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SECOND-ORDER OPTIMALITY CONDITIONS FOR
TIME-OPTIMAL CONTROL PROBLEMS GOVERNED BY
SEMILINEAR PARABOLIC EQUATIONS

H. Kaanu!, B.T. KieN>* AND A. ROscH?

Abstract. A class of time-optimal control problems governed by semilinear parabolic equations with
mixed pointwise constraints and final point constraints is considered. By introducing the locally optimal
solution to time-optimal control problems, we derive first- and second-order necessary optimality con-
ditions of KKT-type and second-order sufficient conditions for locally optimal solutions to the problem
and establish regularity of Lagrange multipliers.
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1. INTRODUCTION
Let © be a bounded domain in RY with N = 2 or 3 and its boundary I' = 9Q is of class C?. Let D =
H?*(Q)NHy(Q), V = Hy(Q), H=L*) and Q7 := Q x (0,T). We consider the problem of finding 7" > 0,
control function u € L°(Qr) and the corresponding state y € C(Qp) N W,  (0,T; D, H) which solve

T

(T, y,u) = vo(T, y(T)) + / / L(z,t, y(, 1), ula, £))dadt — inf (L.1)
0o Ja

s.t.

(P) %—&—Ay—i—i/}(x,t,y) =u in Qp, y(z,t)=00on X7 =T x [0,T], (1.2)
y(0) =yo in Q, (1.3)
Li(T,y(T)) <0, i=1,2,...,m, (1.4)
a < gz, t,y(z,t),ulz,t) <b aa. (z,t)€Qr, (1.5)
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where yo € H () N C(Q), a < b, A denotes a second-order elliptic operator of the form

Ay == Dj(ay(x)Diy),

ij=1

Lig:OXRXxRXxR—-R,9:QxRxR—Rand

(T, y(T)) := /Q Li(x, T,y(x,T))dz, i=0,1,2,....m

with L; : @ x R x R — R are given functions.

Throughout of the paper, we denote by ® the feasible set of problem (P), that is, ® consists of triples
(T,y,u) € (0,400) x (C(Qp) N W3 (0,T; D, H)) x L*>(Qr) which satisfies conditions (1.2)—(1.5). The goal of
problem (P) is to find a control function u which plays a role as heat source to control the temperature of the
system in the shortest time 7' > 0.

The class of time-optimal control problems is important for modern technology. They have several applications
in different areas. In particular, there are many problems in the field of Aerospace and Rocketry can be solved by
finding solutions of time-optimal control problems such as: Soft landing on the Moon (see [1]), Optimal ascent
trajectories and Orbital transfer problems (see [2]), Launch vehicle guidance and trajectory optimization (see
[3] and [4]). Recently, scientists of SpaceX have used time-optimal control for guiding reusable launch vehicles,
such as the SpaceX Falcon 9, back to Earth for a soft landing. Here, the goal is to minimize the time for descent
and landing while conserving fuel and ensuring a safe touchdown.

In order to find solution to time-optimal control problems, we often derive necessary optimality conditions
and solve the system of optimality conditions by computer to obtain approximate solutions. Then we prove
that the approximate solutions converge to the exact solution and give error estimate betwen the exact solution
and approximate solutions. This can be done by using second-order sufficient optimality conditions. Besides, we
can use the second-order sufficient conditions to check whether or not an extremal point is an optimal solution
to the problem. Therefore, optimality conditions for optimal control problems are significant. In this paper we
aim at deriving first and second-order necessary optimality conditions and second-order sufficient optimality
conditions for problem (P).

Although, there have been many papers dealing with first and second-order optimality conditions for optimal
control problems with fixed end-time (see for instance [5]-[7], [8], [9]-[12], [13], [14], [15], [16] and [17]), few
of papers study second-order optimality conditions for time-optimal control problems governed by PDEs or
ODEs. This is because the structure of a time-optimal control problem is quite complicated. It is never convex
even though the constraints are of linear forms; the function spaces vary in time variable T. This causes
difficulties for the existence of an optimal solution and how to define the so-called locally optimal solution
to the problem. In [18], H. Maurer and H.J. Oberle gave sufficient optimality conditions for optimal control
problems governed by ODE with mixed constraints, while H. Maurer and N.P. Osmolovskii [19] studied second-
order optimal conditions for time-optimal control which is linear in control variable. In [20] J.-P. Raymond
and H. Zidani established a Pontryagin’s principle (first-order optimality conditions) for time-optimal control
problems governed by semilinear parabolic equations with pointwise state constraints and unbounded controls.
Also, N. Arada and J.-P. Raymond [21] derived first-order optimality conditions for time- optimal problems
with Dirichlet boundary controls. Recently, in [22], L. Bonifacius et al. have considered a time-optimal control
problem governed by a linear parabolic equation with a quadratic cost function and pure control constraint. They
established necessary and sufficient second-order optimality conditions and gave error estimates between the
exact solution of the original problem and approximate solutions of discretization problems which are discretized
by the space-time finite element method.

It is noted that, to derive optimality conditions for optimal solution (7T, y,us) to time-optimal control
problems, in the previous articles the authors assumed that it was a strongly local solution, that is, (T, ys«, u«)
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is an optimal solution to the problem in a neighborhood of (T, y.) (see Def. 3.3 in [8]). To our best knowledge,
so far there have been no paper dealing with first and second-order optimality conditions for a locally optimal
solutions to time-optimal control problems governed by seminlinear parabolic equations with mixed constraints.
Therefore, our obtained results in this paper are novel.

In the present setting of problem (P), we will face with some challenges: the regularity of solution to the state
equation, how to define a locally optimal solution; how to derive optimality conditions in both state variable and
control variable and how to transform the problem to a new problem with fixed end-time. To overcome these
challenges, we first establish the existence and regularity of solution to the state equation. Then we give a suitable
definition for locally optimal solution by extending the sate functions and scaling control functions. Since the
implicit function theorem is fail to apply for (P), we need to derive optimality conditions in both variable y and
u. For this, we will derive optimality conditions for a specific mathematical programming problem in Banach
spaces and apply the obtained result for (P). In order to transform (P) into an optimal control problem with
fixed end-time, we use the simplest way by changing the variable ¢ = T's with s € [0, 1] to reduce (P) to a fixed
end-time problem (P;), where (T,v) plays a role as a new control variable. Note that although the appearance
of the variable T" in (P;) causes some complications in establishing sufficient second-order conditions, the space
containing 7T is R, where the weak convergence and strong convergence of sequences are coincide. Therefore, we
only need to deal with the weak convergence of sequences in the space of control variable v.

The remainder of the paper is organized as follows. In Section 2, we establish some related results on the
regularity of solution to the state equation and derive optimality conditions for a specific mathematical pro-
gramming in Banach spaces. The statement of main results are given in Section 3. In section 4, we derive first
and second-order optimality conditions for a reduced problem with fixed final time. Section 5 is destined for
proofs of main results.

2. RELATED RESULTS

2.1. State equation

In the sequel, we assume that 9 is of class C?. This condition guarantees the Wg’l—regularity of the state
y (see Lem. 2.1). Let H := L?(Q2), V := H}(Q) and D := H*(Q) N H}(2). The norm and the scalar product in
H are denoted by |- | and (-, ) g, respectively. It is known that

D— —=V—<—H

and each space is dense in the following one. Hereafter, < < denotes a compact embedding.
Wm™P(Q) for m integer and p > 1 is a Banach space of elements in v € LP(2) such that their generalized
derivatives D%v € LP(Q) for |a| < m. The norm of a element v € W™P() is given by

lallmp = Y [1Dullp,

loe|<m

where || - ||, is the norm in LP(2). The closure of C§°(£2) in W™P(1) is denoted by Wy (2). When p = 2, we
write H™(Q) and HJ'(Q) for W™2(€2) and W"?(Q), respectively.
W#P(Q) for real number s > 0 consists of elements v so that

|Du(z) = Do )P
lolln = (1ol + 3= [ [ m_x,wm doda’]"” < 100,

lee|=m

where s = m + o with m = [s] and o € (0,1). It is known that

WeP(Q) = (Wk?mp(Q),Wkl»P(Q)) (2.1)

0,1’
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where 5 = (1 — 0)ko + k1, 0 < 0 <1, kg < k1 and 1 < p < co. Here (WHo:P(Q), WHP(Q))
space (see [23], Chapter 22, p. 109 and Chapter 34, p. 164 and [24]).

ng’l(QT) for I integer and p > 1 is a Banach space of elements in v € LP(Qr) such that their generalized
derivatives Dj Div € LP(Q) with 2r + s < 2I. The norm of a element v € W>"(Q) is given by

o1 is a interpolation

21
(21) j
o0, = (s,

Jj=0

where

(s, = > 1D D3] e (-
2l+s=j

Given a € (0,1) and T > 0, we denote by C%(Q) and C(Qr) the space of Holder continuous functions on
Q and the space of continuous functions on Q, respectively.
Let H~1(Q) be the dual of H}(2). We define the following function spaces

H'(@Qr) =W (@Qr) = ly € 12(@Qn): 2, 9 € *(Qn)),
Va(Qr) = L=(0,T; H) N L*(0,T; V),

W(0,T) = {y € L*(0,T; Hy(Q)) : 5 € L*(0,T; H~'(2))},

WA, T,V H) = {y € I3(0,7],V) - 2 € 12((0, 7], )},

ot
W0, 7:D, H) = {y € 1(0.7), D) : % € L2(0.7], H)},
UT = LOO(QT))

Yr = {y € Wy (0, T: D, H) N W (Qr)| Ay € L*(Qr)}.
Hereafter, we assume that
1+g<p<N+2 (2.2)
and ¢ is the conjugate number of p. Then Y7 is a Banach space under the graph norm
19llye == lwllwrro,mp,m + 19wz @) + 1A Lo (@r)-
Note that if y € W2 (Qr), then y, € LP(0,T; L(2)). By the proof of Lemma 2.1, we have
W21(Qr) = = C@p). (2.3)

Hence

Yr < < C(Qr). (2.4)

Besides, we have the following continuous embeddings:

Wy (0,T; D, H) < C([0,T],V), W(0,T)— C([0,T],H), (2.5)

where C([0,T], X) stands for the space of continuous mappings v : [0,1] — X with X is a Banach space.
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Recall that given yo € H and u € L?(0,T; H), a function y € W (0,7) is said to be a weak solution of the
semilinear parabolic equation (1.2)—(1.3) if

(ye,v) + 350 21 | aiDiyDjodz + (P(-, -, y),0)m = (w,0)r Yo € Hy(Q), aa.te[0,T] (2.6)
=1 .

y(0) = vo.

If a weak solution y such that y € W,"' (0, T; D, H) and (-, -,y) € L?(0,T; H) then we have y, + Ay + (-, -, y) €
L?(0,T; H) and

<yt7v> + (Ay,”l)) + (7/}(7 ’7y)av) = (U,’U)

for each v € H}(Q) and a.a. t € [0,T]. Since H}(Q) is dense in H = L?(Q), we have
(ye,v) + (Ay,v) + (¥ (- y),v) = (u,v)
for each v € H and a.a. t € [0,T]. Hence
y+Ay+9¢(,,y) =u aa. tel0,T], y(0) = yo.

In this case we say y is a strong solution of (1.2)—(1.3). From now on a solution to (1.2)—(1.3) is understood a
strong solution.
Let us make the following assumptions which are related to the state equation.

(H1) Coefficients a;; = aj; € C(Q) for every 1 < 4,5 < N, satisfy the uniform ellipticity conditions, i.e., there
exists a number v > 0 such that

N
Vel < > aij(x) &€ VEERYN forall z e Q. (2.7)

ij=1

(H2) The mapping ¥ : Q x [0, +00) x R — R is a Carathéodory function and for each x € Q, ¥(z, -, ) is of class
C? and satisfies the property that

Cy € Ry (z,t,y) > Oy V(z,t,y) € Q x [0,400) X R,
'(/}('a Yy O) S LP(QT) VT > 0.

Furthermore, 1 and its derivative are local bounded and local Lipschitz in the sense that for each M > 0,
there exists a number ky s > 0 such that

e (@, t, y)| + [y (2,8, y)| + [y (2, 6, y)| < ky,ur,

[z, t1,91) — (@, te, yo)| + Ve (,t1, 1) — e, ta, y2)| + [0y (2, t1, 1) — Yy (2,22, 92)|

+ Y@, t1,y1) — Yee (@, 2, yo)| + [y (2, 01, Y1) — ey (@, 2, y2)| + [y (2, 81, y1) — Pyy (2, 22, y2)|
< ky,m ([t = ta] + |y1 — y2l),

for all t,y,t;,y; satisfying [t], |yl |¢i], |yi] < M with ¢ =1,2.
(H3) yo € HY(Q) N W2 2P(Q), where p > 1 satisfying (2.2).
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Note that (H3) makes sure that yo € C(Q). Since 2 > 2 — % > 1, Theorem 1.4.3.2 in [25] implies that
W2P(Q) < — W2 5P(Q) < < WhP(Q).

Hence the condition yo € W27%’p(§2) relaxes the condition yo € W2P(Q).

Lemma 2.1. Suppose that (H1),(H2) and (H3) are valid. Then for each T > 0 and uw € LP(Qr) with p
satisfying (2.2), the state equation (1.2)—(1.3) has a unique solution y € Yp and there exist positive constants
C1 >0 and Cy > 0 such that

||ZIHC@T) TG ez mmy < Crlllullze@ry + lvollz= @) + 19, 0l Lr (@) (2.8)

and

1Yell o @r) + 9l Lr@r) + 1Pl Lo@r) + DYl Lr@r) < Colllvollo@y + lullo@r) + 19C: - 0)llLo(@r))s (29)

where Cy depends on T, ||yollc @) ullzr@ry and [[0(,+,0)|ze(Qr)-

Proof. We first claim that yo € C(Q). In fact, by (2.2), (2 — %) - % € (0,1). By [25], Theorems 1.4.3.1 and

1.4.4.1, we have WQ_%"’(Q) — C%(Q) with a = (2 — %) — %. This implies that yo € C(Q2). Hence yo(x) =0
for x € T" and the claim is justified.

By [11],Theorem 2.1 (see also proofs of [12], Thm. 2.1 and [12], Lem. 2.2.I11), for each v € L?(0,T; L?(2)) =
LP(Qr) with p > %, the state equation has a unique solution y € L*(Q) N ng’l(O,T;V,H) such that
(-, y) € L2(0,T; H) and inequalities (2.8) is fulfilled.

By (H2), we have ¥(-,+,y) € L®(Qr). Let us show that y € Wg’l(QT). For this, we consider equation

z+ Az = u—y(x,t,y), 2(0) = yo. (2.10)

Since u — (-, +,y) € LP(Qr), [26],Theorem 9.1, p. 341 implies that the equation (2.10) has a unique solution
z € W2(Qr) such that z(0) = yo and z(z,t) = 0 for (x,t) € T' x [0,T]. Besides, there exists a constant C' > 0
such that

2
120520, < Cllyolla—z  + = (-, 9)llLoc@n): (2.11)
By definition of norm || - ||1(727)QT7 we have

Izt o @2y + 12l o(@ry + 1D2l o) + 1D*2l Lo (@r) < Clllwolla—2 p, + lu = (s W) Lo(or)-

We now prove that (2.3) is valid and so z € C(Q). In fact, consider the space W*P (), where s € (%, 2— %)
By [25], Theorem 1.4.3.2, the embeddings

W2P(Q) — < WSP(Q) — — LP(Q). (2.12)
By (2.2), 0 < s — N/p < 1. Using [25],Theorem 1.4.3.1 and Theorem 1.4.4.1 again, we have

WP (Q) < C02(Q) = CO(Q) < O(Q). (2.13)
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Here we used the fact that if Q is bounded domain, then C%%(Q) = C%(Q). By the generalized Gagliardo-
Nirenberg inequality in [27], Theorem 1, part A, we have

—
[vllsp < Cllvl3pllolloy,” Yo € W2P(Q),

where § = s/2 € (%, 1- %) C (0,1). By [24], Section 1.10.1, Lemma (a), p. 61, we have

(LP(9), W“(Q))M — W*SP(Q) < LP(). (2.14)
Using [28],Theorem 7.4.3, p. 268 for the case pg =pg =p; =pand 0 <1 —6 — %, we obtain
Wy (Qr) = = C([0,T], W, ().
From this and (2.13), we get
Wy (Qr) — — C([0,T),C(Q)) = C(Qr)

and (2.3) is justified.
Since z(z,t) = 0 on I x [0,T], we get z € C([0,T], Wy *(Q)) € L2(0,T; H,(€)). By the uniqueness, we have

z=y.
Let M > Ci(|JullLeqo,r,m) + lvollze) + 1¥(, - 0) | Lr(@r))- By (H2) and (2.8), there exists ks > 0 such
that

[, ty)| < |9t y) — (2,6, 0)] + [9(2, 8, 0)| < kmlyl + |4 (2, ¢, 0)].
Combining this with (2.11) and (2.8), we have

2
111520, < Clyolla—z2 5 + lullo@r) + karlyllioior) + 14C, - 0)llir@r)

< Cllyolla—z p + llulle@r) + Karll¥llo@r) + 19C, - 0)llLr @)
< Collwoll oy + llullLr@r) + 119G+ 0)llLr(@r))

for some constant Cp > 0 which depends on 7,9, [|y0llc (@), lullzr(@r) and [[¢(-;, 0)||Lr(@r)- By definition of

(2)

p.Or> W have
:

norm |[y||

1yell o @z + 19l Lr@r) + 1PYl Lo @r) + 1D*YllLr@r) < Collvoll oy + el r@r) + 19C - 0)lLo(@r))
which is inequality (2.9). Since Ay = v — (-, -, y) —y: € LP(Qr), y € Y. The lemma is proved. O
Let us consider the linearized equation
ye + Ay + c(z, )y = u,  y(0) = ¢o. (2.15)

Lemma 2.2. Suppose u € LP(Qr), ¢ € L>®(Qr) and ¢o € WZ_%"’(Q) N HY(Q) with p satisfying (2.2). Then
equation (2.15) has a unique solution y € Yr and there exist positive constant Cy and Cy which depend on T
such that

(2.16)

19ellr@r) + 19l @r) + 1DYlLr@2) + 1D 1@y < Cullully + g0l 220, )
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9l < Calllull +dollyo-3.0,g, ) (217)

Proof. The conclusion of the lemma follows directly from [26],Theorem 9.1, p. 341. By embedding (2.3), we
have estimate (2.17). O

2.2. Mathematical programming problem

Let E, W and Z be Banach spaces with the dual spaces E*, W* and Z*, respectively. We denote by 7(R™)
the strong topology in R™, by o(E*, E) the weak* topology in E* and by o(W*, W) the weak* topology in W*.
Given a Banach space X, Bx (g, r) stands for the open ball with center xy and radius r. Given a subset M in
X. We shall denote by IntM and M the interior and the closure of M, respectively.

Let f: Z >R, F:Z—FE G:Z— W and H; : Z — R with ¢ = 1,2,...,m be mappings and K be a
nonempty convex set in E. We consider the following optimization problem

f(z) = min
(MP) s.t.
F(2)=0, Hi(2) <0, G(z) e K, i =1,2,...,m.

Denote X by the feasible set of (MP), that is,
Y:={2€Z|F(2)=0,H;(2) <0,G(z) e K,i=1,2,...,m}.
Let us recall some concepts of variational analysis. Given a nonempty subset M of X and T € M, the set
T(M,z):={h € X |3, —0%,3h, > h,T+t,h, € M Vn €N},
is called the contingent cone to M at T. It is well known that if M is convex then
T(M,%) = cone(M — ),

where cone (M —Z) = {A(v—7) |v e M, > 0}. When M is a convex set, the normal cone to M at T is defined
by

NM,z):={z" e X" | ("2 —T) <0 Ve e M} ={a* € X* | (2*,h) <0 Vhe T(M,T)}.

Given a feasible point zg € X, we denote by f'(zg) or Df(zp) the first-order derivative of f at zo and by f”(z0)
or D?f(z) the second-order derivative of f at zg. Let us impose the following assumptions.

(A1) intK # @;

The mappings f, F and G are of class C? around zp;
The range of DF(zp) is closed in W;

DF(z) is onto and there exists Z € Z such that

O —

(A2
(A3
(A4
DF(Z()):ZV: 0,

Hl(20)+DHZ(Zo)g< 0vi=1,2,...m (218)

G(Zo) + DG(Z())E € int(K).

It is noted that (A4) is a type of the Mangasarian—Fromowitz condition. Obviously, (A4) implies (A3).
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To deal with second-order optimality conditions, we need the so-called critical cone which is defined as follows.
Let Colzo] be a set of vectors d € Z satisfying conditions:

(a1) Df(z0)d <0,

(ag) DF(Zo)d = 0,

(az) DH;(z9)d <0 for i € Iy, where Iy := {i € {1,2,...,m} : H;(z9) = 0},

(as) DG(z0)d € cone(K — G(zp)).

Then the closure of Cy[zp] in Z is called the critical cone at zy and denoted by Clzg]. Each vector d € C[z] is

called a critical direction.
The generalized Lagrange function which is associated with the problem (MP) is defined as follows

L:ZXxRXxE"XR™xW* =R,

Lz, A €™, Lw™) = Mf(2) + (e, F(2)) + Zlv;Hi(Z) + (W, G(2)).

We say that vector (A, e*,l,w*) € R x E* x R™ x W* is a generalized Lagrange multipliers of (MP) at z if the
following conditions are fulfilled:

D.L (20, A, €, l,w*) = ADf(20) + DF(20)"€" + ZliDHi(ZO) + DG(20)"w" =0, (2.19)
i=1
AP+ lle 12+ D 16l + w*||* # 0, (2:20)
i=1
A>0,1; >0, l,HZ(Zo) =0,ti=1,2,..,m, w* € N(K,G(Zo)) (221)

We denote by A[zp] the set of generalized Lagrange multipliers at zq. In addition, if A = 1, then we say (1,e*, 1, w*)
are normal. We denote by A.[zo] the set of Lagrange multipliers (e*,,w*) such that (1,e*, 1, w*) € Alzo].
We now have the following important lemma.

Lemma 2.3. Suppose that zg € ¥ is a locally optimal solution of (M P) under which (Al), (A2) and (A3) are
valid, and DF (zp) is surjective. Then for each d € Cylzo], the system

F(0)7 + 1 (20)d? <0,

H!(20)z + $H/ (20)d* < 0, Vi€ Iy,

DF(20)z + 5 D*F(20)(d,d) = 0,

DG(z0)z + $D*G(20))(d, d) € cone(intK — G(z0))

(2.22)

has no solution z € Z.

Proof. The proof is performed analogously to the proof of [29], Lemma 3.2. For this, we need to use a Taylor
expansion and the Ljusternik theorem. O

The following result gives first- and second-order necessary optimality conditions for (MP).

Proposition 2.4. Suppose that zo is a locally optimal solution to (M P). Then the following assertions are
fulfilled:

(a) If (A1), (A2) and (A3) are satisfied, then Alzg] # @ and for each d € Cylzo], there exist (X, e*,l, w*) € Alz]
such that

D2L(z9, A\, e, 1,w*)[d, d] > 0. (2.23)
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As a consequence,

sup D2L(z0, \, e*, 1,w*)[d,d) >0 Vd € Co[z)].
(X,e*,Lw*)EA[z0)

(b) If (A1),(A2) and (A4) are satisfied, then Ai[zo] is nonempty and compact in the topology o(E*,E) X
o(RF,RF) x o(W*, W) and for each d € Clz|, there exist (e*,1,w*) € A.[20] such that

D?L(z,1,€*,1,w*)[d,d] > 0. (2.24)
As a consequence,

max D2L(z0,1,€*,1,w*)[d,d] >0 Vd € Clz). (2.25)
(e*,l,w*)EN[20]

Proof. (a). Fixing any d € Cy[zo], we consider two cases.
Case 1. DF (20)Z # E.

Then there is a point e € E such that e ¢ DF(z9)Z. Since DF(z9)Z is a closed subspace, the separation
theorem (see [30], Thm. 3.4) implies that there exists a non-zero functional e* € E* which separates e and
DF(zy)Z, that is, (e*,e) > (e*, DF(zp)z) for all z € Z. This implies DF(z9)*e* = 0. Putting A =0, = 0,w* =
0, we get (0,e*,0,0) € A(zg). If e*DF(z0)d? < 0, then we replace e* by —e*. Then (0, —e*,0,0) satisfies the
conclusion of (a).

Case 2. DF (20)Z = E.

Let mg = |Iy|. We define a set S which consists of vectors (i, v, e,w) € R x R™0 x E x W such that there

exists z € Z satisfying

[ (z0)z + 51" (20)d? < p,

Hj(20)z + 3 H (20)d* < ;,j € Io,

DF(z0)z + $D*F(z)d? = e

DG(z0)z + $D*G(20)d*> — w € cone(intK — G(z)).

(2.26)

It is clear that S is convex. We now claim that S is open. In fact, take (f,%,é,w) € S corresponding to 2.
Choose € > 0 such that

1 1
f(20)2 + if”(zo)d2 <fi—e Hi(20)%+ iHj'/(zo)d2 <AJ;—¢€ Vjel.
Then there is § > 0 such that for all z € Bz(Z,J) one has

1 1
f(z0)z + §fi”(z0)d2 <fi—€/2 Hj(z)z+ 3 V(20)d® <45 —€/2 Vi€ L.

It follows that
1
F(0)z + 31" (z0)d? <, ¥z € B(2,6) and |~ il < /2,

1 R . )
Hj(20)z + §HJ’-'(20)d2 <7, Vze B(%06)and |y — 4| <e€/2,j € L.
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Since cone(int K — G(zp)) is an open convex cone and
1
DG(z)2 + §D2G(z0)d2 — b € cone(int(K) — G(2p)),

the continuity of DG (zo) implies that there exit balls Bz(%,8) and By (i, r) with 6 < & such that

DG(z)z + %D2G(20)d2 —w € cone(int(K) — G(zy)) V(z,w) € Bz(%,9) x By (w, ).

Since DF(zy) is surjective, the open mapping theorem implies that DF(z0)[Bz(Z,6)] + 1D?F(z0)d? is open.
Hence, there exists a number o > 0 such that

A 1
Bg(é,a) C DF(2)[Bz(%,0)] + 5D2G(zo)d2.
Thus, for any (1,7, e, w) € Br(ji, €/2) X Brmo (¥, €¢/2) x Bg(é, o) x By (1, ), there exists z € Bz(2,4) such that
’ 1 " d2 H' 1]—_I// d2 Vi T
f'(z0)z + §f¢ (20)d” < p, i(z0)z + 51 (20)d” <7; Vj€ Iy
1 1
e=DF(z0)z + §D2F(zo)d2, DG(Z)z + §D2G(zo)d2 —w € cone(int(K) — G(2)).
This means
B]R(ﬂ,e/2) X Bprmg (’3’,6/2) X BE(é,Oé) X Bw(ﬂA}J‘) CS.
Hence S is open. The claim is justified.
By Lemma 2.3, we have (0,0,0,0) ¢ S. By the separation theorem (see [31], Thm. 1, p. 163, there exists a
nonzero vector (A, [, e*,w*) € R x R™0 x E* x xW™* such that
M+ 1Ty 4 (e, e) + (w',w) >0 Y(u,7,e,w) €S. (2.27)
Fix any z € Z, w’ € cone(intK — G(zp)), r >0 and r; > 0 . Put
o / 1 " d2 _ Hl 1H// d2
p=r4 fiz0)2+ 5 (20)d%, v = 1+ Hj(20)2 + S H (20)d7,
1 1
e=DF(z)z + §D2F(z0)d27 w = DG(z0)z + §D2G(zo)d2 —w'.

Then (u,7, e, w) € S. From this and (2.27), we get

A(’/‘ + f/(ZO)Z + %f”(ZO)CF) + ; lj(rj + HJI(Z())Z + %H]”(zo)cp)
J&lo

1 1
+ (", DF(z9)z + §D2F(zo)d2> + (w*, DG(z0)z + §D2G(zo)d2> —{(w*,w') > 0.

If A < 0 then by letting 7 — 400, the term on the left hand side approach to —oo which is impossible. Hence
we must have A > 0. Similarly, we have [; > 0 for all j € Iy.
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By letting » — 0 and r; — 0, we get

M (z0) + Z l;H}(20) + DF (20)"e* + DG(20)*w* = 0 (2.28)

Jj€lo

and

%()\f”(zo)d2 + Z LiH{ (20)d* + (e*, D*F(20)d*) + (w*, D*G(20)d?)) > (w*,w’)
Jj€lo

for all w’ € cone(intK — G(zp)). It follows that

(w*,w') <0,YVw' € cone(intK — G(zp)).

Since K C K = intK (see [31], Prop. 4, p. 163), we obtain
(w*,w') <0,Vw' € cone(K — G(zp)).
This implies that w* € N (K, G(2p)). By letting w’ — 0, we get

A" (z20)d® + > LH] (20)d” + (€, D*F(20)d?) + (w*, D*G(z)d?) > 0. (2.29)

j€lo
We now take l; = 0 for j € {1,2,...,m} \ Ip. Then we have I; > 0 and [;H;(z9) = 0 for all j =1,2,..,m and
(2.28) and (2.29) become

A (20) + leHj’-(zo) + DF(z)*e* + DG(z0)*w* =0
j=1
and
M (20)d* + z:le{'(zo)d2 + (e*.D*F(20)d?) + (w*, D*G(z)d*) > 0.

j=1

This implies that

sup {)\f”(zo)dQ n zn: 1 H! (20)d? + (e* . D?F(20)d2) + (w*, D2G(zo)d2>} > 0.

(Ae Lw*)EA[z0] j=1

If we take d = 0, then we obtain the first-order optimality conditions, that is, A[zg] # @. Hence the assertion
(a) is proved.
(b). We claim that A # 0. In fact, if A = 0, then
DH(2)*IT + DF(z0)*e* + DG(2)*w* = 0.
Here H := (Hy, Ho, ..., Hy,). Let Z be a vector satisfying (A4). Then we have

I"DH (20)% + (e, DF(20)2) + (w*, DG(2)*2) = 0.
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This implies that
I"DH (20)% + (w*, DG(2)Z) = 0,
where
DH(20)% € (—00,0)™ — H(z) = int((—o00,0]™ — H(z0))
and
DG(2)z € intK — G(zp) = int(K — G(20)).
Then for any £ € R™ and w € W, there exist v > 0 and s > 0 small enough such that
Y€+ DH(20)% € (—00,0]™ — H(z0)
and
sw~+ DG(z)zZ € K — G(%0).
Since [ > 0, ITH(z9) = 0 and w* € N(K,G(z)), we have
YT e+ s(w*,w) =17 (1€ + DH(2)2) + (w*, sw + DG(z9)%) < 0.

Hence [T¢ < 0 for all £ € R™ and (w*,w) < 0 for all w € W. This implies that [ = 0 and w* = 0. Consequently,
DF(zp)*e* = 0. Since DF(z) is surjective, we get ¢* = 0. Hence (A, e*,1,w*) = (0,0,0,0) which is absurd. The
claim is justified. N

Let us define K = {0} X (—00,0]™ x K and G = (F, H,G). Then the constraint of (M P) is equivalent to the

constraint G(z) € K. According to [32], Corollary 2.101, p. 70, (A4) is equivalent to the Robinson constraint
qualification:

0 € int{G(z) + DG(2)Z — K}.

By [32], Theorem 3.9, p. 151, A,[zo] is nonempty convex bounded and compact in the topology o(E*, E) X
7(R™) x o(W*,W). Then by the same argument as the proof of Proposition 3.53 in [32], we can show that

sup D?L(z9,1,¢e*,1,w*)(d,d) > 0 Vd € C[z).
(S*J,’w*)GA*[ZQ]

Moreover, since A, [z] is nonempty convex bounded and compact in the topology o(E*, E) X 7(R™) x o(W*, W),
we get

max  D?L(z0,1,¢e*,1,w*)(d,d) > 0 Vd € C[z).
(e*,l,w*)EAL[20]

The proof of the position is complete. O

Recently, optimality conditions for problem (MP) have been studied by some authors. Under the constraint
qualification condition, Bonnans [32], Bonnans and Zidani [33], and Cominetti [34] derived first-and second-order
optiality conditions of KKT-type. Meanwhile, Zowe and Kurcyusz [35] gave first-order optimality conditions
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when K is a cone. In [36] Ben-tal and Zowe gave first-and second-order optimality conditions for (MP) of
Fritz-John type and KKT-type for the case where f is a vector function and K is a cone and H; = 0.

Proposition 2.4 gives first-and second-order optimality conditions of Fritz-John type and KKT-type for (MP),
where K may not be a cone. Assertion (b) of Proposition 2.4 is a shaper version of [32], Proposition 3.53 and
[33], Theorem 2.7, where we do not require the extended polyhedricity condition and supremum is replaced by
maximum. However, Proposition 2.4 is established under the key assumption (A1) which is a price we have to
pay.

It is noted that our technique for proving Proposition 2.4 is different from those in [36], [32], [33], [34] and
[35]. We only use the separation theorem and Taylor expansions to establish the result.

Remark 2.5. When K is a cone and H; =0 for all j =1,2,...,m, we get a similar result with [36], Theorem
8.2. However, in this case, the obtained result is failed to apply for problem (P). In fact, the constraint (1.4)
corresponds to the constraints H; < 0 while the constraint (1.5) corresponds to constraint g(-,y,u) € K with
K :={w e L*(Qr)|a < w(z,t) < b} which is not a cone.

3. MAIN RESULTS

Let L = L(z,t,y,u) : Q x Rx R xR — R be a function. Given a triple (T, ys,us) € P, the sym-
bols L{z,t], Li[z,t], Ly[x,t], Ly[z,t], L[], etc., stand for L(z,t,y.(x,t),us(x,t)), Li(z,t, ye(x, 1), us(z, 1)),
Ly(x,t,y«(x,t), ue(2, 1)), Lu(z, t, ye (2, 1), us (2, 1)), L(-, -,y (-, -), us (s, ), ete., respectively. Let Ly = L;(x,T,() :
Q2 xR xR — R. The symbols L;[T1,T>], Lir[Th,T>], Lic[T1,To], etc., stand for L;(z,Ti,y.(T2)),
Lir(x, T1,y«(T2)), Lic(x,T1, y«(I2)), etc., respectively. Also, the symbols ¢;[T1, o], Yir[Th, To), Yic[T1, T2], ete
stand for v, (11, y« (12)), Yir(T1,y«(T2)), Yic(Th, y«(T2)), etc., respectively. Put

Krp, :={ve L*(Qr,) :a <v(zx,t) < baa. (z,t) € Qr,}.

Let /: Q2 xR xR x R — R be a mapping which stands for L and g. We impose the following hypotheses.

(H4) (i) ¢ is a Carathéodory function and for each = € €, £(x,-,-,-) is of class C? and satisfies the following
property: for each M > 0, there exists k¢ s > 0 such that

[z, t1, y1,ur) — Lz, ta, yo, u)| + [Ce(z, tr, y1,u) — Loz, ta, y2, us)|

+ [y (@, t1, 51, u1) — Ly (@, b2, Y2, u2)| + [Cu(@, t1, y1,ur) — Lo (@, t2, Y2, uz)|

F e (w, by, g1, ur) — Lo (2, to, y2, o) |+ [Cyy (2, t1, Y1, ur) — Lyy (2, t2, Y2, u2)|
+ [luu (T, t1, y1,u1) — luu (T, t2, Y2, u2)| + [y (2, 21, Y1, u1) — Lyu (@, t2, Yo, ua)|
+ [l (2, t1, 91, ur) — Loy (2, t0, Y2, w2)| + |, t1, Y1, 1) — oo (2, E2, Yo, wo)|
< ke ([t —to| + ly1 — y2| + [ur — u2l),

for a.a. x € Q and for all ¢;,y;, u; € R satisfying |¢;], |y:|, |u;| < M with ¢ = 1,2. Furthermore, we require
that the functions ¢(-,0,0,0), ¢:(-,0,0,0), £,(-,0,0,0), £,(-,0,0,0), £:(-,0,0,0), £,,(-,0,0,0), £,u(-,0,0,0),
liy(+,0,0,0), £u(-,0,0,0), £yu(-,0,0,0), belong to L>(£2).

(ii) For i = 0,1,2,...,m, L; is a Carathéodory function and for each z € Q, L;(x,-,-) is of class C? and
satisfies the following property: for each M > 0, there exists kr, as > 0 such that

|Li(x,t1,61) — Li(z, t2, G2)| + | Lir (2, t1, C1) — Lir (2, t2, (o)
+ [ Li¢(z,t1,C1) — Lic(w,t2, G2)| + | Lirr (2, t1, (1) — Lirr(,t2, ()|
+ [Lice(x,t1,C1) — Lice(w,t2, G2)| + [ Lire (2, t1,C1) — Lire (2, 2, Go)| < b, am([t — to| + |G — Cal),
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for a.a. x € Q and for all ¢;, (; € R satisfying |¢;],]¢;| < M with j = 1, 2. We also require that the functions
L,’T(', O, 0), Li(('7 0, 0), LiTT('7 O, 0), LiT{('» 07 O), Li<<(~, 0, 0) belong to LOO(Q) fOI‘ = 0, 1, 2, ceey M
(H5) The function belongs to L>(Qr) for all (T,y,u) € ®.

Gu(*575y,u)
(H6) There exists (T, 7,u) € R x Yr, x Ur, such that the following conditions are fulfilled:
R TR Tt T N
() 2L+ AT+l U+ byl 0 — T+ - (Ays + et — ) = 0, 5(0) =0,
(i) i[Te, Tu) + $ir [Te, TIT + i [Te, TLG(TL) < 0,0 = 1,2, ..., m;
Tt ~ ~ .
(Z“) g[x, t] + gt[xa t]? + gy[xv t]y + gu[fﬁ, t]u S lnt(KT*)'

Note that hypothesis (H4) makes sure that J and g are of class C? on Y7 x U for each fixed T > 0. Meanwhile,
(H5) guarantees that the Lagrange multipliers belong to L' (Qr, ) and (H6) ensures that the Lagrange multipliers
are normal. Note that since the control variable belongs to L (Q), the Lagrange multipliers belong to the dual
space (L>(Qr))*, which are signed additive measures rather than functions in L*(Qr). This causes difficulties
in using optimality conditions for computing numerical solutions. Therefore, condition (Hb5) is important. Let
us give an example showing that (H5) and (H6) are fulfilled.

Example 3.1. Let g(z,t,y,u) = —u3 — u(y? + 1). It is easy to see that gu(__l,y’u) = 73u271(y2+1) belongs to
L>=(Qr) for all (T, y,u) € ® and so (H5) is valid. Let b =0 and 9 (z,t,y) = y> +y. Then we have v, (z,t,y) =
3y +1>1> 0. Since g[z,t] < b =0, we have 0 < u, € L>(Q7,). The maximum principle implies that
the solution y, of the state equation corresponding to w, satisfies the property that y. > 0 on @T* and so
ye(2,Tx) > 0 a.a. € Q. Let 6 > 0 and take & € L*>°(Qr,) such that u(z,t) > ¢ > 0 a.a. (z,t) € Qr,. By
Lemma 2.2, equation

Y | .- PR ~

5 TAT T Gylrly-u=0, F(0)=0

has unique solution g € Y7, . Also, the maximum principle implies that g(x,¢) > 0 on Qr,. Let 1; defined by

W(Ty(T) == [ TP @)+ e, =12

Take

ai=— [Ilu*l\ioo(@n) sl (@) (194l Zoe (@) + 1)+ 2Myall e (@) sl e (@) 1T £ @1 )

+ 3 e @ 18l (@) + Nl @) (19 e ey + 1)] = 6

(more general, a < 0 and |a| is large enough). With 3 and @ as above and T= 0, it’s easy to see that condition
() of (HG6) is satisfied. Moreover, we have

BT T+ g T TIGE) = = [ TR + o - (2041) [ T3E(LFT)d0 < ~128] <o,
Q Q

for i = 1,2,...,m. Hence (ii) is satisfied with (0,7, @). Since y,, u.,7 > 0, 4 > § on Q, and definition of number
a, we have

a<a+d<glrt]+gylr,t]y+ gufz,tfu < -0 <0=0> aa. onQr,.

Hence g[z,t] + gy[z, {]7 + gu[z, t]0 € int(Kr,) and so (i4i) is satisfied with (0,7, w). Thus (H6) is valid.
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Given a triple (T, y,u) € ®, we define the extension of y on the right by setting

~y(x,t) i (x,6) € Qx[0,T]
e(@ ) = {y(m,T) it (z,t) € O x (T, +00).

Then y, is continuous on Q x [0, +00). Moreover, for each Ty € (T, +00), Y. is uniform continuous on the compact
set Q x [0, Tp).

Definition 3.2. A triple (T%,y«,us) € ® is said to be a locally optimal solution of (P) if there exists some
€ > 0 such that

J(Tiyysyus) < J(Tyy,u) Y(T,y,u) € O satisfying

%) — uy(z,t)] < e. (3.1)

T—T)+  max [y, t) = gee(w, £)] + essSup(y p cogorr, Ul

(z,t)€EQX[0,T VT

Hereafter, T, VT = max(T,T).

It is noted that when T' = T, Definition 3.2 becomes a definition for locally optimal solutions to the problem
with fixed end-time T.

Let us denote by Co[(Tx, ys, us)] the set of vectors (T,y,u) € R x Yy, x Up, which satisfy the following
conditions:

T Tt

(1) /Q (Lor[Te, TT + Loc[Te, T]y(T2))da + /Q (FL[% t+ Lilo,t] 7 + Lyl tly + Lufa. t]u) dzdt < 0;
T, * *

Tt

B) T
(c2) 8—? + Ay + wt[fvt]i + Yy, tly —u+ i(Ay* + ¢z, t] —u.) =0, y(0)=0;

(c3) /Q (Lir [T, TWT + Lic[T, Tu]y(Ty))dz < 0 for i € {1,2, .., m|y;[Ty, Ti] = 0};

Tt
(e1) 2+ g,y -+ gl Ju € cone(Kr, — o[- ).
Define C[(T4, ys, us)] = Co[(Tx, yx, us)], which is the closure of Co[(Ty,ys, us)] in R x Yy, x Up,. The set
C[(Tx, ys, us)] is called a critical cone to the problem (P). Each vector d € C[(Tk, y«, ux)] is called a critical
direction to the (P) at (Tk, ys, u«). It is clear that C[(Tk, y«, u«)] is a closed convex cone containing 0.
We have the following main result on necessary optimality conditions.

Theorem 3.3. Suppose that assumptions (H1) — (H5) are satisfied and (Tx,y«,us) € ® is a locally optimal
solution to (P). Then there exist Lagrange multipliers A € Ry, p = (u1, 4o, ..., tbm) € R™, ¢ € L=(Qr,) N
L?(0,T.; HY(Q)), € € L>=(Q7,) and an absolutely continuous function o [0,T] — R which are not all zeros
and satisfy the following conditions:

(@) (the adjoint equations)

op - - ~
~SE A+, 08 = AL~ Eg, [, in Q.
$=0 onr, (3.2)
@(T*) = _ALOC [T*7 T*] - 2111 ,Uszﬁ[T*a T*} in Q
and
(Z’(t) =- /Q (ALi[, t] + Qhy[, t] + gz, t])dz  in (0,T), (3.3)

H(T.) =0
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where A* is the adjoint operator of A, which is defined by A*¢g = — ij:l D;(a;;(z)D;);
(#3) (optimality condition for w.)

AL, [z, t] — @(x,t) + e(z, t)gu[z,t] =0  a.a. (z,t) € Qr,;

(#it) (optimality condition for T.)

T. _ m
/ (1)t + / (AL[z, ] + 3(Aye + dlest] — w)dedt + T, / (MLoclTo, T + 3 pieLc T, To]) das =
0 Qr, Q

=1

(iv) (the complementary conditions)

;> 0 and ,u,-/ Li(x, Ty, y«(Ty))dz =0, i = 1,2,....,m,
Q

e(xz,t) € N([a,b], g[x,t]) a.a. (x,t) € Qr,.

Moreover, one has
(v) (the nonnegative second-order condition)

_ sup D(QT,y,u)EP(T*7y*7u*a)‘><5a,u/7gvg)[da d] =
(0Bt D) AT e 0]

sup [A / (LOTT[T*,T*}TQ + 2Lope[Ty, T)Ty(T.) + LOCC[T*7T*]y(T*)2>dx
()\,(ﬁ,u,qb)EA[(T*,y*,u*)] Q2

+)\/QT* (Ltt[:c,t}(i) +2Lty[$,8]iy($,t) +2Ltu[x,t]iu(x,t)>dxdt

+A (Lyy[x, y(2,1)? + Luulz, (e, £)? + 2Lyu]z, ty(z, Hulz, t))dxdt

17

(3.4)

0;

(3.5)

(3.8)

Qr,
=y Tz (L, t]% + Ly fo y(e, 1) + Lule, fu(e, 1) dedt
B0 (sl UG )7+ 20l () + gl e 7 et
+ . 2730 (Ay il 1+ Loty — ) dad
+ /QT* e(, s)(gee[, t](%f)2 + Gy, Y* + guulm, tJu? + 294 [z, t]%y + 2g¢u [z, t]%u + 2gyu [z, tlyu)dzdt
+ zm:m/g (LiTT[T*7T*]T2 + 2L;7r¢ [Ty, T Ty(T) + LiCC[T*,T*]y(T*)Q)} 20
=1

for all d = (T,y,u) € Co[(Tx, yx,usx)]. Here A[(Tx,ys,us)] denotes the set of Lagrange multipliers (X, @, u, @)
satisfying conditions (i) — (iv). In addition, if (H6) is satisfied then multipliers (X, @, i, ¢) € A[(Ty, Y, us)] are

normal, that is, A =1 and one has

__max D(2T7y7u)£P(T*,y*,u*, 1,@,y,$,é}[d, d] >0 VdeCl(Tx,ys, us)].
(1,8,1,0) EA[(Tx Y ux )]

(3.9)



18 H. KHANH ET AL.

To deal with second-order sufficient conditions, we need to enlarge the critical cone C[(T%, y«, tx)]. For this
we define C'[(T%, Y, u)] being a set of vectors (T, y,u) € R x W' (0, Ty, H, D) x L*(Qr,) satisfying conditions
(Cl)’ (02)7 (03) and

Tt

(c}) gt[x,t]i + gylz, tly(z,t) + gulz, u(z, t) € T([a,b], gz, t]) for a.a. (x,t) € Qr,.

The following theorem gives second-order sufficient conditions for locally optimal solution to (P).
Theorem 3.4. Suppose assumptions (H1) — (H5), Tx > 0 and (Ti,ys,us) € ®. Assume that there ewist
Lagrange multipliers X\ = 1, p = (1, 2, -y b)) € R™, @ € L®(Qr,) N L*(0,Ty; H3 (), € € L*®(Qr,) and
an absolutely continuous function ¢ : [0,T.] — R such that conditions (i)—(iv) of Theorem 3.3 are fulfilled.

Furthermore, assume that the following conditions are fulfilled:
(v) (the strictly second-order condition)

Dy L8 (Teyyusua 1,3, 1,0, 8)[(T,5,0), (T, 3,0)] >0 Y(T,5,3) € C'[(To, ys,w)] \ {(0,0,0)}; (3.10)
(vi) (the Legendre—Clebsch condition) there is a number Ao > 0 such that
L[z, t] 4+ €(z, t) guu[z, ] > Ao a.a. (z,t) € Qr,. (3.11)

Then there exist numbers €9 > 0 and kg > 0 such that

1 T
J(T,y,u) > J(Tiy Ys, us) + Ko ((T —T.)* + —/ |u(z, —t) - u*(x,t)|2dxdt) (3.12)
T, QT T

for all (T,y,u) € dN N((T*,y*,u*),so). In particular, (Tx, y«, us) is a locally optimal solution to (P). Here

d ﬁN((T*,y*,u*),so) = {(T,y,u) cd: dist[(T,y,u), (T*,y*,u*)} < 60},

with

Tt
dist[(T, y,u), (Te, Yu, ux)] :=|T — Ti| + max |ye(2,t) — Yue(x,t)| +  esssup  |u(z, =

p T ) — uy(z, t)].
(z,t)€Q %[0, T VT (z,t)€Qx[0,T%] *

Remark 3.5. 1) By using similar arguments as in the proof of [37], Proposition 2.6, we can show that if strictly
second-order condition (3.10) and the Legendre-Clebsch condition (3.11) are satisfied, then the following strongly
second-order condition holds:

F0 >0 Dy L8 (T, ue, 1,3, 1,6, )[(T,5,0), (T, 5,0)] > 30(T2 + |[all3) V(T,7.3) € C'[(T, s, us)].

Conversely, by a modification of the proof of [38], Lemma 5.1, we can prove that if the above strongly second-
order condition is satisfied and L;c¢[-, -] = 0, then the strictly second-order condition and the Legendre-Clebsch
condition are fulfilled.

2) When T = T, (P) becomes a problem with fixed end-time. In this case the conclusion of Theorem 3.3 is
similar to the first conclusion of [16], Theorem 5.2 except that the critical cone in Theorem 3.3 is somewhat
different from those in [16], Theorem 5.2. Meanwhile, Theorem 3.4 implies [16], Theorem 5.8.
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4. PROBLEM WITH FIXED END-TIME
Recall that Q1 = 2 x (0,1). We put

Ur = L®(@Qu), Yi={¢e W3 (0,10, H)nW2N(Qu)] AC € LP(Qu) }.
Then Y7 is a Banach space under the graph norm

I¢v = 1€l 0,050, + Ilw21 @0y + 1AL oy -

To establish optimality conditions for time-optimal problem (P), we need to change variables to transform
(P) into a problem with a fixed terminal time. Taking any T > 0, we define a function £ : [0,1] — [0,7] by
setting £(s) = T's.

Let

((z,8) = yla,&(s)), v(z,5) :=u(z,£(s)).

By changing variable t = £(s) = T's in (P), we obtain the following optimal control problem with fixed final
time:

J(&,T,¢,0) = (T, ¢(1 //TLQ:§ ), 0(z, 5))dwds — inf

s.t.

g<+TAC+Tw(x§§) Tv inQy, ((z,s)=0 onX; =T x]0,1],
(P1) —yo in Q,

&= /TdT

(T, (1 i=1,2,...m

a < g(x,f( ),((x,s),v(x,s)) <b aa xe€, Vse|0,1]
We shall denote by ®; the feasible set of (P;) and put
Z =C([0,1,R) x R x Y7 x Uj.
Given a vector z = (§,T,(,v) € Z, we define
Izl = I€llcqo,ur + 1 TT+ ISle,) + Ivlo, 1lzllz = l€lcqour + 1T]+ i<y, + llvllo,-

Given zg € Z and r > 0, we denote by B.z(z0,r) and Bz(zp,r) the balls center at zy and radius r in norm || - ||«
and || - ||z, respectively.

Definition 4.1. Vector z, = (&, Tk, (s, v+) € @1 is a locally optimal solution to (P) if there exists ¢ > 0 such
that

~ ~

J(z) < J(2) Vz € @ satistying ||z — z.|[« < 0. (4.1)

Since Y; < C(Q), there exists v > 0 such that ||z|. < 7||z||z for all z € Z. Therefore, if ||z — 2.z < %,
then ||z — z.||« < d. Consequently, if z, is a locally optimal solution to (Py) in norm || - ||, then it is also locally
optimal solution to (P;) in norm || - ||z.
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The following propositions give relations between optimal solutions of (P) and (P).
Proposition 4.2. Suppose that (Ty, ys, us) € ® is a locally optimal solution to (P). Let &.(s) = Tys for s € [0,1]
and

Cel(, 8) 1= yu(@,84(8)), va(T,8) = us(x,&(5)).

~

Then the vector (&x, Tk, C, vx) is a locally optimal solution to (P1) and J(&x, Tk, Cx, V) = J(Th, Y, s ).

Proof. By definition, T. > 0 and there exists ¢ > 0 such that (3.1) is valid. Fix a number Ty > .. By the
uniform continuity of y.. on € x [0, 7], there exists § € (0, §) such that

Vi, ty € [O,To] satisfying |t1 — t2| < 4. (42)

A~

|y*e($,t1) - y*e(x7t2)‘ S

We can choose § > 0 small enough such that T' > 0 whenever |T' — T| < 4. Clearly, (&4, T, i, v) € ®1. Let
(57 Ta <7 U) S (1)1 such that

€ = &lleqoar + 1T =Tl + 1€ = Glleg,) + I1v = vill e @,) < min(,To — T). (4.3)

We define y(xz,t) = ((x,£ (), u(x,t) = v(x, £ 1(t)), where £71(t) = L. It is easy to check that (T, y,u) € ®.
By (4.3) we have

1T — Tl + 1€ = &xlleqo,a),r) <0 <

=~ ™

Without loss of generality, we may assume that T > T. Then from condition T'— T}, < Ty — Tk, we have T' < T}
and [0,7 V T,] = [0, T]. Therefore, for (z,t) € Q x [0,T], we have

[ (:8) = Yoo, 0] = [y(@,6) = e (@,1))|

= [¢(,7(0) = pelo €67 1)
<J¢le. 1) ot )| +
= [¢(e7'®) — ¢ (w7 @) [+

0o (2,6 (6710)) = yee (2.7 (1))
Poe (0,6 (€71)) — e (w667 )| (49)

Note that £71(¢) € [0,1] for all ¢ € [0,T]. By (4.3) we deduce that

(267 ®) = ¢ (2.670)| < I = Gelleg, <0 (45)

€
4

for all (z,t) € Q x [0, T]. Moreover, for all t € [0,T] we have t; = &, (£71(t)) € [0,T.] C [0,T], t2 = £(§71(¢)) =
t €1[0,7] and

t1 — ta] <|I€ = &lleqo,n,r) < 0.

Therefore, we have from (4.2) that

V(z,t) € Q x [0,7).

oe (0,6(€71 1)) = e (w6671 1)) | <

= M
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Combining this with (4.4) and (4.5), we get

e € ¢ —
‘ye(a%t)*y*e(xat” < 1+1:5 V(I,t)EQX [07T]
This implies that max [Ye(,t) = yse(x,t)| < 5. Hence
(z,t)€QX[0,TVTi]
e € 3
|T —T.| + max [Ye(2,t) — Yse(x,B)| < = 4+ = = —. (4.6)
(x,£)eQx [0,TVT.] 4 2 4
On the other hand
Tt t t €
esssuDyepo7 (70 ) — (1) = es5UPe(o 1. [0(a, ) — 0. ()| < o = wull () <5 < 5.
Combining this with (4.6), yields
Tt
T =T+  max - |ye(z,t) = yue(, 8)] + esssupyepo ) [u(7) —u(t)] <e.
(z,t)€Qx[0,TVTy] *
From this and (3.1), we have J(T%, ys, us) < J(T,y,u). Hence
J(£*7 T*7 C*? ’U*) = J(T*7 y*7 U*) S J(T7 y7 u) = J(ga T7 C7 U)‘
The proof of the proposition is complete. O

Proposition 4.3. Suppose that T > 0 and (&, T, (s, vs) € P1 is a locally optimal solution to (Py). Let

y*(x,t) = C*(l‘,f*_l(t)), u*(aj’t) = ’U*(xaf*_l(t))'

Then the vector (Tx, y«, ux) is a locally optimal solution to (P) and J(Ts, Ys, usx) = j(f*,T*, Cioy Us).

Proof. Let § > 0 such that (4.1) is valid. Fix a number Ty > T,. Since ¥, is uniform continuous on Q x [0, Ty],
there exists € € (0,0) such that |y.e(z,t) — yue(z,t')] < g for all ¢,t' € [0,Tp] satisfying |t — /| < e. We can
choose € > 0 small enough so that 7' > 0 whenever |T — T,| < e. We now take (T, y,u) € ® satisfying

Tt L€
T —T.| + max Ve (@, 1) — yse(@, )] + esSSUD(, ) cx o, [u(; ?) — us(z,1)] < mm(g,To - T.).

(z,t)€EQX[0,TVT.]

Without loss of generality, we can assume that 7' > T,.. Then we have T' < Ty. Let £(s) = T's and ((z,s) =
y(x,€(8)),v(x, s) = u(z,&(s)). Then (§,T,(,v) € 1. Note that

€
1€ = &lleqonm = max [Ts = Tus| = [T = Tu| < 5. (4.7)

From this and uniform continuity of y.., we have for all (z,s) € Q x [0, 1] that
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This implies that

0
1€~ Gl < o (43)
Also, we have
eSSSUD o) a0, [0 ) — (. 5)] = €85UD(y oy ccas . [u(w. T5) = . o, 7o)
Tt e 6
= eSSSUP(, y)cax (0,7 [ U2, ?) — ux (2, 1)) < S
Hence |[v — v,]|p(@,) < 3. Combining this with (4.7) and (4.8), we obtain
6 0 6 4
1€ = Exlleqo.nm + 1€ = Glle@,) +llv = villz=@y +IT =Tl < g+ 5+ s+ £ =0
Since (&, Tk, Cx, vs) is a locally optimal solution to (P;), we have
J(Ty,u) = J(E,T.¢,0) 2 T (€, T G va) = J(Tey gy ws).
The proof of the proposition is complete. O

To reduce (P;) to a mathematical programming problem, we put
B = L'(Q1) x (H}(Q) W 57(@)) x C(0,1,R), W = L=(Qu).
Define mappings F' : Z — E, H : Z — R"™ and G : Z — W by setting

F(57T7<7’U) = (Fl(gaTvé-v'U)a F2(£7Ta<-7v)7 F3(£7T7va)>

9¢

)
= (§e + TACHTU(.E0 = To. CO)=w. €= [ Tdr).

H(ET,Cv) = (Hi(E T,C0), o Hi(6,T,6,0))
(¢1(T,g(1)),...,¢m(T,g(1))) - (/QLl(x,T,C(z,l))dx,...,/QLm(:zr,T,C(:z:,l))dx),

and
G(€7 Ta C7 ’U) = 9(7 57 <7 U)'

By definition of space Y7, if (§,T,¢,v) € Z then %,AC € LP(Q1), ¥(,&,¢) € L*°(Q1) C LP(Q1) (since £ €
C([0,1],R), ¢ € C(Q,)) and v € L>=(Q1) C LP(Q1). Hence

9¢

52+ TACH+ T (-,£,Q) = Tv € LP(Qu)
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and so Fy is well defined. F} is also well defined. Indeed, from (H3) we have yo € H}(Q) N W27%’p(9). Since ¢ €
Y1, ¢ € Wy (0,1; D, H) N W2L(Q1). Since Wy (0,1; D, H) — C([0,1], V), ¢(0) € HE(R). Since ¢ € W2L(Q1),
[26], Lemma 3.4, p. 82 implies that ¢(0) € W2~ 57(Q). So ¢((0) € HL(Q) NW?>#7(Q). Consequently, ¢(0) —yo €
H} ()N W2 iP (Q). Therefore, F' is well defined. Similarly, H and G are well defined. We now rewrite problem
(Py) in the form of (M P):

)

(&, T,¢,v) — inf

.

(MP1) P T, () =
H(,T,¢, )_
G(gaT7C?U) EKl,

"y

where
Ky :={ue L>*(@Q1)a <u(z,s) <baa. (z,5) € Q1}.

Next, we will apply Proposition 2.4 for the problem (MP1) to derive necessary optimality conditions.
As before, given a vector z, = (&, Ts,(y,v5) € ®1, the symbols Lz, s|, Li[z,s], Ly[z,s], etc., stand for

L(z,&4(5), Gz, 8),v4(2, 8)), Li(z,£:(s), Cu(, 8),va(x, 8)), Ly(x,&(5), Gz, 8),v4(z, 8)), etc., respectively.

The following lemmas shows that (P;) satisfies all conditions of Proposition 2.4.

Lemma 4.4. Suppose that assumptions (H2) and (H4) are satisfied. Then the mappings j, F.H and G are of
class C? around z,.

Proof. Let By(z., ) be a neighborhood of z, in Z. By assumptions (H2), (H4) and some standard arguments,
we can show that J F,H and G are of class C? in Bz(2,€) (see a detail proof in the appendix). Namely, given
a vector 2 = (§,T,C, V) € Bz(z«,€), we have

o~ o~ o~

DI T.C.v)] = / (Lop (e, T, EQU)T + Lo (e, T, C1))C(1)) da
+/ (TL(:E £, C7 V) + [Lt(x f C, )§+Ly(x,aa@)c+Lu(m7ag,ﬁ)v]>dmds, (4.9)

DF(3) = (DFl(E), DFy(3), DFg(E)), (4.10)
DEG(ET,¢)) = %o+ TAC+ Ty (. £0C + T 606~ To 4 TAT+4(,. £ ~9),  (41)
DF(2)[(€,T, ¢, v)] = ¢(0) (4.12)
DF3(3)[(6.T,¢,v)] = € — / Y ra, (4.13)
DH(3) = (DHl( 2), DHy(3), ..., DHy, (2 )) (4.14)

H;(3)[(£, T, ¢,0)] :/Q(LiT(x,”ff(l))T—i—Lic(x,ff(l))g(l))dx, i=1,2,..,m, (4.15)

G(g)[(gvTa <7U)] = <gt('agaz’ {]\)7€> + <gy(5§7 Za 6)7 C> + <gu(7£a C,ﬁ),v) (416)
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and

D2IEET.¢ 0 = | (Lorr(e, T8I+ Loce(o. T, CWICW) + 2Lore( T, CNTE(D) da

Q
/Q T[Li(x,& (D)6 + Ly (2,€,C,0)C + Lu(, & ¢, D)v]dads, (4.17)
(

“FE)E T, v)?
= (Pl & D8 + Ty (& O + 2Ty (- €, DEC + 2T (AC + (& D + 9, (- £, D¢ — ), 0, 0), (418)

T|Lut(, & C)E + Ly (2,68 )¢ + Lua(, €, C9)0? | dads

Lty x 5 Ca 0)&C + Ly (2, f C, 0)€v + Ly, (z, f C, )Cv]dxds

2H(Z)(&,T,¢v)? = (D*Hy(3), D*Ha(2), ..., D*Hn (2)) (€, T, 0)?, (4.19)

2H,(3)(&, T, ¢, v)? = / (Lirr (2, T,C)T? + 2Lirc (2, T, C(V))TC(1) + Lice (2, T,¢(1))¢2(1))dz,  (4.20)
PGEET 60 = gul-ECDIEE + 900 (- ECDG T+ guu EC ) 0,0

+ 20t (€, C, D), €] + 2000 (- & CD)E, v] + 2050 € C D), 0] (4.21)

for all (¢,T,¢,v) € Z. The lemma is proved. O

Lemma 4.5. The operator DF (&, Ty, i, v4) : Z — E is onto. In particular, DF (&, TiCs,vs)Z is closed.

Proof. Taking any (¢o, (o, &0) € F, we consider the following equation on Z
DF(f*, T*a C*? U*)[(f, T7 Ca ’U)] = (¢07 <07 50)

By (4.10)—(4.13), it is equivalent to the system of equations:

0
O+ TLAC + Tty 6oy G+ Ty, GIE = Tov 4 T(AG 43, 60,G) =) = 6o,

¢(0) = Co,
£(s) = T's = &o(s).

Taking T'= T, and v = 0, we get £ = &y + Tks. Consider parabolic equation

% + T AC + T*I/}y( é*a C*)C = ¢O - T*1/Jt(',€*, C*)§ - T*(AC* + d’(',é*’ C*) - v*)a (4'22)
¢(0) = Co- (4.23)

By (H2), Tuu(-, €. C.)E € L(Q1). Also we have T,(AG + (&, C.) — v,) = — ¢, € LP(Q1). Hence go —
Tethy (&4, G )E — T (Al + (-, &k, G) — v4) € LP(Q1). By Lemma 2.2, equations (4.22)—(4.23) has a solution
¢ €Y1. Therefore, DF (&4, T, (s, vs) is onto. The lemma is proved. O

The following lemma shows that the Mangasarian-Fromowitz condition is valid.

Lemma 4.6. If (HG) is satisfied, then (A4) is also fulfilled at z, = (Ex, Ty, Cs, Vi)



SECOND-ORDER OPTIMALITY CONDITIONS FOR TIME-OPTIMAL CONTROL PROBLEMS GOVERNED 25

Proof. Recall that &.(s) = Tis, C(z,8) = yu(z,Ts), vi(,s) = u.(2,Tis). By Lemma 4.5, the operator
DF(z.): Z — E is onto. Let (T, 7, u) satisfy (H6). By defining

E(s) = Ts, ((z,9) = §lx,T.s), Blx,s) = i, Tos),

we see that (H6) is equivalent to:

% + T (AT + W 60 GOE + 0y (€0, ) = ) + T(AG + 9060, G) = v.) =0, L(0) =0
Wi(T, G (1)) —i—wiT(T*,C*(l)ﬂi—&- z/Jig(T*,C*(l))gi(l) <0, i=1,2,...m

g('af*vC*aU*) +gt('a§*7c*7v*)§ +gy(',f*7C*aU*)C +gu('7§*,C*7U*)5 S intl(l-

(H6)'

This means that

DF(2,)(§,T,(,3) =0
Hi(z) + DH;(z)(€,T,C,0) <0, i=1,2,...m,
G(z) + DG(2)(E,T,(,0,) € intK;.

Hence (A4) is satisfied. The lemma is proved. O
Let us denote by C; o[z« the critical cone of vectors (£, T, (,v) € Z satisfying conditions:

(b1) / (Lor[Te, 1T + Loc [T, 1¢(1))dx —|—/ (TL[x, s] + Tu(Le[z, s)€ + Ly, )¢ + Ly[z, s]v))dxds <0;

1

ba +T (ACH el € + byl J¢ =) + T(AG + 9[-, ] —ve) =0, ((0) =0;

(b2) 83

(bs) &(s) =T's for all s € [0,1];

(b4) LzT T*, 1 ) + Lic[T*, 1}((1))(1‘% <0 forie {1,2, ,m|wZ[T*, 1] = 0};
Q

(b5) gel-5 1€ + gyl ]C+gu[ ,Jv € cone(Ky — g[-,]).

The closure of C1 g[z] in Z is denoted by Ci[z.]. It is also called a critical cone to (P;) at z..
Let us define a Lagrange function associated to (P;):

L:Z xRy x LYQ1) x (HA(Q) N W2 2P(Q)* x C([0,1],R)* x R™ x L®(Q;)* — R
by setting
C(Z, A7¢17¢37VT»N,W*)
a¢

_ /\/Q Lo(z, T.¢(1))dz + /\/ TL(x,€, ¢, v)dads + /Q 61( 2+ A+ Tue,€,0) ~ Tv)daas

T (85,C(0) — o) + (i€ - / TdT+Zuz/ (@ T )+ (w,g( 6.C,0)), 2= (E.T.C.0) € Z

The following result gives necessary optimality conditions for (Py).

Proposition 4.7. Suppose assumptions (H1) — (H5), Ty > 0 and z. = (&, Tk, (i, vs) € 1 is a locally optimal
solution to (Py). Then there exist Lagrange multipliers A € Ry, p = (1, 2, s i) € R™, o € L=(Q1) N
L2(0,1; HY(Q)), e € L*>®(Q1) and an absolutely continuous function ¢ : [0,1] — R not all are zero and satisfy
the following conditions:
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(1) (the adjoint equations)

P .
_aii + T, A*p+ T*wy['a '}‘P = _)‘T*Ly['v } - er[" ] in @1,

=0 on Xy,
and
{¢/(5) = —/ ()\T*Lt[:z:, s] + Tt [z, 8] + ege[z, s])dx in (0,1),
Q
#(1) =0

where A* is the adjoint operator of A, which is defined by A*p = — ij:l D;(a;;(z)Djp);
(#3) ( optimality condition for v, )

AT Ly [z, 8] — Tup(x, s) + e(z, 8)gulz,s] =0 a.a. (x,s) € Q1;

(#it) (optimality condition for T.)

(4.24)

(4.25)

(4.26)

/0 ¢(s)ds + / 1 (x\L[a:, s]+ w(AC* + [z, 8] — U*)>dl‘d8 + /Q (/\LOT[T*, 1] + ZuiLiT[T*, 1])da: =0; (4.27)

=1

(iv) (the complementary conditions)

pi > 0 and i (Ty, G (1)) = Ni/ Li(z,T,C(1))dz =0, i =1,2,...,m,
Q
e(z, s) € N([a,b],g[x,s]) a.a. (z,s) € Q1.

Moreover, one has
(v) (the nonnegative second-order condition)

sup D(2§7T7§7U)£(£*7T*5C*7U*7)\;S07M,¢,6) [Z,Z]
(N, p,¢.e) EA[2]

= sup [)\ / (LOTT[T*, UT? + 2Loz¢ [Ty, 1)TC(1) + Loce [T, 1]§2(1)>dx
Ny, p,p,e)EN[z4] Q

+ )\/ T. (Ltt[x, s]€2 + 2Ly [z, sJEC + 2Ly [z, s]€v + Lyy [z, 8]¢? + Ly [z, s]v* + 2Ly, [z, s](v) dxds

+ A 2T<Lt[x, sl + Ly[z, s]¢ + L[z, s}v) dzds
Q1

b [ [T (il s + il 1P + 2y o 516C) + 27 (A + i € + 5 51 — v) |dads

b [ elo5) (e, s + guple 1 + gl 510+ 20, 6 + 2,510 + 29y, ]G0 dads

#3000 [ (LiralT T2 4+ 2Ll UTC0) + L2, 11 da] > 0

(4.28)

(4.29)
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forall z = (§,T,(,v) € C1,0[z+]. Here Alz,] denotes the set of multipliers (X, @, pt, ¢, €) satisfying conditions (i)-
(). In addition, if the assumption (HG)' is satisfied then multipliers (A, @, u, ¢,e) are normal, that is, A = 1
and one has

max D? L&, Th, Gy Vs, N, 0, 1, 0,€)[2,2] >0 Vz € Cplz. 4.30
(Lomde)erlz) TV (6T 1 0€)[2,2] 1[24] (4.30)

Proof. 1t is easy to see that
intKy = {v € L*(Q1) : a < essinfv < esssupv < b}.

Hence intK; is nonempty and so (A1) is valid. By Lemma 4.4 and Lemma 4.5, (A2) and (A3) are valid. Thus
all conditions of Proposition 2.4 (part (a)) are fulfilled. Accordingly, there exist Lagrange multipliers A € Ry,

o1 € LUQu), 65 € (HY(Q) N W2 EP(Q)*, jo = (ur, ra, o i) € R™, v € C([0,1],R)* and w* € L=(Qy)*
such that the following conditions hold:

Dz[:(z*a)\7¢lv¢3ayf7/’éaw*)

= ADJ(z) + (61,65, 11), DF(2.)) + (4, DH(2.)) + (w*, DG(2,) ) = 0, (4.31)
A>0, w; >0, wHi(2:) =0, i=1,2,....m, (4.32)
w* € N(K, g, ), (433)

sup D2L (2, N, h1, 03, V5 pryw™)[2, 2] >0 Vz = (&,T,¢,v) € Cr oz (4.34)

(ANd1,05,v7 1, w*)EA[24]
Note that v is a signed Radon measure which is absolutely continuous w.r.t the Lebesgue measure | - | on [0, 1].

By Riesz’s Representation (see [31], Chapter 01, p. 19 and [39], Thm. 3.8, p. 73), there exists a function of
bounded variation 14, which is continuous from the right and vanishes at zero such that

<y;,q9>=/0 I(s)dn(s) V9 e ([0, 1], R),

where the integral stands for the Riemann-Stieltjes integral. We define function ¢ : [0,1] — R by setting
o(s) := —11((s,1]) = 11(s) — v1(1). (4.35)

Then the function ¢ is of bounded variation and ¢(1) = 0. Then for all ({,T) € C([0,1],R) x R, we have

) 1
L E— Tdr) = —Ts)d .
wie= [ Tan) = [ 6t =Ty ()
Hence (4.31) becomes

A [ (Lor@, T )T + gl TG (10)60) )

+ A (TL(.%‘,g*,C*7 U*) + T*[Lt(.T,f*, C*,v*)é + Ly(:c,f*, C*vv*)c + Lu(x,f*, C*,v*)v})dxds
Q1
¢

+ / 1 01 (% +T,AC + Tﬂﬂt(%f*a C*)€ + T*T/Jy(wﬁw C*)C - T*v)dxds
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+ / o1 (AC. + (. £.,G) — v ) Tdads

1
5,C(0 Ts)dvy( i i Ty, Cy T + L (x, Ty, Cs d
+ (63, ( )>+/0(£() ) ( +Zu/( (2, T, ()T + Lig(2, T, G (1)C(1) ) da
+ <w*agt('7£*,4*av*)g+gy('a€*7C*7U*)C+gu('>£*aC*7v*)v> = 0> v(£7T3<7U) € Z. (436)

Step 1. Deriving optimality conditions for v,.
By inserting (£,T,¢) = (0,0,0) into the above equality to get

A T. L[z, s]v(z, s)dads — 1 Todzds + (w*, gu [, -Jv) =0, Vv € Uj. (4.37)
Q1 Q1

It follows from (4.37) that
gu['a ]U)* - T*¢1 - )\T*Lu[v ]

Hence

By (Hb5), [ 7€ L>(Qn). Since T¢1 — AT, Ly [-,-] € LI(Q1), we have %T*}L“[] € L9(Q1). Consequently,
w™ can be represented by a function e € L9(Q1). From this and (4.38), we obtain

Ted1(x,8) — AT Ly [z, 5]
gu[l‘,s]

e(z,s) = a.a (z,s) € Q1.

This implies that
AT Ly [z, s] — Thpr(x, s) + e(z, s)gu[z,s] =0 a.a. (r,s) € Q1 (4.39)

which is in the form of assertion (iz) of the proposition. In Step 2, we will find ¢;. By (4.33) and Corollary 4 in
[40], we have e(x,s) € N([a,b], g[z, s]) for a.a. (z,s) € Q1.

Step 2. Deriving the first adjoint equation.
Inserting (¢,7,v) = (0,0,0) into equality (4.36), we get

8 m
S (G + A Tyl i) s + (65,0 = = [ (MaclTe 1060 + > LT 11 (D)da
- )\/ T.Ly[z, s|¢dzds —/ egylx, s|¢dads, V¢ €Y. (4.40)

Inserting v = %Cj into (4.37), we get

A/IT*Lu[x,s]%:jgdxds—/lqs T, iff %(d ds+/1egy[x,s]gdxds:o, V(€ Y. (4.41)
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Combining this with (4.40), yields

/ (5 + 7. AC + Tty Lo, 5IC) adads + (63,C(0)) = - /Q (ALogl T 16(1) + > piLLic [T, 1] (1)) da

Js ,
=1

_ )\/ T,L, [z, s|¢dzds + )\/ T.Ly, s}mgdxds s 2 s, v e,
1 1 gulz, 5] Q1 GulT, ]

This is equivalent to

a¢ gylz, ] " _
L (G TACH Tl sl T 200 ) ndads + 403,C0) =
_ /Q (ALoc[T2, 1]¢(1) + ;MLK[T*, 11¢(1))da — )\/IT*Ly[x,s]Cdxds—k )\/IT*LU[QS]ZEZ ‘j ¢dads

(4.42)
for all ¢ € Y7. Let us consider the equation
) : sl
_Ff + T A+ T (o, 5] + M)@ = AT, L[z, 5] + AT, L[, s] iﬁij in Q1
»—0 on Sy, (4.43)

By (H4) and (H5), =ALoc[T%, 1] = S0y i Lic [T, 1] € L(9Q), Tu (v [ ] + 2421) € L2(Qu) and —ATLL, [+, -] +

AT Ly [ ] 5%% € L>®(Q1). By changing variable @(z,s") = ¢(x,1 — s’) and using Theorem 2.1 in [11], we see
that the above equation has a unique solution ¢(z,s) = @(z,1 — s) which belongs to L>(Q1) N L2(0, 1; H} (2)).

Multiplying both sides of (4.43) with ¢ € Y7 and integrating on @1, we have

O " gyl 5] _ gyl 5]
/Q (— D5 + T A o + Ty (Yy [z, ] + gzix,s])go)(dxds = /1 (— M Ly ]¢ + AT*Lu[m7S]gZ[x,s] C)dxds

Using integration by part formula, we get

/ (% + 1A+ T (o 5] + ﬁ{fc } )¢ pdards + (2(0). C(0)) i — ((1).C(D)m

_ /1 ( — ATLL,[,J¢ + AT Ly [z, 5] zﬁi j §)dxds.

Since p(1) = —=ALo¢ [T, 1] — >, pt;Lic[Ty, 1], we obtain

s o W]y i
/1 (55+T*AC+T*(%[ ) ]+gu[x,s])C>god d +/Q@(o)<(0)d

- gyl, ]
_ 7/9 (ALoc[Tw, 1)¢(1) + ;uiLidT*, 1¢(1))dz + / 1 ( AL [ JC + AT Lo, s]mg)dms.
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Subtracting this equality from (4.42), we get

¢

/ (f+T*Ac+T*(¢y[x,s]+gy[m’s])c) (@1 — ¢)dads + (63,¢(0)) - /Q P(0)¢(0)dz =0 V¢ € Vi, (4.44)

0s

Gulz, ]
By Lemma 2.2, we see that for each ¥ € LP(Q1) and ¢y € H3(Q) N W27%’p(9) the equation

a¢ gylw,sly o _ IR
%+T*A<+T*(¢y[x’s}+gz[x,s])C_ﬁ in Qq, (=0 on Xy, C0)=¢ inQ

has a unique solution ¢ € Y;. Inserting such a solution into (4.44), we obtain

/ (61— @)0dads =0 VI € LP(Qy),

1

(@3.6) = [ ¢Ods =0 VG € HY® N W Er(@).

Q

This implies that ¢5 = p(0) and ¢1 = ¢ € L>(Q1) N L?(0,1; HE(£2)). Hence (4.39) becomes
AT Ly [z, s] — Thp(x, s) + e(z, s)gu[z,s) =0 a.a. (z,s) € Q1.

We obtain assertion (i¢) of the proposition. Besides, we have

CATLLy[ ] + T,
e= bl 4 T2 pe).
gu['v ]
We now rewrite equation (4.43) in the form:
90 + T A o + Tutby [z, slp = = AT Ly [, s| + AT Ly [, 8] glv.s] T, 9yl 3] ¢ in Qq,
0s gulx, 8] gulz, 8]
=0 on X,
@(1) = —/\L[T*, 1] - ZZil /,[,iLic[T*, 1] in Q.
This equivalent to
Oy . .
3 + T, A*o + Ty [z, sl = —ATyLy[x, s] — egy[z,s] in Qn,
=0 on X,

p(1) = “AL[T 1] = S0, piLig[T2,1] i 2

We obtain the first adjoint equation of assertion (4).
Step 3. Deriving the second adjoint equation (optimality condition for ).
Inserting (T, ¢,v) = (0,0,0) into equality (4.36), we get

—/ &(s)dvi(s) = / / (AT Li[w, 5] + @Titpi[x, s] + ege[w, s])€dads  VE € C([0,1],R)
0 0o Jo

(4.45)



SECOND-ORDER OPTIMALITY CONDITIONS FOR TIME-OPTIMAL CONTROL PROBLEMS GOVERNED 31

By Lemma 5.1 in [41], the above equality is valid for £(s) = {ox(r,1)(s) with 0 < 7 < 1, where x(; 1) is the
indicator function of the set (7,1] C [0, 1]. Inserting £(s) into (4.45), we get

/ Eodrr (s / &o Q (AT Li[w, 5] + @Titp[w, s] + ege[z, s])dzds V& € R, Vr € [0,1).

From this and definition of function ¢ in (4.35), we obtain

1
= / / (AT Li[z, 8] + @Titby [z, s] + ege[z, s])dads, V7 € [0,1).
Q

This implies that lim,_,; ¢(7) = 0 = ¢(1). We obtain equation (4.25).
Step 4. Establishing optimality conditions for T.
Inserting (&,¢,v) = (0,0,0) into (4.36) and notice that — fo Tsdv(s) = f T¢(s)ds, we have

/01T¢(5)ds+/Ol/Qx\L[x,s]deds—i—/l/ @ Ag*+¢[x,s]_v*)Tdmd8

+/\/LOT T*,lex—i-Zul/ Lir|[T.,1|Tdz =0, VT €R.
Q

i=1

Hence we obtain

/01 ¢(s)ds—|—/ ()\L[m,s] + o(AC + Plx, 5] —v*))dxds—i—/g ()\LOT[T*,l] +iuiLiT[T*,1})dx =0

1 i=1

which is equation (4.27).
Step 5. Deriving the non-negative second-order condition.

Assertion (v) of the theorem follows from condition (4.34) and formulas (4.17)—(4.21).

Finally, if (H6)' is satisfied, then we have from Lemma 4.6 that (A4) is valid. By the part (b) of Proposition 2.4,
we get A = 1. The proof of the proposition is complete. O

In the rest of this section, we focus on second-order sufficient optimality conditions for problem (P;). For this
we need to enlarge the critical cone C;[z.] by the cone Cf[z.] which consists of vectors (¢, T, ¢,v) € C([0,1],R) x
R x W, (0,1; D, H) x L*(Q,) satisfying the following conditions:

) /Q(LOT[T*,1]T+LOC[T*,1]4(1))dx+/ (TL[;v,s]+T*(Lt[x,s}§+Ly[m,s]C+Lu[x,s]v))dxds§0;

1

(bl2) 7+T (AC+¢t[7]§+wy[7]C_v) +T(AC*+’¢[’] —’U*) =0, C(O) =05
(%) ( )=Ts Vsel0,1];
®4) [ (Lir[Te, T + Li¢[Te, 1)¢(1))dz < 0 for i € {1,2,..,m|¢[T%, 1] = 0};
Q
(05) gilx, slE(s) + gylz, s|C(x, s) + gulx, slv(x, s) € T([a,b], g[z, s]) for a.a. (z,s) € Q1.

The following proposition gives second-order sufficient conditions for locally optimal solutions to (P).

Proposition 4.8. Suppose z. = (&, Tk, (i, vs) € @1 with Ty > 0, assumptions (H1) — (H5), and there exist
multipliers (X, u, @, ¢, e) with A\ = 1 satisfying conditions (i)—(iv) of Proposition 4.7. Furthermore, assume that
the following conditions are fulfilled:
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(v) (the strictly second-order condition)

/Q (LOTT [T, 1]T2 + 2Loze [T, TC(1) + Loce [T, 1](2(1))dx
+ / T, (Ltt[x, s]€% 4+ 2Ly [x, 8]EC + 2Ly [, s|€v + Lyy[x, 8]¢C% + Luw [z, s]v* + 2L,.[2, s]CU) dads
n /Ql QT(Lt [z, sJ€ + Ly [z, sIC + L[z, s]v) dads

b [ [T (a6 + w12 + 2y o 516C) + 27 (A + i, € + 5 sl — v) |dads

1

+
O

/Q e(z gtt x, 5]&> + gyylz, 5]C% + guulz, 802 + 291y [z, S1EC + 2910 [z, S]EV + 29,4 [, s](v)dxds

1

+ZM1/ ( i [Te, UT? + 2L [T, 1T (1) +Li(§[T*71]<2(1))dx >0
i=1

for all z = (¢, T, (,v) € Ci[z] \ {(0,0,0,0)}.
(vi) (the Legendre—Clebsch condition) there is a number A > 0 such that

T Lyy[z, s] + e(x, $)guulz, s] > A a.a. (x,8) € Q1.

Then there exist numbers § > 0 and k > 0 such that

~ ~

) 2 T+ m((T =T + o = vallBa,) )

for all z = (¢, T,(,v) € 1N Byz(24,9). In particular, z. is a locally optimal solution to (Py).

Proof. Let us define the so-called Lagrange function for (P):

where

E(f’ T? C’ ,U’ @7 ¢)7 M? e) = j(€7 T? C’ U) + <(SD7 (b)’ F(£7 T’ C’ U)> + </"L’ H(é’? T’ C? v)> + <e7 G(£7 T? C’ U)>7

(oo FET.con = [ [o(~ 224 7a%) + (0(0.6.0) — ) Te] s (1), )

/f e /0 o(s)ds + 6()E(L),
< €TC7 Z.uzszC Z,Ltz/ SCTCQSI))

(e, G(E, T, ¢, v)) = / eq(, €., v)dads.

1

Then from conditions (i)—(¢ii) of Proposition 4.7 we can show that

DZL(Z*a ©, 0, s 6) =0.

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)
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Besides, for each d = (&,T,(,v) € C[z4], D?,L(2«, ¢, b, 1, €)[d, d] equals to the left hand side of (4.46). Hence
D2 L(ze, 0,0, p1y€)[d,d] >0 Vd € Ci[z] \ {(0,0,0,0)}. (4.52)
We now suppose to the contrary that the conclusion of the proposition were false. Then we could find

sequences {z, = (&5, Tn, Cnyvn)} C @1 and {7, } C Ry such that &, — & in C([0,1],R), ¢, — (i in Y7, v, — v,
in L>°(Q1), T, = Ty in R, v, — 0% and

J(z) < J(2) + Tn <||vn — w320y + | Tn — T*|2>. (4.53)

If v, = v, and T;, = T, then by the uniqueness we have (,, = {, and §,, = £,. This leads to j(z*) < j(z*) which
is absurd. Therefore, we can assume that ||v,, — v*||iQ(Ql) +|T,, — Ty|? # 0 for all n > 0. Define

9 9 1/2
tn = (Ion = vullizgy + 1T — To%)

Then ¢, — 07 as n — +oo and we get from (4.53) that

~

J(zn) — J(2) < o(t2). (4.54)

Put &, = 5";5*, Cn = C“t:f*, Uy, = ”"t;“* and T, = T"tizT* Then we have

| Tol? + [[0nl 72,y = 1.
Therefore, we can assume that T, — T inR and 9, — 7 in L2 (Q1). On the other hand we have

€nllcqoar) = Tul <1,
€n(51) — Enls2)| < [s1 — s2||Th| < [s1— 52| Vs1,s2 € [0,1].

Hence {&,} is equicontinuous. By the Arzeld—Ascoli theorem, we can assume that & — & in C(0,1],R).
Let us claim that ¢, — ¢ for some in ¢ € W, 1(O,l,D H) and Cn( ) — C( ) in L*(Q). In fact, since
(gnyTn7<n7Un) S (bl and (5*7T*7C*7/U*) (S @1 we have

3;” 4 T Al + Tt (2, €0y Co) = Tavn,  Cu(0) = 0,
%4* + T AC + Totp(3,60,C) = Ty, Ca(0) = o

This implies that

W + T A(Gn = G) + Ty (@, &x, Gn) — P2, €0y G

= Tn (’Un - ’U*) - (/(/)(xvgnv Cn) - d}(xag*? Cn)) + (Tn - T*)[’U* - AC* - 7/)(5575*7 C*)]?
(Cn — ¢)(0) = 0. (4.55)
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By Taylor’s expansions, there exist measurable functions 6; j,, 05 , such that

w(%fan) - ’(/)(xvg*agn) = wt(xvf* + el,n(gn - f*),Cn)(fn - 5*)7 0 S el,n(x ) S 1
1&(96,6*7%) - "l’(%f*a@) = ’l/Jy(l‘,f*,Q + 02,n(Cn - C*))(Cn - <*)7 0< 92 n( ) <1

Note that T, — T, in R, &, — & in C([0,1],R) and {, — (« in L°°(Q1) so there exists M > 0 such that

Tl + lnlloqon,r) + CallLoe @) + 116+ + 01,0 (En — E)llc(oa1r) + 16 + On(Can — CG)ll e (@,) < M. By (H2),
there exists ks > 0 such that

Vs (z, §x + el,n(fn - &«%Cn)\ + |¢y($7£*7<* =+ 02,n(<n =G| < k.

Hence T, ¢y (z,&x, G + 02,0(C — i) is bounded in L>(Q)1). From (4.55) we get

¢, ~
; b TWAG, + Tty (0, Ev, Co + 020 (Co — C))Cn

= Tu[On — e(@, & + 01,0 (En — &), Ca)n] + [ — A — (2,60, 0y Ca(0) = 0. (4.56)

By [42], Theorem 5, p. 360, there exists a constant ¢ > 0 such that

||Zn||W21’1(O,1;D,H) <c n[an - 1/%(55,5* + 01,n(§n - g*); Cn)gn] + [U* - AC* - 1/)(:17 f*a C*)}

< eM + eMEn|Q1|? + ¢ljv. — AC — (@, &4, G| 2(01)-

L2(Q1)

Hence {En} is bounded in T/V1 1(0,1,D H). Without loss of generality, we may assume that Zn - E in
WélmJﬂD<H)ByﬂwAuhnﬂwmmnthnmhﬁdmgﬂéla)II)H)@»L%QIJﬁlmmmmmtHmme@
¢ in norm of L2(0,1; H). This implies that C, () — ((t) a.a. t € 0,1]. On the other hand W, (0,1, D, H) <
C([0,1], H). Hence Zn( 1) — g( ) in H. The claim is justified.

Let us divide the remainder of the proof into some steps.
Step 1. Showing that (E T,C, v) € C1[(&x, Tk, Ci, v4)]-

We now use the procedure in the proof of [42], Theorem 3, p. 356. By passing to the limit, we obtain from
(4.56) that

aC - P - IO
O Y LACH Ty [ T =T il 10 + (0 — AG — 0l DT, C0) =0

which implies that condition (b4) is satisfied. Also, we have

o~

| Tos — &(s)| = [€n(s) — £(s)] < maxye(o,1)/€n(s) — £(5)] = 1€ — Ellc(oa ey Ys€[0,1).  (4.57)
Letting n — oo in (4.57) and notice that & — Ein C(]0,1],R), we obtain

£&(s)=Ts Vse[0,1].

This implies that (b5) is valid.
By the mean value theorem, we have from (4.54) that

/Q (Lor(z, T + p1(Ty — T2), (1) T + Loc (2, Tuy G + p2(Ga(1) — Go(1))) (1)) dar
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+ / T\nL(LL‘, fny Cna Un)dxds + / T*Lt(x7 5* +m (gn - 6*)7 <n7 Un)gndxds

1

~ 2
+ / T*Ly($,§*, Ce + 772(Cn - C*)vvn)Cnd‘TdS + / T*Lu($a£*7 Goor Vs +13(vn — U*))i}\ndxds < O(tn>7 (4.58)

1 tn

where 0 < p;,n; < 1. Since §,, — &, in C([0,1],R), T,, = T in R, ¢,, = (. in Y7, v, = v, in L*°(Q1) and (H4),
we have

| Lot (-, Ts + p1(Tn — T4),Cn(1)) — Loz (-, Ts, (1)) || Lo ) — 0 as n — oo,
[ Loc (- T, G + p2(Cn(1) — ¢(1))) — Loc (5 T, Ge(1)) | () = 0 as n — oo,
HL('aé.mCmvn) - L(',f*,c*,v*)HLm(Ql) —0 as n— oo,

(Lt (- &x 4 m(En — &4)5 Gy Vn) = Li(+ €y Gy )l oo (@) — 0 @as m — o0,
HLy('vg*vC* + 772(Cn - C*)?vn) - Ly(',g*,C*7U*)HLoo(Q1) —0 as n— oo,

[ Lu(e &s Gy v +m3(0n — v4)) = La(5 &xy Gy 04) | (@y) = 0 as o — o0,

Combining this with the fact Zn(l) — Z(l) in L2(Q), we deduce from (4.58) when n — co that

/Q(LOT[T*,l]JA“+LOC[T*,l]A(l))der/ (fL[:c,s}JrT*[Lt[x,s]ng 1z, 8]C + Loz, s]o ])da:ds<0

1

Hence condition (b]) of Ci[z] is valid. It remains to verify conditions (b}) and (bf) of Ci[z.]. For each i €
{1,2,...,m}, we have

/Li(x,Tn,Cn(m,l))dx—/Li(x,T*,(*(x,l))da:
Q

Q

= (T, Gu(1)) = (T2, G (1) € (=00,0] = (T2 G (1)): (4.59)
Using the mean value theorem for the left hand side of (4.59) and dividing both sides by t,, we get

[ (BT (T = ) G + BT (1) 156 (1) = (D) (1))

€ (200,01 = Bi(T2, (1) € (00,01 (T2 & (1), (4.60)
where 0 < 74,75 < 1. Notice that T, — T in R, (,(1) — ¢(1) in L2(2) and

I Lir (-, Ts +na(Tn — T%), Ca (1)) — Lir (-, T, Ge(1)) | Lo () = 0 as n— o0,
| Lic (-, Tu, G (1 )+775( n(1) — (1 ))) Lic(,Ts, G(1))[[ o) = 0 as n — oo.

Letting n — oo in (4.60) and using (H4), we get
/Q (Liz (2, T, G ()T + Lic(z, Te, G (1))C(1))dar € T((—00,0];44(Tx, G (1)), i =1,2,..,m.
This implies that

/Q(LiT(x,T*,C*(l))YA“JrLig(x,T*,C*(l))A(l))dz<() for i€ {1,2,..,m:;(Ts,¢(1)) =0}
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Hence condition (b)) is valid. Also, we have
G(fna Tn7 Cvu 'Un) - G(ﬁ*, T*; C*a U*) € (Kl - g['v ])

By a Taylor expansion and the definitions of Em Zn,ﬁn, we have

) ¢ L (s — gl ) € cone(ks — gl ) € Tia(asgl, D) (461

9il 1€ + gyl 1Cn + gul-s Jon +

Since Tp2(K71; g[-,]) is a closed convex subset of L?(Q1), it is a weakly closed set of L?(Q1) and so Tr2(Ky; g[-,])
is sequentially weakly closed. Let us claim that

9el-, 1€n + gyl 16n + guls 100 = gels 1€+ gy [ 01C+ gul J0 - in L2(Qu). (4.62)
Set M := |[&cllcqo,1,®) + 16l 0@,y + 104l (@y)- By the assumption (H4)-(i), there exists kg - > 0 such that

‘gt[.’E,S” < |9t($a§*aC*7U*) - gt(x,07070)| + |gt(xa0,070)‘ < kgﬁM/M/ + ||gt('7070a0)“L°°(Q)a
\gy[z,sﬂ S |gy(xa§*7c*av*) - gy(I707070)| + |gy(x7070a0)| S kg,M’M/ + ||gy('707070)||L°°(Q)7
‘gu[xa 8]' S |gu($,f*7C*aU*) - gu(x70a070)| + |9u(3370,0,0)| S k_(]7M/MI + ||gu(707070)||L°°(Q)7

for a.a. (z,s) € Q1. From this, for each n € L?(Q1), we have

[ (o it i+ e sl s — [ (o o€ + gyl 1+ gl ]

Q1
< | lode. sl —Elmidoas + | g )G~ lnldeds +| | gule sl — )

< (kyar M+ |ge(-,0,0,0)]| (o) /Q 1€, — &llnldads

1

+ Chgar M+ 4 (,0.0,0) i) [ |En—f||ndxds+‘/Q gule, (@ — D)dads

1

1 ~
< (kgar M+ [lg:(+,0,0,0) | Lo ()| Q1 10l 22 (1) 16n = Ellco,11.7)

gt M+ 30,00l 6 ~Clisian +| | gule sl —o)deds| - (4.63)
1

Since g, [, -] € L=(Q1) and n € L*(Q1), we have g,[-,-]n € L*(Q1). Combining this with ¥,, — 7 in L*(Qy), we
deduce that

/ gulz, s|n(0, — V)dzds = 0 as n — +oo. (4.64)

1

It follows from (4.63), (4.64) and facts &, — £ in C([0,1],R), &, — C in L2(Q1) that

/Q1 (g¢[z, s]gn + gylz, s]zn + gul, s]v, )ndads — o (9], s]g—i- gylz, S]E—f— gulz, s]0)ndzds, Vn € L*(Qy),
(4.65)



SECOND-ORDER OPTIMALITY CONDITIONS FOR TIME-OPTIMAL CONTROL PROBLEMS GOVERNED

which implies that (4.62) is valid. The claim is justified.
Letting n — oo in (4.61), we obtain

gils 1€ + gyl 1+ gl 8 € Tra (K gl ).
By Lemma 2.4 in [43], we have
Tr2(Kuigl,]) = {v e L*(Q1) s v(,5) € T([a,b]; glw,s])  aa. (z,5) € Q).
Combining this with (4.66), yields
ge[z, s16(5) + gylz, sIC(z, 5) + gulz, s)v(x, 5) € T([a, 0], glz, s]) a.a. (x,5) € Q1.

Hence condition (b}) is valid. Consequently, (E, ZA“, Z, v) € C1[(&«, Tk, Ciy v4)]-
Step 2. Proving that (¢, 7', ¢, ) = (0,0,0,0).
Since F(&ny Ty Gy vn) = F(&x, Tk, G, vx) = 0 and integration by part, we have from (4.50) that

<((pa¢)aF(€7l7Tn7Cn7vn) - F(é-*,T*aC*’U*>> = O
Since (pu, H(&x, Tk, e, v)) = 0 and p; > 0, H;(§ny Ty Gy vn) < 0,4 =1,2,...,m, we have
</J“?H(£TL3TH7CTL7’UTL) - H(f*aT*7<*7U*)> S O

Since e € N(K7y, g[-,‘]), we get

<67G(£n»Tnv<mvn) - G(£*7T*7<*,’U*)> <0.

From these facts and definition of £ in (4.49), we obtain

E((ﬁannaCnavn)vwa(éuuae) - E((é-*aT*aC*aU*>74p7¢aH‘ae)

~ o~

= J(&ns Ty Gy 0n) — J (€ Ty Gy v5)

+ (0, 8)s F(&n, Tiy Cny vn) — F &y Ty Gy v4))
+ (s H (&ns Ty Gy vn) — H (Exy Ty Gy v4))

+ (€, G(&n, Tns Gns ) — G(&x, T, Gy )

< J(Ens Ty Gy vn) = T (6 Tey Gy 0:) < 0(£2).

37

(4.66)

(4.67)

Here the last estimate follows from (4.54). Using (4.67), (4.51) and Taylor expansions for four terms in (4.67)

(see also Lem. A in the appendix for similar techniques), and collecting terms of ¥2 into a group, we get

o(t)
t

= %{£<(£n7 Cn’ Uns Tn)’ ¥s ¢’ H, 6) - ﬁ((f*a C*v Vs, T*), (2 (b, Hy 6) }
= /Q (LOTT(Z,T* + Bo1 (T, — T), Cn(l))ﬁf + 2Lore(z, Ty, (1) + Bo2(Cn(1) — C*(l)))fn&(l)
+ Loce (2, T, Go(1) + Boa(Ga(1) = G (D)) ) da

+ / Tn |:Ltt(x7§* + al(gn - 5*); Cm”n)é% + Lyy(xaf*a C* + 042(Cn - C*)/U’ﬂ)g?{l dxds
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T Gt s )T 2Ly 06 G 0 = ), ) s

b [T 2006 Gt + a5 — )T+ 2L (5,62, G+ (0 — )0,

+ / oT, [Lt [z, sE0 + Ly [z, 5]Cn + L[z, s]@n] dads

[ [l ar(6n = €, GIE +unl,e,G+ nG — G)EEdds

+ [ [20Tbin (w606t 0(G = GGl + 26 (AGu + il ol + iyl o1, 5, )|dads
+ éﬂi /Q (LiTT(% Ty + Bir(Tn = o), Ga(1))T2 + Lim(2, Toy G (1) + Bia(Ga (1) = G2 (1)) T (1)

+ Lice (0, Ty Go(1) + Bia(Ga(1) = G (1))EE(1) ) da
+ / e(z,s) (gtt(l"vﬁ* +010(&n — &), G Un)ER + Gy (@, 6y G+ 001 (G — C*),Un)&)dxds

+ / e(x, 5) (guu(fv & Gy Vs + Cku(’l)n - U*))@% + 29ty($7 &y Ce + O‘lB(Cn - C*)v Un)gnz\n)dxds

+ / €($, 3) (29tu($7 Exr Gy Vs + O414(“71 - U*))é\ni]\n + 29yu(737 &> Coy Vs + 0415('Un - U*))Enﬁn)dxds

=: X, + / [Tan(x,g*, Cor Vs + a3(vp, — v*))@% + e, 8)Guu (T, Ex, Cos Vi + Q12(vp — ’U*))@\Z]dxds,
1
(4.68)

where 0 < o, Br; <1,i=1,2,..,15, k= 0,1,2,...,m, j = 1,2,3, and

+ Loce (5, Ty Go(1) + s (Ga(1) — G (1) E (1) )da

—|—/ T, :Ltt(ﬂf,f* + Oél(fn - f*)a Cn:vn)é?z + Lyy('rag*a Ce + a2(<n - C*)vvn)&] dzds

+/ T, :2Lty($v f*» C* + 044(<n - C*)v vn)gnfn} dxds

+ / T, :2Ltu(xa 6*7 C*7 Ve + Q5 (Un - U*))Eni)\n + 2Lyu(w7 f*a C*7 Vs + Qg (Un - v*))&\ni]\n] dxds
b [ 2B [Lufo o6+ Lyfe G + Lule.sJo | dods
+ / T, |:wtt(x> &+ a7(§n - 5*); Cn)azl + %y(% Eer G T O‘S(Cn - C*))Zrﬂ dzds

+ / [2¢anty(1'7 Eer G + O¢9(Cn - C*))Enzn + 290fn (AZTL + 9y [177 S]En + wy [xv S]En - ﬁn)} dzds

#3000 [ (Lire T+ BT = T2 G2 +2Lare(, TG (1) + An(Gal1) = CONTG (1)

=1
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+ Lice (2, To, G (1) + Bis(¢n(1) — Q(l))fﬁ(l))dx

+ / 6(33, 5) (gtt(Ia &+ alo(fn - f*)a Cns Un)gz + gyy(x7£*a Cs + Oéll(Cn - C*); Un)&)dxds
+ / 6(.%', 5) (2gty(xa 5*7 §* + alS(Cn - C*)7 ’Un)gngn)dxds
—|—/ e(x,s) (2gtu(a:, Eay G, Vs + 14 (v — U*))é\nﬁn + 2gyu(x, &, G, U + a15(vp — v*))zn§n>d3:ds.

It follows from (4.68) that

0> lim {Zn +/ [TnLuu(z,f*, Cay Vs + a3(vy, — v*))@% + e(x, 8)guu (T, &k, Ci, Vs + 12(vy, — v*))ﬁi] d:z:ds]

n—oo
1

(4.69)

Recall that [[§, — & loo..r) = 05 (16 = Gell @) = 05 llon = vall e @iy = 0y 1Tn = Tl = 0, (16 = Cll22(@u) =
0, [T, = T| —= 0, U, = ¥ in L*(Q1) and [|¢n(1) — ¢(1)||12(n) — 0. Combining these facts with (H4), we get

lim %, = /Q (LOTT[T*, 1T? + 2Lore[Te, 1TC) + Locc [T, 1]22(1))dx

n—oo

+ / T, [Ltt [z, s]? + Lyylz, 5]62] dxds + / T, {2Lty[x, s}gﬂ dxds

1

+ / T, [2Ltu[x, s|€0 + 2Ly, [z, S]Zﬁ] dxds + / 2T [Lt[x, s|E+ L[z, s|C + Ly|z, s]ﬁ} dxds

1

b [ [T (bule I bl 1+ 20y 516C) + 27 (AC + il sl + o s)g — o) |dods
+3 /Q (Lira [T, (T2 + 2L T2, UTC(1) + Lig [T, 1)C3(1) ) da
+ / e(z, s) (gtt [z, S]EZ + gyylz, s]ZZ + 294y [, s]gf+ 20wz, s]gﬁ+ 29z, s]Z@)dmds

=X (4.70)

We now deal with the second term in (4.69). By using assumption (vi), we see that the function

L*(Q1) > v+ g [T\ L[z, 8] + e(z, 8)guulz, s]]0*(z, s)dzds

is convex and so it is sequentially lower semicontinuous. Hence

lim inf/ [T\ Luulz, 8] + e(z, 8)guulz, 8] |02 (2, s)dzds > / [T Luulz, 5] + e(z, $)guu[z, s]|0°(z, s)dzds.
Q1

n—oo 1

This implies that

n—oo

lim inf/ (TnLuu(x, Exs Coy Vs + a3(“n - 'U*)) + eguu(wv iy Coy Vs + O412(")71 - U*)))%\deds
Q1
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> lim inf (TnLuu(x7€*7 G Vs + aS(Un - U*)) + eguu(x7§*7 Csr Vs + 0412(7)71 - U*))

n— oo Ql

n— oo

— T Lyy[z, 8] — eguulz, 5])@21dxds + lim inf/ (T*Luu [z, s] + eguu|z, s])ifidxds
Q1
2/ (T*Luu[w,s] +eguu[x7s]>ﬁ2dmds.
1

Combining this with (4.70) and (4.69) we have

0 > liminf X,

n— oo

+ lim inf [/ [TnLuu(z, Euy Co, Ui + az(vy, — v*))ﬁi + e(z, 8)guu (T, &, Ci, Vs + 12(vy, — v*))ﬁi] d:z:ds}

n—oo
1

> +/ (T*Luu[as7 s] + eguulz, s])ﬁdeds
= D2 Lz, 0, 11, 6. €) [(§,T.,C,0), (€, T,(,9)).

From this and strictly second-order condition (4.52), we conclude that (a f, Z ,0) =(0,0,0,0).
Step 3. Showing a contradiction.

From Step 2, we have T), — T, |T|? — 0, & — 0 in C([0, 1], R) and ¢, — 0 in L2(Q1). Hence limy,_yo0 5y, =
¥ = 0. Note that |T},|? + H@LHQLQ(QI) = 1. Using these facts and (4.47), we have from (4.69) that

0 > liminf 3,

n—oo

n— oo

+ hminf/ [TnLuu(m,f*, Coy Vs + a3(Vn, — 04)) + €(, 8) gun (T, Exy Cuy Vs + 12(Vy, — v*))]ﬁidxds
Q1

>0+ liminf [ [T Luu(w, &, o va + a3(vp — v2)) + €(2, 8)guu (@, Ex, G Vs + 12(vp — 04)) ]V dzds

n— oo Ql

> liminf/ [TnLuu(aj,f*, Co, Vs + 3(Vn, — 04)) + €(, 8) gun (T, Exy Gy Vs + a12(Vry — V4))
Q1

n—oo

— Ty Lyylz, 8] — e(x, 8)guulz, s]} v2dads

+ lim inf/ [T\ Lyulz, s] — e(z, s)guu|, ]| Uadzds
Q1

n— oo

= 0+ liminf [T\ L[z, s] — e(z, $)guulz, s]]02dzds

n—oo
n—oo

Q1
> lim inf / Av2dzds
Q1

— i 2 512\ 1 ~ 12 T2
hnrggf</lAvndxds+A|Tn| ) = timinf A([[a]3(q,) + [Ta[?) > A
which is absurd. The proof of proposition is complete. O

5. PROOF OF MAIN RESULTS

We first prove the following lemmas.
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Lemma 5.1 If (T,y,u) € C[(To,yr )], then (6,T,C,0) € Cil(€x, T, Corrn)], where €(s) = Ts, C(a,s) =
y(I,T*S), ’0(1‘75) = U(l‘,T*S) In partzcular Zf (T7ya ) € CO[( *7y*7u*)] then (€,T7C,U) € Cl,O[(f*aTMCMU*)]'
Proof. Assume that (T,y,u) € C[(Tk,ys,us)]. By definition of C[(Tk,ys,us)], there exists a sequence
{(Th, s ue)} © Col(Th, ys, us)] converging to (T, y,u). Since {(Tk,yr,ur)} C Co[(Tk,ys, u)], it satisfies the
following conditions:
Ts Tyt
() [ (Lor[Te ToITk+ LocITe, Tlye(T))do+ | (Z-Llat]+ Lilar. )2 + Ly o, thyn + Lo, ) dad <
Q T, * *
0;

(c2) 88t + Ayp + Y[z, t]? + Py, tlye — ur + %(Ay* + ¢z, t] —u.) =0, y(0)=0;

(c3) / (Lir[Te, T Ty + Lic[Ty, T]yr(Ty))dz < 0 for i € {1,2,..,m : [Ty, Ti] = 0};
Q

(c1) e o+ gy o+ gl € cone(Kr, — g1,

We define & = Tgs, Ck(x,s) = yr(x,£:(s)) and vg(z, s) = ug(x,€4(s)). By changing variable ¢t = £.(s) = Tis,
we obtain

(bl) ‘/Q (LOT[T*, 1]Tk =+ Loc[T*, 1}Ck(1))d1' +/ (TkL[J:, 8] + T, (Lt [$7 S]gk + Ly[l‘, S]Ck + Lu[337 S]’Uk))d{L'dS < 0;

bo % + To (ACk + Uil 1k + Wyl 1k — vi) + Tw(AG + 0[] —v.) =0,  ((0) = 0;

() 2

(b3) &k(s) = Tys for all s € [0,1];

(b4)/ [T, 1Ty + Lic[T2, 1]¢e(1))da < 0 for i € {1,2,..,m : ¢s[Ts, 1] = 0};
Q

(bs) g

bs [ 7']§k + gy[" ]Ck + gu['a ']U/C € cone(K1 - g['7 ])

This implies that {(x, Tk, Ck, vk)} C C1,0[(€x, Tx, o, vi)]. It is clear that (&, Tk, (k,vi) — (€, T, ¢, v). Hence,
(&,T,¢,v) € C1[(€x, Tk, Cs, v4)]. The lemma is proved. O

Lemma 5.2. Suppose T, > 0, (&, Tk, Ci,v:) € and (&, T,¢,v) € Ci(&x, T, Csyv4)]. Then (T,y,u) €
C'(Tx, y«, ux)], where y(x,t) := ((z, T%),u(x,t) v(z, ) Yu(, 1) := (i, Ti) and u, := vi(z, Ti*)

Proof. By definition of ®1, (&4, Tk, Cx, vs) € C([0,1],R) x R x Y7 x U; and satisfies the following constraints:

0C«
0s

+ T AC* + T,,ﬂ,[)(l' f*aC*) T.v, in Qh C*(I7’S> =0 on E1 =1 x [07 1]7
G(0) =yo inf,

&.(s) = Tys for all s € [0,1],

(T*,C* )) < 07 i= 172a ey T

a < g(z,8:(8),Ce(x, 8),ve(2,8)) <b aa.zeQ, Vsel0,1].

By definition of y., we have

d t. 1

Snlant) = 16 )

dt

Changing variable s = Ti with ¢ € [0, T%] in the above constraints, we obtain

Oy
ot

+ Ay, + (. t,y.) =ux in Qr,, y«(x,t)=0 on Xy, =T x[0,T}],
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y+(0) =yo inQ,
wz( *,y*( *))Sov i=1,2,..,m
a < g, t,y«(x,t), ue(x,t) <b aa xe tel0,Ty.

This implies that (T, vy« usx) € ®. We now assume that (£,7,(,v) € Ci[(&«, Tk, s, vs)]. By definition,
(€,T,¢,v) € C([0,1],R) x R x W' (0,1; D, H) x L?(Q,) and satisfies conditions (b;) — (b}). Namely, we have

(by)’ /Q (LoT[T*, 1T + Lo [T, 1]((1))d:c + / (TL[z, s] + T [Li[z, s]€(s) + Ly[z, s]¢ + Ly [z, s]v])dxds <0;

(bg)’ = +T (AC+ il e+ Uy, ¢ —v) + T(AG + ¥, ] —ve) =0, ¢(0) = 0;
(bs)’ ( y=Ts Vsel0,1];

(ba)' / (Lir [T, )T + Li¢[Te, 1¢(1))da < 0 for i € {1,2,..,m : 4[Ty, 1] = 0};
(0s)" gelz, s]E(s) + gyla, s|C(@, s) + gu[z, s)v(@, 5) € T([a, b], g[z, s]) for a.a. (z,s) € Q1.

Changing variable s = - with ¢ € [0, 7.] and putting y(z,t) = ¢(z, 7-) and u = v(z, £ ), we obtain

(c1) /Q (LOT[T*,T*]T + Loy[T*,T*]y(T*))dx + / . (%L[x,t] + [Lt[x,t]% + Ly[z, tly + Lu[x,t]u])dxdt < 0;

(c2) G+ Ay +nle 0T+ ylotly =t (g -+ el = w) =0, y(0) =0

(ca) /Q(LiT[T*,T*]T—&-Lig[T*,T*} (T))dz <0 for i € {1,2,..,m: ;[T,, T.] = 0};

(ch) gele, (1

T + gylz, tly(z, t) + gulz, t)u(z, t) € T([a,b], gz, t]) for a.a. (z,t) € Qr,.

Hence (T,y,u) € C'[(Tk, y«, us)]. The lemma is proved. O

5.1. Proof of Theorem 3.1
Let (T, ys, us) € ® be a locally optimal solution to (P). As before, we define

§u(s) = Tis,  Cul,8) = 4u(@,64(8)),  val(T,5) = ua(®,&u(8))-

By Proposition 4.2, vector (£x, Tk, C«, v« ) is a locally optimal solution to (P;) and f(g*, Ty G, Us) = J(Ty Yuey ).
According to Proposition 4.7, there exist Lagrange multipliers A € Ry, pu = (1, pla, .., i) € R™, 0 € L®(Q1)N
L?(0,1; H}(Q)), e € L*°(Q1) and an absolutely continuous function ¢ : [0,1] — R satisfying the conditions
(4.24)~(4.29). Define

Blat) = ol ) o) = o), Fant) = (o, 1)

By replacing s = £ (t) = 7 into (4.24)-(4.28), we can show that (A, i, @, ¢, €) satisfies conditions (i)—(iv) of
Theorem 3.3.

Let d = (T, y,u) € Co[(Tx, Yx, usx)]. By Lemma 5.1, vector z := (§,T,(,v) € C1,0[(&«; Ty G, vs)], where &(s) =
Ts, ((z,s) = y(z,&(s)), (x S) = u(z, & (s)). Then condition (v) of Proposition 4.7 is valid for z = (£, T, , v).
By changing variable s = T—* n (4.29), we obtain condition (v) of Theorem 3.3.

The last assertion of Theorem 3.3 follows from the last assertion of Proposition 4.7 and Lemma 4.6. The
proof of Theorem 3.3 is complete. O
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5.2. Proof of Theorem 3.2
Let (T, ys, us) € ®. We define

Ee(s) =Tus, Culx,8) =yulx, Ts), vu(x,8) = us(x,Tis) (5.1)

for all s € [0,1]. By a simple argument, we can show that (&, Ty, (s, v«) € ®1. Besides, we also have y.(z,t) =
Cu(z, T%) and u.(z,t) = vi(z, T%) for all t € [0,T.]. Let (1, u, P, ¢, €) be multipliers which satisfy conditions
(i)—(iv) of Theorem 3.3 and define

o(x,8) = @z, Tis), o(s) = d(Tis), e(x,s)=Tie(x,Tss) (5.2)

for all s € [0,1]. Then by changing variable ¢ = £,(s) = Tis in (¢)—(iv) of Theorem 3.3, it is easy to check that
(1, 1, , ¢, €) satisfies conclusions (i)—(iv) of Proposition 4.7. Now we take any (£,7T,¢,v) € C1[(&x, T, Gy v4)] \
{(0,0,0,0)}. Define

y(w.t) = ), ulat) = vl ) (5.3)

for t € [0, T,]. By Lemma 5.2, we have (T,y,u) € C'[(Tx, yx, ux)] \ {0,0,0}. It follows from this and (3.10) that

/ (LOTT[T*7 T*]Tz + 2L0Ty[T*7 T*]Ty(T*) + LOyy [T*v T*]y(T*)z)dZL’
Q

+ /QT* (Ltt[x,t](%)2 + 2Ly [, s]%y(:p,t) + 2Ltu[m7t]%u(x,t))dxdt
v / (Lyy[x,t]y(x,t)2 ¥ Lyule, tu(z, t)? +2Lyu[x,t]y(x,t)u(x,t))dxdt
Qr,

T T
+2 /QT* T (Lt[l',t]?f + Ly[z, tly(x,t) + L[z, t]u(x,t))dxdt

+ /QT* P(x,1) (%t[%ﬂ(%ﬁ + 204y [, s]%y(w,t) + wyy[m,t]y(x,t)Q)dxdt

T . Tt
+ /QT* 274,0(% t) (Ay + [z, t]f + Yy lz, tly — u) dzdt

~ Tt Tt Tt
+ / 6($, S) (gtt [‘T7 t](?)Q + gyy[gjv t]yQ + Guu [‘T7 t]uz + Qgty[ﬂf, t]fy + 2gtu[‘r7 t]?u + 2gy’u [Ia t]yu)dxdt
QT* * * *

+) i / (me, T]T? + 2L [Ty, TTy(T.) + Licc [T, T*}y(T*F)dx > 0.
Q

By changing the variable ¢t = T,s with s € [0, 1] and noting that £(s) = T's, (5.1), (5.2) and (5.3), we obtain
that the condition (v) of Proposition 4.8 is satisfied. On the other hand, changing variable ¢ = Tis in (3.11) and
noting that e(x, s) = Tie(x, Ty s), we obtain

Ly [z, s] + Tie(x,s)guu[x,s] > Ao aa. (z,s) € Q.

*

This implies that the condition (vi) of Proposition 4.8 is satisfied with A = T, Ag. Thus (&, T, s, vs) € O
and (1, u, 0, 0,e) € A[(&«, Ty, s, vs)] which satisfy all sufficient conditions of Proposition 4.8. Accordingly,
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(&, %, Cus i) is a locally optimal solution to (Py). Since yu(z,t) = (7, 7) and w.(z,t) = v.(z, £) for
t € [0,T], Proposition 4.3 implies that (T, y.,us) is a locally optimal solution to (P). Moreover, according
to the conclusion of Proposition 4.8, there exist numbers § > 0 and k > 0 such that

o~ ~

T 2 T + (T =T + o = vy (54)

for all z=(&,T,(,v) € @1 N Bz(z4,9). According to the proof of Proposition 4.3, there exists ¢y € (0, %) such
that, if (T,y,u) € ® and

dist[(T, y,u), (Tx, ys, ux)] < €o,

then (¢,7,(,v) € ®1 N Bz(z.,d) with £(s) = T's, ((z,s) = y(z,Ts) and v(z,s) = u(z,Ts) for s € [0,1].
Therefore, for all (T,y,u) € ®N N((T*, Y, Us ), eo), we have from (5.4) that

~ ~

J(T,y,u) = J(2) > J(z) + K((T — T*)2 + |jv — U*||%2(Q1))

= J(Ts, Yu, us) + H((T —T,)? —|—/ |u(z, Ts) — u*(gc,T*s)|2dmds)

1

1 Tt
= J(Teyu ) + (T =T + / uler 1) — (o 1) Pt
T Qr, T
which is the conclusion of Theorem 3.4. The proof of Theorem 3.4 is complete. (]
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APPENDIX A.

Proof of Fréchet differentiability of j, F,H and G in Lemma 4.4. R
Let Bz(z«,€) be a neighborhood of z, in Z = C([0,1],R) x R x Y1 x Uy. Fix 2= (¢, T,
Z —

,0) € Bz(z«,€).
e Firstly, we prove that J is Fréchet differentiable at Z. For this, consider mapping B : h

¢
R, = (hl,hg,hg,h4) '—>Bh,

~ ~

Bm5ﬂuw@f,mmﬁmwmi(mmmmx

+ / (P2L(@,&,80) + TILo(w, €800 + Ly (w,€, C9)hs + Lu(w, €, C, B)ha] ) dads. (A1)
Q1

Then B is linear and bounded. Taking any h = (Tzl,ﬁg,ﬁg,,ﬁ;;) € Z with ||7LHZ < e. We have

— (L (@,&,C,0) + TLe(2, € &, 01 + Ly (2, €, C,)ha + Lu(w,,C,0)ha] ) | dads

~ ~ ~

< / |Eo(@, T+ 2, £(1) + Fa(1)) = Lo(@, 7,C(1)) = Lor (@, T, C(1)h2 — Loc(@, T, C(1))ha(1) | de
Q

4 [T+ )L, €4 R T o+ ) — TL@ EC D)
Q1

- (EZL(%E 27 8) + T[Lt(xva Ea 6)E1 + Ly({l?,g, Za 6)E5 + Lu(m»a E? i)\)ﬁ‘d) ‘dxds

::/Pl(a:)da:—i— Py (x, s)dzds. (A.2)
2 Q1
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Also,

~ o~ ~ ~ o~ o~ o~ ~ ~ o~ ~

Pi(@) = |[Lo(a, T+ ha, €(1) + a(1)) = Lo(a, T, 8(1)) = Lor(w, T, E(1)ha — Loc(w, T, C(1)ha(1)]

= |[£o@, T +h2,C(1) +Fa(1)) = Lo(@, T.(1) + ha(1)| + [Lo(w, T, (1) + ha(1) = Lo(, T. (1)

- LOT(x7f7 C(l))hQ - LOC(m,fv C(l))h3(1) 3 (A?’)

for a.a. z € Q. By Taylor’s expansions of T +— Lo(z, T, ((1) + hs(1)) and ¢ — Lo(z, T, ¢), there exist measurable functions
0 < m1,m2(z) <1 such that

+ ha, C(1) + hs(1) — Lo(x, T
)

C(1) +h3(1)) = Lor(z, T + niha, (1) + ha(1))ha, (A.4)

Lo( ,
) = Lo¢(z, T, C(1) + n2ha(1))hs(1) (A.5)

0
Lo

z, T
2, T, (1) + ha(1)) = Lo(, T, (1
for a.a. x € Q. From (A.3), (A.4) and (A.5), we obtain

Pi(@) < |Lor (2, T+ mha, (1) + Fa(1)) = Lo (2, T, {(1)| el

[ha(1), (A6)

~

+ |Loc (@, T, 8(1) + o (1)) — Loc (. T, (1)

for a.a. x € Q2. We have

121z < |12 = 2elz + llzallz < llzsllz +e,  IRllz <e,
T +mha| <|T| + [ha| < |2z + [Rllz < |2z + 2,
1C(1) + n2hs ()] < [KW)] + [hs (D] < [IClloga,, + IPsllo@,) < 1Ellz + 1Rz < |2z + 22,

for a.a. (z,s) € Q1. Set M := ||z.||z + 2¢. By (H4)-(4t), there exists kr,,a such that
Pi(@) < kot ([Bal? + [hallfs (D) + s (DP) < kranr (Bal® + hellalloa,, + Wslo,) < SkonrBlZ, (A7)
for a.a. x € Q. We now evaluate P,. By (H4)-(¢), we have for a.a. (z,s) € Q1,

|L(2, &+ T, C + ha, B+ ha) — L(x,&,(,D)]
< kro((ha| 4 |hs| + [ha]) < kov([[hallcqo,r) + 1hsllcg,) + halle@1)) < 3kr mllh] 2. (A.8)

It follows that

Pa(x,5) < 3ke,n ||l 2|hol
+ T L(z, € + h1,C + ha, 0 + ha) — L(2,€,(,0) — L@, €,C, ) — Ly(2,€,(,0)hs — Lu(@, &, ¢, 0)hal
< 3k ||hl|% + MPs(z, s), (A.9)

where P3(:r75) = ‘L($,§+E1,Z+E3,ﬁ+’};4) - L(IL’,E,E,%\) - Lt(x7g7276)’h\'1 - Ly(x7g7276)/h\‘3 - (‘T 6 Cv )h4|
(z,s) € Q1. Moreover, we have

(A.10)
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for a.a. (z,s) € Q1. By Taylor’s expansions of £ — L(z,¢, EJr hs, v + h4) ¢ L(m,aﬁ,ﬁ+ﬁ4) and v — L(a:,g,a v),
there exist measurable functions 0 < n3(s), na(x, s),ns(x, s) < 1 such that
L(w, €+, (4 b, 04 ha) = L(2,&,C b, 04 ha) = Li(ar, €+, C o+ B, 0+ ha) (A11)
L, € C 4 hs, 0+ ha) = L(2, €, 8,0+ ha) = Ly (€, 4 mahis, 0+ s, (A12)
L(2,€ .0+ ha) — L(,€,(,0) = Lu(2,&,(,0 + nsha) ha. (A.13)

Combining these facts with (A.10), we obtain

Ps(z,s) < |Li(z, §+ 773711724-}73754‘};4) Li(z, f Ca )||h1|
< |L (.’E 5 C+774h371)+h4) (:U § C? )||h3|
< |Lu(@,& ¢, + nsha) — Lu(2,€,C,0)||hal (A.14)

for a.a. (x,s) € Q1. We have

(€ +P1) ()], [(C+Ra)(x,9)|, |+ ha)(z, 5)| < |Ellz + 7]l 2 < [l2e]|z + 26,
(€ + msha)(5)] < E(5)] + [ha(s)] < |-z + 2,

IC + naha| < [C(x, )| + [hs(w, 5)] < |2z + 2,

(@ + nsha) (@, 5)| < [5(2, 5)] + [ha(@, 5)| < |22 + 2,

for a.a. (z,s) € Q1. Recall M = ||z.||z + 2¢. From this and (H4)-(4), we deduce that
Py(w,s) < ke ((a] + (sl + [Ral) Pl + (sl + [al) ol + [Ba[*) < 6kz ael [l (A.15)
for a.a. (z,s) € Q1. From (A.9) and (A.15), we have
Py(,s) < 3kp.a (14 2M)||h||% (A.16)
for a.a. (z,s) € Q1. Combining (A.2), (A.7) and (A.16), we obtain
[JE+h) = J(Z) = Bh| < 3|Qkzo Bl + 3|Qulkr.ar (14 2M)| [ (A.17)
Hence,

0 <tim. TG+ T - B

Ihll z—0 HE”Z

<limg, (3|Q\kLO,M +31Qulkrar (1 + 2M)) IBllz = 0, (A.18)

which implies that J is Fréchet differentiable at Z and DJ(2) = B.
e We now show that J is second-order Fréchet differentiable at Z. For this, consider bounded bilinear operator B :
Z X Z — R, (/ﬁ, h) = ((/};1,/]’;2,/};3,/];4), (h1,h2,h3,h4)) — B\(?L,h) with

B(h,h) ._/Q[h2 h3(1)}(a”)lg,m[h2 ha(1)] dm—l—/@lh (bw)lsmghdxds, (A.19)

where the matrices (aij)1<i <2 and (bi]’)1<i j<a ATE given by
<i,5< <i,5<

~ —~

a1 = Lorr (- T,¢(1)), a2 = az1 = Lorc(-, T,{(1)), a2 = Loce(- T, (1)),



SECOND-ORDER OPTIMALITY CONDITIONS FOR TIME-OPTIMAL CONTROL PROBLEMS GOVERNED 49

b1 = j—\'Ltt('vgvz‘:i)\% b1z = ba1 = Lt('agvga 6)5 b1z = b31 = TLfy('vaZa 6)5
bis =ba = TLiu(€C.0), b =0, bos=bso=Ly(ECD), bas =bao = Lu(+&,C, D),
bss = fLyy(7g727 6)7 bza = baz = j:Lyu(VaEv%\L bag = fLuu(Va&: 6)

Taking any h = (h1, ha, hs, ha) € Z with |[h]|z < . We need to prove that

~

|IDJ(Z+h) — DI(Z) — B(h,)| z-

lim =
[hllz

=0. (A.20)

IRl z—0

For this, take h = (hi, ha, h3, h4) € Z such that ||h||z < 1. Then we have
\DJ(Z + h)h — DI(2)h — B(h, h)|
< / \LOT(x,ﬂ ha,C(1) + hs(1)ha + Loc (2, T + ha, C(1) + ha(1))ha(1)
Q

— Lor(z,T,{(1))h2 — Loc(x, T, C(1))hs(1)
— Lorr(z,T,C(1))haha — Loce(x, T, {(1))ha(1)ha(1) — Loze(z, T, {(1))[haha(1) + hahs(1)]|dz

o
Q1

+ (T+E2)Ly(x,§+ﬁl,Z+H3,6+E4)h3 + (T + h2)Lu(z, &+ h1,C + h3, 0+ ha)ha

hoL(z, &+ h1,C + ha, 0+ ha) + (T + h2) Le(z, € + h1,C + ha, 0+ ha)la

_h2L(:r 567/\)_th(1‘ g&\,,\) (l’ € C7 )hB_TL (:L‘ 527/\)
- TLtt(a:7§ C7 )h'lhl TLUy(x7£ C: )h3h3 - TLuu(ng <7 )
—TLuy(x,&,C,0)[hahs + hihs] — T Lo (%, &, C, D) [P ha + hiha] — (2,&,(,0)[hsha + haha)

— Li(x,&,C,0)[hahy + hahi] — Ly(x, &, C, 0)[hahs + hahs] — Lu(x, 2, E, 9)[haha + haha]|dzds

::/ﬁl(m)dm—i— Py(, s)dads. (A.21)
2 Q1

By Taylor’s expansions, there exist 0 < 71, 72(x), 73, 4(z) < 1 such that

Lor(z, T + ha,((1) 4+ hs(1))he — Loz (z, T, C(1))ha
= [Lor(z,T + ha, {(1) + ha(1)) — Lor (2, T, (1) + ha(1)]ha + [Lor (2, T, {(1) + ha(1)) — Lor(z, T, {(1))]ha
= Lorr(z, T +fitha, C(1) + ha(1))haha + Lor¢(z, T, (1) + f2hs(1))hahs(1)

and

Loc(x, T + ha, C(1) + ha(1))hs(1) — Loc(w, T, (1)) ha(1)

= [Loc(x, T + 2, {(1) + ha(1)) — Lo¢ (=, T, C(1) + hs(1))]ha(1)

+ [Loc (2, T, C(1) + hs (1)) — Loc(x, T, C(1))]ha(1)

= Locr(z, T + fish2, C(1) + ha(1))hs(1)ha + Loce (z, T, {(1) + Aahs(1))ha(1)hs(1).

for a.a. x € Q. From these facts, the assumption (H4)-(i¢) and ||h||z < 1, we obtain

ﬁl(x) < ‘LOTT($7,-Z/;+771h (1 )+h3( )) — Lorr(z, T ( ‘|h2h2

+ |Loce(, T,8(1) + fha(1)) = Loce(, T, 8(1)) | ha(1)ha(1)]
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+ |Lorc(@, T, 8(1) + (1)) = Lor (@, 7, (1)) | lazha(1)]
+ |Locr (@, T + fisha, C(1) + ha(1)) = Locr (2, T, {(1))||ha (1)he]
< bz (el + [Ra(D)DIhz] + (DI + [Rs (D) + (e + [ha(1)])hal)

< 2kLo.m ((\h2| + hsllc@,))lhel + ||h3|\2c@1)) < 6krg,n|hl|%- (A.22)

for a.a. z € Q and M = ||z.| z + 2c. We now evaluate P,. By Taylor’s expansions, there exist 0 < 7i(z,s) < 1, i =5,6,7
such that

1+ Ly(2,€,C + Tohs, 0+ ha)hs + Lu(@,€,C, 0 + fjrha) ha. (A.23)

From this, the assumption (H4)-(i) and ||h||z < 1, we have

—~

L(x,& + h1,C + ha, 0+ ha) — haL(,&,(,0) —
< |Le(x,€

Li(z,€,C,0)hah1 — Ly (2,€,C, 0)hahs — Lu(z, & (,0)h2ha

+75h1, € + hs, 0 + ha) — Le(2, & C,0)|[ha| + |Ly (2, & C + Tohs, 0 + ha) — Ly (2, C, 0)|[hs]
+ |Lu(2, & C, B+ frha) — Lu(,€,C, 0)|[hal
(|ha

< kewonr (Pl + (ol + [hal) ] + (ol + [hal) | + [Ra]?) < 6kz.ael[BIZ,

~

(A.24)
and

ltht {E,€+ h1,6+ﬁ3,i)\+/ﬁ4)h1 +E2Ly(m,g+/ﬁ1,E+E3,6+E4)h3 +E2Lu($,g+ﬁl,z+/ﬁg,ﬁ+ﬁ4)h
— Lu(w,€,(,B)hahn — Ly (@, €, C, B)hahs — Lu(w, €, C, 0)hahs

< 3heaa (|ha] + s + Rl IBz| < ke e [hll%, (A.25)
for a.a. (z,s) € Q1. From (A.21), (A.24) and (A.25), we deduce that

Py(,s) < 15kp a|[h]|Z + MPs(z, s), (A.26)

for a.a. (z,8) € Q1, M = ||z«||z + 2¢ and
Ps(z, s)

Li(x »E 1,2+ﬁ3,ﬁ+ﬁ4)h1 +Ly(x,f+ﬁ1,f+ﬁ3,ﬁ+ﬁ4)h3 +Lu($,g+ﬁ1,6+ﬁ3,@+ﬁ4)h4
— Li(2,€,C,0)h1 — Ly(2, &, 0)hs — Lu(2, &, D)ha

— Let(2,&,C, 0)hahy — Lyy (2, 0)hshs — Luu(2, &, C,0)haha

— Liy(2,&,C,0)[hihs + hihs] — Liu(x, &, C, 0)[hiha + h1ha]

~

£¢,
£, — Lyu(2,&,C,9)[hsha + hsha] |, (A.27)
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for a.a. (z,s) € Q1. By similar arguments as in proof of (A.23) above, there exist 0 < 7;(z,s) < 1,7 =38, ...,16 such that

Li(2,& + h1,C + s, 0+ ha) — Le(2,€,C, D)
= Ltt(x,g+ ﬁsﬁl, EJr ﬁ3,5+ﬁ4)ﬁ1 + Lty(x,f, E+ ﬁ923,5+ﬁ4)ﬁ3 + Liy(z, é/:, E,@Ur ﬁ10ﬁ4)ﬁ4,
(x €4 h1,C + ha, 0+ ha) — Ly(z,&,C, D)

Lyi(z,€ +Mih1,C + hs, 0+ ha)ha 4 Lyy (2, €,C + fi2hs, 0 + ha)hs + Lyu(x,&,C, 0 + i3ha) ha,
( L€+ 1, ¢+ hs, 0+ ha) — Lu(z,€,(, D)

Lut(2,& + Mahn, C + ha, 0+ ha)hy + Luy(2,&,C + Tishs, 0 + ha)hs + Luu (2, &, C, 0 + Mieha)ha

(A.28)
for a.a. (z,s) € Q1. From this, (A.27), the assumption (H4)-(¢) and ||h]|z < 1, we deduce that
Pu(a,5) < | Luaa, €+ Asha, & + R, 04 ha) = Lua(w,€,C,9) |1
o |Luw (@, 8.8+ fizha, B+ Ba) = Lyy (2,6,8.9)| [Ral + |Luu (2, & 8,5+ Tioha) — Luw(@, &8 )| sl
| Loy (@, € {4 s, B+ ) = Loy (@,€, 8 9)|[Ral + |Leau(2, &, 85+ aoha) — Luu(2, &, 8. 9)| sl
+ Lyt($,€+ 7711?11,64’%3,6‘#%4) - Lyt(l’ é\ Ea/’l; ‘|ﬁ1| + Lyu(x E E7ﬁ+ 7713/}\7’4) ZJ“ .’L' § C? ‘ ﬁ
+ |Lut (2, € + fuaha, C + hs, © + ha) — Lur(2,€,(,0 ‘|h1| + |Luy (2,€,C + flishs, 0 + ha) — Luy (2, €,C, D) ‘|ﬁ3|
< bzt (3(Pal + s + [Bal) | + 3(1Ral + [hal)Ba] +31Ral”) < 18k, Rl (A.29)
for a.a. (z,s) € Q1. Combining (A.26) and (A.29), we get
Po(z,5) < (15 + 18M)kr || R]|%, (A.30)
for a.a. (z,s) € Q1. From (A.21), (A.22) and (A.30), we obtain
|DJ(z + h)h DJ(A)h B( h)| < (6|2kLo,m + (15 + 18M)ky, M|Q1|)Hﬁ||2z, (A.31)
for all h € Z with ||h]|z < 1. It follows that
IDI(Z +h) = DI(Z) = B(h,)l|z+ < (6]Qkzg,ar + (15 + 18M)kz,ar|Qu )[Al13- (A.32)

Hence, we have

|DJ(Z+h) — DI(Z) — B(h,")|| 2~
Az

< limyg,o(6]Q0kLe,ar + (15 + 18M)kr a|Qu)|[Bllz = 0. (A.33)

lim
Ihllz—0

Thus, the mapping J is second-order Fréchet differentiable at Z and D> J (z) = B.
The Fréchet differentiability of F, H and G are proved analogously. O

Lemma A Let f : R® = R, (a,b,¢) — f(a,b,c), be a function. Suppose that f is of class C* and (ao, bo, co) € R3. Then,
for each (a,b,c) € R®, there exist a; € [0,1],7i = 1, ..., 6, such that

f(a7b7 C) - f(a07b0760)
= fa(ao,bo,co)(a — ao) + fy(ao, bo, co) (b — bo) + fe(ao,bo, co)(b — bo)
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1 1
+ §f(;'a(ao + ar(a—ao),b,¢)(a — ao)2 + §fé§,(ao,bo + az(b—bo),c)(b— bo)2

+ %fé,c(a(h bo, co + az(c — co))(c — co)® + fii(ao, bo 4 aa(b — bo), c)(a — ao) (b — bo)
+ far(ao, bo, co + as(c — co))(a — ao)(c — o) + fie(ao, bo, co + as(c — co)) (b — bo)(c — co). (A.34)

Proof. For each (a,b,c) € R, we have

f(a7b7 C) - f(ao’bO’CO) = [f(a7b7 C) - f(ao,b, C)] + [f(a07b7 C) - f(a0>b07c)} + [f(a07b07c) - f(a07b0700)}
=11+ 1+ Is. (A35)

By Taylor’s expansions of functions f(-,b,c), f(ao,-,c) and f(ao,bo, ), there exist a1, a2, a3 € [0, 1] such that

1 = Jifao,b,6)(a ~ a0) + 1 flaao + o~ a0), b, o — ao)? (A.36)
Lo = fl(ao, bo, ¢)(b— bo) + %fﬁ,(ao, bo + as(b — bo), &) (b — bo)?, (A.37)
I3 = fé(ao, bo, Co)(c — Co) + %fcnc(ao, bo,Co + 043(6 — Co))(c — 60)2. (A38)

By Taylor’s expansions of functions f,(ao,,c), fs(ao,bo,-) and fi(ao,bo, ), there exist au, as,ag € [0, 1] such that

falao, b, c) = f;(ao,bo,c) + f¢/z/b<a07b0 + aa(b—bo),c)(b — bo), (A.39)
fa(ao, bo, ) = falao, bo, co) + fac(ao, bo, co + as(c — co))(c — co), (A.40)
fo(ao,bo, ¢) = fy(ao, bo, co) + foe(ao, bo, co + as(c— co))(c — co). (A.41)

From (A.35), (A.36), (A.37), (A.38), (A.39), (A.40) and (A.41), we obtain (A.34). The lemma is proved. O
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