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OPTIMAL CONTROL OF PSEUDO-PARABOLIC KWC SYSTEMS
FOR GRAIN BOUNDARY MOTION

HARBIR ANTIL!, DAIKI MIZUNO%** AND KEN SHIRAKAWA®

Abstract. The KWC system is a well-known generic framework for phase-field models of grain
boundary motion, whose original formulation is given as a parabolic gradient flow of a free energy. In the
original KWC system, the results of uniqueness have been relatively scarce compared to other issues,
such as existence, qualitative behavior, and numerics. This lack of progress has posed a significant
challenge for more advanced topics, including optimal control. To overcome this, the authors have
recently introduced the pseudo-parabolic structure to simultaneously preserve the gradient flow nature
of free-energy, and to ensure the well-posedness including the uniqueness. The goal of this paper is
to study an optimization problem constrained by pseudo-parabolic KWC system. The theory will be
developed through a series of Main Theorems concerning the existence and semi-continuous dependence
of optimal controls, and first-order necessary conditions for optimality.
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1. INTRODUCTION

Let 0 < T < oo be a fixed constant of time. Let N € {1,2,3,4} be a constant of dimension, and let Q C RY
be a bounded domain with a Lipschitz boundary I' := 9. Besides, we let @ := (0,7) x £, ¥ := (0,7) x T,
H :=L*(Q), and 2 := L*(0,T; H).

In this paper, we consider a class of optimal control problems (OCP)_, parametrized by ¢ € [0,1]. Each
problem (OCP). is motivated by a constrained temperature control problem arising in grain boundary motion,
and is formulated as follows.

(OCP).: Find a pair of function [u*,v*] € [#]?, called the optimal control, such that

[u*,v*] € Uaq := {[0, 0] € [#]?|u < @ < T ae. in Q}, and
e, v") = min{ Ze(u,v) [ [u,v] € %},
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dependence, 1st order necessary condition of optimality.
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where #. is a cost functional on [5#)?, defined as follows:

e u,v 2= Ze(u,v)

M M,
/ 0 ma) O at + 22 [ 10— b)) (1.10)
0
T
(t)|3; dt 2 lu(t)|3; dt € [0,00), (1.1b)
0

with [n, 0] € [5#]? solving the following state system, denoted by (S)..

(S)e

O — A(n + p20m) + g(n n)\/€2 + |[VO|2 = L,u(t, z), for (t,z) € Q,
V(n+ u?dm) -nr =0, on 27

n(0,z) = no(zx), for x € Q,

Vo
Ve2+|Vo|?

()00 — div (a(n)
+ V2V8t9> -nr =0on X%,

+ V2V8t9> = Lyv(t,z), for (t,x) € Q,

(a(n)\/m
0(0,x) = Og(x), for z € .

For precise assumptions on the data, see Section 3.

The state system (S). is referred to as the KWC system, which is known as a phase-field model of planar
grain boundary motion, proposed by Kobayashi-Warren—Carter [1, 2]. Such grain boundary motion is typically
observed in polycrystalline metallic materials and ceramics, and the control of microstructure in these materials
is of fundamental importance. In particular, the understanding and control of grain boundary motion play an
important role in the advancement of material design and performance.

In this context, the unknowns n = n(t,z) and 6 = 6(t, z) are order parameters that indicate the orientation
order and orientation angle of the polycrystal body, respectively. Moreover, 79 = no(x) and 6y = p(x) are
the initial data for n and 6, respectively. The functions g = ap(n) and o = «(n) are fixed positive-valued
functions to reproduce the mobilities of grain boundary motions. Additionally, g = g(7n) is a perturbation for
the orientation order 1, having a nonnegative potential G = G(n), i.e. dinG(n) = ¢g(n). Finally, u = u(t,z) and
v = v(t,x) serve as external forcing terms for 1 and 6, respectively.

In the optimal control problem (OCP),, the forcing pair [u,v] is referred to as the control, which serves as
the principal variable of the problem. Here, the pair [1).q, 0aq] is called the admissible target profile, consisting
of fixed functions 1.,q € S and 0,q € . L, >0, L, > 0, M,y > 0, My > 0, M,, > 0, and M, > 0 are fixed
positive constants, which specify the balance of weights between the cost functional J. and the state system
(S). These constants satisfy the following consistency condition:

If L,M, =0, (resp. L,M, =0), then M, = L, =0, (resp. L, = M, = 0).

In the definition formula (1.1) of the cost functional J., the first two integrals in (1.1a) measure the L2-
distance between the solution [n, 8] of the state system (S). and the admissible target profile [1.q, 0ad], while the
latter terms in (1.1b) represent the total cost associated with the control [u, v]. Thus, the goal of problem (OCP),
is to determine an optimal control that realizes a situation closer to the admissible target profile [1,4, fad] at the
lowest cost of control [u,v]. In particular, —u denotes the relative temperature, and hence u plays the role of
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temperature control in the formation of grain boundaries. Meanwhile, v is introduced as an additional control
parameter to enhance the flexibility of the model. In this study, no specific physical interpretation is assigned
to v, but it may be regarded as a mathematical abstraction of possible external influences. Hence, at present,
the case L, = M, = 0 could be said the most practically relevant setting, but retaining v allows for broader
applicability and potential extensions of the framework.

Recently, the mathematical methods for KWC system have been developed by a lot of mathematicians from
various viewpoints (¢f. [1-25]). Although the systems considered in these previous studies differ in their specific
formulations, they share a common origin in the form of the following evolution equation:

Aoty L [

u(t)

a4 "(t)]— O Fn(0).000) +

o(t)| om0 °

t ] in [L2(Q)]2, for ¢ € (0, 7). (1.2)

Evolution equation (1.2) is based on the gradient flow of the following free-energy, called KWC' energy, which
is defined as:

F.:[n,0] € D(F.) c H'(Q) x [BV(Q) N L*(N)]

— Fe(n,0) ::%/ﬂ|Vn|2dx+/QG(n)dx—k/Qa(n)\/EQ+|D9|2 € [0, 00),

with a functional derivative ﬁ}}, and an unknown-dependent monotone operator Ag(n) C [L*(2)]2. Indeed,
our system (S) is derived from the following evolution equation (1.2) in the case when:

I+ p2(—Ao) O

0] a(n)I + v2(—Ao) C [L2(Q)]2 X [L2(Q>]2’ (1.3)

Ao(n) =

for each n € L?(2), where I C L*(Q) x L*(Q) and O C L?(Q) x L?(Q2) are the identity map and zero map,
respectively, and Ag C L2(Q) x L?(Q) is the Laplacian subject to the zero-Neumann boundary condition.

The original KWC system corresponds to the case when p = v = 0, and is formulated as a nonlinear parabolic
system. In the original setting, most mathematical studies have focused on the existence and qualitative behavior
of solutions (cf. [10-15, 17-19, 22-25]), numerical simulations (cf. [1, 2, 26]), and related topics (cf. [3-9, 20, 21]).
In contrast, results concerning the uniqueness of solutions have been relatively scarce (cf. [4, 5, 10, 25]). A key
difficulty in addressing uniqueness is that the operator Ap(n) depends on the unknown 7, while standard
parabolic regularity for 7 is insufficient to resolve the issue in general higher-dimensional settings of 2. Indeed,
uniqueness results have only been obtained in special cases, such as when the spatial domain is one-dimensional
(cf. [10], Thm. 2.2), or when the operator A is independent of n (¢f. [4], Main Thm. 1, [5], Main Thm. 1, and
[25], Thm. 2.2). Outside of these cases, the uniqueness issue has remained an open problem for many years. This
lack of progress has also presented a significant challenge to further developments in advanced topics, including
optimization problems.

Physically, the operator Ag(n) represents the mobility (driving force) of grain boundary motion. In the KWC
model, grain boundaries are assumed to form in regions where the orientation order 7 remains undeveloped. In
this context, the assumption that the mobility depends dynamically on 7 reflects a more realistic representation
of the underlying physical phenomena. Therefore, the possibility of advancing mathematical analysis under this
more physically faithful setting plays a crucial role in determining the practical applicability of the results.

In the formula (1.2) and (1.3), the pseudo-parabolic structure provided by (—A4;) has been proposed to
preserve the gradient flow nature of the KWC system, and to ensure sufficient regularity for establishing unique-
ness, simultaneously. Indeed, recent studies such as [16, 27, 28] have demonstrated that the pseudo-parabolic
formulation leads to a mathematically well-posed version of the KWC system. This development indicates that
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incorporating pseudo-parabolic feature provides a solid foundation for advancing the study of optimal control
problems for grain boundary motion, even in the unknown dependent setting of the mobility.

Consequently, we set the goal to establish a mathematical theory of optimization governed by the pseudo-
parabolic KWC system (S).. In addition, we reconstruct the well-posedness of the KWC system within the
framework of weak solutions, but having sufficient regularity for the analysis of optimal control problems. This
enables us to relax the stronger assumption of C*-smoothness of the boundary T', imposed in [16, 27, 28],
and to carry out the discussion under more general and practically applicable setting of Lipschitz continuous
boundaries. The mathematical theory is developed through the following Main Theorems.

Main Theorem 1 Existence of the optimal control for (OCP)..

Main Theorem 2 Semi-continuous dependence of (OCP),. with respect to ¢ and the initial data of (S)..
Main Theorem 3 First-order necessary optimality conditions when ¢ > 0.

Main Theorem 4 Necessary condition for optimality when € = 0.

This paper is organized as follows. Preliminaries are given in Section 1, and on this basis, the Main Theorems
are stated in Section 2. For the proofs of Main Theorems, some key-lemmas are prepared in Section 3. Based
on these, the Main Theorems are proved in Section 4.

2. PRELIMINARIES

We begin by prescribing the notations used throughout this paper. As notations of base spaces, we define:
H:=L*Q), V:= HY(Q), o := L*(0,T; H), and ¥ := L*(0,T;V),
and we suppose that:
VCH=H"CV*, and¥Y CH =" CV",

“ 2

where “=" is due to the identifications of the Hilbert spaces with their duals, and “C” implies continuous
embeddings.

Notations in real analysis. We define:

rVs:=max{r,s} and 7 As:=min{r, s}, for all r, s € [—00, o0],
and especially, we write:
[r]t :=7Vv0 and [r]” := —(r AO), for all r € [~o0, 00].

Let d € N be a fixed dimension. We denote by |y| and y - z the Euclidean norm of y € R? and the scalar
product of y, z € R?, respectively, i.e.,

lyl == yi+--+y: and y-z:=y121 + - + Yaza,

for all y = [y1,...,v4), 2= [21,-..,24] € RL
Besides, we let:
Bd::{ yeR!| |y <1} and si-1 ={yeR!| |y =1}.

We denote by £% the d-dimensional Lebesgue measure, and we denote by H? the d-dimensional Hausdorff
measure. In particular, the measure theoretical phrases, such as “a.e.”, “dt”, and “dx”, and so on, are all with
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respect to the Lebesgue measure in each corresponding dimension. Also on a Lipschitz-surface S, the phrase
“a.e.” is with respect to the Hausdorff measure in each corresponding Hausdorff dimension. In particular, if S
is C'l-surface, then we simply denote by dS the area-element of the integration on S.

For a Borel set E C R?, we denote by xg : R — {0, 1} the characteristic function of E. Additionally, for
a distribution w on an open set in R? and any i € {1,...,d}, let d;w be the distributional differential with
respect to i-th variable of w. As well as we consider, the differential operators, such as V, div, V2, and so on,
are considered in distributional senses.

Abstract notations. (c¢f. [29], Chapter II) For an abstract Banach space X, we denote by | - |x the norm
of X, and denote by (-, -)x the duality pairing between X and its dual X*. In particular, when X is a Hilbert
space, we denote by (-,-)x the inner product of X.

For two Banach spaces X and Y, let Z(X;Y) be the Banach space of bounded linear operators from X
into Y.

For Banach spaces X1,..., Xy with 1 <d € N, let X; x --- x X4 be the product Banach space endowed with

the norm |- |x,x--xx, == | |lx, + -+ |x, However, when all X7,..., X, are Hilbert spaces, X1 X -+ X X4
denotes the product Hilbert space endowed with the inner product (-, ) x, x...xx, = (-, )x; + -+ (-, ") x, and
the norm | - |x,x..xx, = (|- %, +- +1- |§(d)%. In particular, when all X1,..., X, coincide with a Banach

space Y, the product space X x --- x X is simply denoted by [Y]%.

Notations of basic differential operators. Let Ay be the Laplacian operator subject to zero-Neumann
boundary condition. We can regard A as a bounded linear operator from V' to V*, with the following variational
identity:

(Aowr, wa)y = —(Vwy, Vwz)gv, for wy,wy € V.

)

In the meantime, we can regard the distributional divergence “div” as a bounded linear operator from [H]Y

to V*, given as:
(divw, p)v := —(w, V), for every w € [HY, and ¢ € V.

Notations for the time-discretization. Let 7 > 0 be a constant of the time step-size, and let {¢;}5°, C
[0,00) be the time sequence defined as:

ti=ar, 1=0,1,2,....

Let X be a Banach space. Then, for any sequence {[t;,w;]}32, C [0,00) x X, we define the forward time-
interpolation [@],; € LY. ([0, 00); X), the backward time-interpolation [w], € L2 ([0, 00); X) and the linear time-
interpolation [w], € W,52(]0,00); X), by letting:

loc

@] () = X(—o0,0020 + Y _ X(tss.t) ()i
=1

[w](t) =" Xt tssn) (Dwi, in X, for ¢ >0,
1=0

= t—t; ti—t
[’U}]-,—(t) = ZX[ti_hti)(t) ( lwi + wil) 5
i=1

T T

respectively.
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For a constant ¢ € [1, co] and for an open interval I C R, we can say that LI(I; X) C LL (R; X) by identifying

loc
an X-valued function on I with its zero-extension onto R. Also, the following facts hold.

e For any ¢ € [1,00) and any w € L9(0,T; X), we denote by {w;}52; C X the sequence of time-discretization
data of w, defined as:

w; ::j_/ti w(s)ds in X, fori=1,2,3,.... (2.1a)
ti—1
As is easily checked, the forward time-interpolation [w], € L{ ([0, 00); X) for the above {w;}$2, fulfills that:
[@], — w in LY(0,T; X), as 7} 0. (2.1b)
Moreover, if w € L*(Q), then,
|[@]7(t)| oo () < |w|pe(q), for any t € [0,T] and any 7 > 0, (2.1c)
and
[@], = w weakly-* in L*°(Q) and in the pointwise sense a.e. in Q, as 7] 0. (2.1d)

e For any w € Wh2(0,T; X), the sequence {w;}3°, C X is given as:

w; = qw(tiog), ifti <T <t (2.1e)
0, otherwise.

Then, the following convergences hold as 7 | 0:
[w]; — w in C([0,T]; X) and weakly in W2(0,T; X),
and
[@]; = w, [w]; = win L>(0,T; H). (2.1f)
Notations in convex analysis. Let X be an abstract Hilbert space. Then, for any closed and convex set

K C X, we can define a single-valued operator projy : X — K, which maps w € X to a point projg(w) € K,
satisfying:

| proj g (w) — w|x = min{|w — w|x |® € K}.

Remark 2.1. Let K be a closed and convex set in a Hilbert space X. Then, the projection projy satisfies the
following fact:

W = proj (w) if and only if (w — W,z —w)x <0, for any z € K. (2.2)

The operator projy is called the orthogonal projection (or projection in short) onto K.
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Remark 2.2. We define J# C J# as the constraint with the obstacles u,w € L*>(Q), i.e.,
Ho={ue A u<u<mu, ae in Q}.

Then, the projection proj,, : J — £ is given by:

)
u(t,x), if u(t,z) >u(t, z),
=qu(t,z), ifu(t,x) <u(tz) <utz),
u(t,x), if u(t,z) <u(t, ),

a.e. (t,x) € @, and for any u € .

For a proper, lower semi-continuous (l.s.c.), and convex function ¥ : X — (—o0,00] on a Hilbert space
X, we denote by D(¥) the effective domain of ¥. Also, we denote by OV the subdifferential of . The set
D(0Y) := {z € X |0¥(z) # 0} is called the domain of d¥. The subdifferential ¥ is known as a maximal
monotone graph in the product space X x X. We often use the notation “[zq, z5] € 0¥ in X x X”, to mean
that “z} € 0U(zp) in X for zg € D(90¥)”, by identifying the operator ¥ with its graph in X x X.

Example 2.3. Let {7.}.>0 be a class of convex functions on RY, defined as:

ety €RY o e(y) i= /e + [y € [0,00).

Then, the following items hold.

(O): The subdifferential dv9 C RN x RN of the convex function 7o : y = [y1,...,yn] € RY = Jy| =
y? + -+ y3 € [0,00) coincides with the following set-valued function Sgr : RY — ZRN, which is defined
as:

Sgr:y: [yla"wyN} ERNl—)SgI'(y) :Sgr<y1a'~'7yN)

l: [y;,.”’yN]Q,ify?éO,
=4 i+

BN, otherwise.

(I): For every € > 0, the subdifferential 9. is identified with the (single-valued) usual gradient, i.e.:

Y

Ve +yl?

D(0v:) = RN and Ve : RY > y = Vy(y) := c RN,

Moreover, since:

Ye() = lle, yllrv+r = lle, 91, -, yn]lgnv+r, for all [e,y] = [e,u1,...,yn] € RN T,
with e > 0 and y = [y1,...,yn] € RY,
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it will be estimated that:

e, y]
e, Ylra+1

Y

4 =1,
Iles yllmn+1

RN+1

Ve (y)lry =

RN_

™ | =

10:0;7:(y)| < =, foralle >0,y € RN andi,j=1,...,N.

Example 2.4. For any ¢ > 0 and open interval I C (0,7, we define a convex function ®! on [#]V, as follows:
ol w e [N = dl(w) = // Ye(w) dzdt € [0, 00),
1Ja

where v is as in Example 2.3. Then, the subdifferential 90®L(w) C [#]Y at w € [A]V is given by:
00l (w) = {z € [#) | z € 0y.(w), ae. in Q}.

Finally, we mention about a notion of convergence of convex functions, known as “Mosco-convergence”.

Definition 2.5 (Mosco-convergence: cf. [30]). Let X be an abstract Hilbert space. Let ¥ : X — (—o0, 0] be
a proper, l.s.c., and convex function, and let {¥,,}2°; be a sequence of proper, ls.c., and convex functions
U, : X = (—00,00], n =1,2,3,.... Then, it is said that ¥,, = ¥ on X, in the sense of Mosco, as n — oo, iff.
the following two conditions are fulfilled:

(M1) The condition of lower-bound lim ¥, (w,) > ¥(w), if w € X, {w,}>2; C X, and W, — @ weakly
n—oo
in X, as n — oo.

(M2) The condition of optimality for any @ € D(¥), there exists a sequence {w,}52; C X such that
Wy, = W in X and ¥, (w,) = ¥(0), as n — oo.

As well as, if the sequence of convex functions {\/I\/E} ccz is labeled by a continuous argument € € = with a range
E C R, then for any ¢y € E, the Mosco-convergence of {¥_}.c=, as € — &g, is defined by those of subsequences
{W,, }22,, for all sequences {e,,}2>°; C =, satisfying €, = ¢ as n — oc.

Remark 2.6. Let X, ¥, and {¥,,}22, be as in Definition 2.5. Then, the following hold.
(Fact 1): (cf. [31], Thm. 3.66 and [32], Chapter 2) Let us assume that

¥, — ¥ on X, in the sense of Mosco, as n — oo, (2.3)

and

{ [w,w*] € X x X, [wy,w}] €0¥, in X xX, neN,

wy, = w in X and w;, — w* weakly in X, as n — oo.
Then, it holds that:
[w,w*] € 0V in X x X, and ¥, (w,) = ¥(w), as n — 0.

(Fact 2): (cf. [33], Lem. 4.1 and [34], Appendix) Let d € N denote dimension constant, and let S C R? be a
bounded open set. Then, under the Mosco-convergence as in (2.3), a sequence {W}22 | of proper, ls.c.,
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and convex functions on L?(S; X), defined as:

g U (w(t)) dt,
we L*(S;X) — \/I\li(w) = if U, (w) € LY(S), forn=1,2,3,...;

00, otherwise,

converges to a proper, Ls.c., and convex function TS on L2 (S; X), defined as:

/\Il(z(t))dt, it W) € L1(S),
S

00, otherwise;

2 € L9 X) = U(2) :=

on L?(S; X), in the sense of Mosco, as n — 0o.
Example 2.7 (Examples of Mosco-convergence). Let €9 > 0 be arbitrary fixed constant.

(0): {7e}e>o0 be as in Example 2.3. Then, it holds that:
Ye = Ve, on RY | in the sense of Mosco, as € — &g.

(I): Let I C (0,T) be an arbitrary open interval, and let {®X}.5 be the class of convex functions as in
Example 2.4. According to the statement (O) and Fact 2 in Remark 2.6, it holds that:

&L — @ on [#]", in the sense of Mosco, as & — &o.

3. MAIN THEOREM
In this paper, the main assertions are discussed under the following assumptions.

(A0) 0 < T < ¢ is a fixed constant of time, and N € {1,2,3,4} is a fixed dimension. @ C R is a bounded
domain with a boundary I' := 02, and when N > 1, I is a Lipschitz boundary with the unit outer normal
nr.

(A1) p >0 and v > 0 are fixed constants. M, >0, Mg > 0 are fixed constants. L, > 0, L, > 0, M,, > 0 and
M, > 0 are fixed constants, such that:

If L,M, =0 (resp. L,M, =0), then M,, = L,, =0 (resp. L, = M, =0).
Besides, the target profiles 7,q € H and 6,4 € H are given functions.
(A2) g : R — R is a C'-class function with a nonnegative primitive G € C?(R). Moreover, g satisfies the

following condition:

liminf g(§) = —o0, limsup g(§) = oo.
€l—oo €100

(A3) ap : R — (0,00) is a C'-class function, and o : R — [0, 00) is a C?-class convex function, such that:
a’(0)=0,a” >00n R, and §, := inf ag(R) > 0.

(A4) The initial data [rg, 6] belongs to the class [V N L>(Q)] x V.
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(A5) Let w,u € L*°(Q) be obstacles and let .#" be the constraint as in Remark 2.2, which provide a class of
admissible controls %,q, defined by

Upa = {[a,0) € [#)?|a € HY.

Now, the main results are stated as follows.

Theorem 3.1 (Existence of optimal control). Under the assumptions (A0)—(A5), the problem (OCP)s has at
least one optimal control [u%,vi] € Ua.

Theorem 3.2 (Semi-continuous dependence with respect to € and initial data). Let us assume the assump-
tions (A0)—(A5). In addition, we suppose that sequences {en }nen C [0,00), {[M0.ns00.n]}nen C [V]? satisfy the
following convergences:

en — &, and [10o.n,00.m] — [N0,00] in [V]? as n — oco.

Let [uk,vi] € Uaa be the optimal control corresponding to €, and the initial data [1o n,00.n]. Then, there exists

n’vn

a subsequence {n;};en C {n}, and a pair of functions [u*,v*] such that

{ o [V Myuy, ./ Myvy, | = [ Myu”™, / Myv*] weakly in [)? as j — oo,

o [u*,v"] is an optimal control of (OCP)e.

Theorem 3.3 (First-order necessary conditions for optimality when ¢ > 0). Let € > 0, [u*,v*] be the optimal
control of (OCP)., and [n%,0%] be the solution to the state system (S). corresponding to the initial data [ng, o]
and to the forcings [u*,v*]. Then, under the assumptions (A0)—(A5), for the optimal control [u*,v*], it holds
that:

(Lyp: + Myu*,h —u*) e >0, for any h € €, (3.1a)
and
Lzl + Myv* =0 in . (3.1b)
In this context, the pair of functions [p%, 2] € [W2(0,T;V)]? solves the following variational system:

((=0upZ + g'(n2)pz + " (n2)e(VOD)PZ + ap(n2) 0,02 27 + o (n2) Ve (VOZ) - VZI)(t), o)
H(V(p2 = 1202 (6), Vo) = (My (12 = 1aa) (1), ) 1, (32)
for any ¢ €V, and a.e. t € (0,T),

and

((—ao(n)dez: — ag(n2)dmzz2)(t), V)i + (a(nZ () Ve (VO (4) V2 (L), Vi)
H((—1VO2E + & ()pEVA(VO2)) (1), Vi) (ryn = (Mg (0% — baa)(8), V), (3.3)
for any i € V, and a.e. t € (0,T),

with a terminal condition:

pi(T) =0, 2(T) =0, inH. (3.4)

€
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Theorem 3.4 (Necessary condition for optimality when e = 0). Let # be a closed linear subspace of H,
defined as:

W= {w e WH20,T;V) |w(0) =0 in V}.
Under the assumptions (A0)-(A5), there exist an optimal control [u®,v°] € %a of (OCP)y with the unique

solution [n°,0°] € [A)? to (S)o for the initial data [no,0o] and forcing pair [u®,v°], a pair of functions [p°, z°] €
[7)2, a triplet of functions [£°,0°,w°] € H# x A x [L=(Q))N and a distribution 3° € #* such that:

(Lyp® + Myu®,h —u®) e >0, for any h € I, (3.5a)
Ly,2° + M,v° =0 in S, (3.5b)
p° € WH2(0,T;V), 2° € L>=(0,T; V), (3.6)

w® € Sgr(Ve°) a.e. in Q,

(=00 + (g'(n°) + " (n°)[VO°p° + g (n°)§° + &' (n°)0°) (1), ©) 1t
+(V(p° — 2 0p°)(t), Vo) v = (My(n° — 0aa) (£), ©) a1+ (3.7)
for any ¢ €V, and a.e. t € (0,T), with p°(T) =0 in

and

(@0 (n)2°,00) o + (5°, W) w + V2 (V2°, VO ey + (o (n°)p°@®, V) ey
= (Mp(0° — 0aa), V) e, for any p € #'. (3.8)

Remark 3.5. If M,, > 0 and L,, > 0, then (2.2) enables us to rewrite the variational inequality given in (3.1a)
and (3.5a) as:

Lu . . Lu .
u* = proj (Mp:) in #, and u° = proj , <Mp°> in 2.

respectively. Precise algorithms are given in Remark 2.2.

Remark 3.6. The optimality conditions are essential to design derivative based optimization algorithms in
order to actually solve the optimization problems.

Indeed, the backward pseudo-parabolic system (2.2)—(2.4) derived in Main Theorem 3 provides a PDE formu-
lation of the governing law for the optimal control. This result will be useful for constructing efficient numerical
algorithms to compute optimal controls. In fact, some previous works [35-37] apply similar approaches to numer-
ical computations of optimal control for nonlinear phenomena. Hence, it can be expected that an analogous
approach will also be applicable to the optimal control problem studied in this paper.

However, the unknown dependent mobilities cg(n) and «(n) make the derivation of system (2.2)—(2.4) par-
ticularly challenging. In fact, this unknown-dependent setting brings about time-dependent coefficients in the
linearized system of (S)., which results in a non-equivalence with its adjoint system (2.2)—(2.4). Therefore, as
discussed in Section 3.2, a dedicated mathematical framework is required to unify the treatment of both the
linearized system of (S). and its adjoint system (2.2)—(2.4). In particular, this framework ensures the regularity
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[pe, z:] € W12(0,T;V), based on Lemma 4.5 in Section 3.2, which is sufficient to guarantee the solvability of
the adjoint system (2.2)—(2.4).

On the other hand, in Main Theorem 4, a similar backward pseudo-parabolic system (2.6)—(2.8) is derived
through the limiting observation as ¢ — 0. However, this formulation contains the terms £°, ¢°, and ¢°, whose
precise representations are not determined yet. Therefore, Main Theorem 4 only partially characterizes the
governing law of the optimal control obtained as an approximate limit as ¢ — 0. At the same time, the undeter-
mined terms £°, 0°, and (° highlight open problems toward a complete formulation of the necessary conditions
of optimality.

The characterization of these undetermined terms depends on further improvements in the regularity of
solutions to the state system, i.e., the KWC system. In this regard, preliminary but promising results have been
continuously reported in recent years (cf. [28, 38-42]). Hence, once such improvements are achieved, further
progress on Main Theorem 4 can be reasonably expected.

4. KEY-LEMMAS

4.1. State equation

In this subsection, we recall some preceding results regarding to pseudo-parabolic KWC systems (S): (cf.
[16, 28]).

Lemma 4.1 (Solvability of (S)., uniqueness and regularity of solution). We assume (A0)-(A4), and we let
u € L®(Q) and v € 5. Then, (S). admits a unique solution [n, 0] € [F)? in the sense that:

n € W0, T;V)NL>(Q), 0 € WH2(0,T;V), and [1(0),0(0)] = [0, 6] in V,

@en(t) + g(n(t) + o/ (n(0)=(VO(t)), )i + (V0 + p20in) (t), Vo) g
= (Lyu(t),o)m, foranyp €V, and a.e. t € (0,T),

and

(o (n(t))0:0(t),0(t) — ) + /Q a(n(t)=(VO(t)) dz +v*(VO0(t), V(O(t) — ©)m)~

< /Q ()= (V) do + (Lyo(t), 0(8) — ), (4.1)
for any ¢ €V, and a.e. t € (0,T).

Remark 4.2. When ¢ > 0, standard variational methods allow us to rewrite (4.1) by:

(co(n(t):0(1), )1 + (a(n(t))VA=(VO(1) + vV E0(t), V) v = (Loo(t), $)m,
for any ¥ € V, and a.e. t € (0,T).

Remark 4.3. In Lemma 4.1, the solutions of the system (S). are discussed within a weaker regularity framework

than those in the previous works on the pseudo-parabolic KWC system [16, 27, 28]. In fact, the previous works
[16, 27, 28] focused on strong solutions enjoying the following higher regularity:

neWh0,T; Wo), 6 € L¥(0,T; Wh).

To obtain such strong regularity, the earlier work assumed that the space dimension N < 3, the boundary I' is
sufficiently smooth (at least C*-class as in [27], while it is treated as C°-class in the previous work), and the



OPTIMAL CONTROL OF PSEUDO-PARABOLIC KWC SYSTEMS FOR GRAIN BOUNDARY MOTION 13

initial data satisfy
Mo, 00 € Wy := {w € HQ(Q) ’Vw-nr =0 a.e. on F} .

However, in this study, such strong regularity of the state system is not required for the analysis of the optimal
control problem. Thus, Lemma 4.1 reconstructs the well-posedness of the state system in the framework of
weak solutions that are sufficient for the purpose of optimal control. As a consequence, our main results can
be discussed under more general assumptions such that the dimension N < 4, and the boundary T" is Lipschitz
continuous. This generalization provides a broader and practically more relevant framework for the study of
optimal control of the KWC system.

Incidentally, the restriction N < 4 essentially comes from the validity of the Sobolev embedding V' C L*(Q),
which is required throughout this paper. Although the case N = 4 would not be physically relevant, it naturally
arises as the highest dimension in which this embedding holds. So if N > 5, then the embedding fails, and the
corresponding problem remains open.

Lemma 4.4 (Continuous dependence of solution). Let us assume (A0)-(AS3). Let {e,}521 C [0, 00),
{IMon,Oonl}ozs C [VNL®Q)] xV and {[un,vs]}02y C L®(Q) x S be sequences fulfilling the following
conditions:

® Sup [1o,n|re () < 00, and sup |un|pe= () < oo,
neN neN

en =€ MR, no.n — o, Oon — 0o inV, and

* v Lytuy — / Lyu, \/ Lyvy, — / Lyv weakly in 7€, as n — oo.

Let [n, 0] be the unique solution to (S), corresponding to the initial data [no, 0] and the forcings [u,v], and let
[, 0n] be the unique solution to (S)e,, for the initial data [no n,00.n] and the forcings [un,vy,]. Then, we can
obtain the following convergences as n — oo:

N — 1 in C([0,T); H), L*(0,T;V), weakly in W2(0,T;V)
and weakly-+ in L>(Q),
0,, — 0 in C([0,T); H), L*(0,T; V) and weakly in W2(0,T;V),
M (t) = n(t), 0. (t) = 0(t) in V, for allt € [0,T].
In addition, if N € {1,2,3}, T has C*-regularity, and the sequence {[no.n,00.,]}>>, satisfies that

No,n — Mo, Bo.n — 0o weakly in Wy as n — oo,

then we can derive stronger convergences such that:

as n — Q.

N — 1 in C([0,T]; V), and weakly in W'2(0,T; W),
0, — 0 in C([0,T);V), and weakly-+ in L>(0,T; W),
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4.2. Pseudo-parabolic linear system associated with (OCP).

In this section, we consider a pseudo-parabolic linear system, denoted by (P), and given by:

(P):

Op — Alp + p20ip) + At 2)p + £(t,2)2 + w(t,x) - V2 = h(t,z), for (¢t,z) € Q,
v(p + :U’Qatp) ‘nr = 07 on Ea

p(ovx) = po(I), for z € Qa

a(t,2)0z + b(t, )z + c(t,x)p — div (A(t,2)Vz + 1> V2 + pw(t, z)) = k(t, z), for (t,z) € Q,
(A(t, 1)Vz + 12V0z +pw) -nr=0o0n X%,
z(0,2) = zp(x), for z € Q.

In this context, [p, 2] : @ — [R?] is the unknown of the system (P). [po, z0] € [V]? is the initial data of [p, 2],
and [h, k] € [#*]? is a forcing pair. [a,b, c, \, &, w, A] C [#]7 is a given septuplet of functions, which belongs to
a subclass . C [#]7, defined as follows:

ea c WH2(0,T; H), and infa(R) > 4, > 0,
| e @@,
o Ac[L=®(Q)V*N, and the value A(t,z) € RV*N

is symmetric and positive, for a.e. (¢,z) € Q,

where §, > 0 is a given constant.
The problem (P) is considered in the following two contexts:

#1) linearized system of (S). associated with the Gateaux derivative #/ of the cost functional Z. at [u,v] €
%ad,
#2) the adjoint problem of the linearized system f1).

Let [n, 0] be the solution to (S).. Then, the linearized system #1) corresponds to the system (P) under:

a(t,z) = [ao(n)](t,z), b(t,x) =0, c(t, z) = [ag(n) 0] (t, ),
At,z) = [g'(n) + " (M)1(VO)](t,2), £(t,x) =0,

w(t,x) = [/ () VY(VO)](t,2), A= [a(n)V:(VO)](t ),
[vaZO]( ):[ ) ]7

for a.e. (t,x) € Q.

On the other hand, the adjoint problem #2) coincides with the system (P) for the case when:

a(t, x) = [ ()](T—tl‘) b(t, z) = [og (M) (T — t,x), ct,x) =0,

At z) = [g'(n) + " (N (VOUT — t,2), &(t, ) = [ag(n)0)(T — t, ), ;
) or a.e. (t,z) € Q.
w(t,z) = [o' (N VY (VONT — t,2), A= [a(n)Vre(VONT —t,x),
[po, zo](x) = [0, 0],

Previously, the parabolic type version of (P) is studied in [6], which established well-posedness results on
the parabolic system using time-discretization method. However, [6] aims to apply their results to an optimal
control problems of (S). under the setting that oy does not depend on 7, which is improved in our studies
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[16, 28]. Also, the difference between our studies and [6] leads to additional terms «f(n)d:n and «f(n)0:0, which
may pose some difficulties in the analysis under standard regularities for parabolic type PDEs. On the other
hand, we can expect that the regularizing effect of the pseudo-parabolic structure of (P) enables us to derive
some well-posedness results although (P) includes some terms difficult to handle. Based on these, we set our
goal of this subsection to establish a well-posedness result, which is useful on the optimal control problems.

Lemma 4.5 (Solvability of (P)). For any [a,b,c,\,&,w, A] € 7, the pseudo-parabolic system (P) admits a
unique solution in the sense that:

p,z € WH2(0,T;V), and p(0) = po, 2(0) = 2y in H,

(Op(t) + w(t) - Vz(l),@)m + /Q(/\(t)P(t) +&(t)z(t)pdx + (Vp(t), Vo) yw (4.2)
+u2(V8tp(t),V<p)[H]N = (h(t),©)v, for any ¢ € V, and for a.e. t € (0,T),

and
/Q(a(t)atZ(t) +b(t)z(t) + c(t)p(t)) ¢ dx + (A(H)Vz(t) + p(t)w(t), Vi)~ (4.3)
Z/Q(Vatz(t),Vd))[H]N = (k(t),¥)v, foranyty €V, and for a.e. t € (0,T).

The proof of Lemma 4.5 is based on time-discretization method. Here, we let 7 € (0,1) be a time-step size,
and let n, := {n € N|nrt > T}. We adopt the following time-discretization scheme (TD),:

(TD),: find a sequence {[p;, 2]}, C [V]? such that:

1
—(pi = pi1 ) + / (Aipi + &izim1)pda + (wi - Vi, @) m + (Vpi, Vo) (v
) @ (4.4)
+ 5 (Vi = i), Vo) = b}y, for amy p €V,
1
- / ai(zi — zi—1) do + / (bizi + cipi—1)y do + (A Vzi + piwi, V) 1w
TJe , Q (4.5)
v
JF?(V(% —2i-1), V) iy = (ki ¥)y, for any ¢ €V,
for any ¢ =1,2,3,..., with [po, 0] is the initial data of [p, z].

In this context, the sequences of forcing pairs {[h;, k;]}32, € [V*]? and septuplets {[a;, b;, ¢i, \i, &y wiy, Ai]}32, C
[H]" is given as the time-discretization data of [h, k] and [a,b,c, \, &, w, A] as in (2.1a) and (2.1e), respectively.
On account of (2.1), the following convergences hold as 7 | 0:

[hl; — h, [k], — Kk, in 7%,

[@; — ain L>(0,T; H),
bl = b, [d- = ¢.[\l- = A [€]- = €, in A,

[@]; — w weakly-* in [L>(Q)]" and in the pointwise sense a.e. in Q,
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and
[4], — A weakly-+ in [L>°(Q)]V*" and in the pointwise sense a.e. in Q.

Remark 4.6. Since N € {1,2,3,4} and Q2 C R" is a bounded domain, V is continuously embedded in L*(2).
Hereafter, 054 denotes the constant of embedding from V to L*(2). Also, for any w® € V and any sequence
{wf}72, C V such that

w; — w® weakly in V as i — oo,
one can confirm that
w? — w® weakly in L*(Q) as i — co.
Besides, for any ¢ € L*(€), it is checked that
w;p — w’p weakly in H as i — oo.
Similarly, for any » € L>(0,T; L*(Q)), w € ¥ and for any sequence {w;}32; C ¥ such that
w; — w weakly in ¥ as i — oo,
it can be checked that
w; — wp weakly in S as i — 00.

To find the solution to (TD),, we prepare a fundamental lemma.

Lemma 4.7. We let [a°,b°,c°, \°,£°,w°, A°] € [H]" be a fived septuplet of functions satisfying that

L [ R L L e N
| A% (Lo (vxn < [A|[poe(Qynxn, and A° is positive and symmetric, a.e. on Q. .
Also, we assume that:
LA g Ap? A2
O<7<m=m(a,b\w):= I o DR AV , (4.7)
8((CV)? + D)Mo + [bloe + |wlLe @) + 1)
so that:
cEY?2 +1) . 1
T- w (|>\ |H + |w |[LOO(Q)}N + 1) < -,
1A p 8
. for every T € (0,71). (4.8)
(CF ) +1) o 0 1
T — (|b |H + |w |[LOO(Q)]N + 1) < -,

1A 0g A2 8
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Then, for any [p', 21] € [V]? and [h°,k°] € [V*]2, the following variational system admits a unique solution
[p, 2] € [V]*:

1
—(p—p )+ / (\°p+¢°2Npde + (W - Vz,0)m + (Vp, Vo) v
) @ (4.9)
+“7(V(p =), Vo) = (h°,9)v, for any p €V,
1
= / a®Y(z — 2V dx + / (b°z + cpMy de + (A°Vz + pw°, V) i
e o (4.10)
14
+7(V(2 — 2, V) v = (k°, )y, for any ¢ € V.

Proof. We define a (non-convex) functional T : [H]? — (—o0, 00|, by:
T:[p.z] € [H]* = T(p, 2)
o= (p '3 +1Va(z — D)) + 5| Vplf
o190~ o) g + 71V (= = )
+ /Q(Ao|p\2 + 0022 4+ €2Tp+ ptz + (W - V2)p+ [A7V2|?) da

- <ho7p>V - <k072>Va if [pa Z] S Va

+ 00, otherwise.

On account of (4.7) and (4.8), we can check that Y is proper and weakly l.s.c. on [H]?

lower-bound estimate of Y:

, via the following

LA 8g A p2 A V2 TAp:  (CEY?
Y(p,2) > ——————(pli + |2}) = | o=+ =51l | Il
60«/\V2 (CL4)2 o 1 o o
(T e ) - Gt )

for any [p, 2] € [V]?,

which is obtained by the following computations:

1 1
5, (P = P+ Wao(z = 2[5 + 5 (1 IV(p =) + 2V (2 = 2 Egy)
1
> o (LA )l — P+ (0a AV)]z = 2T [7)
1 1
> (AP + (0a Av?)|2fi) = 5 (LA PO + Ga A2,

/Q(/\Olpl2 +0°[21*) do + /Q(w" Vapda > —(CF PN ulply — (CF 210 21} — &z oy V2| pla

4 o [e] (e] (e}
> —((CF )2+ 1) (X1 + @ ) Iply + (16°]5 + |l pe@yn)|21F) S
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(CH)?
2

/Q (€2Tp+ piz)dr > (€02 1212 1 pR 1 e Bulp B + 1212,

and

(8, = (%, 2y 2~ (B + bolE) — (T +12f%)
Therefore, we can find a minimizer of T, and see the minimizer solves the variational system (4.9)—(4.10) by
means of the direct method of calculus of variations.

Next, for the proof of uniqueness, let [p/,27] € V x V be the solution to the system (4.9)—(4.10) for j = 1,2.
By taking the difference between the systems (4.9)—(4.10) for j = 1,2, and putting [p, ] = [p! — p?, 2 — 2?], it
is observed that:

1/\,U2 4 o
—— P -+ = 2215 = (CF PN lulpt - %

4 (e} (o)
— (CF 20|zt = 2% — @l @ (IV (2! = 22)[F + 0" = PP[3) <0

8o N V2 12!

Having in mind (4.8), we obtain that

LA p? bq NV/?
7M|p1 -} + 7y|z1 — 223 <0, forall 7 € (0,7y), (4.11)
2T 2T
and (4.11) implies that the solution to the system (4.9)—(4.10) is unique. O

For the proof of Lemma 4.5, the following lemma will be pivotal.

Lemma 4.8. For any 7 € (0,71), our time-discretization scheme (TD), admits a unique solution. Moreover,
There exists a small time-step size T2 € (0,71) such that the following estimates (i) and (i) hold.

(i) Let C1 = Ci(a,b,e, N\, & ,w) be a positive constant which depends on |0:alse, |blwe, |clse, | M, |€lwe, and
|wlizee @y~ given as:

o SUCEP +1)

T AAS A 12 A V2(|ata‘ﬁf + ‘bbf + |C|ﬁf + |)\|ﬁf’ + |f|3f + |W‘[LOO(Q)]N + 1).

Then, it holds that:

pil%r + 121V piltyy + [Vaizili + V2 Vil
< T D (po 4+ 1 Vpo g + [V a(0)z0lFr + %V 20l ) + 2(R[5- + k[, (4.12)

foranyi=1,2,3,... n;,.

(ii) There exists a positive constant Cy = Cz(a) > 0, depending on §, and |a(0)|g such that

LA U2 &
TS o pialf < oD (ol o+ Jaoff + (Al + KT, (413)
i=1
and
8a A2 =

= Y lzi = zicaliy < Co® M TFV(AR . gmen + D(Ipol¥r + L0l + R[5 + K[ (4.14)
i=1
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Proof. We note that the time-discretization data [a;, b;, ¢;, Ai, &, wi, A;] satisfy the conditions (4.6)—(4.8). Hence,
by applying Lemma 4.7 with

[aovbovcov)‘ovgoawoaAo] = [ai7bi7cia)‘i7§i7wia"4i] in [H]77

.21 = [pi-1, 2im1] in [H]?,
and
[h°, k%] = [hi, ki) € [V*P2,
unique solution {[p;, z;]}52, to (TD), can be obtained for every 7 € (0,71).

Next, to derive the estimate (4.12), we multiply the both side of (4.4) by p;. Then, by using Holder’s and
Young’s inequalities and continuous embedding from V to L*(Q), we have:

1 ,u2 4
5 (pil = pica i) + S-(19pilfa — [Vpiaa fp) = (Ol ol (4.15)
(CL4)2 |wil Lo (0 1
— e llaUpil + i ) = =52 (pif 4 Vzil) < 5 (Rald + I},

forany : =1,2,3,...,

via the following computations:
2

1
;(pi —Pi—1,Di)H + \sz‘|2 ]N + %(V(pi —pi-1), Vi) [~

1
27(|pz|H pi1lh) + (|sz| vy — Vi [Fg),

/O\z‘pi +&izi1)pide + (wi - Vi, pi)u
o

—|Xilmpil Ty — 1€l lpil sy zi1|Lag) = |wil oo @) [V 2il () Pil
(CL4> AR
2

4
> —(Cy )il lply — (&ila (Ipily + [z ]3) = pilfr + 1V 2ilfn),

and

(i) < 5(hf?

Vet pily)-

In addition, substituting ¢ in (4.5) by z;, and noting that A;(z) is positive for a.e. x € {2, we can compute as
follows:

1 4

;/Qam'(zz Zi— 1)dx+ (\szhH]N Vi1 [P ) = (OF ) |bil a2l (4.16)
(CL")? |wil Lo (@2 1
— = lelu (i + i) + =52 il + [V2i0) < S0kl + J2l),

for every i =1,2,3,...,
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via the following calculations:

1/2 l/2 2 2
7(V(Zz‘ —2i-1), Vzi) iy 2 §(|vzi|[H]N = [Vzica|{gn),

/ (bizi + cipi—1)zi dz + (AiVzi + wipi, V2i) (v
Q

> —|bil |zl Faq) — leilalpi1|La@)lzilLa@) = |wil oo @) Pil o [V 2i Py

a oLy |wil e (0
> (" Plbdalzfy — E L el (i + 02) + D 9413,

and
1 2 2
(ki zi)v < §(|k‘i|w + [2ily)-

By Holder’s and Young’s inequalities and the continuous embedding from V to L*(£2), the first term of (4.16)
can be computed by:

1 1 1
. /Qaizi(zi - Zi—l) dz = ;|\/azl|§{ — ;/ ;2251 dx

Q
1 1
> 2*(\\/5121\?1 - Vai—tzie1lH) — o= / (a; — a;i—1)|zi—1|* dz (4.17)
T 21 Jq
1 1 a; — a;—1
> 2—(\\/@-%@1 — Waiizialh) - ol e
T T
1 (CL4)2 a; — a;—1
> 2*(\\/61721'\% - Vai—1zicl3) — ‘; |2i1]p-
T T o

According to (4.17), (4.16) can be reduced to

1 V2 4
§(|@Zi|%1 — Vai—izioalf) + ;(Wzihzmw — Vi1 [tuyn) = (CF )il a2l

(CL4)2 |wi| Lo ()
- g leil i (|pizal} + |Zi|%/)+T(|pi|%I+|vzi|%I) (4.18)
CEMN? |a; — a;_ 1
(V)7 |ai—ain 212 < =(Jkil?e + |2[2), foranyi=1,2,3,....
2 T I 2

Now, from (4.15) and (4.18), we arrive at the following inequality:

1
;(Xi —Xi1) SF(Xs +Xiz1) + |l

e+ |kilYe, forT€(0,m), andi=1,2,3,..., (4.19)

where

X = |pil4 + ,uz\Vpi“zH]N + Waizi|3 + 1/2|Vzi|[2H]N, foreachi=0,1,2,...,
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and

A — Qi1

i

C2((CE)?+)
TN A2 AV2

+ |bil + leilm + Nilg + &l + |wil L) + 1) 7
H

for every i =1,2,3,....
We can easily check that
TZFi < Ci(T+1), for any 7 € (0,71),
j=1
Here, we set 72 € (0,71) to fulfill:

. LA Apt AV Ay
92 = 1-
16((CE")2 4+ 1)2(IA|oe + €2 + [bloe + |cloe + 0ral e + w0y + 1)2

Then, by noting the following inequalities which hold when 7 € (0, 1):

T(Xile + €la + 1bslar + leilim) < 72 (1Aoe + €l + [bloe + leloe),

1
Tlwilre @) < TIw|p= (@) < T2 |w|r~(q),

and

a; — a;_1 fi fi 1
i dict Dpa(t) dt 5{/ 10va(t) 11 dt < 73|sal e,

H ti—1

H ti—1

it holds that:

2((CE)? +1)
1A A2 A2

1
2 .

TFi

IN
ﬁ

(Il + €52 + [bloe + |cloe + |0l p + |wlpe(qg) + 1),

<=, forany 7€ (0,7).

N |

21

(4.20)

Hence, by applying the discrete version of Gronwall’s lemma (cf. [43], Sect. 3.1) to (4.19) and having in mind

(4.20), it is observed that:

o 27F; s T(|h]’ %/* + ‘kj %/*)
X,‘SeXp jz:;l—TFj X0+Jz:; ].—TFj

< exp 4ZTFj Xo 4+ 2(|h|% + |K|%)

j=1

< AT x4 2(1h)2. + k%), fori=1,2,3,...,n,.
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Thus, we obtain the estimate (4.12), and we immediately obtain the following estimate:

4
L+ 2+ 0+ (CF PIaO)ln o s
LA Ga A2 Av2?
for every i =1,2,3,... n,.

(Ipol3 + |20l + |Rl5- + |KI5-),

pil ¥y + il <

Next, to derive the estimate (4.13), we let ¢ = p; — p;—1 and obtain that

1 /\u 1 (CL4)
i = pica i + SVl = [VPicalfn) = A2 DOnilh + &8 (pil} + 2 l?)
12 12 T 2 _
—7—|wZ|Loo(Q)|Vzl|[H]N S WVLZ Vo for anyZ— 1,2,3,..., (421)

via the following computations:

1
(Vpi, V(pi = pi-1))pmn = §(Wpi|[2H]N - \sz‘—1|[2H]N)a

/()\ipi +&izic1)(pi — pic1) do > —(|Ni|5|pilLa) + &l m2i-1|L2@)) IPi — Pic1l2)
Q

4
> —(CE2(INlmlpilv + &l #lzi1v) pi — pieilv

1A p? ,  2CE)r
> — 1 lpi — pic1lyy — ——5— LA 2 (|>\ 5 1psl3 + 1&il3 | zi1]3),

1
(wi - Vzi,pi —pim1)m = _Em — Pic1lt = TIwil Foe (0| V2l

and

(hi,pi — pi <1 w e 42 h;
iy Pi pzfl>V_ 4 |p1 p1*1|V 1/\ 2‘ |V*'

By summing up the both sides of (4.21) for i = 1,2,3,...,n, and having (4.12) in mind, (4.13) is confirmed
with the following calculations:

2 M

Z|pz Di— 1|V
2((CE) 1) (

1/\u

IN

TZ(W@{ + &l + |wi|[2L°°(Q)]N) :

1
§|VP0|[2H]N +
=1

1A p?

swp (lpify + Jal +laalt) + QZ\ il

i=1,2,...,n,
A(CE) + 1)(T +1)
1A p?

14 12 + 0% 4+ (CE)?a(0)|n 40 (T+1) (1. |2 2 2 2 L e
' LA Ga Ap2Av2 e (Ipofv + lzofv + [hl- + [kly) + 1/\u2|h|w

IN

1
L 1Vpolpy + (Ao + 163 + e )
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_(CE) + DT+ (A +p2 + 12 + (CF)a(0) )
- TA8ZAptAVA

ST (Ipof§ + (20l + [R5+ + [kl-).

Finally, to obtain the estimate (4.14), we multiply the both side of (4.5) by z; — z;—1 and we have

5, N V2
4t
2T

-
*§(|Ai|[2Loo(Q)]NxN|VZi|%I + |wi|[2L°°(Q)]N|pi|%{) < W'kiﬁ/*’

2(CE )

LT (bl il + lesllpi-a )
a

|2 — zi1ly —

(4.22)

for any i =1,2,3,...,
via the following computations:

/(bizi +epio1)(zi — zic1) de > —(|bil mlzilLa) + leilmlpi-1lLa@) |z — zic1lLa@)
Q

4
> —(CE2(|bil ) zilv + el mlpioiv)|zi — zicalv
8o A 12 2(CL)4r

N (165|125 + il lpi-1l),
a

> lzi — zialy —

(AiVzi + piwiy zi — zim1) [N
> —(JAilpee v~ [Vzil i + |wilipe v [Pil 2) IV (20 = 2zim1) Iy
2T

2
v
2 —EW(% - Zi—1)|[2H]N - §(|Ai\[2Loo(Q)]NxN\V2i|[2H]N + |wi|[2L°°(Q)]N|pi|%I)a
and

-
Oq N\ V2

8o A V2
47

2

|k1 Ve

(ki 2o — zim1)v < |2i — 21| +

From (4.12) and (4.22), we can deduce that

8a A 12 =

At Z|ZZ 7Zi—1|%/
=1

4((CL4)4+1) nr
< (;‘//\7,/2 : TZ(lbiﬁq + ez + \Wi|[2Loc(Q)]N + |Ai|[2L°°(Q)]NXN) '
a i=1

nr
-
sup  (|zily + Ipily + [z f3) + N > kil
@ i=1

i=1,2,...,n,

16((CEY* +1)(T +1)

S J. A V2 (‘bLQ%" + |c‘§f + ‘w|[2L°°(Q)]N + |A|[2L00(Q)]N><N)'
1+M2+V2—|—(C‘e4)2|a(0)|H 40, (T+1 9 2 2 9 1 9
. 1/\5‘1/\“2/\1/2 e ( )(|p0|v+|ZO|V+|h|%+|k|%)+W|k|7/*
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_ (G + DT+ DA+ 42 + v + (CF)a(0)|n)
- TASZAptAVA
ST (AR g + D(poffy + 208 + (A + [k5-).

Thus, the estimates (4.13) and (4.14) are obtained with the constant

oo = VUCE) + DT + 1)1+ 42 +0* + (CF)?|a(0) )
> TA82Ap* AvA '

Proof of Lemma 4.5. Owing to Lemma 4.7 and 4.8, we can derive the following boundedness:

o {[pl+}re0,m)s {[2)7 }re(0,m) are bounded in W2(0,T;V), .
b {[p]T}TE(O,Tz)v {[B]T}TE(O,W)’ {[Z}T}Te(o,"?)’ {[1]7'}76(0,7'2) are bounded in Loo(oa T; V)-

Therefore, by applying the compactness theory of Aubin’s type (cf. [44], Cor. 4), there exists a subsequence
{1 }22; C {7} and there exists a pair of functions [p, z] satisfying the following convergence:

Pn = [plr, = Py 20 = [2]7, — 2 in C([0,T]; H) and weakly in W'2(0,T;V) as n — oo, (4.23)
and in particular,

lim [p;,(0), 2, (0)] = 1lim [po, 20] = [po, 20] in [H]?.

n— oo

Moreover, noting the following:

(s, — Baly Alp, — Baly AlZe, = 2aly ALz, — 2l )0)
1
< / (10ep-(B)lv A Oezr (O)|v) dt < 72 (|0wpr | A 1Oe2r |y ),
(ti—1,£:)N(0,T)
fort € (t;—1,t;)N(0,T), i=1,2,3,...,n, and 7 € (0,72),

we can derive additional convergences as follows:

T)n = [ﬁ]TH - b, BTL = [p]Tn - b, En = [E]Tn - 2, én = [é]Tn in LOO(O’T; H)

and weakly-+ in L>(0,T;V), as n — oo. (4.24)
In particular, it holds that

pu(t) = p(t), Pn(t) = p(t), p,,(t) = p(t), z0(t) = 2(t), Zu(t) = 2(t), z,(t) = 2(t),
in H and weakly in V, as n — oo, for any ¢t € [0, T].

Now, we let:

Ay = [a}rna En = [B]Tn7 Cp = [E]Tna Xn = [X]T,,“ gn = [g]‘nm
On = @], An = [Al7,, hn =[]+, kn = k], -
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Then, the sequences solve the following variational system for any open interval I C (0,7) and any n =
1,2,3,...:

/ (Oepn(t) +@n(t) - VZ,(t), 0) g dt + /I /Q (AnDn, + &p2,) (B daedt

I

+ / (VB + 120 (D), Vo) ayy dt = / (1 (t), @)y, for any ¢ € V,
I I

and

[ @0 + 50 e, Yoot + [ (2,(092,(0) + B (0 (0), Vo) e
I I

+1/2 /(Vatzn(t), V¢)[2H]N dt = /I@n(t), Yyy dt, for any ¢ € V.

I

By noting the continuous embedding from V to L*(f2) as in Remark 4.6 and the following convergences as
n — oo:
{ 0T, — wp, Tpth = wip, A,V — AV in [V,

e X = A, £, = @, Tnth — ath, bpth — bip, Eutp — ctp in L2(0,T; L3 (R)),
for any p € V and ¢ € V,

we have
[ @)+t Vot el de+ [ [ 0w+ 62) (0 doa
I I1JQ
+ / (V(p+ 120,p)(t), Vo) clt = / (h(1), ¢}y, for any ¢ € V,
I I
and

/I(aatz + bz + ¢p)(t) dedt + /I(A(t)Vz(t) +p(t)w(t), Vi) g~ dt

+v? /I(VGtz(t), Vw)[?H]N dt = /(k‘(t),@/})v dt, for any ¢ € V.

I

Since the open interval I C (0,T) is arbitrary, the limiting pair [p, z] solves the variational system (P), and thus,
we complete the proof of Lemma 4.5. O

Lemma 4.9 (Uniqueness of solution to (P) and continuous dependence). Let [a%,b?, ¢t N\ €1 wt AY] € .7,
[ph, 28] € [V]?, [h', kY] € [¥*]2, and let [p', 2] € [W12(0,T;V)]? be the solution to (P) corresponding to the
septuplet [a®, b, ¢, \Y, €8 w, AY], the initial pair [ph, 28] and the forcing [h', k'] for i = 1,2. In addition, we set:

J(t) = |(p' =P )O)H + 1’V = *) O fn + Ve () = 2*) O]
+12 V(2 — 22)(t)|[2H]N, for any t € [0,T7,
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and
L4
o= (11 Yy 5CX ﬂl> 1 1E Ol + 190 ()] + 15 ()] + 1Ol + w0 (O] s + ).
Ri(t) = [P0 (I = X)@O[F + [(¢" = ) @)

)
+ 122 ()lv(\(& = &)WE + (e’ —a®)O)IF + 10" = 0*)()[7)
+HIV22 () - (' = ) O)]F + (AN = A2 V2O fyy + P (O (W' = w?) (O,
for a.e. t € (0,T).

Then, the following estimate holds:

d

dtJ( ) < Ro(t)J(t) + [(B* — ) ()% + (K — K2) () |2+ + (CED2 + 1)Ry(t), for ae. te (0,T).  (4.25)

In particular, the solution to (P) is unique.

Proof. By letting ¢ = (p! — p?)(¢) in the variational identity (4.2), taking the difference of the both side, and
using the continuous embedding from V to L*(Q), it is computed that:

(1" =)0 + 12V (' = ") (D)

DO =
D—-‘Q‘

. L*\2
< (PN Ol + DI - O + 2

(064)

P21 =A%) (0)|F

L*\2
(1€ e + D@ =)D + [ = 22)OF) + (Cg ) 1271 =€) 0) (4.26)
(Iw Oz + DIV =220 Fgyn + (0" = 0*)(0)[5)

+122() - V(W' =) (O + %(I(p1 =)D + (0 = 1) (B)f), for ae. t € (0,T).

+

[\:J\)—l

On the other hand, by letting ¢ = (2! — 22)(¢) in (4.3), taking the difference between two variational equalities,
using the continuous embedding from V to L*() and invoking that A(t,z) is positive for a.e. (t,z) € Q, we
can calculate that

2

@t — 00! - )0 do + 5 GITE =)0

< (CE PO+ DIE - A0k + S 2010 - D0k,

L2
G e Ol + 01~ 2O + 1~ 2 0F) (1.27)

L*\2
G 20— )0 + 519G~ 2Oy + 5]

(lw (t)|[L°;(Q>]N +1) (V' = 22) ()t~ + (0" — P (B)[F)

1 1 1
+ PO =) Oy + 5161 = 2OR + 5B =)D, for ae. t € (0,T).

_|_
4 (A' = A*) () V22 (1) Fyn

+
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The first term can be computed by

/Q (0" — a20,22) () (=) — 22)(¢) da
= %%\\/al(t)(zl - 2|5 - %/Q&ga(tﬂ(zl — 2 () dx + /Q(a1 —a®)(1)0: 2% () (2" — 2H)(t)dz  (4.28)
L*\2 L*\2
> LEVADE - A0k - S laa ol - 2ok -
— %|3t22|%,|(a1 —a®)(t)|%4, for a.e. t € (0,T).

(=" = 2*)()IF

By integrating (4.26)—(4.28), we arrive at the Gronwall type inequality (4.25). O
According to Lemmas 4.8, 4.9, and the convergences (4.23) and (4.24), we immediately derive the following
Corollary.

Corollary 4.10. Let [p, z] be the solution to the system (P) corresponding to a septuplet [a,b,c, A\, &, w, A] € .7,
initial data [po, z0] € [V]? and forcing pair [h, k] € [#*]?. Then, the solution [p, z] fulfills the following estimates:

Lt p? 402 4 (CF) a0l s e,
Pleomivy +12lowom) € s nmrr o ol ol R+ KT,

1A p?
4

|8epl5 < Coe® TV (Ipolyy + |20f + A1+ + [KI5-),

and

0o N V2
4

0,23 < 02€5CI(T+1)(|A|[2L°°(Q)]N><N +1)(Ipol¥ + 20 + Rl + E[5-),

where the constants C1,Cy are as in Lemma 4.8.

Now, we prepare additional notations. Owing to Lemma 4.5, we can define an operator & =
P(a,b,e,\, & w, A) 1 [V]2 x [¥*]? — Z for any septuplet [a,b, c, \, &, w, A] € .7, as follows:

P = P(a,b,c,\, & w, A) : ([po, 20, [h, k]) € [V]? x [#*]?
— Z([po, z0], [h, k]) := [p, 2] € Z: the unique solution to (P). (4.29)

Remark 4.11. Set .7 as an isomorphism defined as:
To(t) =(T —t)in H, for a.e. t € (0,T).

For any ¢ € (0,1), let [uX,v¥] be the optimal control of the problem (OCP)., and let [7.,6.] be the solution
to the state system (S). corresponding to the initial data [ng,f0o] and the forcings [uf,vi]. Also, let us set
P2 € L([H)?) as the restriction P|g gjx[#2 of the bounded linear operator & = Z(a,b,c,\,w, A) in the
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case:
a= T [-ao(ne)],
b= y[_ag(%)at%]v
c=0,

A= T[g (n:) + " (e)7(V0e)], in [
§= 9[046(775)5&95}7

w= T (n:)V7=(V.)],

A = T[a(n:)V?7(V.)],

Based on these settings, we set a bounded linear operator 27} as:
P =T o P20 T, in L([H)?).
Then, the solution [pf, 2] to the variational system (3.2)—(3.4) can be represented by:
9%, 22 = 22 (My (0 — o), M(B- — 0,a)) in [

In the light of Lemma 4.5, 4.9 and Corollary 4.10, we can obtain the following results for the continuous
dependence of solution with respect to septuplet, initial data, and forcing pair.

Corollary 4.12. We assume that [a,b,c, A\, &, w, A] € % and {[an, b, Cn, An, Enywn, Anl}oe, C  fulfill the
following convergences:

o [bu,Cny Ans&n] = [bc, N, €] in [)2,
e a, — ain S and weakly in WH2(0,T; H),

‘ N ‘ ) ‘ as m — oo. (4.30)
o w, — w weakly-+ in [L>=(Q)]", and in the pointwise sense, a.e. in Q,

o A, — A weakly-* in [LOO(Q)]NXN, and in the pointwise sense, a.e. in Q,

Also, we let [po,z0] € V1%, {[pons20n)}52y C [VI%, [hk] € [¥*)%, and {[hn, kn|}52, C [¥*]2. Besides,
we set [pn7 Zn} = c@(anv bn7 Cn, )\na gna Wn, An)([po,na ZO,n]a [hn7 kn]) fOT’ n = 1,2,3,..., and [pa Z] =
P(a,b,c, N\, & w, A)([po, 20, [h, k]). Then, if the sequences {[po.n, 20.n]} oy and {[hn, kn]}o2, satisfy the following
convergences:

[[Po.n> 20.n)s [Py Kn]] = ([P0 20], [hs K]] weakly in [V]* x [#*]* as n — oo,
the following convergences hold:

Pn = D, 20 — 2 in C([0,T); H) and weakly in WH2(0,T;V) as n — oc. (4.31)
Moreover, if we suppose:

[[P0.1ns 20.m)s [Py Kn]] = [P0, 20]s [hs K]] in [V]? x [#*]? as n — oo,

then, it holds that:

Dn =P, 2n — 2 in C([0,T]; V) as n — oo. (4.32)
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Proof. By virtue of Corollary 4.10 and the assumption (4.30), we can see that the sequence {[pn, z,]}22, is
bounded in [W12(0,T;V)]%. Hence, by applying compactness theory of Aubin’s type again, we can find a
subsequence {n;}32; C {n} with a limiting pair [p, z] € € [##)? satisfying the following convergence:

Pn; — D, 2n; — 2 in C(0,T; H) and weakly in Wh2(0,T;V) as j — oo.

Furthermore, by the same argument as in the proof of Lemma 4.5 and uniqueness result, obtained in Lemma 4.9,
we can check that [p, 2] = P(a,b,c, \,§,w, A)([po, 20], [I, k]) = [p, 2] Finally, by the uniqueness of the limit, the
convergence (4.31) is verified without taking a subsequence.

Next, we confirm the convergence (4.32). By applying Lemma 4.9 under:

[al, bl ¢t AL €N Wl AY) = [an, by, €y A, €y Wiy A,
{[pévzé] = [pO,nazO,n]a [hlvkl] = [hnvkn]v and
[a?,b%,? N2 €2, w2, A% = [a, b, e, \, &, w, A,
{[pg’zg} = [po. 0], [W*,k?] = [h, K],

Gronwall’s lemma allows us to find the following estimate:

T
Ja(t) < R* (Jn(()) 4 b = h|%e + |k — k)% + (CE ) + 1)/ R (t) dt> , for any t € [0, T,
0

where

. 12(7+1)((CF)* +1)
R '_eXp< ( 1A Sq Ap2 Av2
'Sug{‘)‘ﬂ% + |€n|ﬁf + |8tan|9f + |bn|% + |Cn|3f + |w"|L°°(Q) + 1} ) )
ne
In(t) = |(pn = ) D) H + 12V (Pr — 2)(O)[Fiyv + [V an () (20 —
+12 |V (2, — z)(t)|[2H]1\r7 for any t € [0, T,
and

Ry, (8) = @) (1A = N @) + [(cn — ) (1))
+ 2@ (1(En = OO7r + (an — a)()F + (b = H)(X)]F)
+ [V (t) - (wa = w) O +1(An = A V() + () (wn = w) ()]F
for a.e. t € (0,T).

Now, (4.30) implies that R* is a finite constant, and R}, converges to 0 in L*(0,7") as n — oo. Based on this,
letting n — oo yields the convergence (4.32).
Thus, we complete the proof of Corollary 4.12. O
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Corollary 4.13 (Linearity and boundedness of solution operator). Let us denote 2 = [W42(0,T;V)]?, and
let & be a Banach space endowed with a norm || - || : 2 — [0,00), defined as:

I, 2]l == I[P, 2llw 20,02 + 12> 2l e o1 v12) -

We let [avba Ca)‘afvwaA} € y) [vaZO] € [V]Q: [h7k} € [%*]2; and [pa Z]::‘@(LPOaZOL [ha k])
= P(a,b,c,\, &, w, A)([po, 20], [I, k]). Then, there exist two positive constants Mg = Mg (a,b,c, A\, &,w, A), My =
Mi(a,b,c, N &, w, A) such that:

Mg |[[po zol, [, Kllljvizx (12 < Illp, 2]ll < M| [[po, 2ol [hy Klll vz g2
for any [po, z0] € [V]?, and [h, k] € [7*]2. (4.33)

Moreover, 2 is an bijective operator from [V]? x [#*]? to &, Therefore, & is an isomorphism between a Hilbert
space [V]? x [#*)? and a Banach space (Z,] - ||).

Proof. Corollary 4.10 implies that & is a linear bounded operator from [V]? x [#*]2 to (Z,] - ||) with the
constant:

2

o (480 2+ v 4 (CE))a0)m ., se
e ( IO 6,000 P e e +1)

Now, we define a linear operator 2 = 2(a,b,c,\,§,w,A) : Z — [#*]2 which maps [p,z] to a pair of
bounded linear functionals [h, k] =: 2(p, 2) € [¥*]?, given as:

T T
(hop)y = / (O (t) +w(t) - Va(t), (1)) dt + / /Q (AOP(E) + E()2(8))p(t) dadt
T
+ / (V(p + 120up) (1), Vip(t)) sy i, for any o € 7,

and

B T
(k, )y ::/ /(a(t)atZ(f)+b(t)2(t)+6(t)p(t))¢(t) dzdt
0 Q
T

+/0 (A(t)V2(t) + v°V Oz (t) + p(t)w(t), Vi (t)) v dt, for any ¢ € 7.

Then, one can see that 2 is a linear bounded operator from 2 to [#*]? together with the following computations:

(R, o) 7|
4
< (10iplse + |wlip= @~ [V 2l )l e + (CF ) (IMelpleqomvy + 1€l 2leqomvy) el
+ (IVpley + 12|V 0| ey ) V| ey

< 2(1+ 1) ((CF )2 (Mo + [€loe) + [wliee v + Dllp, 21 - el
for any p € ¥,
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and
(k) 7|
4
< (C% )2 (laleo,rym|0izly + blelzle o,y + lelselpleo,rvy) vy
+ (Al Lo @y <~ | V2| + V2 V02| ey + [wl(po (v [Pl [V v
4
<21+ v*)((CF ) (lalco,ry;my + [bloe + lelse) + |Aljpe @y xn + |wlipe @y~ + Dlp, 2l - [¢] -
and hence,
12(p, 2) )2 < V2(|h|y- + |E|y~)
< Cullaleo,ry;my + bl + Ieloe + Ao + €] + | Al e @)y + [wlize @y~ + Dllp, 2]l
with

Ca= 1V2(1+ 2 +02)(1+ (CE)).
Besides, we define a linear operator & = Z(a,b,c, \, €, w, A) : Z — [V]? x [#*]?, by letting:
Z:p,2l € Z = P(p.2]) = [[p(0),2(0)], 2(p, 2)] € [V]* = [/
Then, we can check that & is the inverse map of 2. Moreover, noting that:
[[p(0), 2(0)][v12 < llps 2l o,y < s 21l-

we can say that & is a bounded linear operator from 2 to [V]? x [#*]2, asserted in (4.33), with the constant
Mg, given by:

Mg =272 (Ca+ 1)~ (lalcqorym) + bl + lcloe + (Mo + €l + [Al i@y v + [z +1) 7

Thus, we finish the proof of Corollary 4.13.

5. PROOFS OF MAIN THEOREMS

This section is devoted to the proofs of Main Theorems. The each proof will be presented in individual
subsections.

We begin this section by preparing a lemma regarding the continuous dependence of the class of the cost
functionals {_Z:}.c[o,1], which extracts the essential novelty of the proof of Main Theorems 3.1 and 3.2.

Lemma 5.1. Let {&,}nen C [0,1]; lim, o0 €, = €, [u,v] € L®(Q) x 52, and {[un,v,]}2, C [H)? such that
SUP,,en [Un|Loe (@) < 00. Then, the following two items hold.

(M-I) lim _Z. (un,vn) > Ze(u,0), if [V Mytn, vV Myvn] = [V Myu, v Myv| weakly in 7] as n — oo.

n— oo

(M-II) nh—{%o ey (Unyvy) = _Ze(u,0), if [V Myun, vVMyv,] = [VMyu, VM) in [#)? as n — cc.

Proof. Let [y, 6,] be the solution to (S)., corresponding to a (fixed) initial pair [, 8] and the forcings [uy,, v,],
and let [n, 8] be the solution to (S). for the initial data [rg, fg] and forcing pair [u,v]. Thanks to the results of
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continuous dependence of solutions given in Lemma 4.4, we have
[, 0n] — [1,6] in C(0,T;[H)?) as n — oco.

Therefore, noting the weakly lower-semicontinuity of L2-norms, we can verify (M-I) wia the following
computations:

v

. M’r] . 2 . MG 2
nh_%lo He (Un, vn) CR nh_{folo [ — Nad|Ze + nh_{r;o 7|9n — bad| 5

v

M, .
+7 lim |un|29f+

n—oo n— 00

M, My M, M,
777\77 — Nad |3 + 7\9 — Oaal% + 7|U|3f +

= _Z.(u,v).

2
B [v| 5

IV

Besides, (M-II) can be confirmed by straightforward calculations, as follows:

. Mn . 2 . M0 2
Jim 7, (uns ) = =57 W[ —1aal e + Hm =700 — Gaal5e
o 2 ECIRF 2
T el 5 g lonlse
= J-(u,v).

Thus, the proof of Lemma 5.1 is completed. O

Remark 5.2. According to the definition of Mosco-convergence, the statements (M-I) and (M-II) correspond
to the condition of lower-bound and the condition of optimality, respectively. Therefore, we can regard the
semi-continuous association of the class of cost functionals {_Z.}.¢cj0,1) as a Mosco-type convergence.

5.1. Proof of Theorem 3.1

Owing to Lemma 5.1, Theorem 3.1 can be verified by standard minimizing process. In fact, we fix ¢ > 0, a
forcing pair [t, 0] € %4, and we let

0< fe = [ inf  Z.(u,v) < _Z.(4,0) < 0.

W,V €U ad

Then, we can take a sequence of forcing pairs {[u,, v,]}52; C %a such that

He(tn,vn) | Fe asn — oo,
and

M, M, .
7u|un\?%o + TU\Unﬁf < fe(u,7) < 0. (5.1)

By using the estimate (5.1), there exist a subsequence {[un,v,]}52; C Zad (not relabeled), and a pair of
functions [u*,v*] C %.a such that

[V My, / Myv,] — [\/ Myu*, / M,v*] weakly in [#£)* as n — oo.
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Here, by noting that
[tun|re(@) < [Ulpe(@Q) V |UlL=(q), foranyn=1,23,...,

Lemma 5.1 allows us to compute that:

o=l Fe(up,vn) = Im Ze(un,00) > fe(u',0) 2 fe. (5.2)

n—oo

(5.2) implies that

Fe(u', ") = min _Z.(u,v),

[u,v] € Upaa
and thus, we complete the proof of Theorem 3.1. O

5.2. Proof of Theorem 3.2
Let [U, 0] € %aa be fixed. According to Remark 5.2, we can set

y :==sup 7, (4,).

neN

Since [u},v}] is the optimal control of (OCP),, , it is computed that:

n»-n

M, M, N —
T\U,*L@Jr 5 [il%e < Fe (uh,vl) < Zo (0,0) < 7, forn=1,2,3,....

Therefore, there exist a subsequence {n;}52; C {n} and a pair of function [u*,v*] € [#']* such that

Myut A/ Myv: ] — [/ Myu*, \/ M,v*] weakly in [7)? as j — oc.
[V Mg, vV Moy, 1 = [V Y% ] y in [J] as j

Moreover, invoking:
sup [, [ Lo (@) < |ulL=(@) V [t]L=(q);
neN

we can apply Mosco-type convergence of the class of cost functionals { 7. }.¢[o,1] mentioned in Lemma 5.1 and
Remark 5.2, and obtain that

He(u,v") < jli%lo Hen,; (Un;vn) (5.3)
< 117111 /en(ﬂvf&): hm /t—:n(ﬁaﬁ):/E(ﬁaf))
j—o0 7 J—o0 7

Since [@, 9] is an arbitrary pair of %4, (5.3) is an optimal control of (OCP)..
Thus, the proof of Theorem 3.2 is completed. O

5.3. Proof of Theorem 3.3

Lemma 5.3. Set 2" := L*>°(Q) x . Let e € (0,1) be fized, and let A, : X~ — [5)? be the solution operator
to (S)e which maps [u,v] € Z to the solution Ac(u,v) := [n,0] to the state system (S)e.
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(I) The restriction of solution operator A.|qo : 2 — [H)? is Gateaux differentiable over 2 . More precisely,

. Ae(u+h,v+0k) — Ac(u,v
(Aelr ) (,0)) (b K) = Dip g e (,) = lim 28 b )

= P (Lyh, Lyk), for any [u,v] € Z°, and any direction [h, k] € 2,

In this context, 2. € L ([H)?) is given as a restriction 20,0y x[#)2 of the bounded linear operator & =
P(a,b,c,\, & w, A), defined in (4.29) in the case:

a=ag(n),

b=0,

c = ag(n)dy,

A= 9/(77> + 04”(77)%(V9)7 in [%}7
5 = Oa

w=a/(n)V(V0),

A= a(n)V?(V0),

Moreover, for any (u,v) € X, the Gateauz derivative (Ac|a ) (u,v) can be uniquely extended to [H#)?.

(II) The restriction of cost functional fe|a + Z — [0,00) is Gateaux differentiable over 2. Furthermore, for
any [u,v] € 2, the Gateauz derivative (_Zz|a) (u,v) admits a unique extension #!(u,v) € ([H)?)* = [#)?
such that

(AL,0), 1, s = Dy Sl ) = Jim L0 IR = el 0)

= ([Mn(n = Nad), Mp(0 — 0aa)], Pe(Luh, ka))[%’]? + ([Myu, My, [h, kD[ff’]Z»
for any [u,v] € £, and any direction [h, k] € Z .

Proof. Let [u,v], [h, k] € Z be fixed. Let us take any constant § € [—1,1]\ {0}, and set [°,8°] := A (u+h, v+
0k). Since it holds that

[u+ dh,v + 0k] — [u,v] in 2 as § — 0,
Lemma 4.4 implies the following convergences as § — 0:

n® = nin C([0,T]; H), ¥, weakly in W2(0,T;V), and weakly-* in L=(Q),
6° — 0 in C([0,T]; H), ¥, weakly in W42(0,T;V), (5.4)
7 (t) — n(t), 0°(t) — O(t) in V, for any t € [0,T].

Additionally, we can assume that:

n’ —n, 00 — 0, VO° — V0 in the pointwise sense, a.e. in Q as § — 0. (5.5)

Now, we set [x%, (%] = ["%’7, #]. Then, based on standard linearization process (cf. [5]), we can say that

[x%, ¢°] solves the following variational system:

(@ (1) + Wi (1) - Vo (1), o) + /Q ()X (o d + (VX (), Vo) (5.6)

+u2 (VO (t), V)i = (Luh(t), 9) g, for any ¢ € V, and for a.e. t € (0,7),
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and

/Q (@ ()0, (1) + (X ()¢ dz + (A )V (1) + X ()’ (1), Vo) ey

+V2(V5‘tC6(t),Vw)[H]N = (Fs(t),wﬁ/, for any ¥ € V, and for a.e. t € (0,7,

where

and

@ = ao(n‘s),

1
2= 8t9/ af(n + dox°) do,
0

1

-5

X = [+ 003 + a0+ SN L)) do o
0 )

& i=a/(n) [ TV +007)) do
0

A iman) [ TV + d0¢) do

1
o= L,k — div <X5w5 — x‘;/ o (n+ 0ox°)Vr.(V6°) da) in ¥*.
0

35

In other words, by setting an operator &; as the restriction 2| ojx[»)> of the linear isomorphism & =
P(a,b,c,\, &, w, A) defined in (4.29) in the case:

[a,b,c, A\, &, w, A] := [6‘5,0,65,7;,0,@5,26} in [%]7,

we can see that [x°, (%] = f@g(Luh%é).

Now, noting that:

[§X675<6] = [776 - 96 - 9] - [07 0]7 in [LOO(OvT7 V)F’ and

6x° — 0 weakly-* in L=(Q),

using the convergences (5.4), (5.5) and Lebesgue’s dominated convergence theorem yields the following

convergences as § — 0:

@’ — a in A and weakly in W12(0,T; H), [E‘S,Xé] — [e,A] in [2£)?,

and

-5
@ = w, A — A weakly-* in L>°(Q), and in the pointwise sense, a.e. in Q.

-5
Now, to apply Corollary 4.12, we derive the convergence of k£ . By setting:

my = sup |1°|peo(@) > InlL(q)s
0<|d]|<1

(5.8)
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one can see that

) < (L kOl + Ol (Ia'(n(t))mo(sz) + [0+ 80 Dlioy da))

(LYK + O R~ )
for a.e. t € (0,T), and for any 6 € [-1,1] \ {0}.

Now, we set:

Is(t) = X @O)F + 121V Offn + 1@ O O + 21V 1) v

for any t € [0,T], and

R(1) = (12((054)2 +1) ) .

1A p2 N6 A2

_ _ <0 _
S )(Iﬁta’s(t)lH + ()] + X ()i + @ ()] = +1).
€(0,1

We apply Lemma 4.9 under the case when:
[al,bl,cl,)\l,fl,wl,Al] _ [a2,b2,02, A2,§-27w2’A2]

= [65,0,65,75,0@5,25} in [2£],

(WY, kY = [Loh, B), [h2, k2] = [0,0] in [¥*]2,
', 2" = Ps(Luh, ), b, 2% = 0,0 in [#]2,

and find the following estimate:

=5
Ve @)
< (R*() + 8c [Foo (1,9) J5(t) + 8| [Luh, Lo K] (8)[F-
for a.e. t € (0,T), and any ¢ € [-1,1] \ {0}.

ajg( ) < R*(t)Js(t) + L2|h(t)

Subsequently, by using Gronwall’s lemma, we can derive that:
(#0) {Xé}ée(O,l) and {(5}56(071) are bounded in L*>(0,T;V).

Hence, combining (5.6)—(5.7) and (§1), we can compute that

1
<E§ — Lok, )y = (X‘S, (w‘s - / o (n+ 0ox°) V. (V6°) dcr> . Vw) — 0, forany ¢ € ¥,
0

H

and therefore,

= Lok weakly in #* as § — 0.

[pS, 28] = [p2, 28] = [0,0] in [V]?, for any 0 € [-1,1] \ {0},

(5.10)
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On account of the convergences (5.8)—(5.10), we can apply Corollary 4.12 and obtain that:
X7, C7] = Zo(Luh,E) = [x, ) = Z(Luh, Lok) in C((0,T); H)
and weakly in W52(0,T;V), as § — 0. (5.11)
This convergence and Corollary 4.13 imply that:
(#1) Ac|g is Gateaux differentiable over 27, and bounded in the norm of [#]?.
Therefore, (A¢|2 )’ admits a continuous linear extension to [##]?, and thus, we complete the proof of the

assertion (I).
Next, we verify the statement of (II). Let [u,v] € 2" be fixed. One can compute that

Fe(u+6h,v+ k) — _Z.(u,v)
)

=M né—’_n*nad 7X6 +M9 06+9*0ad ,46 +MU u+57h ’h (512)

+ M, ((v + 6k> ,k) , for any direction [h, k] € 2 .
H

2

From the convergences (5.4) and (5.11), letting § — 0 in (5.12) yields that

Dy, iy e (u,v) = ([My(n — naa), Mg(0 — 0aq)], Pe(Luh, Lyk)) 22
+([Myu, M), [h, k)2, for any [h,k] € 2.

Now, having in mind the estimates in Corollary 4.13, the following inequality holds:

|D[h,k]/€(uvv)‘ < (M*l(Mn + Mp)(Ly + Ly) + My, + M,)-
. (|[’I7 — T]ad,e — Oad]\[%]z + Hu,’UH[%]z)Hh,kH[%P, for any [h,k‘] c 2.

Based on the above, one can say that:
(42) the mapping [h, k] € 2" +— Dy, k1 _#<(u,v) is a linear functional, and bounded in the norm of [#]%.

Therefore, since 2~ is a dense subset of [J#]?, Riesz’s theorem enable us to find the required functional
Fl(u,v) € ([#)*)* = [#)?, which is the unique extension of the Géateaux derivative of Z.|o (u,v) € Z*
at [u,v] € 2.
Thus, we finish the proof of Lemma 5.3.
O

Lemma 5.4. Lete € (0,1) be fized. Let [u*,v?] be the optimal control of the problem (OCP). and let [n.,0.] be
the solution to the state system (S). with the initial data [no,6o] and the forcing pair [u*,v*]. We define an oper-
ator P. € L([)?) by the restriction Plr0.0yx1#)2 of the bounded linear operator & = P (a,b,c, A, &, w, A)
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as in (4.29) when:

a = ag(ne),

b=0,

¢ = ap(ne)040e,

A=g'(ne) + " (ne)Ve(V0Oe), in [2£]".
§=0,

w =/ (n:) V7 (V02),

A= a(n)V*(Ve.),

Then, the operators &%, defined in Remark 4.11, and & have a conjugate relationship, in the following sense:
(QZ:(U,’U), [ha k])[if]Q = ([U,U],?s(h, k))[ff]za fmn any [Uﬂ)], [ha k] € [%]2

Proof. Let the pair of functions [u,v], [k, k] € [#]? be fixed. Also, we denote [p, z] := £ (u,v) and [x, (] :=

P.(h, k). Then, using integration by parts, one can be computed that

T T
(22 (u,0), [h, K]) ey =/0 (h(t),p(t))HdtJr/o (k(), 2())  dt

:/OT

+ (VI + 1200) (), Vo)) v + (o (M9 + g (m)x0:0) (8), 2(8))

((Dex + (' () + " (M7 (VO)x + o' (1) V= (VO) - V) (1), p(t))

+ ((am)V*(VOVEC+ 12V + o (n)x Ve (VO))(1), V(1) v ] dt

= [(p. )1 + 12 (Vp, VX) iy + (a0(n)2, Q)i + v (Vz, V) v | (T)
— [0 X) e + 12 (VD, VX) iryn + (20(n)z, Q) + v (V2, V) v ] (0)

+/O [((—@H (g'(n) + " (N)=(VO))p + o/ (n) VA=(VO) - V2)(t), (1))
+(Vp — 120p) (8), VX () v — (Be(o(m)2)(1), C(t))

+ ((a(n)V*7=(VO)Vz — 1°Vdz + o/ (n)V:(V0))(t), VC(t))[H]N ] dt

= ([um], [Xad)[ﬁf]? = ([U,UL P (h, k))[ﬁf]2~

This computation finishes the proof of Lemma 5.4. O

The proof of Theorem 3.3. Let [u*,v*] € %qa be an optimal control of (OCP)., with the solution [n,0*] to
(S)e corresponding to the initial data [ng, 6] and forcing pair [u*,v*]. Also, we set [p%,z2}] = Z2F(M,(n} —
Nad ), Mg (05 —0aq)), as in Remark 4.11. Since the cost functional takes its minimum at [u*, v*] € %4, Lemmas 5.3
and 5.4 allow us to compute that:

Lo . Fe(u +06(h—u*),v" 4+ 0k) — _Zo(u*,v*)
0< (/E(U U%), [hvk])[éf]z = %lﬁ)l 5

= ([My(nZ = Maa), Mo (0% — 0aa)l, Pe(Lu(h — "), Lok))ep2 + ([Mur™, Mov*], [h—w* K] (5.13)
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= (PZ(My(nZ —Naa), Mo (07 — 0aa)), [Lu(h — u"), Lyk]) g2 + ([Muu®, M), [h — u™, K]) )2
= ([Lup? + Myu®, LyzZ + Myv*], [h —u”*, k]) )2, for any [h, k| € Ua.

Now, letting h = u* in (5.13) yields that:
(Lyzl + Mv* k) >0, forall ke 2,

which implies (3.1b), and applying this to (5.13), we have (3.1a).
Thus, we complete the proof of Theorem 3.3. O

5.4. Proof of Theorem 3.4

Let [uf, v¥] be an optimal control of (OCP), for ¢ € (0, 1), and let [nZ, 8] be the solution to (S). corresponding
to the initial data [no, 6] and [u?,v*] as a forcing pair. By virtue of Theorem 3.2 and Lemma 4.4, we can find a
subsequence {&,}5; C {e} with €, | 0 as n — oo, and find limiting pairs [u°,v°] € %g, [7°,0°] € [#£]?, and
a vector-valued function @® € [L°°(Q)]", such that:

VvV Myul — /Myu® weakly in 2, and weakly-* in L™(Q),

VMuw: — \/Myv° weakly in 2,

as n — 0. (5.14)

ny=mns, —n°in C([0,T]; H), ¥, weakly in wh2(0,T;V),

and weakly-* in L*(Q)
0 :=0: —0°in C([0,T);H), ¥, weakly in W"?(0,T;V), (5.15)
e (t) = n°(t), 05 (t) — 0°(t) in V, for any ¢ € [0,T], and

ny — 1°, 87 — 6° in the pointwise sense, a.e. in Q.

al = ap(n;) = a® = ag(n°) weakly in W'2(0,T; H), weakly-* in L>=(Q),
and in the pointwise sense, a.e. in @, (5.16)
A =g' ) + o (17)7, (VO3) = A= g'(n°) + o (1°)|V6°] in 2,

Ve, (VO) = @® weakly-+ in [L°(Q)]V, ‘
, as n — 0o. (5.17)

W=/ () Ve, (VO:) = w° = o/ (n°)w® weakly-+ in [L(Q)]V,
Due to the theory of Mosco convergence as in Remark 2.6 (Fact 1), one can say that
w® € O (VO°) = Sgr(Ve°), a.e. in Q. (5.18)

Here, we set [pe, z:] == T [pf, z¥] = P2(M,(n} — Naa), Mg (0} — 6aa)), where [pf, 2] is as in Theorem 3.3, and
2 is given in Remark 4.11. Then, by noting the convergences (5.15)—(5.18) and the following estimate:

sup | (n2)0:0% |0 < sup (| (n2)| Lo (@) |0:0Z] ) < o0,
£€(0,1) €€(0,1)

applying Corollary 4.10 yields that:
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 {p-}ee(o,1) is bounded in W2(0,T; V),
¢ {Z:}cc(0,1) is bounded in L>(0,T;V).
Moreover, for any ¥ € #', we can compute that:
(= div(a(n) V7 (VOE)V20), )| = [(a(nZ) Ve (VO2) V2L, Vi) v |
< (@0 (n2)2, 0p) e | + 12 |(V22, VO ) ey | + (e (n2)pEV A= (VOZ), Vi) v |
+ [(Mo(0Z — baa), 1) |
< Cslplw,

with

Cs = s&pl)(\/i(Iaé(n;‘)\Lw@) + o/ () Lo (@) + v+ Mo) (|2 |y + [pel e + |02 — baa| )
ee(0,

Therefore, we find a subsequence {£,}52; (not relabeled) together with a pair of functions [p°, z°], functions
0°,&° € A and a distribution 3° € #™* such that

pl ==p:, —p° in C([0,T]; H), weakly in W"2(0,T;V), (5.10)
zp o= 27— 2° weakly-x in L>(0,T;V), ’
& =000z —€°, 0r =V, (VO))-Vz — 0° weakly in 2, (5.20)
an = —div(a(n)) V3., (V5 V) — 3° weakly in #*, as n — oc. (5.21)
Now, by virtue of (3.1)-(3.3), [uZ ,v ] and [p},, 2] satisfy the following variational inequalities:
(Lupy, + Myul ,h—ul ) >0, forany h e 2, (5.22)
(Lyzy, + Myvl k) >0, forany k € 2, (5.23)
/(*&pi () + XL (O () + o (07, (£)E5,(E) + & (7, (1) o, (), )
I
+ (V0= 120w 0. Ty dt = [ (M0 = maa) (0. (529
I
for any ¢ € V, and any open interval I C (0,7T), with p}(T) = 0,
and
(anzy, 000) 50 + G V) + (VY 25, VOD) ey + (Wbl V) o)
= (My(6;, — 6aq), V) e, for any ¢p € #. (5.25)

The convergences (5.14) and (5.19) enable us to see that

2
I

0 < (Lup® + Myu®, h) s — (Lup®,u®) — lim |\/Myul

n—oo

< (Lyp® + Myu®,h —u®) s, for any h € .
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Also, letting n — oo in (5.23) yields that
(Lyz° + Myv°, k) s >0, for any k € 52

Therefore, we obtain the assertions (3.5a), (3.5b) and (3.6). Additionally, in the light of (5.15)—(5.21), letting
n — oo in (5.24) and (5.25) yields that (3.8) and the following variational identity:

/(—3tp° () + A°(O)p° (1) + ap (n° (£)€°, ) dt + /(a’(n"(t))o"(th ©)m dt

I I
+ / (V(p° — 120" (1), Vi) ay dt = / (M (° — 17a) (), ) 1,
I I

for any ¢ € V, and any open interval I C (0,7),
with

p°(T) = lim p;(T)=01in H.

n—oo

Since I is arbitrary, we obtain (3.7).
Thus, we complete the proof of Theorem 3.4. O
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