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A LIOUVILLE THEOREM FOR ELLIPTIC EQUATIONS IN

DIVERGENCE FORM WITH A POTENTIAL

Stefano Biagi* and Fabio Punzo

Abstract. In this paper we are concerned with elliptic equations in divergence form with a potential,
posed in a bounded domain Ω. We allow the coefficients of the diffusion matrix A(x) and the potential
Q(x) to diverge at the boundary; in addition, we permit that Q(x) vanishes inside Ω, and A(x) loses
ellipticity at ∂Ω. The boundary ∂Ω is assumed to be the (disjoint) union of a finite number p of sub-
manifolds of dimension κi ∈ {0, . . . , n− 1} (i = 1, . . . , p). Under suitable assumptions on the behavior
of Q(x) and A(x), which also depend on κi, we prove the validity of a Liouville-type theorem. Finally,
we show an example for which our hypotheses on Q and A are sharp.
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1. Introduction

We study Schrödinger-type equations of the following form:

div
{
A(x)∇u

}
−Q(x)u = 0 in Ω, (1.1)

where Ω ⊆ Rn is a bounded and connected open set, A(x) ≡ (aij(x))ij is an n×n symmetric matrix whose entries
are C2-functions in Ω and Q(x) is a non-negative (and non-identically vanishing) locally Hölder-continuous
function on Ω. We assume that A(x) is elliptic in Ω, whereas ellipticity can be lost when x → ∂Ω. The case
where the degeneracy set of A contains interior points of Ω is also considered in a second moment. Furthermore,
we allow Q(x) and A(x) to become unbounded as x→ ∂Ω; in addition, Q can vanish in the interior of Ω.

To simplify the notation, we introduce the Schrödinger-type operator

Lu := div
{
A(x)∇u

}
−Q(x)u (x ∈ Ω); (1.2)

the homogeneous part of L will be often indicated by L0, that is,

L0u := div
(
A(x)∇u

)
.
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Hence

Lu = L0u−Q(x)u .

We investigate a Lioville-type property for equation (1.1). More precisely, we provide conditions on the potential
Q and on the diffusion matrix A which imply that u ≡ 0 is the unique bounded solution of (1.1), without
imposing any boundary condition.

In the special case when Q > 0 in Ω, equation (1.1) is clearly equivalent to

1

Q(x)
div
{
A(x)∇u

}
− u = 0 in Ω . (1.3)

In [1] uniqueness results for equation (1.3) are given, supposing that the matrix A is uniformly elliptic in Ω .
Moreover, uniqueness for (1.3) can be obtained from general results established in [2], which require the existence
of a suitable negatively diverging subsolution. In addition, when 1

Q , A ∈ C2(Ω), uniqueness of solutions to (1.3)

can be deduced from results obtained in [3] and in [4], under suitable assumptions on the behavior of Q and A
on ∂Ω. As is well-known, such uniqueness results are strictly related to stochastic calculus (see e.g. [5], [6], [7]).
Clearly, all such results cannot be applied in our situation, since our assumptions on Q and A are weaker for
various reasons.

The Liouville property for degenerate-elliptic operators L in divergence form has been intensively studied
through the years, but with particular attention to the case when Ω ⊆ Rn is a half-space or the whole of Rn

(see, e.g., [8–12]). We explicitly point out that, due to the global nature of this kind of results, some global
assumptions on the operator L are needed; the most typical ones in this context are the invariance of L with
respect to some group of translations and/or dilations, or some global assumptions on the intrinsic geometry
associated with L.

Recently, the Liouville property for equations of the form

∆u+ ⟨b(x),∇u⟩ −Q(x)u = 0 in Ω,

has been addressed in [13], taking inspiration from some ideas of [14]. In the present paper, we develop the
methods of [13] to deal with equation (1.1). Clearly, now the diffusion matrix A(x) heavily affects the result;
furthermore, it causes some difficulties in the proof to be overcome. We always suppose that

(S) Ω ⊆ Rn is a bounded and connected open set such that

∂Ω = M1 ∪ · · · ∪Mp

(for some integer p ≥ 1), where M1, . . . ,Mp are C1 submanifolds of Rn (compact and without boundary)
satisfying the properties listed below:

(i) Mi ∩Mj = ∅ for every 1 ≤ i ̸= j ≤ p;

(ii) n− 1 ≥ κ1 := dim(M1) ≥ . . . ≥ κp := dim(Mp) ≥ 0.

Under suitable assumptions on the behavior of A(x) and Q(x) near the p submanifolds M1, . . . ,Mp, which
depend also on κ1, . . . , κp, we show that the Liouville property for equation (1.1) holds.

Observe that, in contrast with [8–12], we do not require any invariance property of the elliptic operator.

We state the main theorem in Section 2 (see Thm. 2.3), where also a couple of examples is presented. In
Section 3 an appropriate preliminary a priori estimate is obtained (see Prop. 3.2). Then the main result is
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proved in Section 4. An important point, see Lemma 3.4, is the construction of a function ζ(x, t) fulfilling

Q(x)(ζ)t + ⟨A(x)∇ζ,∇ζ⟩ ≤ 0 for a.e.x ∈ Ω, for any t ∈ (0, τ),

for τ > 0 sufficiently small. Clearly, in order to construct such a function ζ we need to take into account both
the potential Q and the matrix A. Finally, in Section 5 we show an example for which the hypotheses made on
Q(x) and A(x) in the main result are sharp.

2. The main results

For any E ⊆ Rn, we set

dE(x) := dist(x,E) (x ∈ Rn).

Moreover, for every fixed r > 0 we define

N (E, r) := {x ∈ Rn : dE(x) < r}.

Assumptions. Together with hypothesis (S), we make the following structural assumptions on the diffusion
matrix A(x) and on the potential Q(x).

(D) For every i, j = 1, . . . , n, we have aij ∈ C2(Ω); moreover, the n × n (symmetric) matrix A(x) is positive
definite for every x ∈ Ω, i.e.

⟨A(x)ξ, ξ⟩ > 0 ∀x ∈ Ω,∀ ξ ∈ Rn \ {0} . (2.1)

Finally, we assume that there exist a constant ρ0 > 0 and functions

σ1, . . . , σp : (0, ρ0] → (0,+∞),

continuous in the interval I := (0, ρ0], such that (for any i = 1, . . . , p)

⟨A(x)ξ, ξ⟩ ≤ σi(dMi
(x))|ξ|2 ∀x ∈ Ω ∩N (Mi, ρ0),∀ ξ ∈ Rn . (2.2)

(P) Q ∈ Cγ
loc(Ω) (for some fixed γ ∈ (0, 1)), and Q ≥ 0, Q ̸≡ 0 in Ω. Furthermore, we assume that there exist

continuous functions q1, . . . , qp : I → (0,+∞) such that (for any i = 1, . . . , p)

Q(x) ≥ qi(dMi
(x)) > 0 ∀x ∈ Ω ∩N (Mi, ρ0). (2.3)

Remark 2.1. We explicitly point out that, since the manifolds M1, . . . ,Mp are ( compact and ) disjoint, by
possibly shrinking ρ0 > 0 we may suppose that

N (M1, r) ∩ · · · ∩ N (Mp, r) = ∅ ∀ 0 < r ≤ ρ0. (2.4)

Most importantly, since M1, . . . ,Mp are C1, by classical results ( and again by shrinking ρ0 > 0 if needed) we
derive that

dMi
∈ C1(N (Mi, ρ0) \Mi) and |∇dMi

| = 1. (2.5)

From now on, we tacitly understand that (2.4) is satisfied.
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Remark 2.2. It is worth mentioning that the regularity assumptions on the matrix A(x) and on the potential
Q(x) play a role only in the proof of Proposition 3.1, where they allow us to exploit the classical local Schauder
estimates for strictly elliptic operators (indeed, it follows from (2.1) and from the regularity of A(x) that L is
strictly elliptic on any open set D ⋐ Ω), see, e.g., [15], Corollary 6.3.

We are now in position to state our main result.

Theorem 2.3. Let assumptions (S), (D) and (P) be satisfied. Moreover, suppose that there exists a constant
Λ > 0 such that

∫ ρ0

0

rκi+1−n

σi(r)
exp

{
Λ

(∫ ρ0

r

√
qi(t)

σi(t)
dt

)2}
dr = +∞ (for any 1 ≤ i ≤ p). (2.6)

Then the unique solution u ∈ C2(Ω) ∩ L∞(Ω) of equation (1.1) is u ≡ 0.

As it can be easily seen from condition (2.6), since the qi’s are related to Q and the σi’s are related to A
and the κi’s to ∂Ω, the validity of the Liouville property depends on an interplay between Q, A and certain
geometric aspects of ∂Ω.

Clearly, Theorem 2.3 implies the following uniqueness result.

Corollary 2.4. Let the assumptions of Theorem 2.3 be in force, and let f ∈ C0(Ω). Then the equation

Lu = f in Ω

admits at most one bounded solution.

In what follows, we say that assumption (D′) holds, whenever (D) is fulfilled with (2.1) replaced by

⟨A(x)ξ, ξ⟩ ≥ 0 for any x ∈ Ω, ξ ∈ Rn . (2.7)

As a matter of fact, our techniques allow us to deal also with hypothesis (D′). More precisely, we have the
following result.

Theorem 2.5. Let assumptions of Theorem 2.3 be satisfied with (D) replaced by (D′) . Let u ∈ C2(Ω)∩L∞(Ω)
be a nonnegative solution of equation (1.1). Then

u = 0 in supp(Q) .

In particular,

u ≡ 0 in Ω ,

provided that Q > 0 in Ω .

The validity of the Liouville-type property for degenerate-elliptic operators will be the object of a forthcoming
paper [16], where we will consider the case of subelliptic operators modelled on homogeneous Hörmander vector
fields.

2.1. Examples

Before embarking on the proof of Theorem 2.3, we discuss a couple of examples illustrating the applicability
of our main result. The following elementary lemma (see, e.g., [13], Lem. 4.1) will be used.
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Lemma 2.6. Let ρ0 > 0 be arbitrarily fixed, and let δ1, δ2 ∈ R. We define

Iδ1,δ2 :=

∫ ρ0

0

rδ2 · exp
{(∫ ρ0

r

t−δ1/2 dt
)2}

dr ∈ (0,+∞].

Then, the following facts hold.

(1) If δ2 > −1, then Iδ1,δ2 = +∞ if and only if δ1 ≥ 2.
(2) If δ2 ≤ −1, then Iδ1,δ2 = +∞ for every δ1 ∈ R.

Example 2.7. Let Ω ⊆ Rn be a bounded open set such that the boundary ∂Ω is a C1-manifold of dimension
n− 1. Moreover, let α, β ∈ R be such that either

(i) β < 1 and α+ β ≥ 2 or (ii)β ≥ 1. (2.8)

We then choose two functions Qα, ψβ such that

(a) Qα ∈ Cγ
loc(Ω) (for some γ ∈ (0, 1)), Q ≥ 0 in Ω and

Q ≡ d−α
∂Ω on Ω ∩N (∂Ω, ρ0);

(b) ψβ ∈ C2(Ω) and ψβ ≡ dβ
∂Ω on Ω ∩N (∂Ω, ρ0)

(for a suitable ρ0 > 0), and we consider the Schrödinger-type

div{ψβ(x)∇u} −Qα(x)u = 0 in Ω. (2.9)

Clearly, the above equation is of the form (1.1), with A(x) = ψβ(x)Idn. In particular, if β > 0 the matrix A(x)
is degenerate elliptic in Ω, and its degeneracy set is ∂Ω; if, instead, β < 0, the matrix A(x) is unbounded in Ω.

We now turn to show that all the assumptions of Theorem 2.3 are satisfied, so that equation (2.9) does not
possess non-trivial bounded solutions.

- Assumption (S). Since ∂Ω is a C1-manifold of dimension n − 1, we see that assumptions (S) is trivially
satisfied with the choice

p = 1, M1 = ∂Ω, κ1 = n− 1.

- Assumption (D). Owing to the explicit expression of the matrix A, we immediately recognize that assumption
(D) is satisfied, with

σ1(t) = tβ (0 < t ≤ ρ0). (2.10)

- Assumption (P). Taking into account the properties of Q listed in (a), and recalling that M1 = ∂Ω, we see
that assumption (P) is satisfied with

q1(t) = t−α (0 < t ≤ ρ0). (2.11)

Now we have proved the validity of the structural assumptions (S), (D) and (P), we turn to prove the validity
of assumption (2.6): taking into account (2.10) and (2.11), we need to show that there exists some Λ > 0 such
that ∫ ρ0

0

r−β exp

{
Λ
(∫ ρ0

r

t−
α+β

2 dt
)2}

dr = +∞,
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but the validity of the above condition immediately follows by combining (2.8) and Lemma 2.6 (with the choice
δ2 = −β, δ1 = α+ β and Λ = 1). We will see in Section 5 that the assumption (2.8) on α, β is sharp.

We explicitly observe that when β ≥ 1 our Theorem 2.3 can be applied for any α ∈ R. In particular, the
special case α = 0 (corresponding to a positive potential Q which is constant near ∂Ω) can be made.

Example 2.8. Let Ω ⊆ Rn be a bounded open set such that ∂Ω = M1 ∪M2, where M1, M2 are disjoint
C1-manifolds of dimension κ1 = n− 1 and 1 ≤ κ2 ≤ n− 2, respectively. Moreover, let αi, βi ∈ R (with i = 1, 2)
be such that

(i)
[
β1 < 1 and α1 + β1 ≥ 2

]
or β1 ≥ 1;

(ii)
[
β2 < κ2 − n+ 2 and α1 + β1 ≥ 2

]
or β2 ≥ κ2 − n+ 2.

We then choose two functions Q, ψ such that

(a) Q ∈ Cγ
loc(Ω) (for some γ ∈ (0, 1)), Q ≥ 0 in Ω and

Q ≡ d−αi

Mi
on Ω ∩N (Mi, ρ0);

(b) ψ ∈ C2(Ω) and ψ ≡ dβi

Mi
on Ω ∩N (Mi, ρ0)

(for i = 1, 2 and a suitable ρ0 > 0), and we consider the Schrödinger-type equation

div{ψ(x)∇u} −Q(x)u = 0 in Ω. (2.12)

Clearly, the above equation is of the form (1.1), with A(x) = ψ(x)Idn; moreover, we claim that also in this case
all the assumptions of Theorem 2.3 are satisfied (so that equation (2.12) does not possess non-trivial bounded
solutions).

- Assumption (S). Taking into account the hypotheses on the structure of ∂Ω, we see that assumptions (S)
holds with p = 2 and Mi, κi as above.

- Assumption (D). Taking into account the explicit expression of A (and the properties of ψ in (b)), we see
that assumption (D) is satisfied, with

σ1(t) = tβ1 and σ2(t) = tβ2 (0 < t ≤ ρ0). (2.13)

- Assumption (P). Taking into account the properties of Q in (a) (and recalling the structure of ∂Ω), we see
that assumption (P) is satisfied with the choice

q1(t) = t−α1 and q2(t) = t−α2 (0 < t ≤ ρ0). (2.14)

Now we have proved the validity of the structural assumptions (S), (D) and (P), we turn to prove the validity
of assumption (2.6).

On account of Example 2.7, we know that assumption (2.6) holds for i = 1 in view of (a). For i = 2, taking
into account (2.13) and (2.14), we need to show that there exists some Λ > 0 such that

∫ ρ0

0

rκ2+1−n−β2 exp

{
Λ
(∫ ρ0

r

t−
α2+β2

2 dt
)2}

dr = +∞,

but the validity of the above condition (with Λ = 1) immediately follows by combining the assumption (b) on
α2, β2 with Lemma 2.6.
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3. Preliminary results

In this section we collect some preliminary results which will be used in the proof of Theorem 2.3. Throughout
the sequel, given a function u : Ω → R we set

u+ := max{u, 0} in Ω .

Moreover, we define S := Ω× [0,+∞) and

ST := Ω× [0, T ] (for all T > 0).

We begin by stating the following proposition, which can be proved (with minor modifications) by arguing
essentially as in the proof of [13], Proposition 2.1; here the regularity assumptions on A(x) and on Q(x) play a
role.

Proposition 3.1. Let assumptions (S), (D) and (P) be satisfied. Assume that there exists a nontrivial bounded
solution u of equation (1.1). Then there exists a solution v of equation (1.1) fulfilling

0 < v ≤ 1 in Ω . (3.1)

We then prove the following proposition.

Proposition 3.2. Let assumptions (S), (D) and (P) be satisfied, and let u be a non-trivial solution of
equation (1.1) such that 0 ≤ u ≤ 1 in Ω. Moreover, let T > 0 be arbitrarily fixed, and let

v(x, t) := etu(x)− 1, for any (x, t) ∈ ST . (3.2)

Finally, let ζ : ST → R and φ : Ω → R be such that

(a) φ ∈ Liploc(Ω) be with suppφ ⊂⊂ Ω.
(b) ζ(·, t) ∈ Liploc(Ω) for any t ∈ [0, T ], and

ζ(x, ·) ∈ C1([0, T )), eζ(x,·) ∈ C1([0, T ]) for any x ∈ Ω.

Then we have the following estimate∫
Ω

Qφ2v2+(x, T )e
ζ(x,T )dx−

∫
Ω

Qφ2v2+(x, 0)e
ζ(x,0)dx

≤
∫∫

ST

{Qζt + ⟨A(x)∇ζ,∇ζ⟩} v2+φ2eζ dx dt

+ 4

∫∫
ST

⟨A(x)∇φ,∇φ⟩v2+eζdxdt .

(3.3)

Proof. First of all we observe that, since u is a solution of (1.1), by the very definition of v we get

Qvt − L0v = −etLu = 0 in ST ;

as a consequence, we have ∫∫
ST

Qvt v+ φ
2eζdxdt =

∫∫
ST

(L0v) v+φ
2eζdxdt . (3.4)
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Furthermore, taking into account the properties of ζ(x, ·), we can write

∫∫
ST

Qvt v+ φ
2eζdxdt =

∫
Ω

Qφ2

(∫ T

0

vt v+e
ζdt

)
dx

=

∫
Ω

Qφ2

(∫ T

0

(
1

2
v2+

)
t

eζdt

)
dx

=
1

2

∫
Ω

Q(x)φ2(x)
[
v2+(x, ·)eζ(x,·)

]t=T

t=0
dx

− 1

2

∫∫
ST

Qζt v
2
+φ

2eζdxdt .

(3.5)

In view of (3.5), to prove the needed (3.3) we now turn to estimate from above the integral in the right-hand
side of identity (3.4).

To begin with, owing to assumptions (a)-(b) (and using the divergence structure of L0), we can perform a
simple integration-by-parts argument, giving

∫∫
ST

(L0v) v+φ
2eζdxdt =

∫∫
ST

(
div
(
A(x)∇v

))
v+φ

2eζdxdt

= −
∫∫

ST

⟨A(x)∇v,∇(v+φ
2eζ)⟩dxdt

= −
∫∫

ST

⟨A(x)∇v+,∇v+⟩φ2eζ dxdt+ I1 + I2,

(3.6)

where we have introduced the notation

I1 := −2

∫∫
ST

φv+e
ζ⟨A(x)∇v+,∇φ⟩dxdt,

I2 := −
∫∫

ST

v+φ
2eζ⟨A(x)∇v+,∇ζ⟩dxdt.

On the other hand, since the matrix A(x) is symmetric and positive definite for every x ∈ Ω, by the Cauchy-
Schwarz inequality we have

∣∣⟨A(x)ξ, η⟩∣∣ ≤√⟨A(x)ξ, ξ⟩ ·
√

⟨A(x)η, η⟩ ∀ ξ, η ∈ Rn; (3.7)
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Using (3.7), together with the weighted Young inequality, we then obtain the following estimates, holding true
for every choice of ε1 ε2 > 0:

• |I1| ≤
∫∫

ST

2|φ|v+eζ
√

⟨A(x)∇v+,∇v+⟩ ·
√
⟨A(x)∇φ,∇φ⟩dxdt

=

∫∫
ST

2
(
|φ|e 1

2 ζ
√
⟨A(x)∇v+,∇v+⟩

)(
v+e

1
2 ζ
√
⟨A(x)∇φ,∇φ⟩

)
dxdt

≤ ε1

∫∫
ST

⟨A(x)∇v+,∇v+⟩φ2eζdxdt

+
1

ε1

∫∫
ST

⟨A(x)∇φ,∇φ⟩v2+eζdxdt;

• |I2| ≤
∫∫

ST

v+φ
2eζ
√

⟨A(x)∇v+,∇v+⟩
√
⟨A(x)∇ζ,∇ζ⟩dxdt

=

∫∫
ST

(
|φ|e 1

2 ζ
√
⟨A(x)∇v+,∇v+⟩

)(
v+|φ|e

1
2 ζ
√
⟨A(x)∇ζ,∇ζ⟩

)
dxdt

≤ ε2
2

∫∫
ST

⟨A(x)∇v+,∇v+⟩φ2eζdxdt

+
1

2ε2

∫∫
ST

⟨A(x)∇ζ,∇ζ⟩v2+φ2eζdxdt .

(3.8)

Gathering (3.6)–(3.8), we finally obtain∫∫
ST

(L0v) v+φ
2eζdxdt ≤

(
−1 + ε1 +

ε2
2

)∫∫
ST

⟨A(x)∇v+,∇v+⟩φ2eζdxdt

+
1

ε1

∫∫
ST

⟨A(x)∇φ,∇φ⟩v2+eζdxdt

+
1

2ε2

∫∫
ST

⟨A(x)∇ζ,∇ζ⟩v2+φ2eζdxdt.

(3.9)

With estimate (3.9) at hand, we can easily complete the proof of (3.3): in fact, choosing ε1 = 1/2 and ε2 = 1
in (3.9), we get ∫∫

ST

(L0v) v+φ
2eζdxdt ≤ 1

2

∫∫
ST

⟨A(x)∇ζ,∇ζ⟩v2+φ2eζdxdt

+ 2

∫∫
ST

⟨A(x)∇φ,∇φ⟩v2+eζdxdt;
(3.10)

from this, recalling (3.4) and (3.5), we derive∫
Ω

Q(x)φ2(x)v2+(x, T )e
ζ(x,T )dx−

∫
Ω

Q(x)φ2(x)v2+(x, 0)e
ζ(x,0)dx

≤
∫∫

ST

{Q(x)ζt(x, t) + ⟨A(x)∇ζ(x, t),∇ζ(x, t)⟩} v2+(x, t)φ2(x)eζ(x,t)dx

+ 4

∫∫
ST

⟨A(x)∇φ,∇φ⟩v2+(x, t)eζ(x,t)dxdt,

which is precisely the needed (3.3).
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Remark 3.3. By carefully scrutinizing the proof of Proposition 3.2, together with the proof of [13], Proposition
2.1, one can plainly recognize that the previous results do not require the validity of assumptions (D)-(P) in
their full strength: in fact, the explicit bounds from below on Q(x) and from above on A(x) appearing in (D)
and (P), respectively, are not used in the proofs.

We conclude the section with the following key lemma, which provides an explicit supersolution of equation
Hu = 0, where

Hu = Q(x)∂tu+

n∑
i,j=1

aij(x)∂xi
u · ∂xj

u

= Q(x)∂tu+ ⟨A(x)∇u,∇u⟩

is the differential operator appearing in the right-hand side of (3.3).

Lemma 3.4. Let the assumptions of Theorem 2.3 be fulfilled. Moreover, let T > 0 and 0 < ε < ρ0/2 be arbitrarily
fixed (here, ρ0 > 0 is as in assumptions (D)-(P)).

We consider the function ζε defined on ST as follows

ζε(x, t) := − 1

T − t

p∑
i=1

fi,ε(dMi
(x))2 (for (x, t) ∈ Ω× (0, T )),

where, for every 1 ≤ i ≤ p, we have

fi,ε(r) :=


1

2

∫ ε

r

√
qi(t)

σi(t)
dt if 0 < r ≤ ε,

0 if r > ε.

Then, we have

Hζε(x, t) = Q(x)(ζε)t + ⟨A(x)∇ζε,∇ζε⟩ ≤ 0

for a.e.x ∈ Ω and every t ∈ (0, T ).
(3.11)

Proof. First of all we observe that, since the functions qi’s, σi’s are continuous and strictly positive on the
interval I = [0, ρ0], and since ε < ρ0/2, from Remark 2.1 we easily recognize that ζε is differentiable with
respect to x at every point of the open cylinder Oε × (0, T ), where

Oε := Ω \
p⋃

j=1

{x ∈ Ω : dMj (x) = ε}.

As a consequence, since the level sets {dMj = ε} have vanishing Lebesgue measure (so that |Ω \ Oε| = 0), to
prove the needed (3.11) it suffices to show that

Hζε(x, t) = Q(x)(ζε)t + ⟨A(x)∇ζε,∇ζε⟩ ≤ 0

for every x ∈ Oε and every t ∈ (0, T ).
(3.12)

In order to establish the above (3.12), we then fix a point (x0, t0) ∈ Oε × (0, T ) and we distinguish two cases
(according to the piecewise definition of the fj,ε’s).
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Case I: dMj
(x0) > ε for all 1 ≤ j ≤ p. In this case, since fj,ε ≡ 0 on (ε,+∞), we have that ζε ≡ 0 near

(x0, t0); as a consequence,

Hζε(x0, t0) = 0,

and (3.12) is trivially satisfied.

Case II: dMi(x0) < ε for some 1 ≤ i ≤ p. In this case we first notice that, since the open neighborhoods
N (Mj , ε) = {dMj

< ε} are pairwise disjoint (recall that ε < ρ0/2 and see Rem. 2.1), we have

x0 ∈ N (Mi, ε) and x0 /∈ N (Mj , ε) ∀ j ̸= i.

On the other hand, since fj,ε ≡ 0 on (ε,+∞), by definition we also have

ζε(x, t) = −fi,ε(dMi(x))
2

T − t
∀ x ∈ N (Mi, ε) ∩ Ω, t ∈ (0, T ).

As a consequence, since N (Mi, ε) ∩ Ω is an open neighborhood of x0, by using the bounds (2.2)–(2.3) in
assumptions (D) and (P), respectively, we obtain

Hζε(x0, t0) = Q(x0)(ζε)t + ⟨A(x0)∇ζε,∇ζε⟩

=
fi,ε(dMi

(x0))
2

(T − t0)2

[
−Q(x0) +

qi(dMi
(x0))

σi(dMi(x0))
· ⟨A(x0),∇dMi

,∇dMi
⟩
]

≤ fi,ε(dMi
(x0))

2

(T − t0)2

[
− qi(dMi

(x0) +
qi(dMi

(x0))

σi(dMi
(x0))

· σi(dMi
(x0))|∇dMi

(x0)|2
]

(since |∇dMi
| = 1, see Rem. 2.1)

≤ fi,ε(dMi
(x0))

2

(T − t0)2
(
− qi(dMi

(x0)) + qi(dMi
(x0))

)
= 0,

which is precisely the needed (3.11).

4. Proofs of theorems 2.3 and 2.5

For further purposes, let us make an observation concerning radial integrals over tubes around a submanifold
of Rn, via Coarea and Weyl’s formula.

Remark 4.1. Let M ⊂ Rn be a C1 compact k–dimensional submanifold, and let

dM (x) := dist(x,M)

be the associated distance function. For a fixed a > 0 smaller than the normal injectivity radius of M , we let
Ta(M) be the tube around M of radius a, that is,

Ta(M) := {x ∈ Rn : dM (x) ≤ a}.

Let f(x) = g(dM (x)) with g ∈ L1(0, a). Then, due to Federer’s Coarea formula,∫
Ta(M)

f(x) dx =

∫ a

0

g(r)Hn−1({x : dM (x) = r}) dr.
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Moreover, by Weyl’s tube formula, see [17], there exists a real polynomial function PM on [0, a] such that

(i) Hn−1({dM = r}) = r n−k−1 PM (r) for all r ∈ (0, a];
(ii) PM (0) = (n− k)ωn−k Hk(M)

(where ωn−k is the volume of the unit ball in Rn−k). Consequently, we have

∫
Ta(M)

f(x) dx =

∫ a

0

g(r) r n−k−1 PM (r) dr.

In particular, if g ≥ 0, then ∫
Ta(M)

f(x) dx ≤
(

max
0≤r≤a

PM (r)
) ∫ a

0

g(r) r n−k−1 dr.

Thanks to all the preliminary results established so far, we are now ready to provide the proof of our main
result, namely Theorem 2.3.

Proof of Theorem 2.3. By contradiction, suppose that there exists a (non-trivial) bounded solution to
equation (1.1). Then, we know from Proposition 3.1 that there also exists a solution u to to same equation
(1.1) such that

0 < u ≤ 1 pointwise in Ω. (4.1)

Defining v(x, t) := etu(x)− 1 (for (x, t) ∈ S = Ω× [0,+∞)), we claim that

v(x, t) ≤ 0 for every x ∈ supp(Q) and t > 0. (4.2)

Taking this claim for granted for a moment, we can easily conclude the proof of the theorem: in fact, owing to
(4.2) (and exploiting the very definition of v), we have

0 < u ≤ e−t for every x ∈ supp(Q) and t > 0;

then, by letting t→ +∞, we deduce that u ≤ 0 on supp(Q) ̸= ∅, but this is clearly in contradiction with (4.1).
Hence, we turn to prove the claimed (4.2).

To begin with, we fix T > 0 (to be chosen conveniently small later on), and we arbitrarily choose ε ∈ (0, ρ0/2);
then, we let ζε be as in Lemma 3.4. To proceed further, we choose another parameter 0 < δ < ε, and we define

φδ,ε : Ω → R, φδ,ε(x) := ϕ1(dM1(x)) · · ·ϕp(dMp(x)),

where ϕ1, . . . , ϕp ∈ Lip(R) satisfy the following properties

(i) 0 ≤ ϕi ≤ 1 on R;
(ii) ϕi ≡ 0 on [−δ, δ] and ϕi ≡ 1 on R \ [−ε, ε]

We now observe that, by definition, the functions φδ,ε and ζε clearly satisfy assumptions (a)-(b) in
Proposition 3.2; hence, by combining estimate (3.3) (with the ad-hoc choice φ = φδ,ε, ζ = ζε) with (3.11)
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in Lemma 3.4, we obtain ∫
Ω

Qφ2
δ,εv

2
+(x, T )e

ζε(x,T )dx−
∫
Ω

Qφ2
δ,εv

2
+(x, 0)e

ζε(x,0)dx

≤
∫∫

ST

{Q(x)(ζε)t + ⟨A(x)∇ζε,∇ζε⟩} v2+φ2
δ,εe

ζε dxdt

+ 4

∫∫
ST

⟨A(x)∇φδ,ε,∇φδ,ε⟩v2+eζεdxdt

≤ 4

∫∫
ST

⟨A(x)∇φδ,ε,∇φδ,ε⟩v2+eζεdxdt.

(4.3)

We then proceed by estimating both sides of (4.3).

- Estimate of the left-hand side. First of all we observe that, since ϕi ≡ 0 pointwise on [−δ, δ] for every 1 ≤ i ≤ p,
we have φδ,ε ≡ 1 pointwise on

Ωε := {x ∈ Ω : dMi
(x) ≥ ε for all 1 ≤ i ≤ p} = {x ∈ Ω : d∂Ω(x) ≥ ε}.

From this, taking into account that v+(x, 0) = (u(x)− 1)+ = 0 in Ω (see (4.1)) and that ζε(x, ·) ≡ 0 on (0, T )
for every x ∈ Ωε, we obtain∫

Ω

Q(x)φ2
δ,εv

2
+(x, T )e

ζε(x,T )dx−
∫
Ω

Q(x)φ2
δ,εv

2
+(x, 0)e

ζε(x,0)dx

=

∫
Ω

Q(x)φ2
δ,εv

2
+(x, T )e

ζε(x,T )dx

≥
∫
Ωε

Q(x)v2+(x, T )e
ζε(x,T )dx =

∫
Ωε

Q(x) v2+(x, T ) dx.

(4.4)

- Estimate of the right-hand side. We first point out that, since the functions ϕi’s are constant on [−δ, δ] and
on R \ [−ε, ε] (see property (ii)), one has

∇φδ,ε ̸≡ 0 only on Ωδ,ε,

where Ωδ,ε ⋐ Ω is the open set defined as follows:

Ωδ,ε :=

p⋃
j=1

Aj
δ,ε, where Aj

δ,ε := {x ∈ Ω : δ < dMj
(x) < ε}.

Thus, using assumption (D), together with the fact that 0 ≤ v+(x, t) ≤ et pointwise on the strip S = Ω× [0,+∞)
(see (4.1)), we obtain∫∫

ST

⟨A(x)∇φδ,ε,∇φδ,ε⟩v2+eζεdxdt

=

∫
Ω

⟨A(x)∇φδ,ε,∇φδ,ε⟩
(∫ T

0

v2+ exp
(
− 1

T − t

p∑
j=1

fj,ε(dMj
(x))2

)
dt

)
dx

≤ T e2T
∫
Ω

exp
(
− 1

T

p∑
j=1

fj,ε(dMj
(x))2

)
⟨A(x)∇φδ,ε,∇φδ,ε⟩dx
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= T e2T
∫
Ωδ,ε

exp
(
− 1

T

p∑
j=1

fj,ε(dMj
(x))2

)
⟨A(x)∇φδ,ε,∇φδ,ε⟩dx

(since fj,ε ≡ 0 on [ε,+∞) and the neighborhoods {dMj < ε} are disjoint)

= cT

p∑
i=1

∫
{δ<dMi

(x)<ε}
e−

fi,ε(dMi
(x))2

T ⟨A(x)∇φδ,ε,∇φδ,ε⟩dx

≤ cT

p∑
i=1

∫
{δ<dMi

(x)<ε}
e−

fi,ε(dMi
(x))2

T σi(dMi(x))|∇φδ,ε|2 dx =: (♣).

We now observe that, since ϕi ≡ 1 out of the interval [−ε, ε] (and since the neighborhoods {dMj
< ε} are

disjoint), by definition of φδ,ε we have

φδ,ε(x) =
(
ϕi(dMi

(x))
)2

for every x ∈ Aj
δ,ε;

hence, by (2.5) we get

|∇φδ,ε(x)|2 = ϕ′i(dMi
(x)) for every x ∈ Aj

δ,ε.

As a consequence, in view of Remark 4.1 (and recalling that Mi has dimension κi), we obtain the following
estimate

(♣) = cT

p∑
i=1

∫
{δ<dMi

(x)<ε}
e−

fi,ε(dMi
(x))2

T σi(dMi
(x))

(
ϕi(dMi

(x))
)2

dx

≤ c1,T

p∑
i=1

∫ ε

δ

exp
(
− fi,ε(r)

2

T

)
σi(r)(ϕ

′
i)

2rn−1−κi dr =: (2♣).

where c1,T > 0 is a constant depending on T and on the metric structures of the manifolds M1, . . . ,Mp. From
this, by choosing ϕ1, . . . , ϕp in such a way that

ϕi(r) :=

(∫ ε

δ

sκi+1−n

σi(s)
e

fi,ε(s)2

T ds

)−1

·
∫ r

δ

sκi+1−n

σi(s)
e

fi,ε(s)2

T ds,

for every δ ≤ r ≤ ε (and 1 ≤ i ≤ p), a direct computation gives

(2♣) ≤ c1,T

p∑
i=1

(∫ ε

δ

rκi+1−n

σi(r)
exp

(fi,ε(r)2
T

)
dr

)−1

.

Summing up, we have proved the following estimate∫∫
ST

⟨A(x)∇φδ,ε,∇φδ,ε⟩v2+eζεdxdt

≤ c1,T

p∑
i=1

(∫ ε

δ

rκi+1−n

σi(r)
exp

(fi,ε(r)2
T

)
dr

)−1

.

(4.5)
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Finally, by combining (4.4)–(4.5) with (4.3), and by exploiting the explicit expression of the function fi,ε(r)
when r < ε (see Lem. 3.4), we obtain

∫
Ωε

Q(x) v2+(x, T ) dx ≤ c2,T

p∑
i=1

(∫ ε

δ

rκi+1−n

σi(r)
exp

(fi,ε(r)2
T

)
dr

)−1

= c2,T

p∑
i=1

(∫ ε

δ

rκi+1−n

σi(r)
exp

{
1

4T

(∫ ε

r

√
qi(t)

σi(t)
dt
)2}

dr

)−1

,

(4.6)

where c2,T > 0 is another constant only depending on T and on the metric structure of the manifolds
M1, . . . ,Mp.

With estimate (4.6) at hand, we can now complete the proof of the claimed (4.2). First of all, a standard
application of the Young’s inequality shows that there exists a universal number T0 > 0, depending on the
constant Λ in (2.6) but independent of fixed δ and ε, such that

1

4T

(∫ ε

r

√
qi(t)

σi(t)
dt
)2

≥ Λ
(∫ ρ0

r

√
qi(t)

σi(t)
dt
)2

− ci(ε)

for every 1 ≤ i ≤ p and every 0 < r < ε,

(4.7)

provided that T ≤ T0 (here, ci(ε) > 0 is a suitable constant depending on ε); as a consequence, by combining
(4.6)–(4.7), we have

∫
Ωε

Q(x) v2+(x, T ) dx

≤ cT,ε

p∑
i=1

(∫ ε

δ

rκi+1−n

σi(r)
exp

{
Λ
(∫ ρ0

r

√
qi(t)

σi(t)
dt
)2}

dr

)−1

,

(4.8)

provided that T ≤ T0, where cT,ε is a suitable constant depending on T and ε.
Now, taking into account that δ ∈ (0, ε) was arbitrarily chosen, we can pass to the limit as δ → 0+ in the

above (4.8): using assumption (2.6), we get

∫
Ωε

Q(x) v2+(x, T ) dx = 0,

from which we readily derive that

v(x, T ) ≤ 0 ∀ x ∈ Ωε ∩ supp(Q), 0 ≤ T ≤ T0.

From this, recalling that also ε ∈ (0, ρ0/2) was arbitrarily fixed (and taking into account that Ωε = {x ∈ Ω :
dΩ(x) ≥ ε}), we then obtain

v(x, T ) ≤ 0 ∀ x ∈ supp(Q), 0 ≤ T ≤ T0.
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Now, by repeating the very same argument exploited so far, but integrating on the strip Ω× [T0, T0 + T ] and
using the function

ζε(x, t) := − 1

T − t+ T0

p∑
i=1

fi,ε(dMi
(x))2

(which satisfies the analog of (3.11) for a.e.x ∈ Ω and every t ∈ (T0, T0 + T )), we deduce that v ≤ 0 on
supp(Q)× [T0, 2T0], and hence

v(x, T ) ≤ 0 ∀ x ∈ supp(Q), 0 ≤ T ≤ 2T0.

By iterating this argument, and by exploiting in a crucial way the fact that T0 > 0 is a universal number
remaining unchanged at any iteration, we conclude that

v(x, T ) ≤ 0 ∀ x ∈ supp(Q), T ≥ 0.

This is precisely the desired (4.2), and the proof is finally complete.

Now we prove Theorem 2.5. As a matter of fact, the proof of this result is very similar to that of Theorem 2.3,
and so we omit several details. However, the main difference is the following: when (2.7) holds we cannot, in
general, obtain and use Proposition 3.1; instead of it, we now exploit the assumption that u ≥ 0 in Ω.

Proof of Theorem 2.5. Let u be a (non-trivial) nonnegative and bounded solution to (1.1) (where assumption
(D) is replaced by (D’)). We define

û =
u

supΩ |u|
.

By linearity, we see that û is a solution of (1.1), further satisfying 0 ≨ û ≤ 1; as a consequence, by using
Proposition 3.2, and by arguing exactly as in the proof of Theorem 2.3, we can show that (see, precisely, (4.2))

v(x, t) = etu(x)− 1 ≤ 0 for every x ∈ supp(Q) and t > 0. (4.9)

Now, from (4.9) (and recalling that we are assuming u ≥ 0 in Ω), we infer that

0 ≤ u(x) ≤ e−t for every x ∈ supp(Q) and every t > 0;

hence, by letting t→ +∞, we immediately obtain that u ≡ 0 on supp(Q).

5. An example of optimality

In this section we construct an example (see Ex. 5.2 below), for which the assumptions on Q(x) and A(x)
made in Theorem 2.3 are optimal.

We shall use in a crucial way the next result (see [1], Thm. 2.5 or [2], Thm. 2.5).

Proposition 5.1. Let assumptions (S), (D) and (P) be satisfied. In addition, we assume that

Q(x) > 0 for any x ∈ Ω,
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and we suppose that there exist ρ0 > 0 and V ∈ C2(Ω) ∩ C0(Ω) such that

(i)
1

Q(x)
L0V ≤ −1 on Ω ∩N (∂Ω, ρ0) = {x ∈ Ω : d∂Ω(x) < ρ0}; (5.1)

(ii) V > 0 on Ω ∩N (∂Ω, ρ0) and V ≡ 0 on ∂Ω. (5.2)

Then, the equation

1

Q(x)
L0u− u = 0 in Ω (5.3)

admits infinitely many bounded solutions. In particular, for every γ ∈ R, there exists a solution to the Dirichlet
problem


1

Q(x)
L0u− u = 0 in Ω,

u = γ on ∂Ω.
(5.4)

We stress that u is a solution to (5.4) if and only if it is a solution of (5.3) and satisfies u = γ on ∂Ω.

Example 5.2. Let B1 ⊆ Rn be the usual Euclidean ball with centre x0 = 0 and radius r = 1, and let α, β ∈ R.
We consider the equation

div{ψβ∇u} − (1− |x|)−αu = 0 in B1, (5.5)

where ψβ ∈ C2(B1) is such that ψβ(x) = (1− |x|)β for 3
4 < |x| < 1. Since Ω = B1 is a bounded open set with

smooth boundary, and since

d∂B1
(x) = 1− |x| for every x ∈ B1,

from Example 2.7 we can infer that if

(i) β < 1 and α+ β ≥ 2 or (ii) β ≥ 1,

all the assumptions of Theorem 2.3 are satisfied, so that u = 0 is the unique bounded solution of (5.5). We now
aim to show that these conditions on α and β are optimal. More precisely, we will prove that if

β < 1 and α+ β < 2,

then there exist infinitely many bounded solutions of (5.5).

To this end, since Q(x) := (1 − |x|)−α is strictly positive in B1, we may try to use Proposition 5.1. First
of all, given any C, γ > 0 (to be appropriately fixed in a moment), we take a function V ∈ C2(B1) ∩ C0(B1)
satisfying

V (x) = C(1− |x|)γ for
3

4
< |x| < 1. (5.6)
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On account of (5.6), we clearly have that V > 0 in B1 ∩ N (∂B1, 1/4) and V ≡ 0 on ∂B1. Moreover, a direct
computation gives

1

Q(x)
L0V = Cγ(1− |x|)β−2+α+γ

[
γ − 1− n− 1

|x|
(1− |x|) + β

]
≤ Cγ(γ − 1 + β)(1− |x|)β−2+α+γ ∀ x ∈ B1 ∩N (∂B1, 1/4).

Thus, if we select 0 < γ < min{1−β, 2−α−β} (notice that this choice of γ is meaningful, since we are assuming
α+ β < 2 and β < 1), we obtain

1

Q(x)
L0V ≤ Cγ(γ + β − 1)

4−β+2−α−γ
= −1 on B1 ∩N (∂B1, 1/4),

up to properly choosing the constant C > 0. In view of this last estimate, we are then entitled to apply
Proposition 5.1 (with ρ0 = 1/4), which ensures the existence of infinitely many bounded solutions of (5.5).
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