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STABILIZATION OF CONTROL SYSTEMS ASSOCIATED
WITH A STRONGLY CONTINUOUS GROUP

Hoal-MiNH NGUYEN®

Abstract. This paper is devoted to the stabilization of a linear control system y’ = Ay 4+ Bu and its
suitable non-linear variants where (A, D(A)) is an infinitesimal generator of a strongly continuous group
in a Hilbert space H, and B defined in a Hilbert space U is an admissible control operator with respect
to the semigroup generated by A. Let A € R and assume that, for some positive symmetric, invertible
Q = Q(\) € L(H), for some non-negative, symmetric R = R(\) € L(H), and for some non-negative,
symmetric W = W(X) € £(U), it holds

AQ + QA* — BWB* + QRQ + 2)Q = 0.

We then present a new approach to study the stabilization of such a system and its suitable nonlinear
variants. Both the stabilization using dynamic feedback controls and the stabilization using static
feedback controls in a weak sense are investigated. To our knowledge, the nonlinear case is out of reach
previously when B is unbounded for both types of stabilization.

Mathematics Subject Classification. 93B52; 93D15; 93D05; 49J20.
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1. INTRODUCTION

In this paper, we study the stabilization of a linear control system associated with a strongly continuous
group and its related nonlinear systems. Let H and U be two Hilbert spaces which denote the state space and
the control space, respectively. The corresponding scalar products are (-, )y and (-, -y, and the corresponding
norms are || - g and || - [u. Let (S(t))te]R c L(H) be a strongly continuous group on H, i.e.,

S(0) = Id (the identity),
S(tl + tz) = S(tl) o S(tz) Vti,t2 € R,
and

lim S(t)x =2 VYaeH.

t—0
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Here and in what follows, for two Hilbert spaces X; and Xy, we denote £(X;,Xs) the Banach space of all
bounded linear applications from X; to Xs with the usual norm, and we simply denote £(X;,X;) by £(Xy).
Let (A, D(A)) be the infinitesimal generator of (S(t))te]R and denote S(t)* the adjoint of S(t) for ¢t € R. Then

(S(t)*) +cr 18 also a strongly continuous group of continuous linear operators and its infinitesimal generator is
(A*,D(A¥*)), which is the adjoint of (A, D(A)). As usual, we equip the domain D(A*) with the scalar product
(21, 22)paxy = {21, 22)m + (A% 21, A* zp)m for 21, 20 € D(A¥).

Then D(A*) is a Hilbert space. Denote D(A*)’ the dual space of D(A*) with respect to H. It follows that
D(A*) c H < D(A*)'.
Let
B e L(U,D(A*)).
In this paper, we consider the following control system, for T' > 0,

y = Ay + Bu for t € (0,7,
(1.1)

y(0) = yo,

where, at time ¢, the control is u(t) € U and the state is y(t) € H, and yo € H is an initial datum. This
control setting is standard and used to model many control systems, see, e.g., [1, 2]. Interesting aspects of the
controllability and the stability of (1.1) can be found in [1-9] and the references therein.

As usual, see, e.g., [1, 2], we assume that B is an admissible control operator with respect to the semigroup
(S(t))t>0 in the sense that, for all u € L2([0,T7];U), it holds that

t
p e C([0,T]; H) where ¢(t) := J S(t — s)Bu(s) ds. (1.2)
0
As a consequence of the closed graph theorem, see e.g., [10], one has

leleo,mm < Crlulpeo,r)v)- (1.3)

Recall that system (1.1) is called to be exactly controllable in some positive time T if for all yo, yr € H, there
exists u € L2((0,7); U) such that

y(T) = yr,

where y is the unique weak solution of (1.1) (the definition of the weak solutions is recalled in Sect. 3). In this
case, we also call that the pair (A, B) is exactly controllable in some positive time 7. It is known that (1.1) is
exactly controllable in time T > 0 if and only if the following observability inequality holds, see, e.g., [1, 2],

T
J |B*e* A" 22 ds > C|z|3 for all x € H, (1.4)
0
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where C' is a positive constant independent of z. Here and in what follows, if A is the infinitesimal generator of
the semigroup (5(t)),., in a Hilbert space H, we also denote S(t) by e for ¢ > 0.
Let A € R and assume that, for some positive, symmetric, invertible Q = Q(\) € L(H), for some non-negative,
symmetric R = R(\) € L(H), and for some non-negative, symmetric W = W(\) € L(U), it holds
AQ + QA* — BWB™ + QRQ +2)\Q = 0, (1.5)
where (1.5) is understood in the following sense

Here and in what follows, given a Hilbert space H and an operator Re E(]ﬁl) being symmetric, one says that R
is non-negative if

<]§x,x>ﬁ > 0 for all z € H,
and one says that Ris positive if, for some positive constant C, it holds'
(R, z)z > Cla|Z for all z e .
In this paper, we study the stabilization of (1.1) when (1.5) holds.
Several cases of identity (1.5) and their associated stabilization results appeared in the linear quadratic

optimal control theory [11] (see also [12-17] and the references therein) under assumptions that are discussed
now. Given a non-negative, symmetric R € L(H), consider the cost function

T
Tr(g) = | CRyvypa(s) + Cuudu(s) ds for T (0, 0] (17)
0
For 0 < T < +o0, let Pr € L(H) be symmetric and satisfy

P = inf
< TY0, y0>H uELz(lg(l),T),U) JT(ua y)a

where y is the weak solution of (1.1) corresponding to u. Assume that the finite cost condition holds, i.e.,

inf Joo(u,y) < +00,
u€L2((%17+OO),IU) Oo(u y)

for all yo € H. Let uopt and yep be the unique solution corresponding to the minimizing problem
infuer2((0,4%),0) Joo (U, y), i-e.,

Jon (Uopt, Yo = inf o (u, y), 1.8
o (opt Yopt) =, inf e () (1.8)

where y is the weak solution of (1.1). Define

Sopt (£)Y0 = Yopr (t)- (1.9)

‘ﬁ . ..
Thus positivity here means coercivity.
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Then
¢
Sopt(t)yo = S(t)(yo) + J S(t — 8)Buope(s) ds for t = 0. (1.10)
0

Let (Aopt, D(Aopt)) be the infinitesimal generator of (Sope(t)), - Then the pointwise limit of Pr as T — 400
exists. Denote this limit by P,. It follows that Py, : D(A,p) — D(A*) and

Uopt(t) = —=B*Pyryope(t) if  yo € D(Aopt)- (1.11)

Assume also that R is invertible. Then
(Sopt(t))t>0 is exponentially stable. (1.12)
Assertions (1.9)—(1.12) thus give the stabilization of (1.1) by static feedback controls in a weak sense since

—B*P,, is not defined for every element in H when B is not bounded or equivalently when B* is not bounded.
Assume in addition that (S(t))ser is a group, and (A*, RY/?) and (A, B) are exactly controllable in some positive

time. Then P, is invertible, and Q. := P! satisfies the dual algebraic Riccati equation
AQy + QA" + Q. RQ, — BB* =0 (1.13)
in the sense
Qrz, A* 2Dy + (A% 2, Q20 + {RQT, Qr2dm = (B*x,B*z)y for all z,z € D(A*). (1.14)
Identity (1.13) is a special case of (1.5) for which W =T and A = 0.

We have briefly mentioned so far known stabilization results related to (1.5) from the optimal control theory.
We next discuss quickly known results related to (1.5) that come from Gramian operators and are also related

to the optimal control theory. Let X > 0 and assume that system (1.1) is exactly controllable in time 7" > 0.
Thus (1.4) holds. Set, with T = T + &,

e 2As in [0, 77,
e(s) = . (1.15)
20 (T, — 5)  in (T, Ty

It is shown in [18] (see also [19]) that (1.5) holds for A = 0, W being the identity, and for Q € L£L(H) being
defined by

T
(Qx1,xoym = f e(s)(B*e*SA*:vl,B*e*SA*m)[U ds, (1.16)
0
and for R € L(H) being symmetric and defined by

Ty
(RQu, Qay = — j ¢'(s)|Bre*A" 2 ds.
0

Previous results when B is bounded were due to Slemrod [4]. These works are inspired by the ones of Lukes
[20] and Kleinman [21] where the Gramian operators were introduced in the finite-dimensional setting. In [22],
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Urquiza observed in the case A is skew-adjoint and X > 0 that (1.5) holds for W being identity, for A = 0, @
being defined by

N
(Qx1,Toym = J e*2AS<B*e*SA*x1,B*e*SA*u}U ds, (1.17)
0

and for R = QXQ_I. The result of Urquiza [22] was inspired by the Bass method previously discussed by Russell
[23], pp. 114-115 following [1], Section 10.3. In the settings of Komornik and Urquiza, one can check that

Q is invertible and (A*, R'/?) is exactly controllable.

One can then apply the linear quadratic optimal control theory to conclude that system (1.1) is stabilizable by
static feedback controls in the weak sense (1.11). Komornik also proved that (1.1) is stabilizable with the rate
X and Urquiza [22] also established that (1.1) is stabilizable with the rate 2\ when A is skew-adjoint, both are
in the weak sense. To our knowledge, these known results mentioned have not been successfully extended to the
nonlinear case.

The goal of this paper is to present a new method to study the stabilization of (1.1) and its suitable nonlinear
variants under condition (1.5). We also show that (1.5) appears very naturally for exactly controllable systems.
We study the stabilization of (1.1) by dynamic feedback controls and by static feedback controls in a weak sense,
which we call a trajectory sense. A system is called dynamically stabilizable if it can be embedded as a subsystem
of a larger, exponentially stable well-posed system. This definition has been used for finite dimensions, see, e.g.,
[1], Chapter 11, and for linear systems in infinite dimension, see, e.g., [15].

Our approach is essentially based on the construction of new auxiliary dynamics for both types of stabilization
(see Thm. 2.1, Thm. 2.4, Thm. 2.9, and Thm. 2.13) and “integration by parts arguments” (see Lem. 3.5 and
Lem. 4.1). The new adding variable is inspired by the adjoint state in the linear quadratic optimal control
theory and the way to choose controls in the Hilbert Uniqueness Method (HUM) principle. The advantage of
our approach is at least twofold. First, the method works well in both linear and nonlinear settings. Second,
a Lyapunov function is also provided for the static feedback controls. To our knowledge, the stabilization of
such systems by dynamic feedback controls is new even in the linear setting. The nonlinear case is out of reach
previously when B is unbounded for both types of stabilization. Concerning the static feedback controls, as far
as we know, a Lyapunov function is not known even in the case where B is bounded and A is not; a Lyapunov
function was previously given in the finite-dimensional case [1, 21]. Consequently, we derive that if the system
is exactly controllable in some positive time, then the system is rapidly stabilizable. The techniques and ideas
used in this paper have been applied and combined with the ideas in [24] to study the rapid and finite-time
stabilization of the Schrodinger equation with bilinear controls [25] and of the KdV equations [26]. Concerning
the bilinear control of the Schrédinger equation, the static feedback for the rapid stabilization even in the usual
sense is established.

Adding a new variable is very natural and has been used a long time ago in the control theory even in finite
dimensions for linear control systems, see, e.g., [1], Section 11.3 and [27], Chapter 7. Coron and Pradly [28]
showed that there exists a nonlinear system in finite dimensions for which the system cannot be stabilized by
static feedback controls but can be stabilized by dynamic feedback ones. Dynamic feedback controls of finite
dimensional nature, i.e., the complement system is a system of differential equations, have been previously
implemented in the infinite dimensions, see, e.g., [29, 30]. It is interesting to know whether or not adding a new
variable is necessary in the setting of this paper.

The paper is organized as follows. In Section 2, we state the main results of the paper on the dynamic
feedback and the static feedback in the trajectory sense. Section 3 is devoted to the well-posedness and some
properties of various linear systems considered in this paper. The proofs of the main results on the dynamic
feedback and the static feedback are given in Section 4 and Section 5, respectively. In Section 5.3, we also discuss
the infinitesimal generator of the semigroup associated with the static feedback controls given in Theorem 2.9,



6 HOAI-MINH NGUYEN

this in particular implies new information on (Aepe, D(Aope))- Finally, in Section 6, we discuss choices of () (and
also R and W) when the system is exactly controllable.

2. STATEMENT OF THE MAIN RESULTS

This section consisting of two subsections is organized as follows. In the first subsection, we discuss the
stabilization (1.1) by dynamic feedback controls. In the second subsection, we discuss the stabilization of (1.1)
by static feedback controls in the trajectory sense. Here and in what follows in this section, we always assume
that (A, D(A)) is an infinitesimal generator of a strongly continuous group in H, and B € L(U, D(A*)’) is an
admissible control operator with respect to the semigroup generated by A.

2.1. Stabilization by dynamic feedback controls

Given an infinitesimal generator Aof a semigroup in a Hilbert space ]ﬁl, set
T LA
wo(A) = inflog ™| - ),

which denotes the growth of the ot for t > 0. It is known, see, e.g., [7], that
—0 < wo(A) < 400.

Concerning the dynamic feedback controls of (1.1), we have the following result.

Theorem 2.1. Let A € R and assume (1.5) with R =0, and let Ay € R. Let @o(A) = wo(A) and &o(—A*) =
wo(—A*) be two real constants such that, for some positive constant c,

e camy < ™ fort >0 and [T < ™A fort >0, (2.1)
and assume that
AL — 2\ > @p(A) — wo(—A*). (2.2)
Given yo, Jo € H arbitrary, let (y,7)" € (C([O,T];]HI))2 be the unique weak solution of the system

y = Ay — BWDB*y in (0,400),
/:171 = _A*g - 2)‘g + A162_1(y - Qg) in (05 +(X)), (23)
y(0) = o, (0) = Jo.
Then

ly(®) i + 1570l < Cel@ A=V (40 |5 + |5(0) ) for t >0, (2.4)

where C is a positive constant independent of t and (yo, o). Consequently, if A is skew-adjoint and Ay > 2,
then

ly@) e + 17 < Ce™Y (ly ()]l + [5(0) [zx) for ¢ > 0. (2.5)

Remark 2.2. The well-posedness of the weak solutions in Theorem 2.1 is established in Lemma 4.2.
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Remark 2.3. In comparison with the original system (1.1), in system (2.3) a new variable § and its equation

are added. The goal for this adding is two folds. First, the extended system (2.3) is well-posed for all initial
datum. Second, the solutions of the new extended system decays exponentially suitably.

We next illustrate how this result can be extended to a nonlinear setting. Let f : H — H be continuous such
that for all € > 0 there exists § > 0 such that

I/ (@)|lm < el|z|n for € H with |z|g < 6, (2.6)
and f is Lipschitz in a neighborhood of 0 in H, i.e., there exist r > 0 and A > 0 such that
|f (@) = f(W)lla < Az =yl for 2, y € H with |, [ly|a < (2.7)

We consider the following control system

{ y' = Ay + f(y) + Bufor t € (0,7),
y(0) = yo € H.

Concerning the local stabilization of (2.8), we have the following result.

Theorem 2.4. Let A € R and assume that (1.5) holds with R =0, and let A1,v € R be such that v < . Let
Wo(A) = wo(A) and &o(—A*) = wo(—A*) be two real constants such that, for some positive constant c,

le" ) e < @@ fort =0 and et ) < AT fort > 0. (2.9)
Assume that
A1 — 2\ > {:Jo(A) — CZ)Q(—A*), 2")/ — (:J()(—A*) >0, (210)

and (2.6) and (2.7) hold. There exists € > 0 (small) such that for all yo, %o € H with |(yo, %) |u < €, there
exists a unique solution (y,7)" € (C([O,T];H))2 of the system

y =Ay+ f(y) — BWB*y in (0,4+0),
= —A*j— 207+ Q7 F(QD) + M@y - Q7)) i (0, +00), (211)
y(O) = Yo, 5(0) = YJo-

Moreover, we have
ly(®le + [7(t) [ < Cel@ A=V (Jy(0) 1 + [[5(0) ) for t >0, (2.12)

where C is a positive constant independent of t and (yo, o). Consequently, if A is skew-adjoint and N\, > 2\ >
2y > 0 then

ly@)le + 157z < Ce™ (Jy(0) e + 15(0) |zz) for t = 0. (2.13)

Remark 2.5. The weak solutions given in Theorem 2.4 are understood in the sense of the weak solutions where
the nonlinear terms play as a part of the source term.
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Remark 2.6. The well-posedness of the weak solutions in Theorem 2.4 is a part of the proof. In comparison
with Theorem 2.1, X is supposed to satisfy the condition 2A — @wo(—A*) > 0 in Theorem 2.4 to make sure that
the solution remains small for large time.

As a consequence of Theorem 2.1 and Theorem 2.4 (see also Prop. 6.3), we obtain the following results.

Proposition 2.7. Assume that system (1.1) is exactly controllable in some positive time. System (1.1) is rapidly
dynamically stabilizable.

Proposition 2.8. Assume that system (1.1) is exactly controllable in some positive time, and (2.6) and (2.7)
hold. System (2.8) is locally rapidly dynamically stabilizable.

Recall that system (1.1) is called rapidly dynamically stabilizable if it can be dynamically exponentially
stabilizable with an arbitrary decay rate. A similar meaning with suitable modifications is used for system (2.8).

2.2. Stabilization by static feedback controls

Here is the first main result on the static feedback controls of (1.1).

Theorem 2.9. Let A € R and assume (1.5). Given yo € H, let (y,7)" € (C([O,T];]HI))2 be the unique weak
solution of the system

y = Ay — BWB*y  in (0, +00),
V= —A¥—2\j— RQJ  in (0, +o0), (2.14)
y(0) = yo, 9(0) = go := Q 'wo.

Then
§(t) = Q7 1y(t) fort =0, (2.15)

and

Q™ 2y( I — 1Q~*y(7)I

t t
— —2) j 12y (s) | ds — j (W2 B¥5(s) 3 + Ry ()3 ) ds for t > 7 > 0. (2.16)

T

Consequently,
1@ 2y < e QY (0) | for t > 0. (2.17)
Some comments on Theorem 2.9 are in order. Since
¥ =—A*y—2\y — RQYy in (0, +w0)

and y(0) € H, it follows from Lemma 3.5 given in Section 3 that § € C([0,T");H) is well-defined for all T > 0
and moreover,

B*ye L*((0,T),H) for all T > 0.
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We thus derive that system (2.14) is well-posed and (2.16) makes sense. Combing (2.15) and the equation of y
y' = Ay — BWB*y,
we have thus shown that the control system y' = Ay + Bu with the static feedback control
“y=—WB*Q 'y fort >0, (2.18)

is well-posed in the sense given in Theorem 2.9. We only consider (2.18) as static feedback controls in a weak
sense, which we call a trajectory sense, since for y € H, it is not clear how to give the sense to the action
—WB*Q~'y. In comparison with the static feedback controls in the sense given by (1.11), the static feedback
controls given (2.18) are well-defined in the sense of Theorem 2.9 for all initial data yo € H. Theorem 2.9 can
be considered as a new way to view the feedback controls given in (1.11).

It is important in Theorem 2.9 that 7o = Q' in (2.14). Due to this fact, one cannot derive from Theorem 2.9
that system (1.1) is dynamically stabilizable via the system

y = Ay — BWB*y in (0, +0),
(2.19)

7' = —A*j — 20\ — RQJ in (0, +0),

To be able to deal with (2.19) with arbitrary initial datum and to obtain the dynamic stabilization (1.1), we
introduced the term A\ Q~'(y — Q%) in (2.14) of Theorem 2.1 (compare (2.14) and (2.19)).

Remark 2.10. From (2.16), the quantity ||Q_1/2y(t)||%1 can be viewed as the Lyapunov function of the system.
This fact seems new to us even in the case where B is bounded and A is not.

Remark 2.11. Assertion (2.15) was known in the case where A = 0, W = I, and under the additional assump-
tions that (A*, RY?) and (A, B) are exactly controllable in some positive time, see [11], Theorems 2.4, 2.6,
and 2.7.

We next present a consequence of Theorem 2.9 in the case where A is a skew-adjoint operator and R = 0.

Corollary 2.12. Let A € R, and assume that (1.5) holds with R = 0 and A is skew-adjoint. Given yo € H, let

(y, )" € (C([O,T];H))2 be the unique weak solution of the system (2.14) with R = 0. Then (2.15) holds and,
for some positive constants Cy, Cs, independent of yq,

Cre M [yolla < lly(t) | < Coe ™M |yo|l for t = 0. (2.20)

Corollary 2.12 is a direct consequence of Theorem 2.9. Indeed, (2.15) is a consequence of Theorem 2.9. Since
A is skew-adjoint, it follows from the equation of 7 that

[7@)] = e=*X]5(0)] for t > 0. (2.21)

Assertion (2.20) is now a consequence of (2.15) and (2.21).

We next deal with the local stabilization of (2.8) by static feedback controls in the trajectory sense.
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Theorem 2.13. Let A > 0 and assume (1.5), (2.6), and (2.7). There exists € > 0 (small) such that for all
yo € H with |yo|u < e, there exists a unique weak solution (y,7)" € (C([0, T];]HI))2 of the system
y =Ay+ f(y) — BWB*y in (0,4+0),
¥ =A%y — 20y — RQy + Q" f(Qy)  in (0,+m), (2.22)
y(0) = yo, H(0) =To = Q '
Moreover, we have

J=Q 'y fort=0, (2.23)

and

t
Q7 20l ~ 1@ Pyl = -2 | 1@yl ds

= | (BRI + IRy )IE) s+ 2 [ u).Q y(e)ds fort> 72 0. (224)

T

Consequently, for all 0 <y < A, there exists e, such that for yo € H with |yo|m < €4, it holds

1Q72y(1)]1u < e | Q™ 2y(0) ] for t > 0. (2:25)

Remark 2.14. The weak solutions given in Theorem 2.13 are understood in the sense of the weak solutions
given in Section 3 where the nonlinear term plays as a part of the source term.

Remark 2.15. In comparison with Theorem 2.1, A is supposed to be positive in Theorem 2.4 to make sure
that the solution remains small for large time.

Here is a variant of Corollary 2.16 in the nonlinear setting, which is a direct consequence of Theorem 2.13,
and the proof is omitted.

Corollary 2.16. Let A\ > 0, and assume that (1.5) holds with R = 0 and A is skew-adjoint. Assume (2.6)
and (2.7). There ezists € > 0 (small) such that for yo € H with |yo|m < €, there exists a unique solution

(y,7)" € (C([O,T];]HI))2 of the system (2.22) with R = 0. Moreover, (2.23) holds, and, for all 0 <~y < X, there
exists € such that for yo € H with ||lyo|u < e, it holds, for some positive constants C, independent of yo,

ly®)le < Ce™"yolu for t > 0. (2.26)

As a consequence of Theorem 2.9 and Theorem 2.13 (see also Prop. 6.1), we obtain the following results.

Proposition 2.17. Assume that system (1.1) is exactly controllable in some positive time. System (1.1) is
rapidly (statically) stabilizable in the trajectory sense.

Proposition 2.18. Assume that system (1.1) is exactly controllable in some positive time, and (2.6) and (2.7)
hold. System (2.8) is locally rapidly (statically) stabilizable in the trajectory sense.
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3. PRELIMINARIES

In this section, we state and prove the well-posedness and some properties of various linear control systems
considered in this paper. It is more convenient to consider a slightly more general system

{y’sz+f+Bu+Myinte(0,T), 3.1)
3.1

y(0) = vo,

with yo € H, f € L'((0,T);H), u € L*([0,T]; U), and M € L(H). Recall that B is assumed to be an admissible
control operator with respect to the semigroup (S(t)) 150 © L(H) generated by the operator A throughout the

paper. In this section, we only assume that (S (t)) =0 © L(H) is a strongly continuous semigroup. A weak
solution y of (3.1) is understood as an element y € C([0,T]; H) such that

) .
4y, o = (Ay + f + Bu+ My, @b in (0,T
{ <y, om =< o in (0,7) for all p € D(A*) (3.2)

y(0) = yo

for which

i) the differential equation in (3.2) is understood in the distributional sense,
i1) the term (Ay + f + Bu + My, ¢yu is understood as {y, A*oyu + {f + My, oyu + {u, B¥*pyy.

The convention in i) will be used throughout this section.

We begin by recalling the well-posedness of (3.1), see [2], Sections 4.1 and 4.2 (in particular, [2], Rem. 4.1.2
and Prop. 4.2.5)2, see also [25], Proposition Al.

Proposition 3.1. Let T > 0, yo € H, f e L'((0,7);H), u e L?([0,T];U), and M € L(H). Then
i) ye C([0,T],H) is a weak solution of (3.1) if and only if, with ]?:= f + Bu + My, it holds®

~

y(t) = S(t)yo + Jo S(t—s)f(s)ds forte0,T]. (3.3)

i1) there exists a unique solution y € C([0,T],H) of (3.3).

Remark 3.2. A solution of (3.3) is called a mild solution of (3.1). Part i) of Proposition 3.1 gives the equivalence
between a weak solution of (3.1) defined by (3.2) and a mild solution of (3.1) defined by (3.3). Part ¢i) provides
the well-posedness of weak solutions of (3.1) thanks to the well-posedness of mild solutions. The well-posedness
of mild solutions of (3.3) can be proved using a standard fixed point argument for which the following norm is
used in C([0,T]; H):

llyll = sup e™*y(#)]a.
te[0,T7]

for some large positive u, see also the proof of Lemma 3.8 below.

Remark 3.3. As a consequence of Proposition 3.1, the control operator B is also admissible with respect to

the semigroup et(A+M),

ZThere is no f in the statement of [2], Proposition 4.2.5 but the result also holds with f € L'((0,7); H) and the analysis is the
same.

3This identity is understood in D(A*), i.e., (y(t), o) = {(S(t)yo, Pyu + Sé(S(t — 5)f(s), pduds in [0,T] for all o € D(A*).
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Remark 3.4. The concept of weak solutions and mild solutions have been used in the theory of semigroups,
see, e.g., [2, 31]. The definitions given here are in the same spirit and adapted to the setting considered.
The equivalence between weak solutions and mild solutions was first proved in the case B is bounded and
f€C(]0,T]; H) by Ball [32], see also [31], Chapter 1 of Part II for related results when B is bounded.

The unique weak solution given in Proposition 3.1 also satisfies the transposition meaning as established in
the following result, which is one of the key technical results of this paper.

Lemma 3.5. Let T > 0, yo € H, f € L'((0,T);H), ue L?([0,T];U), and M € L(H), and let y € C([0,T]; H)
be the unique weak solution of (3.1). We have, for t € (0,T], for z: € D(A*), and for g € C([0,t]; D(A*)),

@w@m—mm@m=ﬁwwﬁ%@mm

f@ mm+fq mm+f@@ (s)uds, (3.4)

where z € C([0,t]; H) is the unique weak solution of the backward system

(3.5)

Z'=—A%z—gin (0,1),
z(t) = z.

Consequently, for zr € H and g € L*((0,T); H), the unique weak solution z € C([0,T];H) of (3.5) witht =T
satisfies

IB*2lz20.my0) < Cr (Il oy + lorl) (3.6)
and (3.4) holds for z; € H and g € L'((0,t);H). Here Cr denotes a position constant independent of g, f, and
zT.

Remark 3.6. For 0 < T < Ty, the constant Cr in (3.6) can be chosen independent of T In fact, extend g by

0 for ¢t < 0 and denote this extension by g. Consider the weak solution Z of the system
Z=—-A*Z—gin (T —Tp,T),
(3.7)

By (3.6), we have

IB* 21 (r-ramyy < Cr, (1122 =ty + o7l
The desired assertion follows by noting that Z = z in (0,7) and using the definition of g.

In what follows, for notational ease, we use {:, -, to denote {:,-, g or <+, -, dy in a clear context. We now give
the proof of Lemma 3.5.

Proof of Lemma 3.5. Let zx € D(A*) and g € C([0,t]; D(A*)), and let z € C([0,¢]; H) be the unique weak
solution of (3.5). We have, for n > 2,

), 2(0) = (0,20 = Y] (Wit =) = ltim), 2(ti-1))

=1

where tg =0 and t; = t;,_1 + t/n for1<i<n.
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Since z; € D(A*) and g € C([0,t]; D(A*)), it follows that z € C([0,t]; D(A*)). We thus obtain

(ti), 2(ti)) — y(ti-1), 2(ti—1)) = {y(ts), 2(t:) — 2(ti=1)) +y(ti) — y(ti-1), 2(ti-1))

GULD g1y, j (= A*2(s) —g(s)) dsy + | (Ay(s) + F(s), 2(t; 1)) ds.

i—1 ti—1

13

(3.8)

where f = f 4+ Bu+ My. Recall that the convention i) in the definition of the weak solutions of (3.2) is used

here. Using the fact z € C([0,t]; D(A*)) and y € C([0,t]; H), we derive that

ti t;

W), | (=476 =) A+ [ Ayt + Flo), 2ty ds

ti—1

ti

= L y(s), (= A*z(s) — g(s)) dsy + f (Ay(s) + f(s), 2(s)>ds + o(t; — ti_1).

ti—1

Here the standard notation of o(+) is used: o(s)/|s| — 0 as s — 0. Combining (3.8) and (3.9) yields

k), 2(8)) =yt 1), 2 f G(s) ds>+j (Fs), 2(5)yds + ofts — ti 1).
Using the definition of f, we derive that
W10 209) = ltin). 2ty = | o). B(e)yds = [ o)) ds

(3.9)

f (s) >ds+fi (Miy(s), 2(3)y ds + olt; — ti_y).

ti—1

Summing with respect to n and letting n — +o0, we reach (3.4) for z; € D(A*) and g € C([0,t]; D(A*)).

We next deal with (3.6). Fix zr € D(A*) and g € C([0,T];D(A*)). Let u € L2((0,7);U) and let y €
C([0,TT; H) be the unique weak solution of (3.1) with f =0, yo =0, and M = 0. Applying (3.4) with ¢t = T,

we have
J (u(s), B¥z(s)yds = {y(T ZT>+J {g(s),y(s))ds. (3.10)
Since
T
|<y(T)’ZT>|+L Kg(s), (sl ds < [y(T)lllzz | + 9l Lr o,y 191 L 0,780
(1.3),Theorem 3.1
< Clulzzomyo (el + gl oy ). (3:11)

Combining (3.10) and (3.11) yields

1B*2l20m.0) < C(Nzrl + gl omym )

Assertion of (3.6) in the case zr € H and g € L*((0,T); H) follows from this case by density.
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Finally, (3.4) with z; € H and g € L*((0,t); H) also follows from the case z; € D(A*) and g € C([0,t]; D(A*))
by density. O

We now prove that the solutions in the transposition sense are also unique. Their existence is a direct
consequence of Proposition 3.1 and Lemma 3.5. We first state the meaning of transposition solutions of system
(3.1).

Definition 3.7. Let T > 0, yo € H, f € L'((0,T);H), v € L*([0,T];U), and M € L(H). A function y €
C([0, T]; H) is called a transposition solution of (3.1) if for all ¢ € (0,7, z; € H, and g € L*((0,t); H), identity
(3.4) holds where z € C([0, t]; H) is the unique weak solution of (3.5).

We have the following result.

Lemma 3.8. Let T > 0, yo € H, f e L'((0,T);H), and u € L?>((0,T);U). There erists a unique transposition
solution y € C([0,T]; H) of (3.1). Moreover,

ly(r)lis < Cr (loll + 171402y + Il o ) (3.12)

for some positive constant Cr, independent of yo, f, and u.

Remark 3.9. Let 0 < T < Tp. By the arguments as in Remark 3.6, one can chose the constant Cp in (3.12)
independent of T'.

Proof. By Proposition 3.1 and Lemma 3.5, it suffices to prove the uniqueness. Let p > 0 be large. We equip
C([0,T]; H) with the following norm

llyll = sup e y(t)]u.
te[0,T7]
Recall that y is a transposition solution if, for ¢ > 0,

(t), 2 — Cyor 2(0)) = j Culs), B*=(s))ds + j (F(s), 2(s)yds + j Qis), M*=(s)yds,  (3.13)

where z; € H and z is the weak solution of the backward system

Z'=—A*zin (0,1),
(3.14)
Z(t) = Zt.
Thus if y and ¢ are two transposition solutions, then
t
W) =502 = [ () = 90 M*2(5)yds, (315)
0

This implies

t C

e My(t) —5(t)] < Ce*“tlf ly(s) = 9(s)| ds < E\Ily =7l

0

Here and in what follows in this proof, C' denotes a positive constant independent of y, ¢, and u. Thus
N C N
lly =3l < —lly =l
1

The uniqueness follows and the proof is complete. O
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Remark 3.10. The concept of transposition solutions was introduced in the literature in the case f = 0 and

M = 0 for which (3.4) is required with z € C([0,t]; H) being a solution of (3.6) with g =0, i.e., y € C([0,T]; H)
is a transposition solution of the system

y' = Ay + Buin te (0,7),
{ (3.16)

y(0) = vo,

if for all t € (0, 7] and z; € H, it holds

(), 295 — (oo 2(0) i = f Cu(s), B*2(s)) ds, (3.17)

where z € C([0,t]; H) is the unique weak solution of the backward system

{ Z'=—A*zin (0,1), (3.18)

z(t) = z.
The well-posednesss of the transposition solutions in this case was also established, see, e.g., [1], Section 2.3 of
Chapter 2. The definition of transposition solutions introduced in Definition 3.7 is considered in a more general
setting and the solutions have more properties even in the case f =0 and M = 0 (compare (3.4) with f =0
and M = 0, and (3.17)). Their well-posedness and their properties are necessary for the analysis in this paper;

the known results are not enough for our purposes. Our proof is inspired by but different from the known one.
As shown, Lemma 3.5 plays here an important role.

4. DYNAMIC FEEDBACK CONTROLS

This section consists of three subsections and is organized as follows. In the first subsection, we state and
prove two useful lemmas, which will be used in the proofs of Theorem 2.1. The proofs of Theorem 2.1 and
Theorem 2.4 are given in the last two subsections, respectively.

4.1. Two useful lemmas

Note that (1.5) can be written under an equivalent form as follows
A\Q + QA — BWB* + QRQ =0, (4.1)
where
Ay = A+ (4.2)
The meaning of (1.6) can be rewritten as follows
(Qu, ARy) + A3z, Qy) — (W Bz, B*y) + (RQx,Qy) = 0 V,y € D(A¥). (4.3)

We have the following result concerning (1.5).
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Lemma 4.1. Assume (1.5), i.e., (1.6). Given xq,yo € H and f,g € L*((0,T);H), let z, y € C([0,T]; H) be the
unique weak solution of the systems

{ o' =A%z + fin (0,7), { Yy =A¥y+gin (0,7),
an
z(0) = o, y(0) = yo.

We have, forte [0,T],
(Qu(t),y(t)) —<{Qwo, yo)

-| (W B*a(s), By(s)) — (RQu(s), Qu(s)) ds + j (@I 35D+ <Qalo)as)) ds. - (4.)

0

Proof. We first assume that xq, yo € D(A*) and f, g € C([0,T]; D(A*)). Then z,y € C([0,T]; D(A*)) and
2,y € C([0,T]; H). We have

%@x, yy = &', Qyy +(Qux,y") = (AXz, Qy) + {Qx, AYy) + {f, Qu) + (Qx, g).

Using (1.6), since @ is symmetric, it follows that

$@Qr,) = VB2, B*y) = (RQ, Qu) + Q) +(Qg, )

We thus obtain (4.4).
The proof in the general case is based on the previous case and a density argument. O

We next deal with the well-posedness of (2.14) in Theorem 2.9. It might be more convenient to consider a
slightly more general system

y = Ay + f — BWB*y + My + Moy for t € (0,7,
¥ = —A*§+ f + My + Moy for t € (0,T), (4.5)
y(0) = vo, ¥(0) = Yo,

with yo, 7o € H, f, f € LY((0,T); H), My, My, My, Ms € L(H), and W € £(U). As usual, a weak solution (y,7)"
of (4.5) is understood as an element (y,7)" € (C([0,T7; 11-]1))2 such that

d - N .
&@’ oyu = (Ay + f — BWB*y + Myy + Maj, pyu in [0,T]

d, . . ~ T T~ T e for all D(A*), pe D(A 4.
@B = (A + + WL+ Wy, gy in 0,7 forall e PN, PeD(@), - (46)

y(o) = Yo, 27(0) = g07
for which

i) the differential equations are understood in the distributional sense,
i1) the terms (Ay + f — BWB*y + Myy + My, pym and (—A*§ + f + M1y + Moy, $yg are understood as
Y, A*opm + (f + My + May, opu — W B*y, B*¢)y and {(~y, A@yu + {f + M1J + May, $), respectively.

Note that B*3 € L%(0,T;U) since B is an admissible control operator.
We have the following result on the well-posedness of (4.5).
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Lemma 4.2. Let A be an infinitesimal generator of a group, and let My, Ms, ]\71, M, e L(H) and W e L(U).
LetT > 0, yo,y0 € H, f, fe LY((0,T);H). There exists a unique weak solution (y,7)" € (C’([O,T],]HI))2 of (4.5).
Moreover, with g := f — BWB*y + Myy + M1y and g := f-{- ]\71§+ ng, we havet

t

y(t) = eyo + Jo et=94¢(s)ds for t € [0,T], (4.7
and
¢
U(t) = e " + J e (=DA% (5) ds for t € [0,T). (4.8)
0

Moreover, we have
I(y(£), 5E) e < C(H(yoﬁo)THH + [I(f, f)T||L1((o,T);H)) in [0,T],

for some positive constant C, independent of yo, Yo, f, and f

Remark 4.3. In Lemma 4.2, we does not require that W is symmetric (or non-negative).

Proof. We first note that (y,7)" € (C’([O,T];]HI))2 is a weak solution of (4.5) if and only if (y,9)" €

(C([o,T7; IHI))27 and (4.7) and (4.8) hold. This is a consequence of Proposition 3.1.
We now establish the existence and uniqueness. Let > 0 be large. We equip C([0, T]; H) the following norm

llyll = sup e " y(t)]m.
te[0,T7]

Define F : (C’([O,T];H))2 - (C’([O,T];H))2 as follows

t
y(t) e yo +f et~ (s) ds
Fl7 ) = 0 for ¢ € [0, T].

- t
et g + f e (=94%5(s) ds
0

Then, for (y1,51)7, (2, 2)T € (C([0,T]; H))?,

}_( Yya(t) ) _}_( y1(t) )
ya(t) yi(t)
f( e(t*S)A( — BWB*(§ — 71) + Mi(y2 — y1) + Ma(J2 — §1)) ds

)

t
J’ o (t=9)A (Ml@z — 1) + Ma(y2 — yl)) ds
0

IThese identities below are understood in D(A*)’ and D(—A*)’, respectively.
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It follows from the admissibility of B with respect to A (1.3) and Lemma 3.8 that
ya2(t) yi(t)
Ua(t) n(t)

Here and in what follows in this proof, C' denotes a positive constant independent of solutions and p.

This implies, by (3.6) of Lemma 3.5,
t
< Cet [y, 22)7(5) = (1 T)" () s
0

}_( y2(t) > _}_< yi(t) )
72(1) n(t) )y
F(2)-=GOl=5102)-Gol
Fl . -F _ N - . .
Y2 Y1 Y2 Y1

By considering p large enough, the existence and uniqueness of the weak solutions follow from a standard fixed
point theorem. 0

H

t
<C ( [ 12 07 6) = (Tt + 1 - gnuLz«o,ﬂ;U)) .
0

e Mt

We derive that

C
gi
I

4.2. Dynamic feedback controls in the linear case - Proof of Theorem 2.1

Set, for t > 0,
ya(t) = eMy(t) and  Za(t) = MY(1), (4.9)
and denote
A=A+ )L

We have
Yy = Axyx — BWB*gy  in (0, +00),
U= —A + Q7 (ya — QFx)  in (0, +0), (4.10)
ya(0) = »(0), 7 (0) = 5(0).
Set, for ¢t > 0,
Zx(t) = ya(t) — QU (1)

We formally have, for ¢ € (0, +00),

d -~ ~
EZA = A\yx — BWB* g\ + QAXYN — M1 2y

= Ax(yr — Q) + A\QYx — BWB*x + QAYYN — M1 2y,
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which yields, since (1.5) holds with R = 0, that

d
—Zx = A2y — M 2.
ETR SN 14

19

(4.11)

We now give the proof of (4.11) (in the sense of the weak solutions). Let 7 > 0, ¢, € H and let ¢ € C([0, 7]; H)

be the unique weak solution of the system

{ @' = —A%pin (0,7),
@(7) = @7

Applying Lemma 3.5 for Ay with ¢t = 7, we derive from (4.10) and (4.12) that

A7), (7)) = (Ya(0),9(0)) = — LT<WB*g/\(5)7 B¥p(s))ds.
Applying Lemma 4.1 for Ay, yx(7 — ), and ¢(7 — ) (with R = 0), we obtain

(QUr(0),9(0)) —<QUA(T), (7))

= jT<WB*§>\(T —3),B*o(T —s)yds — M1 fT<Z,\(T —3), (T — 5)>ds.
0 0

Summing (4.13) and (4.14), we deduce from (4.10) and (4.12) that

(Zx(7), (1)) =<Zx(0), 9(0)) = =\ JOT<ZA(T —s), (1 — s))ds.

This yields

o) = —A J (Za(r — ), p(r)) ds.

(ZA(7), (1)) — {Zx(0),e7*

Since ¢(7) € H is arbitrary, we obtain

Z0(7) = €AZ,(0) = My f =947, (5) ds,
0

which implies (4.11).
We derive from (4.11) that

[Z5() s < CelAa A0l 7, (0) s,
which yields
ly(t) — Qu(t)|m < Cel= 1 +& )y (0) — QF(0) .

Here and in what follows in this proof, C' is a positive constant independent of ¢ and (yo, Jo)-

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)
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Since
7 =-A =227+ MQ y—QF) in (0, +),
it follows that
Uon = —A*Jax + f(t) in (0, +0),
where
Poa(t) = (1) and  f(t) = MeMQTH(y() — QF(1)) in (0, +00).

We obtain

t
Jor(t) = e 4% on (0) + f e 794 f(s) ds. (4.17)
0

From the definition of f and (4.16), we have

¢
J e_(t_s)A*f(s) ds
0

t
< CJ eoﬁ;o(—A*)(t—s)e(—)\1+wo(A)+2>\)sHy(o) — Qp(0) = ds.
H 0

Since
(2.2)
—(ZJ()(—A*) + CZ)()(A) +22 - <0,

it follows that

< Ce Ay (0) — QF(0) . (4.18)
H

ft e*(t*S)A*f(s) ds

0

Combining (4.17) and (4.18) yields
527 (8) 11 < e CADH(5(0) i + [y(0) — Qollw),
which implies
[t < Cel@ A=V (|l (0) [ + [7(0) ). (4.19)
Combining (4.16) and (4.19), we obtain
@l + [58) ] < € (el 500" 4@ AN =200 1y (0) g + 7(0) ) (4.20)
Since

(2.2)
A1 — C:JO(A) > 2\ — C:JO(—A*)7



STABILIZATION OF CONTROL SYSTEMS ASSOCIATED WITH A STRONGLY CONTINUOUS GROUP 21

it follows from (4.20) that

()l + 5] < Ce @ A2 (y(0) e + [7(0) ). (4.21)

which is (2.4).
It is clear that (2.5) is a direct consequence of (2.4).
The proof is complete. O

Remark 4.4. For an exactly controllable system, given a positive symmetric W € £(H) and X sufficiently large,
one can choose ) such that (1.5) holds with R = 0 (see, e.g., Proposition 6.3 in Sect. 6). It is worth noting
that the assumption R = 0 is necessary in Theorem 2.1. Indeed, if (1.5) holds for some R € £(H), which is not
necessary to be 0, then the following system is imposed for (y,7)':

y = Ay — BWB*y in (0,+0),

¥ =—A* -2\ — RQy+ MQ '(y—Qy) in (0,+00), (4.22)
y(0) = yo, ¥(0) = To.

(see also Thm. 2.9). We also obtain (4.11) in this case. This in turn implies (4.16). To estimate § to reach the
conclusion, we note

¥ =—A"g—2\7 - RQT+ Q™ (y— Q) in (0,+0).

For \; being very large, using (4.16), one can heuristically ignore the term A\;Q~!(y — Q%) in the above equation
of 3. One thus needs to understand the decay of Z where Z is a solution of the equation

¥ = —A*Z— 2\ — RQZ in (0, +o).

Since the size of ||Q||z(m) is not known/given and can explode very fast as A goes to +c0 in the general case
(see, e.g., [25, 26]), one cannot establish the decay of Z without further information on @ and also on R in the
case R # 0.

4.3. Dynamic feedback controls in the nonlinear case - Proof of Theorem 2.4

For each T > 0, there exists e > 0 such that (2.11) is well-posed in the time interval [0,7]. The global
existence and uniqueness follow for small ¢ provided that (2.12) is established for each fixed time interval [0, T]
with ep sufficiently small. The proof is in the same spirit of the one of Theorem 2.1 but more involved due to
the nonlinearity.

Set, for ¢t = 0,

ya(t) = eMy(t) and  Ga(t) = MG(D), (4.23)
and denote

Ay =A+ .
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We have
yh = Axyr + eV f(e™ryn) — BWB*j, in (0, +o),
Uh = =A%+ QTN f(e7MQUN) + MQ M (ya — QYx)  in (0, +), (4.24)
yx(0) = y(0), 7 (0) = 7(0).

Set, for ¢t > 0,
Zx(t) = ya(t) — Qur(t).

As in the proof of (4.11) in the proof of Theorem 2.1, we formally derive that Z) is a weak solution of the
equation

EZ,\ =A\Z\— M2\ + g1, (4.25)
dt
where
g1(1) = M (FeM(0) = FleQUAD))) for t e (0, +0). (4.26)

The proof of (4.25) is similar to the one of (4.11) given in the proof of Theorem 2.1. For the convenience of
the reader, we present the details. Let 7 > 0, ¢, € H and let ¢ € C([0,7]; H) be the unique weak solution of the
system

¢ =—A%pin (0,7),
{ s in (0.7) (4.27)

o(1) = 7.

Applying Lemma 3.5 for Ay with ¢ = 7, we derive from (4.24) and (4.27) that
TP = GO, p0) = = [ VBT, B (s ds + [ @ fle M meplodds. (129
Applying Lemma 4.1 for Ay, §a(r — -), and o(7 — -) (with R = 0), we obtain
QIO (0) = QIAT). 9> = [ VB (= ) (s = )
- [ @ IQn = ) ptr = s s = s [ <2l = s)plr = s, (420
Summing (4.28) and (4.29), we deduce from (4.10) and (4.27) that
AT 9 () = A0 00 = N1 [ (2atr = 5)0(r = s+ [ an(r =), lr = 5Dy .
This yields

(Zr(r) (7)) — (Za(0), 67 o(r)) = — Ay f (Za(r - 5). A p(r)yds + f on(r — ). o)y dr.
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Since (1) € H is arbitrary, we obtain

T T

T4 7, (s)ds + j T 4g, (s) ds,

Z0(7) = € AZy(0) = My f O

0

which implies (4.25).
It follows from (2.9) and (4.25) that

t

12 ()] < cel=MFA+20 (A0 7, (0) s + f oM AT (N2 | g, (5) g ds.
0

From (4.30), we obtain

ly(t) — Q1) lex

t
< oAy (0) — Q(0)r + col—N+E0 (A f e (DA g, () [ ds.

0

Since
¥ = AT - 20§+ Q7 QI M@ W - QD) in (0, +00),
it follows that
Uon = —A*Jax + ha(t) + h(t) in (0, +0),
where, in (0, +00),
Tox = €2G(t),  h(t) = \eMQ 7 (y(t) — Qy(t)), and  hy(t) = SMQTLf(e7MQUA(L)).

We derive that

t

Toa(t) = e*tA*ﬂzx(O) + L e~ (t=9)A¥ (h(s) + hi(s)) ds.

Using the first inequality in (2.10), we derive from (4.31) that

t
j e (t=s)A* h(s)ds
0

H

< Cre =A%) (Jy(0) = QRO)a + [ &N (5) s ds) for t € (0,7,

t
0

23

(4.30)

(4.31)

(4.32)

(4.33)

Here and in what follows in this proof, C' denotes a positive constant independent of T, t, and (yo, Jo)' and Cr

denotes a positive constant independent of ¢, and (yo, 7o) " but might depend on T.
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Using (2.6) and the first inequality in (2.10), we derive from (4.31), (4.32), and (4.33) that for every ¢ > 0,
there exists 6 > 0 such that if ||(y(¢),§(t))|m < ¢ in [0,T] for some T' > 0, then

[(y(@), T(t)) | < Ce@ AN (5o 7o) 5

t
# Copeel@(C AT [ o A1y (), i(s) s ds
0
t
} Cpeel@o(=A%)=2))t J o(2A=80 =A%) (1 () 5(5)) | ds for ¢ € [0, T). (4.34)
0

Thus, for all T > 0, there exists er > 0 such that if |(yo, Jo)|u < er then

I, FO) i < Cel A2 (yo, o) | n [0,77]. (4.35)

In particular, we derive that if T" is chosen sufficiently large,

|(T), 5T < AT (o, 5io) (4.36)

The conclusion follows from (4.35) and (4.36) by considering the time nT <t < n(T + 1) for n e N. O
Remark 4.5. The relation between the smallness of the initial data and the decay rate can be explicitly
computed. Indeed, from (4.34), one can prove that, t € [0,T],

I(9(2). TEN L < Cel=A" =2 o, o) + Cre mae |((s). 75 (437)

for some positive constant Cp which is independent of (y, §) and can be explicitly estimated via T, A, A1, wo(A),
and &(—A*), and f (through (2.6) and (2.7)). From this, we derive (4.35) where e can be estimated via T,
A, A1, wo(A), and @(—A*), and f. One thus obtains (4.36) where e can be estimated as a function of A, Ay,
wo(A), and w(—A*), f, and v. The conclusion follows by taking e = e for large T.

5. STATIC FEEDBACK CONTROLS IN THE TRAJECTORY SENSE

This section consisting of three subsections is organized as follows. The proofs of Theorem 2.9 and
Theorem 2.13 are given in the first two subsections, respectively. In the last subsection, we study of the
infinitesimal generator of the semigroup associated with the static feedback controls given in Theorem 2.9.

5.1. Static feedback controls in the linear case - Proof of Theorem 2.9

Set, for ¢t > 0,
yr(t) = eMy(t) and () = My(D). (5.1)
We then have, with Ay = A + A,

Yy = Axyx — BWB*g\  in (0, +00),
7\ = =AU\ — RQyx  in (0, +00), (5.2)
yA(0) = y(0), A (0) = F(0)(= Q~'y(0)).
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Set, for t > 0,

Z\(t) = ya(t) — Qux(t).

As in the proof of (4.11) in the proof of Theorem 2.1, we derive that Z is a weak solution of the equation

d
— 7y = AxZ>. 5.3
) PN (5.3)
Since Z»(0) = 0, it follows that
Zx(t) =0 for t = 0. (5.4)

In other words, (2.15) holds.
We next deal with (2.16). Formally, we have

d - N N
@<y, vy = (Ay — BWB*Y, 1)u + {y, —A*J — RQY — 2A\P)m

2.15 ~ ~ _
GV Ay — BWB*§, i + (y, —A* — Ry — 22Q "y

= —[WY2B*J|} — | R"?y|3 — 2XMQ 'y, ypu,  (5.5)

which yields (2.16). The rigor proof of (2.16) can be done by applying Lemma 3.5 for y and ¥.
To derive (2.17) from (2.16), one just needs to set

p(t) :=(Q7y(t),y(t)) for t > 0, (5.6)

and note that, by (2.16),
peWhH0,T) forall T >0 and p/'(t) < —2Ap(t) for t > 0. (5.7)
The proof is complete. O

5.2. Static feedback controls in the nonlinear case - Proof of Theorem 2.13

For each T' > 0 there exists ep > 0 such that (5.9) is well-posed in the time interval [0,T] for |yollm < €.
The global existence and uniqueness follow for small € provided that (2.23), (2.24), and (2.25) are established
for each fixed time interval [0, 7] with ep sufficiently small.

We now establish (2.23), (2.24), (2.25) in [0,T7] for € < e (small). Set, in [0,T7],

ya(t) = e’\ty(t) and  g\(t) = ektg(t). (5.8)
We then have, with A, = A + I,

yh = Aaya +eMfe Mya(t)) — BWB*Gx i (0,7),
7 = =A% — RQUx + Q1M f(e™™Q7n)  in (0,T), (5.9)
y2(0) = y(0), I (0) = F(0)(= Q'y(0)).
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Set, for ¢ € [0,T7,

Zx(t) = ya(t) — QU (1)
As in the proof of (4.11) in the proof of Theorem 2.1, we derive that

d

G0 =Mzt (FE ) - Q).

Since Z,(0) = 0, we obtain
t

ya(t) — QUa(t) = f

0

Using (2.7), we deduce that

t
lya(t) — QuA(H)[l < CA,TL lyx(s) — QUr(s)m ds.
This yields

yx(t) = Qya(t) for t = 0,

which implies (2.23).

ot Ay As (f(e*AsyA(S)) - f(e’ASQ%(S))) ds.

(5.10)

We next deal with (2.24). The proof of (2.24) is similar to the one of (2.16) by applying Lemma 3.5 for y

and 3.

What have been done so far does not require A > 0. The fact A > 0 is used to derive (2.25) from (2.24). Set

p(t) = Q7 y(t), y(t)) for t =0,

Note that, by (2.24), as in the proof of (4.35) for all T' > 0, there exists § > 0 such that if ||yo|m < 0 in [0, T7],

then
p(t) < Ce *p(0) in [0, T).
In particular, we have, if T' is chosen sufficiently large,

[ (), 5(T)) e < e [[(o, Fo) -

The conclusion follows from (5.11) and (5.12) by considering the time nT <t < n(T + 1) for n e N.

The proof is complete.

(5.11)

(5.12)

5.3. The infinitesimal generator of the semigroup associated with the static feedback

controls

Here is the main result of this section on the infinitesimal generator of the semigroup associated with the

static feedback controls from Theorem 2.9
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Proposition 5.1. Let A € R and assume (1.5). Let yo € H, set
S9(t) (o) = y(t), (5.13)
where (y,7) is the solution of (2.14). Then

(SQ(t))t>0 is a strongly continuous semigroup on H. (5.14)

Moreover, the semigroup (SQ (t)) decays exponentially with the rate A, i.e., there exists C > 0 such that

t=0
|S9(t)| < Ce™ fort = 0. (5.15)
Let (AR, D(A?)) be its infinitesimal generator. We have
D(AQ) = QD(A*) := {Qx;x € D(A*)} (5.16)
and
A9z = —QA*Q 'z — 2)\z — QRz for z € D(A9). (5.17)
We also have
i) if BWB* is bounded, i.e., BWB* € L(H), then
D(A9) =D(A) and A%z = Az — BWB*Q 'z for x € D(A) = D(A?). (5.18)
ii) if D(AQ) = D(A), then BW B*z € H for x € D(A*), and
I1BWB*z||a < [AQz|a + C([|A* x| + |z|u) for « € D(A¥) (5.19)

for some positive constant C independent of x.
Proof of Proposition 5.1. It is clear that (5.14) and (5.15) are the consequences of Theorem 2.9.

We now prove (5.16) and (5.17). Fix yg € QD(A*) (arbitrary). Let (y,%) be the unique weak solution of
(2.14). Since g(0) = Q'yo € D(A*), it follows that § € C1([0, +00); H) n C([0, +o0); D(A*)) and

7'(0) = A*5(0) — 2A7(0) — RQF(0). (5.20)
Since y(t) = Qy(t) for ¢ = 0 by Theorem 2.9, we derive that 3’(0) is well-defined and

(5.20)

y'(0) = Q7' (0) —QA*Q 'yo — 2\yo — QRQyo.

Hence yo € D(A?) and
A%y = —QA*Q ™ yo — 22yo — QRQyo.
To complete the proof of (5.16) and (5.17), we now show that if yo € D(AQ) then yo € QD(A*). Fix yo € D(A?)

(arbitrary) and let (y,7) be the unique solution of (2.14). Since yo € D(A%) and S?(t)(yo) = y(t), it follows
that y € C1([0, +00); H) n C([0, +00); D(A®Q)). In particular y’(0) is well-defined. Since y(t) = Q(t) for t > 0
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by Theorem 2.9, it follows from the equation of ¥ in (2.14) that %’(0) is well-defined and thus 7(0) € D(A*).
Since 7(0) = Q" 1yo, we derive that

Q 'yo € D(A%).

In other words, yg € QD(A*).

We next establish (5.18). We first assume that BW B* € L(H). It follows that the generator of the semigroup
(SQ(t))t>0 is A— BWB*Q ! with the domain D(A).

We finally derive (5.19). Assume that D(AY) = D(A). From (1.6), we have, for z,y € D(A*),
KW B*z, B*yyu| <KQz, A*yu| + KQy, A*x)u| + [(RQz, Quyul| + 2|A|KQz, Y|
<(|AQz|u + ClA* x| + Cll]u)]y|e-
It follows that
IBW B*z|u < |AQz|u + C(|A*z|a + |]x) for = € D(A¥),

which is (5.19).
The proof is complete. O

Remark 5.2. Related results to Proposition 5.1 from the linear quadratic optimal control theory can be found
in [5, 13, 15, 33, 34]. Known results established in the case A = 0 and W being identity are connections between
D(AQ™) and D(A), see [34], Theorem 2.1. This is different from (5.16) where a connection between D(A®?) and
D(A*) is established. Assertion i) is equivalent to the fact that B is bounded, i.e., B € L(U,H) when W is
positive; this case is well-known.

6. CHOICES OF () FOR EXACTLY CONTROLLABLE SYSTEMS

In this section, we discuss how to choose @ for exactly controllable systems. Assume that the system is
exactly controllable at time 7. This is equivalent to the fact that (1.4) holds. Fix A € R and T > T and let
p:[0,T%] — R be such that

p is Lipschitz, p is decreasing, p(0) = 1, p(T) > 0, and p(Ty) = 0. (6.1)

Let W e L(U) be symmetric and positive. Define @ : H — H as follows
T* * *
(Qz1,22) = J p(s)e (W B*e™54" 21, B¥e ™54 2,) ds for 21, 25 € H. (6.2)
0

Then @ is linear, continuous, and symmetric. Moreover, since p is decreasing and p(T") > 0, A is an infinitesimal
of a group, it follows from (1.4) that

@ is invertible. (6.3)

Let R : H — H be defined by

Ty
(RQz1, Qz) = — f p(s)(WB*e s(AHAD® ;| Bra=s(A+AD® 5 4. (6.4)
0
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For 21,29 € D(A”‘Q)7 we have, from (6.2),
(Qz1, (A+ A *20) + {(A+ A)*21,Q22)

Ty
_ f p(8)<WB*efs(A+)\I)*Zl’ B*efs(A+>\I)*(A + M) *2)ds
0

Ty
+ f p(s)(W B*e™sATA® (4 4 AT)* 2y, B¥e™5ATA 20545, (6.5)
0

Using the fact that, for z € D(A*2),

—s(A+AI)* *,, _ _i —s(A+AI)*
e (A+ AD)*z s (e 2)7

we derive from (6.5) that

Ty
Qz1,(A + M)*2z) + (A + X)*Qz1,22) = —J p(s)% (e*S(AJ”\I)BWB*e*S(AJ”\I)*) ds, (6.6)
0
which yields, by an integration by parts,
(Qz1, (A + M) 20) +{(A + \)*Q21, 22)
T * *
= (WB*z,B*z) + f P (8)(W B*e s(AHADT ) Bre=s(A+ADT 5 ds,  (6.7)
0

This implies (1.6) for zy, 25 € D(A*?). The general case follows by density.
We have just proven the following result.

Proposition 6.1. Assume that (S(t))wer © L(H) is a strongly continuous group in H, B is an admissible
control operator, and system (1.1) is exactly controllable in time T for some T > 0. Let Ae R, Ty > T, and
p:[0,T4] = R be a function satisfying (6.1), and let W € L(U) be symmetric and positive. Define Q : H — H
by

Ty
(Qz1,20) = f p(s)ed)‘S(WB*e*SA* 21, B*efSA*z@ds for z1, 20 € H. (6.8)
0

Then Q is linear, continuous, symmetric, and invertible and (1.5) holds with R being defined by (6.4), i.e., (1.6)
is valid.

Remark 6.2. Proposition 6.1 covers the setting considered by Komornik. Indeed, set, with Ty =T + ﬁ

o 1 for 0<t<T, (6.9)
0 — 6.9
e 2MT=(T, —t)  for T <t < Ty.

Then

ex(t) = eMp(t) in [0, Ty].
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Since, for T' <t < Ty =T+$,
p(t) = ere™™ with 7 = 2X\(Ty — 1),

and the function Te~7 is increasing in [0, 1], it follows that p defined in (6.9) verifies (6.1).
When A is skew-adjoint and R = 0, one has the following result.

Proposition 6.3. Assume that (S(t))te]R c L(H) is a strongly continuous group, B is an admissible control
operator, and system (1.1) is exactly controllable in time T for some T > 0. Let A € R and let W € L(U) be
symmetric and non-negative, and assume that A > wo(—A*). Define Q : H — H by

90
{Qz1,20) = j e_z’\s<WB*e_SA* 2, Bre—s4" 20yds for z1,20 € H. (6.10)
0

Then Q is linear, continuous, symmetric, and invertible, and (1.5) holds with R = 0, i.e., (1.6) is valid with
R=0.

Proof. The proof of (6.1) is almost the same as the one of Proposition 6.1. One just needs to note that the RHS
of (6.10) is well-defined for A > wo(—A*). The details are omitted. O

Remark 6.4. Proposition 6.3 was previously obtained by Urquiza [22] by a different approach using results of
Grabowski in [35] (see also [36]).
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