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ON EXTREMAL POINTS FOR SOME VECTORIAL TOTAL
VARIATION SEMINORMS

KRISTIAN BREDIES'®, JOSE A. IGLESIAS>*® AND DANIEL WALTER?

Abstract. We consider the set of extremal points of the generalized unit ball induced by gradient
total variation seminorms for vector-valued functions on bounded Euclidean domains. These are central
to the understanding of sparse solutions and sparse optimization algorithms for variational problems
posed among such functions. For cases in which either the domain or the target are one dimensional
or the sum of the total variations of each component is used, we prove that these extremals consist of
piecewise constant functions with two regions. For definitions involving more involved matrix norms
and in particular spectral norms, we produce families of examples to show that the resulting set of
extremal points is larger and includes piecewise constant functions with more than two regions. We also
consider the total deformation induced by the symmetrized gradient, for which minimization with linear
constraints appears in problems of determination of limit loads in a number of continuum mechanical
models involving plasticity. For this case, we show piecewise infinitesimally rigid functions with two
pieces to be extremal under mild assumptions. Finally, as an example which is not piecewise constant,
we prove that unit radial vector fields are extremal for the Frobenius total variation in the plane.
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1. INTRODUCTION

Convex and positively one-homogeneous functionals defined on appropriate Banach spaces are widely used
as regularizers in variational approaches to signal and image processing, inverse problems, optimal control as
well as, more recently, in continuous formulations of some machine learning methods. This is attributed to the
empirical observation that their incorporation into minimization tasks leads to solutions which are given by a
linear combination of a few number of “simple” atoms. We refer, e.g., to the tendency of LASSO-regression to
produce solutions with few nonzero entries [1] and its infinite-dimensional counterpart, the Beurling-LASSO,
which is known to produce linear combinations of few Dirac masses under non-degeneracy conditions on the
measurements [2], a result that has been extended to general regularizers in [3].

A recently popularized approach towards understanding these “sparsifying” properties for a generic proper,
convex and positively one-homogeneous regularizer G on a Banach space U is its interpretation as the Minkowski,
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or gauge, functional of its generalized unit ball, i.e.,
Gu)=inf{A|A>0, weIB} where B={uecl|G(u)<1}.

Assuming compactness of the latter in a suitable topology, the Krein-Milman Theorem allows to identify B as
the closed convex hull of its extremal points

Ext(B) = {u € B|u= Auy + (1 — Aug for uj,us € Band A € [0,1] = (u=uy or u=uz)}.

This geometric perspective has several applications for both, the theoretical aspects of minimization problems
with convex, positively one-homogeneous regularization well as their numerical realization. For example, Convex
Representer Theorems, [4, 5], provide sufficient conditions for the existence of minimizers constituted by finitely
many extremal points associated to the regularizer while problem-tailored Generalized Conditional Gradient
methods, [6], numerically compute minimizers by relying on iterates formed as finite conic combinations of such
extremals as well as greedy updates based on the minimization of linear functionals over Ext(B).

For particular choices of the regularizer G and the variable space U, the potential impact and benefit of
these results heavily rely on a precise characterization of the set of extremal points. Moreover, the size and
complexity of this set is also of crucial importance: A functional giving rise to a set of extremal points which is
very large and/or hard to navigate would render representer theorems less informative and extremal point-based
optimization methods less tractable.

1.1. Contribution and related work

Motivated by these potential benefits, the study of the extremal points associated to convex regularizers has
become a fruitful area of research over the last years. Without pretence of completeness, we point out for a list of
convex representer theorems in particular settings as well as, e.g., for realizations of extremal point-based solution
algorithms. However, for other cases of practical relevance, a full characterization of Ext(B) is not available.
The present work puts the focus on total variation energies for vector-valued functions u: 2 — R™, n > 1, on
a bounded domain © C R¢, d > 1, with Lipschitz boundary. More in detail, given a matrix norm | - |x (where
K denotes the respective closed unit ball) as well as u € BV(Q;R™), the space of vector-valued functions of
bounded variation [7], Definition 3.1, Proposition 3.6, consider

TVk(u) := sup {/ u-div® dx
Q

® € CHOQR™?), |®(z)|ge <1 for all z € Q} : (1.1)

where | - | o denotes the canonical dual norm for | - |, with closed unit ball K°. Integrating by parts and using
the density of C1(Q;R™*?) in C(; R™"*9), we note that this definition ensures

TVk(u) = [ |Vulgdz forall uwe WhH(Q;R"),
Q

which justifies the employed notation in terms of K and further underlines the practical interest in this type of
regularizer.

This general formulation captures, both, isotropic, i.e. |- |k is the Euclidean norm |- |, and anisotropic flavors,
e.g. ||k = |- |1, of total variation for scalar-valued functions as well as vector-valued analogues involving e.g.
Schatten p-norms. While the former are a fundamental pillar in the analysis of grey-scale images, see e.g.
[8], the latter have been proposed, see e.g. [9], as advantageous for regularizing color images and provide a
suitable setting for the approximation of vector-valued functions of bounded variation by piecewise constant ones,
see [10].
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For seminorms such as (1.1), let us recall that to retain some notion of compactness of the generalized unit
ball, and thus to ensure the existence of extremal points, the natural setting is to work with the quotient space
w.r.t. the subspace of functions on which they vanish. Assuming €2 is connected, this means that we should
work up to addition of constant functions, i.e. we consider

Bi = {[u] € BV(;R")/(R"1q) | TVk(u) <1} where [u]={u+alg|aeR"}. (1.2)

For example, in [5], Theorem 4.7, the authors show that the extremal points of the isotropic total variation for
scalar-valued functions, i.e. n = 1 and | - |, are given, up to a constant shift, by scaled characteristic functions of
non-trivial sets E which are simple, i.e. E as well as Q \ E are indecomposable. While this structure is, mutatis
mutandis, retained for some (vector-valued) instances of TV, the main aim of the present work is to show
that, in general, Ext(Bk) is larger than one would extrapolate from the scalar-valued case and its complexity
strongly depends on | - | . More in detail, we provide the following results:

e We give a full characterization of the set of extremal points associated to TV  for the case of vector-valued
functions on an interval Q = (a,b),

Ext (Bgk) = { [Q]l(z’b)] ‘ e, Qe Ext(K)} where K :={Q€R"||Q|x <1}
as well as for the scalar-valued case induced by a general norm | - |x on R,

Ext (Bg) = { [TV:L“ZHE)] ’E C Q simple, |E| € (0, |Q|)} (1.3)

on multidimensional domains, n = 1 and d > 1. The latter might seem particularly surprising at first
glance since anisotropic total variation regularization tends to favor different structural properties in the
reconstructions compared to its isotropic counterpart. From this perspective, the characterization in (1.3)
implies that this feature of anisotropic total variation cannot be concluded (solely) from convex representer
theorems.

e The main part of the paper revolves around the general vector-valued case on multidimensional domains.
On the one hand, we show that the characterization of Ext(Bg) can be traced back to the scalar-valued
case if TV is linear w.r.t. to a decomposition of BV(2) in a direct sum of n subspaces. For example,
given an arbitrary norm | - | on R, we obtain for

n

Al =D |4k

j=1
that

1
Ext(Bg) = { {ejTVk(E]IE)] ’ E C Q simple, |E| € (0,]9]), j = 1,...,n},

with {e;}}_; denoting the canonical basis of R™ and A; the corresponding rows of A. On the other hand,
we prove that Ext(Bg) is significantly larger if the matrix norm |- |k is highly isotropic on rank-one
matrices, see (5.2) for the exact condition. Denoting by o1(A) > -+ > 04(A) > 0 the singular values
of A € R"¥¢ these results cover, both, Schatten as well as Ky-Fan norms,

d 1/p N
A= (Sosar)  and Al =Y aa)

j=1
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forp € [1,+00) and 1 < N < d. Explicit families of extremal points are constructed which are not multiples
of indicatrices of simple sets. While this does not provide a full characterization of the extremal points,
it emphasizes that the structure of elements in Ext(Bg) in the vector-valued setting critically depends on
the particular choice of the matrix norm |- |x when acting on the matrix-valued Radon measure Du. In
particular, strict convexity of | - |k along certain kinds of variations tends to induce larger sets of extremals.

e Relating to mechanical problems involving plasticity and higher-order functionals such as the total gener-
alized variation (TGV, see [11]), it is also of interest to investigate the extremal points of the closed unit
ball of the total deformation associated to a matrix norm |- |g,

P e Cg(Q;RdXd), |®(z)|xe <1 forall z € Q} ,

sym

TDk (u) := sup{/ u-divdde
Q

which is finite for u € BD(2; R?), the space of vector fields of bounded deformation [12, 13]. In this case,
we prove that functions of the form wilg with w € A give rise to extremal points of the ball

{[u] € BD(Q)/A | TDg (u) < TDg (um)},

where A is the set of infinitesimal rigid motions, defined in (2.5) below, and |- |k is assumed to satisfy
a certain strict convexity condition along symmetrized tensor products, cf. (5.10). This fact can be of
interest for some continuum mechanical models involving plasticity, in which the norm used for TDg
corresponds to the yield criterion in stress space, a property of the materials considered.

e Finally, inspired by the extremality of (1 — |z|)+ for the Hessian-Schatten variation proved in [14], we
show that the planar vector field uy defined on Q = B;(0) C R? by

wr(z) = o if  # (0,0)
700,00 it 2 = (0,0)

satisfies

Uy
__UH | g here |- |x = |-
|:TVK(UH):| Sl ¢ (BK) where | |K | |F

denotes the Frobenius norm.

In the existing literature there are several examples of generalized conditional gradient algorithms explicitly
using characterizations of extremal points for specific instances and generalizations of the total variation. These
include [15] for TV in one dimension, [16] for total generalized variation also in one dimension, [17] for isotropic
total variation in two dimensions, and [18] for piecewise constant discretizations on two- and three-dimensional
triangulations.

Minimization of the total deformation TD g with zero divergence in perforated domains with nonhomogeneous
Dirichlet boundary conditions is considered in [19] for computing the critical yield number and limit flow profile
induced by solid particles settling in viscoplastic fluids. For the corresponding scalar-valued TV problem arising
from anti-plane motions, in [20, 21] the existence of piecewise constant solutions is proved. Particularly in [21],
which treats the case of multiple solid components, the extremality of rescaled indicatrices of simple sets is also
directly used. In the axisymmetric case with in-plane motions leading to  C R? and specific particle geometries,
vector fields with restrictions of the form x = (21,22) — (—z2,21)/|2| can be numerically observed when the
solid particle has the shape of a square with a corner pointing to the direction of gravity. We are not able to
prove extremality in this case, but discuss some partial results in Remark 6.4.
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1.2. Outline

After summarizing some preliminaries as well as the necessary notation in Section 2, we start by characterizing
the extremal points for the TV g-functional in the particular cases of vector-fields on an interval as well as scalar-
valued functions of total variation on domains in multiple dimensions, see Section 3. Subsequently, in Section 4,
we show that the structure of the latter is retained in the vector-valued setting if the energy TV g is additive
w.r.t to some decomposition of BV(€2;R"™) into a direct sum of subspaces. In Section 5, we observe that the set
of extremal points associated to TV and a rotationally invariant |- |k, e.g. any spectral norm, is significantly
larger than what we would expect from the scalar-valued case, and that in particular, the set Bx contains families
of extremal points attaining more than two values. Moreover, still in Section 5, we also prove extremality with
respect to TD g of most functions made by gluing two infinitesimal rigid motion along the reduced boundary of
a simple set. Finally, in Section 6, we prove that the unit radial vector field on the unit ball = B(0,1) C R?
(we denote by B(z,r) the Euclidean ball of radius r > 0 centered at z € R?) corresponds to an extremal point
for TV, if | - |k is given by the Frobenius norm.

2. NOTATION

Matrix norms. The central notion in this article is the total variation for locally integrable functions u : 2 —
R™ on Q C RY, defined as in (1.1). In it, we have used a dual pair of matrix norms |- | and |- |xo, meaning
that for all for A € R"*? we have

|A| o = sup {tr (ATB) ’B e R |B|x
|Alg = sup {tr (ATB) | B € R"*¢, |B|xo

1}, and

}.

In this context, K always denotes the closed unit ball with respect to the norm |- |g, that is the symmetric
convex set

s 2.1
< (2.1)

K ={AeR™||Alg <1},
which indeed makes | - |x the Minkowski or gauge functional of K, that is
|Alg =inf{r >0|M € rK}.
The set K° is then the polar set of K € R™*? with respect to the Frobenius inner product, that is
K°:={AeR™|tr(A"B) <lforall BE K}.
This notation is chosen to be consistent with it being the unit ball for the dual norm (2.1), that is
K°={BeR"™||B|g. < 1}.

An easy to interpret family of matrix norms which we use in the sequel is that given by

Al = (Al 1Al | (2.2

v

defined in terms of a “space” ball K, C R? acting on the rows 4; of A (that is, the distributional gradients of
each component of v when using TV ) and a “value/vector ball” K, C R™. In this situation, one can write the
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dual norm to | - |g above as
.
Al = [(Aalieg s Anlis) 7| -

To see this, notice that in the duality formula

|A| ko = sup {tr (ATB) ‘ BeR™ |B|g < 1} , we have tr (ATB) = ZAZ- - By, (2.3)

i=1

which allows us to first find a vector in R™ to realize the outer duality between |- |k, and |- |ko, and extend to
R? the functionals that assign the value of the components of this vector to each of the rows of A, realizing the
inner duality between |- |k, and |- |go for each row. In an analogous fashion, one can also consider instead

|A‘K:‘(‘A1|KU""7|Ad|KU)T‘st (2.4)

where instead the “values” ball K, C R” acts first on the columns A’ of A. The dual norm becomes then

_ 1 d T
Al = [ (45, 14%) T,

as can be readily seen by using tr(A" B) = tr(AB") in (2.3).

For simplicity we single out two particular cases, denoting | - | for the Euclidean norm of vectors and |- | for
the Frobenius norm of matrices, defined by |A|% = tr (AT A) for any A € R"*%.

Often we will make use of rank-one matrices, which can be written as tensor products b ® a := ba' € R?*¢
generated by a € R? and b € R", as well as their symmetrized counterparts given by a ©b:= 3(a ® b+ b® a)
for a,b € RY. We further note that for rank-one matrices, norms of the form (2.2) can be computed as

)
b®alk = |(bilal, - bulalie,) | = bl lalx..

v

which in turn equals the value obtained for norms of the type (2.4).

Quotient spaces. Let us recall that to retain compactness of the unit ball for seminorms such as TV and
TDg, one needs to work with the quotient space with respect to the subspace of functions on which they vanish.
Assuming that € is connected, this means that for TV g we should work up to addition of constant functions, in
BV(Q;R™)/(R"1g). For TDg the kernel is larger and consists of all infinitesimal rigid motions, meaning that
we should work in BD(Q)/A, for

A= {U:Q%Rd}v(x):Ax—ﬁ—b for A € R with A+ AT =0, and b€ R} . (2.5)

In both cases, we use the notation [-] to denote equivalence classes in a quotient space.

Vector-valued measures. It will also be useful to separate the effect of the derivative and consider anisotropic
norms on vector-valued measures. In the following we identify the dual of the finite dimensional space R?(Xod =

(R4, | - | o) with R%X% = (R"*? | .| ) via the Frobenius inner product A- B = tr(AT B). Now, let Co(Q; R7:)
denote the set of ]R?(Xod—valued continuous functions on {2 which vanish at its boundary. Together with the



ON EXTREMAL POINTS FOR SOME VECTORIAL TOTAL VARIATION SEMINORMS 7
canonical maximum norm, i.e.,

(9l gpxe = max|i(@)lxe forall ¢ € Co(R™)

these form a separable Banach space. By Singer’s representation theorem [22], pp. 182, we identify its dual
space with M (£2; R”KXd), the space of R 4_valued vector measures with finite total variation. The corresponding
duality pairing is given by

Wi = [ wdu= [ o (472 w) dulito)

|k

for all ¢ € Co(Q;R7XY), p € M(QREY), where |u|x denotes the total variation measure of p with respect
to | - |k, see, e.g., [7], Definition 1.4), and the notation u/|u|x stands for the Radon-Nikodym derivative of u
with respect to ||k, that is, u/|p|x is the polar of p. The latter satisfies |u/|p| k()| x = 1 for |u|k-a.e. © € Q.
Equipping M (£; R’}{Xd) with the canonical dual norm

gl ypmoxa = sup /tr (w(:cﬂ”(x)) Al (z) forall pe M(QRZY),
K Q 1l

Hw“cyk}zgéd <1

makes it a Banach space and we have ||M||M7R}L<Xd = |u|x (). To reflect the above mentioned special cases, we
use the notation || and |u|p for the total variation measure of p € M(;R™) w.r.t the Euclidean norm | - | and
of p € M(£;R™ %) w.r.t the Frobenius norm | - |, respectively.

Finally, for a function u: 2 — R™ of bounded variation (bounded deformation, respectively) its (symmetrized)
distributional derivative is a finite Radon measure and we have TV g (u) = |Du|x () (TDgk(u) = |Eulx (£2)).

Subsets, relative perimeter, and piecewise functions. Throughout the paper, we will work extensively
with Borel sets O C Q C RY, the collection of which we denote by (). For such a set, we denote by |O] its
Lebesgue measure, that is |O| = £4(0O). Further, denoting its characteristic function in Q as 1 : Q@ — {0, 1},
we define Per(FE,Q) to be its isotropic perimeter in 2, given by

Per(E,Q) :=TV(1g),

where TV denotes the particular instance of (1.1) in which n = 1 and K is the closed unit ball of the Euclidean
norm | - | in R%. Whenever Per(E,(2) < +o0o we say that E is a set of finite perimeter E in ), in which case
Per(E, Q) = |D1g|(Q).

There are several notions of boundary which are relevant for sets of finite perimeter. The topological boundary
is not a priori useful, since the definition of perimeter is invariant to modifications of Lebesgue measure zero.
On the other hand, for the support supp D1 g of the Radon measure D1 g, defined to be the intersection of all
closed sets F' such that |D1g|(F) = |D1g|(€2), we have [23], Proposition 12.19 that

|EN B(z,r)]|

supp Dl g = {33 S Q’O <
|B(z,r)]

<1forall7“>0},

and we may take a representative E such that |[EAE| = 0 and OF N = supp D1g. Related to these
considerations are the points of density s € [0, 1] with respect to the Lebesgue measure, denoted as

E®) = {a: € R¢

. |EnB(x,r)|
lim —————— =57,
r—0t+ |B(xz,7)|
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including the special cases of the measure-theoretic exterior E(®) and measure-theoretic interior E(1). Finally,
the reduced boundary 9*E C € is defined to be the set of points & € supp D1 g such that

Di1g(B
lim IMEI((M exists and belongs to S?7!,

where the limit is referred to as the measure-theoretic (inner) normal to E at z € 9*F, and is denoted as
ve(r) € S471. By the de Giorgi structure theorem [23], Theorem 15.9 and the Federer theorem [23], Theorem 16.2
we have that

Dlp=vpgH'LO*E, and H'(EY/?\0*E) =0, (2.6)

implying in particular that Per(E, ) := H?~1(0*E).

We remark that even though all our results are stated for bounded domains €2, we have chosen to keep the
second argument of the perimeter since, unlike for functions u : @ — R™ and TV (u), the domain © cannot
be inferred from specifying only the subset E, and the notation Per(E) is commonly used in the literature to
mean Per(FE, R?). The above definition of perimeter in E is extended to the relative perimeter of E in a Borel
set F' C Q as

Per(E, F) := |D1g|(F) = H Y (0*ENF).
In the sequel, quantities of the form TV (1g) = |D1g|x(Q) for other norms |- |k on R? will also make an

appearance, but we reserve the perimeter notation for the standard isotropic version above.
For a finite perimeter set E in €2 we further say that it is indecomposable if, whenever

E =FEyUE; with |[E; N Ey] =0 and Per(E, Q) = Per(Eq, Q) + Per(E», ),

then necessarily |E1| = 0 or |E3| = 0. Further, E is called simple if both E and © \ E are indecomposable.
For a function v € BV(Q;R"), we say that it is piecewise constant [7], Definition 4.1 if there is a partition of
Q into subsets {E;}5°,, and vectors b; € R™ for which

o0 o0
ZPer(E7 Q) <400 and u= Z bilg,.
i=1 i=1
Similarly, we say that u € BD(2) is piecewise infinitesimally rigid if it can be written as

o0

U= ZUi]lEq, forv; € A

i=1

with the same (Caccioppoli) type of partition {E;}5°,. Moreover, we remark that we will often write equalities
of functions defined on € to mean their equivalence, that is, equality £¢—almost everywhere.

3. THE ONE-DIMENSIONAL AND SCALAR-VALUED CASES

We start by giving a precise characterization of the extremal points of the unit ball

Bi = {[u] € BV(;R")/(R"1o) | TVk (u) < 1}
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associated to TV, for the particular cases of vector-valued functions on an interval, i.e. d =1 and n > 1, as
well as scalar-valued functions on domains in multiple dimensions, d > 1 and n = 1.

3.1. The one-dimensional case

Loosely speaking, if @ = (0,7) C R is an interval, we can rely on taking primitives of vector measures p €
M (Q;R%?) in order to obtain Ext(Bx). More in detail, consider the linear mapping

L: BV(Q;R™)/(R"1g) — M(Q;R%*Y),  [u] = Du, (3.1)

where D denotes the distributional derivative and the quotient space BV(Q; R™)/(R"1q) is equipped with the
canonical norm

ulllzv /en = inf [Jlu —clafs +TV(w)] = nf |[u—clafws + | Dully gpxa

Lemma 3.1. Assume that d = 1. The linear mapping L from (3.1) is continuous and bijective.

Proof. Given pu € M(Q;R%*%), we readily see that the function u(t) = p((0,t)), defined in an a.e. sense, satis-
fies Du = p. Hence, L is surjective. In order to show that L is also injective, let [u1], [ug] € BV(;R™)/(R™1q)
satisty L([u1]) = L([uz]). Then we have Du; = Dus and thus u; = ug + b, for some b € R™, hence [u1] = [us]
by definition of the equivalence class. The continuity of L follows immediately noting that
1Ll yg e = Dl yg g < iy e for all  [u] € BV(5R™)/(R ). 0
In particular, we observe that
L7t ({ € M@ R il e < 1}) = {Iu] € BV R/ (R"10) | TV (w) < 1)

and thus

L (Ext ({M e M(Q;RXY) ] il g e < 1} )
— Bxt ({[u] € BV(QR")/(R"10) | TV (u) < 1})

according to [5], Lemma 3.2. As a consequence, it suffices to characterize the extremal points of the unit ball
in M (Q; REX).

Lemma 3.2. There holds

Ext ({u € M(Q; R ‘ il g s < 1}) = {00, |t€Q, beExt(K)}.

Proof. We start by noting that both, |- |k and || - ||, gnxa, are norms. Hence, vectors b € Ext(K) and measures
B

pe Bxt ({n e ME@RE |l e <1})

necessarily satisfy |b|x =1 and ||p|,, gnxe = 1 respectively.
e

Now, we first show that every measure of the form p = bd;, b € Ext(K), t € 2 = (0,7, is an extremal point.
For this purpose, define the following set of scalar-valued measures:

P={veMQ)|v>0 v(Q) <1}
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where v > 0 is understood in the canonical sense, i.e., by testing against nonnegative functions. Following the
arguments of [5], Proposition 4.1, we see that Ext(P) = {d; |t € Q@ } U {0}. By definition, further note that

il s = lalse(€) = bl = 1

since b € Ext(K).
We now argue by contradiction: If u = bd;, b € Ext(K), t € Q = (0,T) is not extremal, then there are u, uo €
M REZD), 1y # o, as well as A € (0,1) with

p= = Npa+ Mg, lpallpypoxe <1, w2l prxa < 1.
Since |p|x (2) = 1, we may also assume that |u1|x () = |u2|x () = 1. This implies
0 < |pulx(E) =1 = Np + Apz|g (E) < (1= A)|pa|k (E) + Alp2|x (E) < 1.

for all Borel sets E C 2. Inserting E = Q and noting that |u|x(2) = 1, we conclude that v :== (1 — X)|u1|x +
Alpz|k satisfies v > 0 and v(©2) = 1. Due to §;(E) < v(E) for all Borel sets E C Q, we then get that v = §;.
Since d; is an extremal point of P and |u1| k., |p2|x € P, this yields |u1|x = |pu2|x = 0t. Thus, there are by, by € K
with

1 =b16y, po =0bady aswellas p= ((1—A)by + A\b2)d;.

Since b € Ext(K), we finally conclude b; = by = b and thus also p1 = po = p, yielding a contradiction.

Next, we show that there are not more extremal points besides the mentioned Dirac delta functionals. For
this purpose, first assume that u is extremal but its support is not a singleton. Then we have |u|x(©2) =1 and
there is a Borel set E with 0 < |u|x(E) < 1. Setting

1 1
A= nlk(@NE)€(0,1), m=q—<pLE aswellas pp=-ul(Q\E),

we note that |u1|x = |pe|xk =1, p1 # po and
p=pLE+pl (Q\E) = (1= + Ape.

This contradicts the extremality of . Hence, every extremal point is of the form p = bd; for some b € K. Finally,
if b € K\ Ext(K), there are by,by € K, by # by, and X\ € (0,1) with b = (1 — \)b; + Aby. Consequently, p is
again not extremal. O

Theorem 3.3. Let d =1 and Q = (0,T). Then there holds
Ext (Bi) = { [b1e1)] | t € (0,T), b€ Ext(K) }.

Remark 3.4. It is worth pointing out that Lemma 3.2 also holds in higher-dimensional domains 2. However,
for d > 1, L is not bijective and thus a direct transfer of the proposed strategy to domains in multiple dimensions
is not possible.

3.2. The scalar-valued case

Next, we consider the case of scalar-valued functions of bounded variation on domains in multiple dimensions,
that ism = 1 and d > 1. For this purpose, we first recall the isotropic case, i.e. K is given by the Euclidean unit
ball in R?. In this context, it is well known, see e.g. [5], that the set of extremal points is constituted by the
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equivalence classes of (scaled) characteristic functions of simple sets. The proof of this characterization inherently
relies on the equivalence of isotropic total variation of an indicator function of a set and the perimeter of the
latter. Surprisingly, the following results shows that the structure of Ext(By) is, mutatis mutandis, retained in
the anisotropic case of (1.1), i.e.,

Ext(Bg) = { [valjllm] ‘ E simple, |E| € (0, |Q|)}.

In its proof, we crucially rely on representing the anisotropic total variation functional TV g in a “primal” form

Du sl dpul@) it ueBV©Q)

()
K

400 otherwise,

TVK(U) =

(3.2)

rather than by its original definition by duality in (1.1). Here, Du/|Du| is the polar with respect to the usual
(Euclidean) definition of |Du|. In the scalar case and allowing for space dependence of K which we do not take
into account here, this equivalence is proved in [24], Theorem 5.1 (see also Lem. 5.1 below). Moreover, TV g
also satisfies a coarea formula, namely

Du Foo

D1
: - (LC) {u>t}

d|Du|

x)‘ d\D]l{u>t}|(x) dt

as noticed in [24], Remark 4.4 and proved in [25], Proposition 2.3.7. Furthermore, note that for the integrand
in (3.2) we have the identity

|Du|x (O / ‘ (z)

According to [26], Proposition 1.2 and [12], Section II.5.1, the mapping u — |Du|k (O) is convex for every O €
PB(Q) since it can be expressed as a Fenchel conjugate. Finally, we point out that decomposability of a set F
can be directly formulated in terms of operations on the normal vg = D1g/|D1g| on 0*E, see e.g. [23],
Theorem 16.3.

Theorem 3.5. Let n = 1. Then there holds

d\Du|(x) for all O € B(Q).

1g

et - { [ g

] ’ E C Q simple, |E| € (0, |Q|)}

Proof. The proof is similar to the isotropic case in [5], Theorem 4.7 but makes crucial use of the representation
n (3.2) as well as the associated coarea formula. We first show that

{ [TV:L’HE)] ‘ E C Q simple, |E] € (0, |Q|)} C Ext(Bx).

For this purpose, let E C © be simple and denote by E(") and E(® its measure theoretic interior and exterior,
respectively. Now, let A € (0,1) as well as ug, uz € BV(Q) with TV (u1) < 1, TVg(u2) < 1 be such that there
is ¢ € R with

1g Dlg

. = 1-— hus —— = \D 1 —A)Dus. .
TVK(]IE)+C Aup + (1 — Nug  and thus TV (lp) ADuq + (1 — A)Dug (3.3)
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Recall that the mapping u — |Du|x (O) is convex, i.e., we have

|D1 |k (0)

Ty < MPulk(0)+ 1= NIDul(0) forall OeB(Q). (3.4)

Now, we want to conclude that in fact there holds

|D1g|x (0)

TVe(dy) ~ Pulk(O)+ (1= N)Du|x(0) forall O B(@Q).

Indeed, assume that there is O € B(€2) such that the inequality in (3.4) is strict. We estimate

[D1g|k(2) _ [Dle|x(0) " |Dlg|k(2)\0)
TVk(1g) TVk(1g) TVk(1g)
[D1g|x(0)
< #&E) + A[Dur |k (2\ O) + (1 = A)[Dusg | (2 O)
< A Duqp|g(2) + (1 — AN)|Duz|x () <1,

1=

yielding a contradiction. In particular, we have TV g (u;) = |Du;|x(Q2) = 1,7 = 1,2. Moreover, using (2.6) we
conclude

0= |D1g|x(EW) = |D1g|x(E©)
= |Du1 |k (EW) = [Dug|k (E) = | Dus |k (EV) = [Dus|k (E©).

Note that there is cx > 0 with
cx|Du;|(0) < |Du;|g(O) forall O €B() and i=1,2.
Hence, invoking [5], Lemma 4.6, we conclude
[u1) = [dilg], wug = [delg] where |di|=|da|=TVg(1lg)™*

Note that we necessarily have d; = dy = TV (1)~ L. Indeed, d; and dy cannot be both negative, due to (3.3),
and mixed signs are not possible due to [2A — 1| < 1. As a consequence, we conclude

] = fua] = | |

which yields the extremality of [15/ TV (1g)]. For the converse inclusion, let [u] be extremal and define the
function

D]l{u>t}

S§——00 s—+o0

x)‘ d|Dlyysey|(x)dt with  lim G(s) =0, lim G(s) =

Since G is continuous, there is § € R with G(5) = 1/2. Consequently, we have

) = =fu] + =

5 5 [us] where wu; =2min{u,s}, wus =2max{u— 5,0}.
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Since [u] is extremal, this implies that © = u; + ¢; = ug + ¢o for some c;,c2 € R. Thus, for a.e. z € Q, we
conclude u(x) = 25+ ¢; if u(xz) > 5 and u(x) = ¢ else. Since TV (u) = 1, i.e. Du # 0, this implies that u
achieves exactly two values almost everywhere on 2. W.l.o.g, possibly by a change of representative, we can
assume u(x) € {0,a} for a.e. z € Q and some a > 0. Again noting that TV (u) = 1, we arrive at

|15 where ={z uw(z) =a
= |y | where B {oenu) =),

Note that the latter is uniquely defined up to sets of Lebesgue-measure zero. It remains to show that E is
simple, i.e. both E and Q \ E are indecomposable. For this purpose, first assume that F is decomposable, i.e.,
there are A, B C Q with E = AU B, |A|,|B| >0, |AN B| =0 and Per(E, Q) = Per(A, Q) + Per(B,2). We note
that this implies H?"1(0* AN 0*B) = 0 as well as D1y = D14 + D1g. This can be derived in the following

way: Using Federer’s theorem [23], Theorem 16.2, De Giorgi’s structure theorem [23], Theorem 15.9 and [23],
Theorem 16.3, (16.12), we get

Per(4, BV) + Per(A, B©) 4 Per(B, AV) + Per(B, A?) + 21*~1(5* AN 9*B)
= Per(E, Q) = Per(A4,Q) + Per(B,Q),

as well as

Per(E, Q) = Per(A, B) 4 Per(B,A) + H"! ({x € 9" ANI*B | va(z) = vp(x)})
< Per(A, BO) + Per(B,AY) + #4~1 (9* AN d*B).

due to £ = AU B. Plugging the second estimate into the first one and rearranging yields
0 < Per(A, BM) 4 Per(B, AM) + HI"1(9*ANd*B) <0
and, consequently,
HI1(9* AN *B) = Per(A, BY) = Per(B, AV) = 0.

Finally, [23], Theorem 16.3, (16.6) yields Du = D1 4L B + DizL A©® = D14 + D1p. In summary, we thus
have

TVk(Lp) :/

oO*E
= TVi(1a) + TVi(1p),

el M @) = [

o*A

al@le @)+ [ mlo)], a0 )

0*B

where the second equality makes use of H41(0* AN 0*B) = 0. Since |A|,|B| > 0 but |AN B| = 0, we have
that 14 and 1p are not constant. This implies TV (14), TVk(1lg) > 0, so we can write

= 7]1‘4 Uy = 713 noting that wu = TVK(]IA)ul + TVk(Lp)
TV (14)’ TVk(1p) TVk(1g) TVk(1g)

(5% ua.

Hence, this yields a nontrivial convex combination of [u] contradicting its extremality. As a consequence, F
needs to be indecomposable. Similar arguments as well as noting that TVk(1g) = TV (lg\g) yield the
indecomposability of Q\ E and, finally, that E is simple. O
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4. ADDITIVE MATRIX NORMS

We now turn to the general case of vector-valued functions of total variation on multidimensional domains
(i.e. with d > 2) together with specific choices of the matrix norm. As a first example, we consider a norm of

the form (2.2) where |- |k, = |- |1 and K is arbitrary. In this case, we observe that
TVi(u) =Y TVk, (u;) forall w=(u,...,u,) € BV(QGR). (4.1)
j=1

Hence, due to the following abstract lemma, the characterization of Ext(Bg) can be traced back to the scalar
case.

Lemma 4.1. Let V be a vector space that decomposes in a direct sum as
V=Via...eV,,

and f:V = RU{+400} a positively one-homogeneous convex functional such that f(v) =0 only if v =0, and

n

flv) = Zf(vz) whenever v = Zvi with v; € V;.

=1 i=1

Then there holds

v=> v €Ext({weV|f(w)<1}) (4.2)
i=1
if and only if there is an index iy € {1,...,n} as well as v;, with
v=u;, aswell as vy € Ext ({w €V, | f(w) <1}). (4.3)

Proof. We start by proving (4.2) = (4.3). For this purpose, we consider the two cases v = 0 and v # 0 separately.
Assume that v = 0 is an extremal point of {w € V| f(w) < 1} but (4.3) does not hold. Since V is a direct
sum, this also implies v; = 0 € V; for all i = 1,...,n. Select an arbitrary index 7. Since (4.3) does not hold
and v = v; = 0, we conclude that 0 € V; is not an extremal point of {w € V;| f(w) < 1}. Consequently, there
are u,w € V3, u# w and X € (0,1) with

f(u), f(w) € (0,1] aswellas 0= (1—Nu+ Iw € V;.
Since V; C V, this yields a contradiction to the extremality of 0 in {w € V| f(w) < 1}. We assume now that
v # 0is extremal in {w € V| f(w) < 1}, but there is more than one index ¢ with f(v;) # 0. Then, by partitioning

{1,...,n} into two sets so that each contains one such index, and grouping the v; accordingly, we can write

v=u-+w with v and w linearly independent,

f) = f(u) + f(w) =1 and f(u), f(w) € (0,1).
But then,
v = f(U)m f(U})W
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is a nontrivial convex combination for v with elements of {z € V| f(z) = 1}, contradicting the assumed
extremality of v. Since

and f only vanishes at zero, this contradiction and the assumption v # 0 shows that there is precisely one index
ip for which f(v;,) # 0 and we have v = v;,. Moreover, if we had v = v;, = Au;, + (1 — Nw;, with u;,, w;, € {v €
Vio | f(v) < 1}, we can use the extremality of v in {w € V| f(w) < 1} to infer that w;, = w;, = v;,, concluding
that v;, must be extremal in {v € V;, | f(v) < 1}.

For the converse, if v = v;, € Ext({z € V}, | f(2) < 1}), we first note that f(v) = f(v;,) = 1 since v;, # 0 is
an extremal point and f only vanishes at zero. Now assume that we can write

Vg = Au+ (1 = Nw withu,we{zeV]|f(z) <1}, A€ (0,1), and
n n
UZZW, szwi with u;, w; € V;.
i=1 i=1
Since V' decomposes into the direct sum of the V; this implies

Viy = Ay + (1 = Nw;,, as wellas 0= Au; + (1 — XNw; for all i # .

We estimate

L= f(vig) < M (ui) + (1= N)f(wig) < DM (u) + (1= N f(w)] = Af(u) + (1= X) f(w) < 1.

i=1
Here, the second inequality follows from

0=f(0) = f(Aui + (L= Nw;) < Af(u;) + (1= A) f(w;) forall izig
while the final equality follows from the linearity of f w.r.t the direct sum decomposition. As a consequence,
we conclude f(u;) = f(w;) = 0 and, since f only vanishes at zero, u; = w; = 0 for all i # iy. Consequently, we
have u = u;, € Vi, w = w;, € Vi, as well as f(u;,) <1, f(w;,) < 1. Extremality of v;, in Ext({z € V, | f(2) <
1}) finally yields v = w = v;,, i.e. v = v;, is an extremal point of Ext({z € V'| f(z) < 1}). O

Corollary 4.2. Let ||k be given by (4.1). Then there holds

1

where {e;}_, denotes the canonical basis of R™.

Proof. The claimed statement follows from Lemma 4.1 together with Theorem 3.5, setting

V =BV(Q;R")/(R"Lqa), V;={[(u-ej)e;]|ueBV(LR")}
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as well as f([u]) = TV g (u) which satisfies

n

Fu)) = TVi, (u-e) = > TVi ((u-e)e;) = > f([(u-ej)es]). H
j=1

Jj=1 Jj=1

Remark 4.3. The work [27] explores some extensions to deep networks of the Radon transform based approach
to shallow ReLU networks developed in [28, 29]. The latter is centered on the seminorm

flasvemy = ZTV(f) = cal OFA" ' Zf || pmsa—1 <)

where cq = 2(2m)%7 1, #Z : R? — S9! x R is the Radon transform, and A?~! is the ramp filter occurring in its
inversion formula by backprojection, given by

2% 1g(0,1) if d—1 even,

Arg(0,t) =
909 {%aﬁ-lg(a,t) it d—1 odd,

with 4 the Hilbert transform in the shift variable ¢.
The natural extension to deep networks considered in [27] consists in the learning problem

L

> Lo flan)) +a ] [0

=1 (=1

min (4.4)
F L ®
FOer BV (R4-1R%) "
f=fPo..of®

% BV2(R¥-1;R%)

where Z BV?(R%-1; R%) is a Cartesian product of dy copies of ZBV?(R%-1) with norm

de

||g||%BV2(Rd’l—l;Rdz) = Z HgmH@BVquzq)

m=1

and £ : R x R% — R is some loss function. For this problem, in [27], Theorem 3.2 the authors claim a
representer theorem by a recursion argument layer by layer, leading to solutions corresponding to an architecture
with at most NL(dy - ... dy) units.

Given the Cartesian product structure and additiveness of the regularizer over components and layers, we
can apply Lemma 4.1 to find that the extremal points of the unit ball induced by the seminorm

L
¥ (L) ‘ <e>‘
(f ,--.7f ) = ; f ZBV2(RY-1,Rdr)
consist on the equivalence classes a single ReLU unit with an affine skip connection (arising from the kernel
of ZTV?, see [29], Thm. 1 and Rem. 2) in one layer and an affine function on all the other ones. However,
from this fact we cannot immediately infer anything about (4.4), because the appearance of the composition
f=f%o.. . of®in the data fitting term makes the problem strongly nonconvex.

5. LARGE FAMILIES OF EXTREMALS FOR MATRIX NORMS WITH SYMMETRIES

In this section, we consider more general matrix norms in which |- |x does not have additivity properties
allowing to decompose BV (£2; R™) into a direct sum of subspaces, so that Lemma 4.1 and Corollary 4.2 are not
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applicable. We divide our focus between extremal points for the unit ball B associated to TVg as in (1.2),
and the analogous ball for TDg in BD(€2), that is

Di = {[u] € BD(Q)/A | TDg(u) < 1}.

For TV and in the interest of covering commonly used norms, this section puts the focus on classes of
matrix norms which are invariant w.r.t to certain orthogonal transformations. More in detail, we call | - |k left
orthogonally invariant if |QA|x = |A|k for all Q € O(n) and A € R™*? while |- |k is isotropic if |AR|x = |A|x
for all rotations R € SO(d). Note that Schatten p norms with p € [1, 0], e.g. the nuclear, Frobenius and the
spectral norm, as well as the Ky Fan norms are, both, isotropic and left orthogonally invariant.

We provide three main results: First, piecewise constant functions supported on simple sets still represent
extremal points of Ext(Bg), assuming | - |k satisfies either

| - |k is left orthogonally invariant, and
ler - bller @ vk = |(e1 ®e1)(bRv)|k < |b@ vk (5.1)
for all b € R",v € R? with |b| = 1,|v| = 1 and b # ey,

or
b@v|k = |b| forall b€ R"™ and v € R? with |v| = 1, (5.2)

where e; denotes the first canonical basis vector in R™.

Second, these characteristic functions do not yield a full characterization of Ext(Bg) under the second
assumption. In this case, we give an infinite family of extremal points which attain more than two values on ).
We remark that, on the one hand, norms of the form (2.4) with | - |k, = |- | and K arbitrary satisfy (5.1) but
not (5.2) unless |- |k, = |- |. On the other hand, all Schatten and Ky Fan norms satisfy (5.2), but for certain
nonsmooth cases like the spectral norm and the 1-Schatten norm, (5.1) fails. A further remark concerning (5.1)
is that orthogonal invariance implies |(e; ® e1)A|x < |A|k, since any contraction (and in particular e; ® eq)
is a convex combination of matrices in O(n), see [30]. However, the strict inequality is a genuine additional
assumption.

Third, we prove that equivalence classes [w1l | of piecewise infinitesimally rigid vector fields with two regions
are also generically extremal in Dg. We require strict convexity of |- |x with respect to certain rank-two
variations, and the boundary of E to not be completely flat, with this second condition shown to be sharp with
a family of counterexamples.

Similar to the scalar-valued case, see (3.2), it will be useful to have a primal expression for TV g (u) and
TDK (u)

Lemma 5.1. We have

Du
TV (u :/ d|Du|p. 5.3
)= | | palz| . APulr (53)
Analogously, we also have
Eu
TDg (u) = d|Eulp. 5.4
w = [ ] alels 54
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Proof. The proof of (5.3) follows completely analogously to [31], Proposition 9, whose main steps we indicate
here for convenience. One can apply the Lusin theorem to the R™*%valued function

Du -t

Du
M. =—
|D'LL|F

[Dulp

)
K

obtaining for each € a set 2. on which M is continuous and the integral of the measure inside (5.3) on 2\ €.
is less than . This continuity allows to find functions N. satisfying M - N. > 1 — € on 2. while taking only
finitely many values and satisfying the constraint | - |xo < 1 pointwise, which are then mollified to make them
admissible in the definition of TV g. The proof of (5.4) is completely analogous. O

The next step is to realize that if we can express a piecewise constant function ug as a nontrivial convex
combination of functions with the same value of TV, then those functions need to be themselves piecewise
constant:

Lemma 5.2. Let ug € BV(Q;R™) be piecewise constant, and expressible as a nontrivial convex combination
up = v+ (1= Nw, with TVg(v) = TVg(w) =TVk(ug) and X € (0,1). (5.5)

Then v and w must also be piecewise constant and J, U Jy, = Jy, (mod ”del),

Proof. Without loss of generality we can take TV i (ug) = 1. We have the decomposition [7], Section 3.9 into
absolutely continuous, jump and Cantor parts for ug:

Dug = VugL? + Diug + Dug = Vug L4+ [(ug — ug) ® v | H* ' L Juy + D o, (5.6)
and similarly for v and w. Now, by the definition of piecewise constant, Vuy and D¢uq vanish. In view of
the expression (5.5) as convex combination and by testing on sets of Hausdorfl dimension d — 1, on which the
Lebesgue measure £¢ and the Cantor parts D and D¢w all vanish [7], Proposition 3.92, we must have

[(ug —ug) @ v |H L Ty = ADIv + (1 — A)D’w

with / |(u§—u6)®l/ug|Kde—l =1,
J

uq

which together with
L= [ [90lac o+ Dol + D olicl) + Dol (@\ )
= /Q |Vwl| g dz + |Dw| g (Q) + | DIwl| g (Jug) + | DI w| i (2 o)
implies that we must have
D70l (Jug) = D7 Wk (ug) = 1,

as well as

Vu =0, D=0, Dol (J,\ Jy,) =0,
Vw =0, Dw=0and DIwL (Jy, \ Ju,) = 0,
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since otherwise we would necessarily have TV (v) > 1 and TV (w) > 1. This implies that v and w must be
piecewise constant using [7], Theorem 4.23, since even though this result is stated for scalar-valued functions in
L, we can just apply it to truncations of components (C' A v®) V (=C), (C Aw?) vV (=C) for all i = 1,...,n and
all C' > 0 to obtain (as observed in the proof of [32], Lem. 5.1) that v®, w' must be piecewise constant, implying
that v, w themselves are also piecewise constant. Moreover, by the expression of uy as a convex combination we
must have J,, C J, UJ, (mod Hd_l). On the other hand, we deduce that we must also have J, U J,, C Jy,
(mod He™1), since DIvL (J, \ Ju,) and DIwL (J,, \ Ju,) vanish, respectively.

From this, we conclude J, U J,, = J,,, (mod H4™1). O

Lemma 5.3. Let ug € BD(R2) be piecewise infinitesimally rigid and such that there is a nontrivial convex
combination

up = Av+ (1= Nw, with TDg(v) = TDg(w) = TDk(ug) and A € (0,1).

Then v and w must be piecewise infinitesimally rigid and J, U Jy, = J,, (mod HI™1).

Proof. For u € BD(f2), one has [33], Section 4 the decomposition analogous to (5.6):
1 .
Eu=5(Vu+ (Vu) )L+ Eu+t Eu
1
= 5(Vu + (VU)T)ﬁd + [(ut —u7) o Vu]’Hd*l L Jy + ECu.

Moreover, by [34], Theorem A.1 functions u € BD(Q) for which £°u = 0 and Eu := Vu + (Vu)" = 0 must be
piecewise infinitesimally rigid. Using these results, one can follow an analogous proof as for Lemma 5.2. O

Theorem 5.4. Let |- |i satisfy either (5.1) or (5.2), and define the vector norm
vl = le1 ®@v|k  forall ve R,

where e; € R™ is the first canonical basis vector. Then there holds

b

1
—_— E C Q simple, |E Q), beR", |bls =1 b C Ext(Bx). ,
{ |:Tvk(1E) C Q simple, |E| € (0,]Q[), b€ R", [b]x } C Ext(Bg) (5.7)

Proof. If | - |k satisfies (5.2) then we immediately deduce that |- | =|-| and |b@ vg|x = |b] =1 for v =
D1g/|D1g|, implying that for

1 1
= ———b1 ith D =——(b =1 o*F
UE,b TV, (1n) E wit UEb TVk(]lE)( ®VE)7-[ 0
and E,b as in (5.7), we have by using (5.3) that
1 B 1 B Per(E, Q)
TV == b dH ' = ——— NI O'E) = ———L =1.
K (e TVi(1p) /E)*E| @il dH TV(in) (07 F) Per(E, Q)

Moreover, we claim that TV g (ugp) = 1 also holds if (5.1) is assumed. To see this, first we show that the left
orthogonal invariance of | - | implies TV (Qu) = TVk(u) for all u € BV(;R™), @ € O(n) and where left
multiplication has to be understood pointwise. Indeed, recalling (2.1), we get

|QA| ke = sup {tr (ATQ"B) | B e R™", |B|x <1}
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= sup {tr (ATQTB) ‘B eR™ |1Q"B|k < 1}
= sup {tr (ATB) ‘B e R™4 |B|k < 1} = |A|ko

for all A € R"*? and Q € O(n). Hence, | - | is left orthogonally invariant as well. This implies

TV (Qu) = sup {/Q(Qu) -div® dzx

d e CHO;R™?), |®(z)|xe <1 forall z € Q}

—sup{/ w-divQT® dz
Q

:sup{/u-divi)dx
Q

Now, let ugp = blg/TVi(1g) for b € R™ with |b|y = 1. To verify that TVg(ug,) = 1, we denote by Ry, €
SO(n) any rotation transforming b to a vector parallel to e;. We have then that TV (ug ) = TVi (Ryugp) =
TVi(up.e, ), to the right hand side of which we can apply (5.3) and (3.2) to get

d e CHOR™?), |QT®(z)|xe <1 forall z e Q}

d e CHOQ;R™ ), |®(x)|go < 1 for all z € Q} =TV (u).

1
- TVi(lg)

TV, (1
/ |€1 ® VE|Kde—1 _ / |VE|ded_1 _ k( E) -1
o*E oO*FE

TV (ug,e, =
K(Up.e) TVi(1g)

To arrive at extremality of ug ;, assume that we have
ugp = Aur + (1 — Nug  with TVg(ui1) = TVig(ug) =1 and X € (0,1).

In this situation, we can apply Lemma 5.2 to conclude that uy,us are piecewise constant with J,,, U J,, = 0*E
(mod H4~1). Now by the Federer theorem [23], Theorem 16.2 we have He~1(9°E \ 0*F) = 0 for 0°E = Q\
(E(l) U E(O)) and since the u; are piecewise constant, we have that Du; is absolutely continuous with respect
to H¥"LLO*E for i = 1,2. In particular, this implies that for each component uwl withi=1,2and j=1,...,n
we have |Dul|(EM) =0 and |Du!|(E®) = 0, and since these sets are indecomposable because E is assumed
simple, we can apply a constancy theorem for scalar BV functions (see [35], Prop. 2.12 or [36], Rem. 2) to
conclude that

U; = URb; T G5 with a;,b; € R fori=1,2,

for which by the invariance with respect to addition of constant functions (i.e., taking adequate representatives)
we may assume a1 = ag = 0. Moreover, for these we have

|63 e / b; d—1
1=TVg(u;) = —0k At = by,
#0) = T (T8) S | Tl | sl
in addition to
1
1:T [ 1_ d—1 . )
Vilurs) = s /B*E|(>\b1+( Nbs) ® ()] dHI () (5.8)

In case (5.2) is satisfied, the integral in the right hand side of (5.8) above reduces to
[Ab1 + (1= A)bo| HO (0" E),

and we conclude directly by noting that all unit vectors are extremal for the ¢2 ball in R™, so that b; = by = b.
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If instead we have (5.1), we argue by contradiction and assume that at least one of the b; is not parallel to b,
which without loss of generality we can assume to be b;. Letting R, as above denote a rotation that maps b to a
vector parallel to e;, we then have Ryb; ¢ Span(e;). We compose ug p, on the left with the pointwise projection
mpa = (a - b)b/|b|? onto the line Rb C R™, which leaves ug p invariant. Noticing that

b b
= T = — —_—
Ty = Ry e, Ry ] & ok

using the left orthogonal invariance, the triangle inequality, (5.1) combined with H9~1(0*E) > 0, and again left
orthogonal invariance,

1= TVK(UE’Z,) = TVK(m,uEyb) = TVK(’]Tb’LLEyb)

B ﬁmﬂ) /aE (2 ® e1) [(ARoby + (1 = N Ribz) © ve(@)] | M (2)
< m (A /Q*E |(61 & 61)(Rbb1 ® yE(x)) |K d”del(x)

+(1-)) /8*E |(e1 @ ex) (Rpba @ vip(2))| del(@)

TVi(1g) (A/8*E|(Rbbl® 2 ))|KdH @)

+(1-=-X /B*E |(Ryb2 @ vE(x)) |K de_l(x)>

= )\TVK(RbUE,bl) + (1 — )\) TVK(RbUE,bg)
= )\TVK(UE,bl) + (1 — /\) TVK(UE,bZ) =1,

A

which is indeed a contradiction. We have obtained that b; and by must both be parallel to b, so that we can
now apply the scalar-valued anisotropic case of Theorem 3.5 on TV} to conclude. O

We now turn our attention to vector fields in BD(Q), for which in particular n = d, and where additional
difficulties appear owing to the symmetrized gradient having a larger kernel, the infinitesimal rigid motions
appearing in (2.5). Specifically, we prove that piecewise infinitesimally rigid functions with two regions (the
analog of indicatrices in the TV case) arising from a simple finite perimeter set £ whose boundaries are not
completely flat, also give rise to extremal points of sublevel sets of TD i in BD(2)/.A. To profit from this assump-
tion, we will use that by De Giorgi’s structure theorem [7], Theorem 3.59 0*E is countably (d — 1)—rectifiable,
which in turn implies [7], Theorem 2.76 that there are countably many Lipschitz (d — 1)—graphs I’y such that

O'E=Fu|JT¢ with H*'(F)=0, and H""'(I';) >0 forall £ € N. (5.9)
(=1

Theorem 5.5. Assume that d > 2, and that for all a,b € R? linearly independent and v € RY with lv] =1, we
have that the function

0, ) 2 A= [((1=Na+ ) ® (5.10)

V|K
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is strictly conver. Let E C Q be a simple set with |E| € (0,|Q]), and
HIHO*E\{z €Qla-z=c}) >0 forall a € R\ {0} and c€ R. (5.11)
Then, the equivalence classes of functions of the form ug ., := wlg for w € A are extremal in
{[u] € BD(Q)/A | TDg(u) < TDg (upw)}-

Proof. By homogeneity we can assume that TDg (ug ) = 1, and as for Theorem 5.4, assume for a contradiction
that we can write

UEw = )\U1 + (1 — )\)Ug with ul 75 Uusg, TDK(ul) = TDK(U,Q) =1and A S (0, 1).

Then, using Lemma 5.3 we have that u;,us must be piecewise infinitesimally rigid. In this setting, the con-
stancy theorem is not applicable, since it’s proved using the coarea formula, but we can take advantage of [34],
Theorem A.1 being formulated on arbitrary open sets to conclude that u; and us are affine on both E(M) and
E©), Therefore, we can write

U = Ug ., +v; with w;,v; € A,

and as before pick representatives such that v; = 0, which in turn forces w; # 0. We then have, using (5.4), that

1 =TDg(upw) = / lw(z) ® vg(z)|x dHY (2)
b (5.12)
= /S*E |(Awi(z) + (1= Nws(z)) © I/E(;L')|K dHI 1 (z)

in which, in contrast to the situation in (5.8), the functions w; and w are of course not necessarily constant. We
can assume that the w; are linearly independent as functions, since otherwise we immediately reach wy = wo
and consequently, the contradiction u; = us.

Moreover, expressing the reduced boundary 0*F as in (5.9), if we find any point xq € 9*FE \ F for which the
vectors wi(xg), ws(xg) are linearly independent, then by continuity the functions wi,ws also remain linearly
independent in B(zg,r) for some r > 0, while zg € I'; for some ¢ implies

H(9"E N B(ao,r)) > 0. (5.13)
Further, for any point € 8*E N B(xg, ), using the strict convexity property in (5.10) we can directly estimate

|lw(z) ©ve(z)|k = ‘(Awl(x) +(1- )\)wg(x)) ® VE(ZC)‘K

(5.14)
< AMwi(z) © vp(@)|x + (1 = N|w2(z) © vE(2)| K,

which when used back in (5.12) and taking into account (5.13) gives
1= TDK(’U,E,U]) < )\TDK(uE,wl) + (1 — )\) TDK(UE,'wz) =+ (1 — /\) =1,
the desired contradiction.
It remains to show that z — w;(z) = A;x +b; € A, w; # 0, being independent as functions implies the

existence of such an zg. For this, let us assume that for every point © € 9*E \ F the vectors wy(x), wa(z) are
linearly dependent. A nonzero skew-symmetric matrix must necessarily have rank at least 2, since if we take
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a,b € R skew-symmetry of b ® a would imply that for every i € {1,...,d} we have a;b; = 0, which then gives

that all off-diagonal elements b;a; = —bja; with ¢ # j must vanish as well. This means, since it cannot happen
that A = 0 and by = 0 simultaneously, that defining

G := {x e R? | Aoz + by = 0}, we have Hd_l(G) =0,
and by linear dependence we can find a function ¢: 9*E \ (F UG) — R such that
Az + by = c(x) [AQJU + bz].

Now, we notice that translating €2 and shifting the functions w; accordingly does not affect the linear structure of
BD(2), so extremality and linear independence are preserved (even if the particular values in A; and b; change).
This allows us, taking into account that H4~(G) = 0 but HI~1(0* E\ F) > 0, to assume that 0 € 0*E\ (FUG)
to simplify our computations. In particular we then have b; = ¢(0)b2, so we can write

Az = c(x)Asz + [c(z) — ¢(0)]bs. (5.15)

To proceed further, we now make a case distinction:
Case 1 Assume that by # 0. In this case, (5.11) ensures that

HIYO*EN(FUGU{z |z by =0})) > 0.
Now, we select linearly independent z1, ..., zq € R? with
z €FE\(FUGU{z |z by=0})
as well as
Tiy1 EPE\(FUGU{z |z by =0}USpan{zy,...,z;})

fori=1,...,d — 1. This construction is again well-defined due to (5.11), since for i = 1,...,d — 1 we have that
Span{zy,...,x;} is contained in a hyperplane. Using the skew-symmetry of A1, (5.15), and the skew-symmetry
of A, yields

0=ux] Ajx; = c(x;)x, Ag; + () — ¢(0)] (z]bs) = [c(x;) — c(0)] (z] ba),

and ¢(z;) = ¢(0), i = 1,...,d. Thus, evaluating (5.15) again for every z;, we get Ayz; = ¢(0)Azx; for every i =
1,...,d and, since {z1,..., 24} is a basis of R?, finally A; = ¢(0)As. Because we already saw that b; = c(0)bs,
this means w; and ws are linearly dependent as functions.

Case 2 If by = by = 0, using (5.11) and with similar arguments as in Case 1, we sequentially select a family
{x1,..., 24} with Span{xy,..., 24} = R¥ and 2] Agx; | # Oforalli = 1,...,d—1. Using (5.15), skew-symmetry
of Ay, again (5.15), and finally skew-symmetry of Ay, we get

T T T T T
c(Tig1)x; Aswipr = o, Aipr = —x, Ay = —c(xy)w, Asxy = c(xy)x; Asia

and thus by construction c¢(z1) = --- = ¢(z4). Denoting this common constant by ¢, we get Aijx; = cAsx;
for i = 1,...,d implying that A; = cA,. O
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Example 5.6. We demonstrate with an explicit counterexample that the condition (5.11), expressing that the
boundary of E should not be completely flat, cannot be dropped. Let

0= (-1, 1)27 E={(z1,22) € Q|22 <0}, and ug., =e2lg.

Further, let us define a function z : Q — R? as

A if 7y >
z(m):{ g tzz 20 where A:(O 1),

—Ax  if x5 <0, -1 0
and finally
+ ! that 41
= - = - - 50 tha == —Us.
Uy UE, e, 42’, Uz UE,es 42, S UE, ey 2u1 2U2
Then, we can directly compute
TDk (uge,) :/ lea ® ea|x dH (2),
(=1,1)x{0}

T
TDK(ul) :/ <1+71> |62®€2|Kd7'[1(1‘),
(—=1,1)x{0}

TDg (uz) = /

(1 - ﬂ) lea ® ea| i dH(z)
(=1,1)x{0}

2

and by symmetry of the domain of integration all of these are equal, from which we conclude that ug ., is not
extremal. We remark that this does not depend on the particular value of |ea ® es|k or any other properties of
| - |- In particular it is straightforward to check, by applying adequate rotations and translations to extensions
by zero of u; and uz, that for any bounded domain 2 C R? with d > 2 and any halfspace H = {z € R?|z-v < 0},
v € S with HNQ # 0, the function g, is not extremal.

Remark 5.7. It could be tempting to attempt to relax (5.10) into strict convexity of both of the functions

(0,1) 3 A |[((1=A)a+ M) ®@v|, and (5.16)

0,1)3A=re ((17/\)a+)\b)|K,

but this would not allow us to conclude, since in that case we would have to use the triangle inequality, which
would in turn prevent recovering |w; ® vg| in the right hand side of (5.14). On the other hand, using the positive
one-homogeneity of | - |k it is straightforward to check that the strict convexity in (5.16) is less restrictive than
assuming (5.2), and one could prove Theorem 5.4 assuming the former. We have chosen to focus on (5.1) and
(5.2) because in those cases we can relate the total variation of a function with two values with the (possibly
anisotropic) perimeter induced by the norm |- |, on R%, which makes the similarities and differences with scalar-
valued functions more transparent. In any case, let us note that (5.1) and (5.2) are still formulated around
rank-one matrices, so it does not seem to be possible to deduce (5.10) from them either.

Returning to the total variation, we know that for the scalar-valued case, sets that are not simple cannot
give rise to extremal points by adjusting the function values on different indecomposable components to find
nontrivial convex combinations. However, in the vectorial case for norms satisfying (5.2), such a construction is
not possible and extremals may have more than two values. As a (non-exhaustive) example of this phenomenon,
we write out explicit assumptions to find extremals with three values in the next result.
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Theorem 5.8. Let |- |k satisfy (5.2). Assume that by, bs € R™ with by,bs # 0 are not collinear and E1, Ey are
two simple disjoint sets with |Ey|,|E»| € (0,]9]),

p1 = Per (B, B 0Q) >0, g = Per (Ey, B N Q) > 0 and (5.17)
pe i =H" {2z € 0"E1NO*Ey |vg, (2) = —vp,(2)} NQ) > 0. .
Then, the equivalence class of the function ug = b1lg, + bolg, is extremal in

[TVK(UO)] B = {[u] S BV(Q;R")/(R”]IQ) ’ TVK(U) < TVK(U())}

Proof. Assuming a nontrivial decomposition uy = Av + (1 — A)w as in (5.5), we can apply Lemma 5.2 to see
that both v and w are piecewise constant and

JoUldy = Jy, =0*E;U0*Ey  (mod H™).

Therefore, as in the proof of Theorem 5.4, by taking adequate representatives for the quotient we can write
v=>b]1g +b51lg, and w=0{1g, +b51g,,

with

pralbr| + pz|ba| + p—[b1 — bol

v v v v w w w w (518)
= pa|by] + p2[b3| 4+ p—[b7 — b3| = pa b | + p2[b3'| + p—[by" — 03| =1

for p1, 2, p— as in (5.17), and where we have used [23], Theorem 16.3 for expressing the different boundary
terms, the assumptions on E7, Fy, and the property (5.2) assumed for the norm, so that

(b1 — b2) @ Vg, |k = |b1 — ba

independently of the direction of vg,, and similarly for the other two terms.
Moreover, by the expression as convex combination (5.5) we know that

b= AbY + (1 — A)bY, by = A + (1 — A)bY and

(b1 — ba) =MbY~ b3) + (1 N5 — b5), 19
implying
o] S AT+ (1= N[BT, [bof < AJb3] + (1 = A)[b5'| and (5.20)
b1 — ba| < A[bY — B3| + (1 = A)[bY — b3,
and by strict convexity of | - |, these inequalities are strict unless the two vectors in the corresponding convex

combination (and in consequence, the result) are multiples of each other. But if any of them were not an equality
we would contradict (5.18), so we have for some r, s € R that that by = rb; and b4 = sby, which using the first
two equalities of (5.19) gives rise to

w 1—=Ar w 1—2As
b1 = ﬁbl, and b2 = ﬁbz,
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so that the third equality of (5.19) becomes

1—Ar 1—2As
by — by = A(rby — sb 1—A by — by | .
1= 02 (rb1 — sba) + ( )(1)\1 - 2)
But for the second line of (5.20) to hold with equality, again to avoid a contradiction with (5.18), we must have
that the three points appearing above must also be multiples of each other. In particular rby — sby must be
parallel to b; — by, which since b; and b, are not collinear, forces 7 = s. But then, plugging in the representations
for b¥, b8, b, bY into (5.18), we see that we must have simultaneously

1—Ar
1-—X

9

|r] =1, and ’

which forces r = 1. O

Remark 5.9. We note that [31] is also centered on Schatten norms, and their Proposition 23 has a similar
flavor, in that continuous piecewise affine functions (in their second derivative setting) are extremal for TV? if
and only if they are with respect to variations of the coefficients while keeping the jump set of the first derivative
fixed. Here we make the observation that for the total variation of vector valued functions we end up with more
extremals than what one would at first expect. This stands in contrast to the scalar case, the separable case
of Lemma 4.1, or the situation considered in [31]. In this last case, continuity of the piecewise affine functions
plays a crucial role, since it imposes that the difference of the gradients on either side of an interface must be
proportional to the normal to it.

Remark 5.10. In Theorem 5.8 we have assumed that for rank-one matrices the matrix norm used satisfies
|b ® v|x = |b|. In contrast, for a norm leading to the sum of the componentwise variations, see Corollary 4.2,
one does not observe the same phenomenon in which functions with more than two values could be extremal.
It is reasonable to ask what the boundary is between these two situations, and specifically whether these more
complicated extremals can appear when using a norm of the type (2.2) with K, the Euclidean ball in R? and
K, a polyhedron in R™. To see that they can, notice that the proof of Theorem 5.8 only used strict convexity
of the vector norm at the vectors by,bs and b; — bs, so it is also applicable as long as those three vectors are
extremal points of a rescaling of K,,. A straightforward example is to consider n = 2 and K, the regular octagon

with vertices
o\ . 275\
= (cos| —=],sin| —
Yi 8 8

for j = 0,...,7. In this case, for any j the difference y; — y;_o (with the indexing counted modulo 8) is
proportional to a vertex of the octagon, and hence extremal in a ball of | - |, .

One might also wonder whether results analogous to Theorem 5.8 also hold for the case of TD . The presence
of the symmetrized gradient makes the situation more involved because of possible cancellations and because
it precludes the simplifications afforded by the condition (5.2), so the given proof is not applicable to that
situation. We think that the existence of piecewise infinitesimally rigid extremals with more than two regions
is nevertheless quite plausible but do not pursue this further, due to the increased complexity of the ensuing
computations coupled with the more limited interest for such a result.

6. UNIT RADIAL VECTOR FIELDS

In [14] it is proved that a function whose graph is a spherically symmetric cone is an extremal for the Schatten
TV? ball. Below we show that its derivative (a ‘hedgehog’ vector field) is also extremal for the total variation
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defined using the Frobenius norm, when n = d = 2. Since we only treat this case, in this section we denote it
just by TV.

Proposition 6.1. Let Q = B(0,1) C R%, n = 2, and TV be defined with the Frobenius norm. Then the
equivalence class of

(0,0) ifa=(0,0)

is extremal in
{[u] € BV(;R?)/(R*1q) | TV(u) < TV(up)}.
Proof. We first notice that indeed uy € BV(£2;R?), and assume that it can be expressed as
ug =M+ (1 —XNw with TV(v) =TV(w) =TV(ugy) and X € (0,1).

Note that we can, w.l.o.g, assume that Dv and Dw are absolutely continuous w.r.t the Lebesgue measure, that
is v,w € WH1(Q;R?) and

TV /\Vv )pdx, TV(w /|Vw )| F de.
First, we argue that we necessarily have
[Vug(z)|r = [AVo(z) + (1 - )\)Vw(x)|F = MVu(2)|r + (1 = N)|Vw(x)|r (6.1)
for a.e. x € . Indeed, by convexity we know that
|AVo(z) + (1 - )\)Vw(x)‘F < AVu(z)|p + (1 = N)|Vw(z)|p for ae. z €.

Assume that this inequality is strict on a set O € B(Q) with £2(0) > 0. Together with the assump-
tion TV(ug) = TV(v) = TV(w), we then have

Vug) = /O V() + (1 - \)Vu(z)], dx+/m0 V() + (1 — N V()| , de
< /Q A Vo(z)|r + (1 = X)|Vw(z)|p] dz=ATV(v)+ (1-X)TV(w) =TV (ug)

yielding a contradiction.
We denote the polar coordinate parametrization of B(0,1) by T : (0,1) x [0,27) — B(0,1) and by

er(x) =un(z), ey(r)=(x2,—x1)/|z| forxze B(0,1)\ {0}

the associated unit vectors. We point out that the vectors {e,(z), e, (x)} form an orthonormal basis of R? while
the matrices

{er(z) @ e,(1), €, () ® €4,(x), €4 () @ €r(2), () @ ey (z)}
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are an orthonormal basis of R2*2? equipped with the Frobenius inner product for all 2 € B(0,1) \ {0}. For a
generic function v € W(B(0,1); R?) with derivative Du = Vu £2, this implies the pointwise representations

u=(u-ey)e,+ (u-e)e, L*—ae.
as well as

Vu = (e, Vue, ) (e, @ e,) + (e 9(,Vueip)(eg(, ® ey)
+ ( TVueT) (ep ®ep) + ( TVues(,) (er ®ey) L2 —ae.

and thus

V|2 = (e;—Vuer)2 + (e:,;Vueg,)2 + (e;[VueT)2 + (e:VueS,)2 L%~ ae. (6.2)

However, while we have e, e, € C>(B(0,1) \ {0}; S'), we note that e, € W1(B(0, 1), R?) satisfies

De, = Duy = Ve, L% = [:r'—> |1| (Id | | m)} L% = |—1|(e¢®e¢)£2.
T T .

As a consequence, u - e, is not guaranteed to belong to W1(B(0, 1)), since
Ve, € L*¢(B(0,1); R?) for all € > 0, but Ve, ¢ L?(B(0,1); R?),
while

u € WHH(B(0,1);R?)  L*(B(0,1); R?).

In order to circumvent this issue, and for p € (0, 1) small enough, we consider the annulus A, := B(0,1) \ B(0, p).

Note that e,,e, € C(A,;R?) while the coefficient functions satisfy (u-e,), (u-e,) € WH1(4,), and we
write their gradients as

Vu-e)=(V(u-e)-e)er+ (V(u-e)-ep)eq,
Vi(u-eg) = (V(u-ep) er)er + (V(u-ey)  ep)e.

In order to conclude upy = v = w, we proceed in three steps:

may

(6.4)

1. We show that that for all p € (0, pg], po small enough, there are c,(p), cw(p) > 0 as well as A(p) € (0,1)

such that the functions v, = ¢,(p)v and w, = ¢, (p)w satisfy

wnly = M) (vl ) + (0= 20) (wly ) 1DUsIR(A,) = 1Dw,l(4,) = [Dus|r(A,).

2. By using (6.2) and (6.4) as well as by passing to polar coordinates, we conclude uy = v, = w, on A4,.
3. Since the previous results are valid for all p € (0, po] and ¢,(p),cw(p) — 1 as p — 0, an overlapping

argument finally yields ¢,(p) = cw(p) =1 for all p € (0, po.

Step 1: First note that by absolute continuity of Dv and Dw the mappings

p— |Dv|p(A,), pr |Dw|p(A,)
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are continuous on (0, 1) and there holds lim,\ o |Dv|r(A4,) = lim,\ o |[Dw|r(A,) = TV(ug). Hence, there is py >
0 such that both, |Dv|p(A,) and |[Dw|r(A,), are nonzero for all p € (0, p]. From now on, let p € (0, po] be
arbitrary but fixed. We argue similarly to the proof of [37], Lemma 2.12 and consider a constructive approach
for the choice of ¢,(p), cy(p) > 0 and A(p) € (0,1). Indeed, making the ansatz

while simultaneously requiring

[Dvplr(4,) = cu(p)/A [Vo(z)|p do = cw(p)/A [Vw(z)|r do = |Dw,|r(A,) (6.5)
as well as
wn|, = No) (o] 5, ) + @ =20) (] ) (6.6)

for some ¢, (p), cw(p) > 0 and A, € (0,1), yields

|DU|F(A,0) _ cw(P)
[Dwlp(Ap)  cu(p)

aswell as A= A(p)ey(p), (1 =X =(1—=Xp))cw(p)- (6.7)

Here, the first identity is due to (6.5) while the second and third follows from a coefficient comparison
between (6.6) and ug = Av + (1 — A)w. This implies

Alp) A cwl(p) A |Dvlr(4,)

1=Xp)  (1=XNeclp) (1= |Dulr(4,)
Rearranging yields the unique solution

) A [Dulr(4,)
= Trap " MO = TN Dulea,)

Ap) >0,

and thus A(p) € (0,1), is continuous on [0, po] as well as lim,~ o A(p) = A. We further recover continuous functions

eu(p) = MNP culp) = (1= N/(L=Np)) with limc,(p) = lim cu(p) = 1.

Finally, we utilize (6.1) as well as (6.7) to conclude

|Dup|r(A,) = A[Dv|r(A,) + (1 = N)|[Dw|p(4,)
= Ap)co(p)|Dv]r(Ap) + (1 = A(p))ew(p) | Dw|r(A,)
= Ap)|Dv,|r(A,) + (1 = A(p))|Dw,|r(A,) = [Dv,|r(A))

and thus finally [Dug|r(A,) = |Dv,|r(A,) = |Dw,|r(A,).

Step 2: Next, we show that there holds uy = v, = w, on A,. The proof is carried out to obtain uyg = v,
on A,, and the conclusion for w, follows mutatis mutandis. For this purpose, we first prove that

Vv, = ¢y(p) (equ ) (e, @ey). (6.8)
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Recalling (6.2) and (6.3), we obtain

IDule(dp) = 1Dunle(An) = [ /(€] Vune,)’ da
<A(p) /A V(€IV0,e0)>dz + (1= A(p))|Dwglr(A,) < |Duy|r(A,)

where the last line follows due to Vug = A(p)Vv, + (1 — A(p))Vw,, |Dv,|r(A,) = |[Dw,|r(A,) = |Dum|r(A,)

as well as
/A \/ (e;Vueg,)de < /A \Vu|pdz = |Du|r(A,) forall ue Wh'(4,,R?).
P P

As a consequence,

/ |Vu,lp — |61;va6¢| dzx =0

P

and since by (6.2) the integrand above is non-negative £2—a.e., we have
Vople = €] Vope,| L2 — e in 4,

i.e., Vu, is of the form (6.8).
Next, we rewrite v, = v, + v, where

Uy =(er ®er)v, = (v, er)er, U, = (e, Dey)v, = (U, ey,)e,.

Again recalling that e,, e, € C*°(A,;R?) and v, -e,, v, e, € WH1(A,), we explicitly calculate Vv, = Vo,+ Vi,
where

V?jp = (Up . eT)VeT + (V(Up : 67«) : er) (er oY e’!‘) + (V(Up ' 6,«) ’ e‘P)(eT ® e‘P)

= (00 ) | 00 00| 4 (V000 e)er @) 4 (V00,0 €0) ) e ).

and

Vo, = (v, - e,) Ve, + (V(vp “€p) - e,.)(% ®er) + (V(vp “€p) - eg,) (ep ®ey)

= (00 0) [~ (e @ 0)| + (Tl - en)ep @ e0) + (Tl € €) (e, 0,

Comparing coefficients with (6.8), we conclude

V(v - er)er =V(v,-ep) - e =0, —|(vp cep) =V(v,-€r) €y (6.9)

1
| .
for a.e. x € A,.

We now show that there holds (v, - e,) = 0 and (v, - e,) is constant in A,. For this purpose, consider the
upper cut annulus

AF = {r(sin(f),cos(9)) | p<r<1,0<O<m} (6.10)
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as well as
Vi(p,1) x (0,7) = R?, V(r,0) =v,(Y(r,0)).

In the same way, define £, = e, 0 Y,E, =e, oY as well as P. =V - E,. and P, =V - E,. Then, since T is a
bi-Lipschitz transformation between A} and T(Aj), by [38], Theorem 2.2.2 we have

Vewh ((p,1) x (0,7);R?), P.,P,eW"'((p,1) x (0,m)),
and by the chain rule for the weak partial derivatives, (6.9) yields
0rP,. = 0, P, =0, %PW = 0,F;.
Now, taking partial (distributional) derivatives w.r.t r of both sides in the second equation reveals
0,0, = 0,0, P, =0,

using the first expression, as well as

1 1 1 1
o,(-pP,)=-0,P,— =P, =——P,,
<7“ <P> r ® 2 7"2 L4

r2

noting that the chain rule for distributional derivatives is applicable since [(r,¢) — 1/r] € C*°((p,1) x (0,7)).
From this, we conclude P, = 0,P, = 0,FP. =0 on A'Q“. In particular, P, is constant. Transforming back to
cartesian coordinates, this finally yields

(vp-ep) =cuo(p)(v-e,) =0 aswellas (v-e.)=cp 4

for some ¢, € R on Af. As a consequence, we arrive at v, = ¢,(p)v = cy(p)cp4um on Al. Applying the
same argument to the lower cut annulus A, defined analogously to (6.10) but with 7 < # < 27 we obtain
v, = ¢y(p)v = ¢y(p)cy,—up for some ¢, — € Ron A, . Since v, € W' (A,;R?) cannot have a jump discontinuity
we immediately deduce that ¢, — = ¢, 1. In order to avoid ambiguities, we denote this constant by c,. Recalling
that |Dug|r(A,) = |Dv,|r(A,) > 0, we arrive at

[Dun|r(Ap) = |Dvplr(Ap) = culp)le,||Dum|r(Ay),

i.e. cy(p)|cp| = 1. Hence we have v, = upy or v, = —ug on A,. Repeating the previous arguments for w,, we
get w, = ug or w, = —uy on A,. From Step 1, we finally recall that

“H|Ap = A(p) (”P{A,,) + (1= Xp) (wP’A,,)

for some A(p) € (0,1) which implies that v, = —ug or w, = —up cannot happen, i.e. we indeed have ¢,(p)c, =1
and uy = v, = w, on A,.

Step 3: Finally, we want to conclude that v = w = ugy. As before, we discuss the relevant steps for v,
the statement for w follows analogously. For this purpose, and for arbitrary p € (0, pg], we recall that we
have ug = v, = ¢,(p)v on A, and thus, in particular, v # 0 on A,. Noting that A, C A,, we conclude
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up = ¢y(p)v = cy(po)v on A, and, consequently ¢, (p) = c,(po) for all p € (0, po]. Together with

hm c(po) =1 and B(0,1) U A,
p€(0,p0]

we conclude v = uy. O

Remark 6.2. The above proof can also be applied to TV i defined with norms | - | different from Frobenius,
since the only property of it we have used is

|(1/TA1/)(1/ ® 1/)|K <|A|x forall A€ R*?\ (R(r®v)) and all v € R? with |v| = 1.

Remark 6.3. Naturally, one can ask whether Proposition 6.1 holds when d > 2. In this case we can denote the
spherical coordinate parametrization, with the conventions for angle ordering used in [39], also by

T:(0,1) x (0,7)972 x [0,27) — B(0,1),
and define the subset of the ball not covered by it as
T,:= B(0,1)\ T((O, 1) % (0,7)42 % [0, 271')) with H9~1(Z,) = 0,
to define the unit vector fields e, = (VT)el, €p; = (VT)eiH with
€r, €y €0y, € CF(B(0,1)\ Za; Sdil).

In this case, the analog of (6.8), which follows by the same orthogonality argument, becomes

d—1
[ Ve, )(ep; ® e%)} L%~ ae. (6.11)
j=1

Then, partitioning the subset of the annulus where these vector fields are smooth as

A \Zy=Y(B1)UY(By) (mod L), with
By :=(0,1) x (0,7)%72 x (0,7) and By = (0,1) x (0,7)4"2 x (=, 27),

we obtain pulled back component functions
Py, Py,....,Py, , € WHY(Bi\ ((0,p) x RT)) with 9,P,=0,P,, =...=0,P,, , =0.

Specializing to d = 3, keeping the convention of angles above, and defining

0 :=rsin(p1) = \/x3 + 23,

we have

Oy ep, = —Le, O ep, =0
{901 Y1 roT and p1-p2 )

_ 1 —_1
a‘P2e¥31 - 965027 890264/92 - geT'
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This means that, unlike when d = 2, Ve,, has a contribution to terms in the orthonormal basis expression
overlapping with the ones present in (6.11), which prevents concluding in the same simple way as before. For
this reason, we do not pursue the higher-dimensional case further. It is worth noting that the techniques used
in [14] are dimension independent and are applicable to other matrix vector norms (all Schatten norms, in
particular), but as far as we can tell they also make use of the higher regularity afforded by working with
functions with bounded Hessian.

Remark 6.4. It would also be of interest to find out whether u g is extremal for TD . However, the symmetrized
gradient case brings several additional difficulties. Arguing as in Proposition 6.1, one would be able to show
that for v,w with ug = A+ (1 — A)w and TDp(v) = TDp(w) = TDp(ug), that Ev, Ew should be absolutely
continuous with respect to £2, that is Ev = EvL?, Ew = EwL?, and also

Ev= (eIEv eo)(ep ®ey), Ew= (eIEw ee)(ep ®ey).

However, from this point one cannot directly follow the same type of arguments to draw conclusions about
v, w. First, in this case the complete derivatives Dv, Dw exist only as distributions, which complicates drawing
conclusions from them. Moreover, even sidestepping that difficulty, we would not be able to derive the relation
(v-ep)/r =V (v-e)e, used above, since the symmetrization adds an extra term V(v - e,)e,. Lastly, the
example z € A defined by z(x1,x2) = (—x2,21) for which V(z-e,)e, = V(z-e,)e, = 0 shows that, even among
spherically symmetric vector fields (that is, those for which v(z) = RTv(Rz) for all z € B(0,1) and R € SO(2)),
one cannot conclude Vo = v from considerations based only on TDp(v), which would allow to conclude as
in the TV case without issues arising from cancellations. Let us point out however, that if one could prove
the extremality of ug = e, for TDp, then e, would also be extremal, even in the restriction of the ball to
divergence-free displacements

{[u] € BD(Q)/A| divu = 0 and TD(u) < TD(%)}.

To see this, it is enough to compose uy with a constant rotation of angle /2 (which is a linear isomorphism),
and notice that for any convex subset C' and any linear subspace L within the same vector space we have

Ext(C)NL C Ext(C N L),

so adding the divergence-free constraint would preserve the extremality.
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