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SECOND-ORDER OPTIMALITY CONDITIONS FOR THE
SPARSE OPTIMAL CONTROL OF NONVISCOUS
CAHN-HILLIARD SYSTEMS

PieErLUIGI COLLIY*® AND JURGEN SPREKELS>

Abstract. In this paper, we study the optimal control of an initial-boundary value problem for
the classical nonviscous Cahn—Hilliard system with zero Neumann boundary conditions. Phase field
systems of this type govern the evolution of diffusive phase transition processes with conserved order
parameter. For such systems, optimal control problems have been studied in the past. We focus here
on the situation when the cost functional of the optimal control problem contains a sparsity-enhancing
nondifferentiable term like the L'-norm. For such cases, we establish first-order necessary and second-
order sufficient optimality conditions for locally optimal controls, where in the approach to second-order
sufficient conditions we employ a technique introduced by Casas, Ryll and Troltzsch in the paper [STAM
J. Control Optim. 53 (2015) 2168-2202]. The main novelty of this paper is that this method, which
has recently been successfully applied to systems of viscous Cahn—Hilliard type, can be adapted also to
the classical nonviscous case. Since in the case without viscosity the solutions to the state and adjoint
systems turn out to be considerably less regular than in the viscous case, numerous additional technical
difficulties have to be overcome, and additional conditions have to be imposed. In particular, we have
to restrict ourselves to the case when the nonlinearity driving the phase separation is regular, while
in the presence of a viscosity term also nonlinearities of logarithmic type turn could be admitted. In
addition, the implicit function theorem, which was employed to establish the needed differentiability
properties of the control-to-state operator in the viscous case, does not apply in our situation and has
to be substituted by other arguments.
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1. INTRODUCTION

Let © C R?® denote some bounded and connected open set with smooth boundary I' = 99 (a compact
hypersurface of class C?), unit outward normal n, and associated outward normal derivative 9,. Moreover, let
T > 0 denote some final time, and set

Q::=0x(0,t), X;:=Tx(0,t), for t€(0,7], and Q:=Qp, X:=237.
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2 P. COLLI AND J. SPREKELS

We then study the following optimal control problem:
(CP) Minimize the cost functional

b b b
g = 2 [[ ool + 2 [ 1o = eal + 2 [[ P + s,
Q Q Q

= J(p,u) + K G(u) (1.1)

subject to the initial-boundary value system

(O, v) / Viu-Vo=0 for all v € H'(Q) and a.e. in (0,7), (1.2)
—Ap+ fllp)=p+w a.e. in @, (1.3)
Yow +w = u a.e. in @, (1.4)
Onp =0 a.e.on X, (1.5)
©(0) = g, w(0) =wy a.e. in Q, (1.6)

and to the control constraint
Upa = {u € U: u(z,t) <ulx,t) <u(z,t) for a.a. (z,t) in Q}, (1.7)
where the control space is specified by
U = L*(0,T; L*(2)). (1.8)

The given bounds u, 7 € L*>(Q) satisfy u < @ almost everywhere in Q). Moreover, the targets ¢g, pq are given
functions, by > 0, by > 0, b3 > 0 are constants, and x > 0 is a constant representing the sparsity parameter.
The sparsity-enhancing functional G : L?(Q) — R is nonnegative, continuous and convex. Typically, G has a
nondifferentiable form like, e.g.,

6t =l = [ (19)

The state equations (1.2)—(1.3) constitute a classical nonviscous Cahn-Hilliard system in which a number
of physical constants have been normalized to unity. Notice that (1.2) is just the weak form of the partial
differential equation 9;p — Ap = 0, where, throughout this paper, (-, -) denotes the dual pairing between
H'(Q) and its dual H'(Q)*: actually, in (1.2) also the boundary condition d,u = 0 is taken into account. The
state variables ¢ and p are monitored through the input variable w, which is in turn determined by the action
of the control « wia the linear control equation (1.4). Equation (1.4) models how the “forcing” w is generated
by the external control u. We remark that (1.5) could be replaced by much more general partial differential
equations modeling the relation between an L2-control u and a forcing w. In the system (1.2)—(1.6), ¢ plays
the role of an order parameter, while p is the associated chemical potential. Moreover, « is a given (uniformly)
positive function defined on €, and ¢y and wy are given initial data. The nonlinearity f represents a smooth
double-well potential whose derivative defines the local part of the thermodynamic force driving the evolution
of the system. A typical form of f is

flp) = 7(0* ~ 1) (1.10)
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Starting with the seminal paper [1], there exists an abundant literature on the well-posedness and asymptotic
behavior of the nonviscous Cahn-Hilliard system with zero Neumann and with dynamic boundary conditions
that cannot be cited here. In spite of this large amount of related literature, we have chosen to provide a detailed
well-posedness analysis of the state system (1.2)—(1.6), both for the readers’ convenience and the fact that the
system (1.2)—(1.6) was apparently not studied before in this particular form in which the control contributes to
the chemical potential through the quantity w.

There are also contributions devoted to the optimal control of Cahn-Hilliard type systems in various contexts.
Without claiming to be exhaustive and complete, we mention now some related papers. First, let us refer to
[2-6] and, in the framework of diffusive models of tumor growth, to [7—14]. Problems with dynamical boundary
conditions were studied in [8, 15-22], and convective Cahn—Hilliard systems have been the subject of [19, 20, 22—
25]. In addition, quite a number of works have been dedicated to the study of cases in which the Cahn—Hilliard
system is coupled to other systems; in this connection, we quote Cahn-Hilliard-Navier—Stokes models (see
[26-31]) and the Cahn-Hilliard-Oono (see [32, 33]), Cahn-Hilliard-Darcy (see [34, 35]), Cahn-Hilliard-
Brinkman (see [12]) and Cahn-Hilliard with curvature effects (see [36]) systems.

None of the papers cited above is concerned with the aspect of sparsity, i.e., the possibility that any locally
optimal control may vanish in subregions of positive measure of the space-time cylinder @ that are controlled
by the sparsity parameter k. In this paper, we focus on sparsity, where we restrict ourselves to the case of full
sparsity which is connected to the L!(Q)-norm functional G introduced in (1.9). Other types of sparsity such
as directional sparsity with respect to time and directional sparsity with respect to space (see, e.g., [37]) are not
treated in this paper.

Sparsity in the optimal control theory for partial differential equations has become an active field of research.
Beginning with [38], many results on sparse optimal controls for PDEs were published. We mention only very
few of them with closer relation to our paper, in particular [39-41] on directional sparsity and [42] on a general
theorem for second-order conditions. Moreover, we refer to some new trends in the investigation of sparsity,
namely, infinite horizon sparse optimal control (see, e.g., [43, 44]) and fractional order optimal control (cf. [45,
46)).

The abovementioned papers concentrated on the first-order optimality conditions for sparse optimal controls
of single elliptic and parabolic equations. In [47, 48], first- and second-order optimality conditions have been
discussed in the context of sparsity for the (semilinear) system of FitzHugh—Nagumo equations. More recently,
sparsity of optimal controls for reaction-diffusion systems of Cahn—Hilliard type have been addressed in [37,
49, 50]. Moreover, we refer to the measure control of the Navier—Stokes system studied in [51]. Second-order
sufficient optimality conditions for sparse controls for the viscous Cahn—Hilliard system were recently addressed
in [52].

Second-order sufficient optimality conditions are based on a condition of coercivity that is required to hold
for the smooth part J of J in a certain critical cone. The nonsmooth part G contributes to sufficiency by its
convexity. For the strength of sufficient conditions it is crucial that the critical cone be as small as possible.
In their paper [48], Casas—Ryll-Troltzsch devised a technique by means of which a very advantageous (i.e.,
small) critical cone can be chosen. This method was originally introduced for a class of semilinear second-order
parabolic problems with smooth nonlinearities. In the recent papers [52-54] it has been demonstrated that it
can be adapted correspondingly to the sparse optimal control of Allen—Cahn systems with dynamic boundary
conditions [53], to a large class of systems modeling tumor growth [54], and to the viscous Cahn—Hilliard system
[52], where in all of these papers logarithmic nonlinearities could be admitted.

It is the main aim and novelty of this work to show that also the classical nonviscous Cahn-Hilliard system
can be treated accordingly. This is by no means obvious, since in the nonviscous case the solutions to the state
and the adjoint state systems enjoy less regularity than in the viscous one. And indeed, it turns out that the
needed analytic effort is considerably larger than in the viscous case, while the optimization part of the argument
changes only little.

In particular, one of the key elements of the technique is to show that the reduced cost functional associated
with the smooth part J of J is twice continuously differentiable, which in turn requires that the control-to-state
operator is twice continuously Fréchet differentiable between U = L?(0,T; L%(£2)) and a suitable Banach space.
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For this to be the case, it seems mandatory that the phase variable ¢ satisfies a so-called uniform separation
property. While such a condition can in the viscous case be shown also for logarithmic potentials, a corresponding
result seems in the nonviscous case to be available only for regular potentials. We therefore have to restrict our
analysis to such nonlinearities in this paper, thereby excluding logarithmic potentials.

Another difficulty arises from the fact that the first component of the solution triple to the linearized state
system (see (3.3)—(3.7)) is not known to be bounded. This entails that the technique employed in [52], which
is based on the good differentiability properties of Nemytskii operators on L°° spaces and makes use of the
implicit function theorem, does not carry over to the nonviscous case. All this has the consequence that the
proof of the needed twice continuous Fréchet differentiability of the control-to-state operator is technically quite
challenging and sometimes a bit tedious. Nevertheless, it turns out that all difficulties can be overcome.

The paper is organized as follows. In the following section, we formulate the general assumptions and study
the state system, proving the existence of a unique solution. We also show the local Lipschitz continuity of the
control-to-state operator. In Section 3, we then prove that the control-to-state operator is twice continuously
Fréchet differentiable between appropriate Banach spaces. The proofs in this section require the main analytical
effort of this paper. In Section 4, we investigate the control problem (CP) with sparsity. Besides analyzing
the associated adjoint problem, we derive the first-order necessary optimality conditions. The final section then
brings the derivation of the announced second-order sufficient optimality conditions for controls that are locally
optimal in the sense of L?(Q).

Prior to this, let us fix some notation. For any Banach space X, we denote by || - || x and X* the corresponding
norm and its dual space, respectively. For two Banach spaces X and Y that are both continuously embedded in
some topological vector space Z, we consider the linear space X NY that becomes a Banach space if equipped
with its natural norm ||v||xny := ||v]lx + ||v]ly for v € X NY. The standard Lebesgue and Sobolev spaces
defined on  are, for 1 < p < oo and m € NU {0}, denoted by LP(Q2) and W™P(Q), respectively. If p = 2, we
also use the usual notation H™(Q) := W™?2(Q). Moreover, for convenience, we denote the norm of LP(2) by
| - |l for 1 < p < oo, and we set

H:=L*Q), V:=H'(Q), W:={veH*(Q): dyv=0 on I'},

where we denote by (-, -) the natural inner product in H. As usual, H is identified with a subspace of the dual
space V* according to the identity

(u,v) = (u,v) for everyu € H and v eV.

We then have the Hilbert triple VC H C V* with dense and compact embeddings.

We close this section by introducing a convention concerning the constants used in estimates within this
paper: we denote by C' any positive constant that depends only on the given data occurring in the state system
and in the cost functional, as well as on a constant that bounds the L?(Q)-norms of the elements of U.q. The
actual value of such generic constants C' may change from formula to formula or even within formulas. Finally,
the notation Cjy indicates a positive constant that additionally depends on the quantity 9.

2. PROPERTIES OF THE STATE SYSTEM

2.1. Notation and assumptions

In this section, we formulate the general assumptions for the data of the state system (1.2)—(1.6), and we
introduce some known tools for later use. Throughout this paper, we generally assume:

(A1) f = fi+ fo, where f; € C°(R) is a convex and nonnegative function with f;(0) = 0 and fo € C°(R) has
a Lipschitz continuous first derivative fj5 on R.

(A2) ~ >0 is a constant. Moreover, wg € V and ¢ € H3(Q) NW.

(A3) R > 0is a fixed constant, and Ug := {u € L*(Q) : |lull2(q) < R}.
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From the condition (A1) it follows that f; is monotone increasing on R and induces a maximal monotone
operator in R x R. Note that (A1) is fulfilled if f is given by the potential (1.10), and the condition yg €
H3(2) N W implies that ¢g € C°(Q). Moreover, the mean value

!
mo == [ ©o, 2.1

where || denotes the Lebesgue measure of 2, belongs to a bounded interval in R. In the following, we use the
notation ¥ to denote the mean value of a generic function v € L(£2). More generally, we set

1
:@<

v v,1) for every v € V*, (2.2)

noting that the constant function 1 is an element of V. Clearly, v is the usual mean value of v if v € H.

Next, we recall an important tool which is commonly used when working with problems connected to the
Cahn-Hilliard equation. To this end, consider the weak formulation of the Poisson equation —Az = ¢ with
homogeneous Neumann boundary conditions. Namely, for a given ¢ € V* (which does not necessarily belong to
H), we consider the problem of finding

z €'V such that / Vz-Vov={((v) foreveryveV. (2.3)
Q

Since ) is connected and smooth, it is well known that the above problem admits solutions z € V' if and only
if ¢ has zero mean value. Hence, we can introduce the following solution operator N by setting

Nidom(N):={(eV*: (=0} ={2€V:z=0}, N:(+ 2 (2.4)

where z is the unique solution to (2.3) satisfying z = 0. It turns out that N is an isomorphism between the
above spaces, and it follows that the formula

¢ = [ VN = D)2 + 37 for every ¢ € V* (2.5)

defines a Hilbert norm in V* that is equivalent to the standard dual norm of V*. In particular, there is a
constant Cq > 0, which depends only on €, such that

(¢, < CallCll«]lv]lv forall (€ V* and ve V. (2.6)

Moreover, from the Young, Poincaré and Sobolev inequalities, elliptic estimates, and Ehrling’s lemma, we have
the estimates

5 1
ab < Slaf® + o<|bf® for all a,b€ Rand 4 >0, (2.7)

[vllv < Ca ([VollL2)z + [0])  for every v eV, (2.8
[v]lw < Ca(||Av|jg + ||v]|l) for every v € W, (2.9
lvll, < 6[Vvllr2)s + Capsllvll«  for every v eV, pe[l,6) and 6 > 0, (2.10

lvollv <0 ||Av|lg + Cayslv]|«  for every v € W and § > 0. (2.11
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In addition, from the above properties there follow the identities

/ VN( - Vv = (C,v) forevery ¢ € dom(N) and v € V, (2.12)
Q

(¢, NE) = (§,N¢)  for every ¢, & € dom(N), (2.13)
(€N = [ VNG = G} for every ¢ & dom(N). (2.14)

Moreover, we point out the equality

| &

IC@)||?  for a.a. t € (0,T), (2.15)

NN
o

(O, (1) = 5

which holds true for every ¢ € H*(0,T;V*) satisfying { = 0 for a.e. t € (0,7).

2.2. Existence for the state system

In this section, we are going to prove an existence result for the state system. Prior to this, we notice that,
thanks to the linear equation (1.4) and the second initial condition in (1.6), w can be explicitly written in terms
of u by means of the variation of constants formula

w(z,t) = wo(x) exp(—t/7) +/O exp(—(t — s)/7)u(zx, s)ds, a.e. (z,t) € Q. (2.16)

We have the following result.

Theorem 2.1. Suppose that (A1)—(A3) are fulfilled. Then the state system (1.2)—(1.6) has for every u €
L2(0,T; H) a unique solution triple (p, p,w) satisfying

@ e W0, T; V)N HY0,T; V)N L>®(0,T; W) N C°(Q), (2.17)
p€ HY 0, T; VYN L>®(0,T; V)N L*(0,T; W N H3(Q)), (2.18)
we HY(0,T; H). (2.19)

In addition, there is a constant K1 > 0, which depends only on Hu||L2(07T;H) and the data of the state system,
such that

H‘:Olewoo(o,T;v*)mHl(o,T;V)mLOO(O,T;W)mC‘J@)
+ Nl 21 0,757y (0,75v) L2 0, mswnms @) + 1wl mo,rm) < K (2.20)

whenever (v, u, w) is the solution to the state system associated with w.

Proof. Although the proof of the above result seems to be pretty standard by now, we carry it out for the reader’s
convenience. We argue by a Faedo-Galerkin approximation. To this end, consider the eigenvalues {\;};en of
the eigenvalue problem

—Av=Xv in €, Opv=0 on T,
and let {e;};en C W be the associated eigenfunctions, normalized by |le;||z = 1. Then

0:>\1<>\2§..., hm)\]:+OO,

Jj—o0
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/ejek:/Vej-Vek:0 for j # k.
Q Q

We then define the n-dimensional spaces V,, := span{es,...,e,} for n € N, where we observe that V; is just
the space of constant functions on 2. It is well known that the union of these spaces is dense in both H and
V. Notice also that

Nv €V, forevery v €V, with v =0. (2.21)
Indeed, if v € V,, and ¥ = 0 then v = }°7_, cje; with suitable ¢; € R, j =1,...n, and 2 := 37, A;lcjej eV,
satisfies Z = 0 and —Az = v, that is, z = Nov.

The approximating n-dimensional problem then reads as follows: find real-valued functions ¢y, ftnj, Wn;,
j=1,...,n, defined in [0, 7], such that, with

@) = 0niMes @), pnlet) =3 oy Oes@)s walet) = 3wy (Des(a),  (222)
Jj=1 j=1 j=1

it holds that

(01, v) +/ Vi -Vo=0 forall veV,,ae in (0,T), (2.23)
Q
/ Von - Vo + (f (on),v) — (Wn,v) = (n,v) forall veV,, ae. in (0,T), (2.24)
Q
v (Oswp, v) + (wy,v) = (u,v) for all v €V, , ae. in (0,T), (2.25)
©n(0) = Po(v0), wn(0)= P,(wp), a.e. in Q, (2.26)

where P, denotes the H-orthogonal projection onto V,,. Then P, (v) = Z?Zl(v, ej)e; for every v € H, and we
have (see [36], formula (3.14)), with a constant Cq > 0 depending only on 2,

I1P.()|ly < Callv|ly forevery v €Y, where Y € {H,V,W}. (2.27)

Next, we insert v = ¢, in all of the equations (2.23)—(2.26), for kK = 1,...,n, obtaining the system

d
— Pnk + M finy =0 ae.in (0,7),

= (2.28)
ok = Mepnk + (f'(¢on), €x) — wnr  a.e. in(0,7T), (2.29)
7 Wnk + wpk = (u,eg) ae. in (0,7), (2.30)
©nk(0) = (po,ex),  wnk(0) = (wo, ex). (2.31)

Now insert for pi, in (2.28), using (2.29). We then arrive at an initial value problem for an explicit ODE system
in the 2n unknowns (@1, -, ©nn, Wi, -, Wny) with locally Lipschitz continuous nonlinearities and coefficient
functions in L2(0,T). By Carathéodory’s theorem, this ODE system has a unique maximal solution belonging
to H(0,T,,; R?") for some T,, € (0,T]. This solution in turn uniquely determines via (2.29) and (2.22) a triple
(Pny fn, wn) € (HY(0,T,; Vi,))? that solves (2.23)—(2.26) on Q x [0,T,,], with the regularity of p,, following from
(2.29) and (A1). We show that one can take T, = T'. We do this by deriving a series of a priori estimates for the
finite-dimensional approximations. In the following, C' > 0 denotes constants that may depend on ||ul|z2(0,7;m)
and the data of the state system, but not on n € N.
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First estimate. Testing (2.25) by O,w,,, with the help of (2.7) we immediately get the estimate
lwnllm (0,750 < C. (2.32)

Then, we test (2.23) by ¢, € V,, and (2.24) by —Agp, € V,, add, and integrate over [0,t] where t € (0,T5,].
After a cancellation and reorganisation of terms, we obtain that

len I + // Aal® + / 1 () Vgl
< 5lenl — [[ wnap. s / [ Htennen

By the convexity of f1, the last term on the left-hand side is nonnegative. Moreover, owing to (A1), we have
[f5(pn)| < C(1 4+ |pn|) ae. in Q x (0,T},). In view of (2.32) and Young’s inequality, the sum of the last two
terms on the right-hand side is therefore bounded by

;// |A@, | + c/ot (14 lon(s)llF) ds

Consequently, by Gronwall’s lemma, and using the estimate (2.9), we infer that

lonll Loo (0,75 L2 0,15w) < C. (2.33)

We can draw an important consequence from (2.32) and (2.33): indeed, by a standard argument it follows
from these bounds that the local solution (©n1, ..., ©nn, Wi, ..y Wnyp) to the ODE system resulting from (2.28)—
(2.31) is uniformly bounded and thus, by its maximality, global. Therefore, it must exist on the whole interval
[0, T, that is, we have T,, = T. We will exploit this fact in the following estimates.

Second estimate. Next, we recall that the constant function v = 1 belongs to V. Inserting it in (2.23) yields
that Oy, = 0 a.e. in (0,7T), which entails that N(0:p,) is well defined and belongs to V,,. We now insert

= N(O¢pn) in (2.23) and v = Jyp,, in (2.24), add, and integrate over [0,¢] where ¢ € (0,7T]. Using (2.12) and
(2.14), and noting the cancellation of two terms, we obtain the identity

[ 1oatozas+ 3 [ FenF + [ nient
= 5IVReol + [ APute + [ twnatson - [ st

By (A1), the third term on the left-hand side is nonnegative. Moreover, by (2.27), the first summand
on the right-hand side is bounded, and we have, using the continuity of the embedding H?(Q) Cc C°(Q),
that [|P,(v0)llco@ < CllP (<p0)HW < Cllollw. This obviously implies that the sequence { [, f1(Pn(®0))}

is bounded. Moreover, we obtain from (2.32), (2.33), and Young’s inequality, that

// wn@tgpn = / wn 9071 /P UJO QOO // @natwn < C.
t Q t
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Finally, we infer from (2.6), (2.33), and Young’s inequality, that

—/ ﬁwmw%<o/u@%numwanmw

IN

5 [ 10waoizas + ¢ [| (3t + 155 (e0R 190
< 1 [ latoas +
2 0

since, owing to (A1), we have |fi(p,)| < C(1+ |pn|) and |fY(pn)] < C a.e. in Q. Combining the above
estimates, we have therefore shown that

lonllz10,m5v )L 0. 15v) + If1(@n)llLee om0y < C. (2.34)

Third estimate. At this point, we recall that 0, = 0 a.e. in (0,T"), which implies that (c¢f. (2.1))

1
o) = Pulien) = 17 /Q(Lpo,el)el — G ller|? = mo for all £ [0,T]. (2.35)

For almost every ¢t € (0,7), we now insert v = N(,(t) —myp) in (2.23) and v = ¢, (t) — mg in (2.24), and add
the results. We obtain

l/w% mW+Aﬁ@NN%®*m)

= —(Orpn(t), N(n(t) — mo)) +/Q(wn(t)—fé(sﬁn(t))(son(t)—mo)

C[0eon ()]l N(pn(t) —mo)lv
+ (lwn @Ol + 1 f2(en @)l a) (lon (t) = molla)- (2.36)

IN

Owing to (2.34) and to the bounds for N(p,(t) — mg) implied by (2.33) and (2.35), it follows that the first
summand on the right-hand side is bounded in L?(0,7"). Moreover, the second summand is already known to
be bounded in L*(0,T).

Now recall that f] is monotone increasing and that (2.35) holds. Then there exist constants dp > 0 and
Co > 0 such that

fi)(r —mg) > do|f1(r)] — Co  for every r € R. (2.37)

For this estimate we refer to [55], Appendix, Proposition A.1 (see also the detailed proof given in [56], p. 908).
Applying (2.37), we therefore can infer from (2.36) that

%AW@NNS%+M@%@MWMﬁ%mMV
T (lwn® e+ [ £ (o)1) (lont) — mols). (2.38)

and consequently

I f1(en)llz20, 1010y < C. (2.39)
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Next, we insert the constant function 1 € V; in (2.24). We obtain, for a.e. t € (0,7),

Fl(n() + / (Fo(on() — wnl®)) = 2 En (D). (2.40)
Q

Q

By (2.39) and previous estimates, both summands on the left-hand side are bounded in L2(0,T). Then we
conclude that

Il 20, < C. (2.41)

At this point, we test (2.23) by v = p,(t) — pn(t), which has zero mean value. It then follows from Young’s
inequality and (2.34) that

T
Sl = = [ oente) () ~ a0
0
r 1
< 0 [ 10on O N~ Ol e < €+ 5 [ 19m,
0
whence, invoking also (2.41) and the Poincaré inequality (2.8), we arrive at
tallzzo,ryv) < C. (2.42)

Fourth estimate. We now differentiate both the equations (2.23) and (2.24) with respect to ¢, then test the
first of the resulting equations by v = N(0;¢,(t)) and the second by v = 9, (t). Addition and integration over
(0,t), where t € (0,T7], and use of the properties of the operator N, lead after the cancellation of two terms to
the identity

1
slowen®l + [[ Vol + [ fiten)iowens
Qt Q+
1
= gloenlt ~ [[ ot + [[ oo (243

By the convexity of fi, the third term on the left-hand side is nonnegative. Moreover, the sum of the last two
terms on the right-hand side, which we denote by I, can be estimated as follows:

1 t
r<cac [ ol <5 [[ Vo v ¢ [ o) ds
t t 0

1

Here we have used (2.32), (2.34), (A1), Young’s inequality, and the compactness inequality (2.10) with p = 2.
For the initial value we have

IN

1800 (0)|2

- / 11(0) Dy (0)
Q

- /Q (—A@n(0)) + £ (0 (0)) — wn(0))3rpn (0)
C 10O+ | = An(0)) + F(2n(0)) — wn(0)]]v-

IN
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We claim that the second factor on the right-hand side in bounded. Indeed, by (2.27), we have |w,(0)|yv =
| Prwolly < Cllwo|lv < +o0, since (see (A2)) wo € V. Moreover, we have already shown above in the second
estimate that the sequence {P,(¢0)} is bounded in C°(Q). Therefore, as ¢y € V' and again by (2.27),

17 (enODIF = I (Paleo))lly
/(lf( 2 (9o))1? + |7 (Palw0))? [V Palo)[?)
< C + Cl|Pu(po)lly < C + Cllwollyy < +oo.
Finally, we have
z”: (o, €)Ae; = = > X0, €5)e;,
i=1 =

VAP,( = Z)\J ©o,€e;j)Ve;,
j=1

whence

AP0l = 30024 A0 (g0, < D02 + X0 (o) < +ox,
j=1 j=1
since, by (A2), ¢o € H3(Q2) N W. In conclusion, we have shown that
llenllwr.o0,m5v=)nmr 0,037y < C. (2.44)
In particular, we now see that the right-hand side of (2.38) is even bounded in L*°(0,T), so that
11 (en)llzo 0.1y < C,
and it follows from (2.40) that

Bl 0,1y < C- (2.45)

At this point, we test (2.24) by v = (n, — fin)(¢), without integrating over time. As at the end of the third
estimate, it then follows from (2.45) and Poincaré’s inequality (2.8) that

ltnllLee 0,y < C- (2.46)

Next, we test (2.24) for a.e. t € (0,T) by v = —Ap,(t) € V,,, without integrating over time. We obtain

[ 1860 + [ oo

= = [ wn(®)+ 100(8) = Fln() A1),
whence, using Young’s inequality, (2.32), (2.34), (2.46), and elliptic regularity,

lonllLoe 0,0y < C. (2.47)
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Existence. By virtue of the uniform estimates shown in the previous steps, there exists a triple (¢, u, w) such
that (possibly only on a suitable subsequence which is again labeled by n € N)

©0n — @ weakly star in W1 (0, T; V*) N HY(0,T;V) N L>®(0,T; W), (2.48)
tn, — 1 weakly star in L°°(0,T;V), (2.49)
w, — w  weakly in H'(0,T; H). (2.50)

Since, owing to the compactness of the embedding W C Ci(ﬁ), it follows from [57], Section 8, Corollary 4 that
HY(0,T; V)N L*>®(0,T; W) is compactly embedded in C°(Q), we may also assume that

©on — @ strongly in C°(Q), (2.51)
whence, by the local Lipschitz continuity of f’,

f'(en) = f'(g) strongly in C°(Q). (2.52)

With these strong convergence properties at hand, it follows from a standard argument (which needs no
repetition here) that (¢, u, w) is in fact a solution to the state system (1.2)—(1.6). Moreover, we can infer from
the semicontinuity properties of norms and the estimates shown above that there is a constant Ky > 0, which
depends only on [|u||z2(o,7;m) and the data of the state system, such that

HQOHWL‘X’(O,T;V*)ﬁHl(O,T;V)OL‘X’(O,T;W)OCO(@) + ||:“HL°°(0,T;V) + H“’”HI(O,T;H) < Ko.
In addition, we conclude from (1.2) and elliptic regularity that u € L2(0,T; H3(2) N W) and

el 20,1518 ()awy < C.

Besides, taking the time derivative in (1.3), we can infer from comparison that also u € H*(0,7;V*) and

el o,rvey < C.

With this, the existence of a solution (g, s, w) and of a constant K; > 0 with the asserted properties is
shown. It remains to prove its uniqueness. This will be done below in Theorem 2.7 in the continuous dependence
estimate. O

An immediate consequence of the uniform bound established for [|¢[/cog) and of the uniqueness still to be
proved below is the following.

Corollary 2.2. Assume that (A1)—(A3) are fulfilled. Then there is a constant Ky > 0 depending only on the
data of the system and R such that

max (max 117 ()lloog) + 1f P @) long) ) < Ko, (2.53)

0<i<5 \j=1

whenever (p, p,w) is the solution to the state system (1.2)—(1.6) in the sense of Theorem 2.1 associated with
some u € Ug.

Remark 2.3. It is worth noting that for the proof of Theorem 2.1 it was not necessary to assume that fi(r)
has a sufficiently strong (e.g., at least quadratic) growth as |r| = +00. Such an assumption has been made in
many papers dealing with regular potentials. The reason for this is that in our approach we avoid to test (2.24)
by O, before sufficiently strong estimates for ¢ (here derived in the first estimate) are available to handle
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the term — [] th f4(on) Orpr, that arises on the right-hand side. It is well possible that a corresponding line of
argumentation works also in many other cases, thus avoiding the growth assumption.

Remark 2.4. Our approach in the proof of Theorem 2.1 consisted in approximating all equations including
(1.4), despite the fact that we had the explicit solution (2.16) (in terms of u) at our disposal. On the other
hand, the approximation turns out to be a convenient approach especially if (1.4) would be replaced by a more
complicated and possibly coupled PDE;, still with the control on the right-hand side. In particular, we point out
that in the paper [52], concerned with the viscous Cahn—Hilliard equation, the coefficient v in the analog of (1.4)
is allowed to depend on the space variable x € €0, being however bounded from below by a positive constant.
This setting can be considered also here without major modifications: of course, then the approximation (2.25)
of (1.4) is no longer valid and should be replaced by

/ ~y Opwn v + (wp,v) = (u,v)  forall veV,, ae. in (0,7T),
Q

with the consequence that the resulting ODE system (2.30) changes into

n

d nj .
E (/ 7€j€k) th + wpp = (u,e;)  ae.in (0,7), k=1,...,n.
Q

j=1

Nonetheless, note that (fQ fyejek)j w Jok=1,...,n, are the coeflicients of a symmetric and positive definite

(and thus invertible) matrix, so that the resulting modified ODE system (2.28)—(2.31) is still easily solvable
with a time-dependent maximal solution.

2.3. An auxiliary lemma

In this section, we show the following preparatory lemma which will prove useful in numerous estimations in
the following.

Lemma 2.5. Suppose that functions
a € L*(0,T;W(Q)), g€ L*0,T;V), heL*0,T;H) (2.54)

are given. Then there is a unique triple (@, u,w) such that

o e HY0,T;V*)NL®(0,T; V)N L*0,T; W), (2.55)
€ L>(0,T;V), (2.56)
we HY0,T; H), (2.57)

as well as

(Orp, V) +/ Viu-Vo=0 forall veV and a.e. in (0,7T),
Q

2.59
2.60
2.61
2.62

—Ap—p-—w=ap+g ae inQ,
Yohw+w="h ae in Q,

Onp =0 a.e. on %,

p(0)=0, w(0)=0, a.e in Q.

~ o~ o~ o~ o~
~_— — — T T
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Moreover, there is some constant K3 > 0, which increases monotonically with respect to the value of the norm
Ha’||L2(0,T;W1=4(Q)), such that

el m1 0, 75v )L (0,73 )nL2 0wy + il z2omvy + 1wl o, m)

< KB(H9||L2(O,T;V) + Hh||L2<o,T-,H))- (2.63)

Proof. The existence proof is again performed via a Faedo—Galerkin approximation using the same finite-
dimensional spaces as in the proof of Theorem 2.1. For the sake of brevity, we avoid writing the system explicitly
here and just provide the relevant formal a priori estimate (2.63) for the continuous system, which in the
rigorous argument has to be performed for the finite-dimensional approximations. With this a priori estimate
(2.63) at hand, the standard limit process using weak and weak-star compactness can be carried out to prove the
existence of a solution (¢, u, w) having the regularity (2.55)—(2.57). Notice that also the uniqueness of the solution
immediately follows: indeed, if (¢;, i, w;), i = 1, 2, are two solutions, then (¢, 1, w) 1= (p1 — Y2, 11 — fi2, W1 — W)
satisfies the system (2.58)—(2.62) with g = h = 0, and (2.63) yields that ¢ = p=w = 0.

To begin with, we first note that (2.58) implies that d;p = 0 a.e. in (0,T) which, thanks to the initial
condition ¢(0) = 0, yields that ¢(t) =0 for all t € [0, T]. We thus may test (2.58) by IN(8yp) + 2p+ ¢, (2.59)
by dwp — Ap — u, and (2.60) by K Oyw, where the constant K > 0 is yet to be determined. Addition of the
resulting equations and integration over (0,t), where ¢ € (0, 7], then leads to the cancellation of some terms,
and upon rearraging the terms, we arrive at the identity

I 1 K 1
3 [ 10w)Eds + 5 le®IR + 5 el + 5 ([ 19u
0 Q+

4 / / (18P + [uf? + KA|0yw]?)
Q:

S ff
—//Qtuw +//tae0(—As0—u)+//Qta<pat<p

+//t9(A<PH)+//tgat<p+K//th8tw: ifj, (2.64)

with obvious meaning. Five of the terms on the right-hand side can be easily estimated using Young’s inequality

(2.7). Namely, we have
1 2 2
1w [ ver (265)
1
e [ (2.60
1
< ] we s [ (267
1
< g [ 0ael sl v [ 1P, (268)
Q+ Qt
K K
|Ig| < 77// |Oyw|? + 7// |h|2. (2.69)

[11]

IN

|13

IN
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The remaining four terms, which involve d;¢ and/or a, require more attention. At first, we use (2.6) and
Young’s inequality to see that

t 1 t
NMSCAH&ﬂMhMQMdséglH&wﬁﬁ®+%ww§myy (2.70)

Next, we have I = [, w(t)(t) — [[,, ¢ Orw, so that, by Young’s inequality (2.7),

0 < ool + ol + 5[] ot + 2 [ o (271)

Now observe that we have the continuous embedding W14(Q) C L>(Q2). Hence,

lallzz2(0,r;0 @) < Cllallpzo,rwra(@))-

Therefore, by Young’s inequality,

IN

15| /O la(s)lloc ()l (1A@(s) ]l + ll(s)] ) ds

IN

1 t

i/ 086 1) + € [ la@) ey ool ds 212
t

Finally, we estimate Is. Using (2.6), as well as the Young and Hoélder inequalities, we infer that

| 16]

IN

C/O 10:p(s)[l« la(s)p(s)llv ds

1 t
_/ww&ﬁw+o[/w%ﬂ%wwﬁ+c[éwwwﬁ

§ [ 1oeizas + ¢ [ lasE ek as

A

IN

+cAuwmmmw@Mm

IN

1 t t
5 [ Mo s + € [ ol sy o) as (273)

At this point, we choose K = 4. It then follows from (2.64)—(2.73), that there are constants Cy > 0, Co > 0,
which do not depend on a, h and g, such that

@l + @l + [ oI as
# [ (a0 1l 1902+ o)
< & [ (oI + el @
+Co [ (4 o) (oI + o)1) ds
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Since the real-valued function s+ Co(1+ ||a(s) H%VIA(Q)) belongs to L'(0,T), we can apply Gronwall’s lemma,
whence the inequality (2.63) follows. In addition, the standard form of the Gronwall inequality ensures that the
constant K3 can be chosen to be monotonically increasing with respect to ||a|| L2, 7;w1.4(q))- O

Remark 2.6. We point out that the assumption a € L2(0,T; W14(2)) in (2.54) is set for convenience, to be
used in the following, but it can be replaced by the more general assumption a € L?(0,T; WP(Q)) with p > 3.
Indeed, the above estimates in the proof can be repeated without major changes. In particular, the estimate
(2.73) of I can be arranged as follows:

| 6]

IN

1 t t t
: / loup(s)|2ds + C / la()[12 le(s)Z ds + C / IVa(s)|2 lo(s)2 ds

IN

1 t t
5 | 1@ s + € [ 1a(s) e Il s

as p is greater than the space dimension 3 and ¢ := 2p/(p — 2) < 6, so that V C L%(Q)) with continuous
embedding.

2.4. Continuous dependence and uniqueness

Next, we state a continuous dependence result that, in particular, guarantees the uniqueness of the solution
provided by Theorem 2.1.

Theorem 2.7. Suppose that the conditions (A1)—(A3) are fulfilled. Then there exists a constant K4 > 0 such
that the following holds true: whenever u; € Ug, i = 1,2, are giwven and (@;, wi, w;), i = 1,2, are corresponding
solutions to (1.2)—(1.6) in the sense of Theorem 2.1, then

||<P1 - 902||H1(o,T;V*)mCO([o,T];V)mL?(o,T;W) + ||M1 - M2||L2(0,T;v)
+ llwi — wallgro,mm) < Kallur — uall2(0,1:m)- (2.74)

Proof. Let us set, for convenience,
Ui=Up — U2, @i=@1—P2, M= U — M2, W:i=W — W

Then ¢(0) =0 and w(0) =0 a.e. in Q, as well as Jpp = 0 a.e. on . In addition, writing (1.2)—(1.4) for
(@i, i, w;), i = 1,2, and taking the differences, we obtain that

(Orpv) +/ Vu-Vo=0 foreveryv eV anda.e. in (0,7), (2.75)
Q

—Ap—p—w=—(f(p1) = f'(g2)) ae inQ, (2.76)

yow + w=u a.e. in Q. (2.77)

Now observe that

(o) = Fe2)) == [ S Fea+ sl = ) ds = ag.

where

1
a:= 7/0 (o2 + s(p1 — p2)) ds. (2.78)



OPTIMALITY CONDITIONS WITH SPARSITY FOR THE CAHN-HILLIARD SYSTEM 17

With this choice of a, we see that the triple (¢, u, w) satisfies a system of the form (2.58)—(2.62) with g =0
and h = u. By virtue of Lemma 2.5, the assertion will thus be proved if we can show that there exists some
constant C' > 0, which depends only on the data of the system and R, such that

lallz20,mwra(0)) < C. (2.79)

Now recall that uy,us € Ug. Since the constant K; from (2.20) depends for controls belonging to Ugr only
on the data and R, it follows that

2 + s(p1 = 02) oy < K1 for all s € [0,1].

By the continuity of f”, it then follows that ||al/cog, is bounded by a constant that only depends on the data
and R. The same then holds for ||a||p2(0,7;14(0))- Finally, we obviously have that |Va| < C(|Vei| + |[Ve2|)
a.e. in Q. But this implies that [|Val| (o, 7;26(0)s) is bounded, which then also holds for ||alz2(o,7;w1.4(q))-
With this, the assertion is proved: note that the space L>°(0,7T;V) in (2.63) is replaced by C°([0,T]; V) in
(2.74) since @1, 2 are known to be continuous from [0,7] to V (¢f. (2.20)). In particular, from (2.74), in the
case when u; = ug, it follows that ¢ = p = w = 0, which proves the uniqueness of the solution. O

3. DIFFERENTIABILITY OF THE CONTROL-TO-STATE OPERATOR

Let us introduce the Banach spaces

= (H'(0,T;V*)NL>(0,T;V) N L*(0,T; W)) x L*(0,T;V) x H'(0,T; H), (3.1)
= (Whe(0,T;V*) N H' (0, T; V) N L>®(0,T; W) N C°(Q))
x (H'(0,T;V*)NL>®(0,T; V)N L*(0,T; W N H*(Q))) x H'(0,T; H). (3.2)

From Theorem 2.1 and Theorem 2.7 we know that the control-to-state operator

S:ur8(u) = (Sl(u)ﬂ‘S?(u)vSS(u)) = (¢, p, w)

is well defined as a mapping from U = L?(0,T; H) into Y and Lipschitz continuous as a mapping from Up into
X for every R > 0. In this section, we study the differentiability properties of this operator. More precisely, we
want to show that under the assumptions (A1)—(A3) the operator 8 is twice continuously Fréchet differentiable
on U as a mapping from U into X. We first show the following result.

Theorem 3.1. Suppose that the conditions (A1)—(A3) are fulfilled. Then the control-to-state operator 8 is
for any R > 0 Fréchet differentiable in Ug as a mapping from U into X. Moreover, for every u* € Ur and every
increment h € L2(0,T; H), the triple (£,n,v) = 8'(u*)[h] € X is the unique solution to the linearized system

(0€, p) +/V17-Vp:0 forall peV and a.e. in (0,T), (3.3)
Q

—AL—n-—v=—f"(¢")¢ aecin @, (34)

yoww+v=h ae in Q, (3.5)

Oné=0 a.e on X, (3.6)

£€0)=0, w»(0)=0, a.e in . (3.7

Proof. The existence of a unique solution (£, 7,v) € X to the system (3.3)—(3.7) follows directly from Lemma 2.5:
indeed, the system (3.3)—(3.7) is of the form (2.58)—(2.62) with ¢ =0 and a = —f"(¢*), and, in view of (2.20),
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it is easily verified that
| = " (@)l20.mswra) < C,
with a constant C' > 0 which depends only on the data of the state system and R. Moreover, it follows from
(2.63) that the linear mapping h — (£,7n,v) is continuous from U into X.

To show the asserted Fréchet differentiability, we consider increments h € U with v* + h € Uz and denote
by C > 0 constants that may depend on the data and R, but not on the special choice of such increments. We
also set (", pu wh) = 8(u* +h), (¢*, u*, w*) := 8§(u*), and

=gt —pt =€ =gt -, =0t vt -

We then have to show that

I8(u* +h) = 8(u*) = 8'(w)[hlllx = (", 2", ¢")llx = o(llhll2(0,7;m))
as ||hl[L20,7.) — 0. (3.8)

This will certainly be the case if
I8(u* + h) = 8(u*) = 8'(w)[Alllx = I(y", 2", ¢")llx < CllZ0m,m) (3.9)

for some suitable constant C' > 0, which we are going to prove in the following.
Observe that (2.74) implies that

" = *llmr 0mvynLeo.r:v)nLzmwy + " = 1|l L2 0,10
+ lw" = w | o.1:m) < Cllbll20.0:0) - (3.10)

Moreover, the triple (y", 2", (") € X is obviously a solution to the system

(O™, p) +/ V2" -Vp=0 forall peV and ae. in(0,T), (3.11)
Q

— Ayt === (") = ) = f(97)E)  ae in Q, (3.12)
79, ¢"+¢" =0 ae. in Q, (3.13)
Ony" =0 ae. on X, (3.14)
y"(0)=0, ¢"(0)=0, ae. in Q, (3.15)

whence it immediately follows that (" = 0 a.e. in Q. Moreover, we infer from Taylor’s theorem with integral
remainder that

Fe") = F1(@") = f(@")E = f (") + A" (" — ¢*)* ae. inQ, (3.16)

with the remainder

1
A= [a=a) £ st - s (3.17)
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From this we conclude that the system (3.11)—(3.15) is of the form (2.58)—(2.62) with a := —f"(¢*) and
_ —Ah((ph _ 4,0*)2.
In view of (2.20), we have |lal/z20,7;wr2)) = | — f"(©")l20,mswra(0)) < C. It thus follows from (2.63)
in Lemma 2.5 that (3.8), and thus the assertion of the theorem, is valid provided we can show that

”gH%?(O,T;V) = - Ah(‘Ph - 80*)2||2L2(0,T;V) < CHhH[Ilﬂ(O,T;H)' (3.18)
Now observe that, owing to (2.53), we have a.e. in @) that

|AM < ¢, [VAM < (V' +IVe")), (3.19)
V(A" = 9*)?) = VAR (" — )2 + 24" (" — ")V (" — ¢7). (3.20)

Therefore, we have that

I = AMe" = o)l 72 0,70

<c//|¢ et 0 [ (9o + 19 feh - i

+c// 0" — PV — o) =y 4 T+
Q

with obvious meaning. Now, owing to (2.20), (3.10), Holder’s inequality, and the continuity of the embeddings
V C L°(Q) C L),

g < C/ JB4dt < C " — o I miozry < C Ihlaozms

as well as

B<C / O IV (" ~ )03 At
> CH‘P - HLOO(OTV) ||<P - ¥ ||L2(0TW) CHh“i?(O,T;H)'

Finally, we infer that

T
J2 < C/O (Ve ey + V" DI7602) 10" = ") (@)5dt
< Cllg" ~ ¢ Wmoiry (I Baozn + 16" 220
< Clhlz2(0.7:00)5
which concludes the proof of the assertion. O

At this point, we note that the first component £ of the solution (&, 7, v) to the linearized system (3.3)—(3.7)
cannot be expected to belong to L>(Q), since we only have n € L?(0,T;V) in the elliptic equation (3.4). This
lack of regularity prevents us from establishing the differentiability properties of 8§ needed below in the control
theory (namely, that 8 is twice continuously Fréchet differentiable into a Banach space of sufficiently regular
functions) by applying the implicit function theorem as it could be done in [52] in the case of the viscous
Cahn—Hilliard system. Therefore, in the less regular nonviscous case considered here, we are forced to derive
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the required properties directly “by hand”, which however turns out to be possible. As the next step in this
direction, we now going to show that the mapping 8 : L2(0,T; H) — L(L?(0,T; H); X), u + 8'(u), is locally
Lipschitz continuous. We have the following result.

Theorem 3.2. Suppose that (A1)—(A3) are fulfilled. Then there is a constant K5 > 0, which depends only on
the data of the state system and on R, such that the following holds: whenever u; € Ug, i = 1,2, are given,
then it holds for every h € L?(0,T; H) that

(8" (u1) — 8'(uz))[h]llx < Ks llur — uallz20,7:m) 17l 20,7 1) (3.21)

Proof. Let h € L?>(0,T; H) be fixed. We set (¢, i, w;) := 8(w;) and (&, n;,v;) := 8 (u;)[h], for i = 1,2, and
put

U=Uuy — U2, =@ —PY2, MI=U — U2, W:I=W1 — W2,

§:=86 —&, mni=mn—n2, v:i=uv—vs.

It then easily follows that (£,7,v) € X is a solution to the system

(0, p) +/ VE-Vp=0 forall peV and ae. t€ (0,T), (3.22)
Q
—Af—n—v=af+g ae. in Q, (3.23)
yow+v=0 ae. in Q, (3.24)
Oné=0 ae. on X, (3.25)
€0)=0, v(0)=0, aein O, (3.26)
where we have put
a:=—f"(¢1), g:=—(f"(¢1) = f"(¢2)). (3.27)

Again, this is a system of the form (2.58)—(2.62), and once more it is easily shown that |lal/z2(0,7w1.4q)) is
bounded. Hence, by Lemma 2.5, the result will be proved once we can show that

lgllzz0,rvy < Cllullpzco,r;my 1l L2 0,7;8)- (3.28)

Now observe that, by Taylor’s formula,

1
f'(e1) = f(p2) = / F" (2 +s(p1 — 92))dsp =: B,
0
which in view of (2.53) implies that, a.e. in @Q,

|
v

B[ 1&] ¢l < Cléal I,

gl <
gl < C(|&]lel (IVer] + [Vea|) + & [Ve| + |VE] o) .

Next, we recall that

(& mi, vi)llac = 118" (wa)[P)llx < C||BllL20,73m),  for i=1,2.
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We therefore can conclude as follows:

IN

T
c / /Q &l o < © / 12 lo(0)]12

C H§2||2L°°(0,T;V) H‘PH%O@(O,T;V) <C ||U||2L2(0,T;H) ”hH%Z(O,T;H)v

||g||%2(0,T;H)

IN

where we also have used (2.74). Moreover, by similar reasoning, and using the embedding V' C L*(£2) once more,

//QV9|2 < C//Q 62 (o2 (V1 + [Venl?) + C//Q & [Vol?
+ ¢ [ 1ver o

< CH§2||2L°°(O,T;V) H<P||2Loo(o,T;V) (||<P1||2L2(0,T;W) + ||802||2L2(0,T;W))

+ C||£2||2L°°(0,T;V) ||S0||2L2(0,T;W) +C H‘PH%M(O,T;V) ||§2H%2(O,T;W)

IN

C 2117 0.0:v)nL2 0.7 1917 (0 71y 22 0,7w)

IN

C HU”%%O,T;H) ”hH%Z(O,T;H)'

The assertion is thus proved. O

Having shown this continuous dependence estimate, we can now proceed to prove that the control-to-state
operator has a second Fréchet derivative. We have the following result:

Theorem 3.3. Suppose that the conditions (A1)—(A3) are fulfilled. Then the control-to-state operator 8 s
for any R > 0 twice Fréchet differentiable in Ur as a mapping from W into X. Moreover, for every u* € Ur and
all increments h,k € L*(0,T; H), the triple (1,v,z) = 8"(u*)[h, k] € X is the unique solution to the bilinearized
system

(Opth, ) +/ Vv-Vo=0 foral veV anda.e in (0,T),
Q

(
—AYp—v—z=—f"(e")— (""" ae in Q, (
YOiz+2=0 a.e in Q, (3.31
Oy =0 a.e on 3, (
¥(0)=0, 2z(0)=0, ae in Q, (

where (M, nM v") = 8" (u*)[h] and (€*, 0¥ vF) = 8 (u*)[K].

Proof. By virtue of Lemma 2.5, we first establish the existence of a unique solution (1, v, z) € X to the system
(3.29)—(3.33), where we immediately note that z = 0 a.e. in @, due to (3.31) and (3.33). Indeed, the system
(3.29)—(3.33) is of the form (2.58)—(2.62), where in this case we have that a := —f”(¢*) and g := —f"'(¢*)&"Ex.
Since, again, [|a||r20,rw14)) < C, it suffices to show that ||g||z2(0,7;v) < C. We achieve this by proving an
estimate of the form

gl 20, 7;v) < Cllbllz0,m;m) 1kl 20,130 (3.34)
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which in view of (2.63) then also implies that the mapping (h, k) — (¢, v, 2) is continuous from L?(0,T; H) x
L2(0,T; H) into X. To this end, recall that

1€ | 22 0.7:v )AL 0,7y AL2 0wy < I8/ (W R]lx < C |l L2(o.1:m),

and a corresponding estimate holds true for ¢*. Therefore, using (2.53), we have that

IN

T
h|2 k12 h 2 k 2
C//@IfI €42 < C/O 1€R ()2 1€ (1)]12 dt

< CEM G o0 0,200y 1€ 100 0.0y < CIRNZ 20 70y 1Rl T2 0,220 -

2
||9||L2(0,T;H)

A

Moreover, in view of (2.53), we have a.e. in @ that
Vgl < C (IVe*|I€"1€"] + VM| I€F] + [€"]IVEX])

so that

// Vgl? < 0// IV 2 €M €42 + (VR |EM2 + (€2 [VEr?)
Q Q

IA

T
c / 196 ()12 s €7 (1) 1€° ()12
T
e / (IVE" Ol s 1€ O + €O IVE D0y ) .
Hence, it results that
/ /Q V92 < C 1612 w010 €20 000 1E¥ 2 o0

+ C (Hﬁh”%z(o,T;W) 1€ 13 < 0.7y + 1€ 170 0.1 ||€k|\%2(o,T;W))
< C Wl F2 0 7. BN 20 7220

which concludes the existence and uniqueness proof.
We now show the differentiability result. For this, we have to show that

2 18" (w* + k) [h] — 8'(u*)[A] — (b, v, 2)lx = o ([kllL2(0,7:00))
L2(0,T;H)=
as ||kl 20,7,y — 0. (3.35)

To this end, let h,k € L?(0,T;H) be given with |2\l L20,m;m) = 1 and w* + k € Ug. Next, we put
(€h nl vh) = 8'(u*)[h] and (gh,ﬁh,ﬁh) := 8'(u* + k)[h]. We have, since ||h|2(0,7,1) = 1,

1" n" o)l + 1E" 77 < C. (3.36)

Moreover, it follows from (3.21) that

7h _ _
1€ =& m" — 0" 0" —o")|lx < Cllkllp20,7:m)- (3.37)
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Next, we consider the functions
@::zhfﬁh—i/), p=m"—n"—v, w=7"—" -2
A little calculation then shows that the triple (®,p,w) € X solves the system
(0,®, v) +/qu) -Vv=0 forall veV andae. te (0,T),

—AD—p—w=—f"(¢)P+g ae in Q,
Yow+w =0 a.e. in Q,

On®=0 a.e on 3,

®(0)=0, w(0)=0, ae. in Q,

where

g = —(f"(") = (@)@ =) = (F(*) = f(7) — [ (7)EF)eh
C g1+ 92,

with obvious notation. Clearly, (3.38)—(3.42) is again of the form (2.58)—(2.62),
| = f" (@) L20,m;wr2)) < C, the assertion will be proved once we can show that

||9||2L2(0,T;v) < C”kH%?(o,T;H)-

At first, similar estimates as above, using (2.20), (2.53), (3.36) and (3.37), yield that
||91||2L2(0,T;v)
<cf /Q ) — £ - g
+C [ (7 @RIV = + 9917 () = () et
vef /Q P65 — £ IVE - €M,
which leads to

||91||2L2(0,T;V)

T
<c / 16" — e )DIZ IE" — eme))2 at
0
T —h
e / IV(6* = &) (0)[2ages IE" — €M (0)2 it
T
e / 196 (O s 16" — &) OIZ I E" — €M) 0|2

T —h
+ C/O 1" = e)DIFIVE =) T4 dt

< C Kl 22(0.7:m)-

23

(3.43)

and since

(3.44)

(3.45)



24 P. COLLI AND J. SPREKELS

Next, observe that
g2 = =" (") (P =" =€) + Q" (" — ¢)?)
where
1
Q= [ =9+ sl - ) ds
0
satisfies, by virtue of (2.53),
Q] < G, [VQ| < C(IVe™| +|Veh]), ae in Q. (3.46)
We therefore have
loalisaay < € [ (16— — € 4 16— 719)
+C [[[ IV (¢ - o7 = €4 + Ik - 719
+C [[[ 1€ (VI " € 4 19 - e
0 [[ P (VQAPI — o1t + 1@ — P IV ).
Based on this, we can infer that

||92H%2(0,T;V)
T T
<c / IO (0" = o* — M) 2dt + € / I OI2 12" — o))l dt
0 0
T
e / IVE" (1) [2agqps (6" — & — €9)(0)2 it
T
e / IVER(0) 2o (6" — o) (B[4t
T
e / IR0 V6" (1) 2o(es 6" — & — €9)(0) 2 dt
T
e / IR OIZ IV (" = o" — E)lZaqeys dt
T
e / IR B IVQ ()20 s 1 — ) OIZ I(6* — o)) dt
T
e / IEOIZ N — )OIV — o) ()2 dt

8

=y M, (3.47)

j=1
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with obvious notation. It remains to show that M; < C ||k\|‘i2(07T;H), for 1 < j < 8. In order not to overload
the exposition, we restrict ourselves to show this for only two of the terms, leaving the check of the others to
the interested reader. To this end, recall that in the proof of Theorem 3.1 we have shown the validity of (3.9)
(with k replaced by h ), which implies that

||<Pk —¢* = fk||H1(0,T;V*)me(O,T;V)mL?(O,T;W)

< I8(u” + k) = 8(u”) = 8'(w)[klllx < ClEIL207:m)- (3.48)
By virtue of (3.36) and the continuity of the embedding V' C L*(Q2), we therefore conclude that
[Ms| < ClIEMNE0 0,70 9" = 0" = €120, 3wy < ClRIIL2 (0,758

Moreover, invoking (3.36), (3.46), (2.20), (2.74), and the continutity of the embeddings V C L%(Q) and W C
L>(Q), we also have that

| M~

IN

C (||%0*||2Loo(o,T;W) + H@k”%w(O,T;W)) ||<Pk - SO*HQLDO(O,T;V) H@k - <P*||2L2(0,T;W)

IN

4
ClENL20,7:00)-
With this, the assertion is proved. O

Finally, we show that the mapping u +— 8”(u) is locally Lipschitz continuous. We have the following result.

Theorem 3.4. The mapping 8" : L*(0,T; H) — L(L*(0,T; H),L(L*(0,T; H),X)), u + 8"(u), is Lipschitz
continuous in the following sense: there exists a constant K¢ > 0, which depends only on R and the data, such
that, for all controls uy,uz € Ug and all increments h,k € L?(0,T; H), it holds that

[ (8" (u1) — 8" (u2)) [h, Klllx < Ko [lur — wall20,7:) 1Pl 20,710 1Kl 220,720 - (3.49)
Proof. Let uy,us € Ug and h, k € L%(0,T; H) be given. We put

(‘F’%Mia wi) = S(UZ)’ (51}17 77;17 Uzh) = S/(ul>[h]7 ( 57nfa 'Uf) = S/(ul)[kj]’
(i, viy zi) == 8" (u;)[h, k], for i=1,2,

where we recall (2.74), (3.21) and the fact that |[|8'(u;)[h][lx < C'|h]|L2(0,7;m), i = 1,2, and that an analogous
estimate holds true for 8'(u;)[k]. Moreover, a little calculation shows that the triple (¢, v, 2) € X solves the
system

(Orth, y) +/ V- Vy=0 forall y eV and a.e. in Q, (3.50)
Q

Ap—v—z=ap+g ae in Q, (3.51)

YOz +2=0 ae. in Q, (3.52)

Ony =0 ae.on %, (3.53)

¥(0)=0, z(0)=0, ae. in Q, (3.54)
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where a := —f"(2) is bounded in L?(0,T; W14(Q)) and

9= —(f"(e1) = ["(p2))tbr — (f" (1) = f"(p2))€1 &
= f"(p2) (&1 = &) &7 — [ (p2) (&5 — &)

=Y g, (3.55)

with obvious notation. In view of (2.63) in Lemma 2.5, it suffices to show that

1951172 0,7:v) < Cllwllzzo.:m) 1Bl 20,72 1kl 20,0y for 5 =1,2,3,4. (3.56)
We demonstrate this only for the second and third terms. The other two terms can be treated similarly and,

in order to keep the paper at a reasonable length, are left to the reader. We have, using (2.20), (2.53), (2.74),
(3.21), Hélder’s inequality, and the continuity of the embeddings V' C L%(Q) C L4(Q) and W C L*(),

”92”%2(0,T;V)
T
< C/O (o1 — w2) OIE 162 D11 1€7 ()15 dt
T
+ C/O (1 — 2) )12 Vi1 (D)1 5 s 1E1 (011G 1€ (£) 115 dt
T
+ 0/0 IV (1 = 2) ()] 76 (0s 11 ()15 117 (#) 115 it
T
+ C/O (1 — 2) )13 IVEFOIPLE () [I1€7 (1) [1F dt
T
+ C/O (1 — @2))IE €8 OIF IVEF )16 (cys At
so that

llg2 H%2(O,T;V)

< Cller — <P2||2L°o(0,T;v) ||§?||2L°°(O,T;V) Hff”%w(o,T;V)
+ Cllerlie 0wy 1€ 17 < 07 1651700 0.7 01 — ©2l172 0,09
+ C ||£{L||%°°(O,T;V) ||f’f||%oo(o,T;V) o1 — ‘PQH%?(O,T;W)
+ Cller = wollf 0.y 181720070 €T 1 0.7v)
+ Cllpr — <P2||2Loo(o,T;v) H§{L||2L°Q(O,T;V) ||ffH%2(o,T;W)

C[18(u) = 8(uz) || 18" (ur)[A]I[ 18" (ur) [K] 1%

IN

A

< Cllug — UQH%Z(O,T;H) Hh||2L2(o,T;H) ||k||%2(0,T;H)-

Similarly, it holds that
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T
195122000, < C / (el — ) (0) 2 1€k (1)) at
T
e / IVl 20 s €L — €D (02 €L 1) 3 dt
T
e / IV (D — b)) €5 (1) 2

T
+ C/O (&2 — &) ONFIVEM ()]l La(yedt
< Cllur — U2H%2(0,T;H) Hh||2L2(0,T;H) ||k||%2(O,T;H)'
With this, the assertion is proved. O

Remark 3.5. With Theorem 3.4, we have shown that the control-to-state operator 8 is twice continuously
Fréchet differentiable as a mapping from U = L?(0,T; H) into X. This result paves the way to prove first-
order necessary and second-order sufficient optimality conditions for the optimal control problem (CP) in the
following section.

4. THE OPTIMAL CONTROL PROBLEM

In this section, we study the optimal control problem (CP) with the cost functional (1.1). Besides the general
conditions (A1)—(A3), we make the following assumptions:

(A4) It holds b; >0, by >0, bg > 0, and k > 0.
(A5) The thresholds u,w € L>°(Q) satisfy u <@ almost everywhere in @, and the target functions satisfy
0o € L*(Q) and pq € V.

We assume k > 0 to include the effects of sparsity. By an obvious modification, the theory of second-order
conditions remains valid also for x = 0.

Remark 4.1. The assumption pq € V is useful in order to have more regular solutions to the associated adjoint
system (see below). It is not overly restrictive in view of the continuous embedding (H'(0,T; H)NL?(0,T; W)) C
C°([0,T); V) which implies that ¢(T) € V.

The following existence result can be shown with a standard argument.

Theorem 4.2. Let (A1)—-(A5) hold and suppose that G : L*(0,T;H) — R is nonnegative, conver and
continuous. Then the optimal control problem (CP) admits a solution u* € Uaq.

4.1. The adjoint system

In the following, let u* € Ug be fixed and (¢*, u*, w*) = 8(u*) be the associated state. The corresponding
adjoint state system is formally given by:

— 0 — Aq+ f(¢")g =bi(¢" —pq) in Q,
—Ap—q¢=0 in @,

—yor+1r—q¢=0 in Q,

Onp=0,g=0 on X,

p(T) = ba(¢*(T) — pa), r(T)=0 in Q.

~ o~~~
Ll
[ S N N
T — D —
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We immediately observe that the system is decoupled in the sense that r can be directly recovered from (4.3)
with the terminal condition r(7) = 0 once ¢ is determined. We point out that (4.1) has to be rewritten in a
weak (variational) form. We now show a well-posedness result for a slightly more general system.

Theorem 4.3. Suppose that (A1)—(A3) are fulfilled, and assume that u* € Up with (¢*, u*, w*) = S(u*),
g1 € L>(0,T; H) and g2 €V are given. Then the system

(=0, v) /Vq Vv+/f” qv—/glv

forall veV, ae in (0,T), (4.6)
—Ap—q=0 a.e. in Q, (4.7)
—vOr+r—q=0 a.e in Q, (4.8)
Onp=0 a.e on X, (4.9)
p(T)=g2, r(T)=0, a.e in Q, (4.10)

has a unique solution triple (p,q,r) with the reqularity

pe HY0,T;V*)nC°([0,T); V)N L*(0,T; W N H3(Q2)), (4.11)
q € L*0,T;V), (4.12)
re HY(0,T;V). (4.13)

Moreover, there is a constant K7 > 0, which depends only on R and the data, such that the two inequalities
below hold:

Ipllcoqo, 7y mnr20,mwy + ldllezo,rm) + 7lla0,7;m)
< Ky ( r) (4.14)

llpllcoo,mvynL2 o0, mswnrs @) + lallzo,rvy + 1rllm om0y
< K7 (llgallz2 0.z + llg2llv) - (4.15)

Proof. The linear initial-boundary value problem given by (4.6), (4.7), (4.9), together with the first terminal
condition in (4.5), is again solved via a Faedo—Galerkin approximation using the same eigenvalues, eigenfunctions
and n-dimensional approximating spaces V,, as in the proof of Theorem 2.1. For the sake of shortness, we
avoid to write the approximating n-dimensional analogues of (4.6)—(4.7) explicitly here and just provide the
relevant a priori estimates formally for the continuous problem. Having these estimates for the n-dimensional
approximations, one can apply the standard weak and weak-star compactness arguments to pass to the limit
as n — 0o, thereby showing the existence of the sought solution. Uniqueness then follows immediately from the
linearity and the estimate (4.14).

To this end, we insert v = p in (4.6) and test (4.7) by —¢g. Then we add the resultants, noting that a
cancellation of two terms occurs, and integrate over (¢,T), where t € [0, T) is arbitrary. Introducing the notation
Q' :=Qx (t,T)fort € [0,T), we then obtain, after rearranging terms and invoking (2.53) and Young’s inequality,

1 1 x
W@ + [ 1P = Slaely ~ [[ rans [[ o
Qt Qt Qt
1 1 9 9
< 5 (lo1lBen +llg2lE) +5 [ la* +C [[ b
2 2 Qt Qt
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Gronwall’s lemma then yields that
P30y + Nz ziary < € (g1l o + 2l ) (4.16)
In addition, we conclude from (4.7) and (4.9), invoking standard elliptic estimates, that
P13 07y < € (o320, + lg2l%) (4.17)
and comparison in (4.8) immediately shows that also
173 0.ty < € (lonlaoirian + g2l - (4.18)

The validity of the inequality (4.14) is thus shown.
Next, we insert v = ¢ in (4.6) and test (4.7) (formally) by —0p. Addition and integration over (¢,T") then

yields
5 [ on+ [ e = 5 [ v+ [[ oa- )

< ool + oy + € [ 10 < € (lolaozan + lo2li).

by virtue of Young’s inequality, and invoking the assumption g, € V' along with (2.53) and (4.16). Then, we
deduce that

1Pl + lalzory < € (lolsoamn + o) (4.19)
whence, using (4.7) and elliptic regularity,
lpllz20,7swnmE3 @) < C (||91||2L2(0,T;H) + ||92||%/) . (4.20)
In addition, using (4.19) and the endpoint condition r(T") = 0, we obtain directly from (4.8) that also
I 0.2y < € (91l + g2l ) - (4.21)
Moreover, comparison in (4.6) yields that
Pl oy < € (I91lEeco.rim + g2l ) -

Finally, as the embedding (H'(0,7V*) N L(0,T; H3(2))) € C°([0,T]; V) is continuous, (4.11) follows, and
the inequality (4.15) results from (4.19)—(4.21). This concludes the proof of the assertion. O

Remark 4.4. This remark collects three different comments.

1. From the proof of Theorem 4.3 the reader may realize that a weaker existence and uniqueness result holds if
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g1 € L%(0,T; H) and g5 is just in H, with a solution (p,q,r) having the regularity expressed in (4.14). In fact,
if we consider a weaker formulation of (4.6), namely,

w {—0p, v)w —/qu—i—/ (e )qv = / giv forall ve W, ae. in (0,7),
Q Q )

then we deduce from (4.16)—(4.18) and a comparison of terms in the above equation that

loplzz0.wy < € (l9rl3eo o + loallfr)

which, along with (4.17), implies that p € C°([0,7]; H) and gives a meaning to the first terminal condition in
(4.10). Of course, uniqueness then follows from inequality (4.14).

2. In the case of the adjoint system (4.1)—(4.5), the one of interest for our theory, we have g := bi(¢* —¢q) €
L?(0,T; H) and gy := ba(¢*(T) — ¢q) € V, so that Theorem 4.3 ensures that for every u* € L?(0,T; H) there
is a unique solution (p*,¢*,r*) with the regularity (4.11)—(4.13) that satisfies (4.15).

3. If, for i = 1,2, u; € Ug is given with the associated state (¢;, ui, w;) = 8(u;) and adjoint state (p;, g, 1),
then the triple (p1 — p2,q1 — q2,71 — 72) solves the system (4.6)—(4.10) with g1 := by(¢1 — p2) € L?(0,T; H)
and go :=ba(1(T) — w2(T)) € V. In view of (2.74), it therefore follows from (4.15) the estimate

Ip1 — p2llcoo,mvync20.mswnrs @) + o — @2llzzo,mvy) + llre = r2llar0,0v)
< Cller = @2lleoqo vy < Cllur — uzll20.1;m)- (4.22)

4.2. First-order necessary optimality conditions

In this section, we derive first-order necessary optimality conditions for local minima of the optimal control
problem (CP). We assume that (A1)—(A5) are fulfilled and that G : L?(0,T; H) — R is a general nonnegative,
convex and continuous functional. We define the reduced cost functionals associated with the functionals J and
J introduced in (1.1) by

~ -~

J(u) = J(81(u),u),  I(u) = J(81(u),u). (4.23)

Since 8§ = (81,82,83) is twice continuously Fréchet differentiable from U = L2?(0,T;H) into the space
C°([0,T); H) x L*(0,T;V) x H'(0,T; H) (which contains X), it follows from the chain rule that the smooth

part J of the reduced objective functional is a twice continuously Fréchet differentiable mapping from U into
R, where, for every u* € L?(0,T; H) and every h € L?(0,T; H), it holds with (¢*, u*,w*) = 8(u*) that

T )in) = b /Q €M (6" — p) + ba /Q €T () = va) + b [ wh (4.24)

Q

where (£ 0", o) = 8'(u*)[h] € Z is the unique solution to the linearized system (3.3)—(3.7) associated with h.

In the following, we assume that u* € U,q is a locally optimal control for (CP) in the sense of L>°(Q). In this
connection, recall that a control u* € U,q is called locally optimal in the sense of LP(Q) for some p € [1, +o0] if
and only if there is some ¢ > 0 such that

g(u) > g(u*) for all u € Uaq satisfying |Ju —u*||Lr(@) < €. (4.25)

Tt is easily seen that any locally optimal control in the sense of LP(Q) with 1 < p < oo is also locally optimal in
the sense of L™ (Q). Therefore, a result proved for locally optimal controls in the sense of L™ (Q) is also valid
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for locally optimal controls in the sense of LP(Q) for 1 < p < oo. In particular, it is true for (globally) optimal
controls.

A standard argument from convex analysis (for the details see, e.g., [37], Sect. 3) then shows that there is
some \* € G(u*) C L*(0,T; H) such that

~,

J’(u*)[u—u*]—i—m//Q AMu—u*) >0 Vu€ Ung. (4.26)

As usual, we simplify the expression J'(u*)[u — u*] in (4.26) by means of the adjoint state variables defined in
(4.1)—(4.5). A standard calculation using the linearized system (3.3)—(3.7) then leads to the following result.

Theorem 4.5. (Necessary optimality condition) Suppose that (A1)—(AS5) are fulfilled and that G :
L?(0,T; H) — R is nonnegative, conver and continuous. Moreover, let u* € Uaq be a locally optimal control
of (CP) in the sense of L™(Q) with associated state (¢*, p*,w*) = 8(u*) and adjoint state (p*,q*,r*). Then
there exists some A* € OG(u*) such that, for all u € Uyg,

/ /Q (r* + KA" + bau®) (u — u*) > 0. (4.27)

4.3. Sparsity of controls

The convex function G in the objective functional accounts for the sparsity of optimal controls, i.e., the
possibility that any locally optimal control may vanish in some subset of the space-time cylinder ). The form of
this region depends on the particular choice of the functional G. The sparsity properties can be deduced from the
variational inequality (4.27) and the particular form of the subdifferential OG. Here, we restrict ourselves to the
case of full sparsity which is connected to the L*(Q)—norm functional G introduced in (1.9). Its subdifferential
is given by (see [58])

{1} if u(z,t) >0
OG(u) = A€ LA(Q) : Ma,t) € [~1,1] ifu(x,t)=0 forae. (z,t)€Q
{-1}  ifu(z,t) <0

With exactly the same proof as that of the corresponding result [52], Theorem 4.7, we obtain the following
result.

Theorem 4.6. (Full sparsity) Suppose that the assumptions (A1)—(Ab5) are fulfilled, and assume that u and
u are constants such that u < 0 < w. Let u* € U,q be a locally optimal control in the sense of L*°(Q) for the

problem (CP) with the functional
Gw) = Il = [ 1l
Q

with associated state (p*, u*, w*) = 8(u*) solving (1.2)~(1.6) and adjoint state (p*,q*,r*) solving (4.1)—(4.5).
Then there exists a function \* € OG(u*) satisfying (4.27), and it holds

u(z,t) =0 <= |r'(z,t)| <k, forae (x,t)€Q. (4.28)
Moreover, if r* and \* are given, then u* is obtained from the projection formula

u*(x,t) = max {u, min {7, b3t (r* + KAY) (z,1)}} for a.e. (z,t) € Q.
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4.4. Second-order sufficient optimality conditions

We conclude this paper with the derivation of second-order sufficient optimality conditions for functions
u* obeying the first-order necessary optimality conditions of Theorem 4.5. Second-order sufficient optimality
conditions are based on a condition of coercivity that is required to hold for the smooth part J of J in a
certain critical cone. The nonsmooth part G contributes to sufficiency by its convexity. In the following, we
generally assume that the conditions (A1)—(A5) are fulfilled. Our analysis will follow closely the lines of [52],
which in turn is an adaptation of the technique used in the proof of [48], Theorem 3.4 for the sparse control of
the FitzHugh-Nagumo system.

To this end, we fix a control u* satisfying the first-order necessary optimality conditions, and we set
(¢*, u*,w*) = 8(u*). Then the cone

Clu*)={ve LQ(O,T; H) satisfying the sign conditions (4.29) a.e. in Q},

where

v(x,t){ 20 if w*(z,?) (4.29)

<0 if u*(x,t)

SEIS

is called the cone of feasible directions, which is a convex and closed subset of L?(0,T; H). We also need the
directional derivative of the convex functional G at v € L?(0,T; H) in the direction v € L?(0,T; H), which is
given by

G (u,v) = }1\% %(G(u +tv) — G(u)). (4.30)

Following the definition of the critical cone (see [48], Sect. 3.1), which is inspired by finite-dimensional
optimization theory, we define

Cu- = {v € Cw*) : J'(u*)[v] + kG (u*,v) = 0}, (4.31)
which is also a closed and convex subset of L?(0,T; H). According to [48], Section 3.1, it consists of all v € C'(u*)
satisfying

0) . (4.32)

At this point, we provide an explicit expression for j”(u) [h, k] for arbitrary u,h,k € L?(0,T; H). Arguing
exactly as in the derivation of the corresponding formula [52], equation (4.52), we obtain that

7y = [ /Q (b1 — FP(")g")E" € + by /Q EET) + by [ /Q hk, (4.33)

where (¢",7",v") = 8'(w*)[h] and (¢",n",v*) = 8 (u*)[k].
For the proof of the second-order sufficient optimality condition, we will need the following preparatory result.

Lemma 4.7. Assume that (A1)—-(A5) are satisfied and that u* € U,q is given with associated state (¢*, u*, w*)

and adjoint state (p*,q*,r*). Suppose that {ti;} C Uaq converges strongly in L?(0,T; H) to u*, and that {h;} C
L2(0,T; H) converges weakly in L*(0,T; H) to h. In addition, let (;, ij,w;) = 8(u;), and let (p;,q;,7;) be the
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associated adjoint state, for j € N. Moreover, let, for arbitrary h € L*(0,T; H), (¢" ", v") = 8'(u*)[h], as well
as (€ s ohi) = 8'(w;)[h;], for j € N. Then

lim J'(i;)[hy] = J'(u*)[h], (4.34)

]A)OO

s ([f s @i +b/'fh
/ / (b1 — F@ (")) €] + bo / |€M(T) (4.35)

Proof. At first, notice that (4.22) yields that |7 —r*||g10,7,m) — 0 as j — oo, which implies that

lim J(uj [h;] = lim // (75 + bsu;)h // "+ byu*)h = j’(u*)[h],
Jj—oo j—)OO

i.e., (4.34) is valid. Next, in order to prove (4.35), we observe that

(&7, 5) — (€h o) = (8'(5) — 8'(w)) [hg] + /")y — )

By virtue of (3.21) and the boundedness of {h;} in L?(0,T; H), the first summand on the right converges to
zero strongly in X. The second converges to zero weakly star in (cf. (3.1))

(H'(0,T;V*)N L>(0,T;V) N L*(0,T;W)) x L*(0,T;V) x H'(0,T; H).

Thanks to the compact embedding V' C LP(Q) for 1 < p < 6, the compactness result stated in [57], Section 8,
Corollary 4 then ensures that

e ¢ strongly in CO([0,T]; L4(Q)). (4.36)

In particular, we have that

Jim @ //Q|Ehj|2 + bg/ﬂ|§~hﬂ'(T)}2) — b, //Q|§h|2 + bg/ﬂ|§h(T)|2. (4.37)

Moreover, we obtain from (2.74) that [|@; — ©*||g1(0,7;v+)nL(0,15v) — 0 as j — 00, so that we can conclude
from [57], Section 8, Corollary 4, the global estimate (2.53), and (4.22), that, as j — oo,

I£3(&5) — £ () llcoqo,zay — 0, (4.38)
2; — ¢l 20, 7;L4(02)) — O (4.39)

Combining this with (4.36), we readily verify that

Jm [ ro@ale = [[ 1l

which concludes the proof. [

%, (4.40)
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With Lemma 4.7 shown, the road is paved for the proof of second-order sufficient optimality conditions. To
this end, we will employ the following coercivity condition:

J"(u*)[v,v] >0 Ve Cy \{0}. (4.41)

Condition (4.41) is a direct extension of associated conditions that are standard in finite-dimensional nonlinear
optimization. In the optimal control of partial differential equation, it was first used in [42]. We have the following
result.

Theorem 4.8. (Second-order sufficient condition) Suppose that (A1)—(A5) are fulfilled. Moreover, let u* €
U,a, together with the associated state (¢*, pu*, w*) = $(u*) and the adjoint state (p*, ¢*, r*), fulfill the first-order
necessary optimality conditions of Theorem 4.5. If, in addition, u* satisfies the coercivity condition (4.41), then
there exist constants € >0 and ¢ > 0 such that the quadratic growth condition

3(u) > 3(u*) + C llu— w320 7oy (4.42)

*

holds for all u € Uagq with ||u — u*||p2(0,1;m) < €. Consequently, u* is a locally optimal control in the sense of

L2(0,T; H).

Proof. The proof is exactly the same as that of the corresponding [52], Theorem 4.8. In order not to seem
repetitive, we therefore only sketch the argument, pointing out the places in the proof where the results of
Lemma 4.7 are used. We argue by contradiction, assuming that the claim of the theorem is not true. Then there
exists a sequence of controls {u;} C Uaq such that, for all j € N,

* 1 : T T % 1 *
lluj — w*llL20,7m) < 5 while I(u;) < d(u”) + Q*jllug‘ — w2 0,m:0)- (4.43)

Noting that u; # u* for all j € N, we define

1
7= |luj —u*||p20,rmy  and Ry o= ;(uj —u’).
j

Then ||hjl[z2(0,7;7) = 1 and, possibly after selecting a subsequence, we can assume that
h;j — h weakly in L?(0,T; H)

for some h € L?(0,T; H). The proof is now split into three parts.

(i) h € Cy+: Here, one has to show that (cf. (4.31)) J'(u*)[h] + kG'(u*,h) = 0, in particular. This follows
exactly as in the corresponding step (i) in [52], where in the proof of the inequality J'(u*)[h] + kG'(u*,h) < 0
the identity (4.34) is used.

(ii) h = 0: The proof of this claim is again exactly the same as in the corresponding step (ii) in the proof of
[52], Theorem 4.8. It uses the identity (4.35) in order to show that (4.43) implies that j”(u*)[h7 h] <0, whence
h = 0 follows using (4.41).

(iii) Contradiction: Again, the argumentation is exactly the same as the corresponding step (iii) in the proof
of [52], Theorem 4.8: we know from the previous step that h; — 0 weakly in L2(0,T; H). Now, (4.33) yields
that

Ty, = [[ (0= 50 b [P b [l (4.44)
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where we have set (£, n vhi) = 8'(u*)[h], for j € N. Since h; — 0 weakly in L?(0,7; H), we find from
(4.35) in Lemma 4.7 that the sum of the first two integrals on the right-hand side of (4.44) converges to zero.
On the other hand, |h;||z2(0,7;m) = 1 for all j € N, by construction. Therefore,

lim inf f’(u*)[hj7hj] > lijrginf bs // |hj|> = b3 > 0. (4.45)
> Q

j—o0
On the other hand, the condition (4.43) leads, using (4.35) again, to the conclusion that

liminf J” (u*)[h;, h;] < 0,

J—00

which contradicts (4.45). The assertion of the theorem is thus proved. O
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