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ON NON-AUTONOMOUS PARABOLIC EQUATIONS WITH
MEASURE-VALUED RIGHT HAND SIDES AND APPLICATIONS
TO OPTIMAL CONTROL

KARL KUNISCH"* AND JOACHIM REHBERG?

Abstract. The main aim of this paper is to develop a theory for non-autonomous parabolic equations
with time-dependent measures on the spatial domain appearing as right hand sides. Restricting these
measures to ones which have their supports on ‘curves’ or ‘surfaces’ — the latter understood in the
sense of geometric measure theory — we succeed in interpreting them as distributional objects from a
(negative indexed) Sobolev—Slobodetskii space W*2(2) with s close to —1. For these indices s a tailor
suited parabolic theory is established, based on results of Disser et al. [Ann. Sci. Norm. Super. Pisa, CI.
Sci. 17 (2017) 65-79] and Haller-Dintelmann et al. [Ann. Mat. Pura Appl. 198 (2019) 1227-1241]. The
proposed frame work is well-suited for optimal control problems with controls acting on sub-manifolds.
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1. INTRODUCTION

In this paper we study non-autonomous parabolic equations

Gu +A(u =90, u(0)=0 (1.1)
ot

with right hand sides including measures. For every time point ¢ the operator A(t) is a second order divergence
operator, and the setting has the following peculiarities:

e A(t) is combined with mixed boundary conditions, i.e. (homogenous) Dirichlet on one part of the boundary
02 and Neumann on the complementary part,

e the coefficient function of the operators are spatially and temporarily dependent, and it is allowed that they
are discontinuous in both,

e the underlying spatial domain € is non-smooth. The investigation of such equations has been carried out in
the pioneering paper [1] — as long as the spatial geometry and the time-dependent coefficients are assumed to be
smooth — and mixed boundary conditions were not included. It is our aim here to include a broader admissible
framework in order to admit as many real world problems as possible.

Keywords and phrases: Non-autonomous evolution equations, parabolic initial boundary value problems, maximal parabolic
regularity, measure-valued right hand sides, optimal control.

1 Institute of Mathematics and Scientific Computing, University of Graz, Austria and Radon Institute, Austrian Academy of
Sciences, Linz, Austria.
2 Weierstrass Institute for Applied Analysis and Stochastics, Mohrenstr. 39, 10117 Berlin, Germany.

* Corresponding author: karl.kunisch@uni-graz.at

© The authors. Published by EDP Sciences, SMAI 2026

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


https://doi.org/10.1051/cocv/2025084
https://www.esaim-cocv.org
mailto:karl.kunisch@uni-graz.at
https://creativecommons.org/licenses/by/4.0

2 K. KUNISCH AND J. REHBERG

Concerning the measure p on the right hand side of (1.1), in the literature typically on the space time cylinder
it is considered to be of the form

Co(]O,T[xQ)afn—)/O /Qf(t,x)dut(x)du (1.2)

with {4t }+e)0,7) @ suitable family of Radon measures on €2, which is — in its dependence on ¢ — weak* measurable.
The procedure how to treat such parabolic equations is widely common: embed M (), the space of bounded
Radon measures on {2, into a space Wy 1’q(Q) and identify the r.h.s. in this manner with a function f €
L7 (10, T[, W5 " %(Q)) (Wa?(Q) denoting the usual Sobolev space which includes a trace-zero condition on ® C

0 and W4 19(Q) being the space of continuous antilinear forms on W%’q/ (). For such right hand sides one may
— under mild conditions — apply maximal parabolic regularity of the second order divergence operators involved
to get a solution which belongs to the maximal parabolic regularity space (see (3.13) below). Unfortunately, this
has two serious drawbacks: In order to catch all bounded Radon measures on 2, one has to chose ¢’s which lie
definitely below d%‘ll, d being the space dimension. Therefore the domain of the elliptic second order divergence
operator can be at best Wé’q () — with this limitation of ¢. This is more irregular than W%Q(Q) But even
worse: in general it is extremely delicate — in view of pathologies which were discovered already by Serrin in
[2] - to give the divergence operators on Wy 1’q(Q) a precise meaning at all, if ¢ < 2 is far from 2. Secondly,
for non-autonomous, second order parabolic equations no results on maximal parabolic regularity in the W14
scale are at hand if the geometry of the spatial domain is really non-smooth and the time dependence of the
coefficients is 'wild” — unless ¢ is close to 2.

Consequently, in this paper we go another way: We consider sets of codimension 1 or 2 in the spatial domain
Q. If focused on dimensions 2 and 3 this results in measures which live on ’curves’ or ’surfaces’ and are absolute
continuous with respect to the induced Hausdorff measures. ’Curves ’ and ’surfaces’ are to be understood here
in an extremely broad sense — based on the concept of upper I-sets from geometric measure theory, developped

by Jonsson and Wallin (see [3]) in the seventies. These sets M are characterized by the condition
Hi(M N B(z,r)) <crl, ze M, relo,1], (1.3)

for some positive constant ¢, where [ € {1,...,d — 1} and H; is the I-dimensional Hausdorff measure. In order
to avoid trivial cases, we additionally demand that #;(M) > 0 without mentioning this explicitly in the sequel.
Thus, M being an upper I-set, we consider measures oH;|ys, with o a function from L?(M;H;). Fortunately,
the pioneering results of Jonsson/Wallin admit in our case embeddings

L3 (M;H;) 3 0 oMyl € Wgo ' 592(9), (1.4)

where, in our context, € > 0 may be taken arbitrarily small. Even more: one gets uniform boundedness for norms
of the mappings (1.4), if M runs through a class of subsets in 2 admitting a uniform upper [ estimate, i.e. the
constant ¢ in (1.3) can be chosen uniformly for all sets under consideration.

All of this provides a constellation which is quite comfortable concerning the investigation of the
parabolic equation in the context of (non-autonomous) maximal parabolic regularity, namely: in [4] an elliptic
extrapolation theorem was established which asserts that the operator

—V - uV 1 WEE(Q) — Wy (Q), (1.5)

as a topological isomorphism for e = 0 by Lax-Milgram, extends to a (consistent) isomorphism for small ¢ > 0
under very general assumptions. Having this at hand, it is not too difficult to show that (the negative of) these
extrapolated operators indeed generate analytic semigroups on the corresponding Hilbert spaces Wéﬂ’Z(Q), see
Thm. 3.6 below. The next step is easy: it has been established since long that the negative of a generator of
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an analytic semigroup satisfies maximal parabolic regularity — if the underlying Banach space is topologically
a Hilbert space. Knowing this, we deduce from these foregoing insights and the central result of [5], that the

mapping

w — w' — div i grad w
(1.6)
from Wy 9(J; W ' 59%(Q)) N LI(J; WET%(Q)) to LI(J; Wa ' E92%(Q)),

which is a topological isomorphism by the classical Lions’ result ([6], Sect. XVIIL.3, Rem. 9) for e = 0 and
q = 2, extrapolates to an isomorphism for ¢ ~ 2 and small e. Fitting everything together: the embedding
(1.4) — including the control over the embedding constants — with the non-autonomous parabolic regularity
result, one gets as much regularity for the solution as one can realistically expect: maximal parabolic regularity.
Astonishingly, ¢ and s = 1 & € in their inter-relation cleverly chosen, one can achieve that the space of solutions,
namely the left hand side of (1.6), even embeds compactly in the usual trace space C(J; L3(Q)).

In recent years also the numerical analysis of problems (1.1) has been treated, see [7], [8], and also [9], [10],
[11]. In the first paper it is reflected that discontinuous diffusion coefficients allow the treatment of moving
interfaces — a property which is clearly required in applications. In [8] and [11] practical problems are discussed,
where the — time dependent — measures on the right hand side of the parabolic equation are concentrated on
hypersurfaces.

In the last section of this paper our analysis of (1.1) will be used in the context of optimal control problems.
The analysis for these problems is typically carried out for the cases where the control acts on subdomains of
Q or 9. The situation where the support of the control has no interior in §2 or 92 has received surprisingly
little attention. In [12] problems with point control in the interior of the domain are considered. Optimal control
problems with controls as measures were extensively investigated, see e.g. [13], Chapter 4 and the literature
cited there. It should, however, be noticed that formulating optimal control problems over the whole space of
measures favors minimizers which are pointwise source functions, see eg. [14], [15], [16]. The optimal controls
obtained in this manner are typically not concentrated on lower dimensional manifolds. The present paper
aims at providing necessary prerequisites for optimal control on possibly time-dependent lower dimensional
manifolds of codimension 1 and 2, and first steps towards exploiting these results are taken in section 4. There
are only few other publications which also focus on such control problems. All of them consider the problem
under investigation in a Banach (Sobolev-) space setting, while in the present paper we favor a Hilbert space
frame-work, as much as this is possible. Our coefficient functions may depend discontinuously on space and
time, and in fact non-autonomous parabolic equations are one of the main subjects of this paper. Likely the
paper most closely related to ours is [17], where also a convection term is admitted in the equation. The cost
functional there includes a gradient term which leads to an adjoint equation which is much less regular than in
our case. In [10, 18] finite element approximation of the optimal control problems with controls on manifolds
are investigated. Let us also mention [11] where approximate controllability of the heat equation by controls
acting on a lower dimensional manifold is investigated.

2. PRELIMINARIES

2.1. Definitions, assumptions and basic facts

Throughout this paper we denote by d the dimension of the domain € and by #; the /[-dimensional Hausdorff
measure, where | € {1,...,d — 1}. We recall that on smooth and Lipschitzian submanifolds of R¢ the Hausdorff
measure is identical with the measure defined by parametrizations on this manifold, see [19], Chapter 3.3/3.4.
Moreover, if M C 2 C R? we abbreviate LP(M;H,|ns) by LP(M;H;) in all what follows. For Q € R? a bounded
domain, we denote by M () the space of finite Radon measures on 2 — in subscripts abbreviated by M. For two
Banach spaces X, Y, with ¥ continuously embedded into X, we denote by (X,Y ), the usual real interpolation
space and by [X,Y]y the corresponding complex interpolation space (see [20], Ch. I), with 6 €]0,1[ . Finally
B(z,r) denotes the ball in R? with centre = and radius 7.
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We generally admit complex coefficients in this paper. In the sequel we need the following measure theoretic
notion of sets.

Definition 2.1. Let M C R? be a bounded Borel set. We call M an upper I-set if (1.3) holds for a positive
constant ¢. On the other hand, M is called a lower [-set if

eV <My (M N B(z,r), x€M,rcl0,1]

for some positive constant co. If M is an upper l-set and, simultaneously, a lower [-set, we call it an [-set. In
case of [ = d — 1 an [-set is said to satisfy the Ahlfors—David condition.
In all what follows we assume that the subsequent assumption holds.

Assumption 2.2. Q C R4 is a bounded domain d > 2.

(a) ® is a closed subset of OS2, which satisfies the Ahlfors—David condition.
(b) For every = € 02\ © there exists an open neighbourhood U, of z and a bi-Lipschitz map ®, from U,
onto the cube K :=]-1, l[d, such that the following three conditions are satisfied:

d,.(x) =0,
S, (U, NQ)={r e K:z4<0},
O, (U, NIN) ={z € K :z4=0},

(c) QN B(z,r)| >cr?, zeQ, rel0,1] (2.1)

for some positive constant c.
Unless indicated otherwise, the integrability index p is always assumed to be in |1, 00[ in the sequel.

Definition 2.3 (Sobolev—Slobodetskii spaces). W1P?(R9) is the usual Sobolev space. For s €]0,1+ < [\{1} write

s =k+o with k € {0,1} and o €]0, 1[. Then the space W*?(R9) is given by the normed vector space of functions
Y € L2(R?) for which

1/p

oF —oF P
[ llwesp ey = ¥ llwer@ay + Z ff 94 v(y)l dzdy < 0.

P
t=1Rd xRd

For further purpose we also need Sobolev—Slobodetskii spaces on upper [-sets.

Definition 2.4 (Sobolev-Slobodetskii spaces on singular sets). Let M C R? be an upper I-set, s €]0, 1[. Define,
for ¢ € LP(M;H,)

1/p
[lwoan) = Wl + ( [[ 2 |x7 W' d’H()dHl(y)) : (2.2)

x M

finite or infinite. We introduce WP (M) as the space of functions on M, for which (2.2) is finite.
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Proposition 2.5. Let E C R? be an l-set, | € {d —2,d — 1}. Assume p €]1,00[ and s E]%,l + %[ such that
B=s—2L>0. Then, for ¢ € W*P(RY), the limit

(trp0)a) =l e [ b weE (2.3)

exists for Hi-almost all x € E and the resulting operator trg maps W*P(R?) continuously onto W*~ E ’p(E).

d—
Conversely, for trg exists a continuous right inverse §g : Ws_i’p( ) — W*P(R?), such that every function
Seu is smooth on R\ E. Moreover, in case of | = d — 1, §g maps the Lipschitzian functions on E into the set
of Lipschitzian functions on R%. Finally, the extension operators are consistent for all s G]%, 1+ %, [.

Proof. For the first two statements see [3], Theorem VI.1. The assertion on Lipschitz continuity of the extension
is proved in [21]. O

Definition 2.6 (Function spaces with zero trace). Let E C R? be a (d — 1)-set and let s 6]%, 1+ %[ Then we
define WP (RY) := ker trg in W*P(R?).

The analogues of the spaces W*P(R?) and WP (R?) on § are defined as quotient spaces corresponding to
restriction to  of their R? versions as follows:

Definition 2.7 (Function spaces on ). Let p €]1,00[ and s €]0,1 + %[

(i) We define W*P(Q) to be the factor space of restrictions of W*P(R%) to €, equipped with the natural
quotient norm. Moreover, W =P () := (W*P (Q))*

(i) Let E C Q be a (d — 1)-set and s e]%, 1+ %[ Then, as before, we define W;”(Q2) as the factor space
of restrictions to Q of W;”(R?), equipped with the natural quotient norm. Moreover, W " () :=

*

(We" ()"
Lemma 2.8. Let A =R? or A = Q and define
CF (M) = {¢|a : ¥ € CF(RY), suppp N D = P},

and let /W%’p(l\) be the closure of CY(A) in WHP(A).
i) Assumption. 2.2 (b) implies the existence of a continuous extension operator & : Wép(ﬂ) — Wé’p(B),

B C R? being an (open) ball containing ).
ii) Since ® is Ahlfors-David regular, one has Wy (R?) = WAP(RY). So

WP (Q) = WP (9), (2.4)

as sets and topologically.
iii) If Assumption 2.2 (a) and (b) hold, then ng(ﬂ) can be intrinsically characterized as

WLP(Q) = WP (Q) A {4 € LP(Q) : /Q | < oo},

diSt@

Proof. (i) is proved in [22], Lemma 3.2. (ii) The equality W P(RY) = Wzl)’p(Rd) is shown in [21], Theorem 3.7.
According to (i), W4" () is the set of restrictions from W1 P (Rd) and, evidently, W5" () is the set of restrictions
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from Wé’p (R9). This gives (2.4) as sets. Moreover, one has the estimate
1,
||¢||W%’p(§2) < ”w”vvil)#’(g)a (CNS WQP(Q)~

This, together with the open mapping theorem shows the topological coincidence. iii) This follows from (2.4)
and [23], Theorem 2.1, the latter is based on [24] in an essential manner. O

Remark 2.9. i) The definition of the spaces W*P(Q) as factor spaces of restrictions implies that these
spaces inherit the usual Sobolev-type embedding results between them when defined on balls.
ii) Suppose s €]0, 1[. Then condition (2.1) implies that the factor space W*?(£2) agrees with the space W7 (Q)
defined intrinsically by the set of all functions u € LP(2) such that

— P r
l¢llwer @y = 1YL ) + (ﬂff dedy) < 00 (2.5)
xQ

up to equivalent norms (see [3], Thm. V.1). Moreover, very recently it was shown in [25] that, if E C 9Q is
a (d — 1)-set and ( satisfies the interior thickness condition (2.1) for x € 9Q \ E, then W (£2) coincides
with the intrinsically given WP (Q) N LP(§, dist;"°), also up to equivalent norms.

iii) The reader should carefully notice that, in case of p = 2 the so defined Sobolev—Slobodetskii spaces on
R? are identical with the corresponding Bessel potential spaces, i.e. H%2(R?), see [20], Chapter 2.3.2. Up
to now, we decided to maintain the notation W*?2/ Wg’z by the following reason: at least for s €]0, 1] one
has, due to ii), an explicit description of the spaces also on 2 and hence a more clear perception.

Agreement
a) For all Sobolev—Slobodetskii (Bessel Potential) spaces with integrability index 2 we henceforth write H*(2)
instead of W*2(Q) and H () instead of W%Q(Q) .
b) Since the domain ( is fixed through the whole paper, we mostly omit the notation ')’ from now on - writing
e.g. HY instead of HL (). For the following density result we require yet another definition.

Definition 2.10. The space of infinitely differentiable functions with bounded gradient in €2 is denoted by
o ().

Lemma 2.11. Let Q C RY be bounded and E C 99 be a closed (d — 1)-set.

i) Assume s €)1 1]. Then O (Q) C H§ () N C>=(Q) is dense in H ().
i) Assume s €)1, 3[. Then H(Q) N Co(Q) is dense in Hj(€).

Proof. (i) is proved in [26], Proposition 3.7. (ii) We first prove that the statement is correct if € is replaced by
R?. Let ¢ € W (RY) € W*2(R?). Then there is a sequence {t,, } in C5°(R?) converging towards 1 in the W52
topology, see [20], Chapter 2.3.2. Let ¢rp and g be the restriction/extension operators from Proposition 2.5.
Since trg is a left inverse of §g, the operator P := 1 — Frtrg is a continuous projection in W2 (Rd), called
the Jonsson/Wallin projection. Recall that, for ¢ € C’(‘)’O(Rd)7 P is smooth on R?\ E. Moreover, it is also
Lipschitzian on R?, so that the gradient is globally bounded, in particular bounded on € (cf. Proposition 2.5).
Applying the projector P and taking into account Py = ¢, one gets lim,,, . P, = Py = . But P, is C
in R\ E, and this is in particular true in . Now assume ¢ € H§ (). Take ¢ € W5 (R?) as any extension of
. Then it is clear that ¢ — Pep,|q = (¥ — Pibn)|o converges to zero in H #(€) in the factor topology. O

2.2. Some interpolation results

We shall require several interpolation results — mainly in order to obtain further regularity results for the
solutions of the parabolic equations. For convenience of the reader we collected most of them in this subsection.
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Proposition 2.12. i) Assume that 19,7 E]%, %[ and put 7 = (1 — 0)19 + 071, 0 €]0,1]. Then
(Hy Hg )op = [Hy, Hglo = H. (2.6)
i) Let T €]%,3[. Then we have

H™  if10 €]0, 1

2.7
HY  ifr0> 4. 27

(L Hplo = (L*, Hp )2 = {

Proof. i) is proved in [26] as Thm. 7.1. ii) is Prop. 7.8 in [26]. O

Lemma 2.13. Assume that s € [0, %[ Then any interpolation space [L?, H®)g compactly embeds into L?. For
s e]%, %[ the interpolation space [L?, Hg compactly embeds into L?.

Proof. Both, L? = L?(Q) and H*® = H*(f2) are retracts from L?(B) and H*®(B), respectively — in the corre-
sponding factor topology — if B is a sufficiently large ball in R?. So, since H*(B) compactly embeds into L?(B),
H*(Q) compactly embeds into L?(€2). Hence, the first claim follows from [20], Chapter 1.16.4. The second

assertion follows from the first and the embedding H3 — H 1, O

Proposition 2.14. Let V be a reflexive Banach space and H a Hilbert space with continuous, dense injection
V < H. Then one has the (complex) interpolation identity [V,V*]1 = H.

Proof. The result dates back to [27], compare also [28] and [29]. O

Lemma 2.15. Assume that s €]0, 3[. If 0 €]2E2 1], then one has the interpolation identity

[H’)Sl_sa H’}ID_S]Q = [LQ, H’)13+S]7291]_1;57 (2'8)
and, hence, the embedding
(Hg'™* Hy ")p1 = [L* Hg *20_1-.. (2.9)

Proof. Proposition 2.14 implies that L? = [H5178,H5+S]%, from which we make repeated use. By Prop. 2.12
and re-iteration we have

— 1+s,2 —1— s £ —1— £
H%) $ = [L27H33+ ]ijr; = [[H’Ql saH%Jr ]%aHil)Jrs] L:z = [H’}Dl svHil)-i_g} 1-15’ (210)
and thus
[Ho' ™" Hg "o = [Ho' ™" [Hg' ™" Hg™] 1 ], = [Hg' ™" Hy""] o (2.11)

1+s I+s

Since %S > 1, (2.11) may be written by re-iteration as

[[H51757H%+5}%7H313+s} % — [LQ,H%JFS]%,

which provides the desired result. O
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Lemma 2.16. Assume that s €]0, 5[. For 6 €]15%, 3] we have

[Ho'** Hg"g = [L*, Hg"* ] 201y = H 71, (212)

1+s

Proof. From (2.10) and duality (see [20], Ch. 1.11.3) we obtain

H' = ()" = [Hp ™ HE™)"s = [H5" ') o = [H5' ™, H5™]

T+s T+s T+s

Exploiting this, we get by re-iteration

—1+s 1+s —1-s 1+s 1+s
[Hg - ,H; lo = “H@ 7H©+ LisvHDJr ]9

0+ s
C(HZV HI L with s = (1 — 0)—> 0= . 2.13
Hy " Hy ) with = (1= 6)3—2 40 = 17 (2.13)
Our choice of # implies that x > % So we may again apply re-iteration in order to write
[HsglisaHsljs]n = HH5178>H313+8]%7H513+S]2;@—1 = [L27H313+8]25—1 = [L27H313+S} 20-1+s- (2.14)

1+s
Thus, the first equality in (2.12) is proved. The second follows from this one by means of Proposition 2.12. [

3. ELLIPTIC AND PARABOLIC REGULARITY IN THE Hg® SCALE

3.1. Elliptic operators
Definition 3.1. For p € L>(£2; C%¥9), we define the operator

~V-uV+1:Hy — Hy' (3.1)

by

(5 WV iy = [ 196 VB+ 0 g€ b, (32)
If u satisfies the strong ellipticity condition

R(u(@),E)ca > ml?, € eC (3.3)

for some m > 0, uniformly for almost all 2 € €, then (3.1) is a topological isomorphism by the Lax-Milgram
theorem.

Definition 3.2 (Multiplier). Let X be a Banach space of functions 2 — C. A bounded function (: Q@ — Cis a
multiplier on X if the multiplication operator M. defined by (M, f)(z) := {(z)f(z) maps X continuously into
itself. We write ¢ € 9(X) and the multiplier norm is given by ||([lon(x) := || M¢||x—x-

Assumption 3.3. There exits § €]0, 1[, such that all components y; ; are multipliers on the space H®, s €]0, 4]
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Remark 3.4. i) Trivially, any w € L™ is a multiplier on L?. So, if ¢ is multiplier on H¢ and, additionally,
¢ € L*>(2), then one deduces from Proposition 2.12 and interpolation that ¢ is a also multiplier for all
H*® for s €]0, €.

ii) If s €]0, [ and o > s, then every ¢ € C?(Q) is a multiplier on H*.

iii) The class of Holder functions does not exhausts the set of multipliers. On the contrary, every indica-
tor function y, is a multiplier for each space H*, s €]0, %[ as long as A C  is a set of locally finite
perimeter ([30], p. 214ff). An advanced criterion for ’set of finite perimeter’ is given in [19], Theorem 5.23.

iv) Further remarks on the multipliers can be found in [4], Chapter 5 and references therein.

Proposition 3.5. Let the coefficient function p be bounded and strongly elliptic, and let Assumption 3.3 hold.
Then there is ¢ €]0, %[ such that (3.1) consistently extrapolates for s € [—t,t] to a topological isomorphism

—V-uV+1:Hgt® — HJ'*, (3.4)

Further, both v and the norms of the inverse operators (—V - u¥V +1)71 for s € [—1,1] can be estimated uniformly
in the norm of the multiplier norms || j|lsn(z) and the ellipticity constant m in (3.3).

Proof. see [4], Theorem 1/Corollary 1. O

In all what follows the letter ¢ has the meaning of characterizing a closed interval of numbers s, such that
(3.4) is a topological isomorphim.
In the context of this proposition we always use the same symbol —V - 4V irrespective what s is. Unfortunately,
one cannot expect in general that ¢ significantly differs from zero as is known since long (see [31], compare also
1

[32], Ch. 4). The following result asserts that V-4V — 1 generates an analytic semigroup on Hg® for s €] — 3, —1].

Theorem 3.6. i) For s €]3,1[ the part of
V-uV—1:Hp — Hy'

mn H51+5 generates an analytic semigroup on that space. In particular, —V - uV + 1 is a positive operator
in the sense of Triebel, see [20], Chapter 1.1/ on these spaces.
ii) Assume s €]0,¢[. Then V - uV — 1 admits the following resolvent estimate

C
ey < > :
w STy 20 (3.5)

1=V -2V + 1+ 27
and, hence, it generates an analytic semigroup on H51_S(Q). In particular, —V - uV + 1 is a positive
operator on H51_s in the sense of Triebel.

Proof. i) V- uV — 1 generates analytic semigroups on both, L? and Hy 1 see [33], Chapter 1.4.2. In particular,
it satisfies, for X = L? or X = Hy 1 resolvent estimates like

c

V- -uV4+1+N)"1 <
¢ uV +1+X) ||£(X)_1+|/\

1 RA > 0. (3.6)

Applying the well-known characterization of an analytic generator property via the resolvent decay, it is clear
that V- uV — 1 generates an analytic semigroup also on every (real or complex) interpolation space between
L? and Hg' . Taking into account (2.7) and applying the duality formula for complex interpolation (see [20],
Ch. 1.11.3) one gets (L2, Hg']i_s = Hy'™* .

ii) It is well-known that the L? realization of —V - uV + 1 admits a bounded holomorphic calculus (see [34],
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Cor. 7.1.17, compare also [35], Ch. 2.3) and, hence, bounded purely imaginary powers (see [35], Ch. 2.3).
Secondly, the positive resolved Kato square root problem in [26] (see also [36]) tells us

Dom(((—V~uV+1)|Lz)§) — HY. (3.7)
Together, this gives, according to [20], Chapter 1.15.3,

1—s
2

Dom(((—v Y+ 1)) ) = (12, Dom(((—v V4 1)[12)

SIS

)]H = (L2 Hb)y o = HL™, (3.8)
thanks to (2.7). In other words,

(-V -V +1)7  HY S o 12

is a topological isomorphism. Combining this with (3.4) one also gets the isomorphism property

1—s
2

(=V-uV+1) 2 (=V-uV+1)"tH'7® - L2 (3.9)

Let us now prove that the — well-known — resolvent decay on L? implies the asserted resolvent decay on Hglfsz
due to the consistency of —V - 4V + 1 on different spaces under consideration, one has for 1 € L? and A € C
with ®*A >0

1+s

1+ts _1ts
I(=V bV + 14N gore = [(-V -V +1) 7 (V- pV 140V V1) 7 s

<=V -puV+1)(=V-uV+ 1)7\\£(L2;H5175) [(=V - uV + 14+ X"z r2)

1—s
2

I (—V - uV + 1) (=V - uV + 1)71||£(H51’3;L2)||¢||H5173'

Since L? is dense in Hy 175 this resolvent estimate extends to all 1) € Hy 1=s and the theorem is proved. [

Remark 3.7. The reader should carefully notice that now, knowing that —V - uV + 1 in fact is a positive
operator on Hg 175 one indeed has the operator identity

1—s 1+s

(-V-uV+1) 2 (=V-uV+ 1) =(=V-puV+1) 2 (3.10)
as an operator equality on Hg' . So (3.9) can be read as

Dom ;1. ((~V - pV + 1)) = L2, (3.11)
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3.2. Maximal parabolic regularity: Definition and results

Throughout the rest of this paper let T > 0 and set J =]0, T'[. Let us start by recalling the following (standard)
definition.

Definition 3.8. If X is a Banach space and ¢ €]1, 00, then we denote by L(J; X) the space of X-valued
functions f on J which are Bochner-measurable and for which [ || f(¢)[|?d¢ is finite. We define W4(J; X) :=

{ue L9(J;X): 9 € L9(J; X)}, where 2% is to be understood as the time derivative of u in the sense of
X-valued distributions (cf. [37], Sect. III.1). Moreover, we introduce the subspace

Wol(J; X) = {u e WHI(J; X) : u(0) = 0}.

We equip this subspace always with the norm u — ||%||L‘1(J;X).

Definition 3.9. Let X, D be Banach spaces with D densely and continuously embedded in X. Let J 5 ¢ —
A(t) € L(D; X) be a bounded and strongly measurable map and suppose that the operator A(t) is closed in
X for all t € J. Let g €]1,00[. Then we say that the family {A(t)};c; satisfies (non-autonomous) maximal
parabolic L4(.J; X)-regularity, if for each f € L4(J; X) there is a unique function u € L9(J; D) N Wy %(J; X)
which satisfies

)
8—? +A)ut) = f(t) (3.12)
for almost all t € J. We write
MRY(J; D, X) := LI(J; D) N Wy (J; X) (3.13)

for the space of maximal parabolic regularity. Introducing the norm

ou
lullvre(r;p,x) = llullzacr.py + HEHL‘I(J;X)v
makes MR{(J; D, X) a Banach space.

We emphasize that Dom(A(t)) = D for all ¢ € J in Definition 3.9. In particular, all operators A(t) have the
same domain. If all operators A(t) are equal to one (fixed) operator Aj, and there exists an go €]1, 00| such
that {A(t)}ies satisfies maximal parabolic L% (J; X )-regularity, then {A(¢)}ics satisfies maximal parabolic
L1(J; X)-regularity for all ¢ €]1, 0o[ and we say that Ay satisfies maximal parabolic regularity on X.

Let us recall some abstract embedding properties of the space of maximal parabolic regularity which we will
need later.

Proposition 3.10. Let X,Y be Banach spaces with Y is continuously embedded into X. Let T > 0 and set
J =]0,T7.

i) If q €]1, 0], then
Wh(J; X)N LI(T;Y) — C(J; (X, Y)io1,), (3.14)

(see [37], Ch. III, Thm. 4.10).
i) If g €]1,00[ and 0 €]0,1 — é[, then

Wha(J; X)NLA(J;Y) <= CP(J;(X,Y)g) = CP(J;[X,Y]p), (3.15)

where f =1 — % —0, (see [5], Lem. 2.11).
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Our next aim is to show that the second order divergence operators indeed satisfy maximal parabolic reg-
ularity on the spaces Hg® — starting with the autonomous case. We recall that Assumptions 2.2 and 3.3 are
supposed to hold throughout.

Theorem 3.11. i) For all s € [—1,1], the domain of the operator —V - uV + 1, when considered in H51+S,
is Hzl;rs.

ii) For s € [—u, %[, —V - uV + 1 satisfies mazimal parabolic regularity in H51+S.

Proof. Property i) follows directly from Theorem 3.5. ii) It is well-known that every negative of a generator
of an analytic semigroup on a Hilbert space satisfies maximal parabolic regularity there. So, for s € [0, %[ the
claim follows from Theorem 3.6 i). For s € [—¢, 0[ the result is obtained by Theorem 3.6 ii). O

Recall that all these considerations are wuniformly valid for a family of coefficient functions {u,}, which
admits a uniform in 7 ellipticity constant and uniform in 7 multiplier norms.
Now we pass to non-autonomous parabolic operators on the Hg* scale.

Assumption 3.12. i) Let i: J x Q — C%? be a bounded mapping, such that
J €t p(t,-) € LY(Q,CY), (3.16)

is measurable.

ii) The coeffcient functions u(t, -) are elliptic, and the ellipticity constants may be taken uniform with respect
to t € J, see (3.3).

iii) For every ¢ € J the coefficient function u(t,-) =: p satisfies Assumption 3.3 The corresponding norms as
multipliers are uniformly (in ¢ € J and s €]0, ¢]) bounded.

We consider the coefficient function ji satisfying this assumption as fixed.

Note that the set of points in Q where u(t,-) is discontinuous may depend on ¢. Consequently, we admit
the situation that the mapping ¢ + p(t,-) from J into L>(Q;C?*9) is discontinuous at every time point ¢.
In this case it cannot be measurable, see the example in [38], Chapter 7.1. For this reason we only demand
L'-measurability in Assumption 3.12.

Definition 3.13. Let ¢ €]1,00[ and s €] — §,0[, with ¢ as in Assumption 3.12. Define the mapping A :
L(J; Hyt) — L9(J, Hg' ™) by

(Au)(t) = =V - a(t,)V(u(t)), we LI(J;H5™). (3.17)
Lemma 3.14. Let g €]1,00] and s €] — 0,0[, with 6 as in Assumption 3.12. Then the following properties hold.
i) For every ¢ € H,}D"'S, the mapping
tes —V - f(t, )V (3.18)
is (strongly) measurable from J into Hg'*s.
i)

MRE(J; Hyt Hg' ™) 5 u s % —Au

is a bounded linear map into LI(J; H51+S) with a morm which depends on the multiplier norms of the
coefficient functions [i(t,-).
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Proof. i) We start with the case s > 0. One first considers
J ot (=V - pult, )V, <p>(H51+s;Hgs) = {(u(t, )V, V<p>(H%;H55). (3.19)

Taking ¢ € Hy™* N C° (see Def. 2.10) and ¢ from the set CZ(Q), the right hand side in (3.19) equals
Jo u(t, )V - V. Since Vip, Vo € L*°(Q), the measurability in ¢ follows from the asserted measurability for /.
But H5™ N Cpo(Q) is dense in HLT® and OF(Q) is dense in Hy * by Lemma 2.11. So the measurability for
general ¢ € Hg'® and ¢ € Hy * follows by taking the limit in (3.19). Thus, we have proved weak measurability
of (3.18). But this implies strong measurability since Hg ® is separable and reflexive — and so is Hg '™ . The
case s < 0 can be treated analogously, identifying (—V - u(¢, )V, ‘P>H51“><H;;S as (V, (u(t, ~))*V¢>H% <H®
(see [4], p. 1237 for more details) and then arguing as before.

Property ii) is easily deduced from Proposition 3.5. O

Proposition 3.15. There is an open interval J > 2, such that for each g € J

%—A:MRg(J;Hg,H;) — LI(J; Hg') (3.20)

is a topological isomorphism i.e. —A satisfies non-autonomous mazimal parabolic regularity on L1(J, Hgl)

Proof. The result is proved in [38], Theorem 7.2. The reader should notice that here no geometric suppositions
on  are required and that for © (relative) closedness in 02 suffices. O

Theorem 3.16. For every q € J, there is an open interval J(q) 3 0 so that for s € J(q)

% — A:MRE(J;HY™S HE ) — LY(J; HS ) (3.21)

is a topological isomorphism. Thus —A satisfies non-autonomous mazimal parabolic reqularity on LI(J, H%_l) .

Proof. Let q € 3. Assumption 3.12 implies the existence of an ¢ €]0, 5[ such that, for every s € [—¢,]
~V u(t, )V +1: HH — H ', telJ

is a toplogical isomorphisms (see Thm. 3.5) and, additionally, each of these operators satisfies maximal
(autonomous) maximal parabolic regularity, see Theorem 3.16. Moreover, we already know that (3.20) is a

topological isomorphism, which is (3.21) for s = 0.
11

Thanks to (2.6), one may write, for € €] — 3, 5[,

Hy = [Hg' Hy ]

)
2
and, by duality (see [20], Ch. 1.11.3)

H51 _ [H51—57H51+5} _ [Hgl—&-e,Hz—)l—s}

1 1
2 2

Hence, (3.20) can be interpreted in the sense that

9 _ 4. MR{(J; [H5", Hy ]

o Hg ™ Hg ') o L3 [Hg ', Hg ') (3.22)

1
2

[N

1
2
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provides a topological isomorphism. But then [38], Theorem 3.4 tells us that this remains a topological iso-
morphism, if the interpolation index % is replaced by indices 6 sufficiently close to % Re-identifying, by (2.6),

[H5, HY g as H5™ U2 and, by duality,
Clde prol—e e €1 1—e(1—20) * —14e(1-20
[Ha'*, Ha '™l = [Hy  Hy ;= (Hay “7%)" = Hg 70727,

one obtains the assertion. O

Up to now we considered the initial value problem with initial value 0. We will now pass to initial values
Uug 7é 0.

Lemma 3.17. Let X be a Banach space and B the generator of an analytic semigroup on X. Then the following
identity of sets holds

(X, D(B)y_1,={reX: Be 'Bx c I7(]0,1[; X)}. (3.23)

Moreover, both spaces in (3.23) also coincide topologically.

Proof. See [39], Proposition 2.2.2 O

Theorem 3.18. Choose ¢ € J and s € J(q) as in Theorem 3.16. Then for every ug € (H51+s’, HLS ), 1 q and
.

f € LA(J; Hy'™*) there exists a unique solution to

% —Au=f, u(0)=uo. (3.24)

This solution belongs to the maximal parabolic space
Wh(J; Hy' )N LI(J; Hyt®) = X
and admits the estimate

lullx < C(HUOH(Hg“s',H;'S’)li%’q + ”f”L?(J;Hgl‘*'S*Q))a (3.25)

for a constant C' independent of ug and f.

Proof. Using Theorem 3.16 and Lemma 3.17 the existence of a unique solution to follows (3.24) follows from
[37], Proposition 2.1. The a-priori estimate (3.25) is obtained by following the proof of the cited proposition. [

Having now the inclusion of the solution in the maximal parabolic regularity space at hand, our next
aim are some embedding results for the space of maximal parabolic regularity in the Hg® scale, based on
Proposition 3.10.

Theorem 3.19. For s €]0, [ the space L*(J; H5™) N WY2(J; H5'®) =1 X embeds compactly into C(J; L?).

Proof. According to Proposition 3.10 one has for § €]0, 3| the embedding X < C#(J; (HQSHS7 ngs)g,l), where
8= % — 6. Thus, by Arzela/Ascoli it is sufficient to show that, 6 clever chosen, the space (HgHS,H%“)g,l
compactly embeds into L?. But Lemma 2.16 in combination with Lemma 2.13 tells us that all § €]15

52, 5[ do
this job. 0
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Theorem 3.20. Let q > 2, s €]0, 3| such that the interval |15,1 — %[ is non-empty and 0 €]152,1 — %[ Put
B=1-— % — 6. Then one has the embedding
1,9 7. I7—1—5 q( 7. 171—>5 Brr.7172 1+s
w (Ja H:D ) NnL (‘]7 H@ ) = C (J7 [L aH’D ]7291__*_15_" )7 (326)

and the mazimal parabolic space MRE(J; Hil)_s, H51—5) embeds compactly into C(J; L?).

Proof. The first assertion is implied by a combination of (3.15) and (2.9). The second follows from (3.26),
Lemma 2.13 and the Arzela/Ascoli theorem. O

4. NON-AUTONOMOUS PROBLEMS WITH MEASURE-VALUED
FUNCTIONS AS RIGHT HAND SIDES

4.1. Generalities

In this chapter we investigate non-autonomous parabolic problems like

Frie Au =p, u(0)=0, (4.1)

with ¢ a function on J, taking values as bounded Radon measures p; on {2 at every t € J.
It is important to consider mappings J 3 t — p; € M()), which are only weak™ measurable, this means:
mappings, such that

J 3t = (pt, V) mxc(o) (4.2)

is measurable for all bounded ¢ € C(Q2), (compare the discussion in [15], Ch. 2.1). Otherwise one would exclude
examples as the following:

Let J >t +— x(t) be an injective curve in €. If one defines p; := d,(;) (the Dirac measure in the point x(t)),
then the mapping J > ¢ = 0,y is in every point discontinuous, if one equips the space of (bounded) measures
with the strong topology. Hence, it is not measurable if one defines the structure of measurability via this strong
topology. On the contrary, if one considers the weak™ topology and the induced concept of measurability, then
the mapping J > ¢+ d,() is at least measurable if the mapping J > ¢ = x(t) is measurable itself.

If N is a space of measures for which one knows an embedding N' < Hg®, then the measurability of
(4.2) is in particular true for functions ¢ € C;°(2) N HE, which are dense in H (see Lem. 2.11). Hence, the
measurability carries over to all functions ¢ € Hg by density. But this means: the mapping J > ¢t — p; € Hg" is
weakly measurable in this case. Then the separability of Hg® implies, quite in contrast to the situation in M((2),
even the strong measurability. Indeed, by Pettis’s measurability theorem, which will again be used several times
below, a function f: X — B defined on a measure space X and taking values in a Banach space B is strongly
measurable (that is, it equals a.e. the limit of a sequence of measurable countably-valued functions) if and only
if it is both weakly measurable and almost surely separably valued. Thus in our context one is, via embeddding,
in a situation in which rather general mappings J 3 ¢ +— p; are admissable and, additionally, suit in the context
of maximal parabolic regularity— even in the non-autonomous case.

However, the reader should carefully notice: weak™ limits of measures, these being possibly concentrated on
sets of lower Hausdorff dimension, can be of entirely different nature. F.g. every Radon measure on (2 is the
weak™ limit of linear combinations of Dirac measures on ). In other words: the affiliation of a measure to a class
of measures, concentrated on lower dimensional objects, is by no means necessarily preserved for the weak*
limit.
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4.2. Interpretation of singular measures as elements from Hg®

Up to now we have established a parabolic theory for second order operators in the Hg* scale. In order to
treat parabolic second order equations with measure valued right hand side it is, in consequence, necessary to
allow an interpretation for these objects as elements from Hg®. This will be delivered next.

Lemma 4.1. Let Q C R?, D be a closed subset of 9Q. Then the space of bounded Radon measures on 2, M(),
continuously embeds into any space H51_E if € > 0.

Proof. Let € > 0 . For every u € H%“ there is a & € W'TS2(R?) the restriction of which is u and, additionally,
([ yyr1+e.2(ray < 2||uHH1®+e. So, for every € > 0 one has Hy"* < C(f). Thus, one gets for every bounded Radon

measure m on )

il o= sup | [vdn[< s suplu)] fmf < clmlu,
H’l/JHnge:l Q IWHH1©+e=II€Q

where ||m|| o denotes the total variational norm of m. O

So far, this affects general bounded Radon measures on () irrespective of their singularity — even Dirac
measures are admitted, compare e.g. [12], [9], [11].

In the sequel we restrict the class of measures which are admitted. The reason is twofold: first the classes
which we will consider are the most relevant ones in view of applications. Secondly, as we have seen, optimal
elliptic and parabolic regularity are only available for second order divergence operators if the differentiability
index s of the corresponding Hilbert space is close to —1, see Theorems 3.16 and 3.18. Thus, concerning parabolic
equations, one is restricted to measures which can be considered as elements of Hg)lie with € ~ 0. In two space
dimensions it turns out that — besides the class of all bounded Radon measures — the measures situated on
sets of Hausdorff dimension 1 deserve special attention. In three space dimensions this affects the measures
concentrated on ’surfaces’ and ’curves’ — in fact: sets of Hausdorff dimensions 1 or 2. In order to make this
precise, we need some preparation. Recall first the definition of an upper I-set from the introduction.

Lemma 4.2. If the closed set M C R is an upper [-set satisfying (1.3), and one defines the measure x on R?
by x(N) = H;(N N M) for every Borel set N C R?, then x satisfies x(B(z,7)) < 2'cr! for v € R? and r < 1/2.
Hence, x(M) is finite.

Proof. For all x € R? with dist(x, M) > 1/2 one has B(z,r) N M = () for r < 1/2, so that x(B(x,7)) = 0 for
these r. If dist(x, M) = r < 1/2, then exists a y € M with |z — y| = r < 1/2. But then B(x,r) C B(y,2r) and
the assertion follows. O

Proposition 4.3. If M C Q2 is a Borel set of finite Hausdorff measure H;, then the mapping

Co(2) 30— v dH,
M

18 a bounded Radon measure on €.

Proof. Since H; is a Borel measure on R? and #;(M) is finite, the restriction of H; to M is a (bounded) Radon
measure on R? (see [19], Ch. 2, Thm. 2.1). It is clear that the restriction of this to {2 remains a (bounded)
Radon measure. O

From the previous two results we conclude that £ M C ) is a Borelian upper [-set, then H,|as is a bounded
Radon measure on 2. Moreover, the total mass of M > M with respect to H; can be estimated by ¢ x n, where
n is the number of (shifted) unit balls required for a covering of M.
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Proposition 4.4. Let M C R? be an upper l-set with 0 <1 € {d —2,d —1}. If | =d — 2, let a €]1, %[, and if
l=d—1leta€)i1].

i) For f € L*(R%) and uw = Gy % f one has

[ull2(aria) < ell fllz2 ey (4.3)

G, being the Bessel potential (see [40], Ch. V.3) for the index . The constant ¢ can be chosen independent
from f.

1) The constant ¢ may be taken even uniform for sets M obeying the right estimate (1.3) with a uniform c.

Proof. (i) is a special case of [3], Chapter VI, Lemma 6. (ii) follows by a careful inspection of that proof. For
the convenience of the reader we give some comments in the appendix how to read the proof of [3], Chapter VI,
Lemma 6 in the special case under consideration here. O

Corollary 4.5. Let M C R be a closed upper l-set with 0 < 1 € {d —2,d — 1}. Let a be as in Proposition 4./.
Then one has a continuous trace mapping W2 (R?) = HS(R?) into L?(M;H;), HS(R?) being the well-known
Bessel potential space (see [20], Chapter 2.3.3, compare also [40], Ch. V.3).

The norms of these trace mappings are uniformly bounded for different sets M obeying the right estimate
(1.3) with a uniform c.

Proof. As is well-known, the space HS'(R?) can be defined as the set {G, % f : f € L?(R%)}, equipped with the
corresponding graph norm (see [20], Ch. 2.3.4). So (4.3) can be interpreted as

lullz a2y < cllull garay, (4.4)
and the assertions follow. O

Theorem 4.6. i) Suppose that M is a closed subset of ), which is an upper (d — 1)-set. Then, for s 6]%, 1],
HS™® admits a trace on M, this belonging to L*(M;Ha—1).
The norm of the mapping H,}{S — L?(M;Hg4_1) is finite. Moreover, these norms are uniformly bounded
for different sets M obeying the right estimate (1.3) with a uniform c.

i1) Let now d = 3. Suppose that M is a closed subset of Q, which is an upper 1-set. Then, for s €]1, %[, H;‘s

admits a trace on M, this belonging to L?*(M;H,).
The norm for the mapping H%‘LS < L?(M;H,) is finite. Moeover, these norms are uniformly bounded for
different sets M obeying the right estimate (1.3) with a uniform c.

Proof. Recall that H is the space of restrictions of W%’Z(Rd) functions, equipped with the factor topology. 1)
. - 1— - 1-5,2 g . -

In this spirit, let, for u € Hg °, let u € Wg ° (]Rd)ge an extension of v with H“”W;;S*z(u@d) < 2Hu||H%75. Now

one applies Corollary 4.5, which implies try7i € L?(M;Hq—1)- inclusively a corresponding estimate. Evidently,

then also

tryt = trypila € LA(M;Hg ).
Finally, one takes into account that forming the trace on M is the same for the extended function @ and the
function w on € since M C 2 and Q is open. ii) The proof proceeds along the same lines, again fundamentally

resting on Corollary 4.5. O

Having this at hand, our next aim is to show, by duality, that (suitable) measures cH;|ps may be considered
in a natural manner as elements from (suitable) spaces Hg*.
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Lemma 4.7. Let Q be a bounded domain in R? . Let M be a closed subset of Q of finite H; measure, | €
{1,...,d}. Suppose that HY admits a continuously trace mapping into L?(M;H;) with norm e. Then, for all
o € L3(M;H,), the measure oH;|n belongs to HZT", and the mapping

L*(M;H) 20— oHyly =V € Hy" (4.5)

is well defined and has a norm not larger than e.

Proof. One has

{oHilar, V) - xn-| < /M [lloldte < llollc2arpn 19l L2(rw) < e llollzz a1l ¢ € Hy. (4.6)

O

Theorem 4.8. i) Adopt the assumptions of Theorem 4.6 i). Then, for s E]%, 1[, L3(M;Hq4_1) continuously
embeds into H51+5.
i1) Adopt the assumptions of Theorem 4.6 ii). Then, for s €]0, %[, L?(M;Hq_2) continuously embeds into

—1-—s
Hg'™s.

The embedding constants for the two previous mappings are uniformly bounded for different sets M obeying
the right estimate (1.3) with uniform c.

Proof. The claims follow from Theorem 4.6 and Lemma 4.7. O

Let us have a closer look at what kind of restriction the uniformity of the constant ¢ means in a simple
example:

Consider a bounded domain © C R? which includes 0 € R? and a closed ball B(0,79) around it. Take a
sequence {ay }y, from the interval [0, 7], which converges to zero. From this we form the set

Ny :=Ur<n{z € R?: 2z =re™ re [0,70]}-

Then condition (1.3), with { = 1, obviously gives a bound for the admissible N. In any case, the union over all
k is not admissible.
However: if one changes the above set to

Up{z € R? : 2 = re' r € [0,74]}

and chooses the r; suitably, then (1.3) can indeed be satisfied in this case. Very roughly speaking, one can
say: only finitely many ’curves’ of constant length are admissible, but if the lengths may shrink to zero, then
infinitely many may be admissible and still satisfy (1.3).
Let us now take a function n € C§°(Q2) which is identical 1 on B(0, 7). Then ||n]|L2(nrysm,) = Nré/z. This
clearly shows that, in order to delimitate the embedding constant of Hg < L?(Nx;H1)) one must delimitate N.
Clearly, one can construct analogous examples also in higher dimensions.
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Lemma 4.9. Assume s €] — %7 %[ For every t € J, let p; be a bounded Borel measure on €2, such that the
mapping J St — py is weak® measurable. Suppose further that

sup | / ¢dpt} < oo for every t € J. (4.7)
¢€H%+SOC”(Q)7|\¢|\H%+521 2

Then the mapping
HSP N C®(Q) 3¢ — / U dpy (4.8)
Q

extends by density to an element Uy € H51_3 (see (4.5)). Moreover, the mapping J >t — U, € H51_5 s
strongly measurable.

Proof. First, recall Lemma 2.11. Assumption (4.7) implies that (4.8) is a continuous (anti)linear functional on
Hg‘s N C*° () with respect to the induced Hzl;rs topology. By density of HiF N C>(Q2) in H%Jrs’ this can be
extended to a continuous antilinear functional on the whole space H%“.

Secondly, from the supposed weak* measurability it follows that J > ¢t — fQ P dpy = (Vy, 1)) is measurable
as long as 1 € H;'S N C>(Q). But this latter set is dense in ngs, so the measurability for general ¢ € Hzl;'s
follows. This implies weak measurability of J > ¢+ ¥, € Hg 175 Since Hy 1175 {5 separable and reflexive, the
asserted strong measurability follows. O

Remark 4.10. It is not by accident that we consider (4.8) first only on ngs N C* () since it is not a priori
clear that all elements of H;'S are measurable with respect to p; — and, hence, that the mapping (4.8) is well
defined for all 1) € Hgt®.

Up to now we were primarly interested in individual measures oH;|5;. Having parabolic equations with
varying in time measures as right hand sides in our general focus, we must find a concept which allows to
identify the time dependent, measure-valued function as one with values in the Bessel potential space Hg"™ —
including suitable measurability and integrability properties. This is achieved in the next theorem. It appears to
be unavoidable here to exploit a classical instrument from measure theory, namely the "upper integral’, denoted
by f; fdt. We follow here entirely the fundamental work [41], see Section Ch. 13.5 there. What we finally use

concerning this, is the following: If f < g on the interval J, then [} fdt < [} gdt. This has the consequence

/fdtg/ gdt, if f is measurable. (4.9)
J J

Theorem 4.11. Suppose 0 <1 € {d—2,d— 1}. For every t € J, let M; be a closed subset of Q which is an
upper l-set, with uniform ¢ in (1.3).

Assume that for every t € J there exists oy € L*(My; H;) such that
a) the mapping

J 3t oy, € M(Q) (4.10)

is weak™ measurable and
b) the upper integral (see [41], Ch. 13.5) f; ”UtH%?(Mt ) dt is finate.

i) Let s €]0, 5[ oyHi|n, by Theorem 4.8 i).
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1+s

Then the mapping J 3t +— ¥y € Hyg s strongly measurable and one has

q q
St < [ ol (411)

for some constant €. Moreover, the constant € is uniform with respect to all families {o¢}iey for which
fJ ||‘7t||(1];2(Mt,7-Ll) dt < oo.
ii) Lets €]0, L[ and ¥y € Hy'™* be the element which is associated to the measure oy Hy| a1, by Theorem 4.8 ii).

Then the mapping J 5t — ¥, € H51_5 is strongly measurable and one has

q q
/J|\\I/t||H51,S dth/J EA—" (4.12)

for some constant €. Moreover, the constant € is uniform with respect to all families {o}ey for which
fJ ||O-t||%2(Mt,HL) dt < 0.

Proof. Note that we do not know — at this stage — that the function J > ¢ — |lo¢||2(ar,,2,) is measurable, so
we imposed the required integrability condition via the upper integral.
i) Applying Lemma 4.9 — the assumptions of which are fulfilled according to Theorems 4.6 and 4.7 — the
asserted measurability follows. Moreover thanks to Theorems 4.6 and 4.7 the uniform upper [-estimate implies
H\Ijt||H55 < lo¢llL2(ar, 3,y With a uniform in t constant [. Thanks to (4.9), this proves (4.12).
ii) is proved analogously.

This theorem will be instrumental to establish solutions to (4.1) in Theorems 4.13 and 4.15 below. O

Remark 4.12. Reconsidering the assumptions of the previous theorem, the reader should carefully notice that
— besides the weak* measurablity of the function (4.10) — no measurability condition is supposed for the function
t — oy and even not for ¢ — |lo¢|[z2(ar,,2,) - To make such a measurability precise would be a challing task —
and not easy to control in examples. This is the reason why we posed the conditions on the densities o in form
of the upper integral. For the finiteness of the upper integral a uniform boundedness condition for the functions
o¢, for example, is a sufficient one since the function J 3 ¢ — H;(M;) is bounded by the (supposed) uniform
(upper) l-property of the sets M;.

4.3. Regularity for non-autonomous parabolic equations with measure-valued right
hand sides

In this section we arrive at one of the final aims of this paper: namely to prove parabolic regularity results
for equations with measure valued right hand sides. The crucial point is two-fold: on one hand, the results of
the foregoing section allow to interpret suitable measures as elements from Hg®. Here in the two dimensional
case there are no restrictions concerning the measures under consideration: all bounded Radon measures are
admissable. In the higher dimensional cases one is restricted in this concept to measures which live on sets with
Hausdorff dimension one or two and are, additionally, absolutely continuous with respect to the corresponding
Hausdorff measure there. Subsequently we are in the position to apply the results of maximal non-autonomous
parabolic regularity from Section 3.

Theorem 4.13. Let Q C R? and assume that p : J — M(RQ) is weakly* measurable with [ ||p¢||%dt < oo fo
some qp > 2.
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Then, there exists a q > 2 such that, for sufficiently small € > 0 the solution u of the problem (4.1) exists. It
lies in the space Wy (J; Hg'" )N LI(J; Hy ) = MRE(J, Hy ¢, Hy' ™) and satisfies an estimate

lulvang g < ¢ [ llonl (4.13)

for some constant c.

Proof. In case of two space dimensions, the space of bounded Radon measures on () continuously embeds
into every space Hg 1=¢ with e €]0, %[ — see Lemma 4.1. Associating therefore to the measure p; an element
U(t) € Hgl_e, one can prove as in Theorem 4.11 the measurability of the mapping J >t — ¥(¢) € H51_5
inclusively the estimate [ [|¥(t)]|%dt < cfj l|pe]|%dt. Now the claim follows from Theorem 3.16.

Corollary 4.14. Under the assumptions of the previous theorem, the solution belongs to C®(J; H"), for some
B8 >0 and k > 0.

Proof. Given g > 2, there exists € > 0 sufficiently small such that the interval ]156, 1-— %[ is non-empty. The

claim then follows with Theorem 3.20. ]

Unfortunately, the range of admissable integrability exponents ¢ with respect to time is restricted to be close
to 2.

The next result shows that the solution is more regular with respect to the spatial variable, if one restricts
the admissible measures to those living on lower dimensional sets. In particular, in dimension 2 the function
u(t,-) is Holderian on  for almost all ¢ € J. This is as special case of the following result which concentrates
on subsets of codimension 1 in R?, respectively R3.

For the following theorems recall the definition of J from Proposition 3.15.

Theorem 4.15. Let I =d — 1, and suppose the following:
(a) For every t € J, let My C Q) be a closed subset of 2, and assume that

Hy (M0 B(z,r) <cr®t zeM, re0,1] (4.14)
for a constant ¢ independent of t € J.
(b)  For every t € J there is a oy € L*(My; Ha—1), such that the mapping
J oSt oHa—1|m, =: p(t) € M() (4.15)

is weakly* continuous, and [ ||0t||%°2(Mt;Hd71)dt < 0o holds for some qo > 2.

Then, for s €0, %[, each p(t) can be understood as an element in HE)H'S, and by Theorem 4.11 the function p
is in L% (J; Hg'™). Further the solution u of

— —Au=p(-), u(0)=0 (4.16)
ot
belongs to the space of mazimal parabolic reqularity MRE(J; H%+S,H51+s), for s > 0 sufficiently small, and
q=2,ifqg =2, else2<qeT.

Proof. Thanks to Theorem 4.11, the function ¢ — p(t) can be interpreted with values in H51+S and an inte-

grability exponent ¢ < qo in time, as long as s €]0, %[ Possibly diminishing s and ¢, one may now apply
Theorem 3.16. O

We next address the situation of codimension 2 in R¢, d > 2.
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Theorem 4.16. Let ] =d — 2, and suppose the following:

(a) For every t € J, let My C Q) be a closed subset of Q) and assume
H)(M;N B(z,r)) <crl, xzeM;, rcl0,1] (4.17)
for a constant ¢ independent of t € J.

(b) For every t € J there is a o, € L*>(My;H,;), such that the mapping
Jot— UtHl|Mt =: p(t) € M(Q) (4.18)

is weakly* continuous and f; ||0't||%2( dt < oo holds for some q > 2.

Mt?Hl)

Then, for s €]0, £[ each p(t) can be understood as an element in Hg'™*, and by Theorem 4.11 the function p is
in LI(J; Hg'~®). Further, the solution u of

5 ~Au=p(), u(0)=0 (4.19)

belongs to the space of mazimal parabolic regularity MRE(J; H,}{S,Hglfs), for s > 0 sufficiently small, and
q=2,ifq=2, else 2 < q€eT.

Proof. The proof again follows from Theorems 3.16 and 4.11. O

5. OPTIMAL CONTROL

5.1. Measure theoretic preliminaries

Up to now we considered a parabolic equation with prescribed right hand side o¢#;|ps, only demanding the
finiteness of the upper integral

/J el ag, ) A < 00 (5.1)

and, secondly, the measurability of the mappings
Jot— <‘7tHlv¢>H5*’xH;, = / o Y|ar, dHy, for all o € HE. (5.2)
M,

Within this subsection we will investigate this second condition and introduce a specific construction for the
o¢’s. In order to illustrate the problem, consider first the case where all sets M; are identical, i.e. M; = M for a
fixed upper l-set M. Then it is clear that the weak*-measurability amounts to the measurability of the function
J 2t o,. But, if the sets M; evolve in time, then this aspect becomes a non-trivial one. We investigate this
in some particular setting by making the following assumption which is supposed to hold throughout the rest
of the paper.

Assumption 5.1. Let M be a closed subset of R and an upper I-set, such that, for all ¢ € .J, there is a bi-
Lipschitz diffeomorphism ¢; from M onto M;. The Lipschitz constants [; of the ¢;’s and the Lipschitz constants
17 of their inverses ¢; ', are uniformly bounded in t € .J.
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Proposition 5.2. Suppose Mo, My C R¢ and let ¢ be bi-Lipschitzian from M, onto M,. Then
THI(Ma)) < Hi(Ms)) < 7~ Hi(Ma)), (5.3)

~ depending only on the Lipschitz constants of ¢ and ¢~ 1.

Proof. The left hand side of (5.3) is proved in [19], Theorem 2.8 for the case when ¢ is defined on whole R.
In our case this is not fulfilled, but ¢ may be extended to R¢ as a Lipschitzian function into R? with the same
Lipschitz constant, see [19], Chapter 3.1.1. To this extended function the above quoted theorem applies. The
right hand side of (5.3) is proved by the same arguments, this time applied to ¢~ 1. O

Lemma 5.3. The sets My, defined in Assumption 5.1, are upper l-sets as well. The corresponding constants ¢;
in (1.3) may be taken uniform in t.

Proof. Note first, that every ¢; extends to a bi-Lipschitzian mapping from Eonto M, — under preservation of
the Lipschitz constants. The Lipschitz continuity of ¢; implies , for all x € My,

M0 B(a;r)) = ¢¢(M) 0 B(a;r) € ¢¢(M N0 B(¢y 'a, Ar)), (5.4)

where A may be chosen uniform in ¢. Take now in particular M, = M N B(¢; Yz, \r) for an & € M, and apply
(5.3), to conclude the proof. O

Lemma 5.4. Adopt the assumptions of Proposition 5.2. Consider the (pushforwarded) image, named w, of the
Hausdorff measure H; on M, under ¢ on M;. Then w is of the form w = ¢H;, where ¢ is H;-measurable and is
bounded from above and below by constants. These constants may be taken uniformly for bi-Lipschitz mappings
¢, admitting uniform Lipschitz constants for ¢ and ¢~ *.

Proof. For each H;-measurable subset No C M, and N, = ¢(N,) one has — mutatis mutandis — (5.3). For
mappings ¢ with the uniform Lipschitz constants for ¢ and ¢~ !, v may be taken uniform. This implies that
w is absolutely continuous with respect to H; on M, and, hence, admits a density ¢ by the Radon-Nikodym
theorem. Further (5.3) implies uniform bounds for ¢’s from above and below for different mappings ¢ — as long
they admit uniform Lipschitz constants for ¢ and ¢—!. O

Lemma 5.5. Let ¢ be uniformly continuous on  and assume that the mappings J 3 t — ¢(x) € Q are
measurable for every x € M. Then

J 3t (e(-) = fr € L*(M;Hy) (5.5)

is measurable.

Proof. First one observes that the system of functions {f;}+ is equicontinuous on M according to the uniform
continuity of ¢ and the (uniform) Lipschitz properties of the mappings ¢;. Let {x;}; be a countable, dense subset
of M. Standard arguments (see [41], Ch. 13.9, 13.9.6) tell us that, for every x € M, the function J 3> ¢t — f;(z)
is measurable. Let € > 0 be arbitrary. So, by Lusin’s theorem, for every j there is a compact set K/ C .J, such
that |J \ KZ| < €277~ and the mapping

ICg St ft(iE]')

is continuous (see [41], Ch. 13.9, 13.9.4). Define K = N;K. We show:
For every x € M, the mapping

K>t fi(z) (5.6)
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is continuous. One has

[fe() = fs(@)] < [fe(w) = felwy)| + [folwg) = fs(wp)[ + | fo(2) = fs(as)],

and all three addends can be made arbitrarily small by taking z; close enough to x. Let ¢ € L?(M;H,).
Knowing the continuity of (5.6), Lebesgue dominance tells us that

ICBtn—)/ Fi o dHy (5.7)
M

is continuous, see [41], Chapters 13.8 and 13.8.6. But the measure of J \ K is at most e. So Lusin’s theorem
again applies and tells us that

Jatn—>/ i o dH, (5.8)
M

is measurable. So (5.5) is weakly, and, hence, strongly measurable. O

Lastly, if one only aims at measurability of the mapping (5.2), then Assumption 5.1 can be relaxed as follows:
divide the interval into intervals Ji, Ja,... and demand for every subinterval J = J; again Assumption 5.1.
Subsequently on each of the subintervals Ji the same calculus can be done as for J now, and can subsequently
be concatenated to again obtain functions on J.

Consider now, for every t, the mapping V; : L2(M;H;) — L*(My;H;) defined by

(Vi(0)) (@) = sel2)e(9; '), ¢ € LX(M;H)), « € M. (5.9)
Then the definition of the image of a measure together with Lemma 5.4 show that, for every ¢t € J, V; is a

bounded linear mapping from L?(M;H;) onto L?(My;H;), the norms of which together with their inverses are
uniformly bounded in ¢ € J. Our choice for oy in (5.2) will be

o, = Vi(yp), for o € L*(M;H,).
With reference to Theorem 4.8 we introduce the embedding operators
T, : L*(My; Hy) o 0 — oHy € Hy''™, for o € L*(My; Hy),

with 7€ (0,4)ifl=d—1, and 7 € (-%,0) if I =d — 2.

2

(5.10)

Here and throughout the remainder the case | = d — 2 is only considered for d > 3.
For v € L4(J; L?>(M;H;)) and [ € {d — 1,d — 2} the crucial point now is the measurability — or not — of the
mappings
St (It‘/}(v(t)), ¢>H51+T><H%*T = <Vt(v(t))Hlv 1/)>H51+T><H57 = fM,, V;f(v(t)) alMt dHlv (5'11)
for every ¢ € H'~". In this respect we have the following
Lemma 5.6. With Assumption 5.1 holding and V,Z as defined in (5.9) and (5.10), the function

Jot— T V(t) € H51+T (5.12)
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is measurable for every v € LY(M;H,;), with ¢ €]1,00[, 1 € {d —1,d — 2}, if and only if
T3t () € L*(M;Hy) (5.13)

is measurable for every function ¢ € C5°(Q) N H,}{T i casel=d—2 and ¢ € C* N H%fT i case l=d—1.

Proof. We utilize that by a well-known theorem of Pettis the measurability of ¢ — Z;V;v(¢) follows from its weak
measurability, thus from (5.2) with s = 1 — 7. We now turn to the case | = d — 2. According to Lemma 2.11 we
may restrict ourselves to ¢ € Cp°(Q) N HY . One calculates for v € L9(J; L2(M;H,))

(ZVe((t), V) ot ppier = [og, Ve lag, dHr = [y e ve(y () s, dHy

= Jar, ve(80 () s, deoe = [y 009 (0(-)) dH, (5.14)

where we used that w; was the image of the measure H,|ys under ¢;.

The reader should notice that the function M > z — ¢(¢:(x)) — C is bounded and continuous — hence mea-
surable with respect to H;. Since H;(M) is finite, the function vy ¥ (¢ (+)), consequently, belongs to L?(M;H;),
and the last term in (5.14) is well defined — irrespective of the Hausdorff dimension of M.

Since the functions v run through the whole space L7(J; L?(M;H,)), it is straight forward that the measur-
ability of (5.14) is equivalent to the measurability of the function t — 1 (¢:(+)) € L?(M;H,) for every function
¥ € Cp°(Q), which is (5.13). For the case | = d — 1 one chooses 1) € C*° N Hy ™ and proceeds in the same
manner. O

This lemma guarantees the measurability of the right hand side of equation (5.15) below. The latter is
assured by the measurability of (5.13), which is addressed in Lemma 5.5 under a natural and extremely general
condition.

5.2. An optimal control problem

For uy € L?(J; L?) and ug € L?*(Q) we consider the optimal control problem

] 1 T T
min TO =5 [ OO~ w0l dt + GO = urlia + 1€l dt P

§ELA(J;L>(M;H,y))

where u(€) is the solution to

% — Au= B¢ u(0) = u, (5.15)

and a > 0, 8 > 0. The control operator B and ¢ > 2 will be specified below. First it will be convenient to
summarize the conditions which will henceforth be assumed.

Assumption 5.7. We assume that Assumptions 2.2, 3.12 and 5.1 are satisfied and that for every x € M, the
mapping J 3 t = ¢;(x) € R? is measurable.

Thus the prerequisites established in Section 5.1 are at our disposal. We further recall the definition of the
spaces X = Wh4(J; Ho'tT) N L4(J; H5'™), where 7 will be chosen positive respectively negative as asked for in
(5.16)—(5.18) below. We shall consider combinations of (d, ) corresponding to the cases covered in Theorems 4.15
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and 4.16, in particular

Il =d—1with 7 €]0,¢[, and ¢ = 2, (5.16)

or
l=d—2with7 €] —¢0[, and ¢ =2,a =0, (5.17)

or
l=d—2withT €] —¢0[, and T3¢ > 2, (5.18)

with € > 0 sufficiently small, o to be introduced below, and J from Proposition 3.15. The reason for considering
different cases for [ = d — 2 results from the fact that X = Wh4(J; Hg'*7) N L9(J; H5™™) with 7 < 0, does not
embed continuously into C'(J; L?) unless ¢ > 2. Pointwise-in-time evaluation of u(¢), however, is required for J
if a > 0.

We proceed by setting the control-space to be L?(M;H;) and define the time dependent control operators
for a.e. t by

B(t) : L*(M;H;) — Hg''™ with B(t) = Z,V;,
with
Vi L2(M;H;) — L*(My;Hy), and Ty« L*(My; Hy) — Hg '

Here V; is as defined in (5.9) and Z; as in (5.10). Recall that the V;’s are uniformly (in t) bounded,
Thus there exists k1 > 0 such that for all t € J:

IVill oo (aairy, L2 vy < ki,
and there exist a constant a kg such that for a.e. ¢
1Zell 2eL2 a0y, 5 7y < Foas
for 7 as in 5.10, see Theorem 4.8. Consequently HB(t)”L(L%M;HQ,H;”*) < k1ks for a.a. t € J and B(t) induces
a mapping B € L(LI(J; L*(M;H,)), L9(J; H5't7)), satisfying

HB”ﬁ(Lq(J;L2(M;H:)):LQ(J;H;)“*)) < kik. (5.19)

Let uo € (Hg'*",Hp™),_1 , be fixed. By Theorem 3.18 and (5.19) for every & € L9(.J; L2(M;H,)) the

control system (5.15) has a unique solution u = u(§) € X satisfying
l(©llx < elllzonze oy + lollorer ey s (5.20)
qwq

with ¢ independent of ug and £. Here € is assumed to be sufficiently small so that Theorem 3.18 is applicable
for 7 €]0, €[, respectively T €] — €,0[.

Theorem 5.8. Let Assumption 5.7 hold and let € be sufficiently small. Then forl and q as in cases (5.16)—(5.18)
problem (P) admits a unique solution £* € L*(J; L2(M;H,;)).
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Proof. We start by arguing the well-posedness of the cost-functional for each of the three cases. For each of them
existence of a solution u(¢) € X to (5.15) for all £ € L?(J;H,) is guaranteed, see (5.20). For (5.16) moreover
u(€) € C(J; L?), see Theorem 3.19, and hence J is welldefined. Turning to the case [ = d — 2, for (5.17) well-
posedness of J already follows from u(§) € X. For (5.18) we utilize Theorem 3.20 with ¢ € J,¢ > 2, and 7
such that 0 < —7 < % — é, then 6 = % — 7, to get B = % + 71— % >0, and X C C#(J; H™7). In particular
u(€) € C(J; L?) and J is also well-defined for the case described by (5.18).

Next, let {&,} be a minimizing sequence for (P). Then J(&,) < J(0) + 1 for all sufficiently large n. Hence
{¢,} is bounded in L%(J; L?(M;H,;)). Consequently {&,} admits a weakly convergent subsequence, which is
denoted by the same symbols, and £* € L9(J; L?(M;H,;)) with &, — £, see e.g. [42], Chapter IV.1 Corollary 2.
By the uniform boundedness of B(t) with respect to t, it is simple to argue that B¢, — BE* in L?(J; H51+T).

For each &, the solution u(&,) to (5.15) can be decomposed as u(&,) = u1(&n) + up where uq(&,) is the
solution to (5.15) with £ = &,,up = 0, and uy, is the solution to (5.15) with & = 0,u(0) = up. By (5.20) the
sequence u1(&,) is bounded in X and thus there exists a subsequence, again denoted by the same indices, and
ui € X such that u1(€,) — u} in X. Lemma 3.14 implies that Awuj(&,) — Auf in LI(J; Hg'*7). Thus we can
take the weak limit in L(J; H5'™7) in the equation

8U1(§n) _ AU1(§n) — Bé’n’ u(O) = O,
ot
to arrive at
ou’ * *
atl —Aup = B¢, u(0) =0.

Uniqueness of the solution to this equation imply that u} = uj(£*). It follows that u(&,) — u(&*) = uy(€*) +up
in X, with u(£*), the solution to (5.15) setting & = £*. Consequently £* is an admissible control for (P).

To pass to the limit in the cost functional we use Theorems 3.19 and 3.20 to assert that lim, . u(€,) = u(£*)
in C(J; L?) for cases (5.16) and (5.18), and we use the compact embedding of W12(.J; Hg'™™) N L2(J; H5™)
into L2(J; L?) to obtain lim,, o u(&,) = u(¢*) in L2(J; L?) for case (5.17), where o = 0. These convergence
properties, and utilizing that o = 0 in case (5.17), justify the following inequalities:

TE) = 3 7 (@) (t) = wa(®) 32 dt + (€ (D) = urllZe + & f 16 W22 agimay

. T . o .. T
< limy o0 % fo llu(&n)(t) — ud(t)”%2 dt + limy, 00 §||u(§n)(T) - UT||%2 + liminf, o g fo an||%2(1v1;7-[l) dt

<liminf, ;o J(&n) = inf&eLQ(J;LQ(M;Hz)) J(§),

and thus £* is an optimal solution. Uniqueness of this solution follows from the strict convexity of the cost-
functional. O

5.3. Optimality condition
Now we present the optimality condition associated to the unique solution £* of (P). The analysis builds

upon the adjoint equation associated to £* which is given by

_% +-’180(t) =—(u(€) () —uqt)) on J, o(T) = —a(u(&)T) — ur) (5.21)
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A defined as in (3.17), with the coefficient function replaced by its adjoint. We have the following regularity
results for the adjoint state:

Lemma 5.9. Concerning the regulamty of the adjoint state the following properties hold: <p € Wh2(J; Hy hn
L2(J; HY) for (5.16), o € WY2(J; Hg' ") N L2(J; Hy ™) for (5.17), and ¢ € WH2(J; Ho' ") N L2(J; H1 7)
for (5.18) provided that upr € H™7.

Proof. The solution to (5.21) can be decomposed as ¢ = 1 + @2 with ¢ the solution (5.21) with ¢1(T) =0
and 9 the solution to the differential equation in (5.21) with right hand side equal 0.

For case (5. 16) we have o € WY2(J; Ho') N L2(J; HY) and ¢y € WH2(J; Ho't7) N L2(J; HS'™), and thus
o€ Wh2(J; Hy YN L2(J; HY). As a 81de remark we observe that by Proposition 3.10 we have that X C
C(J; (HQHT HHT) ,2), and consequently u(£*)(T') € (H,)SHT,H%'”) .Thusifur € (Hg 147 H1+T) L2, then
p2 € WH2(J; H51+T) N L%(J; Hy'™) and subsequently p € W12(.J; Hy 1+T) NL3(J; Hy'™).

For case (5.17) we have o = 0 and hence 2 = 0, and u(£*) € Wl’Q(J; Hg " ynL2(J; Hg'T) C L2(J;H5'™T)
and ¢ = o € WH2(J; Hg' ") N L2(J; Hy 7).

For case (5.18) we have u(€*) € Wl’q(J Hy'""") N LI(J; HST™) € CP(J; H™™), for some 8 > 0, see the
proof of Theorem 5.8. Hence u(¢*)(T) € Hy” = (Hg' ", Hy )1 12, see Lemma 2.16 below, and consequently
a(u(&*)(T) —ur) € Hy". Moreover we have that u(¢*) € Lq(J,H;“T) C L?(J;Hg'™™) and consequently ¢ €
Wh2(J; Hg " )N LA(J; Hy 7). O

The optimality condition is presented next.

Theorem 5.10. Suppose that Assumption 5.7 holds and that ur € H™7" in case (5.18). Then the necessary and
sufficient optimality condition for £ to be a minimizer of (P) is given by

BIE O F2(n0 € (1) = B ()(t) for a.a. t € J, (5.22)

with ¢ given by (5.21).

Proof. Since £ — u(§) is affine the linearization of this mapping in direction 6¢ € L1(J; (M, H,;)) is given as the
solution u’ = u/(§¢) to

— Au'(t) = B(t)6&(t) on J,  4/(0) = 0.

Step 1 We first turn to the cases (5.16), for which 7 > 0. In this situation v’ € MRZ(J; HS™™, Ha't™)

C(J; L?), by Theorem 3.16 with 7 > 0. This will justify the following identities, where we use (5.21) with ¢ = 2:
* = T
HT(€) 66 = [} (u — uq(t), w'(6§) () L2 dt + a(u()(T) — ur, w'(66)(T)) L2 +5f0 (£(2), 66 (1)) 2 (ariae,) At
T
= Jo (Sre(t) — Aw(t),U’(5§)(t)>H51xH% dt — (@(T),u' (8E)(T)) 2 + B [y (6% (1), 0€()) 12 (ariae,
T (o

(p(t), = u/ (6) (1) — A/ () (1)) 1 g2 At + B [y (€7 (1), 5§(t))L2(M;Hl)dt
(P(£), = B(YSE()) pr1m gy rer At + B [ (65(1), 06()) L2 (ariaylt = 0,
The above identities hold for all 6¢ € L?(J; L?(M;H,;)) and for a.a. ¢ € J, and consequently B*(t)p(t) = BE* (1),
as desired.

Step 2 Now we consider case (5.17) where 7 < 0 and a = 0. In this case v’ € MR{(J; Hy'™, H5'™")

C(J; HE)), where we use Lemma 2.16, and ¢ € Wh2(J; Hy'"")Yn LA(J;HY ™) € C(J; H_ ) and ¢ €
Wh2(J; Hg' ™ ™) N L2(J;(J; Hg' ™) € O(J; H). We can now follow the computation of j(f*)d{ as in
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Step 1, making appropriate changes in the duality pairings:

3¢ = Jy (u — wa(t),u' (0€) (1)) L2t + B [ (£(1), 0€()) 12 (ariae,
Go(t) = Ap(t),u/ (56)(£)) pr-r y raee dt + Bfo £),0€(1)) L2 (a0,
(1), =g (0€)(t) — AW (8€)(2)) i g1 dt+ﬁfo £),88()) L2 (a3t
2 t 77B(t)6§(t)>H1©77><H51+7 dt + ﬂf() €* ) g( ))L2(M;'Hz)dt = 07
where the temporal integration by parts in third equality above can be verified with a density argument. Again
we obtain the desired equality (5.22). B
Step 8 In this case we use that u(¢*) € C(J;Hg"), (see proof of Thm. 5.8, p € WhH4(J;Hg'"") N

Li(J;Hy ) € C(J;Hg"), (see Lem. 5.9 and Prop. 3.10), and v € Wh4(J; Hg't7) N L9(J; Hy'™) C
C(J;Hg"), (see Thm. 3.20). We now equate

*) € = [y (u(€)(t) — ua(t), w' (9€)(t)) p2dlt
+a<u<£><T>—uT, BTN 12 + B fy 1€ ON52 0730 (€E) 660 L2 (riag, )t
= Jo (Zo(t) = Ap(), u/ (5) () 17 i dt = (p(T), 0/ (5€)(T)) 12
8 Jy 1€ ONEatrr0 (€ ), 66 () L2 (ariag )t
= Jo (¢ t,—fu<f><t>—Au<6§><>>H1 menrgrer At B IE (O (€ (8), 06(8)) 12 (ariae, At
= Jo (@), =BEIE®) v grorer dt+ B f 1€ O Errin (671, 06(8)) 2 (arsganydt = 0,

and again (5.22) follows.
Step 4 Since the cost-functional £ — J () is strictly convex, the necessary optimality condition is also
sufficient. O

Utilizing the structure of the control operator B(t) = V;Z; it will be shown next that the optimal solution
&* exhibits extra regularity. This property of increased regularity of the minimizer arises frequently in optimal
control, see e.g. [43], p. 52.

5.4. Extra regularity of the optimal control

It is frequently the case that the optimal control of an optimization problem constrained by a parabolic
equation exhibits extra regularity. This is an important property in the context of approximation theory, to
obtain error estimates for discretizations of the infinite dimensional problem by finite dimensional ones, or for
iterative solution processes when solving (P) numerically. The tool for establishing the extra regularity is the
relationship of the optimal control £* to the adjoint state, which is (5.10) in our case. Here this requires us to
revisit regularity properties of the adjoint equation, or, equivalently, turning around time, the primal equation.
Some additional regularity properties of the problem data will be needed. Throughout this section we restrict
ourselves to the case d € {2, 3}.

Assumption 5.11. (a)  For some o > 3 the coefficient function satisfies

||,u(t1, ) — ,u,(tg, ')”Loo(Q;CdXd) < C|t1 — tg‘a for all ti,to € J. (523)
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(b)  In case d = 3 the operator
1,3 -1,3
=V u(t, )\V+1:Wg° = Wy (5.24)

is a topological isomorphism for each ¢t € J, and that the norms of their inverses are uniformly in ¢
bounded.

Moreover for every t € J all components of the coefficient function pu; = [i(t, -) are multipliers on the
spaces W3 at least for small s €]0,,]. The corresponding norms as multipliers on these spaces are
uniformly in ¢ bounded for s €]0, d] .

Finally, the set © N 9N \ © — where the Dirichlet boundary part meets the Neumann part — is a 1-set.

Remark 5.12. We are aware that the condition (5.23) restricts the class of admissable coefficients in comparison
to Assumption 3.12 considerably. Prototypically, in the latter a (scalar) coefficient function ji is allowed which
is identically 1 up to a time point ¢y € J, and from tg on it is identical 1 on a subdomain 2, and 2 on 2\ £2,.
Obviously, such a i does not satisfy (5.23). But the following is allowed: Let Q4 C € be a subdomain and x its
indicator function. If one defines

1t <t
PEZ V14 (8 — to)y if t > to,

then this coefficient function is admissible.

The following theorem, which is proved at the end of this section, refers to the equation with homogenous
initial condition:
ou

S —Au=f, u(0)=0. (5.25)

Theorem 5.13. Let Assumptions 3.12, 3.3, and 5.11 be satisfied.

(a)  For dimension d = 2, there exist 8 > 0 and r €]0,0[ such that the solution u to (5.25) belongs to
CP(J, H5™), provided that f € Li(J; L?) for G > 2 sufficiently large.

(b)  For dimension d = 3, there exist § > 0 and r €]0,ds[ such that the solution u to (5.25) belongs to
CP(J, W_%H’B) provided that f € Li(J; L?) for § > 2 sufficiently large.

This result allows us to draw conclusions on the regularity of the optimal control £*. Henceforth all the
Assumptions 2.2, 3.3, 3.12, 5.1, 5.7, and 5.11 are supposed to hold.

Theorem 5.14. Let the assumptions just mentioned hold, let d € {2,3}, « = 0, and ug € L>=(J; L?). Then the
optimal solution to (P), satisfies

(i) & € L®(J; W= @@ (M) for case (5.16),
(ii) €* € L*(J;W~"2(M)) for case (5.17),

2

(iii) €*(t) € W' st= 315 (M) for a.e. t € J and € € L>=(J; L>(M;H,)) for case (5.18),

for some k > 0. Recall that M is of Hausdorff dimension d — 1 in the first case and of Hausdorff dimension 1
in the last two cases.

Proof. Let us recall the adjoint equation (5.21). As established at the beginning of the proof of Theorem 5.8
we have that u(¢*) € C(J; L?) in the cases (5.16) and (5.18). In view of and the assumption on uy we have
that the right hand side of the adjoint equation satisfies u(£*)(t) — uq(t) € L>(J; L?). Next we observe that
after time reversal the adjoint equation is a special case of (5.25), and from Theorem 5.13 we deduce that
@ € CP(J,HS) «— C(T,Wgt™) for d = 2 and ¢ € CP(J,W5T"%) < C(T,Wgt") for d = 3, for some § >
0,7 >2and xk > 0.
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Now we recall from Theorem 5.10 that
BllE™ (¢ )HLZ(M Hl £ (t) = B*(t)p(t) = V7' I} p(t) for a.a. t € J. (5.26)
A straight forward computation shows that V;* : L?(M;, H;) — L*(M,H;) is given by

(Vi) (x) = ¢(d(x)), © € M. (5.27)

Now we continue with case (5.16) and obtain

BE() =V o) am, = o(t, p:e())|ar for a.a. tin J, (5.28)

where for the first equality we used (5.26) with ¢ = 2, and Theorem 4.6 and (5.27) for the second. Let us
now temporarily fix ¢ and denote the function ¢(¢,-) by 1. We point out that the right hand side of (5.28)
is to be read as (trag, ¢(t,-))(d¢(x)) = (trar, 1) (¢4(x)). Recall from the discussion in the first paragraph, that
¢ € Wh4+5(Q) and consider an extension operator € : Whd+r(Q) — Whd+s(R) ¢ C(RY). Further, let ¢; be
a Lipschitzian extension of ¢y : M — M, to R* — R, having the same Lipschitz constant as ¢,. Each function
@) is continuous on RY, so, for every x € M, (tthz/J) (¢¢(x) is obtained as the pointwise evaluation of the
function €y o (Et in z, i.e. equals (trM(sz/J o é\t))(x) By construction, it is not hard to see that the family
F = {chp(t,&);())}te] is a bounded one in W14t#(R%). Hence, the family of traces, {8¢*(t)}1es = tryF on
M, is bounded in Wlfﬁ“ﬂ"(]\/[)7 thanks to Proposition 2.5. It remains to assertain the measurability of £*
with values in W'~ d+ﬂ’d+“( ). This follows from the fact that ¢t — £*(¢t) € L?*(M;H,;) is measurable, that
wt= m’d+“(M ) is reflexive and separable, and the Pettis measurability theorem.

The case (5.18) can be treated with the same techniques as (5.16) except that now (5.26) needs to be
considered with ¢ > 2. Consequently we obtain 3||&* HLQ(M wn& € Le(J; W= 3+f~"3+”( )) and thus £*(¢) €
wi- 3+~’3+“( ) for a.e. t € J. Moreover from (5.26) we deduce that £* € L>°(J; L3(M; Hl)f'

Finally, we turn to case (5.17). In this situation the adjoint variable satisfies ¢ € L?(J; Hg "), see the proof

of Lemma 5.9, and recall that 7 < 0. We now follow the steps of case (5.16) above. Equation (5.28) is satisfied
with ¢ = 2. The existence of a continuous extension operator € : H1=7(Q2) — W1~ "2(R3) is guaranteed by
[3], Chapter V.1. The trace mapping trp : W="2(R3) — W~"2(M) is bounded by Proposition 2.5 in the
pointwise H; a.a. sense. We thus have BE*(t) = trys Ep(t, ¢y(+)) € W—™2(M) for a.a. t € J in case (5.17). The
measurability of J >t — £*(t) € W~72(M) again follows from the measurability of that mapping with range
in L2(M;H,). Finally £* € L?(J; W~"2(M) is implied by the boundedness of € and the trace operator. O

Now we turn to the proof of Theorem 5.13 and start with two preparatory lemmata.

Lemma 5.15. Assume d = 2 and let s €]0, 1. Then [L?, H5 g continuously embeds into H5™ for some r > 0
if 0 is sufficiently close to 1.

Proof. The claim follows from Proposition 2.12 ii). O

Lemma 5.16. Assume d =3, and let s €]0, 1[. Then [L?, W%H’g]g continuously embeds into Wé”’?’ for some
r >0, if 0 is sufficiently close to 1.

Proof. First observe that under the additional Assumption 5.11 (b), one has [ng’q, Wil)’q]% = L7 (q €]1, o0]),

see [44]. Then we fix a ¢ such that L? continuously embeds into WQ_C’?’. Clearly, then [LQ,W$+S’3]9 —
(W5, WaT*%y. We may write

W5<3 [L3 W—1 3]< =Wy 1,3 L3]1 ¢ = [W—13 [W—ls wh 3]%] _ [W51’3,W£‘)’3]% (5.29)
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+¢
1+¢

ol

Let &k be a fixed number from ] , 0. Now using (5.29), we may continue

[W5C737W%+S’3]9 _ [[Wg"?’,Wy&i”]mwy&?’]% N [[W54’3,W$’3]H,W%+8’3] -

—K

~1,3 1,1,3 1,3 145,3 —1,3 11,1,3 14s,3
= “:[WZD ’W’D ]%7W© ]K7W®+ :|M = [[W’D ’WZD ]T7W’)D+ ]?:—:

K

with 7= 2(1 — ¢) + £(1 + ¢). Observe that our condition on  implies 7 > 1. So we may continue

= 15 WAy WA, W] = (1 W)

O—r
T—r

W™ ome = W % Wt lass. (5.30)

27—17 27—17 T—r

Observe that, due to our supposition on x, we have 27 — 1 > % So the results in [44] allow to identify (5.30)
with a space Wé’”’?’ , (r>0), if 4 is close to 1. O

We shall also rely on the following result.

Theorem 5.17. (see [45]) Let V. — H — V* be a Gelfand triple of Hilbert spaces with dense embeddings.
Assume that we are given, for each t € J, a continuous, coercive sesquilinear form s, on V which altogether
admit a common coercivity constant. Moreover, suppose that

sup |5t(90,¢) - 5S(¢7¢)| < C|S - t|a7 st e J (531)
llellv=lvilv=1

for an o > %
Let Ay be the sectorial operator which is induced by s; on H and q €]1,00].
Then, for every f € L1(J, H) — Li(J;V*) the solution of the equation

ou
o TACQu="1 u(0)=0 (5.32)

exists, is unique and satisfies u € WH4(J, H), and, consequently,
Jot— Awu(t) € LIY(J, H). (5.33)

Theorem 5.18. Let V = H%D, [ is a — time dependent — coefficient function, bounded and elliptic with o
uniform in t ellipticity constant. Additionally, concerning the dependence on t, we suppose the condition s; is
as in (3.1), there p taken as a the coefficient function u(t,-). Let Ay denote the operator which is induced by
the form s; on L?. Finally, suppose the existence of a reflexive, separable Banach space with dense embedding
X < L? such that the X, X* duality extends the L?-self duality and

[l x < cllAepllr2, @ € dom(Ay), t € J (5.34)

¢ being independt from t. Then, for every L(J, L*), the solution u of

ou

exists and is unique. It belongs to the space MRE(J; X, L?).
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Proof. First we make use of the fact that condition (5.23) implies condition (5.31) in Theorem 5.17. So existence
and uniqueness follow immediately from Theorem 5.17. Moreover, condition (5.34) shows that, for almost every
t, u(t) indeed belongs to X. Let us show that the function w is measurable when considered as X-valued.
Since it is measurable in L? also the function J 3 ¢ ~ (u(t),v))pz = (u(t),v)xxx~ is measurable for every
v € L2 But L? is dense in X* so J >t — (u(t),v)xxx~ is measurable even for all v € X*. Hence, u is weakly
measurable when considered in X what implies also strong measurability in our case. Knowing this, (5.34) shows
in combination with Theorem 5.17 that the assertion is true. O

Having this result at hand, we may apply Proposition 3.10. In combination with the Lemmata 5.15/5.16 this
finishes the proof of Theorem 5.13.

Remark 5.19. It is not trivial to single out geometries of 2 and © and/or coefficient functions p such that
(5.24) indeed is a topological isomorphism. Fortunately, a broad zoo of geometries and coefficient functions p
which implies this isomorphism property is established in [46] and discussed there in great detail.

6. CONCLUDING REMARKS

(a) The assignment
Co(J xQ)> f— /J/Qf(t,x)dpt(ac)dt (6.1)
defines a measure g on J x Q if the mapping t — p; € M is weakly measurable and some integrability
condition
[ ol <o a>1 (6.2)
holds.

Conversely, if g is a measure on J x ), then it always admits a disintegration of type
Co(J xQ)> f / / f(t, x)dp(x)dw(t), (6.3)
JJa

with p; a measure on Q and w a measure on .J, see [47].
Thus, our result is proved for measures p on J x §2 for which the measure w is the Lebesgue measure
on J and the measures p; are of the form o,H;|s,, satisfying the integrability condition (6.2).

(b)  Condition (6.2) appears to be reasonable for applications, see [15] and [9].

(c) Of course, one can consider right hand sides which are sums of — time dependent — measures of the
character described above and, say, time dependent L?(Q) functions. By embedding, then the right hand
side may be considered as from L7(.J; H5®) (s suitably chosen) and the presented parabolic theory still
works.

(d) We restricted to the case where the measures live on subsets of integer dimension only for technical
simplicity. The basis in geometric measure theory on which our results rest is established in [3] for the
general case as well. Everything can then be proved quite analogously. Since we are not aware of any
applications of this we did not carry out this here but restricted to integral dimensions.

(e) The elliptic result in Proposition 3.5, borrowed from [4], is proved even for systems in that paper. Also in
the case of systems the Kato square root problem is solved in the affirmative in an extremely wide range
of geometries, see [36]. Moreover, the (elliptic) system operator has a bounded holomorphic calculus on
L2, since it is an accretive one. So the above arguments should also work for systems.
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As the title of [8] suggests, it can happen that distributional objects are of interest which are not
necessarily measures. Consider the following situation: Take  C R? as a Lipschitz domain which contains
a subinterval | — a, a[ of the z-axis. Define the distribution ¥ on Q as the PV distribution on | — a, a[ as
follows:

o)

T

(¥, v) = lim

e—0 |

dz +/ @dx, ve Wy, q>2. (6.4)

a

It is not hard to see that the mapping in (6.4) is well-defined and continuous on Hélder spaces, hence
on W,;FE’Q with € > 0 arbitrary. Consequently, the so defined ¥ — not being a measure — belongs to any
W4 1742 and lives on a one-dimensional manifold. We expect that such distributional objects, entering
in the parabolic equations as right hand sides, can be treated to a large degree in the same manner as
the measures that we have considered above.

We suspect that similar constructions can be found also in higher dimensions, but do not expatiate
this further here.
The question arises whether one could have a suitable parabolic theory on the space of bounded Radon
measures, M (Q) on Q, without embedding this into suitable Sobolev spaces. We do not know any attempt
in this direction, even for autonomous equations. In particular, the domain of second order divergence
operators, when considered on M(S), seems to be unknown. For the action of the L? semigroup on
the pre-dual of M(Q), namely the bounded functions from C()), some results are known in the pure
Dirichlet and in the pure Neumann case, see [48] and [49]. But the generation property of a corresponding
analytic semigroup does not carry over to M, due to the non-reflexivity. For non-autonomous parabolic
operators nothing seems to be known.
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APPENDIX A. APPENDIX

As announced we give some explanations to the proof of Proposition 4.4.
The expression in question which one has to estimate is

Gk Flirin = | | [ Gale =) 1) s arute) (A1)
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We follow widely Jonsson/Wallin with the exception to determine the constant a explicitly here — what should allow an

easier reading.
We define the number a via

d—1 _d+1 .
(d— T)(l —a)2= T(l a)2 =d.

Re-arranging terms, one obtains

(d+l)a=(d— d;l)a2:l.
Clearly, this gives a = ﬁ €]0, 1. Evidently, (A.2) yields

d—1 d—1 d—1
(d—a)(1—a)2=(d— T)(lfa)Qf(af T)(lfa)Z:df (o — T)(1711)2<d
and (A.3) provides
(d—a)2a = (d— %)2%(% —a)2a=1—(a— %)zm L

thanks to the supposition a > %.
One estimates the r.h.s of (A.1) by

/Jv (/Rd |Ga @ =) |Galx —9)|"f () dy)2 dHy(x).

Applying Hoélder’s inequality, one further estimates

< /N (/Rd |Gl — o) |F(y) dy - (/Rd G~y dy) ) dHa(w).

The crucial point is to show that the terms

/ (Galz — )P0~ Vdy = / IGa() Py,
Rd Rd
and

/ Galz — y)PdHi(z), yERY,
M

(A.2)

(A.3)

(A.4)

(A.5)

(A.6)

(A7)

may be estimated uniformly for sets M admitting the same constant ¢. Investing the exponential decay of the Bessel
kernel at co (see [40], Ch. V.3) one can observe that (A.6) makes no difficulties at co. In a neighborhood of zero (A.6)

also converges, thanks to
|Ga(2)] < vl2*77,
(see [40], Ch. V.3) in combination with (A.4).

Finally (A.7) can be written as

/ (Gal — )P dH(z) + / (Gl — )P dHa ().
Mn{z:|z—y|>1}

Mn{z:|z—y|<1}

(A.8)
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According to (A.8), the first integral is not larger than ~>* H;(M), and H;(M) is not larger than ¢ x n — n being the
number of( shifted) unit balls B(z, 1) required for a covering of M. The second integral is estimated by again employing
(A.8) in combination with (A.5). This yields |Ga(x — y)|** < v**|z —y|~7 with o < I. Afterwards one applies [3], Chapter
V.1.2, Lemma 1. This shows, first, that (A.7) is indeed finite — and may be estimated uniformly with respect to y € R
But even more, one observes that the constant ¢ enters linearly in this estimate.
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