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A GENERAL MAXIMUM PRINCIPLE FOR PARTIALLY OBSERVED
STOCHASTIC EVOLUTION CONTROL SYSTEMS

ZHEN WU'® AND ZESHAN YANG?>™

Abstract. In this paper, we study an optimal control problem of partially observed stochastic evo-
lution equation control system. The observation process is an infinite-dimensional stochastic process,
and the control variable is allowed to enter the diffusion term of the state process and the drift term
of the observation process. The control domain need not be convex. Combined with Girsanov theorem,
we establish the related stochastic maximum principle in the sense of transposition solution.
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1. INTRODUCTION

We shall consider the following general partially observed optimal stochastic control problem:
finding the u(-) € U[0,T] such that

J(u() = inf J(u())

u(-)€U[0,T]

The cost functional takes the following form

() =] [ gt u(®) dt + e(a(T))| (11)

subject to the stochastic evolution equation
dz(t) = (Az(t) + a(t, z(t), u(t))) dt + b(t, 2(t), u(t)) AW (2), (1.2)
z(0) = =y, t e (0,7], '
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with the partial observation

y(t) = /0 h(s,z(s),u(s))ds + W(t) (1.3)

Here, the observation process y is an infinite-dimensional stochastic process.

Maximum principle was first formulated by Pontryagin in the 1950s and it converted the optimization prob-
lems into maximizing the corresponding Hamiltonian functions. Bismut [1] introduced the linear backward
stochastic differential equations (BSDEs) as the adjoint equations, which was a milestone in the development
of this theory. The general stochastic maximum principle was obtained by Peng in [2] by introducing the sec-
ond order adjoint equations, which allowed the control enter in both the drift and diffusion coefficients while
the control domain was nonconvex. Subsequently, there have been extensive studies on the maximum principle
for other control systems. For example, Hu and Peng [3] established the maximum principle for semilinear
stochastic evolution control systems; Tao and Wu [4] derived necessary and sufficient conditions for optimal
control in forward-backward regime-switching systems; Zhang and Shi [5] obtained the maximum principle for
forward—backward doubly stochastic control systems, and these results were further extended in the work of
Zhang, Zhou, and Yang [6], among others. These studies have made significant contributions to the theory of
stochastic maximum principle.

In the infinite-dimensional case of Refs. [3, 7-10], scholars have studied the maximum principle under the
following assumptions respectively: 1) the control domain was convex, 2) the diffusion coefficient did not depend
on the control, and 3) the state equation and cost functional were both linear in the state variable. If we aim
to establish an infinite-dimensional generalized stochastic maximum principle corresponding to Peng [2], it
becomes necessary to introduce an operator-valued backward stochastic evolution equation as the second-order
adjoint equation. In contrast to the finite-dimensional case, the existence proof for solutions to this equation
is highly challenging. To overcome this difficulty, researchers have conducted numerous studies. Lii and Zhang
[11-13] employ the stochastic transposition method to introduce a concept of transposition solution/relaxed
transposition solution to the desired operator-valued backward stochastic evolution equation, and obtain the
general stochastic maximum principle in the sense of transposition solution. Du and Meng [14] and Fuhrman,
Hu, and Tessitore [15] define P wia a stochastic bilinear form derived from the limit of the quadratic terms in the
variational calculation, and obtain general stochastic maximum principle. In addition, Guatteri and Tessitore
[16, 17] and Stannat and Wessels [18] use some other methods to represent the second-order adjoint processes.

As mentioned above, they all assume that the overall information is available, i.e., decision makers can
obtain all information of the state. However, in practice, decision makers can only get partial information in
most cases. There is a rich literature on finite-dimensional partial information control system. Bensoussan [19]
and Haussmann [20] employed the Zakai equation to transform finite-dimensional partially observed control
problems into infinite-dimensional fully observed control problems. Zhou [10] investigated optimal control prob-
lems for a class of stochastic partial differential equations, with the obtained results being applicable to control
problem involving Zakai equations. Li and Tang [21] investigated optimal control problems in partially observed
stochastic control systems where the control variables enter into both the drift term of the observation equation
and the diffusion term of the state equation, with a non-convex control domain. Under the framework where the
observation process was initially modeled as Brownian motion, they established a generalized stochastic maxi-
mum principle for such systems using a purely probabilistic approach, in which the Girsanov theorem played a
pivotal role. Wang and Wu [22] and Wu [23] studied the partially observed optimal control of forward—backward
stochastic systems with convex and non-convex control domain, respectively. Wang, Zhang and Zhang [24] con-
cerned with a partially observed optimal control problem, whose novel feature is that the cost functional is of
mean-field type, [31-33] also represent valuable references on partial information problems. In addition, there
are some recent studies on partially observed control problems. For instance, Chen and Wu [25] studied the
progressive optimal control for partially observed stochastic system of mean-field type with random jumps, Li
and Wu [26] developed the second-order maximum principle for partially observed singular stochastic control
systems.
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Compared to the literature on partially observed stochastic maximum principle (SMP) problems in finite
dimensions, the literature addressing the infinite-dimensional case is notably scarce. While Bensoussan and
Viot [27] investigated partially observed problems for infinite-dimensional linear systems, its methodology is
not applicable to general nonlinear systems. Our work fills this gap. In this paper, we extend the approach
from [21] to the infinite-dimensional setting. By leveraging Girsanov theorem in Hilbert spaces, we transform
the partially observed problem into a fully observed one. In doing so, we overcome the challenge posed by the
potential inapplicability of the infinite-dimensional It6’s formula in certain scenarios. Subsequently, we introduce
the concept of the transposition solution to characterize the adjoint process. This ultimately leads us to derive
three adjoint equations and establish the maximum principle. The rest part is organized as follows. Section 2
presents some definitions and lemmas. Section 3 gives a description of the problem and the conditions. Section 4
constructs the adjoint equations and obtains the general stochastic maximum principle. In Section 5, we discuss
an example.

We finish the introduction with several notations. Let p,q > 1,7 > 0, (2, #,F,P) (with F = {F; };,¢[0,1) is
a fixed filtered probability space satisfying the usual condition, and we denote by I the progressive o-field w.r.t.
F; V., H and H' are Hilbert spaces.

o Z(V;H): the space of all bounded linear operators from V to H.

o % (V; H): the space of all Hilbert—Schmidt operators from V into H. An operator F € Z(V; H) is said
to be a Hilbert-Schmidt operator if 37° | [Fe |3 < 0o, {;}52, is the orthonormal basis of V.

e Z(H,H;H'): the space of all bilinear maps from H to H’, with the canonic norm.

o Lg’“’c([o, T); H): the space of H-valued progressive processes z(-) such that fOT |x(s)7|f;[ ds < o0 as.

o Lp(Q; LY([0,T]; H)): the space of H-valued progressive processes x(-) such that E[ [ |x(s)|, ds]« < oco.

. L%([[t,T]]; L1(Q; H)): the space of H-valued progressive processes x(-) such that LT(E|x(s)|§I)E ds < oo,
te[0,7).

o Cp([0,T]; LP(Q; H)): the space of H-valued progressive processes x(-) such that z(-) : [0, 7] — L% (Q; H)
is continuous, and sup,¢(o 7 Elz(t)[7; < oo.

e Dp([0,T]; LP(Q; H)): the space of H-valued progressive processes x(-) such that z(-) : [0, T] — L% (Q; H)
is cadlag, and esssup,¢(o 1) Elz(t)[; < oo

2. PRELIMINARIES

In this section, we will introduce the concepts of transposition solution and relaxed transposition solution.
Li and Zhang employed the stochastic transposition method (developed first in their paper [28] for back-
ward stochastic differential equations) to introduce another concept of solution, i.e., the transposition solution
(relaxed transposition solution), to the equation (2.7) (Eq. (2.13)). This class of solutions is defined through
the dual equations of these BSEEs (Backward Stochastic Evolution Equations), and its specific formulation
offers significant advantages in deriving the maximum principle. Crucially, for highly intractable second-order
adjoint equation (operator-valued BSEESs), we can solve them by defining relaxed transpose solutions, thereby
establishing a general maximum principle.

In this part, 7' > 0, (Q,.7,F,P) (with F = {%;};c[0,77) is a fixed filtered probability space satisfying the
usual condition, and we denote by F the progressive o-field w.r.t. F; H and V are two separable Hilbert spaces;
we denote by I the identity operator on H, and write £y = % (V; H). W () is a V-valued, cylindrical Brownian
motion.

Forany h € H, h* € H* and f € Z(V; H), we define two maps ((f, h))u (-), ((h*, f))u(:) : V — R as follows:

(fsl))u () = (f(v), hym, (%5 [))m () = (B", f(0)) i = B (f(v)),  VoeV. (2.1)

The main purpose of this symbol is to represent random integrals of the form fot (fdW (s),h)n in the more
standard form fg((f, h)) g AW (s). Tt is easy to check that ((f,h)) g, ((h*, [))u € L (V;R).
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In this section, Girsanov theorem (Lem. 2.12) and Proposition 2.13 are quoted from Da Prato and Zabczyk
[29], the remainder (especially the definitions and lemmas related to transposition solution) is quoted from
Lii and Zhang [12].

2.1. Well-posedness of stochastic evolution equations

We consider the following stochastic evolution equation:
dX(t) = (AX(t) + F(t, X(t))) dt + F(t, X (t)) dW (¢), (2.9)
X(0) = Xo, t € (0,7T). '

Here Xy : Q — H is an #p-measurable random variable, A generates a Cp-semigroup {S(¢)}:>0 on H, and

F(-,-):[0,T) x Qx H— H and F(-,-) : [0,T] x Q x H — %9 are two given functions. Let’s start with a few
definitions:

Definition 2.1 ([12], Defi. 3.8). An H-valued, F-adapted, continuous stochastic process X(-) is called a weak
solution to (2.2) if F(-, X(-)) € LY([0,T}; H) a.s., F(-, X(:)) € L2"°([0,T); £2), and for any ¢ € [0,7] and
§ € D(A"),

(X(1). ) = (Xo, &) + / (X (3), A"E) i + (F(s, X (5)), ) gr) s
0 (2.3)

+ [ UFG. X)) aW(s), as
0

Definition 2.2 ([12], Defi. 3.9). An H-valued, F-adapted, continuous stochastic process X (+) is called a mild
solution to (2.2) if F(-, X(-)) € LY([0,T}; H) a.s., F(-, X(-)) € L2"°([0,T}; £2), and for any ¢ € [0, T

X(t)=5St)Xo+ /t S(t—s)F(s,X(s))ds
° (2.4)
+ /0 S(t— s)F(s, X(s))dW(s), a.s.

Condition 2.3. F(-,-) : [0,T| xQx H — H and F(.,): [0,T] x Q2 x H — £ are two given functions satisfying
1) Both F(-,z) and F(-,x) are F-adapted for each x € H;

2) There exist two nonnegative (real-valued) functions Li(-) € L*(0,T) and La(-) € L?(0,T) such that, for any
z,y € H and a.e.t € [0,T],

{F(f,l‘) - F(t’y)|H < Ll(t)"r - y|H7 (25)

|F(t, ) = F(t,y)| 20 < La(t)lx — ylg, as..
Then, we have the following well-posedness result for (2.2).

Lemma 2.4 ([12], Thm. 3.14). Let Condition 2.3 hold, and F(-,0) € LA(; L'([0,T); H)) and F(-,0) €
Ly(Q; L2([0,T); £3))) for some p > 2. Then, for any Xo € L' (Q; H), the equation (2.2) admits a unique
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mild solution X (-) € Cp([0,T]; LP(Q2; H)). Moreover,

X(O)lew(omy;ee s m)) 26)
< C(IXolzy, @im + 1FC 0 p@ins oy + 1F (5 0)lLzsce o ryzg))- '

The following result shows the equivalence between weak and mild solutions to (2.2).

Lemma 2.5 ([12], Thm. 3.10). An H-valued, F-adapted, continuous stochastic process X (-) is a weak solution
to (2.2) if and only if it is a mild solution to the same equation.

Remark 2.6 ([12], Thm. 3.18, 3.21). If the Cy-semigroup satisfies |S(t)| gy < e for some constant ¢ € R
and any ¢ > 0, the mild solution in Lemma 2.4 can be path-continuous.

2.2. Backward stochastic evolution equations

We consider the following backward stochastic evolution equation:

{ dy(t) = —Ay(t) dt + F(t,y(t), Y (¢)) dt + Y (£) AW (¢), 2

y(T) = yr, te[0,7).

Here, y7 : @ — H is an Fr-measurable random variable, A generates a Cp-semigroup S(t),~, on H, and
F:[0,T] x Qx Hx .29 — H is a given function. Throughout this section, we assume that yp € L (O H)
for a given p € (1, 2] unless other stated.

In order to define the transposition solution to (2.7), for a given np € L% (Q; H) and v; € Li([t, T); L1(Q; H)),
vy € LE(Q; L2([t, T); £9)), we introduce the following (forward) stochastic evolution equation:

dz = (A"2 +v1) ds + v2 dW (s), (2.8)
2(t) =, s € (t,T], .
where t € [0,7] and ¢ = ﬁ This equation admits a unique mild solution z € Cr([t,T]; L9(Q; H)), and
|2l cw(it, Ty La (0 1
(LT):L9 () (2.9)

< CInley, (@i + il e rynoceim) + vl Lo om0 -

We now introduce the following notion.

Definition 2.7 ([12], Defi. 4.13). We call (y(-),Y(:)) € Dg([0,T]; LP(%; H)) x L2([0,T]; LP(%; £2)) a
transposition solution to the equation (2.7) if for any t € [0,7], vi(-) € Li([t,T]

LL(Sy L2([¢, T); .49)), n € L% (€ H) and the corresponding solution z € Cg([t, T]; LY
that (z(-), F(,y(),Y()u € Lg(; L' ([t, T1)), and

B((),yr)n — B [ ((5), F(s,4(5), Y (5)hm ds
¢ (2.10)

T T
— E(n, g +E / (01(), 9(s) i ds + E / (02(5), Y (5)) 2o ds.

Condition 2.8. F:[0,T] x Q x H x £ — H is a given function satisfying
1) F(-,y,2) is F-adapted for each (y,z) € H x £Y;
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2) There exist two nonnegative functions L1(-) € L*([0,T)) and Lo(-) € L*([0,T)) such that, for any y1,y2 € H,
21,20 € LY, ae. t €[0,T),

|F(tay17zl) - F(tvaaZ2)|H

2.11
< La(®)lys — el + Lo(t)|2 — gy s (2.11)

Then,we have the following well-posedness result for (2.7) in the sense of transposition solution.

Lemma 2.9 ([12], Thm. 4.19). Let Condition 2.8 hold and F(-,0,0) € LL([0,T]; LP(Q; H)). Then, for
any yr € L% (5 H), the equation (2.7) admits one and only one transposition solution (y(-),Y(-)) €
Dg([0,T]; LP(2; H)) x LA([0,T); LP(; . £Y)). Furthermore,

|(y(')7Y('))|DF([O,T];LP(S2;H))XLL%([O,T];LP(Q;.,?QO)) (2.12)
< C(|Z/T|L{;T(Q;H) + [F(-,0,0)| L1 o, 1:Lr (2:11) ) - '

2.3. Operator-valued backward stochastic evolution equations

In this section, we are going to study the following formally .2 (H)-valued backward stochastic evolution
equation (p € (1,2]):

dP = — (A* + J*)Pdt — P(A+ J)dt — K*PK dt
—(K*Q+ QK)dt + Fdt + QdW(¢), (2.13)
P(T)=Pr, te[0,T),

where (¢ =p/(p — 1)),

J € LF([0,T); L=(Q L (H))), K€ LF([0,T); L=(Q L (H; £4))), (2.14)

F e Ly([0,T]; LP(Q; Z(H))), Pr e L (O 2(H)). (2.15)

Let us introduce the following two (forward) stochastic evolution equations:

dey = (A+ J)zy ds + ug ds + Koy W (s) + vy dW (s), (2.16)

z1(t) = &, s € (t,T7], |
and

dzs = (A+ J)z2ds + up ds + Kzo AW (s) + va dW(s), (2.17)

za(t) =&,  seE(t,T]. |
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Here &,&; € ngzqt (5 H), uy,ug € LE([t,T); L?%(Q; H)) and vy,ve € L2([t, T]; L?9(2; £2)). Also, we need to
introduce the solution space for (2.13). For this purpose, write

Dr ([0, T]; LP(S2; Z(H)))
= [POIPC. ) € a0, T): L29(0: 1)): L2(0.T): LE (9 1)),
P(.,-)¢ € Dy([t,T); L7+1 (0 H)) and (2.18)

P(-.- .
A P

for every t € [0,T] and £ € L?;t(Q;H)},

< C|5‘L§;t (H)

and

My =L (Q, H) x L3([t, T); L H)) x La([t, T}; L*(9;.43)), vt €[0,T),
[0, 7] ={(Q",QV)|Q, QW € £ (M LA([t, T); L+ (.2))) (2.19)
and Q1 (0,0, = QW(0,0,-) for any t € [0, T)}.

2p_
Lpa(LA([0,T); L29(Q; H)); L2([0,T]; Ly (Q; H))) is the space of all bounded, pointwise defined linear oper-
2p_
ators . from LZ([0,T); L?9(Q; H)) to L*([0,T); LET (4 H)), i.e., for a.e. (t,w) € [0,7] x €, there exists an
L(t,w) € Z(H) satisfying that (Lu(-))(t,w) = L(t,w)u(t,w), Vu(-) € LA([0,T]; L*(Q; H)).
We now define the notion of relaxed transposition solution to (2.13) as follows:

Definition 2.10 ([12], Defi. 12.8). We call (P(:),Q"), Q")) € D, ([0,T]; LP(; L (H))) x QP[0,T] a
relaxed transposition solution to the equation (2.13) if for any t € [0,T], &,& € L;It(Q;H), Uy, ug €
LA([t, T); L*4(; H)) and vy, ve € L2([t, T]; L29(Q; £7)), it holds that

E(Prazy(T),x22(T)) i — E/t (F(s)x1(8),22(8))m ds
T
= BP0 &) +E [ (P(s)un(s).a(s)) ds
+ E/ (P(s)x1(s),ua(s))mds+ E/ (P(s)K(s)x1(s),v2(s)) »o ds
- t (2.20)
B [ (P (s). K (5)ras) + 12() 29 ds

B [ (015, Q€2 va, ) (5) 29 s

T
+E / QW (62, ur, 01)(5), v2(5)) g ds,

where z1(-) and z2(-) solve respectively (2.16) and (2.17).

Lemma 2.11 ([12], Thm. 12.9). Assume that p € (1,2] and the Banach space prT (€; C) is separable. Then, for
any J, K, F and Pr satisfying (2.14)-(2.15), the equation (2.13) admits one and only one relaxed transposition
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solution (P(-),QV), Q1)) € Dr ([0, T); LP (% Z(H))) x QP[0,T). Furthermore,

P p
| |$(L§([O,T];LQ‘I(Q;H));LQ([O,T];LFPZ?(Q;H)))

+ su (t)7 )® 2p 2.21
te[Og”) @@ )|$(Ht;L§([t,T];LP2+1 (.27)))? (2:21)
< C(IPlerqoryzeuz ) + 1Pricy, @zm))-
2.4. Girsanov theorem and It6’s formula
Lemma 2.12 ([29], Thm. 10.14). Assume that ¥(-) is a V-valued F-predictable process such that
E(eJ})TW(S),dW(S»V*% o W)Y Ay = 1. (2.22)
Then the process
. t
W(t) = W) —/ W(s)ds,  te0,T] (2.23)
0
is a cylindrical Brownian motion with respect to {F}i>0 on the probability space (2, F, @) where
dP(w) = efo W) AW v =3 [T W)Y ds gp(y,). (2.24)

In order for (2.22) to hold, we have

Proposition 2.13 ([29], Prop. 10.17). One of following conditions is sufficient in order for (2.22) to hold:
1) ]E(e% foT |’/)(t)ﬁ/ dt) < +OO,
2) there exists 0 > 0 such that sup,e(o 1y E(eSW®IY ds) < 4o,

Definition 2.14 ([12], Defi. 2.138). For any b(-) € Ly'°°([0,T]; H), cylindrical Brownian motion W (-) and
o(-) € LY'°([0,T]; £9), the following form of F-adapted process

X(t):X(O)—&-/O b(s)ds+/0 o(s)dW(s),  te[0,T], (2.25)

is called an H-valued It6 process, or simply an Itd process (if the meaning is clear from the context).

Lemma 2.15 ([12], Thm. 2.139). Let X(-) be given by (2.25). Let F : [0,T] x H — R be a function such that
its partial (Fréchet) derivatives Fy, F,, and F,, are uniformly continuous on any bounded subsets of [0,T] x H.
Then, a.s., for all t € [0,T]

POLX(0) =FOXO0) + [ (Fa(s X (). o)) dW ()
+ [ IR X )+ Pl XM (2.26)
+ 5 Paa (5. X(9)(0(5),0(5)) 3] d,

where Fyy(s, X(s))(0(s),0(8)) 20 = Zjil Fia(s, X(s))(a(s)ej, o(s)e;), {e;}52, is the orthonormal basis of V.
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3. STATEMENT OF THE PROBLEM

H and V are two separable Hilbert spaces, let T' > 0, W (-) is a V-valued, cylindrical Brownian motion, {%#;}
is the natural filtration generated by W (-), (@, #,F,P) (with F = {#}icjo,77) is a fixed filtered probability
space satisfying the usual condition, and we denote by F the progressive o-field w.r.t. F.

{hj}J‘?‘;l and {e1,ea,€e3...71,72, 73 ... } are respectively orthonormal basis of H and V. Vi, V; are linear closed
subspace spanned by {e;}52;, {r;}32;, respectively, and(u1,vi)v; = (u1,v1)v, (uz,v2)v, = (u2,v2)v (vi,u1 €
Vi;v9,us € Vo), then Vi, Vy are also Hilbert spaces. Moreover, for any v € V' there are unique v, € Vi, vy € Vs,
such that v = vy +ve. If Th € £ (Vi; H), To € % (Vi; H), we can find a linear operator T': V' — H such that

T(U) = T1(7}1) + Tg(’Ug), T e EQ(V; H)

Conversely, if T € % (V; H), we can also find Ty € % (Vy; H), Ty € % (Vh; H), such that Ty (v1) = T(v1) and
T5(ve) = T(vg). Wi(+) and y(-) are cylindrical Brownian motions with values on Vi and V5 respectively, and
satisfy W(t,w) = Wi(t,w) + y(t,w), V(t,w) € [0,T] x Q. {FP} and {F}!} are filtration generated by Wy(-)
and y(-). Let A be an unbounded linear operator (with domain D(A) on H), which generates a Cp-semigroup
{S(t)}i>0 satisfies [S(t)| 2y < e for some constant ¢ € R and any ¢ > 0. Let U be a separable metric space
with a metric d(-,-). Put

up, 7] = {u() 20,7 x Q= Ulu(:) is { % }eepo,m —predictable},

Cr > 0 is a generic constant, and we assume the following condition:

Condition 3.1. Suppose that a : [0,T] x Qx HxU — H and b: [0,T] x Q@ x Hx U — % (Vi; H) are two
(vector-valued) functions satisfying:

1) For any (x,u) € H x U, the functions a(-,z,u) : [0,T] x @ — H and b(-,z,u) : [0,T] x Q@ - L (Vi; H) are
F-measurable;

2) For any v € H and a.e. (t,w) € (0,T) x Q, the functions a(t,z,-) : U — H and b(t,z,-) : U — L (Vi; H)
are continuous;

3) For any (x1,22,u) € Hx Hx U and a.e. (t,w) € (0,T) x Q,

{a(taxhu) - a(t,l'g,’u)h{ + |b(t,(£1,u) - b(tva,u)Lfg(Vl;H) S CL‘xl — X2|H, (3 1)

‘a(t707u)|H + |b(t707u)|$2(V1;H) < CL'

Condition 3.2. Suppose that g : [0,T] x QX HxU = R and ¢: Q x H— R are two functions satisfying:

1) For any (z,u) € H x U, the function g(-,z,u) : [0,T] x Q& = R is F-measurable, the function c(z) : @ - R
18 Fr-measurable;

2) For any x € H and a.e. (t,w) € (0,T) x Q, the function g(t,z, ) : U — R is continuous;

3) For any (z1,22,u) € H x Hx U and a.e. (t,w) € (0,T) x Q,

(3.2)

|g(t7x1,u) - g(t,xg,u)\ + |C(.CL‘1) - C($2)| < Clel — L2|H,
lg(t,0,u)| +1c(0)] < Cr.

Since the control domain is the general case, we need to further assume that:

Condition 3.3. For any u € U and a.e. (t,w) € (0,T) x Q, the functions a(t,-,w) : H — H,b(t,-,u) : H —
L(Vi;H),g(t,u) : H— R and c(-) : H— R are C?. For any x € H and a.e. (t,w) € (0,T) x Q, the functions
az(t,x,"): U — L(H), bp(t,z,") : U = L(H; L (Vs H)), go(t,z,)) : U = H, ag.(t,x,) : U — L(H,H; H),
beo(t,x,)) : U = L(H,H; £(Vi; H)) and guo(t,x, ) : U = ZL(H) are continuous. Moreover, for any (z,u) €
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H x Uand a.e. (t,w) € (0,T) x 9,

|laz (t, 2, u)| 2 my + bz (t, 2, 0) | 2 (1,20 (vis i) + 192 (8 2,u) |1+ [z ()| 7 < Co,
‘axx(t, z, U)LZ’(H,H;H) + |bxx(ta €, u)L%’(H,H;;Z’z(Vl;H))

+ 19za (T, u)| 2 () + |Caa(T)] 2
<Cyp .

(3.3)

For the coefficient h in the observation equation, we also assume:

Condition 3.4. Suppose that h: [0,T] x Q@ x H x U — Vy is a (vector-valued) function satisfying:

1) For any (z,u) € H x U, the functions h(-,z,u) : [0,T] x Q — Vs is F;-predictable;

2) For any x € H and a.e. (t,w) € (0,T) x Q, the functions h(t,z, ) : U — Vs is continuous;

3) For any u € U and a.e. (t,w) € (0,T) x Q, the functions h(t,-,u) : H — Vy is C%. For any x € H and a.e.
(t,w) € (0,T) x Q, the functions hy(t,x,-) : U — L (H; Va) and hyy(t,z,-) : U - ZL(H, H; V) are continuous.
4) For any (x,u) € H x U and a.e. (t,w) € (0,T) x ,

|h(t’x7u)|V2 + |hl(ta$7u)|=’f(H;V2) + |hlw(t’mau)|$(H,H;V2) <Cr. (34)

Let us consider the following controlled stochastic evolution equation:

{ dz(t) = (Az(t) + a(t, z(t),u(t))) dt + b(t, z(t), u(t)) AW (¢), (3.5)
x(0) = xo, t € (0,7, '
with partial observation
y(t) = / h(s, 2(s), u(s)) ds + W(2), (3.6)
0

where u(-) € U[0, T] is the control variable, x(-) is the state variable, and the (given) initial state zo € L% (Q2; H),
that is, zg € L’L’%(Q; H) for any given p > 2. In the rest of this paper, we shall denote by C a generic constant,
depending on T', A, p, Cr, or some fixed coeflicients to be introduced later.

When the above conditions hold, for u(-) € U[0,T], the equation (1.2) admits a unique mild solution z(-) =
x(+; 2o, u) € Cp([0,T]; LP(Q2; H)), which will be denoted by z*(-). let:

ZU(t) = s thls:a" ()00, du(s)) vy =3 J§ (s, (9) ()3, s (3.7)

According to Remark 2.6, Condition 3.4 and Proposition 2.13, we can obtain that h(-, z%(-), u(+)) is a Va-valued
F-predictable process and E[Z%(T)] = 1. Then, according to the Girsanov theorem (Lem. 2.12), the process

W(t) =y(t) — fg h(s,z"(s),u(s))ds is a cylindrical Brownian motion with respect to {#/} and dP“(w) =
Z"(T) dP(w). The cost functional takes the following form

ey =2 [ gt a0, u(®) dt + cla(1))]
—{z/1) [/OT o(t,2(0)u(0) dt + e((1)] }.
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where E“ denotes expectation with respect to probability space (Q, #,F,P%), and the problem is finding the
a(-) € U]0,T] such that

J(() =~ inf T (u()).

u(-)eU[0,T)

Since Hilbert space is isomorphic to it’s dual space, we also write (h(s,x%(s),u(s)), dy(s))v, as
h(s,z"(s),u(s))dy(s). Then we use Itd’s Formula for (3.7), and get

Zt) =1 —|—/O Z"(8)h(s,z"(s),u(s)) dy(s)
+/0 S| 24 @t 2 () uls) R, + 24(5) (Z Jou() vl as (3.9)
=14 [ ZU(6)hls." ), u(s) d(e),

and according to the partial integral formula, we have

() =E[ [ Zwglt.a"0).u(0) at + 2(T)eta(T))|

4. MAXIMUM PRINCIPLE

Let (Z(-),@(-)) be an optimal pair of the problem. For each ¢ € (0,T") and ¢y € [0, — €], let E. = (to, to + €],
put

) {u(t) te[0,7)\ E-, 1)

u(t) te k.,

where u(-) is an arbitrarily given element in U[0,T]. Let 2°(-) be the state process of the system (1.2)
corresponding to the control u.(-).
We introduce some notations which will be used later. For ¢ = a, b, g, h,

u(E) = V{0.7(0). (1)
w (t) = % ) ﬂ(t )7 ¢11( ) wa:x( ( ) @(t)),
/ balt,2(0) + 0 (2°(t) — 5(1)), w* (1)) do, (12)
5 (1) = / (1= 0)haa(t, 2(t) + 0(2(t) — 7(1)), (1)) do,
and
5U(t) = (1, 5(8), u(t)) — B(t, (1), (b)),
511 (1) = (6, 2(), u(t)) — b (1, 5(2), (1)), (4.3)
51611 (£) = than (1, E(8), u(t)) — e (1, 5(2), (1))
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4.1. Variational equations and variational inequalities

Let 25(-) = 2°(-) — 2(-), Z1(-) = Z°(-) — Z(-), where Z¢(-), Z(-) are the variables corresponding to the controls
u®, u, respectively. So, we have

dz{ = (ACCl + al( )z5 + Ig_ (t)da(t)) dt + (b5 (t)xT + Ig. (t)ob(t)) AW (¢), (4.4)
331( ) = (Oa T]a .
and
dZy(t) = [Z:(t)h (t (1), u*(t)) + Z(t)(hi (t)§ + Ip. (t)0h(t))] dy(t), (4.5)
Z1(0) =0, € (0,T). )
Consider the following stochastic evolution equations:
{ das = (Aw5 + a1(t)25) dt + (bi(t)a§ + Ip. (£)3b(1)) AW (2),
(4.6)
x5(0) = 0, t € (0,77,
dZz = [(Z2h(t)) + Z(t)(ha(t)25 + Ip. (t)0h(t))] dy(t), (4.7)
Z5(0) =0, t € (0,7, ’
dz§ = (Az5 + a1 (t)z5 + Ig_ (t)oa(t) + %all(t)(xg, x5))dt
+ (0a(0)a5 + T, (D801 (125 + Shua()(a3,25) AW 1), (45)

:L’g(()) =0, te (OvT]a

dZs = [Zsh(t) + Z(t)(h (t)w§+IEs(f)5h1(t)fE§+%h11(t)(90§7x§))

Z(t
+ Zo(t) (Tg. (£)Sh(t) + b (t)25)] dy (D), (4.9)
Z5(0)=0, te(0,T]

Remark 4.1. Equations (4.5), (4.7) and (4.9) can be regarded as stochastic development equations in the case
of A =0 and Cp-semigroup S(t) = I. Therefore there exists unique mild solutions to these equations and are
denoted respectively as Z1, Zo, and Zs.

We observe that the present formulation is very similar to the completely observed control problem; the
only difference lies in the set of admissible controls. Hence, we reduce, in the following, most of the variational
calculations for the partially observed case to the counterpart of the completely observed one.

Analogous to [12], we can establish the following two lemmas.

Lemma 4.2. Let 2§ = 2§ — 25, x§ = z§ — x5, Vp > 2 we have the following estimates:

1) sup Elzi(t)]P <Ce?, 2) sup E|z5(t)|P < Ce?,
te(0,T] te[0,T]

3) sup E|z5(¢)|P < CeP, 4) sup E|z§(t)|P < CeP,
te[0,T] te[0,T]
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Proof. Use Lemma 2.4 for equations satisfied by z and 2°, we have sup,cpE[Z()[? < C and
supeo,r) Elz°(¢)[? < C. C is a generic constant, depending on p, zg, T', A, Cr, etc. This proof is quite standard.

As an illustration, we only give the proof of 5).
We claim that z£(-) solves the following equation:

+ [ (025 + T, (03 (025 + 5 074(0) = b1, 7(0), 07 (0)) (05, 25)

1 1 1
+ 5k (t)6b11 (1) (27, 27) + an(t)(xi,xi) - lel(t)@;,x;)} dWi (1),

25(0) =0,  te(0,T).

Applying Lemma 2.4, we see that

sup El|z5(t)[}
te[0,T)

(a5 (5) — za(s, 5(s), u*(5))(25(5), 25 (5))
[ (5) (@), 25(5)) — ann (5) (@5 (s), 25()) ) ds )

T
([ 1o 90301 (59350) )+ 18001 (55 (9.5 5D Py o)
1(551(5) — baas, 3(5), % () (25 (9,25 () oy i
511 (5) (25(5), 25(5)) = bua ()25 (), 75(5)) pqvaean | ds) )

T
< o(e”) + CE{ ( / (10051 (5) = @z (5, 2(5), u7(5))) (@5 (), 25 (5)) |

a1 (5) (25(5), 25 (5)) + an1 () (@5 (), 25 (5)) 1] ds)”

T
(10 = b6 (D)1, 86D s o
4 s ()@, 5(5)) + bua () @5(6). 25 ds)

< ofen)+ce{ (| (025) — s, 05), () 559,25 () )

3

P
2

T
(10820 = b, 706) 0 (D) 0 5) 5D v 05
Since (replacing a with b is the same)

lai1(s) — axa (s, Z(s), u"(5))|.2(m,m:m)

1
< c(/O |Qna (5, 2(5) + 025 (5), 05(5)) — Qs (5, T(5), W(5)) | o (a1, p1:0) A7 + T, (5)),

05 = [A2 + a1 (025 + T, (0001 (025 + (05, (0) — a1, 700), 07 (1)) 5, 0)
+ ST, (00 (0)(af, ) + 501 (05, 5) — San (05, 25)] di

(4.10)

(4.11)

(4.12)
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we end up with

e{( [ (052 6) = ana o, 2(0) w5 o) 5D 05)

3 4.13
< cgp/ / (5, 2(5) + 725(9),0(5)) — e (5, 2(5), 05 % g gy Ao + T, (5)) i (4.13)
= o(e").
The other part is similarly estimated, and we get 5). O

Lemma 4.3. Let Zy, =71 — Zy, Z5 = Zy — Z3, Vp > 2 we have the following estimates:

1) sup E|Zi(t)|” <Ce®,  2) sup E|Zy(t)|” <Ce?,
t€[0,T] te[0,T]

3) sup E|[Zs(t)]” <CeP,  4) sup E|Zy(t)” < Ce?,
te[0,T] te[0,T]

5) sup E|Z5(t)|” = o(eP).
t€[0,T]

Proof. Use Lemma 2.4 for equations satisfied by Z and Z°, we have supte[o)T]E|Z(t)|p < C and
supyeo, 7] E[Z°(t)[P < C. This proof is also standard, so similar to the Lemma 4.2, we only give the proof
of 5) as an example.

By the definition of Z, we have

dZs = [Zsh(t) + Z(t)(h*(t) — h(t, 2(t), u (1)) — ha (1) (@3(t) + 25(t))
= Ie ()0ha (t)25(t) — 1hu(t)(xé(%‘)»w%(t)))
+ Za() (P ()21 (8) + Ie. (8)0h(t))
+ Zo(t) (RS () — ha (£)2(1) + ha(8)25(t))] dWa(t) (4.14)
{ h(t) + Z(t) [Is, (t)0ha ()25 (t) + ha (t)25 (L) + %(hu(t)(wi(t) 1(1) + haa (1) (25(1), 25(1)))]
+ Za@)(hi ()21 (t) + Ie. (¢)5h(1))
+ Zo () ((hi(t) = ha ()21 (t) + h(t)x ())}dWQ(t)-

Then, use Lemma 2.4 for equations satisfied by Zs, we have

sup E|Z5(t)|P
t€[0,T)

T
< CE[ [ (1209 [T ()61 (9)5(5) + i (s)255) 503 ({590, 25(9) + s 4) 5 5) 56D

P

+ 1Z4(8) (05 ()25 () + T (5)0()) Ly vy + | Z2() (RS () = P ()5 () + I (8)25(5)) vy ) s

= o(eP).
(4.15)
O
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We now compute J(u(-)) — J(a(-)). By the definition of J(-), we obtain that

T
=E[ [ (210(0)+ 205, (03000 + (0:0.3(0). (1) 75 () ws)

+E[Z1(T)e(@(T)) + 2°(T) (ca(@(T))25(T)
+ / (1= 0)era (3(T) + 005 (T))3 (T), 25 (1)) dor ) |.
Let’s look at the integral part first. Together with the definition of x§(-), z5(-), z5(-), x53(-) and z§(-), we get
T
B [ 2:0) (15, (039(0) + (ar 0,700 (1) 0
[ (0= (.70 + 035 0.0 0)25 (0. 25(0)) ) ]

T
=B [ /O Z(t) (IEE (£)8g(t) + In. ()81 ()25 (t)

+ 91 () (23 (t) + 25(1)) + 91 (£)25(¢)

(4.17)

1

4 5 T, (0590 (25 (0) 25 () + 3 loms (D25(1),253(0)

= N

+ 5 lgn a5(1), 25(0) + a5(0)n ) dt].

[\

Because of for a.e. t € [0,7],

’/0 (1,g)(gm(t,i’(t)Jraxi(t),ug(t))*gm(tvf(t)’ue(t)))dg‘z(H) (4.18)

< C(/O |gza:(t7 i‘(t) + o] (t)7 ’H,(t)) - gaca:(t7 'i‘(t)7 a(t»'f(H) do + I, (t>)a

then we have

E[/ Ze(t)/ (1= 0)(gua(t, 2(t) + 021 (t),u(t)) — gua (t, T(t), u®(2))) 27 (t), 27 (¢)) 1 do dt]

0 0
T 1
< CE[ [ 125N O ([ 1ous 0. 50) + 0950, 10) — g1, 70, 5Oy b + L (0) @]

1
2

< CE{/EE 125 (][5 (1) ] +c(E/OT 25 @l dt) " C.

- 0(5),
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where lim,_,q C: = 0. In addition,

B[ [ 20 15, 00501 0a5(0) + 5T, (031 ()50, 25 () )
<c( [ @mzwpic.a)
= o),

and

E[/OTZE(w( <t>x6(t>+§<gn(t> 20,250 + 50 ) ]

<c /\ZE |2dt /m, \Hdt§
+CC. ]E/ ZE(t)[ dt /:c dt)’
() 17w ) (& sl )

= o(e),
are holds, so we can get
T

B [ 250 (15, (039(0) + (o, 0.5(0).u% (1) 5 0)

+ / (1~ 0)gia (£, 2(1) + 00 (1), " (1) (1), 25 (1)1 o) ]

T
~E| / 25(8) (L. (£)39(t) + g0 (1) (25(¢) + 25(1)
0

1

+ 5o (O5(0),25(0) ) dt] + o(e).

Now let’s look at the whole integral part:

T
B[ [ (Ziglt) + 2°(0) (1. 069(0) + 0 () (a5 (0) + 5(0)
0
S ln (0r5(6), 75} ) ) ]
5[ [ ((Za+ Za)alt) + Zugle) + (21 + 20) (1. (030(0)
o O5(0) +5(0) + 3 lon (5(0), 75(1)m) ) ]

+

We can see
E[/ Zsg(t) /|Z5 (tat)’ (E /lg (H2dt)” = ofe),

T
E[/O ZiIg. (D3g(t) dt] < /EE(E|Z1(t)|2)z(E|5g(t)|2)zdt = o(e),

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)
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Bl | " Zulgn(5(0). 250)) 1 4

<c(s [ 1wpa) (e [ o)’ o
= o(e)

and

[ | (050 + (2 - Zan(Bs(0) ]

<C ((E /OT 2 ()] at) : ( /OT 5 (1) dt)% +(E /OT |Z4(t) 2 dt)% (= /OT 25013 dt 5) (4.27)
= o(e),

then we have
E| / (Zug(t) + 2°(1) I, (1)59(1) + 91 (D) (@5(1) + 25(1))

1 c c
+ §<g11(t)x2(t),$2(t)>H)> dt] (4.28)

T —
= E[ /0 ((Zz + Z3)g(t) + Zogr (t)75(t) + Z(t)(Ig, (£)3g(t)
+ g1(t) (25 (t) + 25(t)) + %(gn (t)x5(t), x;(t)>H)) dt} + o(e).

After a similar calculation for the terminal value part, we end up with:

+ (22(T) + Z3(T))e(2(T)) + Z3 (T)Cz(f(T))fES(T)} +o(e) (4.29)

[ 27020 + Z()(e) + Za0)g (925(1) ) d

+ Z7HT)(Zo(T) + Z5(T))e(2(T)) + ZQ(T)Cx(j(T))Ig(T))} +o(e),

where E is the expectation of the probability measure P obtained by Z(-), involving Girsanov theorem.
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4.2. Adjoint equations

In this section, we will characterize a total of three adjoint processes by utilizing the definitions of transpo-
sition solution and relaxed transposition solution. Specifically, two of these processes will be characterized as
transposition solutions to vector-valued backward stochastic evolution equations (BSEEs), while the third will
be characterized as a relaxed transposition solution to an operator-valued BSEE.

Let

Walt) = y(t) - / W(s,2(s).a(s))ds, € [0,T),

we give the following two equations:

aZ71 (1) Z(t) = (ha (D5(0) + T, (1)5R(2) ) AW (2),
dZ=1(t) Z5(1) =<h1(t)x§(t) + Ip. (t)0h (t)25(t) + %hn(t)(ﬂsi(t), z5(t)) (4.30)
+ Z7H () Zo(t) (Ig. (£)0h(t) + hl(t)xi(t))) dWa(t),
Z710)22(0) =Z71(0)23(0) =0, ¢ € (0,7,
then we have
dZ7H(t)(Za(t) + Z3(t)) = (hl(t)(wé(t) +a5(t)) + Ip. (t)5h(t)
+ Ip. (t)0hi (t)25(t) + %hn(t)(xé(t),x%(t)) (4.31)
+ 2710 Z() (T, (D5h(E) + ha ()5 () ) dWa (1),
Z710)(Z5(0) + Z5(0)) =0, t € (0,7].
Now we introduce an equation
dz(t) = —g(t) At + 25(t) AWa (),
{Z(T) = c(z(T)). (4.32)

Since Lemma 2.9 does not require the filtration to be a natural filtration ([12]), it follows from Lemma 2.9 as
well as Definition 2.7 that

T
EZN(T)(Z2(T) + Z5(T))e(z(T)) + E/O Z7H(t)(Za(t) + Z5(t))g(t) ds

=B [ ()0 +55(0) + 16 0)5h(0) o)

+ 1. (£)0h ()5(t) + %hu(t)(wé(t), 5(t))

+ Z7Y ) Zo(t) (I, (t)0h(t) + hi(t)z5(t)), zz(t)> dt,

V2
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and combining this with

E /0 (T, (0)5h (05 (t) + ZM(8) Zo(t) I, ()5h(1), 2 (t))vs dt

<c[ [, @il @f)? s
([ Beiar)’ ([ @z 0miEzOM )]

= o(e),

(4.29) becomes

J(w () = I (a())
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(4.35)

Set X(t) = Z71(t)Z2(t)25(t). We now aim to derive the equation satisfied by X(-). In the finite-dimensional
case (e.g., as seen in [21]), this step is achieved through the direct application of Itd’s formula. However, in the
infinite-dimensional setting, the mild solution to equation (4.6) does not satisfy the applicability conditions of
1t6’s formula. Consequently, we cannot directly apply [t6’s formula in this context. According to the definition
of a weak solution (Def. 2.1), Lemma 2.5 and the formula of integration by parts, for any h' € D(A*) we have

Z7H(t) Za(t) (a5 (t), b Y = Z_l(t)Zz(t)[/O ((25(s), A*h") i + (a1 (s)25(s), h') i) ds
+/0 ((by(s)x5(s) + Ig_(t)ob(s), h')) g dW1(s)
= [ XA B+ (o (X6 ) s .
+/0 ((b1(8)X (8) + Z7(8) Za(8) I . (t)0b(s), B')) g AWy (5)

t
+/ (((ha(s)25(s) + IE. (5)0h(s)) ® 25(s), I')) r AWa(s)
0
= (X(t),")n,
where v® h , v € V,h € H is a bounded linear operator from V to H, defined by

(v@h)W = (v,W)yh, YW e V.
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Equation (4.36) means that, X (-) is a weak solution to the following equation

{ AX(t) = (AX () + ay ()X (£)) dt + (b ()X () + Z71(t) Zo(t) I, (£)8b(t)) AW (£)

By Lemma 2.5, it is also a mild solution to the same equation. Again, we introduce an equation:

+ qu(t) AW (t) + ga(t) dWa(t),

{ dq(t) = —Aq(t) dt — (g1(t) + ki (t)22(t) + aj(t)q(t) + b1 (t)qu(t)) dt
Q(T) = Cx(j(T))7 te [OaT)7

it follows from Lemma 2.9 as well as Definition 2.7 that

E(X(T),cz(%(T))) 1

T
1E / (X (1), g1 (1) + R (B)22(t) + af (£)a() + B (£)as () lt

T _ T _
= 1E/0 (a1 ()X (1), q(t))u dt+1E/0 ()X () + Z7 1 (8) Zo(t) . (£)0b(E), q1 (1)) sz (i) At

T
+E / (R (B)5(8) + T ()6h(1) © 75(8), @5 () oy vy .

Further, note the following estimates:

— T —
i /0 (Z1 () Za(t) . (£)6b(), 41 (8)) s viarry

1
2

< Clao)( [E Elgs () i ) ( /E (B1Z71 () (BIZ:(1)|')* dt)
= ofe),

and

B T
E / (T (£)5h(1) ® 25(1), a2 (1)) 2, (viurry
0

<¢( [ Bl ) ([ Blasof )

= 0(5),

1
2

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)
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equation (4.29) becomes
I (W () = I (al))

T
=B [ (150300 + (5. (030 (D) + (o1 + B (O22(0) 75(0) + 350

Combining (4.6) and (4.8) and applying the transposed solution of (4.38) again, we obtain:
E(@3(T) + 25(T), c2(2(1)))

+ E/O (@3(t) + 25(t), g1 (1) + R () 22(t) + @i (t)q(t) + bi () (1)), At
T
= fE/O (a1 (t)(z5(t) + 25(t)) + Ip. (t)dal(t) + %an(t)(xg(t), 25(t)), q(t)) , dt

+ I_E/O (br(t)(25(t) + 25(t)) + Lp. (t)db(t) + Lp. (£)dby (t)5(t)

Taking into consideration the estimate
T
B [ 6. 080 (0550 01(0) i
0

<e(f Blar () vy 1) | Bl at)

=o(e),

1
2

we arrive at the following:

=E[ | (U ()0a(t),q(t) i + (L5, (35(2), 41 (8)) zvioan) + L, (D)39(8) + (L, (1)5h (1), 22(8)) v

(a11(t)(25(1), 25(1)), (1)) i + %(bu(t)(x%(t), 23(1)s a1(8)) 2 vy + %(gu(t)xé(t),wé(t)m

+
N RN~ DN

+

(Cae (T(T))a5(T), 25(T)) 1 | + o(e)-

(4.42)

(4.43)

(4.44)

(4.45)

Next, we will utilize the concept of relaxed transposition solutions to characterize the second-order adjoint

process. Define the Hamiltonian function

H(t7 x,u,q,q1, Z2) :<q7 CL(t, xZ, u)>H + <CI1> b(t7 x, u)>$2(V1;H)
+g(t,z,u) + (29, h(t, z,u))v,,

(4.46)
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and consider this equation

— (Hoo (8, (1), u(t), q(1), 1 (1), 22(1)) + q2(t)ha (t) + h1(t)g5 (1)) dt + Q AW (2), (4.47)

{ AP = — (A* + @ (t))Pdt — P(A + a1 () dt — bi(£)Pby () dt — (b5 (£)Q + Qby (1)) dt
2z (t,
P(T) =cpe(2(T)),  t€[0,T).

By the definition of the relaxed transposition solution to the equation (4.47) and Lemma 2.11, we obtain that

T
+ E/O (Hoo(t, 2(t), u(t), q(t), 1 (t), 22(t)) + q2 () ko (t) + hi(t)q5 ()23 (t), 25(2)) m dt

T
-E / (P(6)b ()5(t), T (6D(8)) vy dt

T (4.48)
(P(t)Ip.(£)0b(t), by (t)a5(t) + Ip. (£)6b(t)) 2, (v i) dt

/OT
B [ 5050, Q(0.0.15.50)(0)) 2, v
/.

<Q(O) (07 0, IEE 56) (t)a IEE (t)éb(t»afz(Vl H) dt.

[P (0)2500), L, (D90 vy + (P, (OO0, b (50 ] ] 10

and

o0

(P (D)5 (t) @ 25(t), 2 (1)) 2y (varrry = ;W(W; () 5)va (23(8), @2(8)rshm (4.50)

= (h(t)23(1), ¢z (£)25(t))vs

) (4.51)
(P(8) T, (16D(t) T, ()50 vy + (T, (D5(4), QO (0,0, T, 6) 1)) vt

+ 5(Q(0,0, I, 8b)(8), I (1)3b(1)) 2, v,.an) ) dt] + 0():
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Now, we shall get rid of the terms containing Q(®) and Q). We give the following conclusion directly:

T
’E/O ((IEE (£)8b(t), Q(0,0, I, 6b)(t)) 2 (va: 1) + <Q(0)(0,O,IE55b)(t),IEE(t)éb(t)>32(Vl;H)) dt’
= o(e).

(4.52)

The proof of (4.52) is the same as under complete information and is omitted here due to its complexity.
Details can be found on pp. 452—456, [12].
Eventually we get:

=B[ [ Tu.(0) (H(t30), 00, a(0),01(0), 22(0) — H(t,3(0), 5(0), a(t),01(8), 22(0)) (153)

+ 5 (POSH(), 56(0)) svisan ) ] > o(e).

Divide by € on both sides of the inequality and make ¢ — 0. At this point, due to the arbitrariness of ty, we
can get:

BV H(t,2(t), u(t), q(t), q1(t), 2(t)) — H (¢, (1), u(t), q(t), q1 (), 22(t))

. (4.54)
+ §<P(t)(5b( ) 5[)( )>$2 Vi;H) >0, a.e.t € [O,T}

For VA € .Z/, we can take ua(t) = u(t) + La(u(t) — u(t)), i.e., for VA € F!, there is

I_E[IA(H(taf(t)»u(t% q(t), qu(t), z2(t)) — H (¢, Z(t), u(t), q(t), q1 (), 22(t)) (155)
+ %(P(t)éb(t),5b(t)>$2(V1;H))] >0, aetel0,T). '
So, we have
E [H(tv Z(t), u,q(t), i (t), z2(t)) — H(t,2(t),u(t), q(t), q1 (1), 22(t))

3 (P((B(E, 2(0),u) — b0, 2(6), (0)), (601, 2(0), 0) — b(t, 2(0), 5(0)) v | Y] 20, (456)

VueU ae t€[0,T], as

4.3. The maximum principle

Theorem 4.4. Suppose that H is a separable Hilbert space, L}T (R) (1 <p<o0)is a separable Banach
space, U is a separable metric space, and xo € L (€% H). Let the Condition 3.1-3.4 hold, and let (Z(-),u(-)) be
an optimal pair of the problem. Let (z(-), 22( ). and (¢(+),q1(+), q2(+)) be the transposition solutions to (4.32) and
(4.38), respectively. Assume that (P(-), Q) .QC )) is the relazed transposition solution to the equation (4.47).
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Then,

E[H(t@(t), u, q(t), qu(t), 22(8)) — H(t, (), ult), q(t), g1 (1), 22(t))

+ §<P<t><b<m<t>,u> = b{t,3(t), 6(1))), (b(t, 3(8), w) = b(t, 2(6), 7)) g 0111y FF] 2 0, (4.57)
VueU ae. t€0,T], a.s. .

5. EXAMPLE
We present an example of controlled SPDEs that fits our framework.

Example 5.1. Given a bounded domain O C R™ with a C°° boundary 0O, consider a partially observed
optimal control problem for the following controlled stochastic wave equation:

dyi(z,t) — Ay(z,t) dt = aq(z, t,u(t))y(x, t) dt + by (x, t, u(t))y(z, t) AWy (1),
y(z,t) =0, (z,t) € 00 x (0,T), (5.1)
y(0) = o,  9:(0) =,

with the partial observation

Y(t) = /0 b (s, y(s), u(s)) ds + T (1) (5.2)

and the cost functional

0w =B [ [ petunendsars [ ey (53)

Here ay,b1,h1,g1 and ¢; are given coefficients satisfying appropriate assumptions, yo,y1 € H}(O) N L%(O).
W (t),Y (t) are mutually independent Brownian motion. U is a separable metric space and does not necessarily
have to be convex, u is a predictable U-valued stochastic process with respect to {%/}, the filtration generated
by Y'(¢). Our optimal control problem is to find @ that minimizes the cost functional J (yo,y1;u(+)).

This problem is a concrete example of the problem discussed in this paper in the following setting:

e H=H}(O)x L*(O) and V,V, =R.
e The operator A is defined as follows:

{D(A) = [H*(0) N H}(0)] x H}(0), (5.4)

A(pr,d2)" = (92, 0¢1) T, V(¢1,02)" € D(A);

o alt, (y(t),ye(t)) ", u(t)) = (0,a1(t, u(t))y(t))" and b(t, (y(t), ye(t)) ", u(t)) = (0,b1(t,u(t))y(t))" takes val-
ues in H,.

o h(t, (y(t),y:()) T, u(t)) = hi(t,y(t),u(t)) takes values in R.

o g(t,(y(), ()", u(t)) = fo g1 (z, t,u(t))y(z,t) de and c(y(T),y:(T)) = fo c(x)y(z,T) dx.

Here’s a concise explanation of the mathematical statement: The Cp-semigroup generated by A satisfies
|S(t)| 2 (my < € for some constant ¢ € R and any t > 0.

Given the inner product (-,-) = (-,")g1(0) + (' *)r2(0) on the space H}(O) x L?(0), it follows that there
exists a A > 0 such that the operator (A — (A — 1)I) is dissipative. Given F' = (f,g)" € H, combined with the
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equation (A\I — A)U = F, i.e.

Au—v = f,
{)\v —Au=g. (5:5)

Then, we can conclude that there exists a solution U = (u,v) " € D(A) satisfying the equation with some A > 0.
Thus, we conclude that the range of (A — A) is the entire space H. Finally, combining with the Phillips-
Lumer theorem ([30], Chapter IX. 8), we conclude that for some A > 0, the operator (A — (A — 1)I) generates
a Co-contraction semigroup, thereby establishing [S(t)] &) < (A=t

Therefore, by Theorem 4.4, we can obtain the maximum principle for the aforementioned stochastic optimal
control problem:

Proposition 5.2. Let (z(-), 22(-)) and (q(), q1(), q2(+)) be the transposition solutions of the equations obtained
by substituting the coefficients (A,a,b, h,g,c, etc.) from Example 5.1 into equations (4.32) and (4.38), respec-
tively. Let (P(o),Q('),Q(')) be the relazed transposition solution of the equation obtained by substituting the
aforementioned coefficients into equation (4.47). Then, the optimal pair ((§(-),7:(-) ", a(-)) of Ezample 5.1
satisfies:

E |:H(t7 (ﬂ(t), gt(t)>—r7 Uu, Q(t>7 q1 (t)a z(t)) — H(t, (ﬂ(t), gt(t))—r7 u(t), q(t), q1 (t)7 ZQ(t))

+ §<P<t><o, (bt w) = bt (1)) (0, (b1 (t0) = ba (L GADNTO) ™) g, | ] 2 0, (5.6)
VueUae tel0,T], as. .

Here, the Hamiltonian function is defined as:

H(tv (yh yQ)Ta U, q; 91, ZZ) :<Q7 (Oa ay (ta u)yl)T>H + <Q17 (07 b1 (tv u)yl)T>$2(R;H)
+ g(tv (yh yZ)Ta u) + Zth(t7 Y1, u)

6. CONCLUSION

In this paper, we derive a general maximum principle for partially observed stochastic evolution control sys-
tems to the infinite dimensional case by virtue of some idea of [21]. It is well known that the infinite-dimensional
case has many differences as well as some difficulties compared to the finite-dimensional case. The stringent
conditions for the infinite-dimensional It6’s formula prevent its direct application to derive certain equations
obtainable wvia It6’s formula in finite dimensions ([21]), creating difficulties. Characterizing the second-order
adjoint processes in infinite dimensions is also a major challenge. We addressed these issues by employing the
definition of weak solution (distinct from weak solutions for finite-dimensional SDEs) and transposition solu-
tion/relaxed transposition solution, ultimately obtaining three adjoint equations and establishing the maximum
principle. Subsequently, we can build on this to further consider the case with jumps (e.g., Markov chains) in
near future research.
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