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OPTIMAL CONTROL STRATEGIES FOR THE LANDAU-LIFSHITZ-GILBERT
EQUATION THROUGH SPATIO-TEMPORAL CONTROL AND FIXED
MAGNETIC FIELD COILS

SIDHARTHA PATNAIK® AND KUMARASAMY SAKTHIVEL"

Abstract. The magnetization control problem for the Landau—Lifshitz—Gilbert (LLG) equation m; =
mXx (Am+u) —m x (m x (Am+u)), (z,t) € Q x (0,T] with zero Neumann boundary data on a two-
dimensional bounded domain 2 is studied when the control energy w is applied on the effective field.
First, we show the existence of a weak solution, and that the magnetization vector field m satisfies an
energy inequality. If a weak solution m obeys the condition that Vm € L*(0,T; L*(Q)), then we show
that it is a regular solution. The classical cost functional is modified by incorporating L*(0, T’; L*())-
norm of Vm, enabling a rigorous study of the optimal control problem. Then, we justify the existence
of an optimal control and derive first-order necessary optimality conditions using an adjoint problem
approach. We establish the continuous dependency and Fréchet differentiability of the control-to-state
and control-to-costate operators and show the locally Lipschitz continuity of their Fréchet derivatives.
Using these postulates, we derive a local second-order sufficient optimality condition. Moreover, we
modified the control problem and derived a global optimality criterion. Finally, we obtain another
remarkable second-order sufficient optimality condition along a cone of critical directions where the
control stems from a finite number of fixed magnetic field coils.
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1. INTRODUCTION

The study of magnetization dynamics in ferromagnetic media is of great interest because of its wide range of
applications, from magnetic sensors to data storage devices. In 1935, L.D. Landau and E.M. Lifshitz obtained
the first dynamical model for micromagnetization phenomena occurring inside ferromagnetic materials (see
[1]). Later, in 1955, T.L. Gilbert modified this equation by introducing dissipation in a phenomenological way
(see [2]). This paper considers the LLG equation containing energy interactions from exchange energy and the
external magnetic field.

In the context of our study, we consider a smooth, bounded region €2 within two-dimensional space, repre-
senting a material with ferromagnetic properties. The magnetization of this material is described by the vector
field m, which varies over both space and time, denoted as m : Q x [0,T] — R3. It’s important to note that
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2 S. PATNAIK AND K. SAKTHIVEL

below the Curie temperature, the magnitude of the magnetization remains constant. To account for this, we
normalize the magnetization vector field by dividing it by the saturated magnetization, ensuring that our net
magnetization is a unit vector field, i.e., m € S%, which is the unit sphere in R3.

The evolution of this magnetization field is governed by the Landau-Lifshitz—Gilbert (LLG) equation, given
by:

my =ym X Ecpp(m) — aym x (m x Ecpp(m)),

where x represents the cross product in R?, & ;¢ represents the effective field acting on the magnetization, « is
a positive parameter known as the Gilbert damping constant, and  represents the gyromagnetic factor.

The effective field E.f¢(m) is determined as the negative gradient of the micromagnetism energy £(m), that
is, Eef(m) = —V,,€(m). The micromagnetism energy €(m) encapsulates various energy interactions within the
ferromagnetic material. Specifically, £ = E.p, + Ean + Eme + Eq + &4, that is, £ comprises the following energy
components: exchange energy &, anisotropy energy &,,, magnetoelastic energy &,,., demagnetization field
energy &4, and external magnetic field &,. For more comprehensive details on these energy interactions, we refer
to [3].

In ferromagnetic materials, atomic magnetic moments tend to align themselves with neighboring moments due
to exchange interactions, leading to an increase in exchange energy when they deviate from their equilibrium
orientation. Assuming an external magnetic field described by a function u : Q x [0,7] — R3 and a purely
isotropic energy field, the micromagnetism energy can be expressed as:

5:1/|Vm\2dx7/u~mdx.
2 Ja 0

Considering the associated magnetic fields for these energy components, the effective field is given by
Eepf(m) = Am + u. For an extensive overview of the model and the physical interpretation of these energy
terms, we refer to [4].

By taking the effective field concerning only the exchange energy and external magnetic field into account
and fixing the damping constant and gyromagnetic factor to be of unit values, that is, « = v = 1, the Landau—
Lifshitz—Gilbert equation becomes

my=m X (Am+u) —m x (mx (Am +w)), (z,t) € Qpr:=Qx (0,7,
gn — o, (z,t) € 00 := O x [0,T), (1.1)
m(-,0) =myg in Q,

where 77 is the outward unit normal vector to the boundary 99 and wu is the external magnetic field. Further,
while going for the regular solution of system (1.1), we assume that the initial magnetic field mgy : Q — R3

satisfies the following conditions

my € H*(Q), 8(;7;0 =0 on df, |mg|=1. (1.2)

We consider the cost functional J : M x U,q — RT defined as

I 1
J(m,u) = Z/0 /Q|Vm—VmD\4 dz dt + §/Q|m(ac,T) —mq(z)]?* dz

1T ) 1T )
+- |u(z, t)|* dz dt + - |Vu(z,t)]* de dt, (1.3)
2Jo Ja 2Jo Ja
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where the desired evolutionary magnetic moment mp is a map from € x [0,7] to R? such that Vmp €
L40,T; L*(Q)) and final time target moment mq :  — R? belongs to L?*(Q2). The optimal control problem
can be interpreted as the search for an optimal strategy to magnetize a ferromagnetic material such that

(i) the gradient profile of the desired magnetization vector field mp can be realized by the first term of the
cost functional. This first term of J(m,u), which is defined with L*(0,7; L*(2)) norm of V(m — mp)
instead of usual L?(0,T; L?(Q2)), also plays a crucial role in showing the strong solvability of system (1.1)
in Section 3.2.

(ii) The magnetization in the material should reach the target moment mg at the final time, represented by
the second term of the cost functional.

(iii) The last two terms ensures that we achieve desired gradient profile of evolutionary moment mp and final
target mgq by applying the least amount of external magnetic field in L?(0,T; H'(2)) space.

The control problem finds application in optimizing the performance of magnetic hard drives and various
magnetic storage devices [5]. By strategically optimizing the external magnetic field, the writing process can be
significantly improved, leading to enhanced efficiency and reliability of data storage systems. The control problem
is also relevant in designing and optimizing spintronic devices, such as spin valves and magnetic tunnel junctions,
to achieve desired spin configurations and enhance device performance [6]. Besides, this control problem has
numerous other real-world applications ranging from Magnetic Particle Imaging (MPI) in material science,
magnetic hyperthermia in medical science to spin-based computing in computer science [7]. This paper explores
the potential of such control optimization techniques by studying a second-order sufficient local optimality
condition and an adjoint system-based global optimality condition, which are essential for numerical methods.

In [8], the authors have proved the existence of a weak solution of the Landau-Lifshitz (LL) equation on both
the bounded regular domain of R? and on the entire domain R3, but in the absence of an external magnetic field
u. They first considered a penalized form, which helps to validate that |m| = 1, then showed the convergence
of this penalized form to the weak formulation. Further, they obtained a critical result that the weak solution
of the LL equation exists globally but, in general, is not unique. To address uniqueness, recent works have
established weak-strong uniqueness results for variants of the LLG equation. In [9, 10], it was shown that weak
solutions coincide with strong ones under appropriate regularity assumptions, including the presence of lower-
order terms and coupled field effects. A visible amount of work has already been done for the strong solution of
the LLG equation, but without the control parameter in the effective field. The local existence and uniqueness
of regular solutions over a bounded domain in R”,n = 2,3 and the whole domain R? were investigated in [11],
[12]. The global existence under a smallness assumption on the initial data over 2D and 3D bounded domains
has been analyzed in [11] and [13], respectively. Apart from the solvability of the LLG equation, minimal articles
are available for the optimal control problem. The paper [14] addresses the solvability of the control problem
concerning the 1D LLG equation, investigates the existence of an optimum, and provides a first-order necessary
condition. The article [15] discussed the optimal control type problems associated with the LLG equation, and
a necessary optimality system is derived when the magnetization is constant in space, which essentially leads to
an optimization problem constraint by an ordinary differential equation. Furthermore, for more results related
to the controllability of the Landau—Lifshitz equation, one may refer to [16, 17], and [18].

The works [9, 10] established the existence of weak solutions to the Maxwell-Landau—Lifshitz and related
models, providing a detailed examination of the associated energy and helicity identities, and characterizing
mechanisms for anomalous dissipation. A particularly important result in their work is the demonstration of
weak-strong uniqueness for the Landau-Lifshitz—Gilbert and related equations, showing that strong solutions
are unique within the class of weak solutions sharing the same initial data.

The main contributions of this paper are summarized as follows:
e We prove the existence of a weak solution for the LLG equation (1.1) on a bounded domain £ C R?, fol-

lowing the methodology in [8]. Addressing complications arising from the control u, we introduce a suitable
penalized problem, enabling the existence of a weak solution even when the control is in L?(0,T; L*(Q)).
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e In the context of the 1D LLG equation, as demonstrated in [14], the authors established the existence of
a unique strong solution in L?(0,T; H%($2)) when the control belongs to L?(0,T; L?(Q2)). This result was
achieved without imposing any restrictions based on the size of the initial data or control. However, when
extending this analysis to the 2D LLG system (1.1), the severe non-linearity of the state equation made
it challenging to directly show the existence of a strong solution for controls in L2(0,7T; L?(£2)) using the
classical Galerkin method. In fact, the existence of a regular solution is proven for the uncontrolled 2D
LLG equation only when the initial data is sufficiently small (see [11, 19]).

In our previous work [20], we addressed the local solvability of the 2D control problem (1.1) for all controls
u € L%(0,T; H(2)) with initial data satisfying condition (1.2). Moreover, we substantiated the existence
and uniqueness of a global regular solution (see Thm. 2.2, [20]) under a smallness condition on control
and initial data.

In this paper, we make a significant contribution by demonstrating that if the magnetization field m is
a weak solution of (1.1) and satisfies Vm € L*(0,T; L*(Q)), it qualifies as a regular solution of the LLG
equation (1.1), all without the need for smallness conditions imposed on the control and initial data. This
result paves the way for a more comprehensive and realistic exploration of the control problem, offering
broader applicability and relevance in practical scenarios.

e In Chapter 4 of [21], the author established and validated the argument that any weak solution of 3D

Navier-Stokes equation, belonging to the space L2(0, T; L*(f)), becomes a strong solution. Subsequently,
n [22], the authors considered an appropriate norm in the cost functional, which confirmed the strong
solvability of the problem and allowed for the study of the associated optimal control problem. Moreover,
for a different method of solving the optimal control of 3D Navier-Stokes equations with pointwise control
constraints and MHD equations with state constraints, one may refer to [23] and [24], respectively.
In our current paper, we adopt a similar concept but with a different approach. Instead of directly
employing the method from [21], which would involve a specific norm condition on Am for the LLG
equations’ weak solutions to become regular, we utilize the regularity property of the local solution and
derive estimate (2.2). This approach leads us to identify a condition on the gradient of the weak solu-
tion, under which it qualifies as a regular solution. This insight prompted the introduction of the term
(IVm — va”i‘*(O,T;L‘*(Q)) in the cost functional. This term ensures that any weak solution m of (1.1)
satisfying J(m,u) < +oo is a regular solution of (1.1). Consequently, we proceed to study the existence
of an optimal control for (1.1)—(1.3) and derive a first-order optimality condition.

e Afterward, we establish a local second-order sufficient optimality condition. The local optimality cri-
terion is defined on a certain cone (see [25]). It requires a rigorous study of the control-to-state and
control-to-costate operators. We also establish the important properties that both of these operators are
locally Lipschitz continuous, Fréchet differentiable, and moreover, their Fréchet derivatives are also locally
Lipschitz continuous.

e Furthermore, we prove a remarkable theorem stating a global optimality condition, relying solely on
the L2(0,T; L?(£2)) norm of the weak solution of the adjoint system (2.4). These optimality conditions
are particularly valuable in non-convex or nonlinear optimal control problems and play a crucial role
in demonstrating the convergence of error estimates for the numerical discretization of corresponding
computational optimization problems (see [26-28]).

e Finally, from the application viewpoint, achieving optimal control as outlined above can pose significant
implementation challenges. Therefore, we redirect our attention to an optimal control problem where
control stems from a finite number of fixed magnetic field coils as introduced in [29, 30]. Our approach
involves manipulating the intensities of the magnetic fields generated by these coils to effectively control
the system. We study this optimal control problem, where the control is only a time-dependent variable,
and derive a first-order necessary optimality condition. This approach also has the advantage of achieving
a second-order sufficient optimality condition within the directions of a critical cone.

The paper is organized as follows: In Section 2, we present the main results of this paper. Subsection 2.4 estab-
lishes standard inequalities and essential cross product estimates that are utilized throughout the manuscript.
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Section 3 addresses the existence of both weak and regular solutions for system (1.1). Section 4 investigates
the existence of optimal control and presents a first-order optimality condition. This section also discusses the
Fréchet differentiability and local Lipschitz continuity of the control-to-state operator, as well as the weak solv-
ability of the adjoint system. Subsection 5.1 focuses on the Fréchet differentiability and local Lipschitz continuity
of the control-to-costate operator. Subsection 5.2 is dedicated to a second-order optimality condition. Moreover,
we establish a global optimality criterion in Section 6. Lastly, Section 7 addresses a second-order optimality
condition for the control problem corresponding to the finite coil setting.

2. MAIN RESULTS AND FUNCTION SPACES

2.1. Optimal control problem- I

In this section, we state the main results of our paper. For any regular solution of system (1.1), by taking
cross product with m, we can find that (1.1) is equivalent to

om om .0 om

This leads us to introduce the following notion of weak solution for system (1.1) (see [8]).
Definition 2.1. Suppose mo € H*(2) with |mg| = 1 a.e. x € Q and v € L?(0,T; L?(Q2)). A function m €

L2(0,T; HY(Q)) with m; € L2(0,T; L*(Q)) and |m| =1 a.e. in Qr is said to be a weak solution of (1.1) if the
following hold:

1. mt-wdxdt—i—/ (m x my) -9 do dt
Qr Qr

3
aom o , 1

2. m(xz,0) = mo(z) in the trace sense,

1 2
3. B Imellz20,m;0200) + . S[%PT] ||Vm(t)||%2(ﬂ) < ||Vm0||%2(sz) +2 ||“H2L2(0,T;L2(sz))~
€,

The following theorem proves the existence of a weak solution of system (1.1) in the above sense.

Theorem 2.2 (Weak Solution). For any controlu € L?(0,T; L?(Q)) and initial data mg € H'(Q) with |mo| = 1,
there exists a weak solution of system (1.1) in the sense of Definition 2.1.

The proof of this theorem resembles the arguments put forth in [8]. However, in our problem, the control
term appears non-linearly in the effective field. As a result, we provide a concise overview of the proof in our
paper to account for this modification.

Considering the dot product of (1.1) with m and applying the cross product properties stated in Lemma 2.4,
we can see that m and m; are orthogonal in space and time, that is, (d/dt)|m(-,t)|> = 0. Since mg € S?, we find
that |m(z,t)|> = 1, pointwise in space and time. Consequently, for a regular solution m, expanding the cross
product m x (m x Am) in (1.1) and using the identity Alm|? = 2(m - Am) + 2|Vm|?, we find an equivalent
system of (1.1):

my — Am = |Vm>m+mx Am+m xu—mx (mxu), (z,t) € Qr,

G =0, (z,t) € 00, (2.1)

m(-,0) =mg in Q.
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In the absence of an explicit elliptic operator in equation (1.1), it is difficult to apply the classical techniques
of Galerkin approximation. So, we will show the solvability of the equivalent system (2.1) instead of (1.1). If
a function m satisfies system (2.1) almost everywhere and has an absolute value of |m| = 1, it will also satisfy
system (1.1) almost everywhere.

Now, define the set of admissible solution spaces as

M :=W"h0,T; H*(Q), H' (Q)) = {m € L*(0,T; H*(Q)) | m; € L*(0,T; H'())}.

A function m, € M that satisfies system (1.1) almost everywhere while being associated with the control
function u € L%(0,T; H'(2)) is referred to as a “regular solution”.

Theorem 2.3 (Global Existence of Regular Solution). Suppose the control u € L*(0,T; HY(Q)) and the initial
data myg satisfies condition (1.2). If m is any weak solution of system (1.1) and satisfies the condition Vm €
L*(0,T; L4(Q)), then m is a unique reqular solution.

Moreover, there exists a constant C'(2,T) > 0 such that the following estimate holds:

Hm”%m(o,T;H%Q)) + Hm||2L2(o,T;H3(Q)) + ||mt||2L2(o,T;H1(Q)) < (HAmOH%Q(Q) + ||U||2L2(0,T-,H1(Q))>

x exp (C(,T) [1+ I9mollfaay + IVmlaor,zaay + lullbaormay) ) (2:2)

Remark 2.4. For any control u € L%(0,T; H'(Q2)) and initial data my satisfying condition (1.2), if a regular
solution exists, then it must be unique (see Thm. 2.1, [20]).

As boundedness of J(m,u) implies ||Vm||r4(0,7;24()) < 00, so we can get the following remark.
Remark 2.5. If m is a weak solution of (1.1) satisfying J(m,u) < 400, then m is a regular solution.

Let U be the set of all controls in L?(0,T; H'(f2)) for which there exists a regular solution in M. As a
consequence of Proposition 5.2 in [20], we can see that the set of controls U is an open set. We aim to prove the
Fréchet differentiability of the control-to-state and control-to-costate operators over this open set U.

In this work, we also consider the admissible control variables subject to box-type constraints. Given any
functions a,b € L?(Qr), we define the admissible control set as

Upa :={u el :a(z,t) <u(z,t) <b(z,t) for almost every (z,t) € Qr}.

In order to give a possible detailed analysis of the control problem, we make the following non-emptiness
assumption on the set of admissible controls:

Uga # 0. (2.3)

Remark 2.6. The non-emptiness assumption (2.3) can be further explored as follows. From Theorem 2.7
and Proposition 5.2 of [20], it follows that under suitable initial data, the feasible control set I forms a non-
empty open subset of L2(0,7; H'(Q2)). In our setting, the admissible control set further incorporates box-type
constraints. Although the non-emptiness of U,4 can be ensured for sufficiently small boundaries a and b by
the arguments of [20], we refrain from imposing such restrictions to retain generality. We consider arbitrary
initial data and box constraints, and directly assume the non-emptiness of the admissible set. For more details
regarding the non-emptiness of the admissible control set in the context of the 3D Navier-Stokes equations, the
reader is referred to [21, 22, 31].

A pair (m,u) € M X Uyq is called an admissible pair if (m,u) is a regular solution of system (1.1). Let us
denote the set of all admissible pairs as A.
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The optimal control problem is stated as follows:

(OCP) minimize J(m,u),
(m,u) € A.

Theorem 2.7 (Existence of Optimal Control). Suppose the initial data mg satisfies condition (1.2), final time
target mq € L*(Q) and Vmp € L*(0,T; L*(Q)). Then, under the assumption (2.3), the OCP has at least one
solution.

In the subsequent steps, we will establish a first-order necessary optimality condition for the OCP by utilizing
the classical adjoint problem approach. This approach allows us to express the optimality condition in a compact
form, providing a concise framework for analysis. First, by employing the formal Lagrange method [25], we derive
the adjoint system associated with OCP as follows:

) + A x ) + (A x ¢) — (¢ x 1)

¢+ D¢+ |Vin>¢ — 2V - (i ¢) Vi
¢ x (Mx0)=V-(IVm—Vmp|*(Vii— Vmp)) in Qp,

+ ((p x m) x @) + (
%ﬁ = in 8QT,
&(T) = m(z, T) —mg(x) in Q.

(2.4)

Define the weak adjoint solution space as
Z:=W"(0,T; H'(Q), H (Q2)*) = {z € L*(0,T; H'(Q)) | 2 € L*(0,T; H*()*)},

where H'(Q)* is the dual of the space H(Q2). Let (-,-) denote the duality pairing between H'(Q) and H'(Q)*.
We have the following notion of weak solution for the system (2.4).

Definition 2.8 (Weak Formulation). A function ¢ € Z is said to be a weak solution of system (2.4) if for every
¥ € L?(0,T; HY(Q)), the following holds:

T
(i) /0 (& (1), 0(1)) 11 0y x a1 () dtf/ V- Vi dz dt+/ Vi 26 - 9 da dt

T Qr

V(¢xﬁ1)~V19dxdt+/ (AT%ng)'ﬁd:L‘dt
Qr

+2/ (ﬁmgb)VﬁmVﬁdxdtf/
Qr Q

_/Q (¢><'1I)-19dxdt+/ﬂ ((¢xﬁz)xﬂ)~19dxdt+/g (6 x (7 x ) - 0 da dt
= —/Q Vi — Vmp |2 (Vi — Vmp) - VI dx dt, (2.5)
(i1) $(T) = fi(w, T) — maa).
Theorem 2.9 (Weak Solution of Adjoint System). Suppose (T, @) is an admissible pair, that is, (M, %) € A,

mq € L2(Q) and Vmp € L°(0,T; L°(Q)). Then, there exists a unique weak solution ¢ € Z of the adjoint system
(2.4) in the sense of Definition 2.8. Moreover, the following estimate holds:

101172 0.7:0 2y + 1921172 0,781 (00)) < (||TN’L(T) — mal|72(q) + Vil — VmDH%G(o,T;LS(Q)))

X exp {C (||m||2Lw(o,T;H2(Q))||m|\2L2(o,T;H3(Q)) + ”mH%w(O,T;HZ(Q))HﬁH%Q(O,T;Hl(Q))) } (2.6)
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By virtue of the global existence of a regular solution, we can define a reduced cost functional Z : U,q — R
by Z(u) = J(G(u), u). Therefore, the optimal control problem (OCP) can be redefined as follows:

minimize Z(u)

(MOCP) { e

Now we are ready to state a first-order optimality condition satisfied by the optimal control U € U,g.

Theorem 2.10 (First Order Optimality Condition-I). Suppose & € U,q be an optimal control of MOCP with
associated state . Then there exists a unique element ¢ € Z corresponding to the admissible pair (f, @) such
that the triplet (¢, M, ) satisfies the weak adjoint formulation (2.5) and the following variational inequality
holds:

T T
/O (5,0 — 1) dt+/0 (Va, V(u— 7)) dt
T
+/0 (& x )+ x (6 x M), (u=10)) At 20, ¥ u€la (2.7)

Next, we will discuss a local second-order optimality condition that an optimal control satisfies.

Let u € Uyq satisfy the first order necessary optimality condition given by the variational inequality (2.7) and
suppose J"(@)[h,h] > 0 for all directions h € L2(0,T; H*(Q)) \ {0}. Then 4 is a strict local minimum of the
functional J on the set U,4. But such second-order conditions are too restrictive as they require all directions
hin L2(0,T; H'(Q)) excluding {0} to be taken into account. However, we can avoid this restriction by defining
a cone that will suffice the needs for local optimality. For more details on these cones, one may refer to Chapter
4 in [25].

Definition 2.11. For any control % € Uyg, let T1() denotes the set of all h € L?(0,T; H'(Q)) such that for
almost all (z,t) € Qr,

Wty =420 D) =a(),
<0 if u(zx,t) =b(x,t).
In order to show the second-order optimality condition, we need the Fréchet differentiability of both the

control-to-state and control-to-costate operators (defined later), and that of their Lipschitz continuity. With all
these results, we established a second-order condition for local optimality as follows.

Theorem 2.12 (Second-Order Optimality Condition-I). Let @ € Uy,q be any control satisfying the variational
inequality (2.7). Suppose there exists a constant § > 0 such that J"(%)[h, h] > ¢ Hh||2L2(0 7. (o)) for all h € TI(@),
that is,

/ h? da dt+/ |Vh|* dz dt+/ (¢ [h] x my) - b da dt+/ (¢ x m[h]) - b dz dt
QT QT

QT QT

+ /QT (mk[h] x (¢z x mz)) - b da dt—i—/Q (ma % (¢[h] x mz)) - h dz dt

T
+/ (my x (¢y x m5[h])) -hdzdt>6 [ h*>dzdt+6 [ |VA|]*> dzdt vV hell(w). (2.8)
Qr Qr Qr
Then there exist € > 0 and o > 0 such that for every control u € Ugq with ||u — || 12 0,7;m1 (0)) < €, we have

J(w) > J@) + 0 |u—7lF207.020)-

In particular, this implies that @ is a local minimum of the functional J on the set of admissible control U, q.
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2.2. Optimal control problem- II

Although the second-order optimality conditions are very informative, the global optimality and uniqueness
of such a control input remain uncertain. To address these questions, we employ a methodology inspired by
the work presented in [26] for a semilinear elliptic control problem, and for related results, refer to [32, 33] and
[28]. But for our system, we have modified the proof presented in these papers by incorporating the Lipschitz
continuity of the control-to-state operator. This approach allows us to establish that an admissible control
input satisfying a first-order variational inequality and a condition involving the adjoint solution yields a global
optimal control, which is another major contribution of this paper.

In the previous optimal control problem, we had difficulties in proving the global optimality because of the
lack of a uniform bound on the admissible solution set. In order to get this result, we modify the admissible
control set as follows. For any fixed but arbitrary constant R > 0, we define a new class of admissible control
set

ﬁad ={ueld : J(my,u) <R}
Under the condition ﬁad # (), the new optimal control problem is given by

minimize Z(u)
Defining such a control set has the advantage that, according to estimate (2.2), the admissible solution set will
be uniformly bounded. In other words, there exists a constant C' depending on R and initial data mg, but
independent of the control variable, such that the following holds:

[mallm <C YVt € Uyg. (2.9)

It is evident that the existence of optimal control (Thm. 2.7) and first-order variational inequality (Thm. 2.10)
hold true for this admissible control set U,q. Further, using the uniform bound (2.9), we can prove the global
Lipschitz continuity of the control-to-state operator (by following Lem. 4.2), which states that for any controls
u, v € Uyq, there exists a constant C' depending on 2, T, R such that

M = mullm < C llu—=vllL20,1;m1 (2))- (2.10)

Now, we can state the global optimality result as follows.

Z/Nlad be a control with the associated state i € M
, @) satisfies the variational inequality (2.7), and the

Theorem 2.13 (Global Optimality Condition). Le
and the adjoint state ¢ € Z. Suppose that the triplet
adjoint system fulfills the following condition:

t1e
(@i,

. (2.11)

DN =

C,T) {1+ 1ML~ (0,r:m200) + 1l 20,01 @) b 10llL20,m02(0)) <

Then @ € Uyg is a global optimal control of the functional J. Moreover, if the inequality in condition (2.11) is
strict, then the global optimum T is unique.

2.3. Optimal control problem- III

Next, we will study the optimal control problem of the LLG system with external magnetic field (control)
generated by a finite number of fixed magnetic field coils as motivated in [29, 30]. Suppose there are ‘n’ number
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of such coils, and the magnetic field of the k-th field coil is given as follows
Uk - QT — RS, (.’K,t) g uk(x,t) = Uk(t)Bk(ZL’),

where Uy, : [0,T] — R corresponds to the intensity of the magnetic field, which is proportional to the electric
current flowing through the k-th coil. The function By, : Q — R? describes the geometry of the k-th field coil.
Moreover, this type of control problem holds greater physical relevance due to the opportunities it presents for
implementation.

Then, due to linear superposition, the total external magnetic field is given by

n

u(a,t) = Up(t)Br(z) VY (x,t) € Qr. (2.12)
k=1

Now, we assume that the geometry of the field coil By, € H(2,R3) for each k = 1,2,...,n. Defining B}, in
this space has the advantage that for any control U € L?(0,T;R"), the space-time dependent function u(z,t)
belongs to L2(0,T; H'(f2)) space as

2

< CY U2 0m) 1Brlii @) < oo
L2(0,T;H () k=1

zn:Uk(t)Bk(x)

k=1

”uH%?(O,T;Hl(Q)) =

Define the set of controls

U:= {U € L?(0,T;R™) s.t. 3 a regular solution of (1.1) corresponding to u(x,t) = Z Uk(t)Bk(m)}.
k=1

Since the set U is open, it follows that the control set U is also open. For some functions a,b € L?(0,T;R"™), we
define the following set of admissible controls

Ugg == {U €U | ar(t) < Uk(t) < bi(t) for k=1,2,..,n and almost every ¢ € [O,T]}.

Again, in order to make the analysis possible, we have to assume that Uyq # 0.

Remark 2.14. In addition to Remark 2.6, from the practical applications and implementation viewpoint, it is
often desirable to keep the magnetic field intensities Uy as low as possible, which directly leads to the smallness
in the control bounds a and b. Hence, the non-emptiness assumption on the admissible control set is not merely
theoretical but also motivated by practical considerations.

For the control problem with fixed magnetic field coils, we consider the following functional

A

1 /7 1 1 (T
Fm,U) ::1/0 /Q\vm—vaﬁ dz dt+§/ﬂ|m(ﬂc,T)—mQ(x)|2 dx+§/0 U@)? dt.

With the introduction of this new class of admissible controls U, and functional j\ , we define a new optimal
control problem as follows:

minimize j\(m, u),

(SOCP) {(m,u) e M xUgy.
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Consider an operator ¢ : L?(0,T;R™) — L?(0,T; H'(2)) defined by ¢((U) = >_;_, U(t)Bx(z). Now, we have
the following remarks corresponding to the control (2.12).

Remark 2.15.

e The existence of optimal control for the new minimization problem (SOCP) can be established similarly
to the approach outlined in Theorem 2.7.

e Since ( is a linear and bounded operator, it is continuously Fréchet differentiable with '(-)[h] = C(h).
Consequently, the cost functional 7 is also continuously Fréchet differentiable by using Proposition 4.3.

e We can also prove a first-order optimality condition given below in Theorem 2.16 by following a similar
approach to the one used in Theorem 2.10.

Theorem 2.16 (First-Order Optimality Condition-II). Let U € Uug be an optimal control for the SOCP with
associated state mg;. If ¢ € Z is a weak solution of the adjoint system (2.4) corresponding to the admissible pair

(Mg, (U)), then the triplet (¢, M, U) satisfies the following variational inequality:
T N .
/ U-(U-0) dt+/ (¢ x mg +mg x (¢ xmy)) - (U —U) de dt >0, VU € Uqa (2.13)
0 Q7

Definition 2.17. (Critical Cone) For any control U € U,q, let A(ﬁ) denotes the set of all h € L?(0,T;R")
such that for almost all ¢ € [0, 7],

>0 if U(t) =a(t),
h(t) =< <0 if U(t) =b(),
=0 if Ty #0,

where 177 := U+ Jo (0. x mg +mg x (¢ x mfy)) - B dz, where B is the geometry of the coil defined in (2.12).
The set of controls A(U) is called the cone of critical directions.

Remark 2.18. The cone in Definition 2.11 is very large. But the cone defined in Definition 2.17 is a critical
one in the sense that second-order sufficient conditions are the closest to the associated necessary ones. Such a
cone was introduced in [27] for semilinear control problems with pointwise state constraints.

Theorem 2.19 (Second-Order Optimality Cg\ndiﬁion—II). Let U € Uyy be any control satisfying the variational
inequality (2.13). Moreover, we assume that J"(U)[h,h] > 0 for all h € A(U)\ {0}, that is

/0 h2 dt + /QT (6,7, [C(W)] > m) - da dt + /QT (6 x m! s [C(R)]) - b da at

+ /QT (5 [C(1)] % (6 x 7)) - da dt + /Q (miy x (65 [C(B)] x mg)) - h

+ /QT (mg x (¢ x m’é(ﬁ)[C(h)])) ~hdz dt >0 vV h e A(U)\{0}.

Then there exist € > 0 and § > 0 such that for every control U € Uyq with ||U — UHLZ(O’T;Rn) <9,

A

A A € ~
FW) 2 F@) + S 10 = U)ao,rzn) (2.14)

In particular, this implies that U is a strict local minimum of the functional f on the set of admissible control
Uad-
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2.4. Function spaces and inequalities

In this subsection, we give some basic cross-product properties in Lemma 2.20, the equality of norms in
Lemma 2.21, and some norm estimates in Lemma 2.23 and 2.24, which we have used throughout this paper.

Lemma 2.20. Let a,b and c be three vectors of R3, then the following vector identities hold: a - (b x ¢) =
—(bxa)-c,a-(axb)=0,ax(bxc)=(a-c)b—(a-b)c. Moreover, assume that 1 <r;s < oo, (1/r)+(1/s) =1
and p > 1, then if f € LP™(Q) and g € LP*(R2), we have

If < gllee) < 1fllzer@)llgllzes ()- (2.15)

The proof of estimate (2.15) can be readily derived by applying Holder’s inequality.

The L? theory of the Laplace operator with Neumann boundary condition leads to the following inequality of
norms that will be quite useful.

Lemma 2.21 (see, [34]). Let Q be a bounded smooth domain in R™ and k € N. There ezists a constant C, , > 0
such that for all m € H**2(Q) and %—'Z‘BQ =0, it holds that

[m vz ) < Cron (ImllL2e0) + 1AM e () -
As a consequence of Lemma 2.21, we can define an equivalent norm on H**2(Q2) as follows

lm grez ) = Imllz2) + [AM| gr(0)-

While showing the existence of a regular solution, we have used the following estimates.

Proposition 2.22. Let Q2 be a regular bounded subset of R%. There exists a constant C > 0 depending on Q

such that for all m € H?(Y) with %—’mag =0, we have
VL) < C [[Am|r2q), Vs € [l,00), (2.16)
I1D*ml| 20y < C |Am| 20, (2.17)
IVl sy < C IVmlfaoy lAm] 5, (2.18)
IVmllz@) < C 11Vl fagqy IVAM| £ - (2.19)

The proof of Proposition 2.22 can be found in [20].

In order to calculate the L?(0,T; H'(€)) norm of different cross products and non-linear terms, we will use
the following inequalities throughout the paper frequently. The constant C' > 0 may differ from one estimate to
another estimate in Lemma 2.23 and 2.24.

Lemma 2.23. Let Q be a regular bounded domain of R?. Then there exists a constant C' > 0 depending on Q
and T such that

(i) for € € L=(0,T; H*(Q)) and ¢ € L*(0,T; H3(2)),
1€ X ACNZ 207,51 () < C M€ o0 (0,7 22(00)) 1S N72 00,7 13(02)) (2.20)
(ii) for € € L°°(0,T; H*(Q)) and ¢ € L*(0,T; H' (1)),

18 % ¢l Z2 0,7 () < C M€l Loe 0,13 12(0) 1KHT2 00,700 (0 (2.21)
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(iii) for € € L2(0,T; H3(Q)), ¢ € L0, T HX(Q)) and w € L=(0,T; H2(Q)),
1(VE-VC) wlizommy < C I€ll720.rme@) 110102000 1907020 (2.22)

(iv) for & € L>°(0,T; H%()), ¢ € L>=(0,T; H*(Q)) and w € L*(0,T; H(R)),
[[€ x (¢ x w)||2L2(O,T;H1(Q)) <C ||€||%°°(O,T;H2(Q)) ||<||%°C(O,T;H2(Q)) HWH%Z(O,T;Hl(Q))' (2.23)

Proof. For the first and second estimates, applying Hélder’s inequality with embeddings H*(Q2) < L*(Q) and
H?(Q) — L>*(Q), we find

T T
1€ % AClZ2 (0 7.1 (52 S/O €117 00 () 1AC 11 20 dt+2/0 IVENT 1 IACN () dt
T
12 / €112 ) VA2 2y At < C N2 0.earzc2y) 1120 01150

This proves the inequality (i). The proof for (ii) can be constructed using a comparable line of reasoning as the
proof for (i). Finally, for the last two estimates, implementing Holder’s inequality followed by the embeddings
HY(Q) < LP(Q) for p € [1,00) and H?(Q) < L>(Q), we derive

T T
1(VE-VE) wlEz 0.7, ) §/0 HV§||%4(Q)HVC||%8(Q)HWH%S(Q)dt+3/0 ID?€[|74 () IVE I8 0 0] 5 0yt
T T
+3/0 ||V§H%°°(Q)||D2<||2L2(Q)Hw||%°°(ﬂ)dt+3/0 IVENT 1) IV 75 () I Vel Fs () dt

< C 20,1850 1C1E 01200y 1910 0.1 12(0))

T T
and [|§ x (¢ % W)H%%O,T;Hl(n)) < /0 ||'f||2L4(Q)HQH%@(Q)||‘~’||2L8(Q)Ohf+ 3/0 HV€||2L4(Q)HCH%8(Q)”w”QLg(Q)dt

T T
+ 3/0 €174 IV €I Z s oy 1wl 75 (At + 3/0 €117 00 () €11 o0 (62) | Vel 2y A
<C ”g”%w(O,T;HZ(Q)) ”C”%OO(O,T;H?(Q)) HWH%Z(O,T;Hl(Q))'
Hence the proof of (iii) and (iv). O
Moreover, to estimate the L2(0,T; H(£2)*) norm of various terms, we require the following lemma.

Lemma 2.24. Let Q be a bounded subset of R? with smooth boundary. Then there exists a constant C > 0 such
that

(i) for £ € L>=(0,T; H*(R)), ¢ € L>=(0,T; H*(Q)) and w € L?(0,T; L*(Q)),
(V€ - Vw2011 @)) < C €l Lo (0,312 €]l Lo (0,12 |l L2 (0,73 12 (02)) 5 (2.24)
(ii) for & € L*(0,T; H*(Q)), ¢ € L>(0,T; L*(Q)) and w € L*(0,T; H*(Q)) with g—‘; =0,

IV - ((€- OVl 20,32 0)) < C €l Lo 0,75m2 ) 1€ Loe (0,522 1wl L2 (0,713 () » (2.25)
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(iii) for & € L*(0,T; H'(Q)) and ¢ € L®(0,T; H*(Q)) with 55 = §& =0,
IAE < Oll20,m5m12)%) < C l€llL20,7:m1 () €I Lo 0,7512(02)) (2.26)
(iv) for & € L>=(0,T; H*(Q)) and ¢ € L?(0,T; HY(Q)),
A x Cllp2 0,701 (@)) < C €lles 0,512 €] L2 (0,751 () 5 (2.27)
(v) for & € L>(0,T; L*(Q)) and ¢ € L?(0,T; H(Q)),
1€ % Cllzzo,m;mr @) < C [€llze=(o,;z2(0)) I€1IL2(0,758 (92)) (2.28)
(vi) for & € L>=(0,T; L*(Q)), ¢ € L>=(0,T; H*(Q)) and w € L?(0,T; H*()),
1(€ x ¢) x wllzz0. @)y < C €l (o.r:z2 @) €]l o< 07212 () Wl 2 0,711 (02 (2.29)
(vii) for &€ € L>=(0,T; L*(Q)), ¢ € L*>(0,T; H*(Q)) and w € L?(0,T; H(Q)),
€ x (C X w)||L2(o,T;H1(Q)*) <C ||f\|Loc(o,T;L2(Q))||C||Loo(o,T;H2(Q))||W||L2(0,T;H1(Q))7 (2.30)
(viii) for V& € L9(0,T; L%(Q)), V¢ € L5(0,T; L%(Q)) and Vw € L5(0,T; L5(2)) with g—‘; =0,
IV - ((VE-VOVW) 20,11 2)) < C IIVEN L0, IVE| Lo o.7:28 @) VWl Lo 0,71y (2:31)
Proof. Let v be an arbitrary element in H'(Q). For the estimates (i)-(v), we will apply Hélder’s inequality

followed by embeddings H'(Q) < L*(Q), H'(Q) < L¥(Q2) and H?(Q) < L>(Q). Finally, by taking a time
integration of the square of the dual space norm, we obtain as follows:

(1) ((VE-VC) w,v) =/Q(V§-VC)w-vde V&l s @) IVCI L3 o) [wll 20y V] L (o)
< C il 2@l a2 @) lwll L2 @ llv] E21 (0)-

T
- /0 (V€ -V¢) wllfn oy dt < C €7 0rm200)) 11T 0,720 1912070200

Next, we give only the following duality estimates to get the proofs of (ii)—(v):

(i) (V- ((€-OVw),v) = — /Q ((€-O)Vw) - Vo da
< €l @ ¢l 2@ IVl o | V0 2,
(i) (A€ % Q).v) =~ / V(€ x¢)- Vo dz < (V€] ey ¢ =@y + el IVC zsn) V0] 22y
< C lellm@ I¢haz ol
(iv) (AEx(v) = /Q (A€ x¢) - v de < AL 2@ Il Vil < C Nl ICha @Il .

The proof of (v) can be established using a similar reasoning as applied in the proof of (iv). Now, for the last three
estimates (vi)—(viii), again appealing to Holder’s inequality and implementing the embeddings H*(2) < LP(Q)
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for p € [1,00) and H?(Q) < L>(Q), we derive

(vi) (€ x () xw,v) = /Q (€ x Q) xw) v dz < [[Ell 2@ Il L= (@) lwll sy vl 2@

< C €l 2@ ISl z2 o llwll zr @) |l F1 () -

The proof for (vii) can be derived using an argument analogous to the one used for (vi). Finally,

(viii) (V- ((VE€-V()Vw),v) = —/Q (V€ V) Vw - Vo dz < ||VE]| o) IV s o) IVl o) [ VUl 22(0)-
Hence the proof. O

3. WEAK SOLUTION AND REGULAR SOLUTION
3.1. Weak solution

In this section, we establish the existence of a weak solution for (1.1) in the sense of Definition 2.1, proving
Theorem 2.2. We base our arguments on the approaches presented in [8] and [35]. For adopting the control u that
appears non-linearly in (1.1), we define an appropriate penalized form and give a brief proof of Theorem 2.2.
This penalized form allows us to verify the hypothesis |m| = 1.

Proof of Theorem 2.2. Consider the following penalized problem:

(mF)y —mP x (m*)y = 2Am» — 2k (Im*? = 1) m* + 2u  in Qr,
ag:]k =0 on 0, (3.1)
mF(-,0) = mg in Q.

Let {£,}52, be an orthonormal basis of L?(£2) consisting of eigenvectors for —A operator with vanishing Neumann
boundary condition. Suppose W,, = span{¢y,&a, ..., &, } and P, : L? — W, be the orthogonal projection. Then,
consider the Galerkin system of (3.1)

(3.2)

where mF = 3" ani(t) & € W, and m%(0) = P, (mo).

The local solvability of system (3.2) can be directly inferred from classical theories of ordinary differential
equations. For more details on the solvability of such ODE, one can refer to [8] and [20]. Moreover, by an
appropriate a priori estimate, we can find that the solution to system (3.2) exists on the entire time interval
[0,T7].

Now, multiplying system (3.2) by (an;)¢, summing over 0 to n and then taking an integration over 0 to ¢, we
obtain

17 2 k 2
7/ / |(m’fl)t’ dx dt —|—/ \VmE |?dx + f/ (jmk* —1)" da
2Jo Ja Q 2 Ja

¢ k
< 2/ ||U(S)H%2(Q)d5+/ ImeL(O)IQdI+§/ (jmk(0)2 = 1)" da.
0 Q Q
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Using the property [, [mk[*dz < & [, (jmk|? — 1)2dx + 319 and [|P,,(mo)|l 1) < [[mollm () (see Prop. 1,
[36]), we find that {mF} and {|mk|?> — 1} are uniformly bounded in L>(0,T;H'(2)) and L*(0,T; L*(Q))
respectively. Also, {(m£),} is uniformly bounded in L*(0,T;L*(f2)). Now, using reflexive weak compactness
and Aubin-Lions-Simon Lemma, finding a subsequence and following the ideas used in [8], we can find a weak
solution m* of the penalized form (3.1) satisfying the energy estimate

1

2 k 2
5[2 |(mk)t| dx dt + /Q |mG|2dx + 5/9 (|mk\2 — 1) dx < 2 ||UH%2(O,T;L2(Q)) + ||Vm0||%z(9)
T

Again using the uniform bound for m*, finding a sub-sequence that converges to m, we can show that m weakly
satisfies the system (1.1) in the sense of Definition 2.1. For more details of the proof, one may refer to [8]. O

3.2. Existence of regular solution

Since solvability of the linearized system and the adjoint system demands more regularity than that of weak
solutions, in this subsection we will prove a condition under which any weak solution of system (1.1) will be a
regular solution.

Proof of Theorem 2.3. In the previous work, the authors (see Thm. 2.1, [20]), proved the existence of a unique
local reqular solution for any control in L2(0,T; H(Q)) with initial data satisfying condition (1.2). Let u be any
control in L?(0,T; H'(2)) such that a weak solution m satisfies | Vm||14(0,7,14()) < oo. For such a control,
suppose T* < T is the maximum time up to which the regular solution exists. Therefore, taking L? inner product
of (2.1) with —Am and using the fact that m - Am = —|Vm/|?, we get

1d
3319 m @ + [ 1Am(OP da
:7/ |Vm|2m'Amd:z:f/(mxu)Amder/(mx (m xw)) - Am dz
Q Q Q
1 *
< ||Vm(t)||i4(m + §||Am(t)||2L2(Q) +2 [lu(t)l72q), for a.e. t € [0,77).

By considering the time integration over 0 to ¢, we find the following estimate for a.e. t € [0, T*)

t t t
IV m(0)]12 ) + / JAm() e dr < [FmolZagay +2 / IV (@) gyt + 4 / lu@®)|2 ot (3.3)

Furthermore, in order to get the L2(0,7T; H3(Q)) and L>(0,T; H?(f2)) regularity of the solution, we again
appeal to the Galerkin approximation of system (1.1) given in Theorem 2.6 of [20]. By taking L?(f2) inner
product of this equation with A?m,,, and integrating by parts, we get

1d
QaHAmn(t)H%?(Q) + /Q |VAmM,(1))* do = —/QV (\an|2mn) -VAm, —/QV(mn x Amy,,) - VAm, dz
4
- / V(my, X up) - VAm, dz +/ V(my X (Mg X uy)) - VAmM, dz = ZEz (3.4)
Q Q i=1

For the first term E7, employing Holder’s inequlaity, and using the estimates (2.17), (2.18) and (2.19), we derive

E, = —/ [2an(D2mn)mn -VAm, —|Vm,|*Vm,, - VAmn] dx
Q
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< 2 [[Vma ()] o= (@) [1D*ma ()] 2@ 1mn (8) | Loe (0 |V A ()| 2(52) + [V (8) 70| V A1 (8) | 220

< C [lma ()] = IV (D] 22 g | A (1) 250 IV A (8)] 2 g
+C IV ma ()] 2 | A (D)3 IV A1 ()| 20

< 6/Q|VAmn(t)|2dﬂc+C(6) I ()17 @) IVma(ONZ2() AmMa®120)-

For the second term Fs, applying Holder’s inequlaity, the cross-product property (mp,(t) x VAm,(t)) -
VAm,(t) = 0 and estimate (2.19), we find

By = —/(an X Amy,) - VAmMy, dz < ||V () || Lo ) | A0 (0 || 22 0) | VAMG () [ 220
Q

se ) [V Am, (1) dz + C(e) [Vmn(t)]|72 (o) | A (t)l172(0)-

Similarly, we can obtain the estimates for F3 and F,. By implementing Holder’s inequality, followed by the
estimate (2.16) and the embeddings H'(2) — L*(Q), we deduce

EBZ—/(an x u) - VAm, dx—/(mn x Vu) - VAm dz
Q Q
< Va0l 1) s IV AM @) | 22(2) + llmn ()] @) Va(t)]| 220 IV A ()] 20y

<e /Q (VA (8)2de + C(©) (IOl @) + 1Ama®320)) Tul®)Fn ),
and

Ey= / (Vmy, x (my, X u)) - VAm, dz + / (my, x (Vmy, x u)) - VAm,, dz + / (my, X (My, X Vu)) - VAm,, dz
Q Q )
< (2 1Vma®) s llu®)llza@) + Ima@)llza@) [Vu)lrz@)) Ima )l @) IV AM(0)] L2(0)

< [ 19am©Fde+ ) (Ima(Olf + 1AmaOlEa) Ol luO)lF o

Now, substituting the estimates for E; for i =1 to 4 in (3.4) and choosing € = 1/8, we obtain

1d 1
5 1AM (Ol + 5 / [V Am (1) do < C [V ]z (1+ ma (@)@ ) 1Ama )20

+ (I @l @) + 1AMz ) (15 IO o)) lu® @] Ve 0,77,

Next, we integrate the above inequality over 0 to t, and proceed further by using the sequential lower semi-
continuity as discussed in the proof of Theorem 2.7 of [20], and the fact that |m(z,t)| =1, V(x,t) € Qp«, we
conclude that

t t 2
A ey + [ VMO ) a7 < [Amolfagy +C | [ ITmOIEa (lamlxe) dr

t
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Applying Gronwall’s inequality and using the estimate (3.3), we derive

t
[Am(t)]172(q) +/0 IVAM(7)||72(q) d7 < <||Amo||2L2(Q) + HUHQL?(O,T;Hl(Q)))

X exp (C ||Vm||%oo(o,t;L2(Q))||Am\|%2(o,t;L2(sz)) +C HU”%%O,T;HI(Q))) ) for a.e. t € [0,77). (3.5)

Substituting the bounds for HVm||2LOO(O t12(0)) and HAm||2L2(O t:12(0)) {rom estimate (3.3) in estimate (3.5), we
obtain

t
[Am(t)[[ 20 +/0 IVAmM(T) 720 d < (HAmOH%%Q) + ||u||2L2(0,T;H1(Q)))
X exp (C [1 + Vol 22y + VM7, r+0a(ay) + ||U||i2(o,T;H1(Q))]) ,  forae. tel0,T7). (3.6)

Therefore, the solution doesn’t blow up at 7%, which contradicts our assumption that 7% < T is the maximal
time of existence. Hence, we conclude that 7% = T', in other words, the regular solution of system (1.1) exists
on the entire time domain [0, 7.

Next, we take square of the H'() norm of m; in equation (1.1) and then integrate over time to obtain

T T T

T

T

Now, estimating the terms on the right hand side using Lemma 2.23 and using the equality |m| = 1, we derive

T
/o ||mt(t)||%p(g) dt<C ||m||2Loo(o,T;H2(Q)) ||m|\2L2(o,T;H3(Q)) +C HmH%OC((],T;H?(Q)) HU||2L2(0,T;H1(Q))~

Substituting the bounds of [|m|7w (g 7.2 (qy) and [1m]|72(g 7,3 (qr)) from estimate (3.6), we find

Imelleqo roars e < (IAmollEe(g) + N0z, e

xexp (C [1+1Vmolltza) + 19mlEa0rm sy + Iulizo.rmay)) - (3.7)
Combining estimates (3.6) and (3.7), we find the required result (2.2). Hence the proof. O

4. EXISTENCE OF OPTIMUM AND FIRST ORDER OPTIMALITY CONDITION

4.1. Existence of optimal control

For the optimal control problem to have practical relevance, it is essential to confirm the existence of at least
one globally optimal solution. This assurance is provided by the following theorem.

Proof of Theorem 2.7. Since the functional J(-,-) is bounded below and A # {), there exists a minimizing
sequence {(mn, u”)} C A such that

inf J(m,u)= lim J(mn,,u,) = a.
(m,u)eA n—oo
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Since (M, u,) € A, it follows that for each n, the pair (m,,u,) serves as a regular solution of the following
System:

(mp)t = My X (Amy, + uy) — My X (My, X (Amy, +uy,))  in Qp,

O — 0 in 007, (4.1)

mp(,0) =mge  in Q.

Since (my,uy) is a minimizing sequence, we can extract a sub-sequence (again represented as (mg,,u,)) such
that

1 1
vamnHi‘l(O,T;L‘l(Q)) + §||Un||2L2(o,T;H1(Q)) <8 T (M, un) + 2 [[Vmp | 140 7.14(02))

<8 j(ml,ul) +2 ||va||i4(0,T;L4(Q)) < oQ.

From this estimate and the energy estimate (2.2), we find that {u,} and {m,} are uniformly bounded in
L2(0,T; HY(Q)) and M respectively. Then there exists a sub-sequence again denoted as {u,,} such that u, — %
weakly in L2(0,T; H*(Q)) for some element @ € L2(0,T; H'(Q)). Moreover, the existence of a weakly convergent
sub-sequence can be guaranteed in the same way for the state solution sequence {m,,}.

Then, by using Aubin—Lions—Simon compactness theorem, {m,,} is relatively compact in C([0,T]; H'(f2))
NL2%(0,T; H%()). Therefore, there exists a sub-sequence (again represented as {(m,,, u,)}) such that

u, = U weaklyin L2(0,T;H'(Q)),

m, — m weakly in L2(0,T; H3(Q2)),
(mn)e = My weakly in L2(0,T; H'(Q)),

m, —» m strongly in C([0,T]; H(Q)) N L?*(0,T; H*(Q)), as n — oc.

Taking limit n — oo in (4.1) and using the above convergences, we obtain that (m,%) is a regular solution of
system (2.1), that is, @ € U. Since the set S = {u € L*(0,T; H () | a(z,t) < u(x,t) < b(z,t) for a.e. (x,t) €
Qr} is a closed and convex subset of L2(0,T; H()), therefore it is weakly closed. Consequently, we have
u e Uya-

Also, since m,, — m strongly in L*(0,T; H*(Q)), m, (-, T) — m(-, T) weakly in L*(Q) and u,, — % weakly in
L?(0,T; HY(Q)), the functional J(-,-) is weakly lower semi-continuous, that is

J(m,w) <liminf J (my, un) = lim J(mp, uy) = a. (4.2)

n— oo n— oo

Since « is the infimum of the functional 7 over A, so that
a < J(m, ).

Hence combining with (4.2), we get J(m,u) = a = ( in)f Aj(m, u). This completes the proof. O
m,u)€

4.2. Control-to-state operator

Suppose m be the unique regular solution of the system (1.1) corresponding to the control % € U and initial
data mg satisfying condition (1.2). Then consider the following linearized system

Lyz=f in Qp,

L—-LLG
( ){ g—;:() in 907, z(z,0) =z in Q,

(4.3)



20 S. PATNAIK AND K. SAKTHIVEL

where the operator L7 is defined as
Lyz =2 — Az —2(Vin-V2)m — |[Vin?z — 2 x Am —m x Az — 2 x U+ 2 x (M x0) +mx (2 x70). (4.4)
It is worth noting that as m is a regular solution of the problem (1.1), in the subsequent analysis we have

used the inequality 1 = ﬁ|Q| %HmHLQ(Q) <C ||mHH2(Q) without mentioning it repeatedly.

Lemma 4.1. For any f € L?(0,T; HY(Q)), there exists a unique regular solution z € L?(0,T; H*(Q)) N
L>(0,T; H?(Q)) of the linearized system (4.3). Moreover, the following estimate holds:

HZHLOO(OT o) t ||Z||L2 0,T;H3(Q) T Hzt”L2(OT HY(Q)) (||ZO||L2 @t ”AZOHL2(Q) + Hf||L2 0,7;H1 (%)) )
X exp {C (”mHQL‘X’(O,T;HZ(Q))||m||2L2(O,T;H3(Q)) + ||m||2Loo(o,T;H2(Q))||ﬁ\|%2(o,T;H1(Q))) } (4.5)

Proof. By appealing to the Faedo-Galerkin approximation technique, we can show the existence and unique-
ness of solutions to the system (4.3). Therefore, we will only present a priori estimates for the solution here.
Considering the L? inner product of (4.3) with z and employing cross product properties from Lemma 2.20, we
have

d . -
T O + IV2Ol72) < C (Ilm(t)ll?azs(m + IIU(t)II?p(g)) 2O 72) + IFOF2)-  (4.6)

By taking gradient of system (4.3) and then considering inner product with —VAz, we find
2dt||Az( iz +/ |VAz(t)|*da = 72/ V(m(Vi-Vz)) - VAz dz — /V(|foz|22) -VAz dx
Q

f/V(zxAﬁiyVAzdxf/
Q

V(ﬁlx Az) -VAz dwf/ V(zxﬁ) -VAz dz
Q

Q

+ /QV(zx(ﬁlx'ﬁ))-VAzder/QV(mx(zxu)) VAzda:—/Vf VAz dz —ZF (4.7

=1
Let us estimate some of the terms on the right-hand side. For the first term I'y, applying Holder’s inequality
and the embeddings H'(Q2) < LP(Q) for p € [1,00) and H?(Q) — L>(Q), we get
Iy = -2 / [V(Vifi - Vz) + (D - Vz) + (Vi - D22)] - VAz do
Q

< 2 [[Vin(t)|| s [IVM(t) | Ls ) IV 2 ()| s ) IV AZ(2) || L2 (0
+ 2 [[m(t)|| o) (ID*W(t)|| o) V2(E) | Loy + [VI(E) | Lo @)1 D*2(8) || L2(0)) [V AZ(E) || 22(02)

< [ [vazoPa+ o) (IO + 170 e w70 o ) 120 B

A similar estimate for I';, I'3 and I'y can be obtained. Now, let us estimate one of the terms containing the
control

p6:/ [VZX(mxﬁ)+zx(Vﬁlxﬂ)—kzx(ﬁszﬂ) -VAz dx
Q

< IVz(@) | sy lm () )| s o 1) | Ls () I VAZ() || L2 (o)
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+ 2O @) (VA La@ [T Loy + 17(E) | Lo (@ VA || L2()) [VAZ(E) ]2

< e/ﬂ VA dz + Cle) [T 72 (o IFO) 171 o) 2 ()12 -

By substituting all these estimates in equation (4.7) and choosing a suitable value for € and adding with (4.8),
we get

d
= (12020 + 182020 ) + V20132 + VA1 2(0

<C {|771(t)||%12(9)||77~7(t)||121{3(9) + ﬁl(ﬂ”fqzm)||ﬂ(t)||§{1(ﬂ)} 12520y + C 1F )17 (- (4.8)

By invoking the inequality ||z]|g2() < C ([|2]l12(0) + |22 12(0)) from Lemma 2.21 and applying Gronwall’s
inequality, we obtain

T
s ([0 + 1850 ) + / (IV2() 2 + IVA2() 32y ) a7 < CLQLT, 20, .0, T), (4.9)
€10,

where C1(Q,T, 2o, f,m, ) = (”ZOH%Z(Q) + ||AZO||2L2(Q) + ”f”%z(O,T;Hl(Q)))

X exp {C (HmH%w(o,T;m(Q))Hm”%Z(o,T;HS(Q)) + ||77”LH%<>°(0,T;H2(Q))W”%%O,T;Hl(sz))) }
Now, taking L2(0,T; H'(Q)) of z; in equation (4.3) and estimating the terms using Lemma 2.23, we derive
||Zt||L2(0,T;H1(Q)) < Hﬁ%”%w(o,T;m(Q)) \|”71||%2(0,T;H3(Q)) (||Z||2Loo(o,T;H2(Q)) + ||Z||%2(0,T;H3(Q)))
+ 1207 0. 712 ) 17T 00 0,1 2(02)) 1T F2 (07,101 (2 - (4.10)

Finally, substituting (4.9) in estimate (4.10), we can obtain the required result (4.5). O

By virtue of the definition of the control set U, we are able to define an operator G : Y — M called the control-
to-state operator such that for every u € U there exists a unique regular solution m,, := G(u) of system (1.1).
Now, we will prove the locally Lipschitz continuity and Fréchet differentiability of this operator.

Lemma 4.2 (Locally Lipschitz Continuity of G). The control-to-state operator G : U — M 1is locally Lipschitz
continuous. That is, for each uw € U, there exist € > 0 and a constant Co > 0 depending on the parameters
O, T,u, my, € such that

1G(u) = G(v)[lm < Co |lu—vlz200,1581 (), (4.11)

for all v with ||u — v L2(0,7;11(0)) < €.
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Proof. Suppose m,, and m, are two regular solutions of system (1.1) corresponding to the controls u and v
respectively. Let us define 7 := m, — m, and 4 := u — v. Then (7, %) will satisfy the following system

My — Am = |V ?m 4+ Vi - (Vg + Vmy)my, + m x Amy, +my, x A+ my, X U

+ M XV =M X (My X u) —my X (M Xu)—m, x (m, x1) (x,t) € Qr,

A~ 4.12
gn =0 (z,t) € 9, (.12)
m(-,0) =0 in Q.
By estimating the L?(£2) inner product of equation (4.12) with 7, we obtain
Ld ~ o ~ 2 A2
§a‘|m”L2(Q) +IVnil72(q) < ()72
+C (14 Ima® 3z + I ()20 + @ 3z0)) 17O 0. (4.13)

Next, we apply the gradient operator to equation (4.12), followed by taking the inner product with VA. This
leads to the following expression

]. d A A A A A A
5&”Am”%2(9) + ||VAmH2Lz(Q) = / V (|Vm,|*m) - VAD dx +/ V (V- (Vmy + Vmy)m,) - VAm dz
Q Q
+/ V(7 x Amy) - VAR dx—i—/ V (my x AR - VAR dx+/ V (my % §) - VAR dz
Q Q Q
—/V(fﬁx (my, Xu))-VAfﬁdm—/V(mv x (M x u)) - VAM dx
Q Q

—l—/V(ﬁzxw)-VAfr\de—/V(mvx(mvxﬂ))-VAfhdm.
Q Q

We can see that the terms in the above equation are similar to the ones in equation (4.7). Therefore, estimating
in the same way as we have done for the terms I'; in equation (4.7) and combining with (4.13), we derive

d A A A A A
= (132 + 1A 0 ) + VA2 ) + VAR @) < C (Imaldr + Imole) 1813
+C (Imalega + Imulde ) (Il @) + 1ol @) + Imale) + Imolde ) 17l

Since the control-to-state operator is continuous (see Rem. 5.3, [20]), so for any fixed control u and constant
o > 0, we can find € > 0 such that for any control v with ||u —v|| 20, 7,11 (0)) < € implies |[my|[ap < ||l + 0.
Finally, applying Gronwall’s inequality, we find that

\|T/T\L||%oo(o,T;H2(Q)) + Hfﬁ”%?(o,T;H?’(Q)) <O T, u,my, €,0) Ha”%?(O,T;Hl(Q))‘

Next, taking the L2(0,T; H'(2)) norm of 7, in (4.12) and estimating the terms using Lemma 2.23, we reach
at our required result (4.11). O

Proposition 4.3. For any control @ € U, let mg be the unique regular solution of system (1.1). Then the
following holds:
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(i) The control-to-state mapping G is Fréchet differentiable on U, that is for any @ € U, there exists a bounded
linear operator G'(@) : L*(0,T; H(Q)) — M with z := G'(u)[u] such that

1G(@+ u) — G(@) - G'(@)[u]|| m

lwll 220,711 (02))

—0 as ||UHL2(O,T;H1(Q)) — O,

where z is the unique regular solution of the following linearized system.:

Lzz=mgXu—mgX (mgxu) in Qp,

g—; =0 on dQr, (4.14)
z(0) =0 1n Q.

(i) The Fréchet derivative G’ is locally Lipschitz continuous, that is, for any controls w € U, h €
L?(0,T; HY(Q)) and € > 0, there exists a constant C3 > 0 depending on ,T,u, M., € such that

|G" (w)[h] = G"(0)[h]||m < Cs [lu = w2005 ) 1PllL20,1:81 () (4.15)

for all v in L*(0,T; HY(Q)) with |lu — vl 220,11 () < €

Proof. Suppose u € U be any fixed control and my be the corresponding regular solution. As for any control u €
L?(0,T; HY(Q)), the terms mg x u, mz x (mz x u) € L*(0,T; H'(Q2)), therefore as a consequence of Lemma 4.1,
system (4.14) has a unique regular solution z € M. Note that at this stage we don’t know whether z = G'(u)[u]
or even the control-to-state operator is differentiable or not. Since U is an open set, so for small enough u,
u + u will also belongs to Y. Let mgy, be the admissible solution corresponding to the control @ + w, then
w = Mg, — My — 2 solves the following system

8
Law = Z Qr  in Qp,
=1

(4.16)
%‘7’ =0 ondQpr, w(0)=0 inQ,
where Ly is defined in (4.4), m = myz,, — my and the terms Q4’s are given by
Q1= (V?’ﬁ . (Vm@ru + Vmg))’ﬁ\?,, Qs = ‘VT?EP’(TLE, Q3 = m x A’/?’L, Q4= m x u,
Qs = —m x (M x u), Qs = —m x (M x 1), Qr=—mx(mgxu), Qg=—mzx (M xu).
Invoking Lemma 4.1 for system (4.16), we can directly find the following estimate:
8
||’LU||2L2(0,T;H3(Q)) + ||wt||2L2(o,T;H1(Q)) < (Hw(o)”iz(m + ||Aw(0)||2L2(Q) + Z |Qk||%2(O,T;H1(Q))>
k=1
X €exp {O <||ma||2Loo(o,T;H2(Q))||ma||2L2(o,T;H3(Q)) + HmUH%C’C(O,T;HQ(Q))HﬂHQL?(O,T;Hl(Q))) } (4.17)

Let us estimate the terms containing Qy’s on the right-hand side. For the first term || Q; ||2L2(07T;H1(Q)), applying
inequality (2.22) with p = M, ¢ = My, + my and r = M, we find

191320,z < € (Imaallfoe o, rorrzcayy + M3 0.tz ) 17U 0,7tz 132 07,13 -
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Similarly, applying estimates (2.22), (2.20) and (2.21) for Qs, Q3 and Q4 respectively, we get

192l 720,731 () < C I1mally (0,752 1T Lo 0,7 152 00y 1T 22 0,753 2y
19511720 711 (2 < C N0 0. 7122 0 |1 22 0. 1115 (2
1QallZ2 0711 2 < C NPT 0 1122 2 |10l 2 0, 7101 (2 -
Now, applying estimate (2.23) for the last four terms and combining it, we have
8
Z 19klZ2(0 121 02)) < C N1l T00 (0,112 (02)) (||U||%2(0,T;H1(Q)) + HEH%Q(O,T;Hl(Q)))
k=5

+C ||mﬂ||%°°(0,T;H2(Q))”T/’\l”%“(O,T;H?(Q))HUH%Q(O,T;Hl(Q))'

Substituting all these estimates in (4.17) and using w(0) = 0, we find

||w||2L2(o,T;H3(Q)) + Hth%?(O,T;Hl(Q)) < {HmEHQLw(o,T;m(Q))||ﬁ1||2Loo(o,T;H2(Q))||U||2L2(07T;H1(Q))
+ 17U Lo 0.7 1252 (||UH%2(0,T;H1(Q)) + ||ﬁ||%2(O,T;H1(Q)))

o (Il o a2y + 1m0l e 02,0120 ) 1R eo 0,200 | 202,032 |

X exp {C (”ma”%w(o,T;H?(sz))||ma||%2(0,T;H3(sz)) + ||mﬂ||2Loe(o,T;H2(Q))||77||%2(0,T;H1(sz))) }

Now, using the locally Lipschitz continuity arguments from Lemma 4.2, we can find an uniform bound for
[mzl|am and ||mgyy||m whenever ||ul[ 20,751 (o)) < €. Moreover, we will obtain the following estimate

lwllZ20 .13y + 1wl Z20 181 0)) < C Nl z20.7:8102)) + C NullG2 0.7 m1.02))- (4.18)

llwllat
 lullL2 0,11 ()

to-state operator and establishes the equality z = G'(@)[u]. Thus, the proof of (i) is finished.

Therefore — 0 as |lull 20,1311 (2)) — 0, which gives the Frechet differentiability of the control-

For any controls u,v € Y and h € L?(0,T; HY(Q)), let 2, := G'(u)[h] and z, := G'(v)[h] be two unique regular
solutions of the linearized system (4.14). If 2 = 2, — z,, m = m, — m, and @ = u — v, then (2, %) satisfies the
following system:

7
ﬁu%\: Z@k in QT,
k=1

g—fzo on oQr, Z(0)=0 in Q,

(4.19)

where £, is defined in (4.4) and the terms ©;’s are given by

0,=2 (Vﬁ%V% My +2 (Vmy, - Vz,) M, Oy = (V- V(my, +my)) 2,

O3 = 2z, X AT+ M x Az, Oy =12, XU+ M xh,

O5 = —2, X (M X u) — 2, X (M, X U), O = —m X (2, X u) — My X (2, X U),
O7 = —m x (my, X h) —m, x (M x h).
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Again invoking Lemma 4.1 for system (4.19) and using the equality Z(0) = 0, we obtain

8
||3||2Loo(o,T;H2(Q)) + ||/Z\H%2(O,T;H3(Q)) + ||2t||%2(0,T;H1(Q)) < Z H@kH%?(O,T;Hl(Q))
k=1
X €exp {C (HmuH%m(o,T;m(Q))HmuH%?(o,T;Hﬁ'(Q)) + ”mu”%N(O,T;H?(Q))HUH%Z(O,T;Hl(Q))) } (4.20)

Now, let us estimate the terms containing ©y’s on the right-hand side. Applying estimate (2.22) for the terms
©1 and O,, we find

H®1||%2(O,T;H1(Q)) + ||92H2L2(0,T;H1(Q))
<C (Hmu||2Loo(o,T;H2(Q)) + ||mv||2Loo(o,T;H2(Q))) ||7/7\1||%oo(o,T;H2(Q))||zv\|i2(o,T;H3(Q))
+C (||mu||%oo(o,T;H2(Q)) + HmUH%OO(O,T;HZ(Q))> ||7?LH%2(O,T;H3(Q))”Zv”%OO(O,T;HZ(Q))‘
Similarly, applying estimates (2.20) and (2.21) for the terms ©3 and ©,4 respectively, we have
”@3”%2(0,T;H1(Q)) <C HZU||2L°°(0,T;H2(Q))”'fr\lH%Z(O,T;HL?’(Q)) +C Hﬁl”%W(O,T;HQ(Q))”ZUH%Z(O,T;H?’(Q))?
1©4ll720,7:211 () < C N20llEoe o112 181 22 0,751 2) + C N Eow 0,73 172 20) || B2 0,751 -
Finally, applying estimate (2.23) for the terms 05,04 and ©7, and then combining them we deduce
”@5H%2(0,T;H1(Q)) + ”66”%2(0,T;H1(Q)) + H@7||2L2(O,T;H1(Q))

<C ||Zv||%oo(o,T;H2(Q))||7/’\1||%°o(o,T;H2(Q))||UH%2(0,T;H1(Q))

+C ||Zv||%oo(o,T;H2(Q))||mv\|%w(o,T;H2(Q))HaH?L?(o,T;Hl(Q))

+C (HmuH%w(o,T;m(Q)) + ”mv”%w(O,T;HZ(Q))) ||7?L||%oo(o,T;H2(Q))||h||%2(0,T;H1(Q))~

Next, we combine all these estimates and substitute them in (4.20). Then again, utilizing the locally Lips-
chitz continuity arguments employed in Lemma 4.2, we can establish a bound as ||my||m < ||mullm + C |lu —
vl 220,051 () < |Mullm 4 Ce whenever ||u — vl|z2¢0,7;m1(0)) < €. Moreover, applying these bounds in the
energy estimate for z,, we find ||z,[|pm < C ||hl| 220,111 (0))- Substituting these inequalities in (4.20) and using
the locally Lipschitz continuity of control-to-state operator from estimate (4.11), we derive

2117 (0.75002(62)) + 1212200, 7:m3(00)) + 12720, 75001 (2) < CO T, R) [l 220, 7,01 o 1PN 220,71 (2
This leads to the proof of (4.15). O
Corollary 4.4. The Fréchet derivative of the control-to-state operator satisfies the following estimate:

IG" (w)[]llm < C(Q, T, u,ma) [vllz20,7;0 @))- (4.21)
Next, we study the solvability of the adjoint problem. While deriving the optimality condition, we will work

with the weak solution of the adjoint equation instead of the strong solution, which allows us to work with
the target function Vimp € L5(0,T; L°()). Suppose (M, %) is an admissible pair of the control problem. Then
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consider the following linear system:

&o=yg inQp,

(AL — LLG) { e

4.22
on — in aQT7 ¢(I,T) = ¢T in Qa ( )

where the operator & is defined as
Eud =+ Ag+ |V ¢ —2V - (M- ) Vi) + A(p x m) + (A x ¢) — (¢ X W) + ((¢ x M) x T) + (¢ x (M x W)).

The weak formulation of (4.22) is the same as (2.5) with fOT (g,v) dt replacing the term on the right-hand side
of (2.5).

Lemma 4.5. Suppose (M, 1) is an admissible pair, that is, (M, %) € A. Then, for any g € L*(0,T; H'(2)*)
there erists a unique weak solution ¢ € Z of the linear system (4.22) in the sense of Definition 2.8. Moreover,
the following estimate holds:

161700 (0,720 + 10172 0,7 m11.0)) + 1961207151 () ) < (H¢T||2L2(Q) + HQH%Z(O,T;Hl(Q)*))

X €exp {C (HmH%w(o,T;H?(Q))Hm||%2(0,T;H3(Q)) + ||mH%°°(O,T;H2(Q))HaHQL?(O,T;Hl(Q))) } (4-23)

Proof. We will prove this theorem using the Galerkin method. Let {w;}52; be an orthonormal basis of L*(Q)
consisting of eigen vectors for the operator —A + I with vanishing Neumann boundary condition. Suppose
W, = span{wy,ws,...,w,} and P, : L? — W, be the orthogonal projection. Using the solvability of ODEs,
we can find a solution ¢, = E;Zl gjn(t)w; of the following approximated system for each j =1,---,n and

0<t<T:

+ ((@a(t) x M(t)) x (t), w;) + (dn(t) x (M(t) x W), w;) — {g(t),wy),
¢n(T) = Pp(¢1).

Now, multiplying (4.24) by g;,(t), summing over j = 1,...,n, and using the property a - (a x b) = 0, we have

1d ~ ~ ~
~5 3710+ [ V0,0 dr = [ [VPIo, dot2 [ ((-6,)V) - Vo, dr

_/ V((bn X ffl) : V(bn dz +/ ((¢n X ff") X a) (bn dz — <g(t)7¢n(t)>'
Q Q

Applying Holder’s inequality and the embeddings H'(Q) — L*(Q), H?(Q) — L>(Q), we find

1d 1
~5 3116+ 5 [ 1900 de < C la(O) o

+ C 1) 2y (1708) ey + IO @y ) Nn (B 320
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By the application of Gronwall’s inequality and using the inequality ||, (T)[|z2(q) < [|¢(T)[|2(q), we derive

T
6 (B)1172 (02 JF/ /Q|V¢n(5)|2dm ds < (H¢T||2L2(Q) + ||g||2L2(0,T;H1(Q)*)>
t

T
X €Xp {C ”7%”2L°°(0,T;H2(Q)) /0 (\\771(3)|@13(Q) + ||ﬂ(S)H%11(Q)) dS}v vtel0,T). (4.25)

Given that the right-hand side of the above estimate is independent of n, and the state m € M, we can conclude
that the sequence {¢,} is uniformly bounded in the space L°°(0,T; L?(Q)) N L2(0,T; H'(Q2)). Now, proceeding
in a way similar to Theorem 5.2 of [20], we find the following

T
/0 165, ()31 (@) At < C (HQH%Q(O,T;HI(Q)*) + 17l oo (0.7 112 () | Bn 1 22 0. 1,211 ()

S L A oro [ PN N sy B

Therefore, using the uniform bound for {¢,} in L>(0,T; L*(Q)) and L?(0,T; H'(Q)) from inequality (4.25) in
the above estimate, we find that {¢/,} is uniformly bounded in L?(0,7T; H'(Q)*). Appealing to Aloglu weak*
compactness and reflexive weak compactness theorems, we have

bn 2 ¢ weakly in L2(0,T; HY(Q)),
bn “S ¢ weak® in L0, T; L2(Q)), (4.26)
¢!, 2 ¢ weakly in L2(0,T; H'(Q)*), as n — oo.

Again the Aubin-Lions-Simon lemma (see Cor. 4, [37]) establishes the existence of a sub-sequence of {¢,}
(again denoted as {¢,}) such that ¢, > ¢ strongly in L?(0,T; L?(2)). Using this strong convergence along
with (4.26), we can verify that ¢ satisfies equality (i) of Definition 2.8 for every ¢ € span(ws,wa,...). Further,
as such functions are dense in H'(Q), it holds true for every ¢ € H*(Q). Since for any o € L?*(0,T) and
¥; € H'(), the elements of the form > j=1 @j(t) ¥; are dense in L2(0,T; HY(Q)), so equality (i) holds for every
9 € L2(0,T; H' (). O

Finally, we can conclude the proof of Theorem 2.9.

Proof of Theorem 2.9: The result can be readily derived as a direct consequence of Lemma 4.5 by making the
substitution g = V - (|Vm — Vmp[*(Vin — Vmp)).

For any element v € L?(0,T; H*(R)), the following estimation for the dual product of g holds:
T T
/ (9, V) H1 () xHY (@) AT = —/ / IV = Vmp[*(Vit — Vmp)) - Vo dz dt
0 0 Jo
T
< /0 IV = Vmp|2eq) Vllr20) dt < C [V = Vimpl[fsrrey 10122070 9)- (4.27)

Therefore, in order to make this dual product meaningful, we had to choose mp such that Vmp €
L5(0,T; L%(Q)). Hence, the estimate (2.6) follows from (4.23) and (4.27). O
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4.3. First order optimality condition

The first-order optimality condition for non-convex problems is a basic criterion used to analyze critical points
in optimization. To derive second-order sufficient and globally applicable optimality conditions, we leverage the
insights obtained from the first-order optimality condition.

Proof of Theorem 2.10. Since the set of controls
S:={ue L*0,T; H'(Q)) | a(z,t) < u(x,t) < b(x,t) for a.e. (x,t) € Qr}

is convex, so for any u,u € S and € € (0,1), we have @ + e(u — ) € S. Moreover, as the set of controls in
L?(0,T; HY(Q)) for which there exists a regular solution in M is open, for any control % € U, u € L?(0,T; H(Q))
and € > 0 sufficiently small, we have & + e(u — @) € U. Therefore, U+ e(u — U) € Uyq for controls U, u € U4 and
small enough e > 0.

Now, as U € U,q is an optimal control of MOCP and the control-to-state operator is Fréchet differentiable,
the functional Z(u) = J(G(u),u) satisfies the following inequality:

D I(@)u—7] = lim Z(u + e(u — W) — (1)

e—0T €

>0, Vu€Uyg (4.28)

Now, by setting v = u — & and applying chain rule, we have

DZ(@)[e] = D (70, 7) o (DuG(@)[0]) + Du (i )0

:/ u-vde dt+ Va - Vo dz dt—}—/(fﬁ(z,T)—mQ)-z(x,T) dz
QT QT

Q
+/ Vit — Vmp |2 (Vi — Vmp) - Vz dz dt, (4.29)
Qr
where z, := D, G(u)[v] € M is a unique regular solution of the linearized system (4.14).

Now, we take ¥ = z, in the weak adjoint formulation of (2.4). Then, doing a space integration by parts for

the last term using 862;7’” = 0, we obtain

T
—/0 (o(t), 2, (t)) dt + (M(z, T) — ma(x), 2 (T)) — V- Vz, dr dt —l—/ |Vin|?¢ - 2, do dt

QT QT

V(¢ x m) - Vz, dxdt—i—/ (Am X ¢) - 2z, dz dt

+2/ (m-¢)Vim - Vz, de dt —
QT QT

Qr

—/ (¢xﬂ)-zydxdt+/ ((quﬁz)xﬂ)-zvdxdt—l—/ (¢ x (M x W) -2z, do dt
Qr Qr

Qr

= —/ |Vin — Vmp (Vi — Vmp) - Vz, dz dt, (4.30)
Qr

where we also used the following identity:

T T
/0 (21, 9) dtJr/O (¢r,2) dt = /Q (m(z,T) —mgq) - z(x,T) dx. (4.31)
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On the other hand, considering the inner product of the linearized system (4.14) with ¢, we have

/OT(Z;,qs) dt = —

—1—2/QT(m-¢)(Vm-Vzv) dz dt—i—/Q

Vz, V¢ dz dt +/ |Vin|?z, - ¢ do dt

QT QT

(zvaﬁ%)-qu;vdt—/ V(¢ xm)-Vz, de dt

T Qr

+/QT(zv><'ﬁ)~¢dxdt—/QT(zvx(r?zxﬂ)).¢dxdt—/ (M x (20 X W) - ¢ do dt

Qr

+/ (ffov)wj)dxdt—/ (M x (M xv)) - ¢ dz dt. (4.32)
QT QT
Combining equations (4.30) and (4.32), then substituting the result in (4.29), we obtain

DuI(ﬂ)w:/ u-vdedt+ Vﬂ-Vudxdt—l—/
Qr Qr Qr

((¢xﬁ1)+fﬁx (quﬁz)) v dx dt.
At last using (4.28), applying the cross product property (a x b) - ¢ =b- (¢ x a) for the last integral on the right
hand side, and putting v = v — %, we get the required optimality condition (2.7). O

5. SECOND ORDER OPTIMALITY CONDITION

In convex optimal control problems, controls that satisfy the first-order necessary optimality conditions
are globally optimal. However, for non-convex optimal control problems, additional analysis, including higher
derivative analysis, is required to ensure local optimality. For optimal control problems governed by the
Landau—Lifshitz—Gilbert equations, second-order sufficient optimality conditions play a crucial role in the numer-
ical analysis. These conditions are essential in guaranteeing the feasibility and local optimality of a control,
considering the intricate dynamics and non-linearity of the LLG equations.

Due to the availability of a weak solution for the adjoint system, we are empowered to establish an operator
that associates each control in U with the corresponding adjoint solution. Henceforth, we shall refer to this
operator as the “control-to-costate” operator. This operator, denoted as ¢ : U — Z, effectively maps controls
from the set U to their respective adjoint solutions in Z.

5.1. Control-to-costate operator

Lemma 5.1. The control-to-costate operator ® : U — Z 1is locally Lipschitz continuous, that is, for each control
u € U, there exists € > 0 and a constant C3 > 0 depending on Q, T, u, m,, € such that

[®(u) — @(v)llz < Cs [[u—v|lL2(0,1,151 (02))> (5.1)

for all v with ||[u — v||L20,7;m1 () < €.

The proof of Lemma 5.1 can be done using a comparable approach to that employed in proving Lemma 4.2.
It’s important to note that since the equation satisfied by the costate variable is linear, we can transform the
equation satisfied by ¢ := ®(u) — ®(v) solely in terms of ¢ and ®(u). Thus, we can carry out the proof without
requiring the continuity of the control-to-costate operator beforehand.

Proposition 5.2. Let @ € U be the control and mg be its corresponding reqular solution. Then the following
two conclusions hold:
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(i) The control-to-costate mapping ® is Fréchet differentiable on U, that is for any @ € U, there exists a
bounded linear operator ® (@) : L*(0,T; H(Q)) — Z such that

[®(a + u) — @(u) — ' (w)[u]] 2
||UHL2(O,T;H1(Q))

— 0 as HUHL2(O,T;H1(Q)) — 0,

where ¢’ := ®'(@)[u] is the unique weak solution of the following system:

Ez) = -2 (Vmg-V2)p+2 V- ((z . gb)Vmg) +2V. ((mg . d))Vz) —A(p x 2) — (Az x ¢)
+ (pxu) = ((¢ x 2) x @) — ((¢ x mg) x u) — (¢ x (2 x @) — (¢ X (Mg x u))
+ V- (2 ((Vmg — VmD) . VZ) (Vmg — VmD)) + V- (‘Vmg — VmD\QVz) mn QT,

5 =0 ind9r,

¢'(T)=2(T) inQ.

(5.2)
(i4) The Fréchet derivative ®' is locally Lipschitz continuous. That is, for any controls w € U, h €
L?(0,T; HY(Q)) there exists € > 0 and a constant Cy > 0 depending on 0, T,u, m.,, € such that

@' (u)[h] — @' (v)[h]]|lz < Ca [lu—vllL20,1:m ()) IPllL2(0,1:87 () (5.3)

for all v in L?(0,T; HY(Q)) with ||u — vl 20,1511 () < €

Proof. Suppose u € U be any fixed control and mg be the corresponding regular solution. Let z be the unique
regular solution of the linearized system (4.14) and ¢5 be the unique weak solution of the adjoint system (2.4).
As a consequence of Lemma 4.5, we can easily show that the system (5.2) has a unique weak solution ¢’. Note
that, here ¢’ is merely a notation and does not yet signify the derivative of the control-to-costate operator.
Let ¢ = ¢pgpy — dm, M = Myiy — my and w = My, — Mz — 2. Then & = ¢g, — ¢z — ¢’ solves the following
system weakly in the sense of Definition 2.8:

8

k=1
%57 = on 0Qr, (1) =mgu(T) —mz(T) — 2(T) in Q,

(5.4)

where &; is defined in (4.22), and the terms S;’s are given by

Si = —(Vi - (Vg + Ving)) & — [Vi2ég — 2 (Vmg - Vu) o,
Sy =2V (M- E)Vm) +2 V- ((mg- Q)VR) +2 V- (- dg) VD)
+2V- (- qs)Vm—) +2 V((w- ¢z)Vmg) +2 V- ((mg - ¢z)Vw),
S = —A(6 x M) — A(dg x w),
Sy = :(Aﬁ% x ¢) — (Aw X ¢g),
S5 = ¢ x u,
S = —((6 x M) x (i +u)) - (6 x ma) x u) = (9 x ) x w) — (67 x w) x 1),
Sy = (6 x (M x (@+u))) — (6 x (mg xu) — (dg x (M xw) — (¢5 x (wx 1)),
Ss =V - ((Vin- (Vmgiy, + Vg — 2Vmp))Vin) + V - (|Vi*(Vmg — Vmp))
+2 V- (((Vmg — Vmp) - Vw)(Vmg — Vmp)) + V - (|[Vmg — Vmp[*Vuw).
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Using Lemma 4.5, we can find the following estimate on the solution of system (5.4):

8
||f||2L2(o,T;H1(Q)) + ||§t||2L2(O,T;H1(Q)*) < <||ma+u(T) —mg(T) — Z(T)H%P(Q) + Z ”Sk”ZL?(O,T;Hl(Q)*))
k=1

X €exp {C (”mEHQL‘X’(O,T;H?(Q))||mﬂ||i2(0,T;H3(Q)) + HmiH%m(O,T;HQ(Q))HEHQL?(O,T;Hl(Q))) } (5.5)
Applying estimate (2.24) for the L?(0,T; H*(Q2)*) norm of S;, we obtain

18112 0,731 () < C (IImall e o,75m2(0)) + IMapulle 0,75 m2000)) 17l Lo (0,752 101 L2 0,73 22(2)

+ C |l Z < 07112 2 | Bl L2 0,7322()) + C 1Ml Lo 0,7502 () 1wl oo 0,712 () | Bl L2 0, 7522 (92)) -

Proceeding for Sy using estimate (2.25), we have

ISallz20mim @) < © (Il 0,732 + Il o,7:2() 1611z (0.2 170 20,748 )
+C (9l 0,1:L292)) + 16zl L 0,1:02(02))) 172l Lo (0,73 112 (20) |72 L2 0,7 113 (52
+ C |Jw|l poe (0,152 () | 3l o< (0,7:22 () Mzl L2 0,75 53 ()
+ C |lmagll Lo (0,7;m2 @) l|Pall L= (0,12 ) W]l L2 (0,75 53 (02)) -

Similarly using estimates (2.26), (2.27) and (2.28) to evaluate the L?(0,T; H*(2)*) norm of S3, S; and S5, we
find

ISsll2(0, 1311 (2)=) < C \|¢||L2(0,T;H1(Q))||75\1/UL00(0,T;H2(Q)) + C |zl z20,m;m1 @) 1wl oo (0,758 ()
1Sallz2 0,701 (0)+) < C HTZl||Loo(o,T;H2(Q))||¢||L2(0,T;H1(Q)) + C [Jw| oo (0,152 () | D3l L2 (0,755 (92))

||S5HL2(0,T;H1(Q)*) <C H¢||L°°(O,T;L2(Q))HUHL2(O,T;H1(Q))'

Now, for the terms Sg and S7 using estimates (2.29) and (2.30), we have

IISGIILZQ,T;me*) + 187l 20,7501 (2)%)

<C ||¢||L:o(o,T;L2(Q))HﬁlHLw(o,T;H?(Q)) (1@l 20,11 00)) + Il 20,7501 ()
+ C |9l Lo (0,7:22 ) Mzl Lo (0,75 152 () 1wl L2 0,751 ()
+ C ¢zl Lo (0,:2 () 17| Lo (0,7 112 (02 1l 2 0,710 (92

+ C ¢zl o= 0,7:22 ) 1wl Lo (0,7 52 ) 18| L2 (0,7 11 (02)) -

Finally, estimating Ss using (2.31), applying the embeddings H*(Q) < L%(£2) and the inequality || - || (0, 7) <
C || : ||L°°(0,T)a we find

1881l L2 (0,711 (@)+) < C 1700 (0,7 112 02)) (M| Lo 0,72 0)) + Il Los (0.1:12 ) + VM || 80,7525 (02)))

+ C |lwl[z=(0,1;m2(2)) (”mﬂllix(O,T;H?(Q)) + vaDH%G(O,T;LG(Q))) .

Then let us combine all the above estimates, substitute it in (5.5) and divide by ||u||%2(07T;H1(Q)). Since u € U,
so for small enough u we can guarantee that u 4+ u € U. Now, again using the locally Lipschitz continuity of
the control-to-state operator, we can find an uniform bound for ||mz|am and ||mgy||am for such small control
function w. Similarly, from estimate (2.6) we can find a bound for ||¢g| z. Moreover, from the locally Lipschitz
continuity of the control-to-state and control-to-costate operators given in estimate (4.11) and (5.1) respectively,



32 S. PATNAIK AND K. SAKTHIVEL

it is clear that ||T/T\L||M <C ||UHL2(0’T;H1(Q)) and ||¢]|lz < C HUHL2(O,T;H1(Q)) for small enough HU||L2(O,T;H1(Q))-
Again, from estimate (4.18), we know that ||w||pm < C ||uH%2(O)T;H1(Q)) +C Hu||i2(07T;H1(Q)). Therefore, based
||SkHL2(o,T;H1

D5 0 as ||ul
||UHL2(0,T;H1(Q))

on these estimates, we conclude that r2(0,1;H () — 0 for each k = 1,2,...,8. Also,

by Proposition 4.3, we have

M u(T) —ma(T) — 2(T) 2y Imaye — ma — 2llLe0,7:02(2))
<
1wl 20,7511 () B lull 22 (0,7; 17 (22))
[ = ma — 2[m l[wl]lm

lullzo, )y~ lullzeo,rmr ()

—0 as ||'U/||LZ(O,T;H1(Q)) — 0.

Hence, we conclude the Frechet differentiability of the control-to-costate operator by showing % —0
L<(0, T;H* (22

as |lull 2 0,7;m1 (2)) — 0.
Suppose ¢;, := ®'(u)[h] and ¢; := ®'(v)[h] be two weak solutions of system (5.2). Let {b\ =@, — ¢, m=
My — My and @ = u — v. Then ¢ will weakly satisfy the following system:
8
Eui/J = Z Bk in QT,
~ k=1 .
Fe=0 ondr, P(T)=2,(T)—2(T) nQ,
where &, is defined in (4.22), and the terms By’s are given by

By = — (V- (Vmy + Vmy)) ¢, — 2 (V- Vzu)bu — 2 (Vmy - V)b — 2 (Vim, - Vz,)6,

By =2V (M- ¢,)Vmy) +2 V- ((my-6,)VA) +2 V- (- 6,)Vma) +2 V- (20 - 6) Vi)
+2 V- (20 6,)V) +2 V- (R 6u)V2) +2 V- ((my - $) V) +2 V- ((my - 6,)V3),

By = —A(¢, x ) — A x 2,) — Ay x 2),

By = —Aff x ¢, — (A% x §,) — (Azy x §),

Bs = ¢, x 0+ xh,

Bs = —(8, x M) x u— (¢, x mo) X 8 — (6 X 24) X u— (o X 2) X U — (¢ X 2) X 0
— (& x M) X b — (¢ X M) X h,

By = —¢, x (M x u) — ¢y x (my x 0) — ¢ X (20 X ) — o % (5% 1) — do X (2 X 1)

— ¢ % (my X h) — ¢y X (M x h),
Bs =2V - ((Vin-Vzu)(Vm, — Vmp)) +2 V- (((Vm, — Vmp) - VZ)(Vm, — Vmp))

+2V- (((va —Vmp) - Vzv)Vm) +V- ((Vﬁ% (Vmy +Vm, — 2 VmD))Vzu)
+ V- (‘va — va|2V2)

Again appealing to Lemma 4.5 we can find an estimate on the solution of the system (5.6) as follows:

8
101720701 )y + 1062070 (00)) < <||Zu(T) — 2o(D)ll720) + D HBkH%Q(O,T;Hl(Q)*)>
k=1

< exp { (Imull e o Vol + ol ramian) b 6)
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By doing calculations similar to Part-(i), we can find || Bx| 20,7511 (0)+) < C [lu—v| p2 (0,711 (2)) |12l 220,707 (02))
whenever [|u —vl|z2(0,7;m1(Q)) < €. Also, for the final time data, we will use the estimate

12(T) = 20(D)I72(0) < 12w = 2ol Ee 01220y < C llu=vll720,7m10)) 172200751 )
Therefore, by substituting these estimates in (5.7), we obtain the required result (5.3). Hence the proof. O

Corollary 5.3. The Fréchet derivative of the control-to-costate operator satisfies the following estimate:
@' (w)[v]l|z < C(Q,T,u,my) vl L2(0,7;m1 () (5.8)

5.2. Second order optimality condition

In the previous subsections, we proved the Fréchet differentiability of both the control-to-state and control-
to-costate operators. Using these postulates, we will evaluate the second-order derivative of the cost function
and prove the sufficient optimality condition.

Proof of Theorem 2.12. Let U be a fixed control in the set U, 4. Now, since the control set ¢/ is an open set, choose
the value of e small enough such that for u € Uyq with ||u — @[ 120,751 (0)) < € ensures that for any 6 € (0,1)
the control U+ 6(u — @) € U. Now, by Proposition 4.3, it is clear that the control-to-state operator G is Fréchet
differentiable over this set of controls. Indeed, we can show that it is infinitely differentiable (see Prop. 5.1 of
[20]). Consequently, the reduced functional Z is infinitely differentiable. Therefore, Taylor’s expansion for the
functional Z can be given by

J(m,u) =ZT(u) =Z(0) + Z'(a)[u — u] + % I'(U+ 0(u—7)) [u—T,u—7], (5.9)

where 6 € (0,1). From the first order optimality condition (2.7), it is clear that Z'(@)[u — u] > 0. From the
definition of critical cone, it also clearly appears that v —u € II(w), for all u € Uyq.

Since both the control-to-state and control-to-costate operators are Fréchet differentiable, so for any controls
uy,uz € L*(0,T; H'(2)), the second derivative of the functional Z is given by

(W) [u1, uz] = / uq - uy da dt + Vu; - Vug dz dt —|—/ (P4lua] x m7) -y da dt
Qr Qrp Qr

+/ (¢ x mAlug]) - ur dz dt +/ (milusg] x (¢ x my)) - uy do dt
Qr )

T

+/ (m x (5lua] x m7)) - uy da dt +/ (mz x (¢ x milug))) - uy da dt.
Qr Qr

Next, we will show that the second derivative of the functional Z satisfies the following continuity property
[(Z" (@ + 0(u 7)) —Z"(@)) lu—T?| < C |lu—Tllz2(0,7:m0 (2)):

for 6 € (0,1) and for any control u with ||u — | z2(0, 7,11 ()) < €. We will only show the estimation of a few
terms, and the rest of the terms can be estimated in a similar way.

Applying Holder’s inequality and then implementing the locally Lipschitz continuity of Fréchet derivative of
control-to-costate operator (5.3), continuous dependency of the control-to-state operator (4.11) and estimate
(5.8), we obtain

[ (Sl = 0 ) - 0 do = [ (o= ) - (0 ) ot
T

Qr
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< 1 5ou—m v — T — ¢5lu — Wl L20,7;02(0)) lw — UllL2(0,7;22(0))
+ [|¢5[u — 4| oo 0,7522(02)) [IMatou—i) — Ml L2 0,10 () 1w — @l 20,7501 ()

< C Nlu =320 1.5 -

Again applying Hélder’s inequality, the estimates (4.11), (4.15), (4.21), (4.23) and (5.1), we get

/Q [(h o o= % (00— X Mrvoqu—m) ) — (mbfu =7 x (¢ x m3))| - (u—7) da dt ]

<C |:Hm’/ﬁ’+9(u,’7j’) [u— ) — mlu — ]|l 20,710 ) | D7rou—2) — DallLee0,1:02(0)) IMasou—m) Lo 0,301 ()

+ [[m&fu — )| Lo (0,1, 12(02)) |07 +0u—7) — DTl L20,7:02Q)) I1Marou—w) | Lo (0,111 (22))
+ [Imilu — @l Lo 0,msm2(0)) 63l 0,1522()) IMaso—m) — m?IHLZ(O,T;Hl(Q))} lu = ll 2 (0,7:m1 (2))

<C|u-— TZszz(O’T;Hl(QWwhenever |l — @l 20,711 () < €.
Using these estimates and assumption (2.8), we conclude the following;:

'@+ 0(u—2)u—a? =T"(@)[u—-a°+ ('@ +0(u—120)) —I"(@)) [u— 1 (5.10)
b
2

>0 flu— ﬂnzL?(O,T;Hl(Q)) —C u— a||?i2(o,T;H1(Q)) > 5 flu— a”%’z(o,T;Hl(Q))a

in which we have chosen € > 0 small such that ||u — @20, 1m1(0)) < 3 C where § > 0 is the constant coming
from (2.8). Finally, from (5.9)-(5.10), it is evident that Z(u) > Z(u) + o |Ju — “||2L2(0,T;H1(Q))7 with o = /4,
provided that ||u — || 120,711 (@)) < € for a sufficiently small € > 0. This completes the proof. O

6. GLOBAL OPTIMAL CONTROL

A second-order sufficient condition primarily provides localized information and often falls short of enabling a
definitive determination regarding whether a given control constitutes a global minimum or not. In this section,
we prove a global optimality condition for the problem stated in Section 2.2.

Pmof of Theorem 2.13. Let us define m := m —m and U := v — @. To establish a global optimality of the control
w, we assert that Z(u) — Z(w) > 0 for all u € L{ad\{u} By doing a straightforward calculation, we arrive at the
following equality:

I(u)fI(u):i/ |u|2dzdt+/ u-udxdt+§/ |Vu|2dxdt+/ Vu-Vu dz dt
Qr Qr Qr

Qr
1 ~ A~ ~
+ 5/ |m(x, T)|* do dt +/ m(z,T) - (m(z,T) — mq(z)) do
Q Q
1 AN A ~ ~
+Z/ |Vin|* dx dt+/ Vin - (Vi — Vmp) |Vin — Vmp|* dz dt
QT QT

3 A ~ A A ~
+ 5/ |Vin|? - |V — Vmpl|? dz dt —|—/ |Vin|? Vin - (Vi — Vmp) dz dt. (6.1)
QT QT
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Now, applying the estimate [, [VA|* Vi - (Vi — Vmp) de dt > =3 [0 |Vin* [V — Vmp|* dz dt —
§ Jo, IVM|* dz dt and the variational inequality (2.7) in (6.1), we find

T(u) — Z(7) > 1/ (Ja]* + |Val*) da dt+1/ |m(z, T)|* dz dt+i/ \Vim|* dz dt + R, (6.2)
2 Ja, 2 Jq 12 Jq.

where R 1= — /QT(Qﬁ x m)-u dz dt—i—/ﬂfﬁ(m,T) (M2, T) — mq(z)) dz

—/ (M x (¢ x m))-uda dt+/ Vit - (Vi — Vmp) |Vt — Vmp|? dz dt.
QT QT

From the definition of 7 and 7, we know that (7, %) satisfies the following system

Lym = V> m+ |[Vin2m + 2(Vin - Vi) +m x A +m X U+ m x @ —m X (i x @)
~ A A
—m X

—m x (M x U) —m x (M x ) (M x 1) —mx (mxu) inQp, (6.3)

9 _0 o, M(z,0)=0 inQ,

where the operator £y is defined in (4.4).
Taking L?(0,T; L*(€)) inner product of (6.3) with the weak solution ¢ of the adjoint sytem (2.4), and then
doing an integration by parts, we derive

T

T T T
/ (Ex0, ) dt+/ (VAL 7, 6) dt+/ (IVA2F, ) dt+2/ (V- V)i, ) dt
0 0 0 0
T T T
+/0 (7 x A, 6) dt+/0 (7 x 8, 6) dtf/o (7 x (1 x ), 0) dt

—/O (mx(mxﬂ),q’))dt—/o (mx(ﬁixu),qﬁ)dt—/o (m x (M x 0),¢) dt
T

T T
:/ (A(T), 6(T)) dt—/ (7 x @, ) dt+/ (7 x (7 x ), 9) dt, (6.4)
0 0 0

where we also used the identity similar to (4.31) for fOT (7/7\1,5, QS) dt. Now, from the weak formulation of the

adjoint problem (2.4), we have

T

T T T
/O<¢,m>dt—/0 (Vo, Vi) dt+/0 (Vi) ¢,m)dt—2/0 (V- (- )V}, ) dt

T T
(A7 x 6, 7) dt—/ (6 x T ) dt+/ (6 x ) x T, ) dt
0 0

T

—/OT (V(¢ x i), Vin) dt—&—/o

T T
+/ (6 x (i x ), 7) dt:—/ (1Y — Vmpl? (Vi — Vimp), VA1) dt. (65)
0 0

Subtracting equality (6.5) from (6.4), we get

T

T T T
/ (VA 7, 9) dt+/ (VA2 ) dt+2/ (V- Vi) o) dt+/ (7 x A, 6) dt
0 0 0 0

T T T
+/0 (T?Lxﬁ,gb)dtf/o (ﬁzx(r’ﬁxﬁ),gb)dtf/() (7 x (A x ), ) dt
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T T T
—/O (7 x (7 x ), 6) dt—/o (7 x (7 x ), 6) dtz/o (W(T), $(T)) dt

T T T
_/(mx@@m+/ @xmmapwa+/(Wm—wwﬁwm_ww%wmdt (6.6)
0 0 0

Therefore, as a result of equality (6.6) and a - (b x ¢) = —(b X a) - ¢, the value of R from (6.2) becomes

T T T
72:/.ﬂvﬁﬁﬁm@dr+/ ﬂvﬁﬁﬁ¢%ﬁ+2/ (V- Vi) difr, 6) dt
0 0 0

T
+/ (M x A, ¢) dt+/
0 0
T

T T
_/(mx@xm@a_/(mx@xm@w_/(mxmxm@w. (6.7)

0 0 0

T

T
%xﬁ@d—/(ﬁx@xmwﬁu
0

Now, let us estimate the bounds for each term on the right-hand side of R individually. For the first three
terms, using the fact that |m| = |m — m| < |m| + |m| = 2 and applying Hélder’s inequality and the continuous
embedding H'(Q2) < L*(Q), followed by the Lipschitz continuity of control-to-state operator given by estimate
(2.10), we obtain

T T T
/0 (Ivin|* i, ¢) dt < 2/0 IV ()74 6() L2 dt < C/O V()5 0 190020 dt

< C |llz2 0.2 () 170701 m200) < C NellL20.m:L20) 81720711 (02))»

T
/0 (IVAR 7, 6) dt < C 6]l ey 180,

T T
and 2/ ((Vin - Vim)m,¢) dt < 2/ IVa(t) || oy V) sy 1) |Ls @) 1))z (o) dt
0 0
< C |l 20,1512 @) 18llL20,1502(2)) 170700 (0,752 02

< C |l 20,12 @) 18llL20,1502(2)) 1811220 7.5 ()

The terms (ﬁz x Am, gb) and (7’7\1 X 4, d)) can be estimated by the same upper bound. Further, applying the
Holder’s inequality, the embedding H'(Q2) < LP(Q) for p € [1,00) and estimate (2.10) for the subsequent terms
involving the control, we derive

T T
/O (M x (M x T),¢) dt < 2/0 ()] ey @) L) 16822 dt

< C |l ez, riz2 (@) 17l 0mim @) Nll20.r:m1 @) < C 6llL20.1:22 () T F20.7: 01 (02

T T
and /0 (M x (M x @), ¢) dt < 2/0 17O 250y 1T Ls() 6B L2(0) dt

< C 8l ez .2 @) 1Tl L20mm @) 17l 0,10 ) < C 10llL20.1:22(2)) 1Tl L2071 @) @720, 75001 (52))-
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The rest of the terms in (6.7) can be estimated in a similar way. Now, combining all the above estimates, we
find the following bound for R:

IR| < C(Q,T) {1+ |WllL~orm2) + 1@l 20158220 } 101220102 1811720711 (02)) -

Substituting this bound in estimate (6.2), we find our required result. The proof is thus completed. O

7. OPTIMAL CONTROL via FIXED MAGNETIC FIELD COILS

Proof of Theorem 2.16. The proof follows the arguments given in [27] for general semi-linear parabolic control
systems. Let us prove this theorem by the method of contradiction. Suppose that U does not satisfy the growth
condition given by inequality (2.14). Then there exists a sequence of control functions {U}72, in U,q such that
Up — U in L?(0,T;R") and the following inequality will hold:

A

A~ 1 ~
JU) < JU) + m 10 = UlZ207.mny VY k- (7.1)

Now let us define pi = |U — ﬁ'”LZ(O,T;Rn) and hy = pik Uy — [7) Since [|h||L2(0,7;rn) = 1, We can extract a
sub-sequence, for simplicity again denoted as {hy}, such that hy — h weakly in L2(0,T;R™). First we will show

g—g(ﬁ)[h] = 0. The mean value theorem gives the equality

A A~

T = 7@+ p ST i),

where vy, is a point between U and Uy. Substituting this equality in estimate (7.1), we find

0J 1 ~ 1 ~
FTTAULIRS @”Uk —UllZ20,rm) = 72Uk = Ullz20,mmm).- (7.2)

Now, the first-order variation of the functional J is given as

Z T
%(Uk)[hk] = /0 vg - hy dt + /QT ((bvk X mvk) - {(hg) dz dt + /QT (mvk X (@y, X mvk)) - C(hg) dz dt. (7.3)

Since Uy, — U strongly in L?(0,T;R™) and vy is a point between U and Uy, from estimates (4.11) and (5.1),
it is evident that m,, — m{ strongly in M and ¢,, — ¢f7 strongly in Z. Moreover the weak convergence of
hy — h in L?(0,T;R™) implies that {(hy) — ((h) weakly in L?(0,T; L?(f2)). Thus, the following convergences
hold:

T T
(1)/ ’Uk~hkdt—>/ U-hdt,
0 0

(ii) /Q ((bvk X mvk) - C(hg) dz dt — ; (gbg X m”U’) - ¢(h) dz dt,

(i) /Q (m 5 (0 ) - €0 do b= [ (7 x (67 > i) - 28 dr

Let us first prove the convergence of (ii). By applying Holder’s inequality and the continuous embedding
HY(Q) — LY(Q), we have
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‘/ (o, X My ) - C(hi) da dt—/QT (67 x m) - C(h) dz dt’

< / |¢'Uk X My, — OFF X m5| ‘C(hk)| dz dt + ‘/ (gzbfj X m’fj) . (C(hk) — C(h)) dz dt‘
QT QT
<N po, — ¢TI L20,1522(02)) 1Ml Loe 0,751 (22)) [1C(RR) | 220,757 (90))
+ 10T 220,751 () (M0, — M |lLoe 0,731 () 1C(ha) L2 0, 1322(02)) + ‘ /Q (67 x m7) - (C(he) = ¢(h)) da dt‘
T

— 0 as k — oo.

The convergences (i) and (iii) can be shown analogously. Therefore, as a result of the above convergences, taking
k — oo in estimate (7.2), we can obtain

O @)lA] = Jim 97 ()] < . (7.4

Also, as Uy is an admissible control, from the first-order variational inequality (2.7), it is clear that

ajﬁh 1&7

a0 Db = 25 @~ 0] 2 0

Therefore, taking k — oo in the above inequality via (7.3) and using the weak convergence of {h}, we find that

0T ~ 0T ~
o (O)lh] = lim @(U)[hk} > 0. (7.5)

Combining (7.4) and (7.5), we conclude that 8‘7(U)[h] = 0.

Next, we will show that h € A(U ) The set of all controls in L2(0,T;R™) that are non-negative if U( ) = a(t)
and non-positive if U(t) = b(t), say S is convex and closed, whence also weakly closed. Since Uy € U,gq, clearly
hi, belongs to the set S and so does h as a consequence of the weakly closedness of the set S.

Define 15y := U + [, (¢ x my + mg x (¢ x mg7)) - B dz. Then the first order necessary optimality condition
(2.13) can be written as

T
/ Y5@) - (U)—Ut)dt >0, VUEUgu.
0
From this, we can also deduce the following condition

(7.6)

As a result of (7.6) and h € S, we can find that

/I (t)] dt = /T~ g‘g(ﬁ)[h}_o.
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Hence h(t) = 0 if 777 # 0, which concludes that h € A(ﬁ) Next, we claim that h = 0. We will prove this by
showing J"(U)[h, h] < 0. Invoking the second order Taylor’s series for J (Uy), we write the following expression:

~ 87 ~ R T

Tk = TO) + pu 55 O] + B S () e, ],

where wy, is an intermediate point between U and U. As a result of this, we can write the following equality

A

@)l ha) = F0i) - F(T) + 2

(ZUZ ([7) ;}Z(wk)) [Pk, he]. (7.7)

Now, substituting ||Uy — (7||L2(0’T;Rn) = pi in estimate (7.1), we obtain

~ ~ o~ 2
T - F(O0) < ’ka for each k. (7.8)

>

Since 87 (U)[hk] > 0 and pr — 0, we can write pk%(ﬁ)[hk] > pi ag (U)[hk], for k > kg, where ky is sufficiently

large. Substltuting this inequality and (7.8) in equation (7.7), and dividing by p?, we obtain

8T .~ 1027 ~
%(U)[hk] + iﬁ(U)[hk, hi] <

1 17 = 2T

-+ — hi, hi)- .
e+ 3 (@ - o)) I (7.9
The second-order variation of the functional f is given by

62;7\ =~ T / ~
e O] = [ ar+ [ (s et mir) -2l a (7.10)

n /Q (¢U X m; [C(hk)]) - C(hy) dz dt + /Q (m’c(g)[C(hk)] x (¢;; x m;;)) - (hy) dz dt
G (¢>g<5[c<hk>] <)) - efhe) do de+ |

Qp

(e x (5 x miygs e(hn)])) - Gl da ot

We want to show that the second term on the right-hand side of inequality (7.9) tends to 0 as k — oo. We will
verify this convergence for the second term of (7.10). By applying (4.11) and (5.3), we derive

¢/C(’L‘,’)[C(hk)] x mg7 ) - {(hy) do dt — QSIC(wk)[C(hk)] X My, )+ C(hy) da dt
Qr Qr

< /QT (W}(’ﬁ) [C(hk)] = S [CAR)]| 1T |+ | D ) [C)]| 1M — s ) |C(Ry)| da dt
< C |63 [€Pr)] = G uop) [C | L0 12y 1160 220,322 (22
+ C [0 (w) (SO e (0.2 02y 17T = M|z (0,753 () 160 200,752 )
C (C(ﬁ) — C(wi) 20,111 (9)) + 10wk ) | L2 0,7, () [T — mwk”LQ(O,T;Hl(Q))> IR T2 0,11 (02))
<C ||(7 — W[ L2(0,7;mn) — 0 as k — oo,

Proceeding similarly for the rest of the terms in (7.10), we obtain that the right-hand side of (7.9) converges
to 0. Now, we will look at the convergence of the second term on the left-hand side of (7.9). Since hy — h

weakly in L2(0,T;R™), via (7.10) the first term satisfies the weak sequential lower semi-continuity fOT h? dt <
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liminfj,_ oo fOTh dt. Moreover, as ((hy) — ((h) weakly in L?(0,T; L?(2)), using the uniform boundedness,
compact embeddings and the results from Propositions 4.3 and 5.2, we can find that m 20 )[C(hk)] — m’c(g) [C(h)]

strongly in L2(0,7; H*(Q)) and O i [C(hw)] = & [C(h)] strongly in L?(0,T; L?(Q2)). Therefore, applying
these convergences for the third term of (7.10), we have

/QT (¢E % mlc(ﬁ) [C(hk>]) - {(hg) de dt — /

Qr

(fbi}' X m/C('ﬁ) [C(h>]) - C(h) dz dtl
<C |¢U X mc(U)[C(hk:)] O X mC(U) C(h)]| 1¢(he)| da dt

#| [ (o xmiyfen) - (2t) - ) an

<C ||¢UHL°°(0,T;L2(Q)) HmC(U) [C(hy)] — m’c(’[}/)[C(h‘)]HLZ(O’T;Hl(Q)) HC(hk)||L2(O,T;H1(Q))

+ /Q (05 x mi g le)]) - (lhu) = ) da dt‘ 50 as k — oc.
T
o . T ~
By proceeding in a similar manner for the rest of the terms of (7.10), we obtain that ETiE (O)][h, k] <
27 92
hm mf gUZ (U) [k, hi]. Finally, taking k — oo in (7.9), we obtain that GUZ (U)[h, h] < 0. This concludes our

clalrn that h = 0.

Next, we will show that hy — 0 strongly in L2(0, T;R™). Firstly, via (7.10) writing the expression for IOT hidt,
2

Ios ~
a—[}z(U)[hk,hk] < 0 from estimate (7.9). Since h = 0, we have the strong
convergence of d),c(AU’) [C(hi)] and my [C(hk)] to 0. By implementing these results, we find that

and then use the inequality lim

T Qj\
0 < lim hi dt = hm {3U2 (U)[hk,hk] - /QT (q&’c('[‘j) [C(hg)] x m’,j) < C(hy) dx dt

k—oo Jo

= [ (o< mignle) - ety de dt = [ (miggnfehe)) > (o xmi)) -2l i

T

- /QT (mi x (¢ [c(hw)] x m)) - ¢(he) da dt —/

Qr

(mi x (67 x m, 3 [c(h)])) - (i) da dt} <0

which is a contradiction as || ||z2(0,r;rn) = 1 for each k. Hence the proof. O

ACKNOWLEDGMENTS

The authors sincerely thank the anonymous reviewer for the helpful comments and suggestions, which contributed to
the improvement of the manuscript. The work of the second author is supported by the National Board for Higher
Mathematics, Govt. of India, through the research grant No: 02011/13/2022/R&D-11/10206.

DATA AVAILABILITY STATEMENT

All data supporting the findings of this study are included in the article.

REFERENCES

[1] L.D. Landau and E.M. Lifshitz, On the theory of the dispersion of magnetic permeability in ferromagnetic bodies.
Phys. Zeitsch. Sowjetunion 8 (1935) 153-164.



2]

[10]
1]
12]
13)
[14]
[15]
[16]
17)
18]
[19]
20]

21]
22]

23]
[24]
[25]
126]
[27]
28]

[29]

OPTIMAL CONTROL STRATEGIES FOR THE LANDAU-LIFSHITZ-GILBERT EQUATION 41

T.L. Gilbert, A Lagrangian formulation of gyromagnetic equation of the magnetization field. Phys. Rev. J. Arch.
100 (1955) 1243-1255.

W.F. Brown, Micromagnetics. John Wiley and Sons, New York (1963).

M. Kruzik and A. Prohl, Recent developments in the modeling, analysis, and numerics of ferromagnetism. SIAM
Rev. 48 (2006) 439-483.

T.H.E. Lahtinen, K.J.A. Franke and S.V. Dijken, Electric-field control of magnetic domain wall motion and local
magnetization reversal. Sci. Rep. 2 (2012) 1-6.

S.J. Noh, Y. Miyamoto, M. Okuda, N. Hayashi and Y.K. Kim, Control of magnetic domains in Co/Pd multilayered
nanowires with perpendicular magnetic anisotropy. J. Nanosci. Nanotechnol. 12 (2012) 428-432.

P.F. Chatel, I. Nandori, J. Hakl, S. Meszaros and K. Vad, Magnetic particle hyperthermia: Néel relaxation in
magnetic nanoparticles under circularly polarized field. J. Phys.: Condensed Matter 21 (2009) 1-8.

F. Alouges and A. Soyeur, On global weak solutions for Landau—-Lifshitz equations: existence and nonuiqueness.
Nonlinear Anal.: Theory Methods Appl. 18 (1992) 1071-1084.

E. Dumas and F. Sueur, On the weak solutions to the Maxwell-Landau—Lifshitz equations and to the Hall-magneto-
hydrodynamic equations. Commun. Math. Phys. 330 (2014) 1179-1225.

G.D. Fratta, M. Innerberger and D. Praetorius, Weak—strong uniqueness for the Landau-Lifshitz—Gilbert equation
in micromagnetics. Nonlinear Anal.: Real World Appl. 55 (2020) 1468-1218.

G. Carbou and P. Fabrie, Regular solutions for Landau-Lifshitz equation in a bounded domain. Differ. Integral
Equ. 14 (2001) 213-229.

G. Carbou and P. Fabrie, Regular solutions for Landau-Lifshitz equation in R3. Commun. Appl. Anal. 5 (2001)
17-30.

M. Feischl and T. Tran, Existence of regular solutions of the Landau-Lifshitz—Gilbert equation in 3D with natural
boundary conditions. SIAM J. Math. Anal. 49 (2017) 4470-4490.

T. Dunst, M. Klein and A. Prohl, Optimal control in evolutionary micromagnetism. IMA J. Numer. Anal. 35
(2015) 1342-1380.

F. Alouges and K. Beauchard, Magnetization switching on small ferromagnetic ellipsoidal samples. ESAIM: Control
Optim. Calc. Var. 15 (2009) 676-711.

S. Agarwal, G. Carbou, S. Labbé and C. Prieur, Control of a network of magnetic ellipsoidal samples. Math.
Control Related Fields 1 (2011) 129-147.

G. Carbou, S. Labbé and E. Trélat, Control of traveling walls in a ferromagnetic nanowire. Discrete Continuous
Dyn. Syst. 1 (2008) 51-59.

A. Chow, Control of hysteresis in the Landau—Lifshitz equation, PhD Thesis, University of Waterloo.

A. Prohl, Computational Micromagnetism, Advances in Numerical Mathematics. Teubner, Stuttgart (2001).

S. Patnaik and K. Sakthivel, Optimal control of the 2D Landau—Lifshitz—Gilbert equation with control energy in
effective magnetic field. Math. Control Related Fields 15 (2025) 429-460.

S.S. Sritharan, Optimal Control of Viscous Flow. SIAM, Philadelphia (1998).

E. Casas and K. Chrysafinos, Analysis of the velocity tracking control problem for the 3D evolutionary Navier—
Stokes equations. SIAM J. Control Optim. 54 (2016) 99-128.

B.T. Kien, A. Résch and D. Wachsmuth, Pontyagin’s principle for optimal control problem governed by 3D Navier—
Stokes equations. J. Optim. Theory Appl. 173 (2017) 30-55.

L. Wang, Optimal control of magnetohydrodynamic equations with state sonstraint. J. Optim. Theory Appl. 122
(2004) 599-626.

F. Troltzsch, Optimal Control of Partial Differential Equations: Theory, Methods and Applications. AMS,
Providence (2010).

A.A. Ali, K. Decklnick and M. Hinze, Global minima for semilinear optimal control problems. Computat. Optim.
Appl. 65 (2016) 415-439.

E. Casas, J.C. De Los Reyes and F. Troltzsch, Sufficient second-order optimality conditions for semilinear control
problems with pointwise state constraints. SIAM J. Control Optim. 19 (2008).

F. Troltzsch and D. Wachsmuth, Second-order sufficient optimality conditions for the optimal control of Navier—
Stokes equations. ESAIM: Control Optim. Calc. Var. 12 (2006) 93-119.

P. Knopf and J. Weber, Optimal Control of a Vlasov—Poisson plasma by fixed magnetic field coils. Appl. Math.
Optim. 81 (2020) 961-988.



42 S. PATNAIK AND K. SAKTHIVEL

[30] H. Garcke, P. Knopf, S. Mitra and A. Schlomerkemper, Strong well-posedness, stability and optimal control theory
for a mathematical model for magneto-viscoelastic fluids. Calc. Var. Part. Differ. Equ. 179 (2022).

[31] A.V. Fursikov, M.D. Gunzburger and L.S. Hou, Optimal boundary control for the evolutionary Navier—Stokes
system: the three-dimensional case. SIAM J. Control Optim. 43 (2005) 2191-2232.

[32] M. Ebenbeck and P. Knopf, Optimal control theory and advanced optimality conditions for a diffuse interface
model of tumor growth. ESAIM Control Optim. Calc. Var. 26 (2020) 1-38.

[33] K. Sakthivel, Optimal control of the 3D damped Navier-Stokes-Voigt equations with control constraints. Evol. Equ.
Control Theory 12 (2023) 282-317.

[34] K. Wehrheim, Uhlenbeck Compactness, EMS Series of Lectures in Mathematics (2004).

[35] Y. Chen, The weak solutions to the evolution problems of harmonic maps. Math. Z. 201 (1989) 69-74.

[36] G. Carbou and R. Jizzini, Very regular solutions for the Landau-Lifshitz equation with electric current. Chinese
Ann. Math. 39 (2018) 889-916.

[37] J. Simon, Compact sets in the space L”(0,T; B). Ann. Math. Pura Appl. 146 (1987) 65-96.

Please help to maintain this journal in open access!

This journal is currently published in open access under the Subscribe to Open model
(S20). We are thankful to our subscribers and supporters for making it possible to publish
this journal in open access in the current year, free of charge for authors and readers.

Check with your library that it subscribes to the journal, or consider making a personal
donation to the S20 programme by contacting subscribers@edpsciences.org.

More information, including a list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.



mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o

	Optimal control strategies for the Landaur潴散琠ⴭLifshitzr潴散琠ⴭGilbert equation through spatio-temporal control and fixed magnetic field coils
	1 Introduction
	2 Main results and function spaces
	2.1 Optimal control problem- I
	2.2 Optimal control problem- II
	2.3 Optimal control problem- III
	2.4 Function spaces and inequalities

	3 Weak solution and regular solution
	3.1 Weak solution
	3.2 Existence of regular solution

	4 Existence of optimum and first order optimality condition
	4.1 Existence of optimal control
	4.2 Control-to-state operator
	4.3 First order optimality condition

	5 Second order optimality condition
	5.1 Control-to-costate operator
	5.2 Second order optimality condition

	6 Global optimal control
	7 Optimal control via fixed magnetic field coils

	References

