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OPTIMALITY CONDITIONS FOR A CLASS OF MULTI-OBJECTIVE
CONTROL PROBLEMS

YANMING DoNG!® AND XU Liu?*

Abstract. This paper is devoted to studying a class of infinite-dimensional multi-objective control
problems. First, an abstract linear system is driven by a leader control and two follower controls. For
each leader control, a pair of follower controls is searched for as a Nash equilibrium of the game problem,
while the aim of leader controls is to solve a constrained infinite-dimensional optimization problem.
The first-order necessary condition for solutions to this optimization problem is given through a finite
codimensionality condition. As applications, some multi-objective control problems for wave equations
and quasi-linear parabolic equations are studied, respectively.
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1. INTRODUCTION

Let Y, U, V1, Vo and W be Hilbert spaces, and E be a nonempty closed convex subset of Y. For T' > 0, set
U=L*0,T;U), V1 = L*(0,T; V1), Vo = L?(0,T; V) and H = C([0,T]; V). Assume that fo: U x V1 x Vo = R
and f:U x V; x Vo = Y are continuous. For two Banach spaces Z; and Zs, we denote by L£(Z1; Z3) the set of
all bounded linear operators from Z; to Z3, and denote by Z* the dual space of a Banach space Z.

First, we consider the following controlled linear system:

{ ye(t) = Ay(t) + Bu(t) + Croi (t) + Cova(t) t € (0,T), 1)

y(O) = Yo,
where (u,v1,v2) € U X Vi X Vo is a triple of control variables, y € H is the state variable, yo € Y is an initial

value, A : D(A) CY — Y generates a Cy-semigroup {S(t)}y>oonY, B € L(U;Y)and C; € L(V;;Y) fori =1,2.
For each fixed u € U and i = 1,2, consider the following functionals:

1 T i T
Ji(’Ul,’l}Q;u) = 5/0 |D1[y(t) — yz,d(t)H?,th + % ) |Ul(t)‘%/1dt, Vo € Vi, (12)

where p1, 12 > 0, y1,4,y2.4 € L2(0,T;Y) and Dy, Dy € L(Y;W).
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2 Y. DONG AND X. LIU
For any given u € U, a pair (v1,02) € V1 X Vs is called a Nash equilibrium for J; and Js, if
J1(01, U u) < Jy(v1,U2;u), YV ug € Vi and Ja(01, Ug;u) < Jo(01,v9;u), ¥V vy € Va. (1.3)
Note that a pair (01,02) € V4 x Vs, is a Nash equilibrium for J; and Js, if and only if

J1(01 + Ty, U5 u) — Ji (01, D23 u)

J1,0, (U1, V25 w)vy £ lim =0, Vv €V, (1.4)
r—0 r
and
2,0, (U1, U2; u) V2 £ lim Ja(01, 02 + 1v254) — Jo(01, Uai u) =0, Vg €Vs. (1.5)

r—0 r

It will be shown that for any given u € U, there exists a unique Nash equilibrium (71,73) € V; x Vs for the
functionals J; and Js.
Next, we study the following infinite-dimensional optimization problem:

(P) min{ folu, L1 (w), La(u)) € R ‘ F(u, Ly (w), La(w)) € E and u € K }

where IC C U is a closed convex subset, and (L (u), L2(u)) denotes the Nash equilibrium for the functionals J;
and Jo associated to u € K. Suppose that @ € K is a solution to the problem (P), that is,

fol, Ly (@), La(@)) = min { fo(u, L1 (w), L2(w)) € R | flu, La(u), La(w) € E and u € K }.

The purpose of this paper is to present a first-order necessary condition for the solution @ to (P).

The problem proposed above is a multi-objective control problem. In the system (1), the triple (u, vy, vs) of
controls may be divided into two levels. The leader control u is dominant, and decisions of follower controls
(v1,v2) are influenced by it. For any leader control, a pair of follower controls is searched for such that the
functionals J; and Jy have a Nash equilibrium. Then, the leader control is characterized as a solution to a
constrained infinite-dimensional optimization problem. As an example in practice, strategies of government in
a city may be regarded as leader controls and different decisions of some real estate agencies serve as follower
controls. This multi-objective control problem is to find a strategy of the government, according to which,
the decisions of these agencies can reach a Nash equilibrium in the game. Meanwhile, the behaviors of the
government and agencies keep housing price as close to expected and reduce cost as possible.

Up to now, there are numerous works on multi-objective control problems of partial differential equations.
We refer to [1-12] and references therein for some known results in this respect. In the above existing works,
the existence of hierarchical controls was discussed and some of them may be regarded as a special type of
the problem (P). For example, in [3], Stackelberg-Nash strategies to control linear parabolic equations were
studied. For any leader control, a couple of follower controls is given as a Nash equilibrium for the functionals
Ji and Jy. The leader control is responsible for null controllability with minimum control cost, that is, in the
optimization problem (P), E = {0}, f(u, L1(u), La(u)) = y(-,T) and fo(u, L1(w), La(u)) = |u‘%2((:)><(0,T)) with
O being a nonempty open subset of R, where y is the solution to a linear parabolic equation with the leader
control u and the follower controls (Lj(u), L2(u)). This paper is mainly concerned with first-order necessary
conditions for solutions to the problem (P).

The rest of this paper is organized as follows. In Section 2, we characterize a Nash equilibrium for the
functionals J; and Js for any given leader control. Section 3 is devoted to giving a first-order necessary condition
for solutions to the optimization problem (P) by finite codimensionality. In Section 4, as applications, two
examples on wave and quasi-linear parabolic equations are given, respectively.
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2. CHARACTERIZATION ON NASH EQUILIBRIUM

For a linear densely defined operator A : D(A) C Wy — W5 with two Hilbert spaces W7 and W, we denote
by A" : D(A') C W, — W, its adjoint operator, and

(Az,w)w, = (z, Aw)w,, Y weDA) and z € D(A).
Further, we denote by A* : D(A*) C W5 — W7 its conjugate operator, and
(w, Az)w; w, = (A"w, 2)wr w,, YweD(A") and z € D(A).

Here and hereafter, we use (-,-)z to denote the inner product of a Hilbert space Z, and (-, )z z to denote the
dual product between Z* and Z.

Since W, and W are two Hilbert spaces, there is an isometric isomorphism between W; and W/ for ¢ =1, 2.
Hence, A* and A’ only differ by an isometric isomorphism. The notation of adjoint operators for linear densely
defined operators is used in this and subsequent sections, while the notation of conjugate operators will be used
in Sections 3—4.

As usual, for any given u € U, a Nash equilibrium for the functionals J; and Jo may be represented as
solutions to a coupled linear system.

Proposition 2.1. For any given u € U, a Nash equilibrium (01,02) € V1 X Va for the functionals J; and Jy is
given by

vi(-) = —iCQpi(~), i=1,2, (2.1)

7

where (y,p1,p2) € H? satisfy the following coupled system:

v (t) = Ay(t) + Bu(t) — 5 C101pi(t) — -CoChpa(t)  t € (0,7),

p1,e(t) = —A'p1(t) — D1D1[y(t) — y1,a(t)] te (0,7), (2.2)
pa,t(t) = = A'pa(t) — Dy Day(t) — y2,a(1)] te(0,7), '
y(0) = yo, p1(T) = p2(T) = 0.
Proof. First, by (1.4), for a Nash equilibrium (o1, 72) € V1 X Vs for J; and Ja, it holds that
J1 v, (U1, D2 w)vr
T T (23)
= / (D1ly(t) — y17d(t)]’D1y1(t))Wdt + 1 / (01(t),v1(t))y,dt =0, Vw1 €V,
0 0
where y € H satisfies
ye(t) = Ay(t) + Bu(t) + C101(t) + Coa(t) t € (0,T),
y<0) = Yo,
and y; € H satisfies
yl,t(t) = Ayl(t) + Cl’l)l(t) te (O,T),
(2.4)
Y1 (0) =0.
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In the same way, by (1.5), for any vs € Vs, it holds that

T T
/0 (DZ[y(t) - y2,d(t)]v D2y2(t))wdt + p2 A (EQ(t)7 UQ(t))Vzdt = O) (25)

where yo € H satisfies

(2.6)

Y2,6(t) = Aya(t) + Cova(t) t € (0,7),
yg(O) =0.

Taking the inner product between p; and the first equation of (2.4), and between py and the first equation
of (2.6), respectively, and integrating the associated equalities in [0, T], we get that

(yi(T),pi(T))y—/O (yi(t),pm(t))ydt:/o [(yz‘(t)’A/Pi(t))YJr(Ui(t%cépi(t))vi}dt, i=1,2,

which, together with (2.2), implies that

/ (vz(t)ﬂépi(t))vidt:/ (yi(t), DiDsly(t) — yia®)])ydt, i=1,2.
0 0

By (2.3) and (2.5), (2.1) holds and the proof is completed. O
In the following, we apply Proposition 2.1 to give the following examples on heat and wave equations.

Example 2.2. First, denote by {2 a nonempty bounded open subset of R” with smooth boundary I". Let O,
01, Oz, 01,4 and O3 4 be open subsets of Q. Set Q =2 x (0,7), =T x (0,7), Y =U =W = L*() and
V; = L?(0;) for i = 1,2. In the system (1), we set A = A with D(A) = H?(Q) N HY(Q), B = xo, C; = xo,,
D; = \/aixo, , and y; 4 € L?(Q) for i = 1,2, where a; and ay are any given positive constants, and y,, denotes
the characteristic function of the set w in R™. Then A’ = A, C] = C; for i = 1,2, (1) becomes the following heat
equation:

Yr — Ay = Xou + X0, v1 + X0,v2  inQ,
y=0 on Y, (2.7)

y(x,0) = yo(x) in Q,

and the functionals J; are as follows:

. T . T
Ji(v1,v95u) = %/ /(9 ly — yi.a*dadt + %/ /O v |Pdxdt, i=1,2, (2.8)
0 i,d 0 i

where y is the solution to (2.7).
By Proposition 2.1, for any u € L?(Q), the associated Nash equilibrium for .J; and J; is given by

_ 1 )
Uy = ——X0,;Pi, 1= 1727
23



OPTIMALITY CONDITIONS FOR A CLASS OF MULTI-OBJECTIVE CONTROL PROBLEMS 5
where p; and po satisfy the following coupled system:

Yt — Ay = XoUu — -X0,P1 — joX0P2 0 Q,

P+ Apr = *alxol,d(y —Y1,d) n Q,
P2t + Ape = —aaxo, , (Y — y2,4) in Q,
y:o7p1:p2:o 0112]7

y(z,0) = yo(x), p1(z,T) = p2(2z,T) =0 in Q.

On the other hand, set Y = W = H}(Q) x L?(Q2), U = L*(Q) and V; = L*(O;) for i = 1,2. In the system
(1), we set D(A) = (H*(Q) N Hg () x H (),

0 1 0 0 0 0
A= , B= L O = d D= .
(A 0) (Xo) <Xoi>an (@Xoi,d())

0 1 0 —azA™! d
Al:fA:7<A 0)7 C::(O X0;) ; D;_( Ve (XOL ))7

Then,

(1) becomes the following wave equation:

Y — Ay = xou + X0,v1 + X0,v2  in Q,
y=0 on %, (2.9)

y(x,O) = yé(x), yt(a:,()) = yg(:c) in (),

with (y$,y2)T € Y, and the functionals J; and J, are as follows:

T T
Ji(v1,v95u) = %/0 /O |y—yi,d\2dxdt+%/o /O |v¢|2d:cdt, 1=1,2,
i,d i

where y is the solution to (2.9) and y; 4 € L(0,T; H}(Q)).
By Proposition 2.1, for any u € L?(Q), the associated Nash equilibrium for J; and J; is given by

_ 1 .
Vg = — X0;Pis 1= 1727
Hi

where p; and po satisfy the following coupled system:

Yt — Ay = XOoU — -X0,P1 — 55 X0P2 in Q,
Prie — Ap1 = caaxo, (Y — Y1.4) in Q,
P21t — Ap2 = @aX0, ,(Y — Y2,4) in @,
y=0,p1=p2=0 on 3,
y(x,0) = yo(x), ye(2,0) = yg(x) in Q,
pi(x,T) =p14(x,T) = p2(x,T) = pot(x,T) =0 in .

The above example presents the expressions of Nash equilibrium for linear heat and wave equations, which
have been given in the existing works, respectively.
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3. NECESSARY CONDITION FOR SOLUTIONS TO AN OPTIMIZATION PROBLEM

In this section, we use a finite codimensionality condition to establish a first-order necessary condition for
solutions to the problem (P). Then, some verification inequalities for this condition are given.

3.1. First-order necessary condition

First, suppose that fo : U x Vi x Vo — R and f: U x Vi x Vo — Y are continuously Fréchet differentiable.
Assume that @ € K is a solution to the problem (P), that is,

folia, Ly (@), Lo (@ )):min{ folu, L1 (w), La(w)) € R | f(u, L1 (w), La(w)) € E and u € K }

where (Li(u),Lo(u)) is the Nash equilibrium for the functionals J; and J corresponding to u € K. By
Proposition 2.1, Ly (u) = —IClpl( ) and La(u) = — - L Clpo(+), where p;(+) and po(-) satisfy the coupled system
(2.2).

Consider the following controlled linear system:

G:(t) = Ag(t) + Blo(t) — u(t)] — -C1C1p1 (1) — 51-CaCspa(t) t € (0,T),
Pre(t) = —A' Pl( ) — D1 D1g(t) t e (0,7),

P2,t(t) = —A'Pa(t) — D3 D2g(t) t e (0,7),
5(0) = 1( ) p2(T) =0,

(3.1)

where A, B, Cy,Cy, D1, Dy, 11 and po are the same as those in (1) and (1.2). Define the set

M = { Y [ 0 = full Ly, La(@)0 — ) = 3 o, (1. Ly (). La(@))(CL0) o)

for some v € K satisfying |v — @y <1 },
where fy,, f,, and f,, denote the Fréchet derivative operators of f = f(u,v1,v2) with respect to u, v1 and ve,
respectively.

Next, we recall some concepts concerning finite codimensionality (see [13], Def. 1.5, P. 134). For a subset
Dy of Y, denote by @6 (Dy) and span{ Dy}, respectively, the closed convex hull of Dy and closure of the linear
subspace span{ Dy} spanned by Dy.

Definition 3.1. A linear subspace Y; of Y is called finite codimensional, if there exists m € N and linearly

independent y1,y2, -+ ,¥m €Y \ Y1, such that

Y1 +span{y1,y2, - ,Ym} =Y.

Definition 3.2. A subset D of Y is called finite codimensional in Y, if there exists a g, € ¢o D, such that
(i) span{D — ;g*} is a finite codimensional subspace of Y; and
(ii) @ (D — .) has at least one interior point in span{D — g, }.
The main result of this section is the following necessary condition on the solution @ to (P).

Theorem 3.3. Assume that the set M — E is finite codimensional in Y. Then there exists a mon-zero pair
(to,¥) € R x Y* and a sufficiently large positive constant p*, such that for any pi,us > p*, the following
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necessary condition for the solution @ to the problem (P) holds:

Yon’ + (¥, n')y-y >0, Vvek (3.3)
with
70 = fou(@ Ly (@), La(@))(0 — @) — Z_):f (1, L (@), Lo(0) (C12),

= Fuli La (@), L) 0 = 0) = X o (1, L (1), Lo (0) (C17).

i=1 M
where (p1,Pa2) € H? are the solutions to the system (3.1). In addition, it holds that
<¢, e — f(u Ll( ) L2( )))y*7y < 0, VeekFE. (34)

Proof. Similar to the arguments in [13, 14] and [15], we give a sketch of the proof and it is divided into three
parts.

Step 1. For any ¢ € (0,1) and u € K, set

folu, Ly(u), La(u)) = fo(u, Ly (u), La(u)) — fo(t, L1 (), Lo (1))

and

Nl

J.(u) = [[dist(f(le( ), La(u)), E)|* + | fo(u, L1 (w), La(u)) + €| ]

where dist(-, E) denotes the distance function, and for any y, € Y, dist(y,, E) =inf { |y, —ely e R |e € E }.
Then J.(-) is continuous on K and J. (@) = ¢ < inlfC Je(u) + .
ue

By the Ekeland variational principle, there exists a u. € K, such that J.(ue) < Jo(@), |ue — @y < /e, and
Je(us) < J-(v) + Velue —vly, Vovek. (3.5)
For any p € (0,1) and v € K, set u2 = u. + p(v — ue). Then uf € K, and by the definition of Je, it holds that

Je(uf) — Je(ue)
_ |fo(u? Lu(ut), La(ug)) + |* — |fo(ue, L (ue), La(ue)) + |
Je(u€) + Je (ue) (3.6)
. |dist(f(ug, Ly (uf), Lo(ug)), E)|* = |dist(f (ue, L1 (ue), La(ue)), E) |*
Je(uf) + Je(ue) '

Notice that for ¢ = 1,2,

5 u) = L) = i 2 (- Zoot) = (= oct)] = - it
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where p;"” and pf denote the solutions to (2.2) with u = u2 and u = u., respectively, and (55, p5) € H? satisfy

G5 () = AFF () + Blo(t) — ue(1)] - g CLCIFE ) te (0.7),
774(1) = —A'R5 (1) — Dy Dy (1) te(0.7), (3.7)
75.4(1) = —A'B5(t) — Dy Do (1) te(0.7),

7°(0) = 5 (T) = 55(T) = 0.
Hence, we have that
A B .
lim — | fo(u2, L (u2), La(ug)) = folue, Ly (uc), La(uc)) |
p—0 p

= fO,u(u£7 Ll(ua); L2(us))(v - ua) - Z ifo,vi (UE7L1(U’8)?L2(U8))(Cz(ﬁf)'

i=1

Next, by Lipschitz continuity of distance function and weak* compactness of the subdifferential
8dist(f(ug,Ll(ug),Lz(ug)),E) for dist(-, F) at f(ue, L1(ue), L2(u.)), there is a 1. € Y* with |¢).|y« = 1, such
that

lim % [dist(f(ué’, Ly(uf), Lo (uf)), E) — dist(f (ue, L1 (ue), La(ue)), E)]

= (Ve fulue, Ly (ue), Lo (u)) (v —ue) = > i_fw (ues Ln(ue), La(ue)) (C155) )y =y -

i=1 "

Therefore, it follows that

Py _
lim J2(E) = Je(uc)
p—0 P

- [ Foue, L), Lo(ue)) (v = we)

=30 o (e, L (e). L)) (C57)] (3.8)

N dist (f (ue, L1 (uc), Lo (ue)), E)
Je(ue)

(e, fulue, La(ue), La(ue))(v — ue)
_ Z ifvz (ua7 Ll(ua)7 LQ(UE)) (Cllﬁf)>Y*7Y

Write

fO(UEv Ll(us)a LQ(UE)) te
Je(ue)

_ dist (f (ue, L1 (ue), La(ue)), E) e
Je(ue)

€R, b

ey,

2
772 = fO,u(ua7L1(Ua)7 LQ(ue))(U - ue) - Z %fo,vi (U'Ev Ll(us)a LQ(UE))(C;ﬁZE) € R,
i=1 "

2
and 77; = fu(u€7L1(u€),L2(u€))(U - us) - Z i'fvi(UEle(UE)’LQ(UE))(CZ(@?) ey.

i=1 "
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(3.9)

), we conclude that
<b5,77;>y*’y > —\E|U — ’LLE‘U with |(L5‘ + |b5|y* =1
), it holds that

From (3.5) and (3.8
azng +
Meanwhile, since 1. € ddist(f(ue, L1 (ue), La(uc))

(be, € — f(ue, L1(ue), La(us)))y=y <0, Vee€kE. (3.10)

y+ = 1. Hence, there exists a subsequence of {(a.,b.)}e~o (still denoted by itself)

Step 2. Note that |ac| + |b
and a pair (¢g,%) € R x Y* such that ase — 0

a5—>1/}0 in R

be — 1 weakly* in Y*.
Ux Vi x Vo —Rand f:U XV, XV =Y are continuously Fréchet differentiable, and

and

Furthermore, since fj
ue — @ in Y as € — 0, there exists a pair (n°,n') € R x Y, such that
“in R and 17;—>771 iny,

e =
where

21

1’ = fo.u(t, L1(w), Lo (@) (v — @) — ;jfo vi (@, L1(@), L2 (@) (Cipi),
2

nt = fu(t, L1(a), La(a)) (v — a) — 2 o (@, L (@), La (@) (C7p:)

and (p1,P2) € H? satisfy the coupled system (3.1) for v € K
By (3.9) and (3.10), we obtain that
Yon’ + (¥, 0" )y-y >0
Vee kL.

and
(¥, e — f(u, L1(n), L2(n)))y~y <0,
Step 3. Finally, we show (¢0,%) # (0,0) by finite codimensionality of the set M — F
> bl € -

If 1pg = 0, there exists a dp > 0, such that for sufficiently small € > 0, |bc|y+ > dg. For any e € F and v € K

with |v — uc|yy <1, by (3.9) and (3.10), it holds that

(beyn' — (e — (@, L1(a), La(a)))) v+ v

= <b67n;>Y*,Y + <b€’ 778>Y* y + <b6’ f(uf;‘v Ll(ué‘)’ LQ(uE)) - 6>Y*7Y
(e s L 02), L)) — 3, (8, (@) - o
*Y

> —elv —ucly — acnl + (b,n' —nl)y-y
—(be, fue, L1 (uc), La(ue)) — f(u, L1 (@), L2(w)))y+
> —Ve—lacnl] = n* = ntly — | f(ue, Li(ue), La(ue)) — (@, L1(@), La(@))]y
nt|y, respectively. First,

In the following, we give estimates with respect to [n?| and |n
(Usa Li(ue), La(ue)) (Cz/ﬁf)

*|Clﬁ€ v

021 < | fou(ue, L (ue), Lo(ue)) (v — ue)| + Z
(uval(us) LQ(UE)) v

< |f0u(u5,L1(u€) LZ(UE |Z/l* +Z
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Notice that u. — w in U as € — 0, and fy is continuously Fréchet differentiable. Hence, we have that
| fo.u(ue, L1 (us), La(ue))y~ and | fo,v, (ue, L1(ue), Ly (ue))|,,. are bounded for sufficiently small e. Further, for

the mild solution (g%, p5, p5) to (3.7), it holds that

Vi

155 leo, 15y + D5l cqo,miyy < ClIf | oy,
2

and || c(o,17:v) < C(Jv — ue|p20,10) +Z 0 |PZ\L1(0TY))
i=1 """

here and hereafter, C' denotes a positive constant, depending only on T, B, C,Cs, D1 and Dy, which may be
different from one place to another. Hence, when p; and ps are sufficiently large,

155 o,y + 1P2leqory) < Clv—ucly < C. (3.12)

This implies the boundedness of Z |C!
=1
On the other hand, similar to (3 12) we get that

, |m§] is bounded for sufficiently small e.

|ﬁi _151|C([0,T];Y) + |ﬁ§ — ﬁ2|c([07T];y) < C|ﬁ — Ue |-

By the definitions of n! and n},

In' —nily
< |fu(us,L1(Us) La(ue))(v —ue) — ful@, Li(u), La(u))(v — u)|y

+Z
< |fu(ua»L1(ua)»L2(ue))(v—us) fult; Ly (@), L (u)) (v — ue)ly

+\fu(u Ly (), Lo(@)) (v — ue) — fulit, Ly (@), Lo(@)) (v — @)y

+Z
Z

1L fvl ) LZ(Q))(CZIﬁﬂ - fvl(ﬂ>L1(a)’L2(a))(Cz/ﬁz> v

< | fulue, Li(ue), La(ue)) — fu(t, Li(@), La(@))| @iy lv — velu

+ [ fultt, Ly (@), L2 (0))| c vy lue — @y

fu, tes Ln(ue), Lo (ue))(Ci) = fuu (@ La (@), L2 (@) (Cipi)]|

qu ues L (ue), La(ue) (i) = for (@, La(w), Lo (@) (G357 |,

2
+Zi_\fma,Ll(uE),Lz(us))—fm, (@), La(@)| oy, |15,

Z o1 La (@), Lo (@) 9, |G 5T = By,
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This implies that

In' —nily
< |fu(U8>L1(Ue) La(ue)) — fu(t, Li(@), Lo(@))| cyy + | ful@, La(@), Lo (@) ] ey e — @lu

+CZ |fv1 Ue, L uE) LQ(/LLE)) _fvi(a’ ( ) L2 ’,C(V“Y)

+CZ |fvz (@), L2 (u |c vy e = @l

Consequently, by (3.11) and the above estimates, we obtain that
(be,n" — (e — f(@, L1 (1), La(w))))y=y > =0,

where . > 0 satisfies that 6. — 0, as ¢ — 0.
By [13], Lemma 3.6, p. 142, since M — F is finite codimensional in Y, we have that 1) # 0. The proof is
finished. O

3.2. Finite codimensionality condition

The key of applying Theorem 3.3 is to verify finite codimensionality of the set M — E. If the constraint
set F is finite codimensional in Y, M — F is also finite codimensional. Otherwise, we give some equivalent
conditions on finite codimensionality of the set M in the case of I = U. For this purpose, define the linear
operator F': U — Y as follows:

F(w) = fu(u, Li(0) Z fv, (a), LQ(’Q))(C{}), (3.13)

where p; and p, satisfy the following coupled system:

Gu(t) = AG(t) + Bu(t) - —0101p1< ) — icgc;m(t) te (0,T),

Bua(t) = —A'py (t) — D Dyi(1) te(0,7), (3.14)
Do, (t) = —A'Da(t) — Dy Dag(t) te (0,7),

7(0) = p1(T) = p2(T) = 0,

with 1 and po being sufficiently large.
It is easy to check that F € L(U;Y) and in (3.2), M = { F(w) € Y | Jwy <1 }.
By [15, 16] and [17], we have the following equivalent assertions on finite codimensionality.

Lemma 3.4. The following statements are equivalent:

(1) The set M is finite codimensional in Y,
(2) The range Im (F) of F is a finite codimensional closed subspace of Y;
(3) There exists a Banach space X and a compact operator G from Y* to X, such that

|z

v SC(IF*(2)ur +16(2)|x), VzeY?, (3.15)

where C' is a positive constant independent of z € Y*.
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By the definition of the bounded linear operator F', the conjugate operator F* € L(Y™*;U*) of F satisfies
that for any z € Y* and w € U,

(F*(2), whu~, u = (2, F(w)>y*y

= (2, fu(u, Ly (1) Z - fou (@, Li(@), Lo(@) (C1pi) by

Hence, we get

ni(t) + A*n(t) = —D7(D1) wi(t) — D5(Ds)"ws(t) te(0,T),
wi(t) = (A) wi(t) = =5 (C1)*Cn(t) — 57 (C1)* fu, (@, Li (@), La(w)) 2 t € (0,7), (3.16)
wa (1) = (A') wa(t) = =5 (C3)"C3n(t) — 55 (C5)" fu, (@, L1 (), La(w))*2 t € (0, 7),
n(T) = w1(0) = wz(0) = 0

By (3.15) in Lemma 3.4, we have the following equivalence results.

Corollary 3.5. The following statements are equivalent:

(1) The set M s finite codimensional in Y
(2) There exists a Banach space X and a compact operator G from Y* to X, such that
el < C(|[fuli L (@), La(@)* + B K2 o ey +19G)x ), V2 €Y7, (3.17)
where K : Y* — L2(0,T;Y*) is defined by K(z) = 1(-) for the solution n to (3.16).

Notice that the corresponding conclusions in this section still hold true, in the case that (1) has a bounded
potential. In such a case, (1) becomes

yi(t) = Ay(t) + E(t)y(t) + Bu(t) + Cro(t) + Cova(t) ¢ € (0,7), (3.18)
y(O) = Yo, .
where E(-) € L>=(0,T; L(Y;Y)), and (3.1) becomes
Ge(t) = Ag(t) + E)G(t) + Blo(t) — a(t)] — 57 C101p1(t) — 5 CoCipa(t) t € (0, 7),
Pri(t) = —A'pi(t) — E(t)'Pa(t) — D’1D1y(f) te(0,7), (3.19)
Pa,i(t) = —A'Da(t) — B(1)'Pa(t) — D Day(t) t€(0,7), ’
9(0) = p1(T') = p2(T) = 0.
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Further, (3.16) becomes

(3.20)

Cé)*fv2(ﬂ7L1(ﬂ)aL2 ﬂ’))*z te (OvT)v

N(T) = w1(0) = w2(0) = 0.

In this case, the associated results in Theorem 3.3 and Corollary 3.5 may be applied to some controlled systems
with lower-order terms, in which the coefficients in potential may depend the spacial and time variables.

4. APPLICATIONS OF MAIN RESULTS
As applications of Theorem 3.3 and Corollary 3.5, in this section, we give two examples on multi-objective

control problems.

4.1. Example 4.1

Let Q@ C R™ be a nonempty bounded open set with smooth boundary I' for n € N. Set @ = Q x (0,7,
S=Tx(0,T),Y =W = H}(Q) x L3(Q2), U = L?>(Q) and V; = L*(O;) for i = 1,2. In the system (3.18), we set
D(A) = (H?*(Q) N H(Q)) x Hy(Q),

0 1 0 0
A= B= C;, = ,
(a0) 2o(e) el

E(t) = ( fa?.,t) 8) and D = ( \/aﬁ?coid 8)

where O, O;, O; 4 and o; are the same as those in Example 2.2, and a € C([0, T]; L>(€2)). Then, Y* = H~}(Q) x
LQ(Q>7 Ur = LZ(Q)7 Ci=C;r=(0 xo:)»

pi—((§ V00 ) gy (A7)

O = _ s o)t B0 =( a0 )

Similar to Example 2.2, (3.18) becomes

yir — Ay +a(x, t)y = Xou + X0,v1 + X0,v2  in Q,
y=0 on X, (4.1)

y(l‘,O) = yé(x)v yt(xao) = y(%(x) in (),
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where (u,vy,v7) is a triple of control variables, (y,y:) is the state variable and (y},%2)" € Y. The functionals

J; are as follows:
o (T wi [T
Ji(v1,v9;u) = —1/ / |y—yi)d\2dxdt+—l/ / lvg|*dadt, i=1,2,
2 Jo Jo,. 2 Jo Jo,

where y is the solution to (4.1), y1,4,Y2.4 € L?(0,T; H} () and p1, e > 0. Moreover, for any u € L?*(Q), the
Nash equilibrium (L;(u), L2 (u)) for the functionals J; and J; is given by
1 1
Ly(u) = ——xo,p1(-) and  Ly(u) = ——x0,p2("),
M1 M2

where p; and p, satisfy the following coupled system:

Y — Ay + a’(xvt)y = Xou — iXolpl - tX@pz in Q,
P — Ap1 +a(x, t)pr = ai1xo, ,(Y — Y1,d) in Q,
Pt — Ape + a(x,t)ps = a2X0, 4 (Y — Y2,4) in Q,
(4.2)
y:07p1:p2:0 ODE,
y(xa 0) = yé(x), yt(fcvo) = y%(m) in €,
p(x,T) =p1s(z,T) =p2(z,T) = pas(x,T) =0 in Q.

Furthermore, consider the following optimization problem:
folu La(u). Lafw) = [ gl toy(at),ule,0)dedt, ¥ u e (@),
Q
where y is the solution to (4.1) associated to (u,v1,vs) = (u, L1(u), La(u)) or equivalently, the solution to (4.2)

associated to u, and g : Q@ x R x R — R is a smooth function, such that for any u € L?(Q), g(-, -, y(-, ;u),u(-,-)) €
LY(Q). Set

Flu, Ly (u), La(w) = (y(, T), 9, T))
and E = {(y§,y{)} for any given (y,y{)T €Y.

The above optimization problem (P) is indeed an optimal control problem for the coupled system (4.2) with
terminal state constraints. In this optimal control problem, the set of admissible controls is

Upa = { u € L*(Q) ‘ the solution component y to (4.2) satisfies (y(-, ), v:(-,T)) = (y3, v }

Assume that @ € U,q is an optimal control and (g, P, p2) are the associated solutions to (4.2).
By Theorem 3.3, under the assumption on finite codimensionality of the set M (see (3.2)), there exists a
non-zero triple of (¢g, ¥, 9?) € R x H=1(Q) x L?(Q), such that for sufficiently large p1 and ps, it holds that

Yon’ + (') -1 ),mi@) + @F M) 2@ >0, Ve LX(Q), (4.3)

where

no:/Q{gu(x,t,ﬁ(x,t),gj(x,t))[v(x,t)—ﬂ(x,t)]+gy(%t,ﬂ(x,t),y(m,t))g(x,t)}dxdt,
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and g satisfies the following coupled system:

Prae — Ap1 + a(x, t)p1 = a1xo, .U

P2t — Ap2 + a(x,1)p2 = a2x0, .
y=0,p1=p2=0

§(,0) = g¢(x,0) =0

p1(x,T) = pre(2, T) = po(x,T) = p24(z,T) =0

Furthermore, introduce the following coupled system:

2
T — A1+ a(z, ) = —=x0,¥
Fo,et — A2 + a(z, t)y2 = —i)((?ﬂ;
=0, 71 =72=0
U(x,T) = —4*, du(x,T) =o'
Y1(2,0) = 1,62, 0) = F2(2,0) = F2,4(x,0) = 0

By (4.3)—(4.5), we obtain that

/Q {[¢Ogu($7t,ﬂ(x,t)7§(1',t)) - qulz(x,t)][v(x,t) - ﬂ(x,t)]}dmdt >0,Vve LQ(Q);

which implies

i — A+ a(z,1)§ = X0 (v — 1) = -X0,P1 — s X0.P2 I Q,

in Q,
in Q,
on 3,
in Q,
in Q.

&tt - A'J] + a(m, 75)1/; = —1/109y($7 ta ﬂ((E,t), g(xu t)) + 2:1 aiXOi,d’?i in Q7

in @,
in Q,
on Y,
in Q,
in Q.

,(/)Ogu(xa t,’lj(l‘,t), g(x7t)) = Xoi(@"a t) a. e. in Q

This is a necessary condition for the optimal control @.

On the other hand, by the definition of F' in (3.13),
F(u) = (g(vT)7 :gt('a T))Ta Vue LQ(Q))
where ¢ satisfies the following coupled system:

Yie — AY + a(z,1)§ = xou — ﬁxam - iXoﬂ%
P10 — Ap1 +a(z, )P = a1xo, .9

P24t — Ap2 + a(x,t)p2 = azx0, .7

=0, p1=p2=0

9(x,0) = 9¢(z,0) = 0

p1(2,T) = pre(x, T) = pa(x,T) = p2,t(x,T) =0

in Q,
n @,
n @,
on X,
in €,
in €.

15

(4.6)
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By Corollary 3.5, the finite codimensionality of the set M is equivalent to the estimate (3.17). In this example,
for any z = (¢, 1) € Y* = H-1(Q) x L3(9), (3.20) becomes

S — A+ a(x,t)¢ = 22: QiX0; 44 in Q,
a1t — Aqy + a(@, H)g1 = —=x0,6 — =x0,6 in Q,
G0 — Aga + a(w, )¢ = —=X0,6 — =X0,6 in Q,
bt — Ap+a(z,t)p =0 in Q,
p=0¢=0, 1 =g =0 on X,
o(2,T) = do(2,T) =0 in Q,
¢1(2,0) = g14(x,0) = ¢2(x,0) = g2,4(2,0) =0 in Q,

o, T) = ¢1, ¢u(a,T) = 2 in Q,

and in the expression of F*, f, (@, L1 (), Ly(@))*z = xo¢ and B*n = xoo.
Set ¢ = ¢ + ¢. Then ¢ satisfies the following coupled system:

b1t — Adp+a(z,t)p = ilaz‘X(’)i,in in Q,
Q1 — Aqr + a(r, t)q1 - —iXO@ in Q,
P2, — Ago + a(z,t)g2 = —-x0,0 in Q, (4.8)
¢»=0,q1=q=0 on X,
Oz, T) = 1, d1(x,T) = o in Q,
¢1(2,0) = g14(x,0) = ¢2(x,0) = g2,4(2,0) =0 in Q,

and for any (¢o, 1) € H-1(Q) x L*(1),
F*(¢2,¢1) = x09¢-
Note that here
((62.00) T, (D1.902) Ty v 2(61,92) p2() — (D2, 01) -1, mac0s ¥ (1, 0) T € HI(Q) x L2(€).

The estimate (3.17) becomes

(B2, 01 F-1 0y x £2(0)
<c / /¢2<x,t>dxdt+C|g<¢2,¢1>|§(, ¥ (62, 61) T € H-Y(Q) x L2(9),
0 O

for a compact operator G from Y* to some Banach space X.

In the following, we show that if (2, O, T') satisfies geometric control condition, (4.9) holds true and therefore,
M is finite codimensional. In fact, set ¢ = &1 + &o, where & and &, satisfy, respectively,

fl,tt —-A& =0 in Q,
& =0 on %, (4.10)

§i(2,T) = ¢1(z), §14(2,T) = da(z) in Q,
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and
52,tt - ASQ + a(z, t)¢ = 01G1X0, 4 T Q242X 0, 4 in Q,
q1,tt — Afh + a(xat)ql = _i(;SX('h in Qa
—_ _ 1 i
G210 — Aga + a(z,t)g2 = — - dx0, in @, (4.11)
£2:0’q1:q2:o Onz,
52(3:7T) :€Q,t(x7T) =0 in Q’
¢1(2,0) = g14(x,0) = ¢2(x,0) = g2,4(2,0) =0 in Q.

Define the following linear operators G, G2 and G3:

the continuous operator Gy : H~1(Q) x L*(Q) — (L*(Q))?,
Gi(da, 1) = (¢, q1,02), ¥V (do, 1) € H1(Q) x L*(Q),
where (¢, g1, ¢2) are the mild solutions to (4.8);

the continuous operator G : (L*(Q))* — C([0,T]; Hy(Q)) N C*([0,T]; L*(R2)),
Ga(d,q1,02)" =&, YV (da1,42)" € (L2(Q))°,

where &, satisfies the first, the fourth and the fifth equations of (4.11); and

the compact operator G : C([0,T]; Hy () N C*([0, T]; L*(R2)) — L*(Q),
Gs(§2) = &, ¥ & € C([0,T); Hy (@) N C ([0, T]; L*(2)).

Let G = G1G>G3. Then G is compact and
G: H™'(Q) x L*(Q) - LAQ) 2 X, G(¢a.¢1) = &a.

By [18], if (©,0,T) satisfies geometric control condition, it holds that

T
(G260 orrey <€ [ [ hdadts ¥ (0.00)T € H'(@) x (0.

Therefore,

T T
(62, 61)|H-1(@)x 120 < C/ /O(¢2 +&3)dadt < C/ /o¢2d37dt+ C|G(d2,01)[72(q)-
0 0
This implies that if (Q2, O, T') satisfies geometric control condition, the necessary condition (4.6) holds.

4.2. Example 4.2

For j = 0,1,2, assume that w; and @&; are nonempty open subsets of Q such that @; C w;. Denote by
¢j € C§°(wy) with ¢j(z) =1 in @; and 0 < (j(z) <1 in w;. Set Y =U =W = L*(Q) and V; = L?(wj)
for j = 1,2. In the system (1), we set A = A with D(4) = H*(Q) N H§(Q), B = ¢y, C1 = (1, Co = (2 and
Dj = \/a;(a for aj > 0 and j = 1,2, where ;.4 € C5°(wj,q) and (j,a = 1 in wj ; with w} ; C wj,q4, and wj 4 and
w;-’d being nonempty open subsets of Q. Then, Y* =Y, A'= A, C; = Cj and D = D; for j = 1,2.
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Similar to Example 2.2, (1) becomes

yr — Ay = Cou + vy + Gz in Q,
y=0 on ¥, (4.12)
y(z,0) = yo(x) in Q,

where (u, v1,v2) is a triple of control variables, y is the state variable and yo € Bpl 2 { vE C’§+9 () ‘ \v|cz+g(§) <
p1 } for 6 € (0,1) and p; > 0 (p; will be specified later). The functionals J; are as follows:

T
s R , .
Jj(v1,v95u) = —J/ Cualy — 9j.a>dzdt + &/ lv;jPdzdt, j=1,2,
2 Q 2 0 Wi
where y is the solution to (4.12) and we require ;4 € cos (@). Moreover, for any given u € o3 (@), the Nash

equilibrium (Lj(u), La(u)) for the functionals J; and J; is given by

_

Lj(u) "

g]pja .] = 172a

where p; and p, satisfy the following coupled system:

Yt — Ay = Gou — inm - t(%m in Q,
pre+ Apr = —1C1a(y — J1.4) in @,
Dot + Aps = —a2(2.4(y — Y2,4) in Q, (4.13)
y=0,pr=p2=0 on X,

y(,0) = yo(x), p1(z,T) = p2(2z,T) =0 in Q.

Furthermore, consider the following optimization problem:

fo(u, L1(u), Ly(u)) = /Q gz, t,Y (x,t), u(z, t))dzdt,

A 0=
VueK=B,=2{veC"2(Q) | |v|cg,%@) <p }

where Y satisfies the following quasi-linear parabolic equation:

>

¢ — ‘il(a”—(ff’ VY)Y )a; = Gou+ GLa(u) + GLo(u)  in Q,
sJ=

N

(4.14)

o O

on X,
) = Jo(x) in .

"‘<> "<>

(,

In (4.14), u is the control variable, Y is the state variable and fo is an initial value. Let a” : R x R® = R be
C? functions with a” = a7 in R'*" for 4,5 = 1,...,n. Moreover, for a constant py > 0,

n
Z aij(svT)ViVj Z pO‘V|27 v (SaTa V) = (S,Tl,"' 7Tn7V1a"' 7V’VL) € R1+2n'
i,j=1
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By well-posedness results for quasi-linear parabolic equations, when @y and po are sufficiently large, there
exists a p; > 0 such that for any yg, 99 € Bpl and u € B,,, the equation (4.14) admits a unique solution
Ve C”"’H%@).

Further, g : Q x R x R — R is a smooth function, such that for any u € B,,, g(-,-, Y (-, -), u(-,-)) € LY(Q). Set
f(u, Ly (u), La(u)) = Y(-,T) and assume that E is an open subset of L?(Q). Assume that @ € B,, is a solution
to the above optimization problem and Y* is the associated solution to (4.14).

By Theorem 3.3, since E is finite codimensional in L?(Q), there exists a non-zero pair (1,%) € R x L?(Q),
such that when p1 and po are sufficiently large, the following condition holds:

Yon® + | Y(z)nt(x)dx >0, Vwve By, , (4.15)
Q

where

7’ = /Q {gue.t e, ), 7 (@, 0)[o(w,0) = alw, )] + gy (.t 6w, 1),V (2,4) Z (2, 1) pdodt,
771 = Z('7T)a

and Z satisfies the following coupled system:

Zi— > @I(Y*,VY)Z0)e, — O (a9 (Y*,VY™) - VZY),,

i,j=1 1,5=1

— 3 (@ (P VY)Y Z)y = Golv— @) — 2 CFh — L CEe in Q,

i,j=1

gt - Ag = CO(U - ’U) - igfﬁl - ngQﬁz in Qa (416)
P1,e + Ap1 = —1(1,a¥ in Q,
P2t + ApP2 = —2(2 4y in Q,
Z:g:07ﬁ1:ﬁ220 OHE,
Z(z,0) = gy(x,0) = p1(z,T) = p2(x,T) =0 in Q.

Here, a% and a!/ denote partial derivatives of a’ = a%(s,7) = a"(s,71,--- ,7,) with respect to the variables s
and 7 for k = 1,--- ,n, respectively, and @/ denotes gradient of a*/ with respect to 7 = (71,--- ,7,). Note that
i (\r* Or % O _ ki \r* O\ V7 %

2 (@ VY) VI, = > (D el (T VYL Z),
ij=1 ij=1 k=1

Set
i (\* O 1 . j (V) * O\ V7 * ik O\ V7 *
(Y VY) = 5 [a’;g(y VY)Y 4 dki (VY )Yxk}.

k=1

Then ¢ = ¢/ and the first equation of (4.16) becomes

Zy =Y (aT(Y* VY ) Za)ay — D (VYY) Z0)ay — D (aF (Y, VY)Y D),
i,j=1 i,j=1 i,j=1
1

- 1 5. .
=Co(v—1u)— —(p — —Gp inQ.
H1 2
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When p; is sufficiently small, Z | (Y*,VY™)
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| < % and the above partial differential equation is a linear

i,5=1

parabolic equation with respect to Z. Further, introduce the following coupled system:

Wt + Z (a”(Y*7V}>*)WL)IJ + Z (Cij(Y*7vy*)WEi)Ij
i,j=1 t,5=1

— > a9 (Y, VY)Y W, = —ogy(a, t,u(z,t),Y*(z,t) in Q,
~ ig=1
e + A = a1(1 a1 + @2(2,a72 in Q, (4.17)
Fra— A = LG+ W) in Q,
Fou — Mo = LE(WD+W) in Q,
W=1=0 %=9%=0 on ¥,
W(xaT):w(x)v Q/Z(SU,T):O, ’71(56,0):’3/2(.%,0):0 in Qv

where (W,4,%1,52)" € (L2(0,T; H5 () N C([O,T];LQ(Q)))4 for sufficiently large p1 and ps. By (4.15)—(4.17),
we obtain that

C()W({L‘7t) + C()’JJ(LL',t) = ¢Ogu($,t7ﬁ($7t), Y*(l',t)) a. e.in Q

This is the necessary condition on 4.
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