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SECOND-ORDER OPTIMALITY CONDITIONS FOR

TIME-OPTIMAL CONTROL PROBLEMS GOVERNED BY

SEMILINEAR PARABOLIC EQUATIONS

H. Khanh1, B.T. Kien2,* and A. Rösch3

Abstract. A class of time-optimal control problems governed by semilinear parabolic equations with
mixed pointwise constraints and final point constraints is considered. By introducing the locally optimal
solution to time-optimal control problems, we derive first- and second-order necessary optimality con-
ditions of KKT-type and second-order sufficient conditions for locally optimal solutions to the problem
and establish regularity of Lagrange multipliers.
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1. Introduction

Let Ω be a bounded domain in RN with N = 2 or 3 and its boundary Γ = ∂Ω is of class C2. Let D =
H2(Ω) ∩ H1

0 (Ω), V = H1
0 (Ω), H = L2(Ω) and QT := Ω × (0, T ). We consider the problem of finding T > 0,

control function u ∈ L∞(QT ) and the corresponding state y ∈ C(QT ) ∩W
1,1
2 (0, T ;D,H) which solve

J(T, y, u) := ψ0(T, y(T )) +

∫ T

0

∫
Ω

L(x, t, y(x, t), u(x, t))dxdt→ inf (1.1)

s.t.

(P )
∂y

∂t
+Ay + ψ(x, t, y) = u in QT , y(x, t) = 0 on ΣT = Γ× [0, T ], (1.2)

y(0) = y0 in Ω, (1.3)

ψi(T, y(T )) ≤ 0, i = 1, 2, ...,m, (1.4)

a ≤ g(x, t, y(x, t), u(x, t)) ≤ b a.a. (x, t) ∈ QT , (1.5)
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where y0 ∈ H1
0 (Ω) ∩ C(Ω), a < b, A denotes a second-order elliptic operator of the form

Ay = −
N∑

i,j=1

Dj (aij(x)Diy) ,

L, g : Ω× R× R× R → R, ψ : Ω× R× R → R and

ψi(T, y(T )) :=

∫
Ω

Li(x, T, y(x, T ))dx, i = 0, 1, 2, ...,m

with Li : Ω× R× R → R are given functions.
Throughout of the paper, we denote by Φ the feasible set of problem (P ), that is, Φ consists of triples

(T, y, u) ∈ (0,+∞)×
(
C(QT ) ∩W

1,1
2 (0, T ;D,H)

)
× L∞(QT ) which satisfies conditions (1.2)–(1.5). The goal of

problem (P ) is to find a control function u which plays a role as heat source to control the temperature of the
system in the shortest time T > 0.

The class of time-optimal control problems is important for modern technology. They have several applications
in different areas. In particular, there are many problems in the field of Aerospace and Rocketry can be solved by
finding solutions of time-optimal control problems such as: Soft landing on the Moon (see [1]), Optimal ascent
trajectories and Orbital transfer problems (see [2]), Launch vehicle guidance and trajectory optimization (see
[3] and [4]). Recently, scientists of SpaceX have used time-optimal control for guiding reusable launch vehicles,
such as the SpaceX Falcon 9, back to Earth for a soft landing. Here, the goal is to minimize the time for descent
and landing while conserving fuel and ensuring a safe touchdown.

In order to find solution to time-optimal control problems, we often derive necessary optimality conditions
and solve the system of optimality conditions by computer to obtain approximate solutions. Then we prove
that the approximate solutions converge to the exact solution and give error estimate betwen the exact solution
and approximate solutions. This can be done by using second-order sufficient optimality conditions. Besides, we
can use the second-order sufficient conditions to check whether or not an extremal point is an optimal solution
to the problem. Therefore, optimality conditions for optimal control problems are significant. In this paper we
aim at deriving first and second-order necessary optimality conditions and second-order sufficient optimality
conditions for problem (P ).

Although, there have been many papers dealing with first and second-order optimality conditions for optimal
control problems with fixed end-time (see for instance [5]–[7], [8], [9]–[12], [13], [14], [15], [16] and [17]), few
of papers study second-order optimality conditions for time-optimal control problems governed by PDEs or
ODEs. This is because the structure of a time-optimal control problem is quite complicated. It is never convex
even though the constraints are of linear forms; the function spaces vary in time variable T . This causes
difficulties for the existence of an optimal solution and how to define the so-called locally optimal solution
to the problem. In [18], H. Maurer and H.J. Oberle gave sufficient optimality conditions for optimal control
problems governed by ODE with mixed constraints, while H. Maurer and N.P. Osmolovskii [19] studied second-
order optimal conditions for time-optimal control which is linear in control variable. In [20] J.-P. Raymond
and H. Zidani established a Pontryagin’s principle (first-order optimality conditions) for time-optimal control
problems governed by semilinear parabolic equations with pointwise state constraints and unbounded controls.
Also, N. Arada and J.-P. Raymond [21] derived first-order optimality conditions for time- optimal problems
with Dirichlet boundary controls. Recently, in [22], L. Bonifacius et al. have considered a time-optimal control
problem governed by a linear parabolic equation with a quadratic cost function and pure control constraint. They
established necessary and sufficient second-order optimality conditions and gave error estimates between the
exact solution of the original problem and approximate solutions of discretization problems which are discretized
by the space-time finite element method.

It is noted that, to derive optimality conditions for optimal solution (T∗, y∗, u∗) to time-optimal control
problems, in the previous articles the authors assumed that it was a strongly local solution, that is, (T∗, y∗, u∗)



SECOND-ORDER OPTIMALITY CONDITIONS FOR TIME-OPTIMAL CONTROL PROBLEMS GOVERNED 3

is an optimal solution to the problem in a neighborhood of (T∗, y∗) (see Def. 3.3 in [8]). To our best knowledge,
so far there have been no paper dealing with first and second-order optimality conditions for a locally optimal
solutions to time-optimal control problems governed by seminlinear parabolic equations with mixed constraints.
Therefore, our obtained results in this paper are novel.

In the present setting of problem (P ), we will face with some challenges: the regularity of solution to the state
equation, how to define a locally optimal solution; how to derive optimality conditions in both state variable and
control variable and how to transform the problem to a new problem with fixed end-time. To overcome these
challenges, we first establish the existence and regularity of solution to the state equation. Then we give a suitable
definition for locally optimal solution by extending the sate functions and scaling control functions. Since the
implicit function theorem is fail to apply for (P ), we need to derive optimality conditions in both variable y and
u. For this, we will derive optimality conditions for a specific mathematical programming problem in Banach
spaces and apply the obtained result for (P ). In order to transform (P ) into an optimal control problem with
fixed end-time, we use the simplest way by changing the variable t = Ts with s ∈ [0, 1] to reduce (P ) to a fixed
end-time problem (P1), where (T, v) plays a role as a new control variable. Note that although the appearance
of the variable T in (P1) causes some complications in establishing sufficient second-order conditions, the space
containing T is R, where the weak convergence and strong convergence of sequences are coincide. Therefore, we
only need to deal with the weak convergence of sequences in the space of control variable v.

The remainder of the paper is organized as follows. In Section 2, we establish some related results on the
regularity of solution to the state equation and derive optimality conditions for a specific mathematical pro-
gramming in Banach spaces. The statement of main results are given in Section 3. In section 4, we derive first
and second-order optimality conditions for a reduced problem with fixed final time. Section 5 is destined for
proofs of main results.

2. Related results

2.1. State equation

In the sequel, we assume that ∂Ω is of class C2. This condition guarantees the W 2,1
p -regularity of the state

y (see Lem. 2.1). Let H := L2(Ω), V := H1
0 (Ω) and D := H2(Ω) ∩H1

0 (Ω). The norm and the scalar product in
H are denoted by | · | and (·, ·)H , respectively. It is known that

D ↪→ ↪→ V ↪→ ↪→ H

and each space is dense in the following one. Hereafter, ↪→ ↪→ denotes a compact embedding.
Wm,p(Ω) for m integer and p ≥ 1 is a Banach space of elements in v ∈ Lp(Ω) such that their generalized

derivatives Dαv ∈ Lp(Ω) for |α| ≤ m. The norm of a element v ∈Wm,p(Ω) is given by

∥u∥m,p =
∑

|α|≤m

∥Dαu∥p,

where ∥ · ∥p is the norm in Lp(Ω). The closure of C∞
0 (Ω) in Wm,p(Ω) is denoted by Wm,p

0 (Ω). When p = 2, we

write Hm(Ω) and Hm
0 (Ω) for Wm,2(Ω) and Wm,2

0 (Ω), respectively.
W s,p(Ω) for real number s ≥ 0 consists of elements v so that

∥v∥s,p =
[
∥v∥pm,p +

∑
|α|=m

∫
Ω

∫
Ω

|Dαv(x)−Dαv(x′)|p

|x− x′|N+σp
dxdx′

]1/p
< +∞,

where s = m+ σ with m = [s] and σ ∈ (0, 1). It is known that

W s,p(Ω) =
(
W k0,p(Ω),W k1,p(Ω)

)
θ,1
, (2.1)
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where s = (1− θ)k0 + θk1, 0 < θ < 1, k0 < k1 and 1 ≤ p ≤ ∞. Here
(
W k0,p(Ω),W k1,p(Ω)

)
θ,1

is a interpolation

space (see [23], Chapter 22, p. 109 and Chapter 34, p. 164 and [24]).
W 2l,l
p (QT ) for l integer and p ≥ 1 is a Banach space of elements in v ∈ Lp(QT ) such that their generalized

derivatives Dr
tD

s
xv ∈ Lp(Ω) with 2r + s ≤ 2l. The norm of a element v ∈W 2l,l

p (Ω) is given by

∥∥v∥∥(2l)
p,QT

=

2l∑
j=0

⟨⟨v⟩⟩(j)p,QT
,

where

⟨⟨v⟩⟩(j)p,QT
:=

∑
2l+s=j

∥Dr
tD

s
xv∥Lp(QT ).

Given α ∈ (0, 1) and T > 0, we denote by C0,α(Ω) and C(QT ) the space of Hölder continuous functions on
Ω and the space of continuous functions on QT , respectively.

Let H−1(Ω) be the dual of H1
0 (Ω). We define the following function spaces

H1(QT ) =W 1,1
2 (QT ) = {y ∈ L2(QT ) :

∂y

∂xi
,
∂y

∂t
∈ L2(QT )},

V2(QT ) = L∞(0, T ;H) ∩ L2(0, T ;V ),

W (0, T ) = {y ∈ L2(0, T ;H1
0 (Ω)) : yt ∈ L2(0, T ;H−1(Ω))},

W 1,1
2 (0, T ;V,H) = {y ∈ L2([0, T ], V ) :

∂y

∂t
∈ L2([0, T ], H)},

W 1,1
2 (0, T ;D,H) = {y ∈ L2([0, T ], D) :

∂y

∂t
∈ L2([0, T ], H)},

UT = L∞(QT ),

YT =
{
y ∈W 1,1

2 (0, T ;D,H) ∩W 2,1
p (QT )|Ay ∈ Lp(QT )

}
.

Hereafter, we assume that

1 +
N

2
< p < N + 2 (2.2)

and q is the conjugate number of p. Then YT is a Banach space under the graph norm

∥y∥YT
:= ∥y∥W 1,1

2 (0,T ;D,H) + ∥y∥W 2,1
p (QT ) + ∥Ay∥Lp(QT ).

Note that if y ∈W 2,1
p (QT ), then yt ∈ Lp(0, T ;Lp(Ω)). By the proof of Lemma 2.1, we have

W 2,1
p (QT ) ↪→ ↪→ C(QT ). (2.3)

Hence

YT ↪→ ↪→ C(QT ). (2.4)

Besides, we have the following continuous embeddings:

W 1,1
2 (0, T ;D,H) ↪→ C([0, T ], V ), W (0, T ) ↪→ C([0, T ], H), (2.5)

where C([0, T ], X) stands for the space of continuous mappings v : [0, 1] → X with X is a Banach space.



SECOND-ORDER OPTIMALITY CONDITIONS FOR TIME-OPTIMAL CONTROL PROBLEMS GOVERNED 5

Recall that given y0 ∈ H and u ∈ L2(0, T ;H), a function y ∈ W (0, T ) is said to be a weak solution of the
semilinear parabolic equation (1.2)–(1.3) if⟨yt, v⟩+

∑n
i,j=1

∫
Ω

aijDiyDjvdx+ (ψ(·, ·, y), v)H = (u, v)H ∀v ∈ H1
0 (Ω), a.a. t ∈ [0, T ]

y(0) = y0.
(2.6)

If a weak solution y such that y ∈W 1,1
2 (0, T ;D,H) and ψ(·, ·, y) ∈ L2(0, T ;H) then we have yt+Ay+ψ(·, ·, y) ∈

L2(0, T ;H) and

⟨yt, v⟩+ (Ay, v) + (ψ(·, ·, y), v) = (u, v)

for each v ∈ H1
0 (Ω) and a.a. t ∈ [0, T ]. Since H1

0 (Ω) is dense in H = L2(Ω), we have

(yt, v) + (Ay, v) + (ψ(·, ·, y), v) = (u, v)

for each v ∈ H and a.a. t ∈ [0, T ]. Hence

yt +Ay + ψ(·, ·, y) = u a.a. t ∈ [0, T ], y(0) = y0.

In this case we say y is a strong solution of (1.2)–(1.3). From now on a solution to (1.2)–(1.3) is understood a
strong solution.

Let us make the following assumptions which are related to the state equation.

(H1) Coefficients aij = aji ∈ C(Ω) for every 1 ≤ i, j ≤ N , satisfy the uniform ellipticity conditions, i.e., there
exists a number γ > 0 such that

γ|ξ|2 ≤
N∑

i,j=1

aij (x) ξiξj ∀ξ ∈ RN for all x ∈ Ω. (2.7)

(H2) The mapping ψ : Ω× [0,+∞)×R → R is a Carathéodory function and for each x ∈ Ω, ψ(x, ·, ·) is of class
C2 and satisfies the property that

∃Cψ ∈ R : ψy(x, t, y) ≥ Cψ ∀(x, t, y) ∈ Ω× [0,+∞)× R,
ψ(·, ·, 0) ∈ Lp(QT ) ∀T > 0.

Furthermore, ψ and its derivative are local bounded and local Lipschitz in the sense that for each M > 0,
there exists a number kψ,M > 0 such that

|ψt(x, t, y)|+ |ψy(x, t, y)|+ |ψyy(x, t, y)| ≤ kψ,M ,

|ψ(x, t1, y1)− ψ(x, t2, y2)|+ |ψt(x, t1, y1)− ψt(x, t2, y2)|+ |ψy(x, t1, y1)− ψy(x, t2, y2)|
+ |ψtt(x, t1, y1)− ψtt(x, t2, y2)|+ |ψty(x, t1, y1)− ψty(x, t2, y2)|+ |ψyy(x, t1, y1)− ψyy(x, t2, y2)|
≤ kψ,M (|t1 − t2|+ |y1 − y2|),

for all t, y, ti, yi satisfying |t|, |y|, |ti|, |yi| ≤M with i = 1, 2.

(H3) y0 ∈ H1
0 (Ω) ∩W

2− 2
p ,p(Ω), where p > 1 satisfying (2.2).
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Note that (H3) makes sure that y0 ∈ C(Ω). Since 2 > 2− 2
p > 1, Theorem 1.4.3.2 in [25] implies that

W 2,p(Ω) ↪→ ↪→W 2− 2
p ,p(Ω) ↪→ ↪→W 1,p(Ω).

Hence the condition y0 ∈W 2− 2
p ,p(Ω) relaxes the condition y0 ∈W 2,p(Ω).

Lemma 2.1. Suppose that (H1), (H2) and (H3) are valid. Then for each T > 0 and u ∈ Lp(QT ) with p
satisfying (2.2), the state equation (1.2)–(1.3) has a unique solution y ∈ YT and there exist positive constants
C1 > 0 and C2 > 0 such that

∥y∥C(QT ) + ∥ψ(·, ·, y)∥L2(0,T ;H) ≤ C1(∥u∥Lp(QT ) + ∥y0∥L∞(Ω) + ∥ψ(·, ·, 0)∥Lp(QT )) (2.8)

and

∥yt∥Lp(QT ) + ∥y∥Lp(QT ) + ∥Dy∥Lp(QT ) + ∥D2y∥Lp(QT ) ≤ C2(∥y0∥C(Ω) + ∥u∥Lp(QT ) + ∥ψ(·, ·, 0)∥Lp(QT )), (2.9)

where C2 depends on T,Ω, ∥y0∥C(Ω), ∥u∥Lp(QT ) and ∥ψ(·, ·, 0)∥Lp(QT ).

Proof. We first claim that y0 ∈ C(Ω). In fact, by (2.2), (2 − 2
p ) −

N
p ∈ (0, 1). By [25], Theorems 1.4.3.1 and

1.4.4.1, we have W 2− 2
p ,p(Ω) ↪→ C0,α(Ω) with α = (2− 2

p )−
N
p . This implies that y0 ∈ C(Ω). Hence y0(x) = 0

for x ∈ Γ and the claim is justified.
By [11],Theorem 2.1 (see also proofs of [12], Thm. 2.1 and [12], Lem. 2.2.III), for each u ∈ Lp(0, T ;Lp(Ω)) =

Lp(QT ) with p > N+2
2 , the state equation has a unique solution y ∈ L∞(Q) ∩W 1,1

2 (0, T ;V,H) such that
ψ(·, ·, y) ∈ L2(0, T ;H) and inequalities (2.8) is fulfilled.

By (H2), we have ψ(·, ·, y) ∈ L∞(QT ). Let us show that y ∈W 2,1
p (QT ). For this, we consider equation

zt +Az = u− ψ(x, t, y), z(0) = y0. (2.10)

Since u − ψ(·, ·, y) ∈ Lp(QT ), [26],Theorem 9.1, p. 341 implies that the equation (2.10) has a unique solution
z ∈W 2,1

p (QT ) such that z(0) = y0 and z(x, t) = 0 for (x, t) ∈ Γ× [0, T ]. Besides, there exists a constant C > 0
such that

∥z∥(2)p,QT
≤ C(∥y0∥2− 2

p ,p
+ ∥u− ψ(·, ·, y)∥Lp(QT )). (2.11)

By definition of norm ∥ · ∥(2)p,QT
, we have

∥zt∥Lp(QT ) + ∥z∥Lp(QT ) + ∥Dz∥Lp(QT ) + ∥D2z∥Lp(QT ) ≤ C(∥y0∥2− 2
p ,p

+ ∥u− ψ(·, ·, y)∥Lp(QT )).

We now prove that (2.3) is valid and so z ∈ C(QT ). In fact, consider the space W s,p(Ω), where s ∈ (Np , 2−
2
p ).

By [25], Theorem 1.4.3.2, the embeddings

W 2,p(Ω) ↪→ ↪→W s,p(Ω) ↪→ ↪→ Lp(Ω). (2.12)

By (2.2), 0 < s−N/p < 1. Using [25],Theorem 1.4.3.1 and Theorem 1.4.4.1 again, we have

W s,p(Ω) ↪→ C0,α(Ω) = C0,α(Ω) ↪→ C(Ω). (2.13)
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Here we used the fact that if Ω is bounded domain, then C0,α(Ω) = C0,α(Ω). By the generalized Gagliardo-
Nirenberg inequality in [27], Theorem 1, part A, we have

∥v∥s,p ≤ C∥v∥θ2,p∥v∥1−θ0,p ∀v ∈W 2,p(Ω),

where θ = s/2 ∈ (N2p , 1−
1
p ) ⊂ (0, 1). By [24], Section 1.10.1, Lemma (a), p. 61, we have(

Lp(Ω),W 2,p(Ω)
)
θ,1

↪→W s,p(Ω) ↪→ Lp(Ω). (2.14)

Using [28],Theorem 7.4.3, p. 268 for the case pθ = p0 = p1 = p and 0 < 1− θ − 1
p , we obtain

W 2,1
p (QT ) ↪→ ↪→ C([0, T ],W s

p (Ω)).

From this and (2.13), we get

W 2,1
p (QT ) ↪→ ↪→ C([0, T ], C(Ω)) ↪→ C(QT )

and (2.3) is justified.
Since z(x, t) = 0 on Γ× [0, T ], we get z ∈ C([0, T ],W 1,p

0 (Ω)) ⊂ L2(0, T ;H1
0 (Ω)). By the uniqueness, we have

z = y.
Let M > C1(∥u∥Lp([0,T ],H) + ∥y0∥L∞(Ω) + ∥ψ(·, ·, 0)∥Lp(QT )). By (H2) and (2.8), there exists kM > 0 such

that

|ψ(x, t, y)| ≤ |ψ(x, t, y)− ψ(x, t, 0)|+ |ψ(x, t, 0)| ≤ kM |y|+ |ψ(x, t, 0)|.

Combining this with (2.11) and (2.8), we have

∥y∥(2)p,QT
≤ C

(
∥y0∥2− 2

p ,p
+ ∥u∥Lp(QT ) + kM∥y∥Lp(QT ) + ∥ψ(·, ·, 0)∥Lp(QT )

)
≤ C(∥y0∥2− 2

p ,p
+ ∥u∥Lp(QT ) + k′M∥y∥C(QT ) + ∥ψ(·, ·, 0)∥Lp(QT ))

≤ C2(∥y0∥C(Ω) + ∥u∥Lp(QT ) + ∥ψ(·, ·, 0)∥Lp(QT ))

for some constant C2 > 0 which depends on T,Ω, ∥y0∥C(Ω), ∥u∥Lp(QT ) and ∥ψ(·, ·, 0)∥Lp(QT ). By definition of

norm ∥y∥(2)p,QT
, we have

∥yt∥Lp(QT ) + ∥y∥Lp(QT ) + ∥Dy∥Lp(QT ) + ∥D2y∥Lp(QT ) ≤ C2(∥y0∥C(Ω) + ∥u∥Lp(QT ) + ∥ψ(·, ·, 0)∥Lp(QT ))

which is inequality (2.9). Since Ay = u− ψ(·, ·, y)− yt ∈ Lp(QT ), y ∈ YT . The lemma is proved.

Let us consider the linearized equation

yt +Ay + c(x, t)y = u, y(0) = ϕ0. (2.15)

Lemma 2.2. Suppose u ∈ Lp(QT ), c ∈ L∞(QT ) and ϕ0 ∈ W 2− 2
p ,p(Ω) ∩H1

0 (Ω) with p satisfying (2.2). Then
equation (2.15) has a unique solution y ∈ YT and there exist positive constant C1 and C2 which depend on T
such that

∥yt∥Lp(QT ) + ∥y∥Lp(QT ) + ∥Dy∥Lp(QT ) + ∥D2y∥Lp(QT ) ≤ C1

(
∥u∥p + ∥ϕ0∥

W
2− 2

p
,p
(Ω)

)
, (2.16)
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∥y∥C(QT ) ≤ C2

(
∥u∥p + ∥ϕ0∥

W
2− 2

p
,p
(Ω)

)
. (2.17)

Proof. The conclusion of the lemma follows directly from [26],Theorem 9.1, p. 341. By embedding (2.3), we
have estimate (2.17).

2.2. Mathematical programming problem

Let E, W and Z be Banach spaces with the dual spaces E∗, W ∗ and Z∗, respectively. We denote by τ(Rm)
the strong topology in Rm, by σ(E∗, E) the weak∗ topology in E∗ and by σ(W ∗,W ) the weak∗ topology in W ∗.
Given a Banach space X, BX(x0, r) stands for the open ball with center x0 and radius r. Given a subset M in
X. We shall denote by IntM and M the interior and the closure of M , respectively.

Let f : Z → R, F : Z → E, G : Z → W and Hi : Z → R with i = 1, 2, ...,m be mappings and K be a
nonempty convex set in E. We consider the following optimization problem

(MP)


f(z) → min

s.t.

F (z) = 0, Hi(z) ≤ 0, G(z) ∈ K, i = 1, 2, ...,m.

Denote Σ by the feasible set of (MP), that is,

Σ := {z ∈ Z | F (z) = 0, Hi(z) ≤ 0, G(z) ∈ K, i = 1, 2, ...,m}.

Let us recall some concepts of variational analysis. Given a nonempty subset M of X and x ∈M , the set

T (M,x) :=
{
h ∈ X | ∃tn → 0+,∃hn → h, x+ tnhn ∈M ∀n ∈ N

}
,

is called the contingent cone to M at x. It is well known that if M is convex then

T (M,x) = cone(M − x),

where cone (M − x) = {λ(v− x) | v ∈M,λ > 0}. When M is a convex set, the normal cone to M at x is defined
by

N(M,x) := {x∗ ∈ X∗ | ⟨x∗, x− x⟩ ≤ 0 ∀x ∈M} = {x∗ ∈ X∗ | ⟨x∗, h⟩ ≤ 0 ∀h ∈ T (M,x)}.

Given a feasible point z0 ∈ Σ, we denote by f ′(z0) or Df(z0) the first-order derivative of f at z0 and by f ′′(z0)
or D2f(z0) the second-order derivative of f at z0. Let us impose the following assumptions.

(A1) intK ̸= Ø;
(A2) The mappings f, F and G are of class C2 around z0;
(A3) The range of DF (z0) is closed in W ;
(A4) DF (z0) is onto and there exists z̃ ∈ Z such that

DF (z0)z̃ = 0,

Hi(z0) +DHi(z0)z̃ < 0 ∀i = 1, 2, ...,m

G(z0) +DG(z0)z̃ ∈ int(K).

(2.18)

It is noted that (A4) is a type of the Mangasarian–Fromowitz condition. Obviously, (A4) implies (A3).
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To deal with second-order optimality conditions, we need the so-called critical cone which is defined as follows.
Let C0[z0] be a set of vectors d ∈ Z satisfying conditions:

(a1) Df(z0)d ≤ 0,
(a2) DF (z0)d = 0,
(a3) DHi(z0)d ≤ 0 for i ∈ I0, where I0 := {i ∈ {1, 2, ...,m} : Hi(z0) = 0},
(a4) DG(z0)d ∈ cone(K −G(z0)).

Then the closure of C0[z0] in Z is called the critical cone at z0 and denoted by C[z0]. Each vector d ∈ C[z0] is
called a critical direction.

The generalized Lagrange function which is associated with the problem (MP) is defined as follows

L : Z × R× E∗ × Rm ×W ∗ → R,

L(z, λ, e∗, l, w∗) = λf(z) + ⟨e∗, F (z)⟩+
m∑
i=1

liHi(z) + ⟨w∗, G(z)⟩.

We say that vector (λ, e∗, l, w∗) ∈ R×E∗ ×Rm ×W ∗ is a generalized Lagrange multipliers of (MP) at z0 if the
following conditions are fulfilled:

DzL (z0, λ, e
∗, l, w∗) = λDf(z0) +DF (z0)

∗e∗ +

m∑
i=1

liDHi(z0) +DG(z0)
∗w∗ = 0, (2.19)

|λ|2 + ∥e∗∥2 +
m∑
i=1

|li|2 + ∥w∗∥2 ̸= 0, (2.20)

λ ≥ 0, li ≥ 0, liHi(z0) = 0, i = 1, 2, ..,m, w∗ ∈ N(K,G(z0)). (2.21)

We denote by Λ[z0] the set of generalized Lagrange multipliers at z0. In addition, if λ = 1, then we say (1, e∗, l, w∗)
are normal. We denote by Λ∗[z0] the set of Lagrange multipliers (e∗, l, w∗) such that (1, e∗, l, w∗) ∈ Λ[z0].

We now have the following important lemma.

Lemma 2.3. Suppose that z0 ∈ Σ is a locally optimal solution of (MP ) under which (A1), (A2) and (A3) are
valid, and DF (z0) is surjective. Then for each d ∈ C0[z0], the system

f ′(z0)z +
1
2f

′′(z0)d
2 < 0,

H ′
i(z0)z +

1
2H

′′
i (z0)d

2 < 0, ∀i ∈ I0,

DF (z0)z +
1
2D

2F (z0)(d, d) = 0,

DG(z0)z +
1
2D

2G(z0))(d, d) ∈ cone(intK −G(z0))

(2.22)

has no solution z ∈ Z.

Proof. The proof is performed analogously to the proof of [29], Lemma 3.2. For this, we need to use a Taylor
expansion and the Ljusternik theorem.

The following result gives first- and second-order necessary optimality conditions for (MP).

Proposition 2.4. Suppose that z0 is a locally optimal solution to (MP ). Then the following assertions are
fulfilled:
(a) If (A1), (A2) and (A3) are satisfied, then Λ[z0] ̸= Ø and for each d ∈ C0[z0], there exist (λ, e∗, l, w∗) ∈ Λ[z0]
such that

D2
zL(z0, λ, e∗, l, w∗)[d, d] ≥ 0. (2.23)
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As a consequence,

sup
(λ,e∗,l,w∗)∈Λ[z0]

D2
zL(z0, λ, e∗, l, w∗)[d, d] ≥ 0 ∀d ∈ C0[z0].

(b) If (A1), (A2) and (A4) are satisfied, then Λ∗[z0] is nonempty and compact in the topology σ(E∗, E) ×
σ(Rk,Rk)× σ(W ∗,W ) and for each d ∈ C[z0], there exist (e∗, l, w∗) ∈ Λ∗[z0] such that

D2
zL(z0, 1, e∗, l, w∗)[d, d] ≥ 0. (2.24)

As a consequence,

max
(e∗,l,w∗)∈Λ∗[z0]

D2
zL(z0, 1, e∗, l, w∗)[d, d] ≥ 0 ∀d ∈ C[z0]. (2.25)

Proof. (a). Fixing any d ∈ C0[z0], we consider two cases.
Case 1. DF (z0)Z ̸= E.

Then there is a point e ∈ E such that e /∈ DF (z0)Z. Since DF (z0)Z is a closed subspace, the separation
theorem (see [30], Thm. 3.4) implies that there exists a non-zero functional e∗ ∈ E∗ which separates e and
DF (z0)Z, that is, ⟨e∗, e⟩ ≥ ⟨e∗, DF (z0)z⟩ for all z ∈ Z. This implies DF (z0)

∗e∗ = 0. Putting λ = 0, l = 0, w∗ =
0, we get (0, e∗, 0, 0) ∈ Λ(z0). If e

∗DF (z0)d
2 ≤ 0, then we replace e∗ by −e∗. Then (0,−e∗, 0, 0) satisfies the

conclusion of (a).
Case 2. DF (z0)Z = E.

Let m0 = |I0|. We define a set S which consists of vectors (µ, γ, e, w) ∈ R × Rm0 × E ×W such that there
exists z ∈ Z satisfying


f ′(z0)z +

1
2f

′′(z0)d
2 < µ,

H ′
j(z0)z +

1
2H

′′
j (z0)d

2 < γj , j ∈ I0,

DF (z0)z +
1
2D

2F (z0)d
2 = e

DG(z0)z +
1
2D

2G(z0)d
2 − w ∈ cone(intK −G(z0)).

(2.26)

It is clear that S is convex. We now claim that S is open. In fact, take (µ̂, γ̂, ê, ŵ) ∈ S corresponding to ẑ.
Choose ϵ > 0 such that

f ′(z0)ẑ +
1

2
f ′′(z0)d

2 < µ̂− ϵ, H ′
j(z0)ẑ +

1

2
H ′′
j (z0)d

2 < γ̂j − ϵ, ∀j ∈ I0.

Then there is δ > 0 such that for all z ∈ BZ(ẑ, δ) one has

f ′(z0)z +
1

2
f ′′i (z0)d

2 < µ̂− ϵ/2 H ′
j(z0)z +

1

2
H ′′
j (z0)d

2 < γ̂j − ϵ/2 ∀j ∈ I0.

It follows that

f ′(z0)z +
1

2
f ′′(z0)d

2 < µ, ∀z ∈ B(ẑ, δ) and |µ− µ̂| < ϵ/2,

H ′
j(z0)z +

1

2
H ′′
j (z0)d

2 < γj , ∀z ∈ B(ẑ, δ) and |γi − γ̂i| < ϵ/2, j ∈ I0.
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Since cone(intK −G(z0)) is an open convex cone and

DG(z0)ẑ +
1

2
D2G(z0)d

2 − ŵ ∈ cone(int(K)−G(z0)),

the continuity of DG(z0) implies that there exit balls BZ(ẑ, δ̂) and BW (ŵ, r) with δ̂ < δ such that

DG(z0)z +
1

2
D2G(z0)d

2 − w ∈ cone(int(K)−G(z0)) ∀(z, w) ∈ BZ(ẑ, δ̂)×BW (ŵ, r).

Since DF (z0) is surjective, the open mapping theorem implies that DF (z0)[BZ(ẑ, δ̂)] +
1
2D

2F (z0)d
2 is open.

Hence, there exists a number α > 0 such that

BE(ê, α) ⊂ DF (z0)[BZ(ẑ, δ̂)] +
1

2
D2G(z0)d

2.

Thus, for any (µ, γ, e, w) ∈ BR(µ̂, ϵ/2)×BRm0 (γ̂, ϵ/2)×BE(ê, α)×BW (ŵ, r), there exists z ∈ BZ(ẑ, δ̂) such that

f ′(z0)z +
1

2
f ′′i (z0)d

2 < µ, H ′
j(z0)z +

1

2
H ′′
j (z0)d

2 < γj ∀j ∈ I0.

e = DF (z0)z +
1

2
D2F (z0)d

2, DG(z)z +
1

2
D2G(z0)d

2 − w ∈ cone(int(K)−G(z)).

This means

BR(µ̂, ϵ/2)×BRm0 (γ̂, ϵ/2)×BE(ê, α)×BW (ŵ, r) ⊂ S.

Hence S is open. The claim is justified.
By Lemma 2.3, we have (0, 0, 0, 0) /∈ S. By the separation theorem (see [31], Thm. 1, p. 163, there exists a

nonzero vector (λ, l, e∗, w∗) ∈ R× Rm0 × E∗ ××W ∗ such that

λµ+ lT γ + ⟨e∗, e⟩+ ⟨w∗, w⟩ ≥ 0 ∀(µ, γ, e, w) ∈ S. (2.27)

Fix any z ∈ Z, w′ ∈ cone(intK −G(z0)), r > 0 and rj > 0 . Put

µ = r + f ′(z0)z +
1

2
f ′′(z0)d

2, γj = rj +H ′
j(z0)z +

1

2
H ′′
j (z0)d

2,

e = DF (z0)z +
1

2
D2F (z0)d

2, w = DG(z0)z +
1

2
D2G(z0)d

2 − w′.

Then (µ, γ, e, w) ∈ S. From this and (2.27), we get

λ(r + f ′(z0)z +
1

2
f ′′(z0)d

2) +
∑
j∈I0

lj(rj +H ′
j(z0)z +

1

2
H ′′
j (z0)d

2)

+ ⟨e∗, DF (z0)z +
1

2
D2F (z0)d

2⟩+ ⟨w∗, DG(z0)z +
1

2
D2G(z0)d

2⟩ − ⟨w∗, w′⟩ ≥ 0.

If λ < 0 then by letting r → +∞, the term on the left hand side approach to −∞ which is impossible. Hence
we must have λ ≥ 0. Similarly, we have lj ≥ 0 for all j ∈ I0.
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By letting r → 0 and rj → 0, we get

λf ′(z0) +
∑
j∈I0

ljH
′
j(z0) +DF (z0)

∗e∗ +DG(z0)
∗w∗ = 0 (2.28)

and

1

2

(
λf ′′(z0)d

2 +
∑
j∈I0

liH
′′
i (z0)d

2 + ⟨e∗, D2F (z0)d
2⟩+ ⟨w∗, D2G(z0)d

2⟩
)
≥ ⟨w∗, w′⟩

for all w′ ∈ cone(intK −G(z0)). It follows that

⟨w∗, w′⟩ ≤ 0,∀w′ ∈ cone(intK −G(z0)).

Since K ⊆ K = intK (see [31], Prop. 4, p. 163), we obtain

⟨w∗, w′⟩ ≤ 0,∀w′ ∈ cone(K −G(z0)).

This implies that w∗ ∈ N(K,G(z0)). By letting w′ → 0, we get

λf ′′(z0)d
2 +

∑
j∈I0

ljH
′′
i (z0)d

2 + ⟨e∗, D2F (z0)d
2⟩+ ⟨w∗, D2G(z0)d

2⟩ ≥ 0. (2.29)

We now take lj = 0 for j ∈ {1, 2, ...,m} \ I0. Then we have lj ≥ 0 and ljHj(z0) = 0 for all j = 1, 2, ..,m and
(2.28) and (2.29) become

λf ′(z0) +

n∑
j=1

ljH
′
j(z0) +DF (z0)

∗e∗ +DG(z0)
∗w∗ = 0

and

λf ′′(z0)d
2 +

n∑
j=1

ljH
′′
i (z0)d

2 + ⟨e∗.D2F (z0)d
2⟩+ ⟨w∗, D2G(z0)d

2⟩ ≥ 0.

This implies that

sup
(λ,e∗,l,w∗)∈Λ[z0]

[
λf ′′(z0)d

2 +

n∑
j=1

ljH
′′
i (z0)d

2 + ⟨e∗.D2F (z0)d
2⟩+ ⟨w∗, D2G(z0)d

2⟩
]
≥ 0.

If we take d = 0, then we obtain the first-order optimality conditions, that is, Λ[z0] ̸= Ø. Hence the assertion
(a) is proved.
(b). We claim that λ ̸= 0. In fact, if λ = 0, then

DH(z0)
∗lT +DF (z0)

∗e∗ +DG(z0)
∗w∗ = 0.

Here H := (H1, H2, ...,Hm). Let z̃ be a vector satisfying (A4). Then we have

lTDH(z0)z̃ + ⟨e∗, DF (z0)z̃⟩+ ⟨w∗, DG(z0)
∗z̃⟩ = 0.
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This implies that

lTDH(z0)z̃ + ⟨w∗, DG(z0)z̃⟩ = 0,

where

DH(z0)z̃ ∈ (−∞, 0)m −H(z0) = int((−∞, 0]m −H(z0))

and

DG(z0)z̃ ∈ intK −G(z0) = int(K −G(z0)).

Then for any ξ ∈ Rm and w ∈W , there exist γ > 0 and s > 0 small enough such that

γξ +DH(z0)z̃ ∈ (−∞, 0]m −H(z0)

and

sw +DG(z0)z̃ ∈ K −G(z0).

Since l ≥ 0, lTH(z0) = 0 and w∗ ∈ N(K,G(z0)), we have

γlT ξ + s⟨w∗, w⟩ = lT (τξ +DH(z0)z̃) + ⟨w∗, sw +DG(z0)z̃⟩ ≤ 0.

Hence lT ξ ≤ 0 for all ξ ∈ Rn and ⟨w∗, w⟩ ≤ 0 for all w ∈W . This implies that l = 0 and w∗ = 0. Consequently,
DF (z0)

∗e∗ = 0. Since DF (z0) is surjective, we get e
∗ = 0. Hence (λ, e∗, l, w∗) = (0, 0, 0, 0) which is absurd. The

claim is justified.
Let us define K̂ = {0}× (−∞, 0]m ×K and Ĝ = (F,H,G). Then the constraint of (MP ) is equivalent to the

constraint Ĝ(z) ∈ K̂. According to [32], Corollary 2.101, p. 70, (A4) is equivalent to the Robinson constraint
qualification:

0 ∈ int{G̃(z0) +DG̃(z0)Z − K̃}.

By [32], Theorem 3.9, p. 151, Λ∗[z0] is nonempty convex bounded and compact in the topology σ(E∗, E) ×
τ(Rm)× σ(W ∗,W ). Then by the same argument as the proof of Proposition 3.53 in [32], we can show that

sup
(e∗,l,w∗)∈Λ∗[z0]

D2
zL(z0, 1, e∗, l, w∗)(d, d) ≥ 0 ∀d ∈ C[z0].

Moreover, since Λ∗[z0] is nonempty convex bounded and compact in the topology σ(E∗, E)×τ(Rm)×σ(W ∗,W ),
we get

max
(e∗,l,w∗)∈Λ∗[z0]

D2
zL(z0, 1, e∗, l, w∗)(d, d) ≥ 0 ∀d ∈ C[z0].

The proof of the position is complete.

Recently, optimality conditions for problem (MP) have been studied by some authors. Under the constraint
qualification condition, Bonnans [32], Bonnans and Zidani [33], and Cominetti [34] derived first-and second-order
optiality conditions of KKT-type. Meanwhile, Zowe and Kurcyusz [35] gave first-order optimality conditions
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when K is a cone. In [36] Ben-tal and Zowe gave first-and second-order optimality conditions for (MP) of
Fritz-John type and KKT-type for the case where f is a vector function and K is a cone and Hj = 0.

Proposition 2.4 gives first-and second-order optimality conditions of Fritz-John type and KKT-type for (MP),
where K may not be a cone. Assertion (b) of Proposition 2.4 is a shaper version of [32], Proposition 3.53 and
[33], Theorem 2.7, where we do not require the extended polyhedricity condition and supremum is replaced by
maximum. However, Proposition 2.4 is established under the key assumption (A1) which is a price we have to
pay.

It is noted that our technique for proving Proposition 2.4 is different from those in [36], [32], [33], [34] and
[35]. We only use the separation theorem and Taylor expansions to establish the result.

Remark 2.5. When K is a cone and Hj = 0 for all j = 1, 2, ...,m, we get a similar result with [36], Theorem
8.2. However, in this case, the obtained result is failed to apply for problem (P ). In fact, the constraint (1.4)
corresponds to the constraints Hj ≤ 0 while the constraint (1.5) corresponds to constraint g(·, y, u) ∈ K with
K := {w ∈ L∞(QT )|a ≤ w(x, t) ≤ b} which is not a cone.

3. Main results

Let L = L(x, t, y, u) : Ω × R × R × R → R be a function. Given a triple (T∗, y∗, u∗) ∈ Φ, the sym-
bols L[x, t], Lt[x, t], Ly[x, t], Lu[x, t], L[·, ·], etc., stand for L(x, t, y∗(x, t), u∗(x, t)), Lt(x, t, y∗(x, t), u∗(x, t)),
Ly(x, t, y∗(x, t), u∗(x, t)), Lu(x, t, y∗(x, t), u∗(x, t)), L(·, ·, y∗(·, ·), u∗(·, ·)), etc., respectively. Let Li = Li(x, T, ζ) :
Ω × R × R → R. The symbols Li[T1, T2], LiT [T1, T2], Liζ [T1, T2], etc., stand for Li(x, T1, y∗(T2)),
LiT (x, T1, y∗(T2)), Liζ(x, T1, y∗(T2)), etc., respectively. Also, the symbols ψi[T1, T2], ψiT [T1, T2], ψiζ [T1, T2], etc
stand for ψi(T1, y∗(T2)), ψiT (T1, y∗(T2)), ψiζ(T1, y∗(T2)), etc., respectively. Put

KT∗ := {v ∈ L∞(QT∗) : a ≤ v(x, t) ≤ b a.a. (x, t) ∈ QT∗}.

Let ℓ : Ω× R× R× R → R be a mapping which stands for L and g. We impose the following hypotheses.

(H4) (i) ℓ is a Carathéodory function and for each x ∈ Ω, ℓ(x, ·, ·, ·) is of class C2 and satisfies the following
property: for each M > 0, there exists kℓ,M > 0 such that

|ℓ(x, t1, y1, u1)− ℓ(x, t2, y2, u2)|+ |ℓt(x, t1, y1, u1)− ℓt(x, t2, y2, u2)|
+ |ℓy(x, t1, y1, u1)− ℓy(x, t2, y2, u2)|+ |ℓu(x, t1, y1, u1)− ℓu(x, t2, y2, u2)|
+ |ℓtt(x, t1, y1, u1)− ℓtt(x, t2, y2, u2)|+ |ℓyy(x, t1, y1, u1)− ℓyy(x, t2, y2, u2)|
+ |ℓuu(x, t1, y1, u1)− ℓuu(x, t2, y2, u2)|+ |ℓyu(x, t1, y1, u1)− ℓyu(x, t2, y2, u2)|
+ |ℓty(x, t1, y1, u1)− ℓty(x, t2, y2, u2)|+ |ℓtu(x, t1, y1, u1)− ℓtu(x, t2, y2, u2)|
≤ kℓ,M (|t1 − t2|+ |y1 − y2|+ |u1 − u2|),

for a.a. x ∈ Ω and for all ti, yi, ui ∈ R satisfying |ti|, |yi|, |ui| ≤ M with i = 1, 2. Furthermore, we require
that the functions ℓ(·, 0, 0, 0), ℓt(·, 0, 0, 0), ℓy(·, 0, 0, 0), ℓu(·, 0, 0, 0), ℓtt(·, 0, 0, 0), ℓyy(·, 0, 0, 0), ℓuu(·, 0, 0, 0),
ℓty(·, 0, 0, 0), ℓtu(·, 0, 0, 0), ℓyu(·, 0, 0, 0), belong to L∞(Ω).
(ii) For i = 0, 1, 2, ...,m, Li is a Carathéodory function and for each x ∈ Ω, Li(x, ·, ·) is of class C2 and
satisfies the following property: for each M > 0, there exists kLi,M > 0 such that

|Li(x, t1, ζ1)− Li(x, t2, ζ2)|+ |LiT (x, t1, ζ1)− LiT (x, t2, ζ2)|
+ |Liζ(x, t1, ζ1)− Liζ(x, t2, ζ2)|+ |LiTT (x, t1, ζ1)− LiTT (x, t2, ζ2)|
+ |Liζζ(x, t1, ζ1)− Liζζ(x, t2, ζ2)|+ |LiTζ(x, t1, ζ1)− LiTζ(x, t2, ζ2)| ≤ kLi,M (|t1 − t2|+ |ζ1 − ζ2|),
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for a.a. x ∈ Ω and for all tj , ζj ∈ R satisfying |tj |, |ζj | ≤M with j = 1, 2. We also require that the functions
LiT (·, 0, 0), Liζ(·, 0, 0), LiTT (·, 0, 0), LiTζ(·, 0, 0), Liζζ(·, 0, 0) belong to L∞(Ω) for i = 0, 1, 2, ...,m.

(H5) The function 1
gu(·,·,y,u) belongs to L∞(QT ) for all (T, y, u) ∈ Φ.

(H6) There exists (T̂ , ŷ, û) ∈ R× YT∗ × UT∗ such that the following conditions are fulfilled:

(i)
∂ŷ

∂t
+Aŷ + ψt[x, t]

T̂ t

T∗
+ ψy[x, t]ŷ − û+

T̂

T∗
(Ay∗ + ψ[x, t]− u∗) = 0, ŷ(0) = 0;

(ii) ψi[T∗, T∗] + ψiT [T∗, T∗]T̂ + ψiζ [T∗, T∗]ŷ(T∗) < 0, i = 1, 2, ...,m;

(iii) g[x, t] + gt[x, t]
T̂ t

T∗
+ gy[x, t]ŷ + gu[x, t]û ∈ int(KT∗).

Note that hypothesis (H4) makes sure that J and g are of class C2 on YT ×UT for each fixed T > 0. Meanwhile,
(H5) guarantees that the Lagrange multipliers belong to L1(QT∗) and (H6) ensures that the Lagrange multipliers
are normal. Note that since the control variable belongs to L∞(QT ), the Lagrange multipliers belong to the dual
space (L∞(QT ))

∗, which are signed additive measures rather than functions in L1(QT ). This causes difficulties
in using optimality conditions for computing numerical solutions. Therefore, condition (H5) is important. Let
us give an example showing that (H5) and (H6) are fulfilled.

Example 3.1. Let g(x, t, y, u) = −u3 − u(y2 + 1). It is easy to see that 1
gu(·,·,y,u) = 1

−3u2−(y2+1) belongs to

L∞(QT ) for all (T, y, u) ∈ Φ and so (H5) is valid. Let b = 0 and ψ(x, t, y) = y3 + y. Then we have ψy(x, t, y) =
3y2 + 1 ≥ 1 > 0. Since g[x, t] ≤ b = 0, we have 0 ≤ u∗ ∈ L∞(QT∗). The maximum principle implies that
the solution y∗ of the state equation corresponding to u∗ satisfies the property that y∗ ≥ 0 on QT∗

and so
y∗(x, T∗) ≥ 0 a.a. x ∈ Ω. Let δ > 0 and take û ∈ L∞(QT∗) such that û(x, t) ≥ δ > 0 a.a. (x, t) ∈ QT∗ . By
Lemma 2.2, equation

∂ŷ

∂t
+Aŷ + ψy[x, t]ŷ − û = 0, ŷ(0) = 0

has unique solution ŷ ∈ YT∗ . Also, the maximum principle implies that ŷ(x, t) ≥ 0 on QT∗ . Let ψi defined by

ψi(T, y(T )) = −
∫
Ω

T 2[y2i+1(x, T ) + 1]dx, i = 1, 2, ...,m.

Take

a := −
[
∥u∗∥3L∞(QT∗ )

+ ∥u∗∥L∞(QT∗ )
(∥y∗∥2L∞(QT∗ )

+ 1) + 2∥y∗∥L∞(QT∗ )
∥u∗∥L∞(QT∗ )

∥ŷ∥L∞(QT∗ )

+ 3∥u∗∥2L∞(QT∗ )
∥û∥L∞(QT∗ )

+ ∥û∥L∞(QT∗ )
(∥y∗∥2L∞(QT∗ )

+ 1)
]
− δ

(more general, a < 0 and |a| is large enough). With ŷ and û as above and T̂ = 0, it’s easy to see that condition
(i) of (H6) is satisfied. Moreover, we have

ψi[T∗, T∗] + ψiζ [T∗, T∗]ŷ(T∗) = −
∫
Ω

T 2
∗ [y

2i+1
∗ (T∗) + 1]dx− (2i+ 1)

∫
Ω

T 2
∗ y

2i
∗ (T∗)ŷ(T∗)dx ≤ −T 2

∗ |Ω| < 0,

for i = 1, 2, ...,m. Hence (ii) is satisfied with (0, ŷ, û). Since y∗, u∗, ŷ ≥ 0, û ≥ δ on QT∗
and definition of number

a, we have

a < a+ δ ≤ g[x, t] + gy[x, t]ŷ + gu[x, t]û ≤ −δ < 0 = b a.a. on QT∗ .

Hence g[x, t] + gy[x, t]ŷ + gu[x, t]û ∈ int(KT∗) and so (iii) is satisfied with (0, ŷ, û). Thus (H6) is valid.
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Given a triple (T, y, u) ∈ Φ, we define the extension of y on the right by setting

ye(x, t) =

{
y(x, t) if (x, t) ∈ Ω× [0, T ]

y(x, T ) if (x, t) ∈ Ω× (T,+∞).

Then ye is continuous on Ω× [0,+∞). Moreover, for each T0 ∈ (T,+∞), ye is uniform continuous on the compact
set Ω× [0, T0].

Definition 3.2. A triple (T∗, y∗, u∗) ∈ Φ is said to be a locally optimal solution of (P ) if there exists some
ε > 0 such that

J(T∗, y∗, u∗) ≤ J(T, y, u) ∀(T, y, u) ∈ Φ satisfying

|T − T∗|+ max
(x,t)∈Ω×[0,T∗∨T ]

|ye(x, t)− y∗e(x, t)|+ esssup(x,t)∈Ω×[0,T∗]|u(x,
T t

T∗
)− u∗(x, t)| < ε. (3.1)

Hereafter, T∗ ∨ T = max(T∗, T ).

It is noted that when T = T∗, Definition 3.2 becomes a definition for locally optimal solutions to the problem
with fixed end-time T∗.

Let us denote by C0[(T∗, y∗, u∗)] the set of vectors (T, y, u) ∈ R × YT∗ × UT∗ which satisfy the following
conditions:

(c1)

∫
Ω

(
L0T [T∗, T∗]T + L0ζ [T∗, T∗]y(T∗)

)
dx+

∫
QT∗

( T
T∗
L[x, t] + Lt[x, t]

Tt

T∗
+ Ly[x, t]y + Lu[x, t]u

)
dxdt ≤ 0;

(c2)
∂y

∂t
+Ay + ψt[x, t]

Tt

T∗
+ ψy[x, t]y − u+

T

T∗
(Ay∗ + ψ[x, t]− u∗) = 0, y(0) = 0;

(c3)

∫
Ω

(
LiT [T∗, T∗]T + Liζ [T∗, T∗]y(T∗)

)
dx ≤ 0 for i ∈ {1, 2, ..,m|ψi[T∗, T∗] = 0};

(c4) gt[·, ·]
Tt

T∗
+ gy[·, ·]y + gu[·, ·]u ∈ cone

(
KT∗ − g[·, ·]

)
.

Define C[(T∗, y∗, u∗)] = C0[(T∗, y∗, u∗)], which is the closure of C0[(T∗, y∗, u∗)] in R × YT∗ × UT∗ . The set
C[(T∗, y∗, u∗)] is called a critical cone to the problem (P ). Each vector d ∈ C[(T∗, y∗, u∗)] is called a critical
direction to the (P ) at (T∗, y∗, u∗). It is clear that C[(T∗, y∗, u∗)] is a closed convex cone containing 0.

We have the following main result on necessary optimality conditions.

Theorem 3.3. Suppose that assumptions (H1) − (H5) are satisfied and (T∗, y∗, u∗) ∈ Φ is a locally optimal
solution to (P ). Then there exist Lagrange multipliers λ ∈ R+, µ = (µ1, µ2, ..., µm) ∈ Rm, φ̃ ∈ L∞(QT∗) ∩
L2(0, T∗;H

1
0 (Ω)), ẽ ∈ L∞(QT∗) and an absolutely continuous function ϕ̃ : [0, T∗] → R which are not all zeros

and satisfy the following conditions:
(i) (the adjoint equations)

−∂φ̃
∂t

+A∗φ̃+ ψy[·, ·]φ̃ = −λLy[·, ·]− ẽgy[·, ·] in QT∗ ,

φ̃ = 0 on ΣT∗ ,

φ̃(T∗) = −λL0ζ [T∗, T∗]−
∑m
i=1 µiLiζ [T∗, T∗] in Ω

(3.2)

and ϕ̃′(t) = −
∫
Ω

(
λLt[x, t] + φ̃ψt[x, t] + ẽgt[x, t]

)
dx in (0, T∗),

ϕ̃(T∗) = 0
(3.3)
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where A∗ is the adjoint operator of A, which is defined by A∗φ̃ = −
∑N
i,j=1Di(aij(x)Djφ̃);

(ii) (optimality condition for u∗)

λLu[x, t]− φ̃(x, t) + ẽ(x, t)gu[x, t] = 0 a.a. (x, t) ∈ QT∗ ; (3.4)

(iii) (optimality condition for T∗)∫ T∗

0

ϕ̃(t)dt+

∫
QT∗

(
λL[x, t] + φ̃

(
Ay∗ + ψ[x, t]− u∗

)
dxdt+ T∗

∫
Ω

(
λL0ζ [T∗, T∗] +

m∑
i=1

µiLiζ [T∗, T∗]
)
dx = 0;

(3.5)

(iv) (the complementary conditions)

µi ≥ 0 and µi

∫
Ω

Li(x, T∗, y∗(T∗))dx = 0, i = 1, 2, ...,m, (3.6)

ẽ(x, t) ∈ N([a, b], g[x, t]) a.a. (x, t) ∈ QT∗ . (3.7)

Moreover, one has
(v) (the nonnegative second-order condition)

sup
(λ,φ̃,µ,ϕ̃)∈Λ[(T∗,y∗,u∗)]

D2
(T,y,u)L

P (T∗, y∗, u∗, λ, φ̃, µ, ϕ̃, ẽ)[d, d] =

sup
(λ,φ̃,µ,ϕ̃)∈Λ[(T∗,y∗,u∗)]

[
λ

∫
Ω

(
L0TT [T∗, T∗]T

2 + 2L0Tζ [T∗, T∗]Ty(T∗) + L0ζζ [T∗, T∗]y(T∗)
2
)
dx

+ λ

∫
QT∗

(
Ltt[x, t](

Tt

T∗
)2 + 2Lty[x, s]

Tt

T∗
y(x, t) + 2Ltu[x, t]

Tt

T∗
u(x, t)

)
dxdt

+ λ

∫
QT∗

(
Lyy[x, t]y(x, t)

2 + Luu[x, t]u(x, t)
2 + 2Lyu[x, t]y(x, t)u(x, t)

)
dxdt

+ 2λ

∫
QT∗

T

T∗

(
Lt[x, t]

Tt

T∗
+ Ly[x, t]y(x, t) + Lu[x, t]u(x, t)

)
dxdt

+

∫
QT∗

φ̃(x, t)
(
ψtt[x, t](

Tt

T∗
)2 + 2ψty[x, s]

Tt

T∗
y(x, t) + ψyy[x, t]y(x, t)

2
)
dxdt

+

∫
QT∗

2
T

T∗
φ̃(x, t)

(
Ay + ψt[x, t]

Tt

T∗
+ ψy[x, t]y − u

)
dxdt

+

∫
QT∗

ẽ(x, s)
(
gtt[x, t](

Tt

T∗
)2 + gyy[x, t]y

2 + guu[x, t]u
2 + 2gty[x, t]

Tt

T∗
y + 2gtu[x, t]

Tt

T∗
u+ 2gyu[x, t]yu

)
dxdt

+

m∑
i=1

µi

∫
Ω

(
LiTT [T∗, T∗]T

2 + 2LiTζ [T∗, T∗]Ty(T∗) + Liζζ [T∗, T∗]y(T∗)
2
)]

≥ 0 (3.8)

for all d = (T, y, u) ∈ C0[(T∗, y∗, u∗)]. Here Λ[(T∗, y∗, u∗)] denotes the set of Lagrange multipliers (λ, φ̃, µ, ϕ̃)

satisfying conditions (i)− (iv). In addition, if (H6) is satisfied then multipliers (λ, φ̃, µ, ϕ̃) ∈ Λ[(T∗, y∗, u∗)] are
normal, that is, λ = 1 and one has

max
(1,φ̃,µ,ϕ̃)∈Λ[(T∗,y∗,u∗)]

D2
(T,y,u)L

P (T∗, y∗, u∗, 1, φ̃, µ, ϕ̃, ẽ)[d, d] ≥ 0 ∀d ∈ C[(T∗, y∗, u∗)]. (3.9)
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To deal with second-order sufficient conditions, we need to enlarge the critical cone C[(T∗, y∗, u∗)]. For this
we define C′[(T∗, y∗, u∗)] being a set of vectors (T, y, u) ∈ R×W 1,1

2 (0, T∗, H,D)×L2(QT∗) satisfying conditions
(c1), (c2), (c3) and

(c′4) gt[x, t]
Tt

T∗
+ gy[x, t]y(x, t) + gu[x, t]u(x, t) ∈ T

(
[a, b], g[x, t]

)
for a.a. (x, t) ∈ QT∗ .

The following theorem gives second-order sufficient conditions for locally optimal solution to (P ).

Theorem 3.4. Suppose assumptions (H1) − (H5), T∗ > 0 and (T∗, y∗, u∗) ∈ Φ. Assume that there exist
Lagrange multipliers λ = 1, µ = (µ1, µ2, ..., µm) ∈ Rm, φ̃ ∈ L∞(QT∗) ∩ L2(0, T∗;H

1
0 (Ω)), ẽ ∈ L∞(QT∗) and

an absolutely continuous function ϕ̃ : [0, T∗] → R such that conditions (i)–(iv) of Theorem 3.3 are fulfilled.
Furthermore, assume that the following conditions are fulfilled:
(v) (the strictly second-order condition)

D2
(T,y,u)L

P (T∗, y∗, u∗, 1, φ̃, µ, ϕ̃, ẽ)[(T̂ , ŷ, û), (T̂ , ŷ, û)] > 0 ∀(T̂ , ŷ, û) ∈ C′[(T∗, y∗, u∗)] \ {(0, 0, 0)}; (3.10)

(vi) (the Legendre–Clebsch condition) there is a number Λ0 > 0 such that

Luu[x, t] + ẽ(x, t)guu[x, t] ≥ Λ0 a.a. (x, t) ∈ QT∗ . (3.11)

Then there exist numbers ε0 > 0 and κ0 > 0 such that

J(T, y, u) ≥ J(T∗, y∗, u∗) + κ0

(
(T − T∗)

2 +
1

T∗

∫
QT∗

|u(x, T t
T∗

)− u∗(x, t)|2dxdt
)

(3.12)

for all (T, y, u) ∈ Φ ∩N
(
(T∗, y∗, u∗), ε0

)
. In particular, (T∗, y∗, u∗) is a locally optimal solution to (P ). Here

Φ ∩N
(
(T∗, y∗, u∗), ε0

)
:=

{
(T, y, u) ∈ Φ : dist

[
(T, y, u), (T∗, y∗, u∗)

]
< ϵ0

}
,

with

dist[(T, y, u), (T∗, y∗, u∗)] := |T − T∗|+ max
(x,t)∈Ω×[0,T∗∨T ]

|ye(x, t)− y∗e(x, t)|+ esssup
(x,t)∈Ω×[0,T∗]

|u(x, T t
T∗

)− u∗(x, t)|.

Remark 3.5. 1) By using similar arguments as in the proof of [37], Proposition 2.6, we can show that if strictly
second-order condition (3.10) and the Legendre-Clebsch condition (3.11) are satisfied, then the following strongly
second-order condition holds:

∃γ0 > 0 : D2
(T,y,u)L

P (T∗, y∗, u∗, 1, φ̃, µ, ϕ̃, ẽ)[(T̂ , ŷ, û), (T̂ , ŷ, û)] ≥ γ0
(
T̂ 2 + ∥û∥22

)
∀(T̂ , ŷ, û) ∈ C′[(T∗, y∗, u∗)].

Conversely, by a modification of the proof of [38], Lemma 5.1, we can prove that if the above strongly second-
order condition is satisfied and Liζζ [·, ·] = 0, then the strictly second-order condition and the Legendre-Clebsch
condition are fulfilled.
2) When T = T∗, (P ) becomes a problem with fixed end-time. In this case the conclusion of Theorem 3.3 is
similar to the first conclusion of [16], Theorem 5.2 except that the critical cone in Theorem 3.3 is somewhat
different from those in [16], Theorem 5.2. Meanwhile, Theorem 3.4 implies [16], Theorem 5.8.
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4. Problem with fixed end-time

Recall that Q1 = Ω× (0, 1). We put

U1 = L∞(Q1), Y1 =
{
ζ ∈W 1,1

2 (0, 1;D,H) ∩W 2,1
p (Q1)| Aζ ∈ Lp(Q1)

}
.

Then Y1 is a Banach space under the graph norm

∥ζ∥Y1
:= ∥ζ∥W 1,1

2 (0,1;D,H) + ∥ζ∥W 2,1
p (Q1)

+
∥∥Aζ∥∥

Lp(Q1)
.

To establish optimality conditions for time-optimal problem (P ), we need to change variables to transform
(P ) into a problem with a fixed terminal time. Taking any T > 0, we define a function ξ : [0, 1] → [0, T ] by
setting ξ(s) = Ts.

Let

ζ(x, s) := y(x, ξ(s)), v(x, s) := u(x, ξ(s)).

By changing variable t = ξ(s) = Ts in (P ), we obtain the following optimal control problem with fixed final
time:

(P1)



Ĵ(ξ, T, ζ, v) := ψ0(T, ζ(1)) +

∫ 1

0

∫
Ω

TL(x, ξ(s), ζ(x, s), v(x, s))dxds→ inf

s.t.
∂ζ

∂s
+ TAζ + Tψ(x, ξ, ζ) = Tv in Q1, ζ(x, s) = 0 on Σ1 = Γ× [0, 1],

ζ(0) = y0 in Ω,

ξ =

∫ (·)

0

Tdτ,

ψi(T, ζ(1)) ≤ 0, i = 1, 2, ...,m,

a ≤ g(x, ξ(s), ζ(x, s), v(x, s)) ≤ b a.a. x ∈ Ω, ∀s ∈ [0, 1].

We shall denote by Φ1 the feasible set of (P1) and put

Z = C([0, 1],R)× R× Y1 × U1.

Given a vector z = (ξ, T, ζ, v) ∈ Z, we define

∥z∥∗ := ∥ξ∥C([0,1],R) + |T |+ ∥ζ∥C(Q1)
+ ∥v∥U1 , ∥z∥Z := ∥ξ∥C([0,1],R) + |T |+ ∥ζ∥Y1 + ∥v∥U1 .

Given z0 ∈ Z and r > 0, we denote by B∗Z(z0, r) and BZ(z0, r) the balls center at z0 and radius r in norm ∥ · ∥∗
and ∥ · ∥Z , respectively.

Definition 4.1. Vector z∗ = (ξ∗, T∗, ζ∗, v∗) ∈ Φ1 is a locally optimal solution to (P1) if there exists δ > 0 such
that

Ĵ(z∗) ≤ Ĵ(z) ∀z ∈ Φ1 satisfying ∥z − z∗∥∗ ≤ δ. (4.1)

Since Y1 ↪→ C(Q1), there exists γ > 0 such that ∥z∥∗ ≤ γ∥z∥Z for all z ∈ Z. Therefore, if ∥z − z∗∥Z ≤ δ
γ ,

then ∥z − z∗∥∗ ≤ δ. Consequently, if z∗ is a locally optimal solution to (P1) in norm ∥ · ∥∗, then it is also locally
optimal solution to (P1) in norm ∥ · ∥Z .
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The following propositions give relations between optimal solutions of (P ) and (P1).

Proposition 4.2. Suppose that (T∗, y∗, u∗) ∈ Φ is a locally optimal solution to (P ). Let ξ∗(s) = T∗s for s ∈ [0, 1]
and

ζ∗(x, s) := y∗(x, ξ∗(s)), v∗(x, s) := u∗(x, ξ∗(s)).

Then the vector (ξ∗, T∗, ζ∗, v∗) is a locally optimal solution to (P1) and Ĵ(ξ∗, T∗, ζ∗, v∗) = J(T∗, y∗, u∗).

Proof. By definition, T∗ > 0 and there exists ϵ > 0 such that (3.1) is valid. Fix a number T0 > T∗. By the
uniform continuity of y∗e on Ω× [0, T0], there exists δ ∈ (0, ε4 ) such that

|y∗e(x, t1)− y∗e(x, t2)| ≤
ϵ

4
∀t1, t2 ∈ [0, T0] satisfying |t1 − t2| < δ. (4.2)

We can choose δ > 0 small enough such that T > 0 whenever |T − T∗| < δ. Clearly, (ξ∗, T∗, ζ∗, v∗) ∈ Φ1. Let
(ξ, T, ζ, v) ∈ Φ1 such that

∥ξ − ξ∗∥C([0,1],R) + |T − T∗|+ ∥ζ − ζ∗∥C(Q1)
+ ∥v − v∗∥L∞(Q1)

< min(δ, T0 − T∗). (4.3)

We define y(x, t) = ζ(x, ξ−1(t)), u(x, t) = v(x, ξ−1(t)), where ξ−1(t) = t
T . It is easy to check that (T, y, u) ∈ Φ.

By (4.3) we have

|T − T∗|+ ∥ξ − ξ∗∥C([0,1],R) ≤ δ ≤ ε

4
.

Without loss of generality, we may assume that T > T∗. Then from condition T −T∗ < T0 −T∗, we have T < T0
and [0, T ∨ T∗] = [0, T ]. Therefore, for (x, t) ∈ Ω× [0, T ], we have

|ye(x, t)− y∗e(x, t)| =
∣∣∣y(x, t)− y∗e

(
x, t)

)∣∣∣
=

∣∣∣ζ(x, ξ−1(t)
)
− y∗e(x, ξ(ξ

−1(t))
∣∣∣

≤
∣∣∣ζ(x, ξ−1(t)

)
− y∗

(
x, ξ∗

(
ξ−1(t)

))∣∣∣+ ∣∣∣y∗(x, ξ∗(ξ−1(t)
))

− y∗e
(
x, ξ

(
ξ−1(t)

))∣∣∣
=

∣∣∣ζ(x, ξ−1(t)
)
− ζ∗

(
x, ξ−1(t)

)∣∣∣+ ∣∣∣y∗e(x, ξ∗(ξ−1(t)
))

− y∗e
(
x, ξ

(
ξ−1(t)

))∣∣∣. (4.4)

Note that ξ−1(t) ∈ [0, 1] for all t ∈ [0, T ]. By (4.3) we deduce that∣∣∣ζ(x, ξ−1(t)
)
− ζ∗

(
x, ξ−1(t)

)∣∣∣ ≤ ∥ζ − ζ∗∥C(Q1)
≤ δ ≤ ε

4
(4.5)

for all (x, t) ∈ Ω× [0, T ]. Moreover, for all t ∈ [0, T ] we have t1 = ξ∗
(
ξ−1(t)

)
∈ [0, T∗] ⊂ [0, T ], t2 = ξ

(
ξ−1(t)

)
=

t ∈ [0, T ] and

|t1 − t2| ≤ ∥ξ − ξ∗∥C([0,1],R) ≤ δ.

Therefore, we have from (4.2) that∣∣∣y∗e(x, ξ∗(ξ−1(t)
))

− y∗e

(
x, ξ

(
ξ−1(t)

))∣∣∣ ≤ ε

4
∀(x, t) ∈ Ω× [0, T ].
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Combining this with (4.4) and (4.5), we get

|ye(x, t)− y∗e(x, t)| ≤
ε

4
+
ε

4
=
ε

2
∀(x, t) ∈ Ω× [0, T ].

This implies that max
(x,t)∈Ω×[0,T∨T∗]

|ye(x, t)− y∗e(x, t)| ≤ ε
2 . Hence

|T − T∗|+ max
(x,t)∈Ω×[0,T∨T∗]

|ye(x, t)− y∗e(x, t)| ≤
ε

4
+
ε

2
=

3ε

4
. (4.6)

On the other hand

esssupt∈[0,T∗]|u(
Tt

T∗
)− u∗(t)| = essupt∈[0,T∗]|v(x,

t

T∗
)− v∗(

t

T∗
)| ≤ ∥v − v∗∥L∞(Q1) ≤ δ <

ϵ

4
.

Combining this with (4.6), yields

|T − T∗|+ max
(x,t)∈Ω×[0,T∨T∗]

|ye(x, t)− y∗e(x, t)|+ esssupt∈[0,T∗]|u(
Tt

T∗
)− u∗(t)| < ϵ.

From this and (3.1), we have J(T∗, y∗, u∗) ≤ J(T, y, u). Hence

Ĵ(ξ∗, T∗, ζ∗, v∗) = J(T∗, y∗, u∗) ≤ J(T, y, u) = Ĵ(ξ, T, ζ, v).

The proof of the proposition is complete.

Proposition 4.3. Suppose that T∗ > 0 and (ξ∗, T∗, ζ∗, v∗) ∈ Φ1 is a locally optimal solution to (P1). Let

y∗(x, t) := ζ∗(x, ξ
−1
∗ (t)), u∗(x, t) := v∗(x, ξ

−1
∗ (t)).

Then the vector (T∗, y∗, u∗) is a locally optimal solution to (P ) and J(T∗, y∗, u∗) = Ĵ(ξ∗, T∗, ζ∗, v∗).

Proof. Let δ > 0 such that (4.1) is valid. Fix a number T0 > T∗. Since y∗e is uniform continuous on Ω× [0, T0],
there exists ϵ ∈ (0, δ) such that |y∗e(x, t) − y∗e(x, t

′)| < δ
3 for all t, t′ ∈ [0, T0] satisfying |t − t′| < ϵ. We can

choose ϵ > 0 small enough so that T > 0 whenever |T − T∗| < ϵ. We now take (T, y, u) ∈ Φ satisfying

|T − T∗|+ max
(x,t)∈Ω×[0,T∨T∗]

|ye(x, t)− y∗e(x, t)|+ esssup(x,t)∈Ω×[0,T∗]|u(x,
T t

T∗
)− u∗(x, t)| < min(

ϵ

6
, T0 − T∗).

Without loss of generality, we can assume that T > T∗. Then we have T < T0. Let ξ(s) = Ts and ζ(x, s) =
y(x, ξ(s)), v(x, s) = u(x, ξ(s)). Then (ξ, T, ζ, v) ∈ Φ1. Note that

∥ξ − ξ∗∥C([0,1],R) = max
s∈[0,1]

|Ts− T∗s| = |T − T∗| <
ϵ

6
. (4.7)

From this and uniform continuity of y∗e, we have for all (x, s) ∈ Ω× [0, 1] that

|ζ(x, s)− ζ∗(x, s)| = |y(x, ξ(s))− y∗(x, ξ∗(s))|
≤ |y(x, ξ(s))− y∗e(x, ξ(s))|+ |y∗e(x, ξ(s))− y∗e(x, ξ∗(s))|

≤ ϵ

6
+
δ

3
≤ δ

2
.
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This implies that

∥ζ − ζ∗∥C(Q1)
≤ δ

2
. (4.8)

Also, we have

esssup(x,s)∈Ω×[0,1]|v(x, s)− v∗(x, s)| = esssup(x,s)∈Ω×[0,1]|u(x, Ts)− u∗(x, T∗s)|

= esssup(x,t)∈Ω×[0,T∗]|u(x,
T t

T∗
)− u∗(x, t))| ≤

ϵ

6
<
δ

6
.

Hence ∥v − v∗∥L∞(Q1) ≤ δ
6 . Combining this with (4.7) and (4.8), we obtain

∥ξ − ξ∗∥C([0,1],R) + ∥ζ − ζ∗∥C(Q1)
+ ∥v − v∗∥L∞(Q1) + |T − T∗| <

δ

6
+
δ

2
+
δ

6
+
δ

6
= δ.

Since (ξ∗, T∗, ζ∗, v∗) is a locally optimal solution to (P1), we have

J(T, y, u) = Ĵ(ξ, T, ζ, v) ≥ Ĵ(ξ∗, T∗, ζ∗, v∗) = J(T∗, y∗, u∗).

The proof of the proposition is complete.

To reduce (P1) to a mathematical programming problem, we put

E = Lp(Q1)×
(
H1

0 (Ω) ∩W
2− 2

p ,p(Ω)
)
× C([0, 1],R), W = L∞(Q1).

Define mappings F : Z → E, H : Z → Rm and G : Z →W by setting

F (ξ, T, ζ, v) =
(
F1(ξ, T, ζ, v), F2(ξ, T, ζ, v), F3(ξ, T, ζ, v)

)
=

(∂ζ
∂s

+ TAζ + Tψ(·, ξ, ζ)− Tv, ζ(0)− y0, ξ −
∫ (·)

0

Tdτ
)
,

H(ξ, T, ζ, v) =
(
H1(ξ, T, ζ, v), ...,Hm(ξ, T, ζ, v)

)
=

(
ψ1(T, ζ(1)), ..., ψm(T, ζ(1))

)
=

(∫
Ω

L1(x, T, ζ(x, 1))dx, ...,

∫
Ω

Lm(x, T, ζ(x, 1))dx
)
,

and

G(ξ, T, ζ, v) = g(·, ξ, ζ, v).

By definition of space Y1, if (ξ, T, ζ, v) ∈ Z then ∂ζ
∂s , Aζ ∈ Lp(Q1), ψ(·, ξ, ζ) ∈ L∞(Q1) ⊂ Lp(Q1) (since ξ ∈

C([0, 1],R), ζ ∈ C(Q1)) and v ∈ L∞(Q1) ⊂ Lp(Q1). Hence

∂ζ

∂s
+ TAζ + Tψ(·, ξ, ζ)− Tv ∈ Lp(Q1)
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and so F1 is well defined. F2 is also well defined. Indeed, from (H3) we have y0 ∈ H1
0 (Ω)∩W

2− 2
p ,p(Ω). Since ζ ∈

Y1, ζ ∈W 1,1
2 (0, 1;D,H) ∩W 2,1

p (Q1). Since W
1,1
2 (0, 1;D,H) ↪→ C([0, 1], V ), ζ(0) ∈ H1

0 (Ω). Since ζ ∈W 2,1
p (Q1),

[26], Lemma 3.4, p. 82 implies that ζ(0) ∈W 2− 2
p ,p(Ω). So ζ(0) ∈ H1

0 (Ω)∩W
2− 2

p ,p(Ω). Consequently, ζ(0)− y0 ∈
H1

0 (Ω)∩W
2− 2

p ,p(Ω). Therefore, F is well defined. Similarly, H and G are well defined. We now rewrite problem
(P1) in the form of (MP ):

(MP1)



Ĵ(ξ, T, ζ, v) → inf

s.t.

F (ξ, T, ζ, v) = 0,

H(ξ, T, ζ, v) ≤ 0,

G(ξ, T, ζ, v) ∈ K1,

where

K1 := {u ∈ L∞(Q1)|a ≤ u(x, s) ≤ b a.a. (x, s) ∈ Q1}.

Next, we will apply Proposition 2.4 for the problem (MP1) to derive necessary optimality conditions.
As before, given a vector z∗ = (ξ∗, T∗, ζ∗, v∗) ∈ Φ1, the symbols L[x, s], Lt[x, s], Ly[x, s], etc., stand for

L(x, ξ∗(s), ζ∗(x, s), v∗(x, s)), Lt(x, ξ∗(s), ζ∗(x, s), v∗(x, s)), Ly(x, ξ∗(s), ζ∗(x, s), v∗(x, s)), etc., respectively.

The following lemmas shows that (P1) satisfies all conditions of Proposition 2.4.

Lemma 4.4. Suppose that assumptions (H2) and (H4) are satisfied. Then the mappings Ĵ , F,H and G are of
class C2 around z∗.

Proof. Let BZ(z∗, ϵ) be a neighborhood of z∗ in Z. By assumptions (H2), (H4) and some standard arguments,

we can show that Ĵ , F,H and G are of class C2 in BZ(z∗, ϵ) (see a detail proof in the appendix). Namely, given

a vector ẑ = (ξ̂, T̂ , ζ̂, v̂) ∈ BZ(z∗, ϵ), we have

DĴ(ẑ)[(ξ, T, ζ, v)] =

∫
Ω

(
L0T (x, T̂ , ζ̂(1))T + L0ζ(x, T̂ , ζ̂(1))ζ(1)

)
dx

+

∫
Q1

(
TL(x, ξ̂, ζ̂, v̂) + T̂ [Lt(x, ξ̂, ζ̂, v̂)ξ + Ly(x, ξ̂, ζ̂, v̂)ζ + Lu(x, ξ̂, ζ̂, v̂)v]

)
dxds, (4.9)

DF (ẑ) =
(
DF1(ẑ), DF2(ẑ), DF3(ẑ)

)
, (4.10)

DF1(ẑ)[(ξ, T, ζ, v)] =
∂ζ

∂s
+ T̂Aζ + T̂ψy(·, ξ̂, ζ̂)ζ + T̂ψt(·, ξ̂, ζ̂)ξ − T̂ v + T (Aζ̂ + ψ(·, ξ̂, ζ̂)− v̂), (4.11)

DF2(ẑ)[(ξ, T, ζ, v)] = ζ(0), (4.12)

DF3(ẑ)[(ξ, T, ζ, v)] = ξ −
∫ (·)

0

Tdτ, (4.13)

DH(ẑ) =
(
DH1(ẑ), DH2(ẑ), ..., DHm(ẑ)

)
, (4.14)

DHi(ẑ)[(ξ, T, ζ, v)] =

∫
Ω

(
LiT (x, T̂ , ζ̂(1))T + Liζ(x, T̂ , ζ̂(1))ζ(1)

)
dx, i = 1, 2, ...,m, (4.15)

DG(ẑ)[(ξ, T, ζ, v)] = ⟨gt(·, ξ̂, ζ̂, v̂), ξ⟩+ ⟨gy(·, ξ̂, ζ̂, v̂), ζ⟩+ ⟨gu(·, ξ̂, ζ̂, v̂), v⟩ (4.16)
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and

D2Ĵ(ẑ)(ξ, T, ζ, v)2 =

∫
Ω

(
L0TT (x, T̂ , ζ̂(1))T

2 + L0ζζ(x, T̂ , ζ̂(1))ζ
2(1) + 2L0Tζ(x, T̂ , ζ̂(1))Tζ(1)

)
dx

+

∫
Q1

T̂
[
Ltt(x, ξ̂, ζ̂, v̂)ξ

2 + Lyy(x, ξ̂, ζ̂, v̂)ζ
2 + Luu(x, ξ̂, ζ̂, v̂)v

2
]
dxds

+

∫
Q1

2T̂
[
Lty(x, ξ̂, ζ̂, v̂)ξζ + Ltu(x, ξ̂, ζ̂, v̂)ξv + Lyu(x, ξ̂, ζ̂, v̂)ζv

]
dxds,

+

∫
Q1

2T
[
Lt(x, ξ̂, ζ̂, v̂)ξ + Ly(x, ξ̂, ζ̂, v̂)ζ + Lu(x, ξ̂, ζ̂, v̂)v

]
dxds, (4.17)

D2F (ẑ)(ξ, T, ζ, v)2

=
(
T̂ψtt(·, ξ̂, ζ̂)ξ2 + T̂ψyy(·, ξ̂, ζ̂)ζ2 + 2T̂ψty(·, ξ̂, ζ̂)ξζ + 2T

(
Aζ + ψt(·, ξ̂, ζ̂)ξ + ψy(·, ξ̂, ζ̂)ζ − v

)
, 0, 0

)
, (4.18)

D2H(ẑ)(ξ, T, ζ, v)2 =
(
D2H1(ẑ), D

2H2(ẑ), ..., D
2Hm(ẑ)

)
(ξ, T, ζ, v)2, (4.19)

D2Hi(ẑ)(ξ, T, ζ, v)
2 =

∫
Ω

(
LiTT (x, T̂ , ζ̂(1))T

2 + 2LiTζ(x, T̂ , ζ̂(1))Tζ(1) + Liζζ(x, T̂ , ζ̂(1))ζ
2(1)

)
dx, (4.20)

D2G(ẑ)(ξ, T, ζ, v)2 = gtt(·, ξ̂, ζ̂, v̂)[ξ, ξ] + gyy(·, ξ̂, ζ̂, v̂)[ζ, ζ] + guu(·, ξ̂, ζ̂, v̂)[v, v]

+ 2gty(·, ξ̂, ζ̂, v̂)[ξ, ζ] + 2gtu(·, ξ̂, ζ̂, v̂)[ξ, v] + 2gyu(·, ξ̂, ζ̂, v̂)[ζ, v] (4.21)

for all (ξ, T, ζ, v) ∈ Z. The lemma is proved.

Lemma 4.5. The operator DF (ξ∗, T∗, ζ∗, v∗) : Z → E is onto. In particular, DF (ξ∗, T∗ζ∗, v∗)Z is closed.

Proof. Taking any (ϕ0, ζ0, ξ0) ∈ E, we consider the following equation on Z

DF (ξ∗, T∗, ζ∗, v∗)[(ξ, T, ζ, v)] = (ϕ0, ζ0, ξ0).

By (4.10)–(4.13), it is equivalent to the system of equations:

∂ζ

∂s
+ T∗Aζ + T∗ψy(·, ξ∗, ζ∗)ζ + T∗ψt(·, ξ∗, ζ∗)ξ − T∗v + T (Aζ∗ + ψ(·, ξ∗, ζ∗)− v∗) = ϕ0,

ζ(0) = ζ0,

ξ(s)− Ts = ξ0(s).

Taking T = T∗ and v = 0, we get ξ = ξ0 + T∗s. Consider parabolic equation

∂ζ

∂s
+ T∗Aζ + T∗ψy(·, ξ∗, ζ∗)ζ = ϕ0 − T∗ψt(·, ξ∗, ζ∗)ξ − T∗(Aζ∗ + ψ(·, ξ∗, ζ∗)− v∗), (4.22)

ζ(0) = ζ0. (4.23)

By (H2), T∗ψt(·, ξ∗, ζ∗)ξ ∈ L∞(Q1). Also we have T∗(Aζ∗ + ψ(·, ξ∗, ζ∗) − v∗) = − d
dsζ∗ ∈ Lp(Q1). Hence ϕ0 −

T∗ψt(·, ξ∗, ζ∗)ξ − T∗(Aζ∗ + ψ(·, ξ∗, ζ∗) − v∗) ∈ Lp(Q1). By Lemma 2.2, equations (4.22)–(4.23) has a solution
ζ ∈ Y1. Therefore, DF (ξ∗, T∗, ζ∗, v∗) is onto. The lemma is proved.

The following lemma shows that the Mangasarian-Fromowitz condition is valid.

Lemma 4.6. If (H6) is satisfied, then (A4) is also fulfilled at z∗ = (ξ∗, T∗, ζ∗, v∗).
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Proof. Recall that ξ∗(s) = T∗s, ζ∗(x, s) = y∗(x, T∗s), v∗(x, s) = u∗(x, T∗s). By Lemma 4.5, the operator

DF (z∗) : Z → E is onto. Let (T̃ , ỹ, ũ) satisfy (H6). By defining

ξ̃(s) = T̃ s, ζ̃(x, s) = ỹ(x, T∗s), ṽ(x, s) = ũ(x, T∗s),

we see that (H6) is equivalent to:

(H6)′


∂ζ̃

∂t
+ T∗

(
Aζ̃ + ψt(·, ξ∗, ζ∗)ξ̃ + ψy(·, ξ∗, ζ∗)ζ̃ − ũ

)
+ T̃

(
Aζ∗ + ψ(·, ξ∗, ζ∗)− v∗

)
= 0, ζ̃(0) = 0

ψi(T∗, ζ∗(1)) + ψiT (T∗, ζ∗(1))T̃ + ψiζ(T∗, ζ∗(1))ζ̃(1) < 0, i = 1, 2, ...,m

g(·, ξ∗, ζ∗, v∗) + gt(·, ξ∗, ζ∗, v∗)ξ̃ + gy(·, ξ∗, ζ∗, v∗)ζ̃ + gu(·, ξ∗, ζ∗, v∗)ṽ ∈ intK1.

This means that 
DF (z∗)(ξ̃, T̃ , ζ̃, ṽ) = 0,

Hi(z∗) +DHi(z∗)(ξ̃, T̃ , ζ̃, ṽ) < 0, i = 1, 2, ...,m,

G(z∗) +DG(z∗)(ξ̃, T̃ , ζ̃, ṽ, ) ∈ intK1.

Hence (A4) is satisfied. The lemma is proved.

Let us denote by C1,0[z∗] the critical cone of vectors (ξ, T, ζ, v) ∈ Z satisfying conditions:

(b1)

∫
Ω

(
L0T [T∗, 1]T + L0ζ [T∗, 1]ζ(1)

)
dx+

∫
Q1

(
TL[x, s] + T∗

(
Lt[x, s]ξ + Ly[x, s]ζ + Lu[x, s]v

))
dxds ≤ 0;

(b2)
∂ζ

∂s
+ T∗

(
Aζ + ψt[·, ·]ξ + ψy[·, ·]ζ − v

)
+ T (Aζ∗ + ψ[·, ·]− v∗) = 0, ζ(0) = 0;

(b3) ξ(s) = Ts for all s ∈ [0, 1];

(b4)

∫
Ω

(
LiT [T∗, 1])ξ(1) + Liζ [T∗, 1]ζ(1)

)
dx ≤ 0 for i ∈ {1, 2, ..,m|ψi[T∗, 1] = 0};

(b5) gt[·, ·]ξ + gy[·, ·]ζ + gu[·, ·]v ∈ cone
(
K1 − g[·, ·]

)
.

The closure of C1,0[z∗] in Z is denoted by C1[z∗]. It is also called a critical cone to (P1) at z∗.
Let us define a Lagrange function associated to (P1):

L : Z × R+ × Lq(Q1)× (H1
0 (Ω) ∩W

2− 2
p ,p(Ω))∗ × C([0, 1],R)∗ × Rm × L∞(Q1)

∗ → R

by setting

L(z, λ, ϕ1, ϕ∗2, ν∗1 , µ, w∗)

= λ

∫
Ω

L0(x, T, ζ(1))dx+ λ

∫
Q1

TL(x, ξ, ζ, v)dxds+

∫
Q1

ϕ1

(∂ζ
∂s

+ TAζ + Tψ(x, ξ, ζ)− Tv
)
dxds

+ ⟨ϕ∗2, ζ(0)− y0⟩+ ⟨ν∗1 , ξ −
∫ (·)

0

Tdτ⟩+
m∑
i=1

µi

∫
Ω

Li(x, T, ζ(1))dx+ ⟨w∗, g(·, ξ, ζ, v)⟩, z = (ξ, T, ζ, v) ∈ Z.

The following result gives necessary optimality conditions for (P1).

Proposition 4.7. Suppose assumptions (H1)− (H5), T∗ > 0 and z∗ = (ξ∗, T∗, ζ∗, v∗) ∈ Φ1 is a locally optimal
solution to (P1). Then there exist Lagrange multipliers λ ∈ R+, µ = (µ1, µ2, ..., µm) ∈ Rm, φ ∈ L∞(Q1) ∩
L2(0, 1;H1

0 (Ω)), e ∈ L∞(Q1) and an absolutely continuous function ϕ : [0, 1] → R not all are zero and satisfy
the following conditions:
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(i) (the adjoint equations)
−∂φ
∂s

+ T∗A
∗φ+ T∗ψy[·, ·]φ = −λT∗Ly[·, ·]− egy[·, ·] in Q1,

φ = 0 on Σ1,

φ(1) = −λL0ζ [T∗, 1]−
∑m
i=1 µiLiζ [T∗, 1]

(4.24)

and ϕ′(s) = −
∫
Ω

(
λT∗Lt[x, s] + φT∗ψt[x, s] + egt[x, s]

)
dx in (0, 1),

ϕ(1) = 0
(4.25)

where A∗ is the adjoint operator of A, which is defined by A∗φ = −
∑N
i,j=1Di(aij(x)Djφ);

(ii) ( optimality condition for v∗)

λT∗Lu[x, s]− T∗φ(x, s) + e(x, s)gu[x, s] = 0 a.a. (x, s) ∈ Q1; (4.26)

(iii) (optimality condition for T∗)∫ 1

0

ϕ(s)ds+

∫
Q1

(
λL[x, s] + φ

(
Aζ∗ + ψ[x, s]− v∗

))
dxds+

∫
Ω

(
λL0T [T∗, 1] +

m∑
i=1

µiLiT [T∗, 1]
)
dx = 0; (4.27)

(iv) (the complementary conditions) µi ≥ 0 and µiψi(T∗, ζ∗(1)) = µi

∫
Ω

Li(x, T∗, ζ∗(1))dx = 0, i = 1, 2, ...,m,

e(x, s) ∈ N([a, b], g[x, s]) a.a. (x, s) ∈ Q1.
(4.28)

Moreover, one has
(v) (the nonnegative second-order condition)

sup
(λ,φ,µ,ϕ,e)∈Λ[z∗]

D2
(ξ,T,ζ,v)L

(
ξ∗, T∗, ζ∗, v∗, λ, φ, µ, ϕ, e

)
[z, z]

= sup
(λ,φ,µ,ϕ,e)∈Λ[z∗]

[
λ

∫
Ω

(
L0TT [T∗, 1]T

2 + 2L0Tζ [T∗, 1]Tζ(1) + L0ζζ [T∗, 1]ζ
2(1)

)
dx

+ λ

∫
Q1

T∗

(
Ltt[x, s]ξ

2 + 2Lty[x, s]ξζ + 2Ltu[x, s]ξv + Lyy[x, s]ζ
2 + Luu[x, s]v

2 + 2Lyu[x, s]ζv
)
dxds

+ λ

∫
Q1

2T
(
Lt[x, s]ξ + Ly[x, s]ζ + Lu[x, s]v

)
dxds

+

∫
Q1

φ
[
T∗

(
ψtt[x, s]ξ

2 + ψyy[x, s]ζ
2 + 2ψty[x, s]ξζ

)
+ 2T

(
Aζ + ψt[x, s]ξ + ψy[x, s]ζ − v

)]
dxds

+

∫
Q1

e(x, s)
(
gtt[x, s]ξ

2 + gyy[x, s]ζ
2 + guu[x, s]v

2 + 2gty[x, s]ξζ + 2gtu[x, s]ξv + 2gyu[x, s]ζv
)
dxds

+

m∑
i=1

µi

∫
Ω

(
LiTT [T∗, 1]T

2 + 2LiTζ [T∗, 1]Tζ(1) + Liζζ [T∗, 1]ζ
2(1)

)
dx

]
≥ 0 (4.29)
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for all z = (ξ, T, ζ, v) ∈ C1,0[z∗]. Here Λ[z∗] denotes the set of multipliers (λ, φ, µ, ϕ, e) satisfying conditions (i)–
(iv). In addition, if the assumption (H6)′ is satisfied then multipliers (λ, φ, µ, ϕ, e) are normal, that is, λ = 1
and one has

max
(1,φ,µ,ϕ,e)∈Λ[z∗]

D2
(ξ,T,ζ,v)L

(
ξ∗, T∗, ζ∗, v∗, λ, φ, µ, ϕ, e

)
[z, z] ≥ 0 ∀z ∈ C1[z∗]. (4.30)

Proof. It is easy to see that

intK1 = {v ∈ L∞(Q1) : a < essinfv ≤ esssupv < b}.

Hence intK1 is nonempty and so (A1) is valid. By Lemma 4.4 and Lemma 4.5, (A2) and (A3) are valid. Thus
all conditions of Proposition 2.4 (part (a)) are fulfilled. Accordingly, there exist Lagrange multipliers λ ∈ R+,

ϕ1 ∈ Lq(Q1), ϕ
∗
2 ∈ (H1

0 (Ω) ∩W
2− 2

p ,p(Ω))∗, µ = (µ1, µ2, ..., µm) ∈ Rm, ν∗1 ∈ C([0, 1],R)∗ and w∗ ∈ L∞(Q1)
∗

such that the following conditions hold:

DzL(z∗, λ, ϕ1, ϕ∗2, ν∗1 , µ, w∗)

= λDĴ(z∗) +
〈
(ϕ1, ϕ

∗
2, ν

∗
1 ), DF (z∗)

〉
+
〈
µ,DH(z∗)

〉
+

〈
w∗, DG(z∗)

〉
= 0, (4.31)

λ ≥ 0, µi ≥ 0, µiHi(z∗) = 0, i = 1, 2, ...,m, (4.32)

w∗ ∈ N(K1, g[·, ·]), (4.33)

sup
(λ,ϕ1,ϕ∗

2 ,ν
∗
1 ,µ,w

∗)∈Λ[z∗]

D2
zL(z∗, λ, ϕ1, ϕ∗2, ν∗1 , µ, w∗)[z, z] ≥ 0 ∀z = (ξ, T, ζ, v) ∈ C1,0[z∗]. (4.34)

Note that ν∗1 is a signed Radon measure which is absolutely continuous w.r.t the Lebesgue measure | · | on [0, 1].
By Riesz’s Representation (see [31], Chapter 01, p. 19 and [39], Thm. 3.8, p. 73), there exists a function of
bounded variation ν1, which is continuous from the right and vanishes at zero such that

⟨ν∗1 , ϑ⟩ =
∫ 1

0

ϑ(s)dν1(s) ∀ϑ ∈ C([0, 1],R),

where the integral stands for the Riemann-Stieltjes integral. We define function ϕ : [0, 1] → R by setting

ϕ(s) := −ν1((s, 1]) = ν1(s)− ν1(1). (4.35)

Then the function ϕ is of bounded variation and ϕ(1) = 0. Then for all (ξ, T ) ∈ C([0, 1],R)× R, we have

⟨ν∗1 , ξ −
∫ (·)

0

Tdτ⟩ =
∫ 1

0

(ξ(s)− Ts)dν1(s).

Hence (4.31) becomes

λ

∫
Ω

(
L0T (x, T∗, ζ∗(1))T + L0ζ(x, T∗, ζ∗(1))ζ(1)

)
dx

+ λ

∫
Q1

(
TL(x, ξ∗, ζ∗, v∗) + T∗[Lt(x, ξ∗, ζ∗, v∗)ξ + Ly(x, ξ∗, ζ∗, v∗)ζ + Lu(x, ξ∗, ζ∗, v∗)v]

)
dxds

+

∫
Q1

ϕ1

(∂ζ
∂s

+ T∗Aζ + T∗ψt(x, ξ∗, ζ∗)ξ + T∗ψy(x, ξ∗, ζ∗)ζ − T∗v
)
dxds
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+

∫
Q1

ϕ1

(
Aζ∗ + ψ(x, ξ∗, ζ∗)− v∗

)
Tdxds

+ ⟨ϕ∗2, ζ(0)⟩+
∫ 1

0

(ξ(s)− Ts)dν1(s) +

m∑
i=1

µi

∫
Ω

(
LiT (x, T∗, ζ∗(1))T + Liζ(x, T∗, ζ∗(1))ζ(1)

)
dx

+ ⟨w∗, gt(·, ξ∗, ζ∗, v∗)ξ + gy(·, ξ∗, ζ∗, v∗)ζ + gu(·, ξ∗, ζ∗, v∗)v⟩ = 0, ∀(ξ, T, ζ, v) ∈ Z. (4.36)

Step 1. Deriving optimality conditions for v∗.
By inserting (ξ, T, ζ) = (0, 0, 0) into the above equality to get

λ

∫
Q1

T∗Lu[x, s]v(x, s)dxds−
∫
Q1

ϕ1T∗vdxds+ ⟨w∗, gu[·, ·]v⟩ = 0, ∀v ∈ U1. (4.37)

It follows from (4.37) that

gu[·, ·]w∗ = T∗ϕ1 − λT∗Lu[·, ·].

Hence

w∗ =
T∗ϕ1 − λT∗Lu[·, ·]

gu[·, ·]
on L∞(Q1). (4.38)

By (H5), 1
gu[·,·] ∈ L∞(Q1). Since T∗ϕ1 − λT∗Lu[·, ·] ∈ Lq(Q1), we have T∗ϕ1−λT∗Lu[·,·]

gu[·,·] ∈ Lq(Q1). Consequently,

w∗ can be represented by a function e ∈ Lq(Q1). From this and (4.38), we obtain

e(x, s) =
T∗ϕ1(x, s)− λT∗Lu[x, s]

gu[x, s]
a.a (x, s) ∈ Q1.

This implies that

λT∗Lu[x, s]− T∗ϕ1(x, s) + e(x, s)gu[x, s] = 0 a.a. (x, s) ∈ Q1 (4.39)

which is in the form of assertion (ii) of the proposition. In Step 2, we will find ϕ1. By (4.33) and Corollary 4 in
[40], we have e(x, s) ∈ N([a, b], g[x, s]) for a.a. (x, s) ∈ Q1.

Step 2. Deriving the first adjoint equation.
Inserting (ξ, T, v) = (0, 0, 0) into equality (4.36), we get

∫
Q1

(∂ζ
∂s

+ T∗Aζ + T∗ψy[x, s]ζ
)
ϕ1dxds+ ⟨ϕ∗2, ζ(0)⟩ = −

∫
Ω

(
λL0ζ [T∗, 1]ζ(1) +

m∑
i=1

µiLiζ [T∗, 1]ζ(1)
)
dx

− λ

∫
Q1

T∗Ly[x, s]ζdxds−
∫
Q1

egy[x, s]ζdxds, ∀ζ ∈ Y1. (4.40)

Inserting v =
gy [x,s]
gu[x,s]

ζ into (4.37), we get

λ

∫
Q1

T∗Lu[x, s]
gy[x, s]

gu[x, s]
ζdxds−

∫
Q1

ϕ1T∗
gy[x, s]

gu[x, s]
ζdxds+

∫
Q1

egy[x, s]ζdxds = 0, ∀ζ ∈ Y1. (4.41)
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Combining this with (4.40), yields

∫
Q1

(∂ζ
∂s

+ T∗Aζ + T∗ψy[x, s]ζ
)
ϕ1dxds+ ⟨ϕ∗2, ζ(0)⟩ = −

∫
Ω

(
λL0ζ [T∗, 1]ζ(1) +

m∑
i=1

µiLiζ [T∗, 1]ζ(1)
)
dx

− λ

∫
Q1

T∗Ly[x, s]ζdxds+ λ

∫
Q1

T∗Lu[x, s]
gy[x, s]

gu[x, s]
ζdxds−

∫
Q1

ϕ1T∗
gy[x, s]

gu[x, s]
ζdxds, ∀ζ ∈ Y1.

This is equivalent to∫
Q1

(∂ζ
∂s

+ T∗Aζ + T∗ψy[x, s]ζ + T∗
gy[x, s]

gu[x, s]
ζ
)
ϕ1dxds+ ⟨ϕ∗2, ζ(0)⟩ =

−
∫
Ω

(
λL0ζ [T∗, 1]ζ(1) +

m∑
i=1

µiLiζ [T∗, 1]ζ(1)
)
dx− λ

∫
Q1

T∗Ly[x, s]ζdxds+ λ

∫
Q1

T∗Lu[x, s]
gy[x, s]

gu[x, s]
ζdxds

(4.42)

for all ζ ∈ Y1. Let us consider the equation


−∂φ
∂s

+ T∗A
∗φ+ T∗

(
ψy[x, s] +

gy[x, s]

gu[x, s]

)
φ = −λT∗Ly[x, s] + λT∗Lu[x, s]

gy[x, s]

gu[x, s]
in Q1,

φ = 0 on Σ1,

φ(1) = −λL0ζ [T∗, 1]−
∑m
i=1 µiLiζ [T∗, 1] in Ω.

(4.43)

By (H4) and (H5), −λL0ζ [T∗, 1]−
∑m
i=1 µiLiζ [T∗, 1] ∈ L∞(Ω), T∗

(
ψy[·, ·]+ gy [·,·]

gu[·,·]
)
∈ L∞(Q1) and −λT∗Ly[·, ·]+

λT∗Lu[·, ·] gy [·,·]gu[·,·] ∈ L∞(Q1). By changing variable φ̃(x, s′) = φ(x, 1 − s′) and using Theorem 2.1 in [11], we see

that the above equation has a unique solution φ(x, s) = φ̃(x, 1− s) which belongs to L∞(Q1)∩L2(0, 1;H1
0 (Ω)).

Multiplying both sides of (4.43) with ζ ∈ Y1 and integrating on Q1, we have

∫
Q1

(
− ∂φ

∂s
+ T∗A

∗φ+ T∗
(
ψy[x, s] +

gy[x, s]

gu[x, s]

)
φ
)
ζdxds =

∫
Q1

(
− λT∗Ly[·, ·]ζ + λT∗Lu[x, s]

gy[x, s]

gu[x, s]
ζ
)
dxds

Using integration by part formula, we get∫
Q1

(∂ζ
∂s

+ T∗Aζ + T∗
(
ψy[x, s] +

gy[x, s]

gu[x, s]

)
ζ
)
φdxds+ (φ(0), ζ(0))H − (φ(1), ζ(1))H

=

∫
Q1

(
− λT∗Ly[·, ·]ζ + λT∗Lu[x, s]

gy[x, s]

gu[x, s]
ζ
)
dxds.

Since φ(1) = −λL0ζ [T∗, 1]−
∑m
i=1 µiLiζ [T∗, 1], we obtain

∫
Q1

(∂ζ
∂s

+ T∗Aζ + T∗
(
ψy[x, s] +

gy[x, s]

gu[x, s]

)
ζ
)
φdxds+

∫
Ω

φ(0)ζ(0)dx

= −
∫
Ω

(
λL0ζ [T∗, 1]ζ(1) +

m∑
i=1

µiLiζ [T∗, 1]ζ(1)
)
dx+

∫
Q1

(
− λT∗Ly[·, ·]ζ + λT∗Lu[x, s]

gy[x, s]

gu[x, s]
ζ
)
dxds.
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Subtracting this equality from (4.42), we get∫
Q1

(∂ζ
∂s

+ T∗Aζ + T∗
(
ψy[x, s] +

gy[x, s]

gu[x, s]

)
ζ
)(
ϕ1 − φ

)
dxds+ ⟨ϕ∗2, ζ(0)⟩ −

∫
Ω

φ(0)ζ(0)dx = 0 ∀ζ ∈ Y1. (4.44)

By Lemma 2.2, we see that for each ϑ ∈ Lp(Q1) and ζ0 ∈ H1
0 (Ω) ∩W

2− 2
p ,p(Ω) the equation

∂ζ

∂s
+ T∗Aζ + T∗

(
ψy[x, s] +

gy[x, s]

gu[x, s]

)
ζ = ϑ in Q1, ζ = 0 on Σ1, ζ(0) = ζ0 in Ω

has a unique solution ζ ∈ Y1. Inserting such a solution into (4.44), we obtain∫
Q1

(
ϕ1 − φ

)
ϑdxds = 0 ∀ϑ ∈ Lp(Q1),

⟨ϕ∗2, ζ0⟩ −
∫
Ω

φ(0)ζ0dx = 0 ∀ζ0 ∈ H1
0 (Ω) ∩W

2− 2
p ,p(Ω).

This implies that ϕ∗2 = φ(0) and ϕ1 = φ ∈ L∞(Q1) ∩ L2(0, 1;H1
0 (Ω)). Hence (4.39) becomes

λT∗Lu[x, s]− T∗φ(x, s) + e(x, s)gu[x, s] = 0 a.a. (x, s) ∈ Q1.

We obtain assertion (ii) of the proposition. Besides, we have

e =
−λT∗Lu[·, ·] + T∗φ

gu[·, ·]
∈ L∞(Q1).

We now rewrite equation (4.43) in the form:


−∂φ
∂s

+ T∗A
∗φ+ T∗ψy[x, s]φ = −λT∗Ly[x, s] + λT∗Lu[x, s]

gy[x, s]

gu[x, s]
− T∗

gy[x, s]

gu[x, s]
φ in Q1,

φ = 0 on Σ1,

φ(1) = −λL[T∗, 1]−
∑m
i=1 µiLiζ [T∗, 1] in Ω.

This equivalent to 
−∂φ
∂s

+ T∗A
∗φ+ T∗ψy[x, s]φ = −λT∗Ly[x, s]− egy[x, s] in Q1,

φ = 0 on Σ1,

φ(1) = −λL[T∗, 1]−
∑m
i=1 µiLiζ [T∗, 1] in Ω.

We obtain the first adjoint equation of assertion (i).
Step 3. Deriving the second adjoint equation (optimality condition for ξ∗).

Inserting (T, ζ, v) = (0, 0, 0) into equality (4.36), we get

−
∫ 1

0

ξ(s)dν1(s) =

∫ 1

0

∫
Ω

(
λT∗Lt[x, s] + φT∗ψt[x, s] + egt[x, s]

)
ξdxds ∀ξ ∈ C([0, 1],R) (4.45)
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By Lemma 5.1 in [41], the above equality is valid for ξ(s) = ξ0χ(τ,1](s) with 0 ≤ τ < 1, where χ(τ,1] is the
indicator function of the set (τ, 1] ⊂ [0, 1]. Inserting ξ(s) into (4.45), we get

−
∫ 1

τ

ξ0dν1(s) =

∫ 1

τ

ξ0

∫
Ω

(
λT∗Lt[x, s] + φT∗ψt[x, s] + egt[x, s]

)
dxds ∀ξ0 ∈ R, ∀τ ∈ [0, 1).

From this and definition of function ϕ in (4.35), we obtain

ϕ(τ) =

∫ 1

τ

∫
Ω

(
λT∗Lt[x, s] + φT∗ψt[x, s] + egt[x, s]

)
dxds, ∀τ ∈ [0, 1).

This implies that limτ→1 ϕ(τ) = 0 = ϕ(1). We obtain equation (4.25).
Step 4. Establishing optimality conditions for T∗.

Inserting (ξ, ζ, v) = (0, 0, 0) into (4.36) and notice that −
∫ 1

0
Tsdν1(s) =

∫ 1

0
Tϕ(s)ds, we have

∫ 1

0

Tϕ(s)ds+

∫ 1

0

∫
Ω

λL[x, s]Tdxds+

∫ 1

0

∫
Ω

φ
(
Aζ∗ + ψ[x, s]− v∗

)
Tdxds

+ λ

∫
Ω

L0T [T∗, 1]Tdx+

m∑
i=1

µi

∫
Ω

LiT [T∗, 1]Tdx = 0, ∀T ∈ R.

Hence we obtain∫ 1

0

ϕ(s)ds+

∫
Q1

(
λL[x, s] + φ

(
Aζ∗ + ψ[x, s]− v∗

))
dxds+

∫
Ω

(
λL0T [T∗, 1] +

m∑
i=1

µiLiT [T∗, 1]
)
dx = 0

which is equation (4.27).
Step 5. Deriving the non-negative second-order condition.

Assertion (v) of the theorem follows from condition (4.34) and formulas (4.17)–(4.21).
Finally, if (H6)′ is satisfied, then we have from Lemma 4.6 that (A4) is valid. By the part (b) of Proposition 2.4,

we get λ = 1. The proof of the proposition is complete.

In the rest of this section, we focus on second-order sufficient optimality conditions for problem (P1). For this
we need to enlarge the critical cone C1[z∗] by the cone C′

1[z∗] which consists of vectors (ξ, T, ζ, v) ∈ C([0, 1],R)×
R×W 1,1

2 (0, 1;D,H)× L2(Q1) satisfying the following conditions:

(b′1)

∫
Ω

(
L0T [T∗, 1]T + L0ζ [T∗, 1]ζ(1)

)
dx+

∫
Q1

(
TL[x, s] + T∗(Lt[x, s]ξ + Ly[x, s]ζ + Lu[x, s]v)

)
dxds ≤ 0;

(b′2)
∂ζ

∂s
+ T∗

(
Aζ + ψt[·, ·]ξ + ψy[·, ·]ζ − v

)
+ T (Aζ∗ + ψ[·, ·]− v∗) = 0, ζ(0) = 0;

(b′3) ξ(s) = Ts ∀s ∈ [0, 1];

(b′4)

∫
Ω

(
LiT [T∗, 1]T + Liζ [T∗, 1]ζ(1)

)
dx ≤ 0 for i ∈

{
1, 2, ..,m|ψi[T∗, 1] = 0

}
;

(b′5) gt[x, s]ξ(s) + gy[x, s]ζ(x, s) + gu[x, s]v(x, s) ∈ T ([a, b], g[x, s]) for a.a. (x, s) ∈ Q1.

The following proposition gives second-order sufficient conditions for locally optimal solutions to (P1).

Proposition 4.8. Suppose z∗ = (ξ∗, T∗, ζ∗, v∗) ∈ Φ1 with T∗ > 0, assumptions (H1) − (H5), and there exist
multipliers (λ, µ, φ, ϕ, e) with λ = 1 satisfying conditions (i)–(iv) of Proposition 4.7. Furthermore, assume that
the following conditions are fulfilled:
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(v) (the strictly second-order condition)∫
Ω

(
L0TT [T∗, 1]T

2 + 2L0Tζ [T∗, 1]Tζ(1) + L0ζζ [T∗, 1]ζ
2(1)

)
dx

+

∫
Q1

T∗

(
Ltt[x, s]ξ

2 + 2Lty[x, s]ξζ + 2Ltu[x, s]ξv + Lyy[x, s]ζ
2 + Luu[x, s]v

2 + 2Lyu[x, s]ζv
)
dxds

+

∫
Q1

2T
(
Lt[x, s]ξ + Ly[x, s]ζ + Lu[x, s]v

)
dxds

+

∫
Q1

φ
[
T∗

(
ψtt[x, s]ξ

2 + ψyy[x, s]ζ
2 + 2ψty[x, s]ξζ

)
+ 2T

(
Aζ + ψt[x, s]ξ + ψy[x, s]ζ − v

)]
dxds

+

∫
Q1

e(x, s)
(
gtt[x, s]ξ

2 + gyy[x, s]ζ
2 + guu[x, s]v

2 + 2gty[x, s]ξζ + 2gtu[x, s]ξv + 2gyu[x, s]ζv
)
dxds

+

m∑
i=1

µi

∫
Ω

(
LiTT [T∗, 1]T

2 + 2LiTζ [T∗, 1]Tζ(1) + Liζζ [T∗, 1]ζ
2(1)

)
dx > 0 (4.46)

for all z = (ξ, T, ζ, v) ∈ C′
1[z∗] \ {(0, 0, 0, 0)}.

(vi) (the Legendre–Clebsch condition) there is a number Λ > 0 such that

T∗Luu[x, s] + e(x, s)guu[x, s] ≥ Λ a.a. (x, s) ∈ Q1. (4.47)

Then there exist numbers δ > 0 and κ > 0 such that

Ĵ(z) ≥ Ĵ(z∗) + κ
(
(T − T∗)

2 + ∥v − v∗∥2L2(Q1)

)
(4.48)

for all z = (ξ, T, ζ, v) ∈ Φ1 ∩B∗Z(z∗, δ). In particular, z∗ is a locally optimal solution to (P1).

Proof. Let us define the so-called Lagrange function for (P1):

L
(
ξ, T, ζ, v, φ, ϕ, µ, e

)
= Ĵ(ξ, T, ζ, v) + ⟨(φ, ϕ), F (ξ, T, ζ, v)⟩+ ⟨µ,H(ξ, T, ζ, v)⟩+ ⟨e,G(ξ, T, ζ, v)⟩, (4.49)

where

⟨(φ, ϕ), F (ξ, T, ζ, v)⟩ =
∫
Q1

[
ζ
(
− ∂φ

∂s
+ TA∗φ

)
+
(
ψ(x, ξ, ζ)− v

)
Tφ

]
dxds+ ⟨φ(1), ζ(1)⟩

+

∫ 1

0

ξ(s)dϕ(s) +

∫ 1

0

Tϕ(s)ds+ ϕ(1)ξ(1), (4.50)

⟨µ,H(ξ, T, ζ, v)⟩ =
m∑
i=1

µiψi(T, ζ(1)) =

m∑
i=1

µi

∫
Ω

Li(x, T, ζ(x, 1))dx,

⟨e,G(ξ, T, ζ, v)⟩ =
∫
Q1

eg(x, ξ, ζ, v)dxds.

Then from conditions (i)–(iii) of Proposition 4.7 we can show that

DzL(z∗, φ, ϕ, µ, e) = 0. (4.51)
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Besides, for each d = (ξ, T, ζ, v) ∈ C′
1[z∗], D

2
zzL(z∗, φ, ϕ, µ, e)[d, d] equals to the left hand side of (4.46). Hence

D2
zzL(z∗, φ, ϕ, µ, e)[d, d] > 0 ∀d ∈ C′

1[z∗] \ {(0, 0, 0, 0)}. (4.52)

We now suppose to the contrary that the conclusion of the proposition were false. Then we could find
sequences {zn = (ξn, Tn, ζn, vn)} ⊂ Φ1 and {γn} ⊂ R+ such that ξn → ξ∗ in C([0, 1],R), ζn → ζ∗ in Y1, vn → v∗
in L∞(Q1), Tn → T∗ in R, γn → 0+ and

Ĵ(zn) < Ĵ(z∗) + γn

(
∥vn − v∗∥2L2(Q1)

+ |Tn − T∗|2
)
. (4.53)

If vn = v∗ and Tn = T∗ then by the uniqueness we have ζn = ζ∗ and ξn = ξ∗. This leads to Ĵ(z∗) < Ĵ(z∗) which
is absurd. Therefore, we can assume that ∥vn − v∗∥2L2(Q1)

+ |Tn − T∗|2 ̸= 0 for all n > 0. Define

tn =
(
∥vn − v∗∥2L2(Q1)

+ |Tn − T∗|2
)1/2

.

Then tn → 0+ as n→ +∞ and we get from (4.53) that

Ĵ(zn)− Ĵ(z∗) ≤ o(t2n). (4.54)

Put ξ̂n = ξn−ξ∗
tn

, ζ̂n = ζn−ζ∗
tn

, v̂n = vn−v∗
tn

and T̂n = Tn−T∗
tn

. Then we have

|T̂n|2 + ∥v̂n∥2L2(Q1)
= 1.

Therefore, we can assume that T̂n → T̂ in R and v̂n ⇀ v̂ in L2(Q1). On the other hand we have

∥ξ̂n∥C([0,1],R) = |T̂n| ≤ 1,

|ξ̂n(s1)− ξ̂n(s2)| ≤ |s1 − s2||T̂n| ≤ |s1 − s2| ∀s1, s2 ∈ [0, 1].

Hence {ξ̂n} is equicontinuous. By the Arzelá–Ascoli theorem, we can assume that ξ̂n → ξ̂ in C([0, 1],R).
Let us claim that ζ̂n ⇀ ζ̂ for some in ζ̂ ∈ W 1,1

2 (0, 1;D,H) and ζ̂n(1) → ζ̂(1) in L2(Ω). In fact, since
(ξn, Tn, ζn, vn) ∈ Φ1 and (ξ∗, T∗, ζ∗, v∗) ∈ Φ1 we have

∂ζn
∂s

+ TnAζn + Tnψ(x, ξn, ζn) = Tnvn, ζn(0) = y0,

∂ζ∗
∂s

+ T∗Aζ∗ + T∗ψ(x, ξ∗, ζ∗) = T∗v∗, ζ∗(0) = y0.

This implies that

∂(ζn − ζ∗)

∂s
+ TnA(ζn − ζ∗) + Tn[ψ(x, ξ∗, ζn)− ψ(x, ξ∗, ζ∗)]

= Tn

[
(vn − v∗)− (ψ(x, ξn, ζn)− ψ(x, ξ∗, ζn))

]
+ (Tn − T∗)[v∗ −Aζ∗ − ψ(x, ξ∗, ζ∗)],

(ζn − ζ∗)(0) = 0. (4.55)
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By Taylor’s expansions, there exist measurable functions θ1,n, θ2,n such that

ψ(x, ξn, ζn)− ψ(x, ξ∗, ζn) = ψt(x, ξ∗ + θ1,n(ξn − ξ∗), ζn)(ξn − ξ∗), 0 ≤ θ1,n(x, t) ≤ 1,

ψ(x, ξ∗, ζn)− ψ(x, ξ∗, ζ∗) = ψy(x, ξ∗, ζ∗ + θ2,n(ζn − ζ∗))(ζn − ζ∗), 0 ≤ θ2,n(x, t) ≤ 1.

Note that Tn → T∗ in R, ξn → ξ∗ in C([0, 1],R) and ζn → ζ∗ in L∞(Q1) so there exists M > 0 such that
|Tn| + ∥ξn∥C([0,1],R) + ∥ζn∥L∞(Q1) + ∥ξ∗ + θ1,n(ξn − ξ∗)∥C([0,1],R) + ∥ζ∗ + θn(ζ2,n − ζ∗)∥L∞(Q1) ≤ M . By (H2),
there exists kM > 0 such that

|ψt(x, ξ∗ + θ1,n(ξn − ξ∗), ζn)|+ |ψy(x, ξ∗, ζ∗ + θ2,n(ζn − ζ∗))| ≤ kM .

Hence Tnψy(x, ξ∗, ζ∗ + θ2,n(ζn − ζ∗)) is bounded in L∞(Q1). From (4.55) we get

∂ζ̂n
∂s

+ TnAζ̂n + Tnψy(x, ξ∗, ζ∗ + θ2,n(ζn − ζ∗))ζ̂n

= Tn[v̂n − ψt(x, ξ∗ + θ1,n(ξn − ξ∗), ζn)ξ̂n] + [v∗ −Aζ∗ − ψ(x, ξ∗, ζ∗)]T̂n, ζ̂n(0) = 0. (4.56)

By [42], Theorem 5, p. 360, there exists a constant c > 0 such that

∥ζ̂n∥W 1,1
2 (0,1;D,H) ≤ c

∥∥∥Tn[v̂n − ψt(x, ξ∗ + θ1,n(ξn − ξ∗), ζn)ξ̂n] + [v∗ −Aζ∗ − ψ(x, ξ∗, ζ∗)]T̂n

∥∥∥
L2(Q1)

≤ cM + cMkM |Q1|
1
2 + c∥v∗ −Aζ∗ − ψ(x, ξ∗, ζ∗)∥L2(Q1).

Hence {ζ̂n} is bounded in W 1,1
2 (0, 1;D,H). Without loss of generality, we may assume that ζ̂n ⇀ ζ̂ in

W 1,1
2 (0, 1, D,H). By the Aubin theorem, the imbeddingW 1,1

2 (0, 1, D,H) ↪→ L2(0, 1;H) is compact. Hence ζ̂n →
ζ̂ in norm of L2(0, 1;H). This implies that ζ̂n(t) → ζ̂(t) a.a. t ∈ [0, 1]. On the other hand W 1,1

2 (0, 1, D,H) ↪→
C([0, 1], H). Hence ζ̂n(1) → ζ̂(1) in H. The claim is justified.

Let us divide the remainder of the proof into some steps.
Step 1. Showing that (ξ̂, T̂ , ζ̂, v̂) ∈ C′

1[(ξ∗, T∗, ζ∗, v∗)].
We now use the procedure in the proof of [42], Theorem 3, p. 356. By passing to the limit, we obtain from

(4.56) that

∂ζ̂

∂s
+ T∗Aζ̂ + T∗ψy[·, ·]ζ̂ = T∗(v̂ − ψt[·, ·]ξ̂) + (v∗ −Aζ∗ − ψ[·, ·])T̂ , ζ̂(0) = 0

which implies that condition (b′2) is satisfied. Also, we have

|T̂ns− ξ̂(s)| = |ξ̂n(s)− ξ̂(s)| ≤ maxs∈[0,1]|ξ̂n(s)− ξ̂(s)| = ∥ξ̂n − ξ̂∥C([0,1],R) ∀s ∈ [0, 1]. (4.57)

Letting n→ ∞ in (4.57) and notice that ξ̂n → ξ̂ in C([0, 1],R), we obtain

ξ̂(s) = T̂ s ∀s ∈ [0, 1].

This implies that (b′3) is valid.
By the mean value theorem, we have from (4.54) that∫
Ω

(
L0T (x, T∗ + ρ1(Tn − T∗), ζn(1))T̂n + L0ζ(x, T∗, ζ∗ + ρ2(ζn(1)− ζ∗(1)))ζ̂n(1)

)
dx
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+

∫
Q1

T̂nL(x, ξn, ζn, vn)dxds+

∫
Q1

T∗Lt(x, ξ∗ + η1(ξn − ξ∗), ζn, vn)ξ̂ndxds

+

∫
Q1

T∗Ly(x, ξ∗, ζ∗ + η2(ζn − ζ∗), vn)ζ̂ndxds+

∫
Q1

T∗Lu(x, ξ∗, ζ∗, v∗ + η3(vn − v∗))v̂ndxds ≤
o(t2n)

tn
, (4.58)

where 0 ≤ ρi, ηj ≤ 1. Since ξn → ξ∗ in C([0, 1],R), Tn → T∗ in R, ζn → ζ∗ in Y1, vn → v∗ in L∞(Q1) and (H4),
we have

∥L0T (·, T∗ + ρ1(Tn − T∗), ζn(1))− L0T (·, T∗, ζ∗(1))∥L∞(Ω) → 0 as n→ ∞,

∥L0ζ(·, T∗, ζ∗ + ρ2(ζn(1)− ζ∗(1)))− L0ζ(·, T∗, ζ∗(1))∥L∞(Ω) → 0 as n→ ∞,

∥L(·, ξn, ζn, vn)− L(·, ξ∗, ζ∗, v∗)∥L∞(Q1) → 0 as n→ ∞,

∥Lt(·, ξ∗ + η1(ξn − ξ∗), ζn, vn)− Lt(·, ξ∗, ζ∗, v∗)∥L∞(Q1) → 0 as n→ ∞,

∥Ly(·, ξ∗, ζ∗ + η2(ζn − ζ∗), vn)− Ly(·, ξ∗, ζ∗, v∗)∥L∞(Q1) → 0 as n→ ∞,

∥Lu(·, ξ∗, ζ∗, v∗ + η3(vn − v∗))− Lu(·, ξ∗, ζ∗, v∗)∥L∞(Q1) → 0 as n→ ∞.

Combining this with the fact ζ̂n(1) → ζ̂(1) in L2(Ω), we deduce from (4.58) when n→ ∞ that∫
Ω

(
L0T [T∗, 1]T̂ + L0ζ [T∗, 1]ζ̂(1)

)
dx+

∫
Q1

(
T̂L[x, s] + T∗[Lt[x, s]ξ̂ + Ly[x, s]ζ̂ + Lu[x, s]v̂]

)
dxds ≤ 0.

Hence condition (b′1) of C′
1[z∗] is valid. It remains to verify conditions (b′4) and (b′5) of C′

1[z∗]. For each i ∈
{1, 2, ...,m}, we have∫

Ω

Li(x, Tn, ζn(x, 1))dx−
∫
Ω

Li(x, T∗, ζ∗(x, 1))dx

= ψi(Tn, ζn(1))− ψi(T∗, ζ∗(1)) ∈ (−∞, 0]− ψi(T∗, ζ∗(1)). (4.59)

Using the mean value theorem for the left hand side of (4.59) and dividing both sides by tn, we get∫
Ω

(
LiT (x, T∗ + η4(Tn − T∗)), ζn(1))T̂n + Liζ(x, T∗, ζ∗(1) + η5(ζn(1)− ζ∗(1)))ζ̂n(1)

)
dx

∈ 1

tn

(
(−∞, 0]− ψi(T∗, ζ∗(1))

)
⊆ T

(
(−∞, 0];ψi(T∗, ζ∗(1))

)
, (4.60)

where 0 ≤ η4, η5 ≤ 1. Notice that T̂n → T̂ in R, ζ̂n(1) → ζ̂(1) in L2(Ω) and

∥LiT (·, T∗ + η4(Tn − T∗), ζn(1))− LiT (·, T∗, ζ∗(1))∥L∞(Ω) → 0 as n→ ∞,

∥Liζ(·, T∗, ζ∗(1) + η5(ζn(1)− ζ∗(1)))− Liζ(·, T∗, ζ∗(1))∥L∞(Ω) → 0 as n→ ∞.

Letting n→ ∞ in (4.60) and using (H4), we get∫
Ω

(
LiT (x, T∗, ζ∗(1))T̂ + Liζ(x, T∗, ζ∗(1))ζ̂(1)

)
dx ∈ T ((−∞, 0];ψi(T∗, ζ∗(1))), i = 1, 2, ..,m.

This implies that∫
Ω

(
LiT (x, T∗, ζ∗(1))T̂ + Liζ(x, T∗, ζ∗(1))ζ̂(1)

)
dx ≤ 0 for i ∈

{
1, 2, ..,m : ψi(T∗, ζ∗(1)) = 0

}
.
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Hence condition (b′4) is valid. Also, we have

G(ξn, Tn, ζn, vn)−G(ξ∗, T∗, ζ∗, v∗) ∈ (K1 − g[·, ·]).

By a Taylor expansion and the definitions of ξ̂n, ζ̂n, v̂n, we have

gt[·, ·]ξ̂n + gy[·, ·]ζ̂n + gu[·, ·]v̂n +
o(tn)

tn
∈ 1

tn

(
K1 − g[·, ·]

)
⊆ cone(K1 − g[·, ·]) ⊆ TL2(K1; g[·, ·]) (4.61)

Since TL2(K1; g[·, ·]) is a closed convex subset of L2(Q1), it is a weakly closed set of L2(Q1) and so TL2(K1; g[·, ·])
is sequentially weakly closed. Let us claim that

gt[·, ·]ξ̂n + gy[·, ·]ζ̂n + gu[·, ·]v̂n ⇀ gt[·, ·]ξ̂ + gy[·, ·]ζ̂ + gu[·, ·]v̂ in L2(Q1). (4.62)

SetM ′ := ∥ξ∗∥C([0,1],R) + ∥ζ∗∥C(Q1)
+ ∥v∗∥L∞(Q1). By the assumption (H4)-(i), there exists kg,M ′ > 0 such that

|gt[x, s]| ≤ |gt(x, ξ∗, ζ∗, v∗)− gt(x, 0, 0, 0)|+ |gt(x, 0, 0, 0)| ≤ kg,M ′M ′ + ∥gt(·, 0, 0, 0)∥L∞(Ω),

|gy[x, s]| ≤ |gy(x, ξ∗, ζ∗, v∗)− gy(x, 0, 0, 0)|+ |gy(x, 0, 0, 0)| ≤ kg,M ′M ′ + ∥gy(·, 0, 0, 0)∥L∞(Ω),

|gu[x, s]| ≤ |gu(x, ξ∗, ζ∗, v∗)− gu(x, 0, 0, 0)|+ |gu(x, 0, 0, 0)| ≤ kg,M ′M ′ + ∥gu(·, 0, 0, 0)∥L∞(Ω),

for a.a. (x, s) ∈ Q1. From this, for each η ∈ L2(Q1), we have

∣∣∣ ∫
Q1

(
gt[x, s]ξ̂n + gy[x, s]ζ̂n + gu[x, s]v̂n

)
ηdxds−

∫
Q1

(
gt[x, s]ξ̂ + gy[x, s]ζ̂ + gu[x, s]v̂

)
ηdxds

∣∣∣
≤

∫
Q1

|gt[x, s]||ξ̂n − ξ̂||η|dxds+
∫
Q1

|gy[x, s]||ζ̂n − ζ̂||η|dxds+
∣∣∣ ∫
Q1

gu[x, s]η(v̂n − v̂)dxds
∣∣∣

≤ (kg,M ′M ′ + ∥gt(·, 0, 0, 0)∥L∞(Ω))

∫
Q1

|ξ̂n − ξ̂||η|dxds

+ (kg,M ′M ′ + ∥gy(·, 0, 0, 0)∥L∞(Ω))

∫
Q1

|ζ̂n − ζ̂||η|dxds+
∣∣∣ ∫
Q1

gu[x, s]η(v̂n − v̂)dxds
∣∣∣

≤ (kg,M ′M ′ + ∥gt(·, 0, 0, 0)∥L∞(Ω))|Q1|
1
2 ∥η∥L2(Q1)∥ξ̂n − ξ̂∥C([0,1],R)

+ (kg,M ′M ′ + ∥gy(·, 0, 0, 0)∥L∞(Ω))∥η∥L2(Q1)∥ζ̂n − ζ̂∥L2(Q1) +
∣∣∣ ∫
Q1

gu[x, s]η(v̂n − v̂)dxds
∣∣∣ (4.63)

Since gu[·, ·] ∈ L∞(Q1) and η ∈ L2(Q1), we have gu[·, ·]η ∈ L2(Q1). Combining this with v̂n ⇀ v̂ in L2(Q1), we
deduce that ∫

Q1

gu[x, s]η(v̂n − v̂)dxds→ 0 as n→ +∞. (4.64)

It follows from (4.63), (4.64) and facts ξ̂n → ξ̂ in C([0, 1],R), ζ̂n → ζ̂ in L2(Q1) that∫
Q1

(
gt[x, s]ξ̂n + gy[x, s]ζ̂n + gu[x, s]v̂n

)
ηdxds→

∫
Q1

(
gt[x, s]ξ̂ + gy[x, s]ζ̂ + gu[x, s]v̂

)
ηdxds, ∀η ∈ L2(Q1),

(4.65)
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which implies that (4.62) is valid. The claim is justified.
Letting n→ ∞ in (4.61), we obtain

gt[·, ·]ξ̂ + gy[·, ·]ζ̂ + gu[·, ·]v̂ ∈ TL2(K1; g[·, ·]). (4.66)

By Lemma 2.4 in [43], we have

TL2(K1; g[·, ·]) = {v ∈ L2(Q1) : v(x, s) ∈ T ([a, b]; g[x, s]) a.a. (x, s) ∈ Q1}.

Combining this with (4.66), yields

gt[x, s]ξ(s) + gy[x, s]ζ(x, s) + gu[x, s)v(x, s) ∈ T ([a, b], g[x, s]) a.a. (x, s) ∈ Q1.

Hence condition (b′5) is valid. Consequently, (ξ̂, T̂ , ζ̂, v̂) ∈ C′
1[(ξ∗, T∗, ζ∗, v∗)].

Step 2. Proving that (ξ̂, T̂ , ζ̂, v̂) = (0, 0, 0, 0).

Since F (ξn, Tn, ζn, vn) = F (ξ∗, T∗, ζ∗, v∗) = 0 and integration by part, we have from (4.50) that

⟨(φ, ϕ), F (ξn, Tn, ζn, vn)− F (ξ∗, T∗, ζ∗, v∗)⟩ = 0.

Since ⟨µ,H(ξ∗, T∗, ζ∗, v∗)⟩ = 0 and µi ≥ 0, Hi(ξn, Tn, ζn, vn) ≤ 0, i = 1, 2, ...,m, we have

⟨µ,H(ξn, Tn, ζn, vn)−H(ξ∗, T∗, ζ∗, v∗)⟩ ≤ 0.

Since e ∈ N(K1, g[·, ·]), we get

⟨e,G(ξn, Tn, ζn, vn)−G(ξ∗, T∗, ζ∗, v∗)⟩ ≤ 0.

From these facts and definition of L in (4.49), we obtain

L
(
(ξn, Tn, ζn, vn), φ, ϕ, µ, e

)
− L

(
(ξ∗, T∗, ζ∗, v∗), φ, ϕ, µ, e

)
= Ĵ(ξn, Tn, ζn, vn)− Ĵ(ξ∗, T∗, ζ∗, v∗)

+ ⟨(φ, ϕ), F (ξn, Tn, ζn, vn)− F (ξ∗, T∗, ζ∗, v∗)⟩
+ ⟨µ,H(ξn, Tn, ζn, vn)−H(ξ∗, T∗, ζ∗, v∗)⟩
+ ⟨e,G(ξn, Tn, ζn, vn)−G(ξ∗, T∗, ζ∗, v∗)⟩ (4.67)

≤ Ĵ(ξn, Tn, ζn, vn)− Ĵ(ξ∗, T∗, ζ∗, v∗) ≤ o(t2n).

Here the last estimate follows from (4.54). Using (4.67), (4.51) and Taylor expansions for four terms in (4.67)
(see also Lem. A in the appendix for similar techniques), and collecting terms of v̂2n into a group, we get

o(t2n)

t2n
≥ 2

t2n

{
L
(
(ξn, ζn, vn, Tn), φ, ϕ, µ, e

)
− L

(
(ξ∗, ζ∗, v∗, T∗), φ, ϕ, µ, e

)}
=

∫
Ω

(
L0TT (x, T∗ + β01(Tn − T∗), ζn(1))T̂

2
n + 2L0Tζ(x, T∗, ζ∗(1) + β02(ζn(1)− ζ∗(1)))T̂nζ̂n(1)

+ L0ζζ(x, T∗, ζ∗(1) + β03(ζn(1)− ζ∗(1)))ζ̂
2
n(1)

)
dx

+

∫
Q1

Tn

[
Ltt(x, ξ∗ + α1(ξn − ξ∗), ζn, vn)ξ̂

2
n + Lyy(x, ξ∗, ζ∗ + α2(ζn − ζ∗), vn)ζ̂

2
n

]
dxds
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+

∫
Q1

Tn

[
Luu(x, ξ∗, ζ∗, v∗ + α3(vn − v∗))v̂

2
n + 2Lty(x, ξ∗, ζ∗ + α4(ζn − ζ∗), vn)ξ̂nζ̂n

]
dxds

+

∫
Q1

Tn

[
2Ltu(x, ξ∗, ζ∗, v∗ + α5(vn − v∗))ξ̂nv̂n + 2Lyu(x, ξ∗, ζ∗, v∗ + α6(vn − v∗))ζ̂nv̂n

]
dxds

+

∫
Q1

2T̂n

[
Lt[x, s]ξ̂n + Ly[x, s]ζ̂n + Lu[x, s]v̂n

]
dxds

+

∫
Q1

φTn

[
ψtt(x, ξ∗ + α7(ξn − ξ∗), ζn)ξ̂

2
n + ψyy(x, ξ∗, ζ∗ + α8(ζn − ζ∗))ζ̂

2
n

]
dxds

+

∫
Q1

[
2φTnψty(x, ξ∗, ζ∗ + α9(ζn − ζ∗))ξ̂nζ̂n + 2φT̂n

(
Aζ̂n + ψt[x, s]ξ̂n + ψy[x, s]ζ̂n − v̂n

)]
dxds

+

m∑
i=1

µi

∫
Ω

(
LiTT (x, T∗ + βi1(Tn − T∗), ζn(1))T̂

2
n + LiTζ(x, T∗, ζ∗(1) + βi2(ζn(1)− ζ∗(1)))T̂nζ̂n(1)

+ Liζζ(x, T∗, ζ∗(1) + βi3(ζn(1)− ζ∗(1)))ζ̂
2
n(1)

)
dx

+

∫
Q1

e(x, s)
(
gtt(x, ξ∗ + α10(ξn − ξ∗), ζn, vn)ξ̂

2
n + gyy(x, ξ∗, ζ∗ + α11(ζn − ζ∗), vn)ζ̂

2
n

)
dxds

+

∫
Q1

e(x, s)
(
guu(x, ξ∗, ζ∗, v∗ + α12(vn − v∗))v̂

2
n + 2gty(x, ξ∗, ζ∗ + α13(ζn − ζ∗), vn)ξ̂nζ̂n

)
dxds

+

∫
Q1

e(x, s)
(
2gtu(x, ξ∗, ζ∗, v∗ + α14(vn − v∗))ξ̂nv̂n + 2gyu(x, ξ∗, ζ∗, v∗ + α15(vn − v∗))ζ̂nv̂n

)
dxds

=: Σn +

∫
Q1

[
TnLuu(x, ξ∗, ζ∗, v∗ + α3(vn − v∗))v̂

2
n + e(x, s)guu(x, ξ∗, ζ∗, v∗ + α12(vn − v∗))v̂

2
n

]
dxds,

(4.68)

where 0 ≤ αi, βkj ≤ 1, i = 1, 2, ..., 15, k = 0, 1, 2, ...,m, j = 1, 2, 3, and

Σn =

∫
Ω

(
L0TT (x, T∗ + β01(Tn − T∗), ζn(1))T̂

2
n + 2L0Tζ(x, T∗, ζ∗(1) + β02(ζn(1)− ζ∗(1)))T̂nζ̂n(1)

+ L0ζζ(x, T∗, ζ∗(1) + β03(ζn(1)− ζ∗(1)))ζ̂
2
n(1)

)
dx

+

∫
Q1

Tn

[
Ltt(x, ξ∗ + α1(ξn − ξ∗), ζn, vn)ξ̂

2
n + Lyy(x, ξ∗, ζ∗ + α2(ζn − ζ∗), vn)ζ̂

2
n

]
dxds

+

∫
Q1

Tn

[
2Lty(x, ξ∗, ζ∗ + α4(ζn − ζ∗), vn)ξ̂nζ̂n

]
dxds

+

∫
Q1

Tn

[
2Ltu(x, ξ∗, ζ∗, v∗ + α5(vn − v∗))ξ̂nv̂n + 2Lyu(x, ξ∗, ζ∗, v∗ + α6(vn − v∗))ζ̂nv̂n

]
dxds

+

∫
Q1

2T̂n

[
Lt[x, s]ξ̂n + Ly[x, s]ζ̂n + Lu[x, s]v̂n

]
dxds

+

∫
Q1

φTn

[
ψtt(x, ξ∗ + α7(ξn − ξ∗), ζn)ξ̂

2
n + ψyy(x, ξ∗, ζ∗ + α8(ζn − ζ∗))ζ̂

2
n

]
dxds

+

∫
Q1

[
2φTnψty(x, ξ∗, ζ∗ + α9(ζn − ζ∗))ξ̂nζ̂n + 2φT̂n

(
Aζ̂n + ψt[x, s]ξ̂n + ψy[x, s]ζ̂n − v̂n

)]
dxds

+

m∑
i=1

µi

∫
Ω

(
LiTT (x, T∗ + βi1(Tn − T∗), ζn(1))T̂

2
n + 2LiTζ(x, T∗, ζ∗(1) + βi2(ζn(1)− ζ∗(1)))T̂nζ̂n(1)
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+ Liζζ(x, T∗, ζ∗(1) + βi3(ζn(1)− ζ∗(1))ζ̂
2
n(1)

)
dx

+

∫
Q1

e(x, s)
(
gtt(x, ξ∗ + α10(ξn − ξ∗), ζn, vn)ξ̂

2
n + gyy(x, ξ∗, ζ∗ + α11(ζn − ζ∗), vn)ζ̂

2
n

)
dxds

+

∫
Q1

e(x, s)
(
2gty(x, ξ∗, ζ∗ + α13(ζn − ζ∗), vn)ξ̂nζ̂n

)
dxds

+

∫
Q1

e(x, s)
(
2gtu(x, ξ∗, ζ∗, v∗ + α14(vn − v∗))ξ̂nv̂n + 2gyu(x, ξ∗, ζ∗, v∗ + α15(vn − v∗))ζ̂nv̂n

)
dxds.

It follows from (4.68) that

0 ≥ lim
n→∞

[
Σn +

∫
Q1

[
TnLuu(x, ξ∗, ζ∗, v∗ + α3(vn − v∗))v̂

2
n + e(x, s)guu(x, ξ∗, ζ∗, v∗ + α12(vn − v∗))v̂

2
n

]
dxds

]
.

(4.69)

Recall that ∥ξn− ξ∗∥C([0,1],R) → 0, ∥ζn− ζ∗∥L∞(Q1) → 0, ∥vn− v∗∥L∞(Q1) → 0, |Tn−T∗| → 0, ∥ζ̂n− ζ̂∥L2(Q1) →
0, |T̂n − T̂ | → 0, v̂n ⇀ v̂ in L2(Q1) and ∥ζ̂n(1)− ζ̂(1)∥L2(Ω) → 0. Combining these facts with (H4), we get

lim
n→∞

Σn =

∫
Ω

(
L0TT [T∗, 1]T̂

2 + 2L0Tζ [T∗, 1]T̂ ζ̂(1) + L0ζζ [T∗, 1]ζ̂
2(1)

)
dx

+

∫
Q1

T∗

[
Ltt[x, s]ξ̂

2 + Lyy[x, s]ζ̂
2
]
dxds+

∫
Q1

T∗

[
2Lty[x, s]ξ̂ζ̂

]
dxds

+

∫
Q1

T∗

[
2Ltu[x, s]ξ̂v̂ + 2Lyu[x, s]ζ̂ v̂

]
dxds+

∫
Q1

2T̂
[
Lt[x, s]ξ̂ + Ly[x, s]ζ̂ + Lu[x, s]v̂

]
dxds

+

∫
Q1

φ
[
T∗

(
ψtt[x, s]ξ

2 + ψyy[x, s]ζ
2 + 2ψty[x, s]ξζ

)
+ 2T

(
Aζ + ψt[x, s]ξ + ψy[x, s]ζ − v

)]
dxds

+

m∑
i=1

µi

∫
Ω

(
LiTT [T∗, 1]T̂

2 + 2LiTζ [T∗, 1]T̂ ζ̂(1) + Liζζ [T∗, 1]ζ̂
2(1)

)
dx

+

∫
Q1

e(x, s)
(
gtt[x, s]ξ̂

2 + gyy[x, s]ζ̂
2 + 2gty[x, s]ξ̂ζ̂ + 2gtu[x, s]ξ̂v̂ + 2gyu[x, s]ζ̂ v̂

)
dxds

=: Σ. (4.70)

We now deal with the second term in (4.69). By using assumption (vi), we see that the function

L2(Q1) ∋ v 7→
∫
Q1

[
T∗Luu[x, s] + e(x, s)guu[x, s]

]
v2(x, s)dxds

is convex and so it is sequentially lower semicontinuous. Hence

lim inf
n→∞

∫
Q1

[
T∗Luu[x, s] + e(x, s)guu[x, s]

]
v̂2n(x, s)dxds ≥

∫
Q1

[
T∗Luu[x, s] + e(x, s)guu[x, s]

]
v̂2(x, s)dxds.

This implies that

lim inf
n→∞

∫
Q1

(
TnLuu(x, ξ∗, ζ∗, v∗ + α3(vn − v∗)) + eguu(x, ξ∗, ζ∗, v∗ + α12(vn − v∗))

)
v̂2ndxds
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≥ lim inf
n→∞

∫
Q1

(
TnLuu(x, ξ∗, ζ∗, v∗ + α3(vn − v∗)) + eguu(x, ξ∗, ζ∗, v∗ + α12(vn − v∗))

− T∗Luu[x, s]− eguu[x, s]
)
v̂2ndxds+ lim inf

n→∞

∫
Q1

(
T∗Luu[x, s] + eguu[x, s]

)
v̂2ndxds

≥
∫
Q1

(
T∗Luu[x, s] + eguu[x, s]

)
v̂2dxds.

Combining this with (4.70) and (4.69) we have

0 ≥ lim inf
n→∞

Σn

+ lim inf
n→∞

[ ∫
Q1

[
TnLuu(x, ξ∗, ζ∗, v∗ + α3(vn − v∗))v̂

2
n + e(x, s)guu(x, ξ∗, ζ∗, v∗ + α12(vn − v∗))v̂

2
n

]
dxds

]
≥ Σ+

∫
Q1

(
T∗Luu[x, s] + eguu[x, s]

)
v̂2dxds

= D2
zzL(z∗, φ, µ, ϕ, e)

[
(ξ̂, T̂ , ζ̂, v̂), (ξ̂, , T̂ , ζ̂, v̂)

]
.

From this and strictly second-order condition (4.52), we conclude that (ξ̂, T̂ , ζ̂, v̂) = (0, 0, 0, 0).

Step 3. Showing a contradiction.

From Step 2, we have Tn → T∗, |T̂n|2 → 0, ξ̂n → 0 in C([0, 1],R) and ζ̂n → 0 in L2(Q1). Hence limn→∞ Σn =

Σ = 0. Note that |T̂n|2 + ∥v̂n∥2L2(Q1)
= 1. Using these facts and (4.47), we have from (4.69) that

0 ≥ lim inf
n→∞

Σn

+ lim inf
n→∞

∫
Q1

[
TnLuu(x, ξ∗, ζ∗, v∗ + α3(vn − v∗)) + e(x, s)guu(x, ξ∗, ζ∗, v∗ + α12(vn − v∗))

]
v̂2ndxds

≥ 0 + lim inf
n→∞

∫
Q1

[
TnLuu(x, ξ∗, ζ∗, v∗ + α3(vn − v∗)) + e(x, s)guu(x, ξ∗, ζ∗, v∗ + α12(vn − v∗))

]
v̂2ndxds

≥ lim inf
n→∞

∫
Q1

[
TnLuu(x, ξ∗, ζ∗, v∗ + α3(vn − v∗)) + e(x, s)guu(x, ξ∗, ζ∗, v∗ + α12(vn − v∗))

− T∗Luu[x, s]− e(x, s)guu[x, s]
]
v̂2ndxds

+ lim inf
n→∞

∫
Q1

[
T∗Luu[x, s]− e(x, s)guu[x, s]

]
v̂2ndxds

= 0 + lim inf
n→∞

∫
Q1

[
T∗Luu[x, s]− e(x, s)guu[x, s]

]
v̂2ndxds

≥ lim inf
n→∞

∫
Q1

Λv2ndxds

= lim inf
n→∞

(∫
Q1

Λv2ndxds+ Λ|T̂n|2
)
= lim inf

n→∞
Λ
(
∥v̂n∥2L2(Q1)

+ |T̂n|2
)
≥ Λ

which is absurd. The proof of proposition is complete.

5. Proof of main results

We first prove the following lemmas.
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Lemma 5.1. If (T, y, u) ∈ C[(T∗, y∗, u∗)], then (ξ, T, ζ, v) ∈ C1[(ξ∗, T∗, ζ∗, v∗)], where ξ(s) = Ts, ζ(x, s) =
y(x, T∗s), v(x, s) = u(x, T∗s). In particular, if (T, y, u) ∈ C0[(T∗, y∗, u∗)], then (ξ, T, ζ, v) ∈ C1,0[(ξ∗, T∗, ζ∗, v∗)].

Proof. Assume that (T, y, u) ∈ C[(T∗, y∗, u∗)]. By definition of C[(T∗, y∗, u∗)], there exists a sequence
{(Tk, yk, uk)} ⊂ C0[(T∗, y∗, u∗)] converging to (T, y, u). Since {(Tk, yk, uk)} ⊂ C0[(T∗, y∗, u∗)], it satisfies the
following conditions:

(c1)

∫
Ω

(
L0T [T∗, T∗]Tk +L0ζ [T∗, T∗]yk(T∗)

)
dx+

∫
QT∗

(Tk
T∗
L[x, t] +Lt[x, t]

Tkt

T∗
+Ly[x, t]yk +Lu[x, t]uk

)
dxdt ≤

0;

(c2)
∂yk
∂t

+Ayk + ψt[x, t]
Tkt

T∗
+ ψy[x, t]yk − uk +

Tk
T∗

(Ay∗ + ψ[x, t]− u∗) = 0, y(0) = 0;

(c3)

∫
Ω

(
LiT [T∗, T∗]Tk + Liζ [T∗, T∗]yk(T∗)

)
dx ≤ 0 for i ∈

{
1, 2, ..,m : ψi[T∗, T∗] = 0

}
;

(c4) gt[·, ·]
Tkt

T∗
+ gy[·, ·]yk + gu[·, ·]uk ∈ cone

(
KT∗ − g[·, ·]

)
.

We define ξk = Tks, ζk(x, s) = yk(x, ξ∗(s)) and vk(x, s) = uk(x, ξ∗(s)). By changing variable t = ξ∗(s) = T∗s,
we obtain

(b1)

∫
Ω

(
L0T [T∗, 1]Tk+L0ζ [T∗, 1]ζk(1)

)
dx+

∫
Q1

(
TkL[x, s] +T∗

(
Lt[x, s]ξk+Ly[x, s]ζk+Lu[x, s]vk

))
dxds ≤ 0;

(b2)
∂ζk
∂s

+ T∗
(
Aζk + ψt[·, ·]ξk + ψy[·, ·]ζk − vk

)
+ Tk(Aζ∗ + ψ[·, ·]− v∗) = 0, ζ(0) = 0;

(b3) ξk(s) = Tks for all s ∈ [0, 1];

(b4)

∫
Ω

(
LiT [T∗, 1]Tk + Liζ [T∗, 1]ζk(1)

)
dx ≤ 0 for i ∈ {1, 2, ..,m : ψi[T∗, 1] = 0};

(b5) gt[·, ·]ξk + gy[·, ·]ζk + gu[·, ·]vk ∈ cone
(
K1 − g[·, ·]

)
.

This implies that {(ξk, Tk, ζk, vk)} ⊂ C1,0[(ξ∗, T∗, ζ∗, v∗)]. It is clear that (ξk, Tk, ζk, vk) → (ξ, T, ζ, v). Hence,
(ξ, T, ζ, v) ∈ C1[(ξ∗, T∗, ζ∗, v∗)]. The lemma is proved.

Lemma 5.2. Suppose T∗ > 0, (ξ∗, T∗, ζ∗, v∗) ∈ Φ1 and (ξ, T, ζ, v) ∈ C′
1[(ξ∗, T∗, ζ∗, v∗)]. Then (T, y, u) ∈

C′[(T∗, y∗, u∗)], where y(x, t) := ζ(x, t
T∗

), u(x, t) := v(x, t
T∗

), y∗(x, t) := ζ∗(x,
t
T∗

) and u∗ := v∗(x,
t
T∗

).

Proof. By definition of Φ1, (ξ∗, T∗, ζ∗, v∗) ∈ C([0, 1],R)× R× Y1 × U1 and satisfies the following constraints:

∂ζ∗
∂s

+ T∗Aζ∗ + T∗ψ(x, ξ∗, ζ∗) = T∗v∗ in Q1, ζ∗(x, s) = 0 on Σ1 = Γ× [0, 1],

ζ∗(0) = y0 in Ω,

ξ∗(s) = T∗s for all s ∈ [0, 1],

ψi(T∗, ζ∗(1)) ≤ 0, i = 1, 2, ...,m,

a ≤ g(x, ξ∗(s), ζ∗(x, s), v∗(x, s)) ≤ b a.a. x ∈ Ω, ∀s ∈ [0, 1].

By definition of y∗, we have

d

dt
y∗(x, t) =

d

ds
ζ∗(x,

t

T∗
)
1

T∗
.

Changing variable s = t
T∗

with t ∈ [0, T∗] in the above constraints, we obtain

∂y∗
∂t

+Ay∗ + ψ(x, t, y∗) = u∗ in QT∗ , y∗(x, t) = 0 on ΣT∗ = Γ× [0, T∗],
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y∗(0) = y0 in Ω,

ψi(T∗, y∗(T∗)) ≤ 0, i = 1, 2, ...,m,

a ≤ g(x, t, y∗(x, t), u∗(x, t)) ≤ b a.a. x ∈ Ω, t ∈ [0, T∗].

This implies that (T∗, y∗, u∗) ∈ Φ. We now assume that (ξ, T, ζ, v) ∈ C′
1[(ξ∗, T∗, ζ∗, v∗)]. By definition,

(ξ, T, ζ, v) ∈ C([0, 1],R)× R×W 1,1
2 (0, 1;D,H)× L2(Q1) and satisfies conditions (b′1)− (b′5). Namely, we have

(b1)
′
∫
Ω

(
L0T [T∗, 1]T + L0ζ [T∗, 1]ζ(1)

)
dx+

∫
Q1

(
TL[x, s] + T∗[Lt[x, s]ξ(s) + Ly[x, s]ζ + Lu[x, s]v]

)
dxds ≤ 0;

(b2)
′ ∂ζ

∂s
+ T∗

(
Aζ + ψt[·, ·]ξ + ψy[·, ·]ζ − v

)
+ T (Aζ∗ + ψ[·, ·]− v∗) = 0, ζ(0) = 0;

(b3)
′ ξ(s) = Ts ∀s ∈ [0, 1];

(b4)
′
∫
Ω

(
LiT [T∗, 1]T + Liζ [T∗, 1]ζ(1)

)
dx ≤ 0 for i ∈

{
1, 2, ..,m : ψi[T∗, 1] = 0

}
;

(b5)
′ gt[x, s]ξ(s) + gy[x, s]ζ(x, s) + gu[x, s)v(x, s) ∈ T ([a, b], g[x, s]) for a.a. (x, s) ∈ Q1.

Changing variable s = t
T∗

with t ∈ [0, T∗] and putting y(x, t) = ζ(x, t
T∗

) and u = v(x, t
T∗

), we obtain

(c1)

∫
Ω

(
L0T [T∗, T∗]T + L0y[T∗, T∗]y(T∗)

)
dx+

∫
QT∗

( T
T∗
L[x, t] + [Lt[x, t]

Tt

T∗
+ Ly[x, t]y + Lu[x, t]u]

)
dxdt ≤ 0;

(c2)
∂y

∂t
+Ay + ψt[x, t]

Tt

T∗
+ ψy[x, t]y − u+

T

T∗
(Ay∗ + ψ[x, t]− u∗) = 0, y(0) = 0;

(c3)

∫
Ω

(
LiT [T∗, T∗]T + Liζ [T∗, T∗]y(T∗)

)
dx ≤ 0 for i ∈

{
1, 2, ..,m : ψi[T∗, T∗] = 0

}
;

(c′4) gt[x, t]
Tt

T∗
+ gy[x, t]y(x, t) + gu[x, t)u(x, t) ∈ T ([a, b], g[x, t]) for a.a. (x, t) ∈ QT∗ .

Hence (T, y, u) ∈ C′[(T∗, y∗, u∗)]. The lemma is proved.

5.1. Proof of Theorem 3.1

Let (T∗, y∗, u∗) ∈ Φ be a locally optimal solution to (P ). As before, we define

ξ∗(s) = T∗s, ζ∗(x, s) = y∗(x, ξ∗(s)), v∗(x, s) = u∗(x, ξ∗(s)).

By Proposition 4.2, vector (ξ∗, T∗, ζ∗, v∗) is a locally optimal solution to (P1) and Ĵ(ξ∗, T∗, ζ∗, v∗) = J(T∗, y∗, u∗).
According to Proposition 4.7, there exist Lagrange multipliers λ ∈ R+, µ = (µ1, µ2, ..., µm) ∈ Rm, φ ∈ L∞(Q1)∩
L2(0, 1;H1

0 (Ω)), e ∈ L∞(Q1) and an absolutely continuous function ϕ : [0, 1] → R satisfying the conditions
(4.24)–(4.29). Define

φ̃(x, t) = φ(x,
t

T∗
), ϕ̃(t) = ϕ(

t

T∗
), ẽ(x, t) =

1

T∗
e(x,

t

T∗
).

By replacing s = ξ−1
∗ (t) = t

T∗
into (4.24)–(4.28), we can show that (λ, µ, φ̃, ϕ̃, ẽ) satisfies conditions (i)–(iv) of

Theorem 3.3.
Let d = (T, y, u) ∈ C0[(T∗, y∗, u∗)]. By Lemma 5.1, vector z := (ξ, T, ζ, v) ∈ C1,0[(ξ∗, T∗, ζ∗, v∗)], where ξ(s) =

Ts, ζ(x, s) = y(x, ξ∗(s)), v(x, s) = u(x, ξ∗(s)). Then condition (v) of Proposition 4.7 is valid for z = (ξ, T, ζ, v).
By changing variable s = t

T∗
in (4.29), we obtain condition (v) of Theorem 3.3.

The last assertion of Theorem 3.3 follows from the last assertion of Proposition 4.7 and Lemma 4.6. The
proof of Theorem 3.3 is complete. □
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5.2. Proof of Theorem 3.2

Let (T∗, y∗, u∗) ∈ Φ. We define

ξ∗(s) = T∗s, ζ∗(x, s) = y∗(x, T∗s), v∗(x, s) = u∗(x, T∗s) (5.1)

for all s ∈ [0, 1]. By a simple argument, we can show that (ξ∗, T∗, ζ∗, v∗) ∈ Φ1. Besides, we also have y∗(x, t) =

ζ∗(x,
t
T∗

) and u∗(x, t) = v∗(x,
t
T∗

) for all t ∈ [0, T∗]. Let (1, µ, φ̃, ϕ̃, ẽ) be multipliers which satisfy conditions
(i)–(iv) of Theorem 3.3 and define

φ(x, s) = φ̃(x, T∗s), ϕ(s) = ϕ̃(T∗s), e(x, s) = T∗ẽ(x, T∗s) (5.2)

for all s ∈ [0, 1]. Then by changing variable t = ξ∗(s) = T∗s in (i)–(iv) of Theorem 3.3, it is easy to check that
(1, µ, φ, ϕ, e) satisfies conclusions (i)–(iv) of Proposition 4.7. Now we take any (ξ, T, ζ, v) ∈ C′

1[(ξ∗, T∗, ζ∗, v∗)] \
{(0, 0, 0, 0)}. Define

y(x, t) = ζ(x,
t

T∗
), u(x, t) = v(x,

t

T∗
) (5.3)

for t ∈ [0, T∗]. By Lemma 5.2, we have (T, y, u) ∈ C′[(T∗, y∗, u∗)] \ {0, 0, 0}. It follows from this and (3.10) that∫
Ω

(
L0TT [T∗, T∗]T

2 + 2L0Ty[T∗, T∗]Ty(T∗) + L0yy[T∗, T∗]y(T∗)
2
)
dx

+

∫
QT∗

(
Ltt[x, t](

Tt

T∗
)2 + 2Lty[x, s]

Tt

T∗
y(x, t) + 2Ltu[x, t]

Tt

T∗
u(x, t)

)
dxdt

+

∫
QT∗

(
Lyy[x, t]y(x, t)

2 + Luu[x, t]u(x, t)
2 + 2Lyu[x, t]y(x, t)u(x, t)

)
dxdt

+ 2

∫
QT∗

T

T∗

(
Lt[x, t]

Tt

T∗
+ Ly[x, t]y(x, t) + Lu[x, t]u(x, t)

)
dxdt

+

∫
QT∗

φ̃(x, t)
(
ψtt[x, t](

Tt

T∗
)2 + 2ψty[x, s]

Tt

T∗
y(x, t) + ψyy[x, t]y(x, t)

2
)
dxdt

+

∫
QT∗

2
T

T∗
φ̃(x, t)

(
Ay + ψt[x, t]

Tt

T∗
+ ψy[x, t]y − u

)
dxdt

+

∫
QT∗

ẽ(x, s)
(
gtt[x, t](

Tt

T∗
)2 + gyy[x, t]y

2 + guu[x, t]u
2 + 2gty[x, t]

Tt

T∗
y + 2gtu[x, t]

Tt

T∗
u+ 2gyu[x, t]yu

)
dxdt

+

m∑
i=1

µi

∫
Ω

(
LiTT [T∗, T∗]T

2 + 2LiTζ [T∗, T∗]Ty(T∗) + Liζζ [T∗, T∗]y(T∗)
2
)
dx ≥ 0.

By changing the variable t = T∗s with s ∈ [0, 1] and noting that ξ(s) = Ts, (5.1), (5.2) and (5.3), we obtain
that the condition (v) of Proposition 4.8 is satisfied. On the other hand, changing variable t = T∗s in (3.11) and
noting that e(x, s) = T∗ẽ(x, T∗s), we obtain

Luu[x, s] +
1

T∗
e(x, s)guu[x, s] ≥ Λ0 a.a. (x, s) ∈ Q1.

This implies that the condition (vi) of Proposition 4.8 is satisfied with Λ = T∗Λ0. Thus (ξ∗, T∗, ζ∗, v∗) ∈ Φ1

and (1, µ, φ, ϕ, e) ∈ Λ[(ξ∗, T∗, ζ∗, v∗)] which satisfy all sufficient conditions of Proposition 4.8. Accordingly,
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(ξ∗, T∗, ζ∗, v∗) is a locally optimal solution to (P1). Since y∗(x, t) = ζ∗(x,
t
T∗

) and u∗(x, t) = v∗(x,
t
T∗

) for
t ∈ [0, T∗], Proposition 4.3 implies that (T∗, y∗, u∗) is a locally optimal solution to (P ). Moreover, according
to the conclusion of Proposition 4.8, there exist numbers δ > 0 and κ > 0 such that

Ĵ(z) ≥ Ĵ(z∗) + κ
(
(T − T∗)

2 + ∥v − v∗∥2L2(Q1)

)
(5.4)

for all z = (ξ, T, ζ, v) ∈ Φ1 ∩ BZ(z∗, δ). According to the proof of Proposition 4.3, there exists ϵ0 ∈ (0, δ6 ) such
that, if (T, y, u) ∈ Φ and

dist[(T, y, u), (T∗, y∗, u∗)] < ϵ0,

then (ξ, T, ζ, v) ∈ Φ1 ∩ BZ(z∗, δ) with ξ(s) = Ts, ζ(x, s) = y(x, Ts) and v(x, s) = u(x, Ts) for s ∈ [0, 1].
Therefore, for all (T, y, u) ∈ Φ ∩N

(
(T∗, y∗, u∗), ϵ0

)
, we have from (5.4) that

J(T, y, u) = Ĵ(z) ≥ Ĵ(z∗) + κ
(
(T − T∗)

2 + ∥v − v∗∥2L2(Q1)

)
= J(T∗, y∗, u∗) + κ

(
(T − T∗)

2 +

∫
Q1

|u(x, Ts)− u∗(x, T∗s)|2dxds
)

= J(T∗, y∗, u∗) + κ
(
(T − T∗)

2 +
1

T∗

∫
QT∗

|u(x, T t
T∗

)− u∗(x, t)|2dxdt
)

which is the conclusion of Theorem 3.4. The proof of Theorem 3.4 is complete. □
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Appendix A.

Proof of Fréchet differentiability of Ĵ , F,H and G in Lemma 4.4.
Let BZ(z∗, ε) be a neighborhood of z∗ in Z = C([0, 1],R)× R× Y1 × U1. Fix ẑ = (ξ̂, T̂ , ζ̂, v̂) ∈ BZ(z∗, ε).

• Firstly, we prove that Ĵ is Fréchet differentiable at ẑ. For this, consider mapping B : Z → R, h = (h1, h2, h3, h4) 7→ Bh,

Bh :=

∫
Ω

(
L0T (x, T̂ , ζ̂(1))h2 + L0ζ(x, T̂ , ζ̂(1))h3(1)

)
dx

+

∫
Q1

(
h2L(x, ξ̂, ζ̂, v̂) + T̂ [Lt(x, ξ̂, ζ̂, v̂)h1 + Ly(x, ξ̂, ζ̂, v̂)h3 + Lu(x, ξ̂, ζ̂, v̂)h4]

)
dxds. (A.1)

Then B is linear and bounded. Taking any ĥ = (ĥ1, ĥ2, ĥ3, ĥ4) ∈ Z with ∥ĥ∥Z ≤ ε. We have

|Ĵ(ẑ + ĥ)− Ĵ(ẑ)−Bĥ|

≤
∣∣∣∣ ∫

Ω

[
L0(x, T̂ + ĥ2, ζ̂(1) + ĥ3(1))− L0(x, T̂ , ζ̂(1))− L0T (x, T̂ , ζ̂(1))ĥ2 − L0ζ(x, T̂ , ζ̂(1))ĥ3(1)

]
dx

∣∣∣∣
+

∣∣∣∣ ∫
Q1

[
(T̂ + ĥ2)L(x, ξ̂ + ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)− T̂L(x, ξ̂, ζ̂, v̂)

−
(
ĥ2L(x, ξ̂, ζ̂, v̂) + T̂ [Lt(x, ξ̂, ζ̂, v̂)ĥ1 + Ly(x, ξ̂, ζ̂, v̂)ĥ3 + Lu(x, ξ̂, ζ̂, v̂)ĥ4]

)]
dxds

∣∣∣∣
≤

∫
Ω

∣∣∣L0(x, T̂ + ĥ2, ζ̂(1) + ĥ3(1))− L0(x, T̂ , ζ̂(1))− L0T (x, T̂ , ζ̂(1))ĥ2 − L0ζ(x, T̂ , ζ̂(1))ĥ3(1)
∣∣∣dx

+

∫
Q1

∣∣∣(T̂ + ĥ2)L(x, ξ̂ + ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)− T̂L(x, ξ̂, ζ̂, v̂)

−
(
ĥ2L(x, ξ̂, ζ̂, v̂) + T̂ [Lt(x, ξ̂, ζ̂, v̂)ĥ1 + Ly(x, ξ̂, ζ̂, v̂)ĥ3 + Lu(x, ξ̂, ζ̂, v̂)ĥ4]

)∣∣∣dxds
=:

∫
Ω

P1(x)dx+

∫
Q1

P2(x, s)dxds. (A.2)
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Also,

P1(x) =
∣∣∣L0(x, T̂ + ĥ2, ζ̂(1) + ĥ3(1))− L0(x, T̂ , ζ̂(1))− L0T (x, T̂ , ζ̂(1))ĥ2 − L0ζ(x, T̂ , ζ̂(1))ĥ3(1)

∣∣∣
=

∣∣∣[L0(x, T̂ + ĥ2, ζ̂(1) + ĥ3(1))− L0(x, T̂ , ζ̂(1) + ĥ3(1))
]
+

[
L0(x, T̂ , ζ̂(1) + ĥ3(1))− L0(x, T̂ , ζ̂(1))

]
− L0T (x, T̂ , ζ̂(1))ĥ2 − L0ζ(x, T̂ , ζ̂(1))ĥ3(1)

∣∣∣, (A.3)

for a.a. x ∈ Ω. By Taylor’s expansions of T 7→ L0(x, T, ζ̂(1)+ ĥ3(1)) and ζ 7→ L0(x, T̂ , ζ), there exist measurable functions
0 ≤ η1, η2(x) ≤ 1 such that

L0(x, T̂ + ĥ2, ζ̂(1) + ĥ3(1))− L0(x, T̂ , ζ̂(1) + ĥ3(1)) = L0T (x, T̂ + η1ĥ2, ζ̂(1) + ĥ3(1))ĥ2, (A.4)

L0(x, T̂ , ζ̂(1) + ĥ3(1))− L0(x, T̂ , ζ̂(1)) = L0ζ(x, T̂ , ζ̂(1) + η2ĥ3(1))ĥ3(1) (A.5)

for a.a. x ∈ Ω. From (A.3), (A.4) and (A.5), we obtain

P1(x) ≤
∣∣∣L0T (x, T̂ + η1ĥ2, ζ̂(1) + ĥ3(1))− L0T (x, T̂ , ζ̂(1))

∣∣∣|ĥ2|

+
∣∣∣L0ζ(x, T̂ , ζ̂(1) + η2ĥ3(1))− L0ζ(x, T̂ , ζ̂(1))

∣∣∣|ĥ3(1)|, (A.6)

for a.a. x ∈ Ω. We have

∥ẑ∥Z ≤ ∥ẑ − z∗|Z + ∥z∗∥Z ≤ ∥z∗∥Z + ε, ∥ĥ∥Z ≤ ε,

|T̂ + η1ĥ2| ≤ |T̂ |+ |ĥ2| ≤ ∥ẑ∥Z + ∥ĥ∥Z ≤ ∥z∗∥Z + 2ε,

|ζ̂(1) + η2ĥ3(1)| ≤ |ζ̂(1)|+ |ĥ3(1)| ≤ ∥ζ̂∥C(Q1)
+ ∥ĥ3∥C(Q1)

≤ ∥ẑ∥Z + ∥ĥ∥Z ≤ ∥z∗∥Z + 2ε,

for a.a. (x, s) ∈ Q1. Set M := ∥z∗∥Z + 2ε. By (H4)-(ii), there exists kL0,M such that

P1(x) ≤ kL0,M (|ĥ2|2 + |ĥ2||ĥ3(1)|+ |ĥ3(1)|2) ≤ kL0,M (|ĥ2|2 + |ĥ2|∥ĥ3∥C(Q1)
+ ∥ĥ3∥2C(Q1)

) ≤ 3kL0,M∥ĥ∥2Z , (A.7)

for a.a. x ∈ Ω. We now evaluate P2. By (H4)-(i), we have for a.a. (x, s) ∈ Q1,

|L(x, ξ̂ + ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)− L(x, ξ̂, ζ̂, v̂)|

≤ kL,M (|ĥ1|+ |ĥ3|+ |ĥ4|) ≤ kL,M (∥ĥ1∥C([0,1],R) + ∥ĥ3∥C(Q1)
+ ∥ĥ4∥L∞(Q1)) ≤ 3kL,M∥ĥ∥Z . (A.8)

It follows that

P2(x, s) ≤ 3kL,M∥ĥ∥Z |ĥ2|

+ |T̂ ||L(x, ξ̂ + ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)− L(x, ξ̂, ζ̂, v̂)− Lt(x, ξ̂, ζ̂, v̂)ĥ1 − Ly(x, ξ̂, ζ̂, v̂)ĥ3 − Lu(x, ξ̂, ζ̂, v̂)ĥ4|

≤ 3kL,M∥ĥ∥2Z +MP3(x, s), (A.9)

where P3(x, s) := |L(x, ξ̂ + ĥ1, ζ̂ + ĥ3, v̂ + ĥ4) − L(x, ξ̂, ζ̂, v̂) − Lt(x, ξ̂, ζ̂, v̂)ĥ1 − Ly(x, ξ̂, ζ̂, v̂)ĥ3 − Lu(x, ξ̂, ζ̂, v̂)ĥ4| a.a.
(x, s) ∈ Q1. Moreover, we have

P3(x, s) =
∣∣∣(L(x, ξ̂ + ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)− L(x, ξ̂, ζ̂ + ĥ3, v̂ + ĥ4)

)
+

(
L(x, ξ̂, ζ̂ + ĥ3, v̂ + ĥ4)− L(x, ξ̂, ζ̂, v̂ + ĥ4)

)
+

(
L(x, ξ̂, ζ̂, v̂ + ĥ4)− L(x, ξ̂, ζ̂, v̂)

)
− Lt(x, ξ̂, ζ̂, v̂)ĥ1 − Ly(x, ξ̂, ζ̂, v̂)ĥ3 − Lu(x, ξ̂, ζ̂, v̂)ĥ4

∣∣∣ (A.10)
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for a.a. (x, s) ∈ Q1. By Taylor’s expansions of ξ 7→ L(x, ξ, ζ̂ + ĥ3, v̂ + ĥ4), ζ 7→ L(x, ξ̂, ζ, v̂ + ĥ4) and v 7→ L(x, ξ̂, ζ̂, v),
there exist measurable functions 0 ≤ η3(s), η4(x, s), η5(x, s) ≤ 1 such that

L(x, ξ̂ + ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)− L(x, ξ̂, ζ̂ + ĥ3, v̂ + ĥ4) = Lt(x, ξ̂ + η3ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)ĥ1, (A.11)

L(x, ξ̂, ζ̂ + ĥ3, v̂ + ĥ4)− L(x, ξ̂, ζ̂, v̂ + ĥ4) = Ly(x, ξ̂, ζ̂ + η4ĥ3, v̂ + ĥ4)ĥ3, (A.12)

L(x, ξ̂, ζ̂, v̂ + ĥ4)− L(x, ξ̂, ζ̂, v̂) = Lu(x, ξ̂, ζ̂, v̂ + η5ĥ4)ĥ4. (A.13)

Combining these facts with (A.10), we obtain

P3(x, s) ≤ |Lt(x, ξ̂ + η3ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)− Lt(x, ξ̂, ζ̂, v̂)||ĥ1|

≤ |Ly(x, ξ̂, ζ̂ + η4ĥ3, v̂ + ĥ4)− Ly(x, ξ̂, ζ̂, v̂)||ĥ3|

≤ |Lu(x, ξ̂, ζ̂, v̂ + η5ĥ4)− Lu(x, ξ̂, ζ̂, v̂)||ĥ4| (A.14)

for a.a. (x, s) ∈ Q1. We have

|(ξ̂ + ĥ1)(s)|, |(ζ̂ + ĥ3)(x, s)|, |(v̂ + ĥ4)(x, s)| ≤ ∥ẑ∥Z + ∥ĥ∥Z ≤ ∥z∗∥Z + 2ε,

|(ξ̂ + η3ĥ1)(s)| ≤ |ξ̂(s)|+ |ĥ1(s)| ≤ ∥z∗∥Z + 2ε,

|ζ̂ + η4ĥ3| ≤ |ζ̂(x, s)|+ |ĥ3(x, s)| ≤ ∥z∗∥Z + 2ε,

|(v̂ + η5ĥ4)(x, s)| ≤ |v̂(x, s)|+ |ĥ4(x, s)| ≤ ∥z∗∥Z + 2ε,

for a.a. (x, s) ∈ Q1. Recall M = ∥z∗∥Z + 2ε. From this and (H4)-(i), we deduce that

P3(x, s) ≤ kL,M

(
(|ĥ1|+ |ĥ3|+ |ĥ4|)|ĥ1|+ (|ĥ3|+ |ĥ4|)|ĥ3|+ |ĥ4|2

)
≤ 6kL,M∥ĥ∥2Z , (A.15)

for a.a. (x, s) ∈ Q1. From (A.9) and (A.15), we have

P2(x, s) ≤ 3kL,M (1 + 2M)∥ĥ∥2Z (A.16)

for a.a. (x, s) ∈ Q1. Combining (A.2), (A.7) and (A.16), we obtain

|Ĵ(ẑ + ĥ)− Ĵ(ẑ)−Bĥ| ≤ 3|Ω|kL0,M∥ĥ∥2Z + 3|Q1|kL,M (1 + 2M)∥ĥ∥2Z . (A.17)

Hence,

0 ≤ lim∥ĥ∥Z→0

|Ĵ(ẑ + ĥ)− Ĵ(ẑ)−Bĥ|
∥ĥ∥Z

≤ lim∥ĥ∥Z→0

(
3|Ω|kL0,M + 3|Q1|kL,M (1 + 2M)

)
∥ĥ∥Z = 0, (A.18)

which implies that Ĵ is Fréchet differentiable at ẑ and DĴ(ẑ) = B.

• We now show that Ĵ is second-order Fréchet differentiable at ẑ. For this, consider bounded bilinear operator B̂ :

Z × Z → R, (ĥ, h) =
(
(ĥ1, ĥ2, ĥ3, ĥ4), (h1, h2, h3, h4)

)
7→ B̂(ĥ, h) with

B̂(ĥ, h) :=

∫
Ω

[ĥ2 ĥ3(1)]
(
aij

)
1≤i,j≤2

[h2 h3(1)]
Tdx+

∫
Q1

ĥT
(
bij

)
1≤i,j≤4

hdxds, (A.19)

where the matrices
(
aij

)
1≤i,j≤2

and
(
bij

)
1≤i,j≤4

are given by

a11 = L0TT (·, T̂ , ζ̂(1)), a12 = a21 = L0Tζ(·, T̂ , ζ̂(1)), a22 = L0ζζ(·, T̂ , ζ̂(1)),
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b11 = T̂Ltt(·, ξ̂, ζ̂, v̂), b12 = b21 = Lt(·, ξ̂, ζ̂, v̂), b13 = b31 = T̂Lty(·, ξ̂, ζ̂, v̂),

b14 = b41 = T̂Ltu(·, ξ̂, ζ̂, v̂), b22 = 0, b23 = b32 = Ly(·, ξ̂, ζ̂, v̂), b24 = b42 = Lu(·, ξ̂, ζ̂, v̂),

b33 = T̂Lyy(·, ξ̂, ζ̂, v̂), b34 = b43 = T̂Lyu(·, ξ̂, ζ̂, v̂), b44 = T̂Luu(·, ξ̂, ζ̂, v̂).

Taking any ĥ = (ĥ1, ĥ2, ĥ3, ĥ4) ∈ Z with ∥ĥ∥Z ≤ ε. We need to prove that

lim∥ĥ∥Z→0

∥DĴ(ẑ + ĥ)−DĴ(ẑ)− B̂(ĥ, ·)∥Z∗

∥ĥ∥Z
= 0. (A.20)

For this, take h = (h1, h2, h3, h4) ∈ Z such that ∥h∥Z ≤ 1. Then we have

|DĴ(ẑ + ĥ)h−DĴ(ẑ)h− B̂(ĥ, h)|

≤
∫
Ω

∣∣∣L0T (x, T̂ + ĥ2, ζ̂(1) + ĥ3(1))h2 + L0ζ(x, T̂ + ĥ2, ζ̂(1) + ĥ3(1))h3(1)

− L0T (x, T̂ , ζ̂(1))h2 − L0ζ(x, T̂ , ζ̂(1))h3(1)

− L0TT (x, T̂ , ζ̂(1))h2ĥ2 − L0ζζ(x, T̂ , ζ̂(1))h3(1)ĥ3(1)− L0Tζ(x, T̂ , ζ̂(1))[h2ĥ3(1) + ĥ2h3(1)]
∣∣∣dx

+

∫
Q1

∣∣∣h2L(x, ξ̂ + ĥ1, ζ̂ + ĥ3, v̂ + ĥ4) + (T̂ + ĥ2)Lt(x, ξ̂ + ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)h1

+ (T̂ + ĥ2)Ly(x, ξ̂ + ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)h3 + (T̂ + ĥ2)Lu(x, ξ̂ + ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)h4

− h2L(x, ξ̂, ζ̂, v̂)− T̂Lt(x, ξ̂, ζ̂, v̂)h1 − T̂Ly(x, ξ̂, ζ̂, v̂)h3 − T̂Lu(x, ξ̂, ζ̂, v̂)h4

− T̂Ltt(x, ξ̂, ζ̂, v̂)h1ĥ1 − T̂Lyy(x, ξ̂, ζ̂, v̂)h3ĥ3 − T̂Luu(x, ξ̂, ζ̂, v̂)h4ĥ4

− T̂Lty(x, ξ̂, ζ̂, v̂)[h1ĥ3 + ĥ1h3]− T̂Ltu(x, ξ̂, ζ̂, v̂)[h1ĥ4 + ĥ1h4]− T̂Lyu(x, ξ̂, ζ̂, v̂)[h3ĥ4 + ĥ3h4]

− Lt(x, ξ̂, ζ̂, v̂)[h2ĥ1 + ĥ2h1]− Ly(x, ξ̂, ζ̂, v̂)[h2ĥ3 + ĥ2h3]− Lu(x, ξ̂, ζ̂, v̂)[h2ĥ4 + ĥ2h4]
∣∣∣dxds

=:

∫
Ω

P̂1(x)dx+

∫
Q1

P̂2(x, s)dxds. (A.21)

By Taylor’s expansions, there exist 0 ≤ η̂1, η̂2(x), η̂3, η̂4(x) ≤ 1 such that

L0T (x, T̂ + ĥ2, ζ̂(1) + ĥ3(1))h2 − L0T (x, T̂ , ζ̂(1))h2

= [L0T (x, T̂ + ĥ2, ζ̂(1) + ĥ3(1))− L0T (x, T̂ , ζ̂(1) + ĥ3(1))]h2 + [L0T (x, T̂ , ζ̂(1) + ĥ3(1))− L0T (x, T̂ , ζ̂(1))]h2

= L0TT (x, T̂ + η̂1ĥ2, ζ̂(1) + ĥ3(1))h2ĥ2 + L0Tζ(x, T̂ , ζ̂(1) + η̂2ĥ3(1))h2ĥ3(1)

and

L0ζ(x, T̂ + ĥ2, ζ̂(1) + ĥ3(1))h3(1)− L0ζ(x, T̂ , ζ̂(1))h3(1)

= [L0ζ(x, T̂ + ĥ2, ζ̂(1) + ĥ3(1))− L0ζ(x, T̂ , ζ̂(1) + ĥ3(1))]h3(1)

+ [L0ζ(x, T̂ , ζ̂(1) + ĥ3(1))− L0ζ(x, T̂ , ζ̂(1))]h3(1)

= L0ζT (x, T̂ + η̂3ĥ2, ζ̂(1) + ĥ3(1))h3(1)ĥ2 + L0ζζ(x, T̂ , ζ̂(1) + η̂4ĥ3(1))h3(1)ĥ3(1).

for a.a. x ∈ Ω. From these facts, the assumption (H4)-(ii) and ∥h∥Z ≤ 1, we obtain

P̂1(x) ≤
∣∣∣L0TT (x, T̂ + η̂1ĥ2, ζ̂(1) + ĥ3(1))− L0TT (x, T̂ , ζ̂(1))

∣∣∣|h2ĥ2|

+
∣∣∣L0ζζ(x, T̂ , ζ̂(1) + η̂4ĥ3(1))− L0ζζ(x, T̂ , ζ̂(1))

∣∣∣|h3(1)ĥ3(1)|
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+
∣∣∣L0Tζ(x, T̂ , ζ̂(1) + η̂2ĥ3(1))− L0Tζ(x, T̂ , ζ̂(1))

∣∣∣|h2ĥ3(1)|

+
∣∣∣L0ζT (x, T̂ + η̂3ĥ2, ζ̂(1) + ĥ3(1))− L0ζT (x, T̂ , ζ̂(1))

∣∣∣|h3(1)ĥ2|

≤ kL0,M

(
(|ĥ2|+ |ĥ3(1)|)|ĥ2|+ |ĥ3(1)|2 + |ĥ3(1)|2 + (|ĥ2|+ |ĥ3(1)|)|ĥ2|

)
≤ 2kL0,M

(
(|ĥ2|+ ∥ĥ3∥C(Q1)

)|ĥ2|+ ∥ĥ3∥2C(Q1)

)
≤ 6kL0,M∥ĥ∥2Z . (A.22)

for a.a. x ∈ Ω and M = ∥z∗∥Z + 2ε. We now evaluate P̂2. By Taylor’s expansions, there exist 0 ≤ η̂i(x, s) ≤ 1, i = 5, 6, 7
such that

L(x, ξ̂ + ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)− L(x, ξ̂, ζ̂, v̂)

= (L(x, ξ̂ + ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)− L(x, ξ̂, ζ̂ + ĥ3, v̂ + ĥ4))

+ (L(x, ξ̂, ζ̂ + ĥ3, v̂ + ĥ4)− L(x, ξ̂, ζ̂, v̂ + ĥ4))

+ (L(x, ξ̂, ζ̂, v̂ + ĥ4)− L(x, ξ̂, ζ̂, v̂))

= Lt(x, ξ̂ + η̂5ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)ĥ1 + Ly(x, ξ̂, ζ̂ + η̂6ĥ3, v̂ + ĥ4)ĥ3 + Lu(x, ξ̂, ζ̂, v̂ + η̂7ĥ4)ĥ4. (A.23)

From this, the assumption (H4)-(i) and ∥h∥Z ≤ 1, we have

∣∣∣h2L(x, ξ̂ + ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)− h2L(x, ξ̂, ζ̂, v̂)− Lt(x, ξ̂, ζ̂, v̂)h2ĥ1 − Ly(x, ξ̂, ζ̂, v̂)h2ĥ3 − Lu(x, ξ̂, ζ̂, v̂)h2ĥ4

∣∣∣
≤ |Lt(x, ξ̂ + η̂5ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)− Lt(x, ξ̂, ζ̂, v̂)||ĥ1|+ |Ly(x, ξ̂, ζ̂ + η̂6ĥ3, v̂ + ĥ4)− Ly(x, ξ̂, ζ̂, v̂)||ĥ3|

+ |Lu(x, ξ̂, ζ̂, v̂ + η̂7ĥ4)− Lu(x, ξ̂, ζ̂, v̂)||ĥ4|

≤ kL,M

(
(|ĥ1|+ |ĥ3|+ |ĥ4|)|ĥ1|+ (|ĥ3|+ |ĥ4|)|ĥ3|+ |ĥ4|2

)
≤ 6kL,M∥ĥ∥2Z , (A.24)

and ∣∣∣ĥ2Lt(x, ξ̂ + ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)h1 + ĥ2Ly(x, ξ̂ + ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)h3 + ĥ2Lu(x, ξ̂ + ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)h4

− Lt(x, ξ̂, ζ̂, v̂)ĥ2h1 − Ly(x, ξ̂, ζ̂, v̂)ĥ2h3 − Lu(x, ξ̂, ζ̂, v̂)ĥ2h4

∣∣∣
≤ 3kL,M (|ĥ1|+ |ĥ3|+ |ĥ4|)|ĥ2| ≤ 9kL,M∥ĥ∥2Z , (A.25)

for a.a. (x, s) ∈ Q1. From (A.21), (A.24) and (A.25), we deduce that

P̂2(x, s) ≤ 15kL,M∥ĥ∥2Z +MP̂3(x, s), (A.26)

for a.a. (x, s) ∈ Q1, M = ∥z∗∥Z + 2ε and

P̂3(x, s)

:=
∣∣∣Lt(x, ξ̂ + ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)h1 + Ly(x, ξ̂ + ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)h3 + Lu(x, ξ̂ + ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)h4

− Lt(x, ξ̂, ζ̂, v̂)h1 − Ly(x, ξ̂, ζ̂, v̂)h3 − Lu(x, ξ̂, ζ̂, v̂)h4

− Ltt(x, ξ̂, ζ̂, v̂)h1ĥ1 − Lyy(x, ξ̂, ζ̂, v̂)h3ĥ3 − Luu(x, ξ̂, ζ̂, v̂)h4ĥ4

− Lty(x, ξ̂, ζ̂, v̂)[h1ĥ3 + ĥ1h3]− Ltu(x, ξ̂, ζ̂, v̂)[h1ĥ4 + ĥ1h4]− Lyu(x, ξ̂, ζ̂, v̂)[h3ĥ4 + ĥ3h4]
∣∣∣, (A.27)



SECOND-ORDER OPTIMALITY CONDITIONS FOR TIME-OPTIMAL CONTROL PROBLEMS GOVERNED 51

for a.a. (x, s) ∈ Q1. By similar arguments as in proof of (A.23) above, there exist 0 ≤ η̂i(x, s) ≤ 1, i = 8, ..., 16 such that

Lt(x, ξ̂ + ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)− Lt(x, ξ̂, ζ̂, v̂)

= Ltt(x, ξ̂ + η̂8ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)ĥ1 + Lty(x, ξ̂, ζ̂ + η̂9ĥ3, v̂ + ĥ4)ĥ3 + Ltu(x, ξ̂, ζ̂, v̂ + η̂10ĥ4)ĥ4,

Ly(x, ξ̂ + ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)− Ly(x, ξ̂, ζ̂, v̂)

= Lyt(x, ξ̂ + η̂11ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)ĥ1 + Lyy(x, ξ̂, ζ̂ + η̂12ĥ3, v̂ + ĥ4)ĥ3 + Lyu(x, ξ̂, ζ̂, v̂ + η̂13ĥ4)ĥ4,

Lu(x, ξ̂ + ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)− Lu(x, ξ̂, ζ̂, v̂)

= Lut(x, ξ̂ + η̂14ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)ĥ1 + Luy(x, ξ̂, ζ̂ + η̂15ĥ3, v̂ + ĥ4)ĥ3 + Luu(x, ξ̂, ζ̂, v̂ + η̂16ĥ4)ĥ4

(A.28)

for a.a. (x, s) ∈ Q1. From this, (A.27), the assumption (H4)-(i) and ∥h∥Z ≤ 1, we deduce that

P̂3(x, s) ≤
∣∣∣Ltt(x, ξ̂ + η̂8ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)− Ltt(x, ξ̂, ζ̂, v̂)

∣∣∣|ĥ1|

+
∣∣∣Lyy(x, ξ̂, ζ̂ + η̂12ĥ3, v̂ + ĥ4)− Lyy(x, ξ̂, ζ̂, v̂)

∣∣∣|ĥ3|+
∣∣∣Luu(x, ξ̂, ζ̂, v̂ + η̂16ĥ4)− Luu(x, ξ̂, ζ̂, v̂)

∣∣∣|ĥ4|

+
∣∣∣Lty(x, ξ̂, ζ̂ + η̂9ĥ3, v̂ + ĥ4)− Lty(x, ξ̂, ζ̂, v̂)

∣∣∣|ĥ3|+
∣∣∣Ltu(x, ξ̂, ζ̂, v̂ + η̂10ĥ4)− Ltu(x, ξ̂, ζ̂, v̂)

∣∣∣|ĥ4|

+
∣∣∣Lyt(x, ξ̂ + η̂11ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)− Lyt(x, ξ̂, ζ̂, v̂)

∣∣∣|ĥ1|+
∣∣∣Lyu(x, ξ̂, ζ̂, v̂ + η̂13ĥ4)− Lyu(x, ξ̂, ζ̂, v̂)

∣∣∣|ĥ4|

+
∣∣∣Lut(x, ξ̂ + η̂14ĥ1, ζ̂ + ĥ3, v̂ + ĥ4)− Lut(x, ξ̂, ζ̂, v̂)

∣∣∣|ĥ1|+
∣∣∣Luy(x, ξ̂, ζ̂ + η̂15ĥ3, v̂ + ĥ4)− Luy(x, ξ̂, ζ̂, v̂)

∣∣∣|ĥ3|

≤ kL,M

(
3(|ĥ1|+ |ĥ3|+ |ĥ4|)|ĥ1|+ 3(|ĥ3|+ |ĥ4|)|ĥ3|+ 3|ĥ4|2

)
≤ 18kL,M∥ĥ∥2Z , (A.29)

for a.a. (x, s) ∈ Q1. Combining (A.26) and (A.29), we get

P̂2(x, s) ≤ (15 + 18M)kL,M∥ĥ∥2Z , (A.30)

for a.a. (x, s) ∈ Q1. From (A.21), (A.22) and (A.30), we obtain

|DĴ(ẑ + ĥ)h−DĴ(ẑ)h− B̂(ĥ, h)| ≤ (6|Ω|kL0,M + (15 + 18M)kL,M |Q1|)∥ĥ∥2Z , (A.31)

for all h ∈ Z with ∥h∥Z ≤ 1. It follows that

∥DĴ(ẑ + ĥ)−DĴ(ẑ)− B̂(ĥ, ·)∥Z∗ ≤ (6|Ω|kL0,M + (15 + 18M)kL,M |Q1|)∥ĥ∥2Z . (A.32)

Hence, we have

lim∥ĥ∥Z→0

∥DĴ(ẑ + ĥ)−DĴ(ẑ)− B̂(ĥ, ·)∥Z∗

∥ĥ∥Z
≤ lim∥ĥ∥Z→0(6|Ω|kL0,M + (15 + 18M)kL,M |Q1|)∥ĥ∥Z = 0. (A.33)

Thus, the mapping Ĵ is second-order Fréchet differentiable at ẑ and D2Ĵ(ẑ) = B̂.
The Fréchet differentiability of F,H and G are proved analogously. □

Lemma A Let f : R3 → R, (a, b, c) 7→ f(a, b, c), be a function. Suppose that f is of class C2 and (a0, b0, c0) ∈ R3. Then,
for each (a, b, c) ∈ R3, there exist αi ∈ [0, 1], i = 1, ..., 6, such that

f(a, b, c)− f(a0, b0, c0)

= f ′
a(a0, b0, c0)(a− a0) + f ′

b(a0, b0, c0)(b− b0) + f ′
c(a0, b0, c0)(b− b0)
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+
1

2
f ′′
aa(a0 + α1(a− a0), b, c)(a− a0)

2 +
1

2
f ′′
bb(a0, b0 + α2(b− b0), c)(b− b0)

2

+
1

2
f ′′
cc(a0, b0, c0 + α3(c− c0))(c− c0)

2 + f ′′
ab(a0, b0 + α4(b− b0), c)(a− a0)(b− b0)

+ f ′′
ac(a0, b0, c0 + α5(c− c0))(a− a0)(c− c0) + f ′′

bc(a0, b0, c0 + α6(c− c0))(b− b0)(c− c0). (A.34)

Proof. For each (a, b, c) ∈ R3, we have

f(a, b, c)− f(a0, b0, c0) = [f(a, b, c)− f(a0, b, c)] + [f(a0, b, c)− f(a0, b0, c)] + [f(a0, b0, c)− f(a0, b0, c0)]

=: I1 + I2 + I2. (A.35)

By Taylor’s expansions of functions f(·, b, c), f(a0, ·, c) and f(a0, b0, ·), there exist α1, α2, α3 ∈ [0, 1] such that

I1 = f ′
a(a0, b, c)(a− a0) +

1

2
f ′′
aa(a0 + α1(a− a0), b, c)(a− a0)

2, (A.36)

I2 = f ′
b(a0, b0, c)(b− b0) +

1

2
f ′′
bb(a0, b0 + α2(b− b0), c)(b− b0)

2, (A.37)

I3 = f ′
c(a0, b0, c0)(c− c0) +

1

2
f ′′
cc(a0, b0, c0 + α3(c− c0))(c− c0)

2. (A.38)

By Taylor’s expansions of functions f ′
a(a0, ·, c), f ′

a(a0, b0, ·) and f ′
b(a0, b0, ·), there exist α4, α5, α6 ∈ [0, 1] such that

f ′
a(a0, b, c) = f ′

a(a0, b0, c) + f ′′
ab(a0, b0 + α4(b− b0), c)(b− b0), (A.39)

f ′
a(a0, b0, c) = f ′

a(a0, b0, c0) + f ′′
ac(a0, b0, c0 + α5(c− c0))(c− c0), (A.40)

f ′
b(a0, b0, c) = f ′

b(a0, b0, c0) + f ′′
bc(a0, b0, c0 + α6(c− c0))(c− c0). (A.41)

From (A.35), (A.36), (A.37), (A.38), (A.39), (A.40) and (A.41), we obtain (A.34). The lemma is proved.
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