).

Further, we denote by A∗ : D(A∗) ⊆W ∗
2 →W ∗

1 its conjugate operator, and

⟨w,Az⟩W∗
2 ,W2

= ⟨A∗w, z⟩W∗
1 ,W1

, ∀ w ∈ D(A∗) and z ∈ D(A).

Here and hereafter, we use (·, ·)Z to denote the inner product of a Hilbert space Z, and ⟨·, ·⟩Z∗,Z to denote the
dual product between Z∗ and Z.

Since W1 and W2 are two Hilbert spaces, there is an isometric isomorphism between Wi and W
∗
i for i = 1, 2.

Hence, A∗ and A′ only differ by an isometric isomorphism. The notation of adjoint operators for linear densely
defined operators is used in this and subsequent sections, while the notation of conjugate operators will be used
in Sections 3–4.

As usual, for any given u ∈ U , a Nash equilibrium for the functionals J1 and J2 may be represented as
solutions to a coupled linear system.

Proposition 2.1. For any given u ∈ U , a Nash equilibrium (v̄1, v̄2) ∈ V1 × V2 for the functionals J1 and J2 is
given by

v̄i(·) = − 1

µi
C ′

ipi(·), i = 1, 2, (2.1)

where (y, p1, p2) ∈ H3 satisfy the following coupled system:

yt(t) = Ay(t) +Bu(t)− 1
µ1
C1C

′
1p1(t)− 1

µ2
C2C

′
2p2(t) t ∈ (0, T ),

p1,t(t) = −A′p1(t)−D′
1D1[y(t)− y1,d(t)] t ∈ (0, T ),

p2,t(t) = −A′p2(t)−D′
2D2[y(t)− y2,d(t)] t ∈ (0, T ),

y(0) = y0, p1(T ) = p2(T ) = 0.

(2.2)

Proof. First, by (1.4), for a Nash equilibrium (v̄1, v̄2) ∈ V1 × V2 for J1 and J2, it holds that

J1,v1(v̄1, v̄2;u)v1

=

∫ T

0

(
D1[y(t)− y1,d(t)], D1y1(t)

)
W
dt+ µ1

∫ T

0

(v̄1(t), v1(t))V1
dt = 0, ∀ v1 ∈ V1,

(2.3)

where y ∈ H satisfies {
yt(t) = Ay(t) +Bu(t) + C1v̄1(t) + C2v̄2(t) t ∈ (0, T ),

y(0) = y0,

and y1 ∈ H satisfies {
y1,t(t) = Ay1(t) + C1v1(t) t ∈ (0, T ),

y1(0) = 0.
(2.4)
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In the same way, by (1.5), for any v2 ∈ V2, it holds that

∫ T

0

(
D2[y(t)− y2,d(t)], D2y2(t)

)
W
dt+ µ2

∫ T

0

(v̄2(t), v2(t))V2
dt = 0, (2.5)

where y2 ∈ H satisfies {
y2,t(t) = Ay2(t) + C2v2(t) t ∈ (0, T ),

y2(0) = 0.
(2.6)

Taking the inner product between p1 and the first equation of (2.4), and between p2 and the first equation
of (2.6), respectively, and integrating the associated equalities in [0, T ], we get that

(yi(T ), pi(T ))Y −
∫ T

0

(yi(t), pi,t(t))Y dt =

∫ T

0

[
(yi(t), A

′pi(t))Y + (vi(t), C
′
ipi(t))Vi

]
dt, i = 1, 2,

which, together with (2.2), implies that

∫ T

0

(vi(t), C
′
ipi(t))Vidt =

∫ T

0

(yi(t), D
′
iDi[y(t)− yi,d(t)])Y dt, i = 1, 2.

By (2.3) and (2.5), (2.1) holds and the proof is completed.

In the following, we apply Proposition 2.1 to give the following examples on heat and wave equations.

Example 2.2. First, denote by Ω a nonempty bounded open subset of Rn with smooth boundary Γ. Let O,
O1, O2, O1,d and O2,d be open subsets of Ω. Set Q = Ω × (0, T ), Σ = Γ × (0, T ), Y = U = W = L2(Ω) and
Vi = L2(Oi) for i = 1, 2. In the system (1), we set A = ∆ with D(A) = H2(Ω) ∩H1

0 (Ω), B = χO, Ci = χOi
,

Di =
√
αiχOi,d

and yi,d ∈ L2(Q) for i = 1, 2, where α1 and α2 are any given positive constants, and χω denotes
the characteristic function of the set ω in Rn. Then A′ = A, C ′

i = Ci for i = 1, 2, (1) becomes the following heat
equation: 

yt −∆y = χOu+ χO1
v1 + χO2

v2 in Q,

y = 0 on Σ,

y(x, 0) = y0(x) in Ω,

(2.7)

and the functionals Ji are as follows:

Ji(v1, v2;u) =
αi

2

∫ T

0

∫
Oi,d

|y − yi,d|2dxdt+
µi

2

∫ T

0

∫
Oi

|vi|2dxdt, i = 1, 2, (2.8)

where y is the solution to (2.7).
By Proposition 2.1, for any u ∈ L2(Q), the associated Nash equilibrium for J1 and J2 is given by

v̄i = − 1

µi
χOipi, i = 1, 2,
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where p1 and p2 satisfy the following coupled system:

yt −∆y = χOu− 1
µ1
χO1p1 − 1

µ2
χO2p2 in Q,

p1,t +∆p1 = −α1χO1,d
(y − y1,d) in Q,

p2,t +∆p2 = −α2χO2,d
(y − y2,d) in Q,

y = 0, p1 = p2 = 0 on Σ,

y(x, 0) = y0(x), p1(x, T ) = p2(x, T ) = 0 in Ω.

On the other hand, set Y = W = H1
0 (Ω) × L2(Ω), U = L2(Ω) and Vi = L2(Oi) for i = 1, 2. In the system

(1), we set D(A) =
(
H2(Ω) ∩H1

0 (Ω)
)
×H1

0 (Ω),

A =

(
0 1
∆ 0

)
, B =

(
0
χO

)
, Ci =

(
0
χOi

)
and Di =

(
0 0√

αiχOi,d
0

)
.

Then,

A′ = −A = −
(

0 1
∆ 0

)
, C ′

i = (0 χOi) , D′
i =

(
0 −√

αi∆
−1(χOi,d

·)
0 0

)
,

(1) becomes the following wave equation:
ytt −∆y = χOu+ χO1v1 + χO2v2 in Q,

y = 0 on Σ,

y(x, 0) = y10(x), yt(x, 0) = y20(x) in Ω,

(2.9)

with (y10 , y
2
0)

⊤ ∈ Y , and the functionals J1 and J2 are as follows:

Ji(v1, v2;u) =
αi

2

∫ T

0

∫
Oi,d

|y − yi,d|2dxdt+
µi

2

∫ T

0

∫
Oi

|vi|2dxdt, i = 1, 2,

where y is the solution to (2.9) and yi,d ∈ L2(0, T ;H1
0 (Ω)).

By Proposition 2.1, for any u ∈ L2(Q), the associated Nash equilibrium for J1 and J2 is given by

v̄i = − 1

µi
χOi

pi, i = 1, 2,

where p1 and p2 satisfy the following coupled system:

ytt −∆y = χOu− 1
µ1
χO1

p1 − 1
µ2
χO2

p2 in Q,

p1,tt −∆p1 = α1χO1,d
(y − y1,d) in Q,

p2,tt −∆p2 = α2χO2,d
(y − y2,d) in Q,

y = 0, p1 = p2 = 0 on Σ,

y(x, 0) = y10(x), yt(x, 0) = y20(x) in Ω,

p1(x, T ) = p1,t(x, T ) = p2(x, T ) = p2,t(x, T ) = 0 in Ω.

The above example presents the expressions of Nash equilibrium for linear heat and wave equations, which
have been given in the existing works, respectively.
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3. Necessary condition for solutions to an optimization problem

In this section, we use a finite codimensionality condition to establish a first-order necessary condition for
solutions to the problem (P). Then, some verification inequalities for this condition are given.

3.1. First-order necessary condition

First, suppose that f0 : U × V1 × V2 → R and f : U × V1 × V2 → Y are continuously Fréchet differentiable.
Assume that ū ∈ K is a solution to the problem (P), that is,

f0(ū, L1(ū), L2(ū)) = min
{
f0(u, L1(u), L2(u)) ∈ R

∣∣∣ f(u, L1(u), L2(u)) ∈ E and u ∈ K
}
,

where (L1(u), L2(u)) is the Nash equilibrium for the functionals J1 and J2 corresponding to u ∈ K. By
Proposition 2.1, L1(u) = − 1

µ1
C ′

1p1(·) and L2(u) = − 1
µ2
C ′

2p2(·), where p1(·) and p2(·) satisfy the coupled system

(2.2).

Consider the following controlled linear system:
ỹt(t) = Aỹ(t) +B[v(t)− ū(t)]− 1

µ1
C1C

′
1p̃1(t)− 1

µ2
C2C

′
2p̃2(t) t ∈ (0, T ),

p̃1,t(t) = −A′p̃1(t)−D′
1D1ỹ(t) t ∈ (0, T ),

p̃2,t(t) = −A′p̃2(t)−D′
2D2ỹ(t) t ∈ (0, T ),

ỹ(0) = p̃1(T ) = p̃2(T ) = 0,

(3.1)

where A,B,C1, C2, D1, D2, µ1 and µ2 are the same as those in (1) and (1.2). Define the set

M =
{
η1∈Y

∣∣∣ η1=fu(ū, L1(ū), L2(ū))(v − ū)−
2∑

i=1

1

µi
fvi(ū, L1(ū), L2(ū))(C

′
ip̃i),

for some v ∈ K satisfying |v − ū|U ≤ 1
}
,

(3.2)

where fu, fv1 and fv2 denote the Fréchet derivative operators of f = f(u, v1, v2) with respect to u, v1 and v2,
respectively.

Next, we recall some concepts concerning finite codimensionality (see [13], Def. 1.5, P. 134). For a subset
D0 of Y , denote by co

(
D0) and span

{
D0

}
, respectively, the closed convex hull of D0 and closure of the linear

subspace span
{
D0

}
spanned by D0.

Definition 3.1. A linear subspace Y1 of Y is called finite codimensional, if there exists m ∈ N and linearly
independent y1, y2, · · · , ym ∈ Y \ Y1, such that

Y1 + span
{
y1, y2, · · · , ym

}
= Y.

Definition 3.2. A subset D of Y is called finite codimensional in Y , if there exists a ỹ∗ ∈ coD, such that

(i) span
{
D − ỹ∗

}
is a finite codimensional subspace of Y ; and

(ii) co
(
D − ỹ∗

)
has at least one interior point in span

{
D − ỹ∗

}
.

The main result of this section is the following necessary condition on the solution ū to (P).

Theorem 3.3. Assume that the set M − E is finite codimensional in Y . Then there exists a non-zero pair
(ψ0, ψ) ∈ R × Y ∗ and a sufficiently large positive constant µ∗, such that for any µ1, µ2 ≥ µ∗, the following
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necessary condition for the solution ū to the problem (P) holds:

ψ0η
0 + ⟨ψ, η1⟩Y ∗,Y ≥ 0, ∀ v ∈ K (3.3)

with 
η0 = f0,u(ū, L1(ū), L2(ū))(v − ū)−

2∑
i=1

1

µi
f0,vi(ū, L1(ū), L2(ū))

(
C ′

ip̃i
)
,

η1 = fu(ū, L1(ū), L2(ū))(v − ū)−
2∑

i=1

1

µi
fvi(ū, L1(ū), L2(ū))

(
C ′

ip̃i
)
,

where (p̃1, p̃2) ∈ H2 are the solutions to the system (3.1). In addition, it holds that

⟨ψ, e− f(ū, L1(ū), L2(ū))⟩Y ∗,Y ≤ 0, ∀ e ∈ E. (3.4)

Proof. Similar to the arguments in [13, 14] and [15], we give a sketch of the proof and it is divided into three
parts.

Step 1. For any ε ∈ (0, 1) and u ∈ K, set

f̂0(u, L1(u), L2(u)) = f0(u, L1(u), L2(u))− f0(ū, L1(ū), L2(ū))

and

Jε(u) =
[∣∣dist(f(u, L1(u), L2(u)), E

)∣∣2 + ∣∣f̂0(u, L1(u), L2(u)) + ε
∣∣2] 1

2

,

where dist(·, E) denotes the distance function, and for any y∗ ∈ Y , dist(y∗, E) = inf
{
|y∗ − e|Y ∈ R | e ∈ E

}
.

Then Jε(·) is continuous on K and Jε(ū) = ε ≤ inf
u∈K

Jε(u) + ε.

By the Ekeland variational principle, there exists a uε ∈ K, such that Jε(uε) ≤ Jε(ū), |uε − ū|U ≤
√
ε, and

Jε(uε) ≤ Jε(v) +
√
ε|uε − v|U , ∀ v ∈ K. (3.5)

For any ρ ∈ (0, 1) and v ∈ K, set uρε = uε + ρ(v− uε). Then u
ρ
ε ∈ K, and by the definition of Jε, it holds that

Jε(u
ρ
ε)− Jε(uε)

=

∣∣f̂0(uρε , L1(u
ρ
ε), L2(u

ρ
ε)) + ε

∣∣2 − ∣∣f̂0(uε, L1(uε), L2(uε)) + ε
∣∣2

Jε(u
ρ
ε) + Jε(uε)

+

∣∣dist(f(uρε , L1(u
ρ
ε), L2(u

ρ
ε)), E

)∣∣2 − ∣∣dist(f(uε, L1(uε), L2(uε)), E
)∣∣2

Jε(u
ρ
ε) + Jε(uε)

.

(3.6)

Notice that for i = 1, 2,

lim
ρ→0

1

ρ

[
Li(u

ρ
ε)− Li(uε)

]
= lim

ρ→0

1

ρ

[(
− 1

µi
C ′

ip
ε,ρ
i

)
−

(
− 1

µi
C ′

ip
ε
i

)]
= − 1

µi
C ′

ip̃
ε
i ,
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where pε,ρi and pεi denote the solutions to (2.2) with u = uρε and u = uε, respectively, and (p̃ε1, p̃
ε
2) ∈ H2 satisfy

ỹεt (t) = Aỹε(t) +B[v(t)− uε(t)]−
2∑

i=1

1

µi
CiC

′
ip̃

ε
i (t) t ∈ (0, T ),

p̃ε1,t(t) = −A′p̃ε1(t)−D′
1D1ỹ

ε(t) t ∈ (0, T ),

p̃ε2,t(t) = −A′p̃ε2(t)−D′
2D2ỹ

ε(t) t ∈ (0, T ),

ỹε(0) = p̃ε1(T ) = p̃ε2(T ) = 0.

(3.7)

Hence, we have that

lim
ρ→0

1

ρ

[
f̂0(u

ρ
ε , L1(u

ρ
ε), L2(u

ρ
ε))− f̂0(uε, L1(uε), L2(uε))

]
= f̂0,u(uε, L1(uε), L2(uε))(v − uε)−

2∑
i=1

1

µi
f̂0,vi

(uε, L1(uε), L2(uε))
(
C ′

ip̃
ε
i

)
.

Next, by Lipschitz continuity of distance function and weak∗ compactness of the subdifferential
∂dist

(
f(uε, L1(uε), L2(uε)), E

)
for dist(·, E) at f(uε, L1(uε), L2(uε)), there is a ψε ∈ Y ∗ with |ψε|Y ∗ = 1, such

that

lim
ρ→0

1

ρ

[
dist

(
f(uρε , L1(u

ρ
ε), L2(u

ρ
ε)), E

)
− dist

(
f(uε, L1(uε), L2(uε)), E

)]
= ⟨ψε, fu(uε, L1(uε), L2(uε))(v − uε)−

2∑
i=1

1

µi
fvi(uε, L1(uε), L2(uε))

(
C ′

ip̃
ε
i

)
⟩Y ∗,Y .

Therefore, it follows that

lim
ρ→0

Jε(u
ρ
ε)− Jε(uε)

ρ

=
f̂0(uε, L1(uε), L2(uε)) + ε

Jε(uε)
·
[
f̂0,u(uε, L1(uε), L2(uε))(v − uε)

−
2∑

i=1

1

µi
f̂0,vi(uε, L1(uε), L2(uε))

(
C ′

ip̃
ε
i

)]
+

dist
(
f(uε, L1(uε), L2(uε)), E

)
Jε(uε)

· ⟨ψε, fu(uε, L1(uε), L2(uε))(v − uε)

−
2∑

i=1

1

µi
fvi(uε, L1(uε), L2(uε))

(
C ′

ip̃
ε
i

)
⟩Y ∗,Y .

(3.8)

Write

aε =
f̂0(uε, L1(uε), L2(uε)) + ε

Jε(uε)
∈ R, bε =

dist
(
f(uε, L1(uε), L2(uε)), E

)
ψε

Jε(uε)
∈ Y ∗,

η0ε = f̂0,u(uε, L1(uε), L2(uε))(v − uε)−
2∑

i=1

1

µi
f̂0,vi(uε, L1(uε), L2(uε))

(
C ′

ip̃
ε
i

)
∈ R,

and η1ε = fu(uε, L1(uε), L2(uε))(v − uε)−
2∑

i=1

1

µi
fvi(uε, L1(uε), L2(uε))

(
C ′

ip̃
ε
i

)
∈ Y.
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From (3.5) and (3.8), we conclude that

aεη
0
ε + ⟨bε, η1ε⟩Y ∗,Y ≥ −

√
ε|v − uε|U with |aε|+ |bε|Y ∗ = 1. (3.9)

Meanwhile, since ψε ∈ ∂dist
(
f(uε, L1(uε), L2(uε)), E

)
, it holds that

⟨bε, e− f(uε, L1(uε), L2(uε))⟩Y ∗,Y ≤ 0, ∀ e ∈ E. (3.10)

Step 2. Note that |aε|+ |bε|Y ∗ = 1. Hence, there exists a subsequence of {(aε, bε)}ε>0 (still denoted by itself)
and a pair (ψ0, ψ) ∈ R× Y ∗, such that as ε→ 0,

aε → ψ0 in R and bε → ψ weakly∗ in Y ∗.

Furthermore, since f0 : U × V1 × V2 → R and f : U × V1 × V2 → Y are continuously Fréchet differentiable, and
uε → ū in U as ε→ 0, there exists a pair (η0, η1) ∈ R× Y , such that

η0ε → η0 in R and η1ε → η1 in Y,

where

η0 = f0,u(ū, L1(ū), L2(ū))(v − ū)−
2∑

i=1

1

µi
f0,vi(ū, L1(ū), L2(ū))

(
C ′

ip̃i
)
,

η1 = fu(ū, L1(ū), L2(ū))(v − ū)−
2∑

i=1

1

µi
fvi(ū, L1(ū), L2(ū))

(
C ′

ip̃i
)
,

and (p̃1, p̃2) ∈ H2 satisfy the coupled system (3.1) for v ∈ K.
By (3.9) and (3.10), we obtain that

ψ0η
0 + ⟨ψ, η1⟩Y ∗,Y ≥ 0

and

⟨ψ, e− f(ū, L1(ū), L2(ū))⟩Y ∗,Y ≤ 0, ∀ e ∈ E.

Step 3. Finally, we show (ψ0, ψ) ̸= (0, 0) by finite codimensionality of the set M − E.
If ψ0 = 0, there exists a δ0 > 0, such that for sufficiently small ε > 0, |bε|Y ∗ ≥ δ0. For any e ∈ E and v ∈ K

with |v − uε|U ≤ 1, by (3.9) and (3.10), it holds that

⟨bε, η1 − (e− f(ū, L1(ū), L2(ū)))⟩Y ∗,Y

= ⟨bε, η1ε⟩Y ∗,Y + ⟨bε, η1 − η1ε⟩Y ∗,Y + ⟨bε, f(uε, L1(uε), L2(uε))− e⟩Y ∗,Y

−⟨bε, f(uε, L1(uε), L2(uε))− f(ū, L1(ū), L2(ū))⟩Y ∗,Y

≥ −
√
ε|v − uε|U − aεη

0
ε + ⟨bε, η1 − η1ε⟩Y ∗,Y

−⟨bε, f(uε, L1(uε), L2(uε))− f(ū, L1(ū), L2(ū))⟩Y ∗,Y

≥ −
√
ε− |aεη0ε | − |η1 − η1ε |Y − |f(uε, L1(uε), L2(uε))− f(ū, L1(ū), L2(ū))|Y .

(3.11)

In the following, we give estimates with respect to |η0ε | and |η1 − η1ε |Y , respectively. First,

|η0ε | ≤ |f0,u(uε, L1(uε), L2(uε))(v − uε)|+
2∑

i=1

1

µi

∣∣∣f0,vi(uε, L1(uε), L2(uε))(C
′
ip̃

ε
i )
∣∣∣

≤ |f0,u(uε, L1(uε), L2(uε))|U∗ +

2∑
i=1

1

µi

∣∣∣f0,vi(uε, L1(uε), L2(uε))
∣∣∣
V∗

i

|C ′
ip̃

ε
i |Vi

.
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Notice that uε → ū in U as ε → 0, and f0 is continuously Fréchet differentiable. Hence, we have that
|f0,u(uε, L1(uε), L2(uε))|U∗ and

∣∣f0,vi
(uε, L1(uε), L2(uε))

∣∣
V∗

i

are bounded for sufficiently small ε. Further, for

the mild solution (ỹε, p̃ε1, p̃
ε
2) to (3.7), it holds that

|p̃ε1|C([0,T ];Y ) + |p̃ε2|C([0,T ];Y ) ≤ C|ỹε|L1(0,T ;Y ),

and |ỹε|C([0,T ];Y ) ≤ C
(
|v − uε|L2(0,T ;U) +

2∑
i=1

1

µi
|p̃εi |L1(0,T ;Y )

)
,

here and hereafter, C denotes a positive constant, depending only on T,B,C1, C2, D1 and D2, which may be
different from one place to another. Hence, when µ1 and µ2 are sufficiently large,

|p̃ε1|C([0,T ];Y ) + |p̃ε2|C([0,T ];Y ) ≤ C|v − uε|U ≤ C. (3.12)

This implies the boundedness of
2∑

i=1

|C ′
ip̃

ε
i |Vi

and therefore, |ηε0| is bounded for sufficiently small ε.

On the other hand, similar to (3.12), we get that

|p̃ε1 − p̃1|C([0,T ];Y ) + |p̃ε2 − p̃2|C([0,T ];Y ) ≤ C|ū− uε|U .

By the definitions of η1 and η1ε ,

|η1 − η1ε |Y
≤ |fu(uε, L1(uε), L2(uε))(v − uε)− fu(ū, L1(ū), L2(ū))(v − ū)|Y

+

2∑
i=1

1

µi

∣∣∣fvi(uε, L1(uε), L2(uε))(C
′
ip̃

ε
i )− fvi(ū, L1(ū), L2(ū))(C

′
ip̃i)

∣∣∣
Y

≤ |fu(uε, L1(uε), L2(uε))(v − uε)− fu(ū, L1(ū), L2(ū))(v − uε)|Y

+ |fu(ū, L1(ū), L2(ū))(v − uε)− fu(ū, L1(ū), L2(ū))(v − ū)|Y

+

2∑
i=1

1

µi

∣∣∣fvi(uε, L1(uε), L2(uε))(C
′
ip̃

ε
i )− fvi(ū, L1(ū), L2(ū))(C

′
ip̃

ε
i )
∣∣∣
Y

+

2∑
i=1

1

µi

∣∣∣fvi(ū, L1(ū), L2(ū))(C
′
ip̃

ε
i )− fvi(ū, L1(ū), L2(ū))(C

′
ip̃i)

∣∣∣
Y

≤ |fu(uε, L1(uε), L2(uε))− fu(ū, L1(ū), L2(ū))|L(U ;Y )|v − uε|U

+ |fu(ū, L1(ū), L2(ū))|L(U ;Y )|uε − ū|U

+

2∑
i=1

1

µi

∣∣fvi(uε, L1(uε), L2(uε))− fvi(ū, L1(ū), L2(ū))
∣∣
L(Vi;Y )

∣∣C ′
ip̃

ε
i

∣∣
Vi

+

2∑
i=1

1

µi

∣∣fvi(ū, L1(ū), L2(ū))
∣∣
L(Vi;Y )

∣∣C ′
i(p̃

ε
i − p̃i)

∣∣
Vi
.
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This implies that

|η1 − η1ε |Y
≤ |fu(uε, L1(uε), L2(uε))− fu(ū, L1(ū), L2(ū))|L(U ;Y ) + |fu(ū, L1(ū), L2(ū))|L(U ;Y )|uε − ū|U

+ C

2∑
i=1

1

µi

∣∣fvi(uε, L1(uε), L2(uε))− fvi(ū, L1(ū), L2(ū))
∣∣
L(Vi;Y )

+ C

2∑
i=1

1

µi

∣∣fvi(ū, L1(ū), L2(ū))
∣∣
L(Vi;Y )

|uε − ū|U .

Consequently, by (3.11) and the above estimates, we obtain that

⟨bε, η1 − (e− f(ū, L1(ū), L2(ū)))⟩Y ∗,Y ≥ −δε,

where δε > 0 satisfies that δε → 0, as ε→ 0.
By [13], Lemma 3.6, p. 142, since M − E is finite codimensional in Y , we have that ψ ̸= 0. The proof is

finished.

3.2. Finite codimensionality condition

The key of applying Theorem 3.3 is to verify finite codimensionality of the set M − E. If the constraint
set E is finite codimensional in Y , M − E is also finite codimensional. Otherwise, we give some equivalent
conditions on finite codimensionality of the set M in the case of K = U . For this purpose, define the linear
operator F : U → Y as follows:

F (w) = fu(ū, L1(ū), L2(ū))w −
2∑

i=1

1

µi
fvi(ū, L1(ū), L2(ū))

(
C ′

ip̃i
)
, (3.13)

where p̃1 and p̃2 satisfy the following coupled system:
ỹt(t) = Aỹ(t) +Bw(t)− 1

µ1
C1C

′
1p̃1(t)−

1

µ2
C2C

′
2p̃2(t) t ∈ (0, T ),

p̃1,t(t) = −A′p̃1(t)−D′
1D1ỹ(t) t ∈ (0, T ),

p̃2,t(t) = −A′p̃2(t)−D′
2D2ỹ(t) t ∈ (0, T ),

ỹ(0) = p̃1(T ) = p̃2(T ) = 0,

(3.14)

with µ1 and µ2 being sufficiently large.
It is easy to check that F ∈ L(U ;Y ) and in (3.2), M =

{
F (w) ∈ Y

∣∣ |w|U ≤ 1
}
.

By [15, 16] and [17], we have the following equivalent assertions on finite codimensionality.

Lemma 3.4. The following statements are equivalent:

(1) The set M is finite codimensional in Y ;

(2) The range Im (F ) of F is a finite codimensional closed subspace of Y ;

(3) There exists a Banach space X and a compact operator G from Y ∗ to X, such that

|z|Y ∗ ≤ C
(
|F ∗(z)|U∗ + |G(z)|X

)
, ∀ z ∈ Y ∗, (3.15)

where C is a positive constant independent of z ∈ Y ∗.
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By the definition of the bounded linear operator F , the conjugate operator F ∗ ∈ L(Y ∗;U∗) of F satisfies
that for any z ∈ Y ∗ and w ∈ U ,

⟨F ∗(z), w⟩U∗, U = ⟨z, F (w)⟩Y ∗,Y

= ⟨z, fu(ū, L1(ū), L2(ū))w −
2∑

i=1

1

µi
fvi(ū, L1(ū), L2(ū))

(
C ′

ip̃i
)
⟩Y ∗,Y .

Hence, we get

F ∗(z) = fu(ū, L1(ū), L2(ū))
∗z +B∗η,

where η ∈ C([0, T ];Y ∗) satisfies

ηt(t) +A∗η(t) = −D∗
1(D

′
1)

∗w1(t)−D∗
2(D

′
2)

∗w2(t) t ∈ (0, T ),

w1,t(t)− (A′)∗w1(t) = − 1
µ1
(C ′

1)
∗C∗

1η(t)− 1
µ1
(C ′

1)
∗fv1(ū, L1(ū), L2(ū))

∗z t ∈ (0, T ),

w2,t(t)− (A′)∗w2(t) = − 1
µ2
(C ′

2)
∗C∗

2η(t)− 1
µ2
(C ′

2)
∗fv2(ū, L1(ū), L2(ū))

∗z t ∈ (0, T ),

η(T ) = w1(0) = w2(0) = 0.

(3.16)

By (3.15) in Lemma 3.4, we have the following equivalence results.

Corollary 3.5. The following statements are equivalent:

(1) The set M is finite codimensional in Y ;

(2) There exists a Banach space X and a compact operator G from Y ∗ to X, such that

|z|Y ∗ ≤ C
(∣∣[fu(ū, L1(ū), L2(ū))

∗ +B∗K̃
]
z
∣∣
L2(0,T ;U∗)

+ |G(z)|X
)
, ∀ z ∈ Y ∗, (3.17)

where K̃ : Y ∗ → L2(0, T ;Y ∗) is defined by K̃(z) = η(·) for the solution η to (3.16).

Notice that the corresponding conclusions in this section still hold true, in the case that (1) has a bounded
potential. In such a case, (1) becomes{

yt(t) = Ay(t) + E(t)y(t) +Bu(t) + C1v1(t) + C2v2(t) t ∈ (0, T ),

y(0) = y0,
(3.18)

where E(·) ∈ L∞(0, T ;L(Y ;Y )), and (3.1) becomes


ỹt(t) = Aỹ(t) + E(t)ỹ(t) +B[v(t)− ū(t)]− 1

µ1
C1C

′
1p̃1(t)− 1

µ2
C2C

′
2p̃2(t) t ∈ (0, T ),

p̃1,t(t) = −A′p̃1(t)− E(t)′p̃1(t)−D′
1D1ỹ(t) t ∈ (0, T ),

p̃2,t(t) = −A′p̃2(t)− E(t)′p̃2(t)−D′
2D2ỹ(t) t ∈ (0, T ),

ỹ(0) = p̃1(T ) = p̃2(T ) = 0.

(3.19)
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Further, (3.16) becomes



ηt(t) +A∗η(t) = −E(t)∗η −D∗
1(D

′
1)

∗w1(t)−D∗
2(D

′
2)

∗w2(t) t ∈ (0, T ),

w1,t(t)− (A′)∗w1(t) = (E(t)′)∗w1 − 1
µ1
(C ′

1)
∗C∗

1η(t)

− 1
µ1
(C ′

1)
∗fv1(ū, L1(ū), L2(ū))

∗z t ∈ (0, T ),

w2,t(t)− (A′)∗w2(t) = (E(t)′)∗w2 − 1
µ2
(C ′

2)
∗C∗

2η(t)

− 1
µ2
(C ′

2)
∗fv2(ū, L1(ū), L2(ū))

∗z t ∈ (0, T ),

η(T ) = w1(0) = w2(0) = 0.

(3.20)

In this case, the associated results in Theorem 3.3 and Corollary 3.5 may be applied to some controlled systems
with lower-order terms, in which the coefficients in potential may depend the spacial and time variables.

4. Applications of main results

As applications of Theorem 3.3 and Corollary 3.5, in this section, we give two examples on multi-objective
control problems.

4.1. Example 4.1

Let Ω ⊆ Rn be a nonempty bounded open set with smooth boundary Γ for n ∈ N. Set Q = Ω × (0, T ),
Σ = Γ× (0, T ), Y =W = H1

0 (Ω)×L2(Ω), U = L2(Ω) and Vi = L2(Oi) for i = 1, 2. In the system (3.18), we set
D(A) =

(
H2(Ω) ∩H1

0 (Ω)
)
×H1

0 (Ω),

A =

(
0 1
∆ 0

)
, B =

(
0
χO

)
, Ci =

(
0
χOi

)
,

E(t) =

(
0 0

−a(·, t) 0

)
and Di =

(
0 0√

αiχOi,d
0

)
,

where O, Oi, Oi,d and αi are the same as those in Example 2.2, and a ∈ C([0, T ];L∞(Ω)). Then, Y ∗ = H−1(Ω)×
L2(Ω), U∗ = L2(Ω), C ′

i = C∗
i = (0 χOi

) ,

D′
i =

(
0 −√

αi∆
−1(χOi,d

·)
0 0

)
, E(t)′ =

(
0 ∆−1(a(·, t)·)
0 0

)
,

(D′
i)

∗ =

(
0 0

−√
αiχOi,d

∆−1 0

)
and (E(t)′)∗ =

(
0 0

a(·, t)∆−1 0

)
.

Similar to Example 2.2, (3.18) becomes
ytt −∆y + a(x, t)y = χOu+ χO1

v1 + χO2
v2 in Q,

y = 0 on Σ,

y(x, 0) = y10(x), yt(x, 0) = y20(x) in Ω,

(4.1)
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where (u, v1, v2) is a triple of control variables, (y, yt) is the state variable and (y10 , y
2
0)

⊤ ∈ Y . The functionals
Ji are as follows:

Ji(v1, v2;u) =
αi

2

∫ T

0

∫
Oi,d

|y − yi,d|2dxdt+
µi

2

∫ T

0

∫
Oi

|vi|2dxdt, i = 1, 2,

where y is the solution to (4.1), y1,d, y2,d ∈ L2(0, T ;H1
0 (Ω)) and µ1, µ2 > 0. Moreover, for any u ∈ L2(Q), the

Nash equilibrium (L1(u), L2(u)) for the functionals J1 and J2 is given by

L1(u) = − 1

µ1
χO1

p1(·) and L2(u) = − 1

µ2
χO2

p2(·),

where p1 and p2 satisfy the following coupled system:

ytt −∆y + a(x, t)y = χOu− 1
µ1
χO1

p1 − 1
µ2
χO2

p2 in Q,

p1,tt −∆p1 + a(x, t)p1 = α1χO1,d
(y − y1,d) in Q,

p2,tt −∆p2 + a(x, t)p2 = α2χO2,d
(y − y2,d) in Q,

y = 0, p1 = p2 = 0 on Σ,

y(x, 0) = y10(x), yt(x, 0) = y20(x) in Ω,

p1(x, T ) = p1,t(x, T ) = p2(x, T ) = p2,t(x, T ) = 0 in Ω.

(4.2)

Furthermore, consider the following optimization problem:

f0(u, L1(u), L2(u)) =

∫
Q

g
(
x, t, y(x, t), u(x, t)

)
dxdt, ∀ u ∈ L2(Q),

where y is the solution to (4.1) associated to (u, v1, v2) = (u, L1(u), L2(u)) or equivalently, the solution to (4.2)
associated to u, and g : Q×R×R → R is a smooth function, such that for any u ∈ L2(Q), g(·, ·, y(·, ·;u), u(·, ·)) ∈
L1(Q). Set

f(u, L1(u), L2(u)) =
(
y(·, T ), yt(·, T )

)⊤
and E = {(yd0 , yd1)} for any given (yd0 , y

d
1)

⊤ ∈ Y .
The above optimization problem (P) is indeed an optimal control problem for the coupled system (4.2) with

terminal state constraints. In this optimal control problem, the set of admissible controls is

Uad =
{
u ∈ L2(Q)

∣∣∣ the solution component y to (4.2) satisfies (y(·, T ), yt(·, T )) = (yd0 , y
d
1)

}
.

Assume that ū ∈ Uad is an optimal control and (ȳ, p̄1, p̄2) are the associated solutions to (4.2).
By Theorem 3.3, under the assumption on finite codimensionality of the set M (see (3.2)), there exists a

non-zero triple of (ψ0, ψ
1, ψ2) ∈ R×H−1(Ω)× L2(Ω), such that for sufficiently large µ1 and µ2, it holds that

ψ0η
0 + ⟨ψ1, η11⟩H−1(Ω),H1

0 (Ω) + (ψ2, η12)L2(Ω) ≥ 0, ∀ v ∈ L2(Q), (4.3)

where

η0 =

∫
Q

{
gu(x, t, ū(x, t), ȳ(x, t))[v(x, t)− ū(x, t)] + gy(x, t, ū(x, t), ȳ(x, t))ỹ(x, t)

}
dxdt,

η11 = ỹ(·, T ) and η12 = ỹt(·, T ),
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and ỹ satisfies the following coupled system:



ỹtt −∆ỹ + a(x, t)ỹ = χO(v − ū)− 1
µ1
χO1

p̃1 − 1
µ2
χO2

p̃2 in Q,

p̃1,tt −∆p̃1 + a(x, t)p̃1 = α1χO1,d
ỹ in Q,

p̃2,tt −∆p̃2 + a(x, t)p̃2 = α2χO2,d
ỹ in Q,

ỹ = 0, p̃1 = p̃2 = 0 on Σ,

ỹ(x, 0) = ỹt(x, 0) = 0 in Ω,

p̃1(x, T ) = p̃1,t(x, T ) = p̃2(x, T ) = p̃2,t(x, T ) = 0 in Ω.

(4.4)

Furthermore, introduce the following coupled system:



ψ̃tt −∆ψ̃ + a(x, t)ψ̃ = −ψ0gy(x, t, ū(x, t), ȳ(x, t)) +
2∑

i=1

αiχOi,d
γ̃i in Q,

γ̃1,tt −∆γ̃1 + a(x, t)γ̃1 = − 1
µ1
χO1

ψ̃ in Q,

γ̃2,tt −∆γ̃2 + a(x, t)γ̃2 = − 1
µ2
χO2

ψ̃ in Q,

ψ̃ = 0, γ̃1 = γ̃2 = 0 on Σ,

ψ̃(x, T ) = −ψ2, ψ̃t(x, T ) = ψ1 in Ω,

γ̃1(x, 0) = γ̃1,t(x, 0) = γ̃2(x, 0) = γ̃2,t(x, 0) = 0 in Ω.

(4.5)

By (4.3)–(4.5), we obtain that

∫
Q

{
[ψ0gu(x, t, ū(x, t), ȳ(x, t))− χOψ̃(x, t)][v(x, t)− ū(x, t)]

}
dxdt ≥ 0, ∀ v ∈ L2(Q),

which implies

ψ0gu(x, t, ū(x, t), ȳ(x, t)) = χOψ̃(x, t) a. e. in Q. (4.6)

This is a necessary condition for the optimal control ū.

On the other hand, by the definition of F in (3.13),

F (u) = (ŷ(·, T ), ŷt(·, T ))⊤, ∀ u ∈ L2(Q),

where ŷ satisfies the following coupled system:



ŷtt −∆ŷ + a(x, t)ŷ = χOu− 1
µ1
χO1

p̂1 − 1
µ2
χO2

p̂2 in Q,

p̂1,tt −∆p̂1 + a(x, t)p̂1 = α1χO1,d
ŷ in Q,

p̂2,tt −∆p̂2 + a(x, t)p̂2 = α2χO2,d
ŷ in Q,

ŷ = 0, p̂1 = p̂2 = 0 on Σ,

ŷ(x, 0) = ŷt(x, 0) = 0 in Ω,

p̂1(x, T ) = p̂1,t(x, T ) = p̂2(x, T ) = p̂2,t(x, T ) = 0 in Ω.

(4.7)
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By Corollary 3.5, the finite codimensionality of the set M is equivalent to the estimate (3.17). In this example,
for any z = (ϕ2, ϕ1)

⊤ ∈ Y ∗ = H−1(Ω)× L2(Ω), (3.20) becomes



ϕ̂tt −∆ϕ̂+ a(x, t)ϕ̂ =
2∑

i=1

αiχOi,d
qi in Q,

q1,tt −∆q1 + a(x, t)q1 = − 1
µ1
χO1

ϕ̂− 1
µ1
χO1

ϕ̄ in Q,

q2,tt −∆q2 + a(x, t)q2 = − 1
µ2
χO2 ϕ̂− 1

µ2
χO2 ϕ̄ in Q,

ϕ̄tt −∆ϕ̄+ a(x, t)ϕ̄ = 0 in Q,

ϕ̂ = ϕ̄ = 0, q1 = q2 = 0 on Σ,

ϕ̂(x, T ) = ϕ̂t(x, T ) = 0 in Ω,

q1(x, 0) = q1,t(x, 0) = q2(x, 0) = q2,t(x, 0) = 0 in Ω,

ϕ̄(x, T ) = ϕ1, ϕ̄t(x, T ) = ϕ2 in Ω,

and in the expression of F ∗, fu(ū, L1(ū), L2(ū))
∗z = χOϕ̄ and B∗η = χOϕ̂.

Set ϕ = ϕ̂+ ϕ̄. Then ϕ satisfies the following coupled system:

ϕtt −∆ϕ+ a(x, t)ϕ =
2∑

i=1

αiχOi,d
qi in Q,

q1,tt −∆q1 + a(x, t)q1 = − 1
µ1
χO1

ϕ in Q,

q2,tt −∆q2 + a(x, t)q2 = − 1
µ2
χO2

ϕ in Q,

ϕ = 0, q1 = q2 = 0 on Σ,

ϕ(x, T ) = ϕ1, ϕt(x, T ) = ϕ2 in Ω,

q1(x, 0) = q1,t(x, 0) = q2(x, 0) = q2,t(x, 0) = 0 in Ω,

(4.8)

and for any (ϕ2, ϕ1)
⊤ ∈ H−1(Ω)× L2(Ω),

F ∗(ϕ2, ϕ1) = χOϕ.

Note that here

⟨(ϕ2, ϕ1)⊤, (ψ̂1, ψ̂2)
⊤⟩Y ∗,Y

∆
=(ϕ1, ψ̂2)L2(Ω) − ⟨ϕ2, ψ̂1⟩H−1(Ω),H1

0 (Ω), ∀ (ψ̂1, ψ̂2)
⊤ ∈ H1

0 (Ω)× L2(Ω).

The estimate (3.17) becomes

|(ϕ2, ϕ1)|2H−1(Ω)×L2(Ω)

≤ C

∫ T

0

∫
O
ϕ2(x, t)dxdt+ C|G(ϕ2, ϕ1)|2X , ∀ (ϕ2, ϕ1)

⊤ ∈ H−1(Ω)× L2(Ω),
(4.9)

for a compact operator G from Y ∗ to some Banach space X.

In the following, we show that if (Ω,O, T ) satisfies geometric control condition, (4.9) holds true and therefore,
M is finite codimensional. In fact, set ϕ = ξ1 + ξ2, where ξ1 and ξ2 satisfy, respectively,

ξ1,tt −∆ξ1 = 0 in Q,

ξ1 = 0 on Σ,

ξ1(x, T ) = ϕ1(x), ξ1,t(x, T ) = ϕ2(x) in Ω,

(4.10)
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and 

ξ2,tt −∆ξ2 + a(x, t)ϕ = α1q1χO1,d
+ α2q2χO2,d

in Q,

q1,tt −∆q1 + a(x, t)q1 = − 1
µ1
ϕχO1 in Q,

q2,tt −∆q2 + a(x, t)q2 = − 1
µ2
ϕχO2 in Q,

ξ2 = 0, q1 = q2 = 0 on Σ,

ξ2(x, T ) = ξ2,t(x, T ) = 0 in Ω,

q1(x, 0) = q1,t(x, 0) = q2(x, 0) = q2,t(x, 0) = 0 in Ω.

(4.11)

Define the following linear operators G1, G2 and G3:{
the continuous operator G1 : H−1(Ω)× L2(Ω) → (L2(Q))3,

G1(ϕ2, ϕ1) = (ϕ, q1, q2), ∀ (ϕ2, ϕ1)
⊤ ∈ H−1(Ω)× L2(Ω),

where (ϕ, q1, q2) are the mild solutions to (4.8);{
the continuous operator G2 : (L2(Q))3 → C([0, T ];H1

0 (Ω)) ∩ C1([0, T ];L2(Ω)),

G2(ϕ, q1, q2)
⊤ = ξ2, ∀ (ϕ, q1, q2)

⊤ ∈ (L2(Q))3,

where ξ2 satisfies the first, the fourth and the fifth equations of (4.11); and{
the compact operator G3 : C([0, T ];H1

0 (Ω)) ∩ C1([0, T ];L2(Ω)) → L2(Q),

G3(ξ2) = ξ2, ∀ ξ2 ∈ C([0, T ];H1
0 (Ω)) ∩ C1([0, T ];L2(Ω)).

Let G = G1G2G3. Then G is compact and

G : H−1(Ω)× L2(Ω) → L2(Q)
∆
=X, G(ϕ2, ϕ1) = ξ2.

By [18], if (Ω,O, T ) satisfies geometric control condition, it holds that

|(ϕ2, ϕ1)|2H−1(Ω)×L2(Ω) ≤ C

∫ T

0

∫
O
ξ21dxdt, ∀ (ϕ2, ϕ1)

⊤ ∈ H−1(Ω)× L2(Ω).

Therefore,

|(ϕ2, ϕ1)|2H−1(Ω)×L2(Ω) ≤ C

∫ T

0

∫
O
(ϕ2 + ξ22)dxdt ≤ C

∫ T

0

∫
O
ϕ2dxdt+ C|G(ϕ2, ϕ1)|2L2(Q).

This implies that if (Ω,O, T ) satisfies geometric control condition, the necessary condition (4.6) holds.

4.2. Example 4.2

For j = 0, 1, 2, assume that ωj and ω̃j are nonempty open subsets of Ω such that ω̃j ⊆ ωj . Denote by
ζj ∈ C∞

0 (ωj) with ζj(x) = 1 in ω̃j and 0 ≤ ζj(x) ≤ 1 in ωj . Set Y = U = W = L2(Ω) and Vj = L2(ωj)
for j = 1, 2. In the system (1), we set A = ∆ with D(A) = H2(Ω) ∩ H1

0 (Ω), B = ζ0, C1 = ζ1, C2 = ζ2 and
Dj =

√
αjζj,d for αj > 0 and j = 1, 2, where ζj,d ∈ C∞

0 (ωj,d) and ζj,d = 1 in ω′
j,d with ω′

j,d ⊆ ωj,d, and ωj,d and
ω′
j,d being nonempty open subsets of Ω. Then, Y ∗ = Y , A′ = A, C ′

j = Cj and D′
j = Dj for j = 1, 2.
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Similar to Example 2.2, (1) becomes
yt −∆y = ζ0u+ ζ1v1 + ζ2v2 in Q,

y = 0 on Σ,

y(x, 0) = y0(x) in Ω,

(4.12)

where (u, v1, v2) is a triple of control variables, y is the state variable and y0 ∈ B̃ρ1

∆
=
{
v ∈ C2+θ

0 (Ω)
∣∣ |v|C2+θ(Ω) ≤

ρ1
}
for θ ∈ (0, 1) and ρ1 > 0 (ρ1 will be specified later). The functionals Jj are as follows:

Jj(v1, v2;u) =
αj

2

∫
Q

ζj,d|y − ŷj,d|2dxdt+
µj

2

∫ T

0

∫
ωj

|vj |2dxdt, j = 1, 2,

where y is the solution to (4.12) and we require ŷj,d ∈ Cθ, θ2 (Q). Moreover, for any given u ∈ Cθ, θ2 (Q), the Nash
equilibrium (L1(u), L2(u)) for the functionals J1 and J2 is given by

Lj(u) = − 1

µj
ζjpj , j = 1, 2,

where p1 and p2 satisfy the following coupled system:

yt −∆y = ζ0u− 1
µ1
ζ21p1 − 1

µ2
ζ22p2 in Q,

p1,t +∆p1 = −α1ζ1,d(y − ŷ1,d) in Q,

p2,t +∆p2 = −α2ζ2,d(y − ŷ2,d) in Q,

y = 0, p1 = p2 = 0 on Σ,

y(x, 0) = y0(x), p1(x, T ) = p2(x, T ) = 0 in Ω.

(4.13)

Furthermore, consider the following optimization problem:

f0(u, L1(u), L2(u)) =

∫
Q

g(x, t, Ŷ (x, t), u(x, t))dxdt,

∀ u ∈ K = Bρ1

∆
=
{
v ∈ Cθ, θ2 (Q)

∣∣ |v|
Cθ, θ

2 (Q)
≤ ρ1

}
,

where Ŷ satisfies the following quasi-linear parabolic equation:
Ŷt −

n∑
i,j=1

(aij(Ŷ ,∇Ŷ )Ŷxi
)xj

= ζ0u+ ζ1L1(u) + ζ2L2(u) in Q,

Ŷ = 0 on Σ,

Ŷ (x, 0) = ŷ0(x) in Ω.

(4.14)

In (4.14), u is the control variable, Ŷ is the state variable and ŷ0 is an initial value. Let aij : R × Rn → R be
C3 functions with aij = aji in R1+n for i, j = 1, . . . , n. Moreover, for a constant ρ0 > 0,

n∑
i,j=1

aij(s, τ)νiνj ≥ ρ0|ν|2, ∀ (s, τ, ν) = (s, τ1, · · · , τn, ν1, · · · , νn) ∈ R1+2n.
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By well-posedness results for quasi-linear parabolic equations, when µ1 and µ2 are sufficiently large, there
exists a ρ1 > 0 such that for any y0, ŷ0 ∈ B̃ρ1

and u ∈ Bρ1
, the equation (4.14) admits a unique solution

Ŷ ∈ C2+θ,1+ θ
2 (Q).

Further, g : Q×R×R → R is a smooth function, such that for any u ∈ Bρ1
, g(·, ·, Ŷ (·, ·), u(·, ·)) ∈ L1(Q). Set

f(u, L1(u), L2(u)) = Ŷ (·, T ) and assume that E is an open subset of L2(Ω). Assume that ū ∈ Bρ1 is a solution

to the above optimization problem and Ŷ ∗ is the associated solution to (4.14).
By Theorem 3.3, since E is finite codimensional in L2(Ω), there exists a non-zero pair (ψ0, ψ) ∈ R× L2(Ω),

such that when µ1 and µ2 are sufficiently large, the following condition holds:

ψ0η
0 +

∫
Ω

ψ(x)η1(x)dx ≥ 0, ∀ v ∈ Bρ1
, (4.15)

where

η0 =

∫
Q

{
gu(x, t, ū(x, t), Ŷ

∗(x, t))[v(x, t)− ū(x, t)] + gy(x, t, ū(x, t), Ŷ
∗(x, t))Z(x, t)

}
dxdt,

η1 = Z(·, T ),

and Z satisfies the following coupled system:

Zt −
n∑

i,j=1

(aij(Ŷ ∗,∇Ŷ ∗)Zxi)xj −
n∑

i,j=1

(aijτ (Ŷ
∗,∇Ŷ ∗) · ∇ZŶ ∗

xi
)xj

−
n∑

i,j=1

(aijs (Ŷ
∗,∇Ŷ ∗)Ŷ ∗

xi
Z)xj

= ζ0(v − ū)− 1
µ1
ζ21 p̃1 − 1

µ2
ζ22 p̃2 in Q,

ỹt −∆ỹ = ζ0(v − ū)− 1
µ1
ζ21 p̃1 − 1

µ2
ζ22 p̃2 in Q,

p̃1,t +∆p̃1 = −α1ζ1,dỹ in Q,

p̃2,t +∆p̃2 = −α2ζ2,dỹ in Q,

Z = ỹ = 0, p̃1 = p̃2 = 0 on Σ,

Z(x, 0) = ỹ(x, 0) = p̃1(x, T ) = p̃2(x, T ) = 0 in Ω.

(4.16)

Here, aijs and aijτk denote partial derivatives of aij = aij(s, τ) = aij(s, τ1, · · · , τn) with respect to the variables s
and τk for k = 1, · · · , n, respectively, and aijτ denotes gradient of aij with respect to τ = (τ1, · · · , τn). Note that

n∑
i,j=1

(
aijτ (Ŷ

∗,∇Ŷ ∗) · ∇ZŶ ∗
xi

)
xj

=

n∑
i,j=1

( n∑
k=1

akjτi (Ŷ
∗,∇Ŷ ∗)Ŷ ∗

xk
Zxi

)
xj
.

Set

cij(Ŷ ∗,∇Ŷ ∗) =
1

2

n∑
k=1

[
akjτi (Ŷ

∗,∇Ŷ ∗)Ŷ ∗
xk

+ akiτj (Ŷ
∗,∇Ŷ ∗)Ŷ ∗

xk

]
.

Then cij = cji and the first equation of (4.16) becomes

Zt −
n∑

i,j=1

(aij(Ŷ ∗,∇Ŷ ∗)Zxi)xj −
n∑

i,j=1

(cij(Ŷ ∗,∇Ŷ ∗)Zxi)xj −
n∑

i,j=1

(aijs (Ŷ
∗,∇Ŷ ∗)Ŷ ∗

xi
Z)xj

= ζ0(v − ū)− 1

µ1
ζ21 p̃1 −

1

µ2
ζ22 p̃2 in Q.
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When ρ1 is sufficiently small,

n∑
i,j=1

|cij(Ŷ ∗,∇Ŷ ∗)| ≤ ρ0
2

and the above partial differential equation is a linear

parabolic equation with respect to Z. Further, introduce the following coupled system:

W̃t +
n∑

i,j=1

(aij(Ŷ ∗,∇Ŷ ∗)W̃xi
)xj

+
n∑

i,j=1

(cij(Ŷ ∗,∇Ŷ ∗)W̃xi
)xj

−
n∑

i,j=1

aijs (Ŷ
∗,∇Ŷ ∗)Ŷ ∗

xi
W̃xj

= −ψ0gy(x, t, ū(x, t), Ŷ
∗(x, t)) in Q,

ψ̃t +∆ψ̃ = α1ζ1,dγ̃1 + α2ζ2,dγ̃2 in Q,

γ̃1,t −∆γ̃1 = 1
µ1
ζ21 (ψ̃ + W̃ ) in Q,

γ̃2,t −∆γ̃2 = 1
µ2
ζ22 (ψ̃ + W̃ ) in Q,

W̃ = ψ̃ = 0, γ̃1 = γ̃2 = 0 on Σ,

W̃ (x, T ) = ψ(x), ψ̃(x, T ) = 0, γ̃1(x, 0) = γ̃2(x, 0) = 0 in Ω,

(4.17)

where (W̃ , ψ̃, γ̃1, γ̃2)
⊤ ∈

(
L2(0, T ;H1

0 (Ω)) ∩C([0, T ];L2(Ω))
)4

for sufficiently large µ1 and µ2. By (4.15)–(4.17),
we obtain that

ζ0W̃ (x, t) + ζ0ψ̃(x, t) = ψ0gu(x, t, ū(x, t), Ŷ
∗(x, t)) a. e. in Q.

This is the necessary condition on ū.
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