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AN ANISOTROPIC POINCARE INEQUALITY IN GSBV?P
AND THE LIMIT OF STRONGLY ANISOTROPIC
MUMFORD-SHAH FUNCTIONALS

JANUSZ GINSTER"*® AND PETER GLADBACH?

Abstract. We show that functions in GSBV? in three-dimensional space with small variation in 2 of
3 directions are close to a function of one variable outside an exceptional set. Bounds on the volume
and the perimeter in these two directions of the exceptional sets are provided. As a key tool we prove
an approximation result for such functions by functions in W1, For this we present a two-dimensional
countable ball construction that allows to carefully remove the jumps of the function. As a direct
application, we show I'-convergence of an anisotropic three-dimensional Mumford—-Shah model to a
one-dimensional model.
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1. INTRODUCTION

Poincaré inequalities in their various forms are a standard tool in the study of PDEs or variational problems.
In particular, in the Sobolev space W1(Q) of a connected open bounded Lipschitz domain it holds

min [ |u—al’ do < C’/ [Vu|P de.
a€R Jo Q

By density this can be extended to the space of functions of bounded variation, BV(2), where the right hand
side is replaced by |Du|(Q2), see [1]. Clearly, in BV one cannot expect that the left hand side can be bounded
in terms of the absolutely continuous part of Du, Vu, alone. However, in [2] De Giorgi et al. show that for
functions v € SBVP(Q)) whose jump set is not too large there exists an exceptional set w C £ such that for

1<p<n
1/17* 1/p
min/ lu—alP” dz <C (/ [Vul? dx) (1.1)
a€R Jo\w Q
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and £"(w) < CH* (J,)" =D, In [3], Theorem 2.3 (see [4] for an application to a compactness result in
GSBV?) a variant for functions in SBV whose jump set is not necessarily small is shown: In this setting there
exists a Cacciopoli partition whose total boundary can be estimated by the length of the jump set of v and on
each set in the Cacciopoli partition the difference between u and a constant can be estimated by Vu.

In the same spirit as (1.1), in [5], Theorem 1.2 Cagnetti et al. show the more sophisticated Korn—Poincaré
inequality in the space GSBD? in arbitrary dimension (see also [6, 7] for the two-dimensional versions) and even
provide bounds on the perimeter of the exceptional set w. The strategy of the proof is to find for u € GSBD? a
function w € WP which agrees with u outside an exceptional set w C € and satisfies appropriate bounds. Then
one can apply the ordinary Korn—Poincaré inequality to the more regular function w to obtain an estimate on
u outside w. In addition, the same article provides not only a bound on £"(w) but also on Per(w) in terms of
H"=1(J,). A simple modification of this argument yields also a version of (1.1) with an additional bound on
the perimeter of the exceptional set, see Section 2.1.

In this paper we are interested in functions in GSBV? whose jump set is approximately parallel to one of
the three directions. For such functions it is possible to estimate the LP-difference to a function only depending
on this one variable outside an exceptional set satisfying appropriate bounds. More precisely, we prove the
following.

Proposition 1.1. Let S C R? be open, bounded, connected, with Lipschitz boundary and I C R an open, bounded
interval. Then there exists for Q =1 xS a number n(Q2) > 0 such that the following holds:

For all p € [1,00) there exists a constant C(p,2) > 0 such that for all functions uw € GSBVP(Q) with
fJ“ |V [dH? < n(Q) (here v = (v1,v') € S? denotes the measure theoretic normal to J,) there exists a set

w C R? and a measurable function a : I — R satisfying

/ lu(z) — a(z1)|P de < C(p, Q)/ |V'ul? dz,
Q\w Q
where V' = (0q,05). Moreover,

£3w) < C(p, Q) / V] K2 (1.2)

u

and

sup / Oipdr < C(p,Q)/ |V |dH?  fori=2,3. (1.3)

PEC(IxS),[p|<1 T

At first glance, it appears as if an application of inequality (1.1) in each slice {z1} x S can be used to show
the above result (without the bounds on the exceptional set). The exceptional set w would then be given by
the union of the corresponding exceptional sets in each slice. However, note that in order to guarantee L£3-
measurability of a set w C R3 it is not enough to ensure £2-measurability of every slice ({1} x S) Nw. Hence,
a simple application of inequality (1.1) or similar results in every slice cannot guarantee the measurability of
the exceptional set w.

Instead we present a simple two-dimensional argument (see Thm. 2.2) that allows us to remove the jumps of
u in a small neighborhood around the jump set. This two-dimensional construction is heavily inspired by the
ball construction which was developed in the context of the Ginzburg-Landau functional, see [8-10] (¢f. [11-14]
for an application in the context of dislocations). We cover the jump set of u by countably many balls and
grow them according to the well-known ball construction until « has on the boundaries of the grown balls trace
values that can be extended without jumps into the balls. This yields again an approximation outside a small
set w C Q from which the inequality (1.1) can be easily derived. Moreover, this technique can be transferred to
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three dimensions by applying it simultaneously in each slice while at the same time guaranteeing measurability
of the exceptional set.
In three dimensions we prove the following approximation result.

Theorem 1.2. Let S C R? be open, bounded, connected with Lipschitz boundary and I C R an open, bounded
interval. Then there exists for Q@ = I x S a number n(2) > 0 such that the following hold:

For all p € [1,00) there exists a constant C(p,§2) > 0 such that for all functions v € GSBV?(Q) with
fJu [V dH? < n(Q) (as before v = (v1,V') € S? is the measure theoretic normal to J,,) there exists a set w C R?
with

£3w) < C(p, Q) / /| dH? (1.4)

u

and

sup / Oipdx < C(p,Q)/ |V|dH?  fori=1,2, (1.5)
PeCL(IXS),lpl<1Jw Ju

and a function w € LP(Q) with w =u on O\ w and
/ |V'w|Pdz < C(p, S)/ |V'ul? dz, (1.6)
Q Q

where V' = (02, 03).

Using the usual Poincaré inequality for w on each slice for the function a(z1) = fgw(x1,2’)dz’ this implies
Proposition 1.1.

Another consequence of Theorem 1.2 is the following two-dimensional statement (which in turn implies
inequality 1.1), which follows directly by considering functions u(z1, z') = u(z’).

Theorem 1.3. Let S C R? be open, bounded, connected with Lipschitz boundary. Then there exists a number
n(S) > 0 and a constant C(S) such that the following holds:

For allp € [1,00) there exists a constant C(p,S) > 0 such that for all functions uw € GSBV?(S) with H(J,) <
n(S) there exists a bounded set w C R? with Per(w) < C(S)H'(Ju) and a function w € WHP(S) with w = u in
S\w and

/|Vw|pdw§0(p,5)/ [Vul? dz.
S 5

We remark that the statement in Theorem 1.3 is already well-known to the community in arbitrary dimen-
sions, as it can also be proved by following the complex argument in [5], Theorem 1.2 (see also [7] for the
two-dimensional result) for the space GSBDP carefully. Additionally, in Section 2.1, we show how to obtain
Theorem 3.1 directly from [5], Theorem 1.2.

We note that the conditions H!(J,) < n(S) here and fJ“ || dH? < n(Q) in Theorem 1.2 are necessary, as
can be seen in Figure 1.

As an immediate application of Proposition 1.1, we investigate an anisotropic version of the Mumford—Shah
functional (see e.g. [1, 15]) in a three dimensional domain I x S. Here, one may consider z; € I as a time
variable and 2’ = (z2,z3) as a space variable in a grayscale video file u € GSBV?(I x S). We study in Section 4
the functional

1 1
F.(u) == —|V'ulP + [0yl dx + [ || + [v1] dH2
IxS € €

u



4 J. GINSTER AND P. GLADBACH

FIGURE 1. Functions with jump set larger than 1(S) cannot be approximated with W?(S)
functions in most of 2. The above function is piecewise constant but not close to any constant
function.

Here v € S? is the measure theoretic normal to the jump set J, and € > 0 is a small parameter, so that
variations in 2’ are penalized much more harshly than variations in z;. As € tends to zero, we expect compactness
of finite-energy sequences, with limit functions depending only on z; and I'-convergence of F. to the one-
dimensional Mumford-Shah functional Fy : L'(I x S) — [0, o0],

00 otherwise.

Fo(u) = {£2(S) (f, |/|P day + #£0,)  if u(z) = u(z,) € SBVP(I)

We do indeed prove this in Theorem 4.1. While I'-convergence is obvious, the compactness statement is not.
In fact, the main difficulty lies in showing that a function with finite F; is close in measure to a function only
of x1. Here we use Proposition 1.1.

The rest of the article is structured as follows: First, we introduce the necessary notation. Then we present
the two-dimensional countable ball construction. For better readability we first use this construction to prove
the two-dimensional result Theorem 1.3 in Section 2. In Section 3 we present the transfer of this construction
to three dimensions and show Theorem 1.2. Then we showcase how this can be used to prove a I'-convergence
result for the anisotropic Mumford—Shah functional in Section 4.

1.1. Notation

We will write C or c¢ for generic constants that may change from line to line but do not depend on the
problem parameters. For set of skew-symmetric matrices in R"*"™ we write Skew(n). For the ease of notation,
we always identify vectors in R” with their transposes. For vectors z = (21,72, 23) € R? we write 2’ = (29, 13).
Moreover, we write V' = (02, 03). For a measurable set B C R™ we use the notation | B | or L™(B) to denote its
n-dimensional Lebesgue measure. Similarly, we denote by H*(B) its k-dimensional Hausdorff measure. More-
over, we use standard notation for LP-spaces and Sobolev spaces W1P. In addition, we denote by BV the
space of functions with bounded variation, by SBV? the space of special functions of bounded variation (with
p-integrability of the absolutely continuous part), and by GSBV? the space of generalized special functions of
bounded variation as introduced in [1]. In particular, we use for a function v € SBV? the decomposition

Du = VudL" +[u] @ vdH]; ",

where J, is the jump set of u, v € S"~! is the measure theoretic normal to J, and [u] = u™ — u~ for the
approximate limits «* and = on J,. In the specific case of a characteristic function u = 1, for a measurable
w C R™ we write Per(w) := |Du|(R™) for its perimeter. Eventually, we write GSBD? for the space of specialized
special functions of bounded deformation as introduced in [16]. In particular, for u € GSBD? we denote by
e(u) the density of the absolutely continuous part of the symmetrized derivative Eu. In the specific case that

. T
u € WHP, this means e(u) = Yet¥e_
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2. TWO-DIMENSIONAL RESULT: PROOF OF THEOREM 1.3

2.1. A Proof using Korn’s Inequality in SBD?

One way to prove Theorem 1.3 is to use the existing (and more complicated) approximation results in SBD”
which were used to to prove a Korn inequality in SBD?.

Proof of Theorem 1.3. Let u € GSBV?(S). We then define the vector-valued function v € GSBD?(S) by v =
(u,0). By [5], Theorem 1.2 there exists w C S with £2(w)? + H1(8*w) < CH(J,) = CH'(J,) and a function
w € WHP(S;R?) such that v = w on S\ w and

[lewirar<c [ lerar

By Korn’s inequality applied to w there exists W € Skew(2) such that
/ YV — WP do < c/ le(v)[? da.
S S

In particular, we find

LS\ w)[War P g/ dz < c/s le(v)]P. (2.1)

S\w

31u 82u -
0 0

If £2(w) < 2L%(S), i.e. HY( u) is small enough we obtain |Wa [P < ﬁz(s) Jsle(w)|P. As W is skew-symmetric

this already implies |W|P < £2 S) Jsle S P, Hence, by the triangle inequality we find
/ |Vw|? dz < 21’/ |Vw — WP dz + 2p/ WP da (2.2)
S S S

<c / le(v)[P dz (2.3)

s
< C/ [Vul? de, (2.4)

s
which concludes the proof. O

We close this section with the following remark.

Remark 2.1. Later we would like to apply this result in each slice of the form {z1} x S to obtain exceptional
sets w,, C S and functions w,, € WP (S) satisfying the conclusion of Theorem 1.3. However, it is not immediate
from this proof that one can define a measurable set w = |J, {#1} x S and a measurable function w: I x S — R
through w(xy,xs, 23) = Wy, (z2,23). As the construction in [5] is rather involved, we present a simpler method
in this paper to construct the desired set and function simultaneously in all slices using the ball construction
technique. From our construction it is easy to see that all defined quantities are measurable. On the other hand,
the construction presented in this manuscript, cannot easily be used to prove the result from [5] or [7] as in
this setting the symmetric part of w needs to be controlled by [ |e g le(u)|? dz. This is typically not the case in
our simple construction as w essentially emerges from u by extendlng good trace values of u into balls. Then
gradient estimates for w follow from gradient bounds for v on the boundary of these balls. Even if the the
symmetric part of the gradient would be controlled on the boundary of these balls, the naively extended w
would generally not have this property.
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2.2. The countable ball construction and the proof of Theorem 2.2

In this section, we prove the following more general version of Theorem 1.3:

Theorem 2.2. Let S C R? be open, bounded, connected with Lipschitz boundary. Then there exists a number
n(S) > 0 and a constant C(S) such that the following holds:

For allp € [1,00) there exists a constant C(p, S) such that for all T > 0 and all functions uw € GSBVP(S) with
H(J,) < e Tn(S) there exists a bounded set w C R? with Per(w) < eI C(S)H(J,) and a function w € WP (S)

with w =w in S\ w and
/ IVwl? dz < (1+ C(p’s)> / VulP da.
s T s

Theorem 1.3 follows from Theorem 2.2 by taking 7' = 1. In fact, Theorem 2.2 is a direct consequence of [5],
Remark 3.5 The more precise version above shows in a quantitative way that the smaller the jump set of u is,
the closer is the constant in the estimate for |, s |Vw[? dx to 1. This is of course consistent with the fact that if
H*(J,) = 0 then w can be chosen to be w.

Before we present our proof of Theorem 2.2, we briefly introduce the ball-construction technique from the
seminal paper [9]:

Lemma 2.3. Given a finite set of balls B; := B(x;,r;) CRY, i =1,..., N, there is a family of finite sets of balls
Bl :=B(al,r),i=1,...,N, t € 0,t;) with collapse times t; € [0, 00| such that for I; :=={i=1,...,N;t < t;}
we have

(i) UYL, B; CU,e; Bs C User, Bf whenever 0 <'s <t < o0.
. N
(1) &elt rt=ety .
(iii) (BY)icr, is pairwise disjoint.
(iv) B(zf,et"*rf) C B! whenever 0 < s <t <t;.
Proof. We first replace the balls B; with balls B such that (iii) holds. If B; N B; # 0, i < j, then |x; — z;| <
r; + ;. But then

Ti 7"]'
(e 1 (e 1

B;UB; C B(2),7)), where 2?0 :=

0T zj and r =r; + ;. (2.5)

Also we set ¢ := 0.
We may repeat this replacement at most N — 1 times until (iii) is satisfied, defining Iy and (B?);cr,. We
define I; := Iy and B! := B(2?,e'r?) for t < e, where

g:=1inf{t >0 : ?fﬂ?;;é@for some i # j € Ip}.

If e = oo, we are done. Otherwise, at time e, we repeat first the replacement and then the growing scheme
to some larger time. Since at every such time the number of balls is strictly decreased, there are at most N — 1
such collapsing times, at which point a single ball remains.

This defines I; and the balls (B});c;, for all t € [0, 00).

It is straightforward to check that (i)—(iv) are satisfied for all times.

O

Remark 2.4. We see that as N is replaced by IV + 1, all collapsing times ¢; decrease and all radii increase.
This is important in the following:
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We wish to apply a version of Lemma 2.3 to a covering of the jump set J,. However, as the jump set of
a function u € GSBV?(S) is in general not compact, countably many balls are required to cover it. We can
however extend the ball construction to the case of countably many balls with » ;7 < 0o, cf. also [14].

Before we prove the countable version of Lemma 2.3, we first show an auxiliary lemma that ensures we can
apply the one-dimensional SBV-compactness result to the sequence of constructed radii and centers, cf. [1],
Exercise 4.4.

Lemma 2.5. Let (a,), be a sequence of positive numbers such that )", a, < co. Then there exists h : [0, 00) —
[0,00) such that h(0) = 0, h is non-decreasing, subadditive, limg o @ =00 and ), h(a,) < .

Proof. Assume that ¢ € W, ([0, 00)) with 32 ¢(a,) < 0o. Then

loc
> dlan) = Z/ ¢ (t)dt = /N (2.6)

neN neN

where N(t) = #{n € N : a,, > t}. In particular for ¢(t) =t we have [[° N(t)dt =3, a, < oo.

Determine for k > ko the points ¢; € (0,00) such that ft" N(t)dt = 47 and set h' = 2F in (t341,t),
h(0) =0, A’ =0 on [kg, 00). In particular for this choice of h we have

/ N(t)K (t)dt < 24 kok < 0. (2.7)

k=ko

Since N(t) > 1 on [0, ko], we have that h € W11 ([0, 00)), and since A’ is non-increasing and non-negative, h is

indeed subadditive and non-decreasing, with limg\ o @ > limy o B/ (t) = oo, and ), o h(an) < oco. O

We now prove the countable ball construction:

Lemma 2.6. Given an at most countable set of balls B; := B(x;,r;) C RY, i € N with

Zn‘ < 00,

€N

there is a family of at most countable sets of balls BY := B(xzt,rt), i € N, t € [0,¢;) with collapse times t; € [0, ]
such that for Iy :={i € N; t < t;} we have

(i) Uicn Bi € Uicnier. Bf € Uicn.ier, Bf whenever 0 < s <t < oo, for all N € N.
(1) Y ier, 75 < €'Y ienri forallt > 0.
(iii) For allt > 0 the family (B!)icr, is pairwise disjoint.
(iv) B(xf,et"*rf) C B! whenever 0 < s <t <t;.
(v) The balls B! are monotone in the following sense: If B; C B! for everyi € N, then t; < t; and B! C (B!)
for everyi € N, t < t.. Also

U Bic |J (Bl foralNeN,t>o.
i<Niel; i<N,iel]

(vi) The functions r! as functions of t are non-decreasing. As functions of t it holds vt € SBV((0,t;)) and
x} € SBV((0,:); R?) satisfying J,e U Joe C {t; 5 € N}, (rf) = r} and (z})' = 0.

Note that the first condition implies in particular that ¢ — J,.; B! is monotone. In addition, the index i(t)

of the ball covering B; decreases with t.

i€l
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Proof. We start with the situation where r; = 0 for all i > N for some N € N. We show (i)-(v) in this case by
induction over N. Consider first the case N = 0, where we simply set to := oo,z = zo, 7§ := e'rg for all ¢ > 0.
In particular we note that if By C By, then B C B},

Now assume (i)—(v) hold for N — 1. Let #; € [0,00], Bt C R% for i = 0,...,N — 1, t € [0,{;), be a family of
sets of balls for By, ..., By_1. Consider BY; := B(xy,elry) for t > 0. Let

N-1__
ty :=inf{t >0 Eﬁv N U B! # 0}.
=0

By our construction, there is ig € {0,..., N — 1} such that #; >ty and Bf\’,\’ N Bf” #0.

We now set Bf := B! fori =0,...,N — 1, t < min(;, tx).

At time ¢y, we replace any two balls B = B(x,r), B’ = B(2/,7') among {B/¥ :i=0,...,Ny,t; > t,} U
{BI} with BN B’ # () with the new ball B” := B(2",r"), where

1 T 70/ ! 11 !
xr = ?x+mm7 roi=r4+r. (28)
r

We note that if BN B’ # (), then |v — /| < 74’ and thus BU B’ C B”. Also, if B C B and B’ C B’ then
B" C B//.
We repeat the replacement of two balls as above until B N B’ = {) for all balls in the set. As the replacement

happens at least once, namely Bf on B%V # [, there are at most N — 1 balls remaining after replacements. The
replacements are monotone in the sense of (v). From time ¢ty onwards, we restart the growing of balls and see
that (i)—(v) remain satisfied.

This finishes the proof in the case of finitely many balls.

For the case of countably many balls, we perform the finite construction above for every N € N, yield-
ing nonincreasing sequences of collapse times ¢; y € [0,00], N > i and nondecreasing sequences of families
of balls Bf’ N C R4 N > it < t;,n. Because of the monotonicities there exist limits for the collapse times
t; == limy o0 t;, ;v and limit balls Bf = UN_mO Bf,N for ¢ < ¢;. This is indeed a ball because it is the countable
union of a nondecreasing sequence of balls, where 7’; N <et> jenTj is bounded, so that the union is in fact an
open ball.

The family thus created unfortunately does not satisfy (i) or (v). For example, if the ball B , is absorbed
by B} y at time ¢y y = 14 1/N, then t; = 1 but B! will not include the absorbed ball, so that (i),(v) are not
satisfied.

In order to satisfy (i)—(vi), we define the right-continuous version

B! = ( ﬂ Ef) for t < t;.
t<r<it;

We now go through the properties (i)—(v).
For (i), we fix N € N. Then

U - U (N &) - N U &

i<N,iel i<SNiely \t<r<in t<r<min{t; :i<N,t; >t} i<N,r<t;

This shows (i).
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For (ii) by Fatou’s Lemma

Zr <hm1nf2r <11m111f11msup Z TZN<e Zn

i€l iel, N=oo uer v ieN

For (iv), since (iv) holds for N € N, we have B(z*¢, e!=577¢) C B!** for every e > 0. Taking the limit
e — 0, it follows that B(z$,e!™*rf) C Bt

For (iii), take two balls B, B} with i # j € I, and assume that Eﬂﬁ # (. Since (iv) holds, we also have
Bf“ N B;*E # () for € > 0 small enough. But then already Bt+€ N Bt N F Q) for N large, a contradiction.

Next, (v) is clear from the construction.

Finally, we show (vi). First let & : [0,00) — [0, 00) be a function satisfying the assertions in Lemma 2.5 for the
sequence of radii r;. Recall that 7} y is the radius of the ball B} y in the finite construction for the first IV initial
balls. Tt follows that r} v is a nondecreasing sequence of functions. Moreover, rf v — rf for all ¢ ¢ {t; : j € N}.
In particular, by (ii) the sequence 7! N is uniformly bounded on (0, ¢;). Moreover, it holds by construction that
ri v € SBV(0,1;) as a function of t, (r rin) =rin, S S{tin, -ty and (cf. (2.8))

Z h(|[ri M) < Z h Z TiN

€Tt o €0 \1<j<Nis=t; v, B;CBl y

< > > h(r5.n)

SEJrg, N lngN:s:tj,N,ngB;’)N

Z h Z ery

€J,¢ 1<j<Nis=t; n,B;CB! y BrCBS

Z eliry) Zhrk
k

IN

where we used that A is nondecreasing and subadditive. Hence, we may apply the compactness result in
SBV(0,t;) to obtain that r; € SBV(0,t;). Moreover, (r; 5)" — (r})" in LP(0,t;) for all 1 < p < o0) and r} y — 7}
in L*(0,;). In particular, (r})’ = r{. Consider the center points x} 5 of the balls B} 5. By construction it holds
that zj € SBV(0,¢;) with (2} )" =0, J,r = C{t1n,...,tnn} and for ¢ € J,, it holds (cf. (2.8))

K2

|[35§N]| < Z T;‘,N'

1<j<N:t=t; n,B; ngN

By a similar argument as for the functions rf, ~ Wwe can then using Lemma 2.5 invoke the compactness result in
SBV to obtain that z! € SBV(0,¢;) and the claimed properties.
O

With this, we can prove the following:

Lemma 2.7. Given a family of balls Bl = B(xt,r!) satisfying (i), (iii), (v) from Lemma 2.6 and a nonnegative
function f € L*(R?), we have

/ > ot 8Btfd7-[d 1dt</ f(x)dz. (2.9)

i€l



10 J. GINSTER AND P. GLADBACH

In particular, the surface integral is well-defined for almost every t € [0,00).

Proof. We define for N € N the function gy : [0,00) — [0, 00),

gn(t) = > . f(z)da.

i€l i<N

Then by (i) every gy is nondecreasing and therefore differentiable almost everywhere. Then we have by (iii)

f(z)de > Tim gy (T) > / g () dt.
R4 T— o0 0

If ¢/y (¢) exists and t # ¢; for any ¢ < N, then by (iv)
gy (t) = ]}Lin%) Z % o f@)de = }llin}) Z %/ f(x)dx
MO qen M BB SO fen VI Batehr)\BY

= > | fauth

iel,i<N YOB}

By Fatou’s Lemma we obtain

[5

fAH! < liminf / o o[ fdH <liminf / gy dt< [ flz)de, (2.10)
b oB! N—oo Jy N—oo J R4

iel,i<N OB}

where for every ¢ € N we have

1
fAHL = lim — f(z)dx
oB! hNO B J Bt ehrt)\ B
for almost every t € [0,¢;), which completes the proof. O

Before we prove the main result of this section, we show that the traces of a SBV-function on most circles in
the ball construction are in the Sobolev space WP (9BY).

Lemma 2.8. Let Q C R? and u € SBVP(Q). Let B; = B(x;, ;) C Q such that J,, C |J, B(z;,7;) and Y, r; < oc.
Let (B!); = (B(al,rl)); be the sequence of balls as constructed in Lemma 2.6. Then for every i the following
is true for almost every t € [0,t;): Let Tu € LY(OB?!) be the outer trace of u on OB!. Then it holds that
Tu € WHP(OBY), i.e. Tu has a weak tangential derivative on OBL. In addition,

rf/ |0;Tul? dz < lim g/ |VulP da. (2.11)
B! WNO e JB(at ehrt)\ B!

Proof. Define @ : Q — R by @ = ulqg\, p,- Then @ € SBVP(Q) with

Ja C UaBi and |[ValP < |Vul? almost everywhere.
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Next, note that since the function ¢t — r! € SBV([0,¢;)) constructed in Lemma 2.6 is non-decreasing, it is
differentiable at a.e. t € (0,¢;) with derivative (r!)" = r! (¢f. Lem. 2.6 (vi)). We choose such a t € [0,¢;), so that

Tt+h Tt 1 t+h , 1 Z
T fhmizlimf/ (r3) ds + lim — I[r7]]-
AN\ h hNO By ANO B t<s<t+h,s€J, 4

In particular, for every such t € [0, ;)

.1 s
hme > =0

t<s<t+h,s€J
i

The fact that the radius grows as slowly as possible at ¢ means that the radii of the balls that are absorbed
between times ¢ and t 4 h are small. More precisely, if (r!)’ = 7f and (r/*") = ¢!*" then 9B! and dB!*"
intersect no initial ball B; and

1 1
Jim ”H (an BB <m0 2w <lme 35 2] =0,
I ng(B;H'h’\Bf) t<s<t+h,s€J,.£

Since B(xt,e"rt) \ Bt C BIYM\ B! by construction (cf. Lem. 2.6 (iv)), it follows that
S t
Jim 21 (J3 0 Balse'r!) \ BY) = (2.12)
We now finalize our choice of t: We assume (rf)’ = r! and

1 P 2.1
h{%h/ et [Vi|P dz < oo, (2.13)

which holds for almost every t € [0,¢;) by Lemma 2.7.

We conclude by invoking the BV trace theorem, see e.g. [1], Theorem 3.87. To this end, consider the rescaled
functions wy, € SBV(B(0,2r!) \ B(0,71)), wu(y) = @ (xf + eh(|y"1)|g—|). By the trace theorem, wp,(y) converges
in L(B(0,2r}) \ B(0,7})) to the trace T'a(z} + r{ ).

On the other hand, by the chain rule and a change of variables (2.13) implies

1
lim sup/ |[Vwp P de < C lim — |Va|P dz
N0 JB0,2r B0, INO (ot enrt)\ B
and (2.12) implies
}111{‘1107-[ (Jw,) = 0.

Since wy, is bounded in L' by the trace theorem, the SBV? compactness theorem [1], Theorem 4.8 yields that
the limit (which is the trace w(y) = Ta(z! + riiL)) is in WHP(B(0,2r!) \ B(0,7!)), with the bound

iyl

|Vwp|? dz,

Tf/ |0; Tul” doz = c/ |Vwl|? dz < lim inf C
0B} 0,2rH)\B(0,r}) h™0 B(0,2r)\B(0,r7)

which implies (2.11). O
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We can now finally prove Theorem 2.2:
Proof of Theorem 2.2. Step 1: Extension and covering

We begin by noting that there exists an open bounded set S’ C R? with Lipschitz boundary such that S € S’
and for any u € GSBV?(.S) there exists an extension U € GSBV?(S’) with U = u in S and

/ VU dz < C(S)/ VP de,  H(Jy) < C(SYH (1),
S’ S

The construction of the extension is the same as used for W?(S) in [17], Theorem 12.15.
We wish to cover the singular set

Sy :={x € S : U is not approximately continuous at x},

where we recall that U is approximately continuous at x if for any € > 0, we have

o M € Bl < July) —u@)] > el
r\0 r2 '

Recall that H*(Sy \ Jy) = 0 and thus H'(Sy) = H'(Jy) < C(S)H'(J,). By the definition of the Hausdorff

measure, we can cover Sy with countably many balls B; = I?(xl, r;),i € N such that Y, .y < C(S)H'(J).

Step 2: Application of the countable ball construction
We apply Lemma 2.6 to this family, yielding B! satisfying (i)-(vi). Let us now fix R > 0 and consider the
truncated functions UF = max{min{U, R}, —R} and uf = max{min{u, R}, —R}. Note that U® € SBV?(S’)
with [o, [VUE|P dz < f% |VU[Pdz < C(S) [ |VulP dz and Syr C Sy. We then apply Lemma 2.7 to this family
with the functions [VUE[P1g € LY(R?). This yields

/ > / |VURP ! dt < C(S /|Vu|pdm (2.14)
BB’ﬂS/

i€l

By Lemma 2.8 and the integral mean value theorem applied to (2.14), we find tg € (0,7) such that

S
S /aBt Ut < (T)/Swuwdx (2.15)
Oﬂ ’

1€l

and for all i € I, the trace of U is in W'?(9B}°) in the sense of Lemma 2.8 so that estimate (2.11) hold. Note
that it can be seen from the proof of Lemma 2.8 that we may use the same ¢ty for all R.
In addition, by Lemma 2.6 (ii) we have

>l < C(S)e H (). (2.16)

1€1,

In particular, setting w := Uielt0 B!° we find that Per(w) < 27C(S)eTH'(J,,).
We further define I := {i € I;, : B/°NS # (0}. Because by (2.16) any diam(B/°) = 2r;° < 20(S)eTH!(J,) <

dist(S,05") if eTHY(J,) < %&S’) =:1(S), for all i € I we have 9B° C S’



ANISOTROPIC POINCARE INEQUALITY IN GSBV? AND ANISOTROPIC MUMFORD-SHAH] 13

Step 3: Extension of the truncated function

Since for every ¢ € I, we have Bfo C S', we have access to the outer trace of U® on every circle. Define

wlt:=uf =URin S\ Uier Bf“, and use the following extension into every Bf‘ﬂi el

Using polar coordinates to write any point y € Bfo asy = (1 — 0):1:20 + 0z for z € 6Bf° and 6 € [0,1) we
define w? in Bfo as

W (1 = 0)at® + 02) = (1 — 9)][ UR an! + 0U R (2). (2.17)
aBo

Then |[[wf|r~ < R and wf = UE in S\ w. Moreover, it follows by a straightforward computation that
wft € WHP(B!®) and

/Bto |Vw|P dz < C(p)ri° /ano |VURPdn*, (2.18)

where the surface integral is understood in the sense of Lemma 2.8. In particular, summing up over all ¢ €
we obtain

/ VwfP < M/ |Vaul? dz. (2.19)
wnS T S

Finally we have to show that wf € W1P(S). Clearly w is the pointwise almost everywhere limit of the functions

wi(z) :=

wl(z) ze€Blicl,i<N
uf*(x) otherwise.

We see that it holds for the singular set of w¥ that S, r CS.NU B!°. By (i) however,

i€l i>N

H'(Sun | J BP)<H'(Sun | Bi) »noe 0. (2.20)

i€l i>N i>N

By the SBV compactness theorem, we have that H!(S,,r) = 0 and thus w? € W1?(S) with

/ |V |P dz < (1 + p, ) / [Vul? dz.
Step 4: Reversal of truncation

Finally, we need to pass to the limit in R — oo. Choosing 7(S) smaller if necessary, we can ensure by the
isoperimetric inequality that £2(w) < Cn(S)* < $£%(S). On the other hand, since U is measurable, there is
Ro > 0 such that £L2({x € S : U(z) = URO(x)}) 2£2(S). For all R > Ry we then have £2({z € § : w'i(z) =
Ufo(z) = U(x)}) > ££2(S). By the Poincaré-Wirtinger inequality Proposition 2.9 below, it follows that

/ wh(@)P de < C <£2(3)|R0|p +/ |VwR|pda;> ,
S S

and the right-hand side is bounded independently of R. Letting R — oo, we use weak compactness in W1?(S)
to pass to the limit w € W1P(S), completing the proof. O
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Proposition 2.9. Let Q@ C R"™ be open, bounded, connected with Lipschitz boundary and p € (1,00). Then for
every a € (0,L£™(QQ)) there exists C > 0 such that for all ' C Q with L*(QY) > a and u € WHP(Q) it holds
|u— fo, wdz| ey < ClVull o).

The more general Korn—Poincaré-Wirtinger version of this result can be found in [5], Lemma 4.4. Propo-
sition 2.9 follows immediately from that lemma by considering the vector-valued function w = wue; €
WhP(Q;R™).

3. THREE-DIMENSIONAL RESULT: PROOF OF THEOREM 1.2

Theorem 1.2 follows immediately from Theorem 3.1 below by setting 7" = 1.

Theorem 3.1. Let S C R? be open, bounded, connected, with Lipschitz boundary and I C R an open, bounded
interval. Then there exists for Q =1 x S a number n() > 0 such that the following hold:

For allp € [1,00) there exists a constant C(p,Q) > 0 such that for all T > 0 and all functions u € GSBVP(Q)
with fJu |V dH? < e Tn(Q) there exists a set w C R® with

L£3(w) < Cp,Q / || dH? (3.1)

and

u

sup / djpdx < C(p,Q)eT/ WV |dH?  forj=2,3, (3.2)
pECH(IX5),lpl<1

and a function w € LP(Q) with w =u on Q\ w, with distributional derivatives Oaw, dsw € LP(Q) and

/|V’w|pdm§ (1+ ¢ S)>/ |V'ul? dz. (3.3)
Q Q

Remark 3.2. We note that the estimates (3.1) and (3.2) are optimal in the sense that one cannot bound £3(w)
OF SUP Lo (Ix5),|p|<1 fw Oip dzx by <fJ [v/| d’H2) for some o > 1. Moreover, a bound on the full perimeter of
w instead of (3.2) cannot be expected. Indeed: Let I = (—1,1), S = B(0,1) C R? and h > 0.

(a) Consider the function u € SBVP(I x S) given by

() = {(1) iflx € (=h/2,h/2) x B(0,1/2) 5.4
else.

Then Vu = 0 and fJu |v/|dH? < Ch. Tt follows that any function w satisfying (1.6) is constant on
each slice {x1} x S for almost every x;. Hence, the exceptional set w satisfies for almost every z; €
(=h/2,h/2) that {1} x B(0,1/2) C w or {z1} x (B(0,1)\ B(0,1/2)) C w. In particular, by Fubini’s
theorem £3(w) > ch. This shows that (3.1) is optimal. Moreover, by (3.1) it holds £3(w) < Ch. Hence,
by Fubini’s theorem it holds £'({(xq,23) € S : LY({z1 € (=1,1) : (w1, 22,23) € w} = 2}) < Ch. This
implies together with the observation above that for 4 > 0 small enough it holds £2?((x2,23) € S : 21 —
Xw(Z1,22,23) is not constant a.e. }) > ¢ > 0, where ¢ > 0 does not depend on h. Hence, if w is a set of
finite perimeter then it holds by slicing that H?(0*w) > ¢ but fJu |v/|dH? < Ch. Sending h — 0 shows
that in (3.2) the left hand side cannot be replaced by the full perimeter of w.
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(b) Now, consider the function v € SBVP(I x S) defined by

0 ifze(—1,1) x B(0,h)
1 else.

Again, Vu = 0, fJu |v'|dH? < Ch and any w satisfying (1.6) is constant on almost every slice. If the

exceptional set w satisfies (3.1) then we have for small h necessarily that w = 1. Hence, we have on almost

every slice {z1} x B(0,h) C w. On the other hand, on at least half of the slices we have £2({2' € S :

(z1,2") € w}) < Ch. This implies that max;—2,3 SUp,eco(rxs), o<1 J, D dr > ch, which shows that (3.2)

is optimal.

Remark 3.3. Note that the 1 + 1-dimensional version of Theorem 1.2 is much simpler. For Q C R? and
u € SBVP(Q) we define w := {(z1,22) € Q: ({z1} x R)N J, # 0}. Then u is absolutely continuous in the zo
direction on Q\ w. Moreover, £2(w) < fJu lvo| dH! and SUP,eco (), |o|<1 o, D29 da = 0.

Proof of Theorem 3.1. Step 1: Slicing and definitions of w and w.
Ideally, we would use Theorem 2.2 in almost every slice {x1} x S and thus obtain the pair (w, w). Unfortunately,
the measurable selection theorem does not guarantee measurability in (z1,z’). Instead, we have to look into
the proof of Theorem 2.2 and pick a global stopping time ¢y € (0,7"), which does not depend on z1, in order to
ensure measurability in both variables.

We claim that a careful modification of the proof of Theorem 2.2 yields a slightly reduced Borel subset I,q C I
satisfying first

1 e’ / 2
LY\ L) < n(Q)/J /| dH (3.5)

and a Lebesgue measurable pair w C I.q x R? bounded, w : I,q x S — R such that second
Per(w,,) < C’(Q)eT"Hl(Juzl) < n(Q), for almost every x1 € I,q, (3.6)

where 1(2) = n(S) from the proof of Theorem 2.2. Third, we claim that w,, = w(z1,-) is in WP(S) for almost
every x1 € I,q with

/Iad /s |V Wy, (/)P dz’ dzy < (1 + C(;;Q)) /IXS IV'u(z) [P dz. (3.7)

By extending w as w = (I \ [ag X S) Uw and extending w : I x S — R by zero, we claim third that w = u on
(I x8)\w.
The construction of the measurable pair (w,w) satisfying (3.6) and (3.7) is postponed to Steps 4 and 5.

Step 2: Quantitative estimates on w.
We show (3.2): Pick any test function ¢ € C}(I x S) with |¢| < 1 everywhere. Then by Fubini’s theorem we
have for j = 2,3

/ajgodx:/ ajgadzg/ C(Q)e"H (Ju,,) day gC(Q)eT/ |V | dH?,
w wﬁ(IadXS) I.q Ju

where we used (3.6).
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To show (3.1), first estimate

L3(w\ (Tng x R2)) = LY(I\ L) L2(S) < C(Q)eT/ /| dH2.

u

On I,4, use the isoperimetric inequality to obtain

L3(wN (I,g x R?)) = / L2 (wy,)day < / CPer(w,,)?dz; < C(Q)eT/ V| dH?.
Taa Taa J

u

Step 3: Quantitative estimates on w.
We show that w € LP(Q). (3.3) will then follow immediately from (3.7) by Fubini’s theorem.

Define for M € N the measurable set Sy = {2’ € S : [[u(-,2)||p~) £ M}. We know by slicing that
u(-,2") € GSBVP(I) for almost every 2’ € S, and since for a bounded interval GSBV?(I) C L*°(I), we have
S = Upren Su- We choose M € N large enough that £2(Say,) > 2£%(S). We now specify our choice of ().
In particular, we demand by the isoperimetric inequality that £2(w,,) < C(S)Per(wz,)? < $£2(S5).

In particular, for almost every z1 € Inq, we have £2(Syy, \ wa,) > $£2(S5). Almost everywhere on Sy, \ wa,
we have |w(zy,2")| = |u(x1,2")| < My. The Poincaré-Wirtinger inequality in Proposition 2.9 then yields

/ / |w(zy1,2")|P dz’ dzy < C’(p)/ (Mg + C(p, S)/ V' w,, ()P dx') dz; < oo,
La /s Taa s

showing that w € LP(Q).

Step 4: Covering of the jump set with cylinders
We mirror the proof of Theorem 2.2, with an additional z; variable. First, u is extended to I x S, yielding U €
GSBV?(I x S"). We cover the singular set Sy; with countably many cylinders C; = [ap, b;] x B; C I x R%)i € N,
such that

> (b — ai)ri < C(S) /J || dH2. (3.8)

ieN

Note that we only estimate the zs-r3 component of the surface of the cylinders. In order to find the cylinders,
first consider the case of no zo-x3 jumps. If fJ |V'|dH? = 0, simply take w = ), w = u. Otherwise, set § =
%LU |v'|dH? > 0. Utilize the change of variables ¢5 : I x S — I x 85, ¢(x1,2') = (x1,02"). Define
Us =Uo¢;' € GSBVP(I x 65'). Then the change-of-variables formula yields

HQ(SUS):”HQ(c;b(;(JU)):/ | cof Depsv| dH? :/ (6201, 60")| dH?
Ju Ju (3.9)

<OPHA(Jy) +6 | V| dH? =20 [ |V|dH2
JU JU

By the definition of the Hausdorff measure, we can cover the singular set Sy; with cylinders (which are balls
of a specific norm on R?) C; = [a;, b;] x B; C I x R? such that 37, (b —a;)7; < C6 [ ['| dH?. Rescaling the

cylinders by taking C; = qbgl(éi) yields a cover of Sy satisfying (3.8).
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Step 5: Measurable simultaneous ball construction in almost every slice {x1} x R2.
Define the reduced set I,q C I by

La={zmel: Y mn<e )}

i:x1E€lag,b;)

By Markov’s inequality

LY\ Ig) < Z(bi —a;)r; < O(Q)eT/ V| dH?,

n(§?) = Ju
which shows (3.5).

Perform the countable ball construction from Lemma 2.6 for every z; € I,q simultaneously, yielding three
Borel measurable functions: The extinction time ¢; : [,g — [0,00), the radius 7; : {(21,t) € Taa x [0,00) : t €
[0,t;(x1))} — [0,00) and the center @ : {(z1,t) € I.q X [0,00) : t € [0,t;(x1))} — R2.

A careful observation yields that all three functions are Borel measurable, first for finitely many balls, and in
the passage to countably many through a monotone limit and taking the right-continuous version of a monotone
function.

We specify our choice of the stopping time ¢y € (0,7). We demand the following two properties:

{flad Zi:to<ti(x1) Ti(tovxl) f{ml}xaBi(to,xl) |VU|p dHl dl'l S % fIadXS’ |VU|Z7 d.fL', (310)

Oyri(x1,t0) = ri(z1, to), for almost every x1 € L,q with to < ¢;(z1).
The first property holds by Markov’s inequality for a subset of (0,7") of positive measure by Lemma 2.7.
The second property holds for almost every ¢ € (0,7) by the following argument: Consider the measurable set
Ni = {(t,x1) : 21 € La, t < ti(21),limsupy, T(Hhxl—}w > r;(t,z1)} and note that on the complement

of N; intersected with I,q x S” it holds 0yr;(x1,t) = r;(x1,t). By Fubini’s theorem and property (vi) from
Lemma 2.6, we have

L2(N;) = / LYN Y dzy =0,
Taa
so that a second application of Fubini’s theorem implies
/ LY(N})dt =0,
(O’T)

i.e. that L1(N}) = 0 for almost every t € (0,7T).
We can thus pick to € (0,T) satisfying (3.10).The resulting pair is

w = U{(!ﬂhy/) st < ti(w), |y — zi(to, 21)] < 7i(to, 1)},
i€N

which is a Borel set by construction, and w® as defined in (3.11) in every slice, which becomes on w

wi(xy,2') = (1 - Gi(xl,m’))][ URAH + 0;(z1, 2" YU (21, 2)(z1, 7)), (3.11)
8{I1}><Bi(t0,lvl)
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where U® = max{min{u, R}, —R} as in the proof of Theorem 2.2. Note that by modifying U on a null set, we
may assume that U is in fact Borel measurable. As a composition of Borel measurable functions, w’ is Borel
measurable. Again, as in the proof of Theorem 2.2 we may take the limit as R — oo in almost every slice. Again,
the limit satisfies (3.7) by Lemma 2.8.

O

4. APPLICATION TO AN ANISOTROPIC MUMFORD—SHAH FUNCTIONAL

We now provide an application of Theorem 1.2 to the following Mumford—Shah type functionals F :
GSBV?(I x S) = R,

1 1
Fou) ::/ 7|V’u|p+|61u|pdx—|—/ L/ 4 o ane2, (4.1)
IxS € €

u

where v € S? is the measure theoretic normal to J,, and S C R? is open, bounded, connected and with Lipschitz
boundary.

Here v can be interpreted as a grayscale movie on a film of cross section S C R?, with z; € I, interpreted
as time, and I C R is a bounded interval. In this setting, it appears natural to penalize changes in time and
changes in space differently.

We show the following result concerning the asymptotics of F. as ¢ — 0:

Theorem 4.1. As ¢ — 0 the functionals F. T'-converge compactly under convergence in measure to the
functional Fy: L' (I x S) — [0, 0],

2 7d w ‘ = BVP(I
Fola) = {c (9) (Jy [/l dary + #u) - if u(z) = u(a) € SBV (D) 42)
00 otherwise.
More precisely:
(i) Let u. € GSBVP(I x S) with sup,~ Fe(us) < 0.
Then there exist functions w. € SBV{)OC(I) such that ue. — w, — 0 in measure, with
lim sup #J,,. < limsu L/ vy | dH? (4.3)
5—>Op e = s—»Op £Q(S) Jue ! '
and
. < T . .
hgr;l(r)lf Fo(we) < hgn_}(r)lf F.(ue) (4.4)

14
loc

In particular, there exists a sequence of piecewise constant functions c. € SBVY (I), functions w €

SBV] .(I) and a (not relabed) subsequence such that u. — cc — w in measure and

< Tim _ < Tim .
Fy(w) < hgr;lglf F(w: —c) < hgi}élf F.(ue)

(i) For any u € SBVP(I) and any sequence u. € SBVP(I x S) such that us(z) — u(z1) in measure we have
Fo(u) < liminf. g F.(ue).
(iii) For any u € SBVP(I) we have F.(u) = Fy(u).

Note that a function u € GBSVP(I x S) with V'u = 0 and [, |/|dH? = 0 satisfies Dyu = Dsu = in a
distributional sense. Since S is connected this implies that u agrees almost everywhere with a function that is a
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function of x; only. Indeed, for a smooth function this is true. The general case can be shown by truncation and
mollification. Together with the the lower-semicontinuity of all F; this guarantees (ii). Indeed, it holds for all M >
0 and €y > 0 that the sequence v. = max{min{u., M }u., —M} converges in L' to v = max{min{u, M}, —M}
and that

ligélf F.(us) > ligrgigf F., (ve) > F, (v).

Sending M — oo yields liminf. o Fr(uc) > F.,(u). Then (ii) follows by sending o — 0. Moreover, (iii)
follows immediately.

Hence, the only difficulty lies in the compactness statement (i), which does not yet exist in the literature.
Indeed, the related dimension reduction results for brittle materials in [18-21] all assume either a uniform L>°-
bound on the sequence (u,). or use the compactness result from [22] to obtain compactness for u. outside a set on
which |us — oo. In the latter case, no further information is kept on this set. In particular, the energy created by
Vu on this set is ignored. The compactness result presented here is more in the spirit of the compactness results
in [4], Theorem 3.1 and [23], Theorem 4.1. It identifies the different sets on which u. needs to be renormalized in
order to obtain compactness. The corresponding limit function w of the renormalized functions u. — c. inherits
the information about the behavior of Vu. everywhere. To show (i), we will have to quantify exactly where a
function with bounded F; differs from a function of only x;.

For the proof, the following lemma states that we may remove jumps from a SBV? function on an interval if
it is close (outside of a small set A) to a different SBV? function with fewer jumps.

Lemma 4.2. Let I C R be an interval, p € (1,00). Let u,v € SBVP(I) with #J, = N < M = #J,. Let 6 > 0
and A C I be a Borel set with LY(A) < 6. Then there is a function w € SBVP(I) and a set A with #J, < N,

/|w’|p dx < / |v'|P dz, (4.5)
I I

1 /
o= ol iy < OO0 (T = ol (s + 1017

(4.6)
+£%®Wuwmwuwmw)
and
LAy < oM (cl A) 4 e = vlleeana ) 47

Remark 4.3. Note that if u and v are piecewise constant but u # v then A = I is consistent with the estimates
of the lemma.

Proof. Assume first that N = 0, by restricting to a smaller interval if necessary. Then u € Wﬁ)’f (I).
Let J, = {t1,...,tp} with ¢; < ¢;41. Define tg :=inf I, tp;41 := sup I. Define the subintervals I; := (¢;,t;41).
Let [ > 2£'(A). Let A be the union of all subintervals of length less than I. Then £'(A) < (M + 1)I. On all
other subintervals I; we also have v € W,-7(I;).

If z € I; and £'(I;) > I, there exists a point y € B(z,l) N I; \ A such that

uly) —o@P <7 [ Ju-opd (19)

Ii\A



20 J. GINSTER AND P. GLADBACH

Also by the Sobolev embedding theorem both u and v are in C’O’l/p,(li) and
@)~ u)? + @) v <P [ P (19)
I;
Combining (4.8) and (4.9) yields

= 0ll poe iy S U2l = 0l oy + 072 (1 [z + 10| o). (4.10)

Optimizing [ over [2£1(A), ) yields

lu—vllrrna .
l:= max{,ZC (4) ¢, 4.11)
Tl + 1] 2 (

whereupon we obtain (4.7) and
1/p’ ’
o ol gty S max { w22 o (U + )2 LAV (o 1+ W)} (412)

We now define the function w in I\ A as follows: Pick a point g € I\ A and define

x

w(z) := v(xg) —|—/ v'(2) da. (4.13)

Zo

It is clear that w € WLP(I) with ||w'||z» = [|[v/||z». To see that w is close to v in L>(I \ A), we bound the
jumps of v between intervals. It is clear that on the interval I;,, C I\ A containing o, we have w = v on I;,. Let
I; = (i, tiv1) and Iiyr = (tigk, tivk+1) be two consecutive intervals contained in T\ A. Since 1 < k < M and
each interval I;1;, 1 < j <k — 1, has length at most I, we have |t;1 — t;41] < MI. By the triangle inequality
and the Holder-continuity of u we have

[otisr) = o(ti)] < 20w — vl g ) + 120 (MDY (4.14)

As I\ A consists of at most M intervals, we obtain

lw =0l ooy zy < COD) [t = 0]l oo 1y 1y + COM ||| L1M7 (4.15)

Then (4.6) follows from (4.12) and the defition of .
Let us now briefly discuss the case N > 0. Let J, = {s1,...,sny} with s < sg+1 and set sop = inf I and
sn+1 = sup I. Then argue on the intervals (s, sp+1) for k = 0,..., N as before up to inequality (4.10) to obtain

for I > 2L£1(A) the analogue of (4.10) for the sets Ay C (sg, Sk+1) as above

ll/p (||U/HLP(Skvsk+1) + ||vl||Lp(Sk,3k+1))‘

-1
Ju— U||Loo((sk,sk+1)\Ak) Sl /pHU =Vl ((siysi\A) T
We set A = U,ZCV:O Aj,. Summation over k on the right hand side yields

=0l ooy S TPl = vl ay + 17 (1 oy + 10 o) (4.16)
(I\A)
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Optimizing over | € [2£(A), 00) yields again
1/p’ '
o= oll ety S mie = 0l Ul 0202, L2 (e + )y (417)
and

bt ||U_U||LP(I\A)
LYA<S(M+N+DI<©2M+1 max{,Q/j1 A) .
(A) <( < ) 0T + 10 s (A)

Then one constructs w as before in every interval (sg,sgy1) separately. Hence, #J,, < N. The remaining
estimates for w follow as before. O

We now turn to the proof of Theorem 4.1 (i). Note that it is impossible to replace the limsup by a liminf,
since different subsequences may minimize different parts of the energy.

Proof of Theorem 4.1 (i). For this proof, we wish to apply Lemma 4.2 to w. restricted to two slices 2’ =
const € S.
Before we continue, let

1
M := sup ———F.(ue), 4.1
W sy ) (418)
N lims ! / vy | dH? (4.19)
= 1m Sup —5—< 1% . .
S0t L2(8) i,

Extract a subsequence ¢ — 0 (not relabeled) such that

lim |01 uc|P dz = lim inf/ |O1uc|P da. (4.20)
IxS

e—=0Jr S e—0

Then apply Proposition 1.1 to each function u., yielding sets w. C I x S and measurable functions a. : I — R
such that

L3(w.) < C(p, S, I)Me (4.21)

and
/ |ue — ac|P dx < C(p, S, I)Me. (4.22)
(Ix8)\we

We do not use the boundary estimate (1.5) from Theorem 1.2.
Next, we define for A > 1 four subsets of S:

AD = {x’ S /\81u5($1,37’)|p dz; < %/ |01 ue () [P dx}, (4.23)
I L (S) IxS

B = {:17/ €S :u¥ =u.,2') € SBVP(I) and #(J o) < A / |1/1|d7-l2}, (4.24)
E Jus
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A
CA = {x’ es: / lue(z1,2") — ac(z1) [P dzy < [:27(5')/ luec(x) — ac(z1)|? dx} ) (4.25)
Nwe (IxS)\we

/ A
AL . 1/, x 3
D? = {m’ €S L)< £2(5)£ (wg)}, (4.26)
where, for 2’ € S, wg, C I is the slice

W i={zy €I : (z1,2) € we}. (4.27)

By Markov’s inequality and standard slicing properties of BV-functions we have

—1
min {£2(A3), £2(B), £2(C2), £2(DY)} = 2 T20(S). (4.28)
Thus for every § € (0,1), we have
L2AM N B 08/ N D8O > 252(5). (4.29)

Consequently, we may find 2’ € A1+ N BY° N’ N DY and define be(x1) := ue(x1,2") € SBVP(I), noting
that from the properties of the four sets we have

146
/|b’ (e1)[P dzy <o /I o) d.
X

L£2(S)
LT, —TM’ N
/I\wg, b (21) — ac(z1)|P dzy §w67 |
LHw? )3%5

Similarly, we can find 3’ € A% n BN C¥° A D’ and define de(z1) := ue(z1,y") € SBVY

loc
/|d (w1)]? day < 7M’

146 ,
Wl <73 /leqld%,

(I), such that

C((S; iy (4.31)
p b,
/ I R e

Ll( )SC(p,i I) c.

We note that by our choice of subsequence we have for § < §o(V,S) and € < go(N, S) that #J5. < N
uniformly since #J4_ is an integer that is strictly less than N + 1. If #J,_ < #J4_ then set w. = b.. It follows
immediately that F.(w.) < (14 06)F.(u:) and by the estimates (4.21), (4.22) and the definition of &’ w. —u. — 0
in measure. In addition, we may assume that liminf._,o [, |d.|[” dz; > 0. Otherwise we may assume up to
a further (not relabeled) subsequence that lim._,o [, |d.[? dzy = 0. In this scenario, set w. = d.. Then we
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obtain from (4.21), (4.22) and the definition of 3’ that u, — w. — 0 in measure and liminf. o F.(w.) < (1 4+
0)liminf._o F.(ue).

Consequently, from now on, we assume that for € > 0 small enough it holds [ pld[Pdzy > ¢ >0 and #J4. <
#.Jp_. Then apply Lemma 4.2 to the pair of functions b., d., with exceptional set A, := wez/ U wg', yielding a
new exceptional set A, c I with

~ gl/p
‘Cl(AE) < C(Map, S’C)T (432)
and a function w, € SBVP(I) such that
1494
)P Ay < a2 ()P d
[t an < [ pu@pra,

144 5
<=9 dH? < N, 4.33
#JE—EQ(S) /Jua lm[dH” < ( )

C M7p75’ /
JeCer) by 1,y <L) 1/,

The corresponding piecewise constant function ¢, : I — R is then simply given as the average of w. in between
two jumps of w,. In particular, by the Poincaré inequality, we obtain LP-boundedness of w. — c¢.. Hence, there
exists w € LP(I) such that w. — ¢. — w in LP. Even more, we obtain by the GSBV? compactness statement
that w € SBV? and Fy(w) < liminf._,¢ Fo(w) = liminf._, F.(w. — ¢.). Moreover, by (4.33) we have

Fo(we —ce) < (14 6)F-(ue). (4.34)

Combining (4.21), (4.22) and (4.33) implies for every do(V,S) > ¢ > 0 that w. — u. — 0 in measure and
hence u. — ¢. — w in measure. By a diagonal argument, we may ignore the multiplicative error term 1+ § in
(4.33) and (4.34) asymptotically without losing the convergence in measure. O
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