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QUANTITATIVE STABILITY IN OPTIMAL TRANSPORT
FOR GENERAL POWER COSTS

OCTAVE MISCHLER"*® AND DARIO TREVISAN?

Abstract. We establish novel quantitative stability results for optimal transport problems with
respect to perturbations in the target measure. We provide bounds on the stability of optimal transport
potentials and maps, which are relevant for both theoretical and practical applications. Compared to
previous results, ours apply to a wide range of costs, including all Wasserstein distances with power
cost exponent strictly larger than 1 and leverage mostly assumptions on the source measure, such as
log-concavity and bounded support. Our proofs follow the same strategy as [Delalande, A., Quant. Stab.
in Quad. Opt. Trans., PhD thesis, 2022 up to several technical improvements. Our work provides a
significant step forward in the understanding of stability of optimal transport problems, as previous
results were mostly limited to the case of the quadratic cost.
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1. INTRODUCTION

A well-posed mathematical problem in the Hadamard sense is one for which existence and uniqueness of
solutions hold, but also stability with respect to perturbations in the data. Although qualitative stability in
most situations emerges as a by-product of existence and uniqueness arguments, quantitative stability becomes
particularly crucial in applications, for it directly relates to the convergence of numerical methods. This applies
in particular to optimal transport problems, which in the last decades have had significant impact across various
fields of applied mathematics, most notably PDEs of evolution type [1] and machine learning [2]. It is also
relevant in statistics, when one considers plug-in estimators from i.i.d. samples. In this work, we establish novel
quantitative stability results for optimal transport problems with respect to a large variety of costs, including
Wasserstein distances.

The Wasserstein distance of order p > 1 between two probability measures p, 1 on R?, with finite p-th moment,
is defined as the quantity

1/p
Wilp = _int ([ - abante) (1.1)
Rd xRd

m€Il(p,u)
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where II(p, ;1) denotes the set of couplings between p and p, i.e., (joint) probability measures on R x R? with
marginal distributions p, u, and | - | denotes the Euclidean norm. Under mild assumptions, in particular if p is
absolutely continuous with respect to the Lebesgue measure and p > 1, one can argue [1], Theorem 6.2.4 that
the optimizer is unique and given by an optimal transport map T for W,(p, ), i.e., one has y = T'(z) for m-a.e.
(x,y) (with necessarily Typ = u) and therefore

Wolpi = [ [T(@) = aPdpla). (1.2)

For the quadratic cost case p = 2, the optimal transport map is often referred to as Brenier’s map.
Even when an optimal transport map exists, it is useful to define WV, as a minimum over couplings, as one
can exploit convex duality and obtain the equivalent formulation

Wy (p, p)F = sup { ¢dp+/ wdu}, (1.3)
(@) LJra R

where the supremum runs among upper semi-continuous functions (¢, ) such that ¢(z) + ¥ (y) < |z — y|? for
every z, y € R%. An optimizing pair (¢, ) is called an optimal (or Kantorovich) pair of potentials for W, (p, u).
Under minimal assumptions, one can always argue that an optimizer exists, together with a qualitative stability
result stating convergence of the potentials or the maps, see e.g. [3], Theorem 5.20, Corollary 5.23.

1.1. Main results

The aim of this work is to establish new quantitative stability results for optimal transport potentials and
maps with respect to perturbations of the “target” measure u, keeping one “source” measure p fixed. In a slightly
simplified form, to ease the notation, our main contributions can be summarized in the following two results.
They extend and improve results from [4] (quadratic case only) to a wider range of costs and more general
assumptions on the measure by following the same line of proof but overcoming several technical difficulties
along the way. The first one concerns stability of Kantorovich potentials and applies to any p with bounded
density with respect to a log-concave probability measure with bounded support.

Theorem 1.1. Let d > 1, A be a log-concave probability measure on R? with bounded support, p be a probability
measure on R? absolutely continuous with respect to X, with density bounded from above and below by strictly
positive constants, let Y C R? be compact and p > 1. Then, there exists C = C(\, p, Y, p) < 0o such that, for
any i, v, probability measures supported on Y, it holds

||¢u - d)VHLZ(p) < CWir(p, V)ev (1.4)

with
1-1 ifl<p<2,
=1, 7 Zf p (1.5)
2 pr22;

and where (¢,,1,) denotes the Kantorovich potentials for Wy(p, i), i.e., the optimizer in (1.3), with zero p
mean, i.e., [ ¢,dp =0 (and similarly (¢,,,), for Wy(p,v)).

Note that it is classically known that the Kantorovich potential with zero p-mean is unique in this setting,
which can also be recovered by taking p = v. The only assumption on A being log-concavity, it allows measures
with densities going to 0 at the boundary of their support. Our second main result deals instead with optimal
transport maps: in this case, we require p to have a density bounded from above and below with respect to the
Lebesgue measure on a bounded convex set.
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Theorem 1.2. Let d > 1, p be a probability measure on R* with bounded and convex support, absolutely
continuous with respect to the Lebesgue measure, with density bounded from above and below by strictly positive
constants, let Y C R¢ be compact and p > 1. Then,

for every 8 € (0, 1()1{;_&)12;) ifl<p<2,
(1.6)
Jor 60 = ﬁ ifp>2,
there exists C = C(p,Y,p,0) < co such that, for any p, v, probability measures supported on Y, it holds
T = Tollzz(p) < CWi (s v)?, (1.7)

where T}, denotes the optimal transport map for Wy(p, ), i.e., (1.2) holds (and similarly T,, for Wy(p,v)).

Remark 1.3. It seems possible to write explicitly the constants C = C(p, ), p, 0) by carefully tracking their
dependence in our arguments. Here, we use a simple scaling argument : in the case of the support of p being a
ball of radius R, with pminR_d < p(z) < pmaxR_d a.e. in such ball, and u, v contained also in the same ball,
one finds

16 = dull 2,y < CRP™O Wi (1, v)"
for some C' = C(pmin, Pmax, P, d) < 00, and
1T — Tu”m(p) < CRliawl(Na V)G

for some C' = C(pmin, Pmax, Ps d, 8) < oco. For more general (but still convex) supports, the dependence of the
constants may be more involved, in particular in the case of the stability inequality for maps, because of our use
of Proposition 4.2, where the perimeter of the support explicitly appears. Note finally that in the inequality for
potentials and when p > 2 the constant is explicit in Theorem 3.6.

Remark 1.4. Using the example of [5], Lemma 2.2 for any p, we can show that on a bounded set, the largest
exponent 6 for which (1.7) holds is smaller than % However the ratio between this upper bound and our lower
bound on the largest 6 for which (1.7) holds diverges as p — 1 or p — oo, which leaves open the question of
sharpness of our exponents.

1.2. Related literature

To our knowledge, most of the existing quantitative results concern quadratic optimal transport only. The
first of these results is due to Ambrosio, reported by Gigli in [6] and reformulated in form closer to our setting in
[5]. It states stability of Brenier’s map around measures p such that 7}, is Lipschitz.

Theorem 1.5 (Ambrosio and Gigli). Let p be a probability density with bounded support X C R?, let Y C R?
be compact, and given p,v € P(Y), write T, for the Brenier map from p to p, i.e., (1.2) holds with p =2 and
T =1, similarly write T,,. Then,

T, = Tyl 2 (py < 2Lip(T),) diam (X)W (s, v)'/?, (1.8)

where Lip(-) denotes the Lipschitz constant and diam(-) the diameter.

When compared with Theorem 1.2, we see that the assumptions on p are weaker, but are compensated by the
fact that 7, must be Lipschitz continuous, otherwise the bound is vacuous. In applications, regularity for the
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Brenier map is usually obtained as a consequence of Caffarelli’s theory [7], which requires stronger assumptions
than Theorem 1.2. As a recent extension to more general costs of this type of results, we mention [8].

Other results in this direction have been obtained, notably [9-11], but to keep this part short, we only state
one other result, which summarizes the results [4], Theorems 5.14, 5.12, Corollary 5.8, first exposed in [5, 12].

Theorem 1.6 (Mérigot, Delalande and Chazal). Let X C R be a compact convex set, p be a probability density
supported on X, bounded from above and below by strictly positive constants. Let p > max {d, 3} and assume that
w,v € P(R?Y) have bounded p-th moment,

/ |z[Pdp(z) +/ |z[Pdv(x) = m, < oo. (1.9)
Rd R
Then, there exists C = C(d,p, X, p,my) < oo such that

[6p = Gullrzip) < CWL ()2 and  ||T) — Tl p2(pray < CW (p,v)/ (OF164/2) (1.10)

where ¢, T, denote respectively the Kantorovich potential with zero p-mean and the optimal transport map for
Wa(p, p) (and similarly ¢,, T, for Wa(p,v)).

If moreover u,v are supported on ) compact one can replace the exponent 1/(6 + 16d/p) above with 1/6, for
some constant C = C(d, X, p,)) < oo.

Let us finally mention [13] which provides stronger estimates than the previous result in the semi-discrete
setting, and [14], where improved rates for the Sinkhorn iterates are established using also arguments based on
Prékopa-Leindler inequality, for general semi-concave ground cost, hence partly covering the p > 2 part of the
present paper.

Technically, our work improves upon the above results by extending the quantitative stability for optimal
transport to larger families of costs, paving the way for a wider range of application. Our analysis, in particular
Theorem 1.1, allows for a source probability p that is merely log-concave, and actually this assumption is relaxed
by allowing for a density with respect to a given log-concave measure that is bounded from above and below
by strictly positive constants; in a similar way, in Theorem 1.2 the bounded support assumption for the target
measures could be replaced by moment bounds — see also extensions and open problems below.

1.3. Comments on the proof technique

The main lines of our argument follow [4], where the stability inequality for potentials is first established
for the entropic semi-discrete optimal transport problem, and then extended to the Wasserstein distance by an
approximation argument. However, the proofs in [4] rely heavily on the fact that the cost is quadratic, so that
up to a shift by removing the second moments, it is linear, hence both concave and convex.

Our first key realization is that the convexity assumption can actually be circumvented, and only concavity
of the cost plays an essential role in the stability inequality for the Kantorovich potentials (1.4). This leads to
a more straightforward argument for the case p = 2. The extension to general costs however requires further
ideas. A crucial one is a generalization of the Prékopa—Leindler inequality to log-concave measures, which is
proved using a modification of McCann’s optimal transport argument [15]. Actually, for p > 2, also the argument
by Brascamp and Lieb [16] can be used to obtain Prékopa—Leindler’s inequality, however for p < 2 McCann’s
argument seems necessary, since concavity of the cost fails (even allowing for a quadratic shift). Curiously, our
argument yields therefore a quantitative stability in optimal transport through an optimal transport derived
inequality. A large part of the article, covering the p > 2 cases, is thus mostly a rewriting of the proof in [4] :
targeting the core of the arguments allows us to reduce the assumptions and therefore extend the results. The
1 < p < 2 case follows the same line of proof but relies heavily on our generalization of Prékopa—Leindler’s
inequality.
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Finally, to obtain stability for the optimal transport maps (1.7), a Gagliardo—Nirenberg type inequality is
used in [4]. For p > 2 the argument goes through similarly, however for p < 2 this requires some modifications,
in particular the use of fractional Sobolev spaces.

1.4. Extensions and open problems

We mention some extensions of our results that may be worth exploring, possibly using the techniques we
developed.

1. One notices immediately that Theorem 1.2 holds for target measures with bounded support, while
Theorem 1.6 requires only bounds on their moments. It seems that this gap can be filled simply following
the arguments from [4].

2. It may also be worth exploring whether quantitative stability results for potentials hold when the reference
measure has unbounded support. An interesting example may be that of a Gaussian density p. Let us
remark however that extending the stability result for optimal transport maps to general log-concave
measures appears to be a more open-ended problem, as it would require establishing suitable “weighted”
Gagliardo—Nirenberg type inequalities. Some positive result in this direction has recently been obtained in
[17].

3. We conjecture that quantitative stability bounds on Riemannian manifolds or even more general settings
could be obtained using suitable versions of our arguments, at least under bounded curvature assumptions
— see e.g. [18] for an extension of Prékopa—Leindler type inequalities on Riemannian manifolds. Stability
results for optimal transport on Riemannian manifolds are the object of the recent article [19].

4. In the case p = 2, one can obtain stability in the optimization problem, namely Var,(¢ — ¢,.) < Wi (p, ) —

( Jodp+ [ gbzdu), where ¢,, denotes an optimal potential between p and p for the linear cost ¢ (see below

for precise definitions). It may be worth exploring what happens when p # 2.
5. For applications, it may be interesting to inquire in more detail the sharpness of exponents and the
optimality of constants in Theorem 1.1 and Theorem 1.2.

1.5. Structure of the paper

Section 2 contains definitions and general well-known results. Section 3 is devoted to the proof of Theorem 1.1,
while Section 4 focuses on the derivation of Theorem 1.2. In both sections, we naturally split the arguments
in three cases p = 2, which we believe is particularly useful to understand the key points in our argument,
p > 2 which is a relatively easy variation of the former, and then the hardest case 1 < p < 2, which requires
substantially new tools.

2. NOTATION AND BASIC FACTS

2.1. General notation

Throughout the paper, we let d > 1 and write | - | for the Euclidean norm on R¢ and (-,-) for the scalar
product. Given a vector v € R? and o > 0, we write v(® := |v|* Tv. We let X, ) C R? denote compact sets and
write C(X) for the set of continuous functions on X, P(X) for the set of Borel probability measures on X', Ry
the smallest positive real number such that X C B(0, Ry ), and diam(X) for the diameter of X'. Unless otherwise
stated, we always tacitly assume that p € P(X) and u,v € P(Y). Given ¢ € C(Y) and p € P(Y), we write
(ul) = fy Ydy for the duality pairing (which we also use for signed measures). When Y is finite, Y = {y;};,
we naturally identify functions ¢ € C(Y) with vectors (1;)"_; = (¥ (y:))"_; € R™ and probabilities P()) with the
simplex, i.e., (i), = {p(yi) iy € [0,1]™ with Y"1 | pu; = 1. We write V = (9;)7, for the gradient operator
on C(Y) induced by such identification with R™, and similarly V2 = (97;)7;_, for the Hessian.

We always tacitly identify any absolutely continuous measure (with respect to the Lebesgue measure) with
its density. In particular, we say that A is log-concave if it has a density A = e~V for some convex lower-

semicontinuous V : R — (—o00, 00]. The support of a log-concave measure is necessarily convex. Our main result
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for potentials may apply as well to singular log-concave measures, arguing by approximations via convolutions :
it in fact provides unicity of the entropic selection of an optimal potential (up to constants) but we leave this
discussion to further investigations.

We write |||, for the LP norm with respect to the measure p and simply |||, if p is understood. We
occasionally use the notation ||-|| for the uniform norm. Similarly, we write

m,(f) = /X fdp. (2.1)

var, () = | (f / fdp)de (2.2)

for the mean and variance of f : X — R — assuming that the p-mean of f is well-defined. We recall the
characterization

AER

Var,(f) = min/X (f = N dp, (2.3)

which easily yields that if p € P(X) is absolutely continuous with respect to p, with a uniformly bounded density
dp/dp, then

d
Var(f) < (sup dZ) Var,(f). (2.4)
Moreover, f — Var,(f) is easily seen to be convex. We write

osc(f) :=sup f(x) — inf f(x) (2.5)

TEX zeX

for the oscillation of f. We notice the elementary inequality
osc(f) < diam(X) Lip(f), (2.6)
where Lip(f) denotes the Lipschitz constant of f (possibly oo if f is not Lipschitz continuous).

2.2. Optimal transport and its entropic regularization

Given a continuous cost function ¢ : X x Y — R we define the optimal transport problem with cost ¢ as the
following minimization problem:

T(p,p) == inf /c(ac,y)dw(x,y) (OT,)
m€ll(p,p)
AxY

where TI(p, 1) denotes the set of couplings between p and u. For any € > 0, we introduce the e-entropic regularized
optimal transport problem, with cost ¢, as the following minimization problem:

7<= it [ clo)dntay) + cEnt(rllp o ) (EOT...)
7rEH(p,u)/\( v
X

where Ent denotes the relative entropy functional.
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Note also that for o € P(Y) such that y < ¢ and o < p, it admits the following rewriting

T = _int [ clop)dn(ay) + cEnt(rllp© o) - Ent(ulo), (2.7)
mell(p,p
XXy

which will be quite useful in our derivations. Although ¢ < p is not directly needed for the above equality to
hold, it allows to define optimal potentials on the whole supp(c) which will prove useful in the following. From
now on, o will always define an element of P(}) satisfying u < ¢ and o < p.

Since for simplicity we assume that X, ) are compact and c is continuous, it always holds 7¢(p, 1) < oo for
every p € P(X), u € P(Y). When p > 1 and ¢ is the so-called p-cost, c(z,y) = %|$ —yPforxe X, ye), we
write 77 instead of 7¢ and notice that

TP(p, 1) = },}me ). (2.8)

When p = 2, writing |z — y|? = |z|? + |y|*> — 2 (z,y), we collect the identity

/ «2dp(a / () + T (p. 1), (2.9)

where ¢ denotes the linear cost (z,y) — — (x,y).

We will make crucial use of the following result on the so-called displacement interpolation between two
absolutely continuous probabilities, which is well-known for the quadratic case (see e.g. McCann’s proof of
Prékopa—Leindler [15], Appendix D), while for general power cost a proof can be found as a byproduct of the
proof of [1], Proposition 9.3.9 applied to the (opposite of) the differential entropy functional F(p f plog(p

Lemma 2.1. Let p > 1, po, p1 € P(X) be absolutely continuous and let T be the optimal transport map for
Wy (po, p1). Fort € [0,1], let Ty(z) = (1 —t)z +tT'(x) and set p, = (T3)4po the displacement interpolation between
po and p1. Then p; is absolutely continuous and

pi(Ty(2)) < po(x) "t py(T(2))t  for po-a.e. x € X. (2.10)

We also recall the following upper bound for the quadratic Wasserstein distance between two densities, in
terms of the L? norm of their difference, with respect to a log-concave reference measure p.

Lemma 2.2. Let p € P(R?) be log-concave, with finite Poincaré constant. Then, there exists C = C(p) < oo
such that the following holds. For every uo = fop, i1 = fip € P(R?), both absolutely continuous with respect
to p,

Wapo, p1)? < 11 = follZags (2.11)

ess- mf f1

Inequalities of this kind have been used by many authors, see e.g. [20], Corollary 3, [21], Proposition 2.3, [22],
Theorem 2 and can be proved combining the Benamou—Brenier formula for W, and the Poincaré-Wirtinger
inequality with respect to the measure p.

Proof of Lemma 2.2. Starting from [20], Corollary 3, with the setting of the lemma, it holds

C

2
Walpo, )" < ess- mff

v = Follf-1¢p) - (2.12)
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The lemma follows from an application of Poincaré inequality with respect to the measure p in order to control
the H~! norm by the L? norm. O

2.3. Dual formulations and Kantorovich functional

Since the “source” measure p € P(X) plays a distinguished role in our results, we write the dual formulation
of the optimal transport problem in the following asymmetric way (also called semi-dual in [4]):

T(p,p) = sup {/chder/ywdu}, (2.13)

pecC(d)

where
V(o) = int {cla,y) — vy} (214)

denotes the c-transform of . For the e-entropic regularized version, duality reads [23, 24]
T (p, ) = sup {/ Veedp +/ wdu} — eEnt(pl|o), (2.15)
X Y

peC(y)

where the (¢, )-transform of 1) is given by

¥oF(z) = —elog (/y exp (—W) da> : (2.16)

We notice that this no longer depends on . Being able to use the same definition of (¢, £)-transform for different
target measure p is a key element of the proof. Symmetrically, c-transform and (¢, €)-transform can be defined
for continuous functions on X. When a function in C()’) can be written as a c-transform (resp. (c, €)-transform)
we say it is c-concave (resp. (¢, e)-concave). In this formulation, a c-concave or (¢, €)-concave optimizer ¢ € C())
is called a Kantorovich potential (for 7¢(p, 1) or T%(p, 1)), and (¢,) = (¥, ¢) € C(X) x C(Y) is called a pair
of Kantorovich potentials (and similarly for € > 0). We notice that such transforms define monotone decreasing
maps, i.e., for ¥, € C(Y)

U(y) <Y(y) foreveryyel = (x) > ¢ (z) for every z € X, (2.17)
and are concave,
(1= t) + t)>% (&) > (1 — )p>° (x) + tp>F(x) for every t € [0,1], z € X, (2.18)

as a consequence of Holder’s inequality. Moreover, (¢ + A\)©¢ = ¢ — X for every constant A € R.
We introduce, for ¢g, ¢1 € C(X), the quantity

Mﬁfo,% = Ssup {OSC(d)t)}, (2.19)
t€(0,1]

where ¢, := ((1 — t)p§ + toF)°.

Example 2.3. If the cost ¢ is Lipschitz continuous, then any function ¢ = ¢ that is a c-transform is Lipschitz
continuous. In the case of the p-cost, we obtain Lip(¢) < (Rx + Ry)P~!, hence osc(¢) < 2Ry (Rx + Ry)P~ L. In



QUANTITATIVE STABILITY IN OPTIMAL TRANSPORT FOR GENERAL POWER COSTS 9

particular, we can always bound from above
Mg, 4, < 2Rx(Rx + Ry)"™". (2.20)

As in [4] we introduce the ¢-Kantorovich functional

pecw) o mwz—Aww@m (2.21)

and similarly the (¢, e)-Kantorovich functional

pecw) o wawz—ﬁwwmw@. (2.22)

We remark that the notation does not highlight the dependence upon p, which will be clear from the context.
Both functionals K¢, K¢ are convex, and the duality formulas read

T(p, ) = sup {{ulp) —K(¢)}
HeC(Y)

T(p,n) = sup {(ulyp) = K*(¥)} — eEnt(u|o).
peC(y)

(2.23)

Remark 2.4. With the above definitions, we have convergence of the regularized problems to the usual transport
problem as ¢ | 0, as discussed in [24]. More precisely, since both X and ) are bounded and the cost function is
(uniformly) continuous, any family of functions that are (¢, e)-transforms has a uniform modulus of continuity,
also uniformly with respect to € > 0. If we require that optimal potential ¢ = 1)“* have e.g. zero mean with
respect to p, we get by Arzela—Ascoli that the families are relatively compact, hence up to a subsequence they
converge uniformly. Reversing the roles of ¢ and i leads to compactness also for the optimizers v’s. If moreover
uniqueness of the (zero mean) optimal potentials holds, as is the case of p-costs for p > 1 in our setting, one
obtains uniform convergence of the optimizers (and also of the costs), otherwise one can still extract a uniformly
converging subsequence.

2.4. Semi-discrete problem

It will be convenient to further approximate by assuming that ) is a finite set so that we can apply finite-
dimensional calculus. The following result extends [4], Lemma 2.7 and allows us to pass from such semi-discrete
case to the general case of ) compact.

Lemma 2.5. Let X C R? be compact and convex and Y C R? be compact, p € P(X) be absolutely continuous,
to, b1 € P(Y) and c¢: X x Y — R be continuous. For k € {0,1}, assume that there exists a unique Kantorovich
potential with zero p-mean for T¢(p, i) ¢x € C(X) and let iy, its c-transform. Then, there exist sequences of
finite sets (V") ,, discrete measures (pjt)s>,, Kantorovich potentials (¢}, v}})o>, such that, for k € {0,1},

1. supp(pp) = Y™ for everyn > 1,
2. |o) — drll, = 0 and || — Yl , — 0 as n — oo
3. it holds (U} — ¥§) — (k|1 — o) as n — oo.

Without the uniqueness assumption, one may still extract a converging subsequence to a pair of Kantorovich
potentials.
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Proof. For any n > 1, consider a finite partition Y = || V! with e, := 1121a<x diam()!) infinitesimal as n — co.
1<i<n

Define Y™ = {y!'}_,, with y?* € Y and set

=3[ (1= 1) o+ ] o (2.24)

i=1

so that (1) is verified.

Letting ¢} be the Kantorovich potential for 7°(p, u}) with zero p-mean, then (2) holds by Arzela—Ascoli and
the fact that the limiting potential is unique.

To show (3), notice that

" diam()Y
Wi (pe, i) < en + #, (2.25)
so that u;} — up weakly and therefore the limit holds, since the functions 1)}’ converge uniformly. O

In the case where ) is finite, and fixing o as the uniform measure on ), we recall some formulas for the
derivatives of K% which is easily seen to be a smooth map from C(Y) (identified with R™) to R. These are
proved in [4], Lemma 4.2, Proposition 3.6 for the case of the “linear” cost ¢ defined above (2.9), but the proof
can straightforwardly be generalized to any cost.

exp (lﬁi—céz,yi) ) o

n
5 oo ()

0i(YF)(x) = — , fori=1...,n, (2.26)

which we notice defines for every € X’ a probability vector, i.e., —0;(¢*%)(x) € [0,1] and — )", 9;(v*°)(x) = 1,
that we naturally identify with a probability on ). We can thus let

72 o (i) = —0,(6°%) (), (2.27)

78 o (2.9) = 7y (g]2)p(a) (228)
and finally

o) = [ wy(a)da (2.20)

Note that = w( |-) is the decomposition against p of w¢ . and p the second marginal of m¢ . One can check that
e, is the optlmal entropic transport plan between p and w and (¢, 4) a pair of optlmal entropic potentials.
Note that ¢ ,(-|-) will in turn

play a role in the expression for the gradient and Hessian of K¢:

(VE)0) = [ e (goy(@)o(e).

1

(2.30)
,/ Varﬁgyw(.‘w)(v)dp(x).
X

(v, V255 () =

3
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In particular, when evaluated in ¢ the optimal potential for the transport problem between p and p, it holds
VK () = p. (2.31)

This can also be seen directly from the fact that ¢ is a critical point of the functional maximized on the
second line of (2.23). We also introduce the following “partition function”

b ECOY) s Zs(th) = /X U ), (2.32)

As with the function K, the notation does not highlight the dependence upon p, which will be clear from the
context. The function Z is smooth and in particular the following formula

B
(v, V*log Z5(¢)v) = - /X Varﬂ;w(_m(v)dp%’w(m) + B2 Varge | (mﬂgw(.m (v)) , (2.33)
holds with
05y = ;eﬁwc’sp. (2.34)
Y Z(Y)

Remark 2.6. In most proofs, to keep notation simple we will fix # = 1 and write Z := 2, Py = Py

Finally, recalling that we denote with ¢ the cost (z,y) — — (z,y), we obtain

o) = —sup (o + 000}, 050 = —eox [ e (S a0}

Remark 2.7. Let f € L'(p) and &(z,y) = c(x,y) + f(x). Then the following equalities hold, with equality of
the set of minimizers.

T (o, 1) = T(py 1) + my(f) (2:36)
T, ) = T (p, 1) + my () (2:37)

Moreover, for any ¢ € C()),
K4 () = K5 ) + my (/) (2.38)

In particular, if (¢, %) (resp. (@e.e,¥e,e)) denotes a couple of optimal potentials for the cost ¢ for (OT,), (resp.
for (EOT..)),

(9e,%e) = (¢c + f,%e), (2.39)

(¢5,a; ¢é,a) = (¢c,e + fa ¢c,a)- (240)
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2.5. Fractional Sobolev spaces

We start by recalling a definition of the spaces W*?(Q), when the order s is not an integer and Q C R? is a
bounded domain with Lipschitz boundary. For 0 < s <1 and 1 < p < oo, we set

|u(z) — u(y)[”
b= —_ 2.41
b /Q o |z —yl|dtep dardy (2.41)
and
llullwer == |ullr@) + [u]s,p W*P(Q) :={u € LP() and |[uljws» < 00}. (2.42)

When s > 1 is not an integer, we write s = m + o, with m € N, and ¢ € (0,1) and let
WP(Q) :={ue W™P(Q); D™u € WTP(Q)} (2.43)
normed with
[ullwer := [lullwme + [D™u]weos. (2.44)
When p = 2 we usually note H*(Q2) := W*2(Q).

We will need the following lemma in the sequel. It is merely an iterated application of Gagliardo—Nirenberg
inequality and even though we will only use it for Q open interval of R, we state it in full generality.

Lemma 2.8. For anyr € (1,2) and anyu € L2(Q)NWL>(Q)NW"L(Q), u € H(Q) and the following inequality
holds :

e d W =
iz < Cllully gy Tl ey Il o - (2.45)

Proof. We recall the fractional Gagliardo—Nirenberg inequality (see [25], Thm. 1): for any 0 < s1 < s2, p,p1,p2 €
[1, 0], with 6 € (0,1),

1 1 1
s=0s;+(1—0)se, and —=0—+(1—-0)—, 2.46
1+ (1= 0)s2 5 =0 ( )p2 (2.46)
then
lallwer@y < Cllller o iy 2o (2.47)
provided that the following condition fails:
. . 1 1
$o is an integer, po = 1 and sy — — > 59 — —. (2.48)
Y4 P2

By iterations, we may also consider 61, 62, 03 € (0,1) with 61 + 602 + 63 =1, 0 < 1 < s9 < s3 and p,p1,pa,ps €
[1, 00] such that

i 1 0;
s= 0;s;, = > = (2.49)
=1 i
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provided that both (2.48) and the following condition fail:

1 1
s3 is an integer, p3 =1 and s — — > s3 — —. (2.50)
p p3

In our application, we need the following special case: s1 =0 < s9s =1 < s3 <2 and p; =2, pp =00, p3 =1,
and s = 1, p = 2, so that 61, 05, 03 must satisfy 6; + 05 + 03 =1 and

1 40
1= 92 —+ 0383 and 5 = 51 + 03. (251)
These conditions yield
2 1
0, =1— 0y = 65 = . 2.52
! T+ss 2 7 T+ss (2:52)

which must be also complemented with the failure of both (2.48), which fails because pa = co and (2.49), which
fails because s3 is not an integer. In conclusion, writing r € (1, 2) instead of s3, we have the desired inequality. [

3. QUANTITATIVE STABILITY OF POTENTIALS

Aim of this section is to establish our first main result, Theorem 1.1. To simplify our argument and highlight
the differences with the results in [4], we assume that p = A is a log-concave probability measure with bounded
(convex) support and point out in Remark 3.5 below the minor modifications for the general case of p equivalent
to A. We also split our argument into three subsections. We deal first with the quadratic case, in particular
recovering and slightly extending the results in [4], but mainly in order to point out where our arguments differ
and allow for extensions respectively to the case p > 2 (Sect. 3.2) and 1 < p < 2 (Sect. 3.3).

3.1. The quadratic case

In this section, we prove Theorem 1.1 in the case p = 2. In view of the identity (2.9), it is sufficient to argue in
the case of the linear cost ¢(z,y) = — (x,y) that we denote with £. Therefore, we establish the following result.

Theorem 3.1. Let p be a log-concave probability measure with bounded convex support X C R? and let Y C R¢
be compact. Given po, p1 € P(Y), let (PugsVuo)s (Purs Vuy) € C(X) x C(Y) be pairs of Kantorovich potentials
respectively for T*(p, po) and T*(p, p1), then

Varﬂ (¢/J0 - ¢H1) < 2M£u0,¢u1 <M0 - ;U’llwm) - wlt1>' (31)

Recall that, by (2.20) for p = 2, we have M(f;“o’%l <2Rx(Rx + Ry).

Proof of Theorem 1.1 for p = 2. Let us now prove Theorem 1.1 from Theorem 3.1. Being a Kantorovich potential
for the (-cost, 1, is the (-transform of ¢,, € C(X). As a consequence, v, is Rxy-Lipschitz. Similarly, ¢, is
Rx-Lipschitz. Then, by Kantorovich-Rubinstein duality formula, one gets

(o — p11ue — Yy ) < 2Rx Wi (o, 1) (3.2)

which, put along with Theorem 3.1 yields Theorem 1.1.
O

We now turn to the proof of Theorem 3.1. It is known or easy to check that while strict convexity yields
uniqueness in a minimization problem, strong convexity yields explicit stability estimates. Following the idea
developed in [4], we aim at a suitable convexity property for the functional K, which we obtain first in the
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e-entropic semi-discrete (i.e., for finite ))) case, then via an approximation argument for the general case of )
compact. However, to highlight the differences (and the improvements) with respect to [4], we split the proof of
Theorem 3.1 into three steps:

Step 1 (log-concavity of Z). Arguing for fixed ¢ > 0 and Y finite, we establish log-concavity of the “partition
function” Z introduced in (2.32). Unlike [4], Proposition 4.6, where this is obtained as a “black box”
application of the Prékopa—Leindler inequality when p is the Lebesgue measure on a convex bounded
X, we obtain this property for a general log-concave measure p through an optimal transport argument
(Prop. 3.2), which itself can be used to prove the Prékopa-Leindler inequality, but is more amenable to
further generalizations.

Step 2 (modified convexity of K%¢). By direct computation, we go from the log-concavity of Z to a strong
convexity-like inequality on K%, that reads for vy, 1 € C(Y),

Var, (¥1° — 95°) < C(VK S (4h1) — VO (vo) 1 — o), (3.3)

for a suitable constant C'. Let us stress that the inequality above provides quantitative convexity, but not
strong convexity in the usual sense, for the dual potentials appear in the left hand side. Still, our use of
integration against p in the first step allows us to yield a constant independent of upper and lower bounds
on the density of p with respect to the Lebesgue measure, going beyond the case covered in [4]. Moreover,
when compared to [4], where the (stronger) inequality with Var(,,)/2(1, —,) in the left hand side is
established, our proof does not rely on linearity of the cost (while [4], Lem. 2.3 apparently does).

Step 3 (approzimation and scaling) This final step consists in moving from the e-entropic regularization
to the classical optimal transport by letting € | 0, as briefly discussed in Remark 2.4, and then via an
approximation argument to go from the discrete case of finite ) to the general case of compact ) using
Lemma 2.5. Finally, thanks to a scaling argument we improve the constant in the stability inequality:
indeed, it is sufficient to introduce an “inverse temperature” parameter § > 0, defining

Z5(0) = /X " ap (3.4)

and, after repeating the first two steps, we optimize upon . This step does not differ substantially from
[4], Sections 4.5, 2.4, Proposition 3.3. The scaling argument, also in [4], is actually of great importance
for the case 1 < p < 2 and will be detailed in Section 3.3, while adapting it to the present setting is
straightforward.

In view of the scheme detailed above, we establish the following proposition (settling Step 1).
Proposition 3.2 (log-concavity of Z). Let p be a log-concave measure with (convex) bounded support X, let

Y C R? be finite, e > 0 and > 0. For every 1o, 1 € C(Y) and t € [0,1], it holds

10g Z/B((l - t)wo + t¢1) > (1 — t) log Zﬂ(¢0) + tlog Zg(wl). (35)

Proof. Recall that we identify C(Y) with R™, since Y = {y;}!_,, and write for brevity ¢; := ¥ (v;), i = pu(y;).
To simplify the notation, we also simply write 1)* instead of 1/*¢ and argue in the case 3 = 1 only. Thus, given
o, 1 € R™ and xg,x; € X and setting ¢y = (1 — t)vg + t; and zy = (1 — t)zg + tx1, we have

_<"/}t)é<xt) = clog (iexp (<xt7yi> i (1/)1:)1‘) Ui)

g

— clog (iexp ((1 — t){xo, yi) + t{x1,y;) + (1 —1)(1bo)i + t(wl)i) Ui>~

£
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Using Holder’s inequality, we get

—(We)"(ze) < —(1 = t)(¥0)" (wo) — t(th1)(x1) (3.7)

Therefore, taking the exponential and setting h;(z) = exp((¢;)*(x)) we obtain the inequality
ht(l‘t) Z ho(xo)l_thl(xl)t (38)

As mentioned earlier, one can now use as a black box the Prékopa—Leindler inequality for log-concave measures
which yields ||| z1¢p) > ||h0||1LT(tp) ||h1HtLl(p). For completeness we recall the optimal transport version of the

proof. Renormalizing, let us define hy, := hy, /Ih&]|L1(p) so that ho and hy are probability densities with respect
to p.

By Lemma 2.1 applied with p = 2, po := hop, p1 = hlp, using also the log-concavity of p and writing
pt the displacement interpolation between hop and hlp, T the optimal map between hop and hlp, setting
T := (1 —t)Id + tT, we get for hop-a.c. x € X the inequality

pu(Ti(x)) < (ho(@)p(a))' (I (U)@@W
< ho(a)' ™ (ha(T () p()'~* p(T(x))* (3.9)
< ho(x)'~H (h(T(2)))' p(Ti(x))
< h(Te(@)p(Ti (@) ol iy 1l
Therefore, we deduce that
WrollbE At lls pype(@) < hu(a)p(e) holds py ac. (3.10)
Integrating we get the Prékopa—Leindler inequality :
hellzacey 2 holl 7o) 1Pl Ze ) (3.11)
Taking the log and noticing that [|h||11(,) = Z(¥) yields the thesis.
O

In order to address Step 2 with lighter notations, fixing o, 11 € C(Y) and ¢y = (1 — t)1g + t1)1, we write
(. |x) = Wﬁ7¢t(.|$), so that (2.33) reads

1
(v, V?1og Z (1 )v) = —Z /XVarm(.m (v)dpy (x) + Var,e (M, () (V) (3.12)

Proposition 3.3. Let p be a log-concave probability measure with compact support X C Re, let u € P(Y) with
Y C R? finite and let € > 0. Given 1y, 1 € C(Y), set

65 = (1 —t)ho + t1)%°  fort € 0,1], (3.13)
Then,
Var,(¢5 — ¢§) < C(VK = (1h1) — VK< (o) [1h1 — o) (3.14)

with C := exp(2sup;co,1) 05¢(95)).
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Proof. Again, we identify C())) with R™. From Proposition 3.2, we get that V?log Z (1) € R"*" is a symmetric
negative semi-definite matrix, which yields for every v € R",

(v, V?1og Z(Y)v) <0 VO<t <1 (3.15)

By the identity (2.33), we get

1
Varpi}t (M, () () < g/ Vary, (|2)(v)dpy, V0 <t<1. (3.16)
’ X

Our goal is now to change the integration against py, to integration against p. Recalling the definition of Py in
(2.34), we deduce

e osc(qﬁf)pijt <p< GOSC(¢§)pfbt_ (317)

We remark that here is where the choice of p as a “reference” measure in the definition of Z, instead e.g., of
the Lebesgue measure on X', turns out to be useful, as it frees us from making assumptions on the density of p
(besides its log-concavity). Using (2.4) in both sides of (3.16) thus find, for every 0 <t <1,

e? osc(¢F

) €
7/ Vary, (o) (v)dp = 2050 (y, V2KCH (4y)v) (3.18)
X

Var, (M, () (v)) < ——

where the second identity follows from (2.30).
Recalling that ¢$ := (¢;)", we have by the chain rule

d c
2505 (@) = (VP (a)his — Yo ) = —Ma, () (1 — o) (3.19)
hence, by convexity of the variance,
'd
Var, (6~ 08) = Var, ( [ o)
0
Var, (4 (3.20)
< [ Var ¢€> dt 3.20
J, v (e
1
§ / Varp (mm(_‘x)(dzl - 1/}0)) dt.
0

Using (3.18) with v = ¢ — 1), we thus obtain

1
Var, (¢5 — ¢5) < / 250 (4hy — aho, V2ICHE (1y) (11 — tho))dt
0
1
<c / (1 — o, V2K (60) (61 — o)), (3.21)
0

1
sowrw@/v%ﬁwmmf%mw

0
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with C' = exp(2supycg,1) 0s¢(¢f)). Finally, using that

VI () (4 — o) = VK1) (3.22)

we obtain the thesis. O

Remark 3.4. Let the reader note, for further use, that we actually only used

1
(b1 = v, Vlog Z(v) = Vog 2(v0)) = [ {1 — o, V2 1oB Z(1n), 1 — v} <0, (3.23)
0
In particular, an inequality of the form

(1 — 0, Vlog Z(¢1) — Vog Z(tbo)) < Cy, g (3.24)

would similarly yield

Var, (65 — ¢5) < C{VICH (1) — VS (4ho) 1 — o) + CF oy o (3.25)

with C' as defined in Theorem 3.3.

Let us recall here that we refer to Remark 2.4 and Lemma 2.5 for the approximation Step 3 and to [4],
Sections 4.5, 2.4, Proposition 3.3 for detailed proofs.

Remark 3.5. The only point where log-concavity of p is used is in the proof of Proposition 3.2. Therefore, in
order to cover the case of p that admits a density uniformly bounded from above and below by strictly positive
constants with respect to a log-concave measure A\ with bounded support X,

mpA(x) < p(x) < MA(x) for \-ae. z € X, (3.26)

we need to define Z using A instead of the measure p, namely Zz(¢) := fx B A\, This leads to an additional
step in the argument, as log-concavity of Z leads to a modified version of (3.16), which reads

1
Var,\fp (mm(,‘z)(v)) < g/ Varm(.m(v)d)\fbt vo<t<l1. (3.27)
! LY

It is then sufficient to replace the variance and integration with respect to Ay, with those with respect to pg, ,
that the proof may then proceed without further changes: by the very definition of Aj, , we find the 1nequaht1eb

M
%’;Aat(x) < p5, () < mZ XS, () for ae z € X, (3.28)

Therefore, recalling (2.4) we obtain that (3.16) holds with an additional factor (M,/m,)? in the right hand side.
Similar arguments apply in the general cases we consider below, so we only focus on the case of a log-concave
measure p to keep the exposition simple.

3.2. The case p > 2

In this section, we prove Theorem 1.1 in the case p > 2. The previous proof does not fully use the linearity of
the cost but only its concavity, hence an appropriate change of cost allows to generalize it with minimum effort.
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Theorem 3.6. Let p be a log-concave probability measure with bounded convex support X C R and let
Y C R? be compact finally let ¢ : X x Y — [0,+00) be a C? cost function. Given g, p1 € P(Y), let (Gugs Vo)
(1> V) € C(X) x C(Y) be pairs of Kantorovich potentials respectively for T¢(p, po) and T°(p, n1) then, there
exists C = C(c, p, ) < 0o such that

Var, (¢uy — ¢uy) < Cluo — pa|[tu, — Yu,)- (3.29)

Moreover, for the p-cost one can take C(p, p,Y) = 4pRx(Rx + Ry)P~ L.

Proof of Theorem 1.1 for p > 2. The thesis follows from Theorem 3.6 in the same way as Theorem 1.1 for p = 2
followed from Theorem 3.1. O

This theorem follows mainly from the observation that concavity in the first variable is a sufficient condition
on the cost for Step 1 to hold. Step 2 and Step 3 will then apply as they hold for ¢ continuous and & and Y
compact. We conclude thanks to an appropriate modification of the cost. Step 1 is settled with the following
proposition. It is equivalent to [14], Lemma 5.3 and the proof follows the same lines.

Proposition 3.7 (log-concavity of Z). Let p be a log-concave measure and X its support, let Y be finite. Then,
the concavity of x — c(z,y) for ally € Y is a sufficient condition for (3.5) to hold, for every g, 1 : Y — R.

Proof. Assuming that Y = {y;};_,, and recalling that

—(¥r)“(2¢) = €log (Z exp (WW» : (3.30)
i=1

€

with ; = (1 — t)xo + ta1, one simply uses first the concavity of ¢ and then Hélder’s inequality. O

Definition 3.8. For any C? cost function ¢, we introduce the shifted cost ¢ : X x ¥ — R, defined by

- y
&w,y) = e(z,y) = ol (3.31)
where
v:= sup ||V;c(ar:7y)“op7 (3.32)
r€EX,yey

and [|-[|,,,, denotes the operator norm.

When X and ) are two compact subsets of R?, the shifted cost is well defined and concave in the variable z.
In particular, this definition holds for the p-cost when p > 2, with v = (p — 1)(Rx + Ry)P~2. Note also that this
is actually the same exact strategy than going from the quadratic optimal transport problem to the maximum
correlation problem where we go from a convex cost to a linear (and thus concave) one. In the current case,
using the modified convexity (3.14) and not usual strong convexity is crucial, because the cost is no longer linear.

Proof of Theorem 3.6. Letting X, ¢, p as in the theorem and setting ¢ as in Definition 3.8, Remark 2.7 shows
that proving Theorem 3.6 for ¢ is equivalent to proving it with ¢. We can therefore suppose ¢ concave. Then for
Y finite Step I applies thanks to Proposition 3.7. Step 2 as proved in Proposition 3.3 still holds. For Step 3 we
argue letting first € | 0 by Remark 2.4 and then use Lemma 2.5 to extend from the semi-discrete to the general
case. Note finally that the only requirement on C' is C(p, p,Y) > 2M§0$ #,» for all ¢g, ¢1 Kantorovich potentials
and where M¢ means that it is computed with the & cost. It is then easy to obtain a bound similar to (2.20) and
thus completing the thesis. O
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Remark 3.9. The entire argument straightforwardly extends to cost functions ¢ that are Lipschitz continuous
and such that, for some v € R, the modified cost (3.31) is concave with respect to the variable z, for every y € V.
This larger family includes for example the “boundary cost” from [26],

b?)(l’, y) = m1n(|x - y|27 d((E, Qc)2 + d(yv 90)2)’ (333)
where Q C R? and d(-,Q°) = infeqe | - —2].

3.3. The case 1 < p < 2

We finally move to the most challenging case of exponents p € (1,2) for which in particular, the smoothness
or even the concavity condition of the above remark fail. We prove the following inequality.

Theorem 3.10. Letp € (1,2), set ¢ = p/(p—1), let p be a log-concave probability measure with bounded (convez)
support X CR? and let Y C R be compact. Given g, p11 € P(V), let (GugsVuo)s (Pprs us) € C(X) x C(Y) be
pairs of Kantorovich potentials respectively for Wy (p, o) and Wy(p, n1). Then, there exists C = C(p, p, ) < 00
such that

Var, (¢1 — ¢o) < Clur — poltor — o) 7. (3.34)

As already noticed, we cannot restrict ourselves to the previous C? case as the cost does not have bounded
derivatives on the diagonal. We will derive a weaker version of Step 1, before performing Step 2 and Step 3,
where the scaling argument will be more important to control the additional term.

Proposition 3.11. Let p be log-concave with (convex) bounded support X, Y C R? be finite, ¢ > 0 and > 0.
For every 1, 11 € C(Y) and t € [0,1], it holds

log Z5((1 — t)ho + tah1) > (1 — t)log Z5(¢°) + tlog Zz(¢")

o (3.35)
= Bt(L = YW (0501 P, )7 -
where v = y(p) < oo and for k € {0,1}, p§ ,, is defined as in (2.34) with vy, instead of ¥.
Before the proof, let us collect some vectorial inequalities.
One can find the following in [27], Chapter 12, (III)
plla —2[P7%(a —2) — |b—2|P72(b— 2),a — b) < yla — bJ?, (3.36)

valid for all a,b, z € R?, since 1 < p < 2 and for some constant v = ~(p) > 0.
For the sake of completeness, let us derive this inequality. It is easily seen that the case z = 0 is sufficient and
that with an application of Cauchy—Schwarz inequality, it is enough to prove :

llalP~2a — [b[P~?b] < vyla —b|P~. (3.37)
Starting from
llal""2a — [bIP=2b* = [[al"~" — [bI"~1* + 2]al?~2[b|"~>(|alb] — (a,b)), (3.38)
we bound the first term, as ¢t — t?~! is (p — 1)-Holder continuous on R and by triangular inequality

e (]

< |a — b>P—1)

(3.39)
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and the second, assuming a,b # 0,

ap—2 p—2 a —la ap—l p—1 _ <a”b> p—1 _ <a”b> 2—p
P21 Ja ] = (a,8)) < a1~ (1 = St - )

< 227(|al[b] — {a, b))~

< 23—2p‘a _ b‘Qp_Q

(3.40)

where we used for the last line |a||b| — {a,b) < @. Both bounds together yields (3.36) in the case z = 0.
We now deduce from it a semi-concavity inequality for |.|P when 1 < p < 2. Convexity of  — |z|P gives the
two following inequalities, for xg, x; € R™, letting xy := (1 — t)xo + taq :

|lze|? > [xol” + p(|xolPxo|t(z1 — o)) and

- (3.41)
|2ef” > a1 P+ |z [P 22 |(1 = £)(z0 — 21)).
Combining both, we get
lz¢|P > (1 —t)|2ol? + tx1 [P + pt(1 — t)(|zo|P 22 — |21 |P 221 |21 — 20), (3.42)
and finally, applying (3.36) :
|xe [P > (1 — t)]xol? + t|x1|P — yt(1 — t)|xo — x1|P for every t € [0, 1]. (3.43)

Proof of Proposition 3.11. Recall that we identify C()) with R™ and again for simplicity we prove the result
only for g =1.
Therefore, letting 1, 11 € R™, it holds

(60 (a1) = elog [Z o (wt)i SR y) Ui}

i=1
< clog [iexp ((1 —1)(vo)i +t(¥h1)i — (16—t)\mo — yi|P =ty — yﬂ’) (3.44)
i=1
exp <'yt(1 - t)|6x0 — x1|p> ”

and we thus get, applying Holder’s inequality,
() (we) = (L= £)(¥0) " (wo) + t(¥1)" (21)) — t(1 — t)ylwo — 21[". (3.45)
Therefore, taking the exponential and setting h:(x) = exp((¢)“°(x)) we have
he(we) > ho(w0)' ™ hi (1) exp(—t(1 — t)y|zo — a1 [P). (3.46)

We next obtain from this bound an integral inequality, in a similar fashion to the Prékopa—Leindler inequality.
Renormalizing, let us define hy, := hi/||he| L1 (p) so that ho and hy are probability densities with respect to p.

By Lemma 2.1 applied to the p-cost, pg ::fzop, p1 = ﬁlp, using also the log-concavity of p and writing
p¢ for the displacement interpolation between hgp and hyp, T the optimal map between hgp and hqp, setting
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T;:= (1 —t)Id + T, we get for izop—a.e. x € X the inequality :

pu(Ty(x)) < (ho(@)p(2))! " (ha (T ())p(T (x)))"
< ho(@)' (A (T(@))) o)~ p(T (x))"
7 1—t/1 t (347)
< ho ()" (b (T(2)))! p(Ty ()
< hy(Th(2))p(Ty () exp(t(1 — t)ylz — T(@) ) |holl 1, IBall L -
so that
holl13) 7l e (@) exp(—t(1 = A(T) 7 (@) = T((T) ™ @))I7) < hi()p(w) (3.48)

holds p; a.e., where the inverse of T} also makes sense p; a.e.. Integrating over X' and using that p; = (T%)4(hop),

[helln > ||h0H1Lffp)Hh1||il(p)/Xexp(—fyt(l—t)\(Tt)_l(x)—T((Tt)_l(x))|p)pt(x)dx

(3.49)
> [lholl 7, 11l 21 ) /X exp(—=yt(1 = t)[x = T'(z)|")ho(z)dp(z).
Applying Jensen’s inequality with the exponential function we get,
Iellze o) = Iollizt Il exp (—wu 1) /X o — T<z>|pho<x>dp<x>> . (3.50)
Finally, taking the log yields the thesis:
log Z((1 - t)y° +t') > (1 —t)log Z2(y°) + tlog Z(¥')
— t(1 = )Y Wp (P £y, )P 0
Using the established bound for log Zg, we prove the main result for this section.
Proof of Theorem 8.10. From Proposition 3.11, writing I := log Z3 for brevity, one gets for all ¢t € (0, 1),
1—t)Ig(0°) + tIg(y) — Ig((1 — )y + ty?
B P )P > (1 —t)Is(¢") 5§(1)_t) s((1—1) )
1 1 (351)
> = [ (VIawlor — vo)ds + [ (TIp(r—ans)lin ~ o)
0 0
Letting successively ¢ — 0 and ¢ — 1 we find
1
W65V = ~ (VI )l = o) + [ (VIp(r-)lun — bo)ds (35)
0

and

1
BWo (0500 P )P > — /0 (VIs(Wa)ln — do)ds + (VIs(n) by — o) (3.53)
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so that, by summing the two inequalities,

2BYWp (P50 P30 )T = (VIg(¥1) = VIg(to)th1 — ¢o)- (3.54)
Following the proof of Step 2 as proposed in Proposition 3.3 together with the additional comment in Remark 3.4

and letting for ¢7 = %, for t € [0,1] where by = (1 — t)iho + th1, M® := sup,e(q) {0sc(¢f)}, and for all
»eC(X),

e?
. WP’ (3.55)
we find
Be™ M Var, (¢5 — ¢5) < ™M (VK= (1) — VA (o) [tb1 — tho) (3.56)

+ 29Wp(pses, P85 )

where we used (2.33). Note that the scaling in 5% of one term and in 3 of the other in (2.33) explains the presence
of 3 on the right hand side of (3.56).

If we then let ¢ | 0 minding Remark 2.4, by choosing for simplicity the potentials so that ¢ have zero p-mean,
we get that for all 5 > 0 the following bound holds:

Be™PMooor (g — @o||F2(,) < e”Meoor (g — pa [t — o) + 29Wp (080, P86 )P (3.57)

The next step is to derive an estimate of Wy, (pgg,. pgs,) in terms of [|¢1 — dol[ 2, Again, for simplicity
we argue in the case § = 1. First, we notice that by the monotonicity of Wasserstein distances, we have
Wo(Ppos Pir) < Wa(psos Por)- Then, we apply Lemma 2.2, with py = py,, k € {0,1}, so that fr > e Mé0.21 and
p is log-concave with bounded support so it has finite Poincaré constant. We get

2

W2( ) < O eMeon o’ o (3.58)
3 (Po1s Psg) < Cpeoo: - : :
1 0 P fX e®1dp fX e®odp L2(p)
For any x € X, we have
e1(2) ebo(x) e®1(z) _ gdo(2) 1 1
- ‘ < L obo@) ‘
Jypetrdp [, etodp Sy etrdp Jpetrdp [, eodp
< eMso.o1 ‘e¢1(w) _ e¢o(m)| + 2Mso,61 / (e¢1 _ e¢o) dp‘ (3.59)
x
< Moot (|61 () = do(@)| + 161 = doll L )
where the zero p-mean property of ¢, assures that
—M¢07¢1 S min ¢k S max qzﬁk S M¢0,¢1. (360)
Integrating with respect to p yields
eh1 ebo | Y )
_ ®0,P1 _
‘ Jxetrdp [y ePodp < et fion = dolliagy (361)

L2(p)
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From this estimation, (3.57) and (3.58) we get
- 5p8
Be™Moob1 || g — |72,y < Moot (o — [ty — o) +7Cpe 2 Moot Bl — ollfs,,  (3.62)

SO

(5p—2)B8
2

Be~26Mso.01 ||y — ¢0||2L2(p) —~Che Moo.61 8P| by — ¢0||22(p) < A{po — palbr — o). (3.63)

If we forget for a moment the exponential terms, the optimal choice is

61— ||z =

e

(3.64)

,_.

and this is the scaling that guides us in the following calculations. We now set C' = vC,, a = 2My, 4, and
o = %M%m so that C, o,/ > 0.

Letting
F(B) = Be™ |1 — ¢oll7z(,) — Ce*'PBP||gy — ol[}
o(e) = el —bollZ5, _ e elli—soll i, (3.65)
h(B) = Be= — Ce'P P
so that
F(8) = 161 — dollTot 9(e) with 8= ellér — dol Jar . (3.66)
Noticing
[ o200 i 161 — dol 1) < 1 .
7(8) = h(B)lI61 = boll2a,y i 61 — dollag > 1
we get

min(||¢1 — GollZ2(,), 61 — ¢0||§p)) < (o = plpr — o). (3.68)

1
sup h(5)

BERL

Now, deriving the absolute bound

61 = dollz2p) < [X[(l[dollzoe + [[d1]lz)

(3.69)
< 2|X|M¢07¢1 <C= O(p,p, y)

we get |1 — qﬁOHLQ(p) < C|l¢1 — ¢0||%2(p). From this last inequality and (3.68) we can conclude

|61 — ¢0||L2(p < Cuo — pal1 — vo) (3.70)
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for some C'= C(p, p, X,¥) > 0. One final application of Lemma 2.5 extends the bounds from the semi-discrete
case to the general case of compact ). O

Remark 3.12. One can easily check that the entire proof above relies only on (Lipschitz continuity and) the
curvature condition (3.43) satisfied by the p-cost. Thus, if the cost ¢ is such that, for some p > 1 and v < oo, it
holds

c(ze,y) > (1 —t)e(zo,y) + te(z1,y) —yt(1 —t) |zg — 1|7 for all zg,z; € X and y € Y (3.71)

then Proposition 3.11 still holds. We notice that such property, which we may refer to as a (p,v)-curvature
condition for the cost function ¢, is stable by taking sums and infima. As an example, it holds for the boundary
cost analogue to (3.33) with general exponent p.

Remark 3.13. Again, we notice that the only point where log-concavity of p is used is in the proof of
Proposition 3.11. Therefore, in order to cover the case of p that admits a density uniformly bounded from above
and below by strictly positive constants with respect to a log-concave measure A, we need to replace p with
A in the definition of Z. This leads to a version of (3.35) with A3, instead of p3 , . However, this changes
very little in the proof of Theorem 3.10: we obtain (3.56) arguing as in Proposition 3.3 and taking into account
Remark 3.5; subsequently, we apply Lemma 2.2 with respect to the measure \; and finally we replace L?(\) with
L?(p), up to a multiplicative constant.

4. QUANTITATIVE STABILITY OF MAPS

In this section, we focus on the stability of optimal transport maps by establishing Theorem 1.2. We make
the following standing assumption: p is a probability measure with bounded and convex support X C R%, with
density bounded below and above by two constants:

0<m, < p(x) <M, <+4oo forevery z e X. (4.1)

Our goal is now to use the results from the previous section to yield a bound on the L? distance between two
optimal maps Tj and 77 from the source p to two target distributions pg, p1, supported on a bounded set ). By
the extension of Brenier theorem to general p-power costs [1], Theorem 6.2.4 (p > 1), the optimal transport map
T for W,(p, i) is given by

T(z) =z — (Vé(z)) 9P for ae. z € X, (4.2)

where ¢ is the Kantorovich potential, ¢ = p/(p — 1) and we recall the notation v(®) = |v|*~v. Thus, our strategy
is to establish first upper bounds on ||[V¢; — V| r2 in terms of ||¢1 — ¢ol|z2, whenever ¢, k € {0,1} are
c-concave functions. In the following section, we derive such bounds, first for the quadratic case — recalling the
argument from [4] — and then more generally for c-concave functions.

4.1. The quadratic case

We report in this section the argument from [4]. Let us recall that the Brenier map is the optimal transport
map for the p-cost when p = 2.

Theorem 4.1. Let X, Y be compact subsets of R with X convex, let p be a probability measure with density w.r.t.
the Lebesgue measure bounded below and above by strictly positive constants as in (4.1) and let po, p1 € P(Y).
Then, there exists a constant C = C(d, X,Y, m,, M,) < oo such that

ITo = Thll2() < CWi (0, 1a) . (4.3)

where Ty, denotes the Brenier map from p to ug, for k € {0,1}.
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This theorem is an immediate consequence of Theorem 3.1, (4.2) which reads

|

T(x)=x2—Vo¢(x)=V < 5 (j)(x)) , forae zelX, (4.4)

so that T'(x) is the gradient of the function z + |x|?/2 — ¢(z) which is convex and Lipschitz, and the following
“reverse” Poincaré inequality, [4], Proposition 5.11 — but see also [28-30] for similar results — whose statement we
report here for the sake of completeness and for comparison with our extension to fractional spaces, Proposition 4.5
below.

Proposition 4.2. Let X C R¢ be a bounded domain with rectifiable boundary and let u,v: X — R be convex
Lipschitz functions. Then, there exists a constant C = C(d) < oo depending on d only such that

— 2 4 2
IV — Vol < CHOHOX) (| Vall o () + V0] o (20) = 0 (4.5)

where He~' denotes the (d — 1)-dimensional Hausdorff measure.

4.2. The case p > 2

This is a minor modification of the quadratic case, keeping in mind that the optimal transport map depends
on the gradient of the Kantorovich potential in a Holder continuous way. We prove the following result.

Theorem 4.3. Let X, Y be compact subsets of R% with X convex, let p be a probability measure, with density
w.r.t. the Lebesgue measure bounded below and above by strictly positive constants as in (4.1). For k € {0,1},
let ux € P(Y) and denote with T, the optimal transport map for Wy(p, pi). Then, there exists a constant
C=0C(p,d, X,¥Y,m,, M,) < oo such that

_1
1To — T1llz2(p) < CWi (o, p11) @D (4.6)

Proof. We start from the inequality |v(®) — w(®)| < C(a)|v — w|®, valid for all 0 < o < 1 and v, w € R? with
C =C(a,d) < co. We find
ITo=Tilliag = [ V0§ = Vol Pap
<c [ 1900 TorPrrdp (1.7
<C|[Vo - V¢1||2Lq2/(1;) ;
having used Holder inequality and the fact that ¢/p =1/(p — 1) < 1 for p > 2. Next, we notice that there exists

v =7(p,X,Y) < oo such that, for any function ¢ that is c-concave with respect to the p-cost, the function
2+ ¢(z) — y|z|? is concave and Lipschitz (with a bound on the Lipschitz constant uniform on ¢). We then
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proceed with the upper bounds (where the constant C' may change from line to line)

Vo — V‘bl”iz(p) < CVgo - V¢1||12(x)
2
= C V(g0 =1 %) = V(dr = P)l[ 2,
< Cllgo — ¢1||§2(X) by Proposition 4.2 (4.8)

< c H(bO - ¢1||E2(p)
< CWi (o, 111)5 .

where the last inequality follows by Theorem 1.1 assuming without loss of generality that ¢g, ¢1 have zero
p-mean. O

4.3. The case 1 < p < 2

This case is instead less obvious, again because there is no shift reducing a c-concave function to a concave
function when c is the p-cost for 1 < p < 2. We prove the following result.

Theorem 4.4. Let p € (1,2), set ¢ =p/(p—1), let X, Y C R? be compact subsets with X convez, let p
be a log-concave probability measure on X such that (4.1) holds, let ug, p1 € P(Y) and denote with Ty, the
optimal transport map for W, (p, pr). Then, for every 0 € (0,(p —1)/(p+ 1)) there exists a constant C =
C(0,p,d, X,Y,m,, M,) < oo such that

9
|To — T1llL2(p) < CWi (o, 1) - (4.9)

To establish this theorem we need an equivalent of Proposition 4.2 for c-concave functions with respect to the
p-cost.

Proposition 4.5. Letp € (1,2), X C R? be a bounded domain with rectifiable boundary and let u,v : X — R be c-
concave with respect to the p-cost. Then, for all @ € (0,(p—1)/(p+1)) there exists a constant C = C(0, X,p) < 0o
such that

IVa = Vol gy < Cllu— vl ). (4.10)

For comparison with our argument, let us recall that the proof of Proposition 4.2 relies on two ingredients.
First, one establishes the one-dimensional inequality [4], Proposition 5.24

/01 ' — /|2 < 8 (Lip(u) + Lip(v))? </01 lu — v|2)é (4.11)

that settles the case X = [0,1] C R (and by scaling any other interval). Then, for the general case, one applies
an integral-geometric argument [4], Lemma 5.25 decomposing the d-dimensional integrals into integral over
segments. In our context, the integral-geometric argument formula will be identical, up to harmless variations in
the exponents. Our aim is therefore to establish a suitable analogue of (4.11) for functions that are c-concave
with respect to the p-cost. Before we do this, it is convenient to notice the following consequence of c-concavity
with respect to the p-cost.
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Lemma 4.6. Letp € (1,2), X CR? be open and bounded and ¢ : X — R be c-concave with respect to the p-cost.
Then, at every x, y € X that are differentiability points for ¢, it holds

(Vola) = Volu). o~ ) < o~ P (112
where v = y(p) is the same constant as in (3.43).
Proof. By c-concavity, the graph of the associated transport map
x — T(x) :=z — (Ve(z)) /P (4.13)
where ¢ = p/(p — 1), that is defined at every differentiability point of z, is c-cyclically monotone, i.e.,
T (z) — P — |T(z) —y[” < |T(y) — =" — [T (y) —yl" (4.14)
Next, we recall the inequality, valid for any v, h, z € R?,
o+ h = 2P = o — 2P = p((v — )P, 1)
Zp/01<(v+th—z)(p_1) — (v —2)®=Y p)dt (4.15)

1
0 p

where we used the inequality (3.36). Applying (4.15) in both sides of (4.14), i.e., first with z =T(z), h=y — =z
and then for z =T (y), h =z — y, we get

—M@fT@WVWyf@f%wfoSM@fT@WVWx—w+%wfﬂp (4.16)

so that, noticing that (x — T'(x))?~1) = V¢(x) by the very definition of T, we obtain the thesis. O

In the proof below we only use that c-concave functions for the p-cost are Lipschitz (with uniform bounds on
their Lipschitz constant) and satisfy inequality (4.12). Thus, we introduce the following notation: for p € (1,2),
A € R, we say that a Lipschitz function u : X — R is (p, A)-concave if, for every x, y that are differentiability
point of w it holds

(Vu(z) = Vu(y),r —y) < Az —ylP. (4.17)

We are now in a position to state and prove the following analogue of (4.11).

Lemma 4.7. Let p € (1,2) and X\, L > 0. For every 6 € (0,(p —1)/(p+ 1)), there exists C = C(p,\, L,0) < oo
such that for u,v : [0,1] = R both (p, \)-concave and L-Lipschitz, it holds

0

1 1
/ lu' —v'|*de < C (/ lu — v|2d33) . (4.18)
0 0

Proof of Lemma 4.7. Without loss of generality, we may assume throughout the proof that fol udr = fol vdx = 0.
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For comparison with the proof in our case, we recall that a key point in the proof of (4.11) in [4] is the
following integration by parts (assuming by approximation that the functions are C? smooth):

1—/01<u—v><u"—v">

0

/01 W =02 = (u— v)(u — )

2(Lip(U)+Lip(v))Hu—vHoo+||u—vlloo/0 (" + 1v"])

= 2(Lip(u )+Lip(v))Hu—v|\oo+||U,U||DO/O (W + ") (4.19)

[ e + =) + (@ + )

1
ol

< A(lufl o + [0l o)l = vlloo,

where the convexity assumption on u and v allowed us to remove the absolute values in the terms |u”| and [v”].
The above argument can be interpreted as an interpolation bound on the H? norm in terms of the L> norm of
the function and the L' norm of its second derivative, that together with the positivity condition reduces to a
L norm of the derivative. Finally, the standard Gagliardo—Nirenberg inequality allows to replace the L> norm
in the right hand side with the L? norm (which gives the exponents 4/3 and 2/3).

In our case of (p, A)-concave functions, the positivity of second derivatives is replaced by the weaker condition
(4.17), so the idea is to interpolate with fractional derivatives of order between 1 and 2. We start from the
assumption, which in the one dimensional case reads

(u'(z) =/ (W) (@ —y) = Az —y|" <0 (4.20)

for every x,y € (0,1) where w is differentiable, which is a set of full Lebesgue measure, because u is Lipschitz
continuous. Without loss of generality, we may also assume that A > 0. Therefore, we have the inequality

(assuming = # y):

w'(2) = u'(y)] _ [(w'(2) = u'(y))(z —y)|

[z —y] |z —y|?
@) v |i)_£z'z —ylPl+ Az —yf? (4.21)
W) @) 2
T—y |z —y|2=P

Given «a € (0, 1), we bound from above

v/ (2 ()l
al—// \x— |1+a — " —dydx
2Xdxdy
// @—y y|ad dm+//7|x—y\2*1’+o‘ (4.22)

u'(z + h) — ! (x) /1/1 dhdz
- . dhdz + 2 . —
/o /_1’“0S T Bl o Jo OSSR
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where y denotes the indicator function. We bound separately the two terms. For the second one, we simply use
the fact that f01 h=Bds < oo if B < 1, hence

dhdzx
2)\/ / X{0<x+h<1}|h|2 o7a <G, (4.23)

for some C'= C(p, a, A) < oo, provided that 2 —p+ « < 1, i.e., & < p — 1. For the first term, we integrate first
with respect to x € [0, 1], so that for fixed h € [—1, 1], we find

1
/0 X{o<wtn<1} (' (x +h) —u'(x)) dz = w(min {1+ h,1}) — u(max {h, 0})
—w(min {1 — h,1}) + u(max {—h,0}).

(4.24)

When we integrate also with respect to h € [—1, 1] it is convenient to consider separately the two cases h > 0
and h < 0. In the first case, we find

/ / X{0<z+h<1} Wiz +h) — u(z) dxdh = / u(1l) —u(l —h) —u(h) + u(O)dh
0o Jo 0

h|®h hita
7] X (4.25)
1
< 2Lip(u)/ —dh < C,
o h®
where C' = C(«, L) < 00, having used that oo < 1. In the case h < 0, we find similarly
u'(z+h) —u(z
/ / X{0<az+h<1} i |h|)°‘h ( )dxdh
1+ h)—u(0) —u(l) +u(—h)
dh (4.26)
/_1 [h|*h
Y1
< 2Lip(u)/ —dh =_C.
o h*
Thus, we collect the bound
(U] < C =C(p,a, A\, L) < o0, (4.27)
provided that 0 < a < p — 1. Since u is Lipschitz (and has zero mean), it also holds
lullwrao,1y) < Nullyroo(o,1)) < C- (4.28)

In conclusion, the thesis follows as an application of (2.45) on = (0,1) and r := 1+ « € (1,p) and letting
6:=1—2/(1+r), which can be any real in the interval (0, (p — 1)/(p + 1)). O

We now indicate how to complete the proof of Proposition 4.5 following the steps of [4], Proposition 5.11, for
which we refer for more details.

Proof of Proposition 4.5. The first step is to notice the good scaling properties of inequality (4.18). Through
an affine change of variable, one easily proves that if p € (1,2), A\, L, >0 and 8 € (0,(p—1)/(p+ 1)), there



30 O. MISCHLER AND D. TREVISAN

exists C' = C(p, A\, L,1,0) < oo such that for any interval I C R with |I| <, u,v: I — R both (p, \)-concave

and L-Lipschitz, it holds
0
/|u’ —/Pdz < C </ lu — v|2d:c> . (4.29)
I I

To pursue the proof we need to introduce some new notation that we try to keep as light as possible, referring to
[4] and the references therein for more details.

Let £? be the set of affine lines in R? identified with {¢ = (e, p) € R? x R?|e € S¥~1 p € e} equipped with
the Riemannian metric. We write d£?% the volume measure, so that for any ¢ : £¢ — R

[ owacio = [ [ slemant et (4.30
LeLd e€Sd—1 Jpeet

where H?~! denotes the (d — 1)-dimensional Hausdorff measure.
Back to our setting, by [4], Lemma 5.25, one obtains

lul2a00) = C / / uly)*dyd L (¢) (4.31)
teLd Jyetnx
and

Vull =€ [ [ (Vut)e(e)anact(o (1.32)

where C' = C(d),C" = C'(d) € (0,00) are dimensional constants. Since X is convex, we can write £ N X = I, for
a suitable line segment (that we identify with a real interval). Then we use (4.29) with t € I; — u(p + te) and
| = diam(X) for a.e. £ € L%, (4.31), (4.32) and Holder’s inequality obtaining the thesis,

Ve = Vollp2(x) < Cllu = v]| 72y (4.33)
O

We end this section with the proof of Theorem 4.4, which in turn concludes the proof of Theorem 1.2.

Proof of Theorem /.4. Naming ¢ and ¢ the zero-mean (with respect to p) Kantorovich potentials associated
to Ty and T4, by (4.2) we have

T — T - H (a/p) _ (‘Z/P)‘ , 4.34
1To — T1ll 22y (Vo) (V1) o) (4.34)

where ¢ = p/(p — 1). Using the inequality
00 — w(®] < Clo —wl|(Jo]*" + [w]*), (4.35)

valid for v, w € R%, a > 1 with C = C(a,d) < oo, we find for o := ¢/p > 1,

1To — Thl|z2x) < C (Lip(fﬁo)qm*l + Lip(fbl)q/p*l) Vo = Vorll 2y - (4.36)
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Since the Lipschitz constant of ¢y and ¢, are uniformly bounded by c-concavity, it follows that
1To = Thl[r2x) < ClIVoo = Vil 12y
< Cligo — 172y (4.37)
0
< c ||¢0 - ¢1||L2(p)

where the constant C may change from line to line, and we applied Proposition 4.5. To conclude, we apply
Theorem 3.10 and obtain

9
1To — T1llz2(p) < CWi (o, 1) 9, (4.38)

which is the thesis. O
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