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TURNPIKE PROPERTY OF NONZERO-SUM LINEAR-QUADRATIC
DIFFERENTIAL GAMES

JINGRUI SUNL**®, HUOJUN WU%*® AND LVNING YUAN®®**

Abstract. This paper investigates the turnpike properties of deterministic nonzero-sum linear-
quadratic (LQ) differential games. Under certain assumptions on the Hamiltonian matrix of the
nonzero-sum LQ differential game, we establish the solvability of both the coupled non-symmetric
differential Riccati equation (DRE) and the algebraic Riccati equation (ARE). Moreover, we identify
the convergence relationship between the DRE and ARE, which is essential for understanding the
turnpike properties. Over a finite but sufficiently long time horizon, the open-loop Nash equilibrium
is shown to remain exponentially close to the solution of a two-objective optimization problem for the
majority of the time horizon.
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1. INTRODUCTION
Consider the following controlled linear differential equation on a finite horizon [0, T:
X(t) = AX(t) + Blul(t) + BQUQ(t) + b, te [O, T],
X(0) = x,

where A € R"*" B; € R"*™:i =12 and b € R™ are given constant matrices. The cost functionals of Player 1
and Player 2 are given by

I i () £ (G, X () + 2000, X(T)

(1.1)

T
= [ @X0. X0} + (Rusus (0,010 + (Rrzua (8,02 (0)

+ 2{(q1, X (t)) + 2{r11,u1 (t)) + 2(r12, ’LL2(t)>:| dt}, (1.2)
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and

I ual) £ 1 (GX(D), XD + 200, X ()

T
+/O {(QQX(t),X(t»+<R21u1(t),u1(t)>+<R22uz(t),u2(t)>
2 X(0) + 2rar, () + 2. ua (0} (1.9

respectively, where Gi,G2,Q1,Q2 € R™™ ", Ry, Ry € R™*™ | Rip, Rys € R™2X™M2 g1,09,q1,020 € R,
r11,721 € R™ and 79,790 € R™2 are given constant matrices or vectors with Gi,Gs2,Q1,Q2 and
Ri1, R, Ro1, Roo being symmetric. The function wu;(-) represents the control of Player ¢, which is selected
from the following space:

U;[0,7) = {ap: [0, T] — R™:

T
/0 lp(t)|?dt < oo} , i=1,2. (1.4)

~(T)

The problem considered in the paper is to find, for each initial state x € R™, a pair (@{"(-), a5 (")) €
UL[0,T] x U2[0,T] such that

PR OR HO)
I (), 87 ()

(@51 (), 45”7 (1), Yua(:) €U0, T1,

J(T)
IO (@5 a0 (), us(), Vua() € Us[0, T]. (15)

NN

This problem, denoted by Problem (DG)r, is called a deterministic nonzero-sum linear-quadratic (LQ)) differen-
tial game. The pair (a{"” (), a5" (-)) (if exists) in (1.5) is called an open-loop Nash equilibrium of Problem (DG)y
for the initial state x, the corresponding state trajectory X (-) is called an open-loop optimal state trajectory.

Furthermore,
V(@) 2 IO (@i (), 80()), @ € R

is called the value function of Player i.

The history of nonzero-sum differential games can be traced back to the work of Nash [1], with some early
contributions found in [2, 3]. In this context, each player has their own cost function, and even in adversarial
situations, the objectives of opposing players may not be directly opposed. Mathematically, the open-loop Nash
equilibrium for Problem (DG); can be expressed in a closed-loop form by solving a system of non-symmetric
Riccati equations. This closed-loop representation may differ from the solution obtained for the closed-loop Nash
equilibrium in general. Several significant results have been established for the open-loop Nash equilibrium over
both finite and infinite time horizons [4]. In recent decades, numerous studies have explored stochastic differential
games (see, e.g., [5-9]).

The turnpike property refers to the phenomenon in many optimal control problems over finite, but long-time
horizons, where optimal trajectories tend to approach a steady state of the system and remain near it for most of
the time horizon. In practice, directly computing the optimal solution for complex problems is often impractical
or inefficient with existing methods. The turnpike property provides a powerful alternative approach: by solving
an associated static optimization problem, one obtains a reliable approximation of the optimal state-control
pair without requiring a full analytical solution. This insight is highly beneficial for the design and acceleration
of numerical algorithms for optimal control.

The study of turnpike phenomena began with the work of von Neumann in economics [10], and the term
was first coined by Dorfman, Samuelson, and Solow in 1958 [11], referring to the American English word for a
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highway. In recent decades, the turnpike property has garnered significant attention from researchers in various
fields (see, e.g., [12-14]), as it often provides a critical insight into the nature of the optimal solution without
the need for a full analytical solution. As noted by [15], the exponential turnpike property arises from a general
phenomenon of hyperbolicity, which naturally occurs in classical LQ optimal control problems under certain
stability and detectability conditions. This property also significantly simplifies numerical methods for solving
such optimal control problems. A substantial body of research has been developed on the turnpike property
for both finite and infinite time horizons in discrete-time and continuous-time systems (see, e.g., [15-25], and
the references therein). It is also worth noting that recent groundbreaking research has explored the turnpike
property in stochastic optimal control problems [26, 27].

For the deterministic LQ optimal control problem (a single-player game), denoted by Problem (DLQ)s,
the exponential turnpike property has been established in [28] and [15]. This property states that the optimal
pair converges exponentially during the transient phase (as T — oo) to the minimum point (z*,u*), called
the turnpike limit, of a specific static optimization problem. That is, there exist positive constants K and A,
independent of T', such that the optimal pair (X (-), @™ (-)) of Problem (DLQ), satisfies

[ XT(t) — 2| + [T () — u'] < K|e ™M e XT701 vt e [0,7].

In this paper, we establish the exponential turnpike property for Problem (DG);,. Unlike the single-player
case, in the Problem (DG)r, each player can only influence the state process solely via their own control in
order to optimize their individual cost functional. Further, each player must continuously adjust their control
strategy in response to the actions of another player, iteratively seeking a Nash equilibrium. In contrast, the
single-player case does not involve such interactive decision-making.

The primary challenges involve constructing the convergence relationship between the coupled non-symmetric
differential Riccati equation (DRE) and its corresponding algebraic Riccati equation (ARE), as well as accurately
formulating the static optimization problem. In the context of optimal control, the convergence of the Riccati
equation can be derived under stabilizability conditions on the state equation over [0, 00) and positive definiteness
conditions on the weighting coefficients in the cost functional. However, the non-symmetric nature of the solution
causes the Riccati equation to lose its monotonicity. Moreover, the static problem in this case is a two-objective
optimization problem, setting it apart from the turnpike properties established in the existing literature. By
introducing additional assumptions, we address these challenges and establish key properties essential to the
turnpike phenomenon. We also prove the integral and mean-square turnpike properties for Problem (DG), and
show that the value functions of both players converge to the objective values of the static optimization problem
in a time-averaged sense. Additionally, an extension for the N-player case is given. These findings offer valuable
insights into optimal strategies without relying on explicit analytical solutions and may enhance numerical
methods for solving nonzero-sum LQ differential games.

The rest of this paper is structured as follows. In Section 2, we present preliminaries and relevant results
on nonzero-sum LQ differential games. Section 3 addresses the solvability of the coupled non-symmetric ARE
under suitable assumptions. In Section 4, we establish the exponential convergence rate of the coupled non-
symmetric DRE as the time horizon approaches infinity. Section 5 focuses on the exponential turnpike property
for Problem (DG);, including the integral and mean-square turnpike properties, as well as the N-player case.
Examples are given in Section 6.

2. PRELIMINARIES
Let R™*™ be the space of real n x m matrices, equipped with the Frobenius inner product

(M,N)2tr(M"N), M,NecR™™,

where the superscript T denotes matrix transposition, and tr (M " V) represents the trace of the matrix M ' N.
The norm induced by this inner product is denoted by | - |. For a subset H of R™*™ we denote by C([0,T];H)



4 J. SUN ET AL.

the space of all continuous functions from [0, T] into H. Let S™ be the subspace of R"*™ consisting of symmetric
matrices, and S7} the subset of S™ consisting of positive definite matrices. For M, N € S", we write M > N (or
M > N) if M — N is positive semidefinite (or positive definite). The identity matrix of size n is denoted by I,,.
The spectrum of a matrix X, i.e., the set of its eigenvalues, is denoted by o(X). We use C~ and C™ to represent
the sets of complex numbers with negative and positive real parts, respectively. If all eigenvalues of X lie in C~
(or CT), we write 0(X) C C~ (or o(X) C C*). Let Re(c) denote the real part of constant c.
For notational simplicity, we let m = mq + mo and
q1 A (01
<42)’ 7 (92)’

A (0 A) ) B ( 0 BQ) ’ B = (BlaB2)7 q
11
ro2 )’

Gy Q1 52 (Rin O
@) e=(@) A= (% a)

S = (51752)7

(1>
(1>
(1>

(1>
(1>
(1>

G

Let

where S; £ BiRZ—;lBiT,i = 1,2. Then we have § = BR'BT. We introduce the following matrix, commonly
referred to as the Hamilton matriz for Problem (DG);:

M2 (_QA Ai) € R3"x3n, (2.1)

The following lemma provides the necessary and sufficient conditions for the existence of a unique open-loop
Nash equilibrium for Problem (DG);. For a detailed proof, see [4].

Lemma 2.1. Suppose that
G7,>Oa Qz>07 R7,7,>07 Z:1a2

Then, for any initial state x € R™, Problem (DG)r has a unique open-loop Nash equilibrium if and only if the
matric

I,
(I, 0 0)eM" |Gy (2.2)
Go
1s invertible.

Next, we introduce the following hypotheses, which will be imposed throughout the paper.

(Al) Fori=1,2,G; >0,Q; >0 and R;; > 0.
(A2) The matrix in (2.2) is invertible for all T' > 0, and the inverse of (2.2) is bounded in T' € [0, c0).

Remark 2.2. The boundedness of the inverse of (2.2) is instrumental in establishing the convergence of the
solution to the DRE (2.5) as T'— oo in Section 4. There are sufficient conditions available that ensure the
boundedness of the inverse of (2.2); see [4].

The following lemma summarizes several results related to Problem (DG)r. For proofs, please refer to [4, 8].
Lemma 2.3. Let (A1)—(A2) hold. Then the following hold:

(i) For any initial state x € R™, Problem (DG)r admits a unique open-loop Nash equilibrium.
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~(T) (|
(i) @™ () & <Z(1T)E ;) € U]0,T] x U2[0,T] is an open-loop Nash equilibrium of Problem(DG )y for x if and
.

only if the solution pair (X™ (), Y, () to the following forward-backward ordinary differential equation
(FBODE) on [0,T]:

XD(t) = AXD () + Byas™ () + Boi” (t) + b,
YO = — ATV ) + QXD +q], i=1,2, (2.3)
XD0) =z, Y(T)=G;X"(T)+ g;,

satisfies the stationarity condition:

B'YD(t)+Ra™(t)+r=0, a.e tel0,T] (2.4)

y )y & (21 v
where Y () (YQ(T)()) .
(iii) The following DRE

() + AT () + T (A +Q = T (H)STT(t) =0, (2.5)
() = G, |
(),
admits a unique solution IT™(-) = <H%T)( g) € ([0, T); R?™*™), given by
o
I, I, -1
o) = (0 I, 0)eMT=D (G| | (L, 0 0)eMTY |Gy :
G2 G2
(2.6)

In
7)) = (0 0 I,)eMT=1 Gy
Go

(),
(iv) Let II'™(-) be the solution of (2.5). The following ODE admits a unique solution n™(-) = (U%T%.)) :

N (t) + [AT = T (0)SIn™ (1) = IO ()BR 7 + TP ()b +q = 0, @7
n"(T) =g. '
(v) Let II'™(-) be the solution of (2.5) and n'™(-) the solution of (2.7). Set
O™ ()L —R'BTI™(t), tel0,T). (2.8)

Then the open-loop Nash equilibrium of Problem (DG)r admits the following closed-loop representation:

@™ (t) = O (OXD(t)— R B ™) +r|, tel0,T). (2.9)
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Remark 2.4. Equation (2.5) can be rewritten componentwise as follows:

"+ IO A+ AT + Qi — IV S 11" — {7 S, 115" = 0,
57 + TP A+ AT + Qo — IV ST — ITIJ7 S, 1T = 0, (2.10)
I{(T) = Gy, II3"(T) = Gs.

Thus, the equations for IT;"(-) and I15”(+) are coupled and non-symmetric, indicating that they are generally
non-symmetric matrices. We can also express (2.7) and (2.8) componentwise as follows:

i+ (AT — 7Sy )ym — 11" Sone — I\ B1 Ry riy — I By Ryg' ras + Vb + q1 = 0,
772 + (AT — HéT)SQ)nQ — HéT)Sl’Ih — HéT)BlRfll’)"ll — HéT)BQR;21T22 + HéT)b + q2 = 07
m(T) =g, mA(T) = g2,

o= (9) = (M)
@2 R22 B2 H?

3. STABILIZABILITY AND THE ALGEBRAIC RICCATI EQUATION

In this section, we will make some additional preparations. Consider the following ordinary differential system:
X(t)=AX(t), t=>0.

The system, or equivalently the matrix A, is said to be stable if all the eigenvalues of A have negative real
parts. In this case, there exists constants K, A > 0 such that the fundamental solution ®(t) = e’ satisfies the
following bound:

e < Ke™ ™, Vt>0.
Recall the notation B = (By, Bs). The controlled system
X(t) = AX(t) 4+ Bu(t), (3.1)

denoted by [A; B], is said to be stabilizable, if there exists a matrix @ € R™*™ such that A + B is stable. In
this case, © is called a stabilizer of [A; B].

When considering the infinite horizon version of the nonzero-sum LQ Nash differential game, we encounter
the following system of AREs:

{]LA + AT + Q — IS, 1T, — 1,551, = 0, (52)

IL A+ AL, + Qo — I8, I, — 11,5115 = 0.

Several studies, such as [4, 29-32], have demonstrated that the eigenvalues and eigenstructure of the Hamiltonian
11

I ), then we can rewrite (3.2) in a more compact
2

matrix (2.1) play a crucial role in solving (3.2). Let IT = (

form as follows:

ATIT+ DA+ Q—IISIT =0. (3.3)
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Let the Hamilton matrix M, defined in (2.1), have the Jordan canonical form

Jcl(yl)
JC (1/2)
M=EJE'=FE ’ . EY,
Jcs(VS)
where
V; 1
V; 1
JCi(Vi): ) i:1327"'78
V; 1

Vi

is a ¢; X ¢; Jordan block, with ¢; 4+ ¢ + - - + ¢; = 3n. Without loss of generality, we assume that the diagonal
elements pi1, g, -+ , usn of J satisfy Re(u1) = Re(uz) = -+ = Re(psn). Denote

A(IT) 2 A— SIT = A— Si1I; — So1l5,

AT — IS, —H152>

A AT _ —
B(In) = 4 HS_(—n251 AT — 11,5,

We introduce the following definition.

Definition 3.1. A solution IT of ARE (3.3) is called strongly stabilizing if o(A(IT)) C C~ and o(B(IT)) C C™,
i.e., both A(IT) and B(IT) are stable.

Remark 3.2. The matrix B(IT) will frequently appear throughout our analysis. Its properties will aid in
analyzing the non-homogeneous term in the unique Nash equilibrium, particularly in relation to the ODE n™
defined in (2.7). The stability of the matrix B(IT) will facilitate establishing the connection between the DRE
(2.5) and the ARE (3.3) in Section 4, as well as in demonstrating the exponential turnpike property of Problem
(DG); in Section 5.

The following lemma concerning the solution of the Sylvester equation is introduced here, as it will be needed
in later sections. For the proof, see [30].

Lemma 3.3. Let A€ C"*" B e C™ ™ and C € C"*™. The Sylvester equation
AX+XB=C

has a unique solution X if and only if the matrices —A and B have no common eigenvalue.

The following result establishes the unique solvability of the ARE (3.3). While the eigenvalue and
eigenstructure of M are taken from [31], our condition is more straightforward to verify.

Theorem 3.4. The ARE (3.3) admits a unique real strongly stabilizing solution II if and only if Re(p,) > 0 >
Re(pin+1) and the matrix

(I, 0 0)E (3.4)

oo

1s invertible.
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Proof. Necessity. Suppose that IT is the strongly stabilizing solution of (3.3). Since A(IT) and B(IT) are stable,
we see from Lemma 3.3 that the Sylvester-type equation

A(II)P + PB(IT) — 8 = 0. (3.5)

admits a unique solution P. A straightforward computation shows that

M L, P _(In P -A(II) 0
II Iy, +IIP)  \II I, +1IIP 0 B(II))"
Let —A(IT) and B(IT) admit the following Jordan canonical form

—A(IT) = EyJLEY,  B(IT) = By JoES Y

where J; (i =1,2) are the corresponding Jordan blocks, and o(.J;) C C*, o(J3) C C~. Then

v (B PE, Ji 0\ [ E PE, \ '
~ \IIE; E3+ IIPE, 0 Jy) \IIE, E5+ IIPE, '
This proves the necessity part.

Sufficiency. We can rewrite the Jordan canonical form as follows:

By Eio By Ep\[(Ji O
M - , 3.6
(E21 Eo Ey FE2 )\ 0 Jo (36)
where o(J1) = {p1, pi2, -+ s pin} € CF, 0(J2) = {fins1, finga, - s p3n} € C7, By € C™", By € C"*2", By €
C?*" . Foy € C?*2" and the matrix By is invertible. Let IT = Fo; F;'. Since

—AFE + SEy = EuJi,
QE1n + AT Eyy = By Jy,

we have
Q+ ATl = ExnE; By 1By = —ITA(IT) = —IT(A — SIT).

Thus IT = FEy Ef;' is the solution of the ARE (3.3). Moreover, A(IT) is stable. To see that IT is a strongly
stabilizing solution, consider the rest part in (3.6):

—AE1s + SEy = Ei.Js,

QE12 + A" Eyy = EnyJs.

Then we have
(E22 - HElz)JQ == QElQ + A\TEQQ - H(*AElz + SE22)
= (Q+ A Ey + (AT — I15)Ex

= (I1S — AN Eyg + (AT — I1S)Exy
= B(IT)(Es; — I1E15).
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Since Fog — [T E19 = FEogy — EzlEﬁlElg is invertible, it follows that B(IT) is stable. Consequently, IT is strongly
stabilizing.
Finally, to see that the solution is real and unique, let us consider the conjugate of (3.6). We have

M En B\ _ (BEu B\ (L 0
Es Ea Es Exn)\0 J2)’°
where the matrices E;j, J;, i,j = 1,2, denote the conjugates of Ej;, J;, respectively. Since —J; and Jy are

stable, we can use the same argument as before to show that I7 = Eglfzﬁl = EglEfll, the conjugate of I, is
also a strongly stabilizing solution to the ARE (3.3). Now suppose that II; and Ils are two strongly stabilizing
solutions of (3.3). Then

0= A" (I, — II,) + (IT, — IT,)A — IT,SII, + I1,SII,
= (I, — IL)(A — SII) + (AT — I1,S)(IT, — II5)
= (ﬁl *ﬁz)A(ﬁl)JFB(ﬁz)(ﬁl *[72)- (3.7)

Since A(IT;) and B(II) are stable, it follows from the uniqueness part of Lemma 3.3 that IT; — II; = 0.

Consequently IT = IT is the unique real solution. O

We now further introduce the following assumption.
(A3) The Hamilton matrix M satisfies Re(uy,) > 0 > Re(pn+1), and the matrix (3.4) is invertible.

Remark 3.5. Assumption (A3) plays several key roles in establishing the turnpike property of Problem (DG).
As shown in Theorem 3.4, (A3) is the sufficient and necessary condition for the existence of a unique real strongly
stabilizing solution to the ARE (3.3). This is essential for deriving the convergence relationship between the
solutions of the DRE (2.5) and the ARE (3.3). Further, (A3) guarantees the solvability of the Problem (O) in
Section 5.

Remark 3.6. Let (A1) and (A3) hold. Then the matrix

(3.8)

os 5 (BET)

Ry, Bj IT,
is a stabilizer of the system (3.1). This can be seen from the fact A1) = A — SII = A+ BO.

It should be noted that there has been some similar research on the stabilizing solution of the nonsymmetric
ARE (3.3), see [4, 31]. We will briefly introduce their work and highlight its connection to our assumption (A3).
First, we present the following definition.

Definition 3.7. We say that a matrix N € R3"*3" has an n-dimensional stable invariant subspace, if there exist

a matrix I' € R™*" with ¢(I") C C~ and a full column rank matrix <§1> with Z; € R™" and Z, € R?"X"
2

M (%) = (2) I. (3.9)

In addition, if Z; is invertible, we say that the range of (§1> is a stable graph subspace.
2

such that
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The following assumption was used to characterize the unique strongly stabilizing solution of the ARE (3.3)
in Theorem 7.10 of [31].

(A3') The matrix —M possesses an n-dimensional stable graph subspace and has 2n eigenvalues with positive
real parts.

Remark 3.8. In fact, the original assumption in [31] requires that —M has 2n eigenvalues with non-negative
real parts. Under this condition, the ARE (3.3) admits a unique stabilizing solution IT such that A(IT) is stable,
but B(II) may not be. To ensure the stability of B(II), we specifically consider the case where —M has 2n
eigenvalues with positive real parts.

The following result shows that assumption (A3') is equivalent to assumption (A3). It is evident that (A3)
is easier to verify than (A3’). Therefore, we will use (A3) instead of (A3’) throughout this article, even though
both can be employed to characterize the unique strongly stabilizing solution of the ARE (3.3).

Proposition 3.9. For the Hamilton matriz M, (A3") holds if and only if (A3) holds.

Proof. Necessity. Suppose that —M has an n-dimensional stable graph subspace. Then there is a matrix I" €
R™*" with o(I") C C* such that (3.9) holds. Since Z; is invertible, we have

In _ In —1
M <Zsz1) - (zng) aba
Let Z £ Z,Z7'. Then

(=Z L) M (IZ") = (-2 In) (IZ"> Izt
A simple calculation yields
ATZ4+ZA+Q—2ZS7Z =0,
which implies that Z is a solution of (3.3). Moreover, it is straightforward to verify that
M(I" 0)(In 0><—A(Z) S )
Z Iy Z Iy, 0 B(Z)

Thus, 0(A(Z)) C C™ and ¢(B(Z)) C C~, showing that Z is strongly stabilizing. Consequently, (A3) holds by
Theorem 3.4.

Sufficiency. Let (A3) hold. From the Jordan canonical form (3.6), we obtain
En Ev
M = J1,
(5) = (&) »
where —.J; is stable. Since F1 is invertible, we have
I, I, .
M 1] = 1) BBy
<E21E111) (E21E111> 11J1411

By Theorem 3.4, E21E1_11 is a real matrix. It follows that —M has an n-dimensional stable graph space, i.e.,
(A3’) holds. O



TURNPIKE PROPERTY OF NONZERO-SUM LINEAR-QUADRATIC DIFFERENTIAL GAMES 11

4. CONVERGENCE OF THE RICCATI EQUATION

In this section, we explore the connection between the solutions to the DRE (2.5) and the ARE (3.3). The
main result of this section is as follows, which plays a crucial role in establishing the turnpike property of
Problem (DG),.

Theorem 4.1. Let (A1)—(A3) hold. Let IT™ (-) be the unique solution of (2.5), and let IT be the unique strongly
stabilizing solution of (3.3). Then there exist positive constants K, X\ > 0 such that

[T (t) — 1| < Ke M=t vo<t<T < 0. (4.1)
Proof. Let

YO () 2 [IOD(T —t) = (giijg B} g) , te€]0,T].

Note that 7™ (¢) does not depend on the choice of T' > t , and we can express 7™ () as

T (t) = (ﬁgg;) , teo,T].

This vector satisfies the following ODE:

N —1rPA-ATT" — Q1+ 1{VS5 {7 + 1V STi" =0,
TD —TPA- AT — Qa + 175177 + 157 S 1T = 0, (4.2)
7"0) =G, 5,7(0) =G

Step 1. We first show that lim;_, o, 7™ (t) = II.
According to Lemma 2.3, the solution of (4.2) can be represented as follows:

In In -1
"t =(0 I, 0)eM |Gy [(In 0 0)eM Gy ] ,
G2 G2
(4.3)
In In -1
O =(0 0 L,)eM | Gy [(In 0 0)eM |Gy ] .
G2 G2
We can rewrite (4.3) as
I N
T(T)(t):(OQan I2n)eMt (g) (In Onx?n) eMt <C}l> (44)

According to the proof of Theorem 3.4, M can be represented as
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where

- (I, P -1 (I,+PIO —P
E_(H 12n+np)’ E _( —II IQ,L)’

with IT and P being the solutions of (3.3) and (3.5), respectively. Then

_fe—AUDE g\ -
e _
eMt =F ( 0 eB(H)t) E 1.

A simple calculation shows that

1
(02n><n IQn) eMt (5)

(I Opxan) e (g) = e AUDYL, 4+ P(IT — G)] — PeBUDY(IT — G).

e~ AU, 4+ P(IT — Q)] — (I, + ITP)eBUDHIT — @),

Then as t — oo, we have

O o) () =1 (12 0uz) o ()
= e AL, + P(Il — G)] — (L2, + I P)ePUDN(IT - G)
— 1 {e A1, 4 P(IT - )] - PR (1T — )}
= —(Iyn + ITP)ePUDH(IT — G) + 1T PPN (IT - @)
= —PUDN(IT - G) — 0.

Since the inverse of (I, Opxa2n)e™? (‘g) is bounded in t € [0, 00), it follows that lim; ., 77 (¢) = II.
Step 2. Set A(t) =Y (t) — II. Then

A(t) = ATA(t) + A(t)A — TST + IISIT
= (AT —IIS)A(t) + A(t)(A — SIT) — A(t)SA(t)
= B(II)A(t) + A(t)A(IT) — A(t)SA(t).

Let A(t) & —A(t)SA(t). Then there exists a constant v > 0 such that
A < yIA®)*. (4.5)

By the variation of constants formula, for 0 < s < ¢,

t
A(#) = BUD(=3) A(5)eAID(E=5) 4 / eBUD(E=r) A (1) AU (=) g (4.6)

S

Since the matrices A(IT) and B(IT) are stable, there exist positive constants «;, 5; (i = 1,2) such that

\eA(mt| < are” Mt |eB(H)t| Sage Pl vt >0
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Take oo = max{ay,as} and f = min{f;, B2} so that

AN < ae™Pt [ BUDY L ae™ Pt V> 0. (4.7)

9

From (4.5), (4.6) and (4.7), we have
t
A0 < e {a@)] 4 [ e elaw)Rar],
Set h(t) = e28(t=%)|A(t)| with s > 0 being fixed. Then we have

t
h(t) < o?|A(s)] +7a2/ e 2P=Ip2(rydr, t>s.

Set
i 1
k(t) = a?|A(s)| + 7@2/ e 2Pr=Ip2(prydr, p(t) = PR t>s.
Then
. K(t) yale 2Pt=)p2 (1) 2,-26(t—s)
t) = — = > s
p(t) 2(0) =00 —yate

Since limg_,+ A(s) = 0, we can choose a large enough s such that

_ 1 _ 1 vo?
) =~ @am 2 2
Then
t ")/042
p(t) > pls) — /VWe*mT%vf<>+—fF*mF$fq>L
\ 25
Thus
W) < k() = —— <1, V>
S = N = S
p(t)

It follows that
[A(t)] = e 2PU=)n(t) < Ke™, V>0,
for some constants K, A > 0. Note that Y™ (¢) = II™ (T — t), the desired result follows. O

5. THE TURNPIKE PROPERTY

We present the main results of the paper in this section. First, we now introduce the following static
optimization problem, whose solution can be viewed as the turnpike limit of Problem (DG)r. Let

v A {(m,ul,uQ) ER™ xR™ xR™ | Ax + Byus + Boug +b = O},
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and

1
Fy(z,u1,u2) éi [<Q19€>=T> + (Riyur, ur) + (Riguz, ug)

+2(q1, ) + 2(ri1, u1) + 2(r12, U2>}7

1
Fy(x,u1,u2) é§ [<Q2I7$> + (Rojur, u1) + (Raouz, ug)

+2(g2, ) + 2(ro1, u1) + 2(raz, U2>}-

We consider the following two-objective static optimization problem.

Problem (O). Find a triple (z*, u}, u}) € ¥ such that

For the above static optimization problem, we have the following result.
Proposition 5.1. Let (A1) and (A3) hold. The Problem (O) admits a unique solution. Moreover, (x*,u},u}) €
V is the solution if and only if for some Lagrange multipliers X}, \5 € R", the following hold:
Ax* + Bﬂl? + BQUS +b=0,
Qir* + AT\ 4+ ¢ =0, (5.2)
Riui 4+ B/ X +7ri; =0, i=1,2.
Proof. According to Remark 3.6, the system [A; (B, Bz)] is stabilizable. Then by the Hautus lemma for stabi-
lizability, the matrix (A — Al,, By, Ba) is of full rank for any A with Re(\) > 0. Now, by taking A = 0, it easy
to see that the feasible set ¥ of Problem (O) is non-empty.

Suppose that (z*,u},ul) is a solution of Problem (O). For a given u}, we can just consider the following
static optimization problem

Minimize Fi(x,u1,u}),
subject to Az + Biuj + Bouj +b = 0.

This is a single-objective optimization problem, which consisting of objective function Fi(z,u1,u3) and the
constraint condition (x,u1,u3) € ¥. It can be solved by the Lagrange multiplier method. We can construct a
Lagrange function for some multipliers A} € R™ as

Ll(x,uh )\1) é Fl(x,ul,UZ) + )\I(Al' + Blul + BQ’LL; + b)

Thus, (z*,u}, AT) is the optimal solution for Lq(x,u1, A1) if and only if

0=@Qz"+ A"\ + a1,
0= Rlﬂfl< + BlT/\ik + 711

Similarly, we can also construct a Lagrange function for some multipliers A5 € R" as

Lo(w,u2, \o) & Fy(z,uf,us) + Ay (Az + Byu} + Baus +b),
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then (z*,u%, A}) is the optimal solution for La(z,us, A2) if and only if

0=Qax"+ AT\ + g,
0= RQQU; + B;A; + ro2.

Thus, we obtain the system of (5.2).
Next, we consider the unique solvability of the system (5.2). Since R;; € ST for i = 1,2, then we have

u = —R;l(BlT)\;k + ’I““‘).

Substituting the above equations into (5.2), then we have

T BlRl_llT‘n + BQR2_21’I“22 —b
M| =- a
A3 q2

Under (A3), all of the eigenvalues of M are non-zero, which implies that the matrix M is invertible. As a result,
the above equation is uniquely solvable, leading to the uniqueness of optimal tuple (z*,u},u3) € 7. O

(T)

Let X™(-) be the open-loop optimal state process, @™ () £ ( <T>E g) be the open-loop Nash equilibrium

. (1)
of Problem (DG); for the given initial state x. Let Y™ (-) = <Y(T)E ;) be the solution to the corresponding

equation in (2.3). Let (z*,u}, u}) be the unique solution of Problem (O) and A}, A5 € R™ be the corresponding
Lagrange multipliers. Define

X(t)=XD@) -2, at)=a"Ft) —ul, Yit)=Y,"@F) -X, i=1,2 (5.3)
Note that
Yi(T) = G XD (T) + gi — Af = G X(T) + Giw* + g: =\ = G:X(T) +g;, i=12,
with ¢* = (g%) = <g;£ ig; _ §2> Taking the notation (5.3) into (2.3), (2.4), and using the equalities in

(5.2), we can obtain by a straightforward calculation that

(5.4)

Now, by comparing the coefficients of (5.4) to (2.3) and (2.4) in Lemma 2.3(ii), we can see that X(-) and

iy (+)

a() = <ﬂ ( )> are the optimal state process and open-loop Nash equilibrium of a nonzero-sum LQ differential
o(-
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games with state equation:

and cost functionals
i (), ua() =3 { GX(D), X (T) + 2067, X(T)

+ /OT [<QiX(t),X(t)> + <Riiui(t),ui(t)>:|dt}, i=1,2.

Then we have the following result.
Theorem 5.2. Let (A1)—(A3) hold. Let II'™(-) be the solution to DRE (2.5). Define
O (t) 2 —RBTII™(1),

and let ¢(-) be the solution to the ODE

G(t) + [AT = T (1)S]p(t) = 0,
p(T) =g".
Then the process u(-) defined in (5.3) admits a closed-representation as

() =0 ()X() = R'B ().

To prove the turnpike property of Problem (DG),, we also need the following lemma.

Lemma 5.3. Let (A1)—(A3) hold. The solution ¢(-) to the ODE (5.6) satisfies
lp(t)] < Ke™»™=0 Vo<t <T,

for some constants K, \ > 0 independent of T.
Proof. Let IT be the strongly stabilizing solution of ARE (3.3). Notice that

AT — ™ (1)S = BT ™ (1))

Then we can write (5.6) as

By the variation of constants formula, we have

T
o(t) = BT {g* n / BUD)(s—T) p(s)ds},

t
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where p(s) = {B[II™(s)] — B(IT)}y(s). By Theorem 4.1 and B(IT) is stable, so there exist constants Ky, A > 0
independent of 7" such that

BUDY < Kye ™™, [T () — ) < Kiem MY w0 <t < T < 0.
Observe that
B[nm(s)} ~B(II) = —[II'™(s) — ]S,
it follows that
|p(5)] < Kae 2T =) |io(s))|

for some Ky > 0. Let h(t) = e*T=%|p(t)|. Then by (5.9), take K3 = max{K;|\*|, K} K5} so that

T
W) < K lg"|+ [ Ko e Dlp(s)lds]
t
T
<Klg'|+ [ KK Moo () ds]
t
T
<Kyt Ko [T Ip(s)lds
t

T
< K3+ Kg/ e_QA(T_‘g)h(s)ds.

t

Applying Gronwall’s inequality, we obtain that for some K > 0 independent of T,
h(t) < K, Vtel0,T).

The desired result then follows. O

We are ready for the main result, which establishes the exponential turnpike property of Problem (DG)r.

Theorem 5.4. Let (A1) (A3) hold. Let X™(-) be the open-loop optimal state process, @™ (-) be the open-loop
Nash equilibrium of Problem (DG), for the given initial state x. Let Y™ (-) be the solution to the corresponding
equation in (2.3). Let (z*,uf,u3) be the unique solution of Problem (O) and \* be the corresponding Lagrange
multiplier. Then there exist constants K, X > 0, independent of T, such that

| XD () — a*| + [aT(t) —u*| + YO (t) = M| < K|e M4 eI vielo,T]. (5.10)

Proof. Substituting (5.7) into the ODE for X™(-) in (5.4) yields

X(t)=|A+BO™ ()| X(t) — BR'BTp = AU X (t) + £(¢),
X(0) =z,

(5.11)

where

S

A(IT) = A+ BO, £(t) 2 BlO™(t) — O)X(t) — BR™'BT o(t),
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and O is the stabilizer defined by (3.8). We have by the variation of constants formula that

t
X(t) = A 4 / A (=)¢ (5)ds.
0

By Theorem 4.1 and since A(II) is stable, there exist constants K4, A > 0 independent of T such that
et < Kye ™ |07(t) — 0| < Kye M) Y0<t<T < 0.
Recalling Lemma 5.3, we obtain
€@ < Kse T X @) +1]

for some K5 > 0. Taking K = max{Ky|Z|, K4 K5},
~ t ~
X (8)] < Kqe 7] + K4K5/ e At=8)g=A(T =) [|X(s)| + 1} ds
0
t
< Kgle ™ + e 2T0] 4 K / e MIH2 % () [ as
0
t
< Kg [e_’\t + e_’\(T_t)} + KG/ e MT=9)| X (5)|ds.
0
Applying the Gronwall’s inequality,
1X(1)] < K[e”\t + e’)‘(T’t)}, vt € 0,7, (5.12)

for some K > 0 independent of T'. It follows that

a(6)] =l (6) —
< 16X (1) + 1R BTo(0)
< K[IX0)] +1e0)] (513)
< K{e*” +e**<T*t>}, vt e [0, 7],

for some positive constants K, A > 0 independent of T'. Finally, we can verify that the following relation holds:
Y(t) = I ()X (t) +o(t),
from which it follows that
V(1) < K[e”\t + e*“T*f)], vt € [0, 7). (5.14)

Combining (5.12)—(5.14), we get the desired result. O

Remark 5.5. The proofs presented in Theorem 5.3 and 5.4 exhibit a lot of similarities to [26, 27]. Nevertheless,
the technical methodologies are classical. In the LQ situations, the optimal controls are always linear feedbacks
to the state process. Consequently, the difference between the optimal state trajectory and the turnpike limit (or
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analogous pairs) satisfies a linear ODE whose coefficients comprise stable constant components and exponential
decay terms. Thus, this difference can be effectively estimated by using the variation of constants formula and
the Grownwall’s inequality. In our setting, the technical difficulties mainly focus on the convergence relationship
between the DREs and AREs, as well as the construction of the correct static optimization problem.

Remark 5.6. The stochastic differential games may rise to several non-trivial potential challenges, which can
be summarized as follows: First, the solvability of relevant DREs and AREs presents significant difficulties, as
illustrated in [8]. Second, the convergence behavior from the solution of DRE to the solution of ARE is also
challenging. Third, characterizing the turnpike limit will no longer be straightforward, as it requires to solve a
nonzero-sum stationary distribution differential game.

We have the following corollary as an immediate consequence of Theorem 5.4, which shows that the integral
and the mean-square turnpike properties also hold for Problem (DG);.

Corollary 5.7. Let (A1)—~(A3) hold. Then as T — oo,

Lt X (T) LT \ (T) 2

= XD ()dt - z*, = XD —z**dt = 0

RGOS R SO R
T T

l/ a™ (t)dt — u* l/ |4 (t) — u*[Adt — 0.

T 0 ’ T 0

‘G(T)(x

V';T)(x)) of Problem (DG);

Next, it is easy to show that for any initial state z, the value V™ (z) = (
Vi

converges to the minimum value V = <‘~/) of Problem (O) in the time-average sense.
2

Corollary 5.8. Let (A1)-(A3) hold. Then

1
lim —V®(z) =V, VzeR"

T—o0

Now, we present an extension when there are N players. Since this case are similar to the two-person case,
we only demonstrate the problems, the assumptions and corresponding results without proofs. Specifically, the
controlled linear state equation is given by

(5.15)

X(t) = AX(t) + Biui(t) + - -- + Byuy(t) +b, te€[0,T],
X(0) =2 € R",

where u;(+), selected from the admissible set U;[0, 7] defined similarly to (1.4), is the control for player ¢ whose
corresponding cost functional is

T (zur (), un () 2 ;{(GZX(T),X(T» + 2(gi, X(T))

T
+ /0 [(QiX (), X(H) + (Raua (8),wr (5) + -+ + (Rixun () un(8)  (5.16)

2gi X(8) + 2(rin, ua () + - + 2<riN,uN<t)>}dt}, i=1,-- N,
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where coefficients in (5.15) and (5.16) are suitable dimensional matrices/vectors with G;, Q;, R;;,i =1,--- N
being symmetric. Then the open-loop Nash equilibrium of N-player nonzero-sum LQ differential game problem
can be described as follows.

Problem (NDG),. For any fixed z € R", find a tuple (@{"(-), -+ ,a%’) € Us[0,T] x -+ x Uy|[0,T] such that
for each i = 1,--- , N, it holds that

Ji(x§ a(lT)’ e 7'%?()) < Ji(T)(m?a(lT)(')a U 7a;i)1(')7ui(')’ u;i)l(')7 U ’ag\rT))v Vui(') € ui[O’T]' (5-17)

Now, let m=mq1 +---+my, S; = BZ-Rile;r and redefine the previous notation as

G:(le"'7GN)T7 Q:(le"'7QN)T7 B:(Blv"'aBN)v S:(Sla"'v‘S’N)7
A B R
~ R 1 ~ 11 4 g
A= , B= , R = , M = 0 ar)
By Ryn
g:(g;rv"'agz—vr)—rﬂ q:(q;rf"?q;)—rv T:(Tirlf"ﬂrz—l\:z\r)—r

Similar to (A1)-(A3), we need the following new assumptions.
(Ad) Fori=1,---,N,G; 20, Q; >0 and R;; > 0.
(A5) The matrix

(In Onxna) e (Iéf) , (5.18)

is invertible for all T > 0, and the inverse of (5.18) is bounded uniformly in T" € [0, 00).
(A6) The assumption (A3) holds for the new M € RN +Drx(N+nn,

~(T)

Then the relation between the open-loop Nash equilibrium @™ (-) £ (a{"(-),---,a%’(-))" of (5.17) and its
corresponding state process X ™ (-) can be described as follows.

Proposition 5.9. Let (A4)—(A6) hold. Then (5.17) admits a unique open-loop Nash equilibrium
@ (t) = ~RT BT ()~ R [BT ™) + 1),

where

NS
(In On,) M0 ( g) 1

and 0™ (+) is the unique solution to (2.7) with the new notation.
Next, we give the turnpike limit for problem (5.17). Let
V2 {(z,u1, - uy) ER" X R™ x -« x R™N | Az + Bjug + -+ + Byuy + b =0},

and
1
Fi(z,uy,- - ,uy) é§ [<Qi$7$> + (Riur,ur) + - + (Rinuy, uy)

+ 2(gi, ) + 2(rin, ur) 4 - + 2(rin, un)|, i=1,2,--- | N.

We consider the following N-objective static optimization problem.
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Problem (NO). Find a (z*,u}, -+ ,uk) € ¥ such that for each i = 1,--- | N, it holds that

*

F’i(x*7u$1ﬁ7 e ,’LL;K\,) < Fi($7u>{a e ,U?717U2‘7U;‘+1 e 7uN)7 V(!’E,’Uf{, e 7u;<717uiuu:+1a e 7uN) S V
Let u* 2 ((uf)7, -+, (u%)T)T. Similar to the proof of Proposition 5.1, we can obtain the unique solvability of
Problem (NO). Then we can establish the N-player version of Theorem 5.4 as follows.

Theorem 5.10. Let (A4)—(AG6) hold. Then there exist constants K, X > 0, independent of T, such that
| X (t) — | 4 @™ (t) —ut| < K |e ™M+ ef)‘(Tft)], Vtelo,T].

At the end of this section, we give some remarks for other types of differential game.

Remark 5.11. As shown above in Theorem 5.4 and 5.10, the open-loop Nash equilibrium admits the expo-
nential turnpike property. However, such property for the closed-loop Nash equilibrium is unknown, since the
convergence of the related differential Riccati system is still not available. We refer [30], Chapter 6.6 for details.

Remark 5.12. In (1.2) and (1.3), if J{" + J§" = 0, then problem (1.5) becomes the two-person zero-sum
differential game, which differs from assumption (A1). In the stochastic framework, the turnpike properties for
this game have been established in [33] under suitable assumptions. Now, for the deterministic case, results can
be directly derived by this existing literature.

6. SOME EXAMPLES

In this section, we present several examples illustrating the results established in the previous sections.

The following example shows that the assumption (A3) plays an important role in the turnpike property
of the nonzero-sum LQ differential games. We may consider the singular matrix M, in which case the static
optimization Problem (O) does not admit a unique optimal solution.

Example 6.1. Consider the two-dimensional state equation
; 1
X (t) = ur(t) + ualt) + (0) , te€]0,7T],
X(0) ==z,

and the cost functionals

I (@5 un (), ua () é/ {<X(t)»X(t)>+<ui(t)v“i(t)>
0

+2<<(1)) L X (1)) +2<<(1)) ,ui(t)>}dt, i=1,2.
We see that in this case
0 0 10
A= (0 0>7 Qi =Q2=DB1=DBy=Ri1 =Ry = (0 1),

1
b=7“11=7“22=Q1=(J2=<0),
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and the other coefficients are 0. A simple calculation yields that

10
5’12522(0 1>,

then the Hamiltonian matrix

001010
000101
100000
M_010000
100000
01000O0O0

The eigenvalues of M are {\/5, V2,0,0,—v/2, —\/5}, and the matrix of eigenvectors is

V2 0 0 0 —vV2 o0

0 vV2 0 0 0 -2
11 0o -1 0 1 0
Es=1yo 1 0o -1 o0 1
1 0 1 0 1 0

0 1 1 0 1

A directly calculation yields

This means that M only fails to (A3).
The corresponding AREs read:

I, 11, + Iy Iy — I, = 0,
I 11 + I I, — I = 0,

which is equivalent to

(I + IT)? — 2L, = 0,
(I, — ITy)(IT, + IT) = 0.

Hence the solution is IT; = Il = ?]2. In this case, A(IT) is stable, but B(II) is not.
The Problem (O) is equivalent to

o

1

o

Minimize 7 [, ) + (u1, ) + 2<(1> ) + 2<(3> ju)],
)

) 2((g) )]

1
Minimize 3 {(Js, x) + (ug,uz) + 2((

subject to u1 + us + ((1)> =0.
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By Proposition 5.1, the optimal triple (*, u}, u3) of Problem (O) satisfies

* * 1

(1) -
xT O—,

u;+A;+<(1)) —0,i=1,2

Thus we have

and
* * * *
Ul = A5, Uy = A].

Thus (uf,u}) satisfies the equation

* * 1
uy +us + 0 =0,

it means that (uf, u}) has infinite many solution. Thus the static Problem (O) is not well defined.

The following example illustrates the turnpike property of nonzero-sum LQ differential games under
assumptions (A1)—(A3).

Example 6.2. Consider the two-dimensional state equation (1.1) and the cost functionals (1.2) and (1.3) with

-1 0 11 1 0
A:(_2 _1>a B1232:<1 1>a Q1:Q2:<0 1)7
20 1
311=R22=(0 2>, b=7“11=7“22=ql=Q2=<0)3

and the other coefficients are 0. We see that in this case

11
31252:(1 1)7

then the Hamiltonian matrix

10 1 1 1 1
21 1 1 1 1
10 -1 -2 0 0
M= 01 0 -1 0 O
10 0 0 -1 -2
01 0 0 0 -1
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The eigenvalues of M is {v/5,1,—1,—1,—1, —/5}, and the matrix of eigenvectors is
-1+v5 0 0 1 2 —/5-1

1+4v5 2 0 0 0 1—+5
B - 2—v5 -1 -1 -3 —6 245

1 1 0 1 1 1
2—-v5 -1 1 0 0 2++5
1 1 0 0 1 1
A directly calculation yields
I,
(12 0 0) M | o
0
! (54 3v/5)eT2VAT 4 106V5T 4 (5 — 3v/5)e” (5 — v/5)eT2V3T _ 10eV5T 4 (5 + /B)e”
T 20e(HVET \ (15 4 7v/5)eT2VIT _ 3062+VIT 4 (15 — 7/5)e” (5 + v/B)eT2VIT 1 10eCHVIT 4 (5 - \/B)eT |

We can verify that M satisfies the assumptions (A2) and (A3). Then the corresponding AREs read:

IWA+ ATII + Iy — I, S111, — 11,5511, = 0,
ILA+ ATII + I — 11,8, 1T, — I15,5511, = 0,

which is equivalent to

(ITy + ITy) (A — Sy Ty — Solly) + AT (ITy + I15) + 21, = 0,
(IT, — IIy)(A — Sy Iy — SyIlo) + AT (1T, — IT5) = 0.

v3 o1
Thus, the unique strongly stabilizing solution solution is 11} = Il = ( 2 12> . The Problem (O) is equivalent
2 2

to

o1 1 1

Minimize §[<x,x>+<u17u1>+2< 0 ,xy 4 2( 0 ,u1>},
| 1 1

Minimize §{<x,x>+(u2,u2>+2( 0 ,xy 4 2( 0 ,u2>},
. -1 0 11 11 1

subject to (_2 _1>m+<1 1) u1+(1 1)u2—|—<0)—0.

By Proposition 5.1, the optimal triple (z*,u},u3) of Problem (O) satisfies

“10Y e (1LY e (1YY e (1)
—2 —1)" T\1 1)1 1) \o) T

L (12 o (1)

e (1) (1) o

Lo (1 1N\ (1

(e ()= imn
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Hence the turnpike limit is

with

* * 0
-5 ()
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