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A HYBRID PHYSICS-INFORMED NEURAL NETWORK BASED
MULTISCALE SOLVER AS A PARTIAL DIFFERENTIAL EQUATION
CONSTRAINED OPTIMIZATION PROBLEM

MICHAEL HINTERMULLER"2® AND DENIS KOROLEV!*

Abstract. In this work, we study physics-informed neural networks (PINNSs) constrained by par-
tial differential equations (PDEs) and their application in approximating PDEs with two characteristic
scales. From a continuous perspective, our formulation corresponds to a non-standard PDE-constrained
optimization problem with a PINN-type objective. From a discrete standpoint, the formulation repre-
sents a hybrid numerical solver that utilizes both neural networks and finite elements. For the problem
analysis, we introduce a proper function space, and we develop a numerical solution algorithm. The
latter combines an adjoint-based technique for the efficient gradient computation with automatic dif-
ferentiation. This new multiscale method is then applied exemplarily to a heat transfer problem with
oscillating coefficients. In this context, the neural network approximates a fine-scale problem, and a
coarse-scale problem constrains the associated learning process. We demonstrate that incorporating
coarse-scale information into the neural network training process via a weak convergence-based reg-
ularization term is beneficial. Indeed, while preserving upscaling consistency, this term encourages
non-trivial PINN solutions and also acts as a preconditioner for the low-frequency component of the
fine-scale PDE, resulting in improved convergence properties of the PINN method. The relevance of
our approach to material science is discussed.
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1. INTRODUCTION

Solving partial differential equations (PDEs) using physics-informed neural networks (PINNSs) is currently
an active area of research; see, e.g. [1] for an overview and references therein. The main principle of physics-
informed learning was pioneered by [2] and later reincarnated in its modern computational interpretation by
Raissi et al. [3]. It consists of integrating physical laws, typically in the form of the residuals of underlying PDEs,
into a least-squares objective and finding the approximate solution to the corresponding residual minimization
problem. PINN methods are typically meshless, making them potentially useful for numerically solving PDEs
on complex domains or in high dimensions [4, 5]. Moreover, (approximate) optimization can be performed
rapidly on modern GPU clusters, thanks to the excellent parallelization capabilities of neural networks on
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GPUs, advances in automatic differentiation and domain decomposition techniques [6-8]. This progress thereby
opens up opportunities to address problems of significant computational complexity, such as those arising in
multiscale modelling.

In order to be specific, let u® € U be a solution in a suitable Sobolev space U to the following PDE with
multiscale features:

Au=f, in L*(Q), Bu=g, in L*(09), (1.1)

where ¢ is a small positive parameter representing the characteristic length scale of fine-scale variations. The
operator A° : U — L?(Q) is a partial differential operator, and the operator B : U — L?(99) reflects boundary
conditions. The functions f and g represent given source and boundary data, respectively. Following [3], we
approximate (1.1) with a neural network ansatz ug , € Mgy, where Mg ,, is a (nonlinear) network class param-
eterized by @ € RV». The unknown network parameters (the so-called weights and biases) are then determined
by solving the following optimization problem:

inf J(ugn) = [|A%uon — flI120) + T1lBuon — 9l 7200y over uen € Non, (1.2)

where 7 > 0 is a fixed weight. However, when considering such minimization from the perspective of ansatz-
generating parameters, its non-convex nature, combined with the complex nonlinear dynamics of the learning
process, renders both analytical and numerical treatment of the problem delicate [9-11], with the latter often
prone to instabilities and slow convergence.

Motivated by multiscale and multi-fidelity approaches, we stabilize the neural network optimization (1.2)
by adding, as a constraint, a numerically well-tractable coarse-scale model of (1.1), learning-informed by the
ansatz ug ,, with the respective solution y(ug ). This gives rise to the following PDE-constrained optimization
problem:

inf J(y(ue,n)a uO,n) = j(ue,n) + TQR(y(UO,n); Ue,n) over (y(u&n)vue,n) eY x m@,na (1 3)
subject to (s.t.) Lug,n]y(ugn) = f, .
where 7 > 0, and the coupling term R : Y x U — R>(, which stabilizes the training of (1.2), is given by
R(y(uon),uon) = |Qsuo.n — y(uon)|72)- (1.4)

By Llugn] : Y — Z we denote a coarse-scale differential operator between Banach spaces Y and Z, which is
informed by the neural network ansatz ug , via a suitable learning-informed upscaling procedure. Together with
some given data f, it defines an equality constraint in (1.3). The coupling term R includes a compression operator
Qs : U — L2(Q): for stable training of (1.3), one wishes Qsu® = y(uf), but some (rather imperfect) choices of
Qs and coarse-scale approximation y(ug ) must be made in practice, which may in turn destabilize (1.3). We
propose a strategy to estimate these inconsistencies and approximation errors, enabling the construction of
a stable approximation scheme and introducing the related upscaling consistency concept. In our case, (1.4)
incorporates information on the weak convergence of the fine-scale solution of (1.1) to the homogenized solution,
the latter serving as a natural reference for the coarse-scale problem as ¢ — 0, with a detailed analysis provided.

Extensive work in multiscale modeling (e.g., [12-16]) has led to various upscaling methods, including neu-
ral network-based approaches [17-21], for constructing coarse-scale surrogates for (1.1) and similar problems.
Learning fine-scale surrogates informed by coarse-scale models and fine-scale data has also been studied, such as
in [22]. In our application section, we adopt a numerical homogenization method from material science [23-25],
which enables the transition from fine to coarse scales via the parametrization E[ug,n]. We apply it to the
heat conduction problem in heterogeneous media, characterized by an oscillatory heat conductivity coeflicient
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K*® € C%Y(Q,R,). The following fine- and coarse-scale differential operators are considered:
Afu= -V - (K°Vu), Bu=uly,, (Llu]y(u),v)y-y = / K[u]Vy(u) - Vv dz, (1.5)
Q

where the restriction to the boundary 052 is understood in the sense of traces. At the coarse scale, K¢ is replaced
by an effective medium characterization given by the upscaled coefficient K € L°° (2, R?*2). This coefficient is
derived by inserting the domain-averaged flux (K°Vu®)q and the gradient (Vu®)q into Fourier’s law. Replacing
K* with K in A° and integrating by parts yields the coarse-scale operator L’[u] amenable to finite element
discretization. To enable two-way coupling of (1.5) within our learning scheme (1.3), we employ the coupling
term (1.4) as a prior to stabilize the fine-scale learning of (1.1). Two-scale settings similar to (1.5) also arise
in other contexts, such as porous media flow in complex geometries, where the Stokes equation serves as the
fine-scale model and the Stokes—Brinkman equation as the coarse-scale one; see e.g. [26] and references therein.
In such problems, inferring effective material properties from fine-scale solutions is required in applications, and
learning-informed hybrid approaches can provide valuable support in this task. We refer to Section 4 for further
details on this application setting.

Discretizing the coarse-scale equation in (1.3), e.g., via the finite element method, alongside a PINN-based
approach for the fine-scale problem, yields a hybrid physics-informed multiscale numerical solver. Note also
that in the course of the optimization process for solving the hybrid finite dimensional approximate version of
(1.3) possibly requires to frequently solve the discretized coarse-scale PDE. The hope now is that the coarse-
scale equation can be solved numerically at a significantly lower cost (compute time) than computing the
PINN solution, while still well informing low-frequency components of the fine-scale solution. Our numerical
experiments provide evidence that incorporating the coarse-scale solution into the learning process through a
coupling term in the objective of (1.3) acts as a preconditioner for the low-frequency component of (1.1), thereby
accelerating convergence to such a component and improving the overall performance. We note here that PINNs
can be difficult to train for problems exhibiting high-frequency or multiscale behavior [10], particularly due to
the so-called “spectral bias” of neural networks. The latter is related to the fact that learning prioritizes low-
frequency modes and prevents networks from effectively learning high-frequency functions [27]. To address this,
Fourier features [10, 28] and architectures such as FBPINNs [7] have been proposed. FBPINNS, for example,
use domain decomposition and local normalization to convert high-frequency content into lower frequencies.
While often effective, these methods remain computationally expensive and may suffer from instabilities. Our
approach is complementary: although the coarse-scale constraint does not directly address spectral bias, it
helps accelerate and stabilize the training of multiscale PINNs when paired with a suitable parameterization
L [ug’n] .

In the realm of learning-informed optimal control, several works, including [29, 30], have focused on approx-
imating nonlinear constituents or source terms in the state equation using neural networks. PINNs have also
been employed in solvers for underlying state and adjoint equations in various PDE-constrained optimization
scenarios [31, 32]. Let us point out here that all the aforementioned techniques, while structurally perhaps
similar (as ug , may be considered a control variable, whereas y(ug ) acts as a state), differ from this work.
Indeed, in the usual approaches the objective is typically not related to a neural network learning problem
or PDE residual minimization, but rather to minimizing specific (e.g., tracking-type) cost functionals [33, 34].
This difference has significant implications in analysis and numerical implementation. Besides, to the best
of the authors’ knowledge, our work is the first to deal in detail with a PINN-based optimization problem
constrained by a PDE. Here, problem (1.3) is formulated and analyzed in a function space setting, taking
into account the regularity of the fine-scale and coarse-scale PDE solutions as well as the interdependent
choices of activation functions and PINN losses. For our new problem (1.3), the concept of quasi-minimization
[35] is crucial when studying (approximate) existence of solutions over nonlinear neural network ansatz
classes.
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2. A HYBRID MULTISCALE APPROACH

In this section, we define a function space and a coupling framework for two PDEs, the fine-scale and
the coarse-scale problem, respectively. For the treatment of the associated PINNs, we closely follow [35]. For
the bounded domain 2 C R? with Lipschitz boundary 99, let LP(Q), H' (), H} (), HX(Q), WkP(Q), etc.
denote the standard Lebesgue and Sobolev spaces; see, e.g., [36]. We also set Ry := {zx € R: z > 0} and
Ryp:={z €R: x> 0}.

2.1. Function spaces and PDEs

Let (U, |||lv), (H,||"||lz) be Hilbert spaces, (X, ||| x) be a normed vector space, (V, ||-||v), (Z, |||l z) be Banach
spaces, and X a dense subspace of U. Suppose also that U is continuously embedded in V and V is continuously
embedded in H, i.e., U =V < H. Moreover, X — U. For given f¢ € H, we consider the following partial
differential equation

Au=f¢ inH, Bu=0, in Z, (2.1)

with A° : U — H a bounded linear partial differential operator, i.e., A¢ € L(U, H), depending on the fine-scale
length ¢ > 0, and B € L(U, Z) defining boundary conditions. For (2.1) we invoke the following solution concept.

Assumption 2.1. For every € > 0, (2.1) admits a unique solution u® € U for which there exists an
approximating sequence {uf} in X such that

lim |luf —vllo =0, lim [A%uf — f*[|g + [[Bui|z = 0. (22)
k—o00 k—o0

Remark 2.2. Let g € Z and assume that there exists u? € U such that Buf = g in Z. If u® € U satisfies (2.2)
with f¢ = ¢ — A®u9 for some given q € H, then w® := u® +u? € U corresponds to (2.1) with A*u = ¢ in H and
Bu=gin Z.

Remark 2.3. In our setting, the operator in (2.1) is linear. While some work on PINNs for nonlinear PDEs
exist (e.g., [37, 38]) and can be adapted to our fine-scale problem, extending the two-scale coupling approach
to nonlinear cases may require further investigation.

From now on we assume that Assumption 2.1 is satisfied. Note that if u® € U is the solution to (2.1), then
u® €Up:={ueU: Bu=0} CU, and we sometimes use |||y, instead of ||||y. The following stability
estimate is standard for least-squares residual minimization, including the least-squares finite element method
[39, 40] and physics-informed neural networks [35, 38, 41].

Assumption 2.4 (Fine-scale stability). There exist a stability bound C¢ € R and an upper bound Cj € R,
both possibly dependent on ¢ > 0, such that

Collully < A%ull?; + |Bull < Cillully, Vu € U. (2.3)

The stability bound (2.3) is well-suited for PINN problems which include boundary conditions via penalization.
In this case, a term penalizing violations of the boundary conditions is added to the PINN objective. Note,
however, that boundary conditions may also be imposed exactly, i.e., as (hard) constraints, for PINNs [31, 42, 43].
Then, one may require (2.3) to hold for all u € Uy, while dropping the term ||Bul|% and using a stronger norm
|-/l in the lower bound. We demonstrate both approaches below in our example section and use (2.3) for our
abstract formulation.

Let (Y, ||-|ly) be a Hilbert space with Uy C Y, Y* the topological dual space of Y and Y — H 2 H* — Y* a
Gelfand triple with compact embedding Y < H. Let L[u] € L(Y,Y™*) be parameterized by u € U. The pertinent



A HYBRID PHYSICS-INFORMED NEURAL NETWORK BASED MULTISCALE SOLVER 5
bilinear form bzfu] : Y x Y — R is defined by
belul(v, w) == (Llu]v, w)y~y (2.4)

for v,w € Y. The following assumption is needed to secure (local) solvability of the coarse-scale equation.

Assumption 2.5 (Coarse-scale stability). Let u® € U be the solution of (2.1), 7 € Ry and By (uf) :=
{velU: |Ju® —v|y < 7}. We assume that the form (2.4) is uniformly bounded and uniformly coercive for all
u € B (u®), i.e., there exist Cf, CS € Ry, independent of u, but possibly dependent on ¢, such that

be[u](v,w) < Cillvlly wlly, and be[ul(v,v) > Cllvll, Vv, w €Y. (2.5)
For given (u®, f ) € U x H, we consider the following partial differential equation (in weak form), which we refer
to as the coarse-scale problem: find y(u®) € Y such that

beul(y(u®),v) = (f,v)y~y VYvey. (2.6)

The coarse-scale problem (2.6) is well-posed by the Lax-Milgram lemma. Indeed, there exist a unique solution
y(u®) € Y and a bound C® € R, such that ||y(u®)|ly < C?| f|ly+, with C¢ possibly dependent on & due to (2.5).

2.2. Physics-informed neural networks

For L € N, an L-layer feed-forward neural network (NN) is a recursively defined function Rg(x) : R™ — R"L
with

Ro(x) = 2L(x), 24(z) = Wl (27 (x)) + b, 2<1< L, 2Y(z) = Wz + b,

where W' € R™*™-1 is the I-th layer weight matrix, b; € R™ is the I-th layer bias vector and o : R — R
is the activation function, which is applied component-wise in case of input arguments in R™. The network

architecture is represented by the vector 7i = (ng,...,nr), and the set of all possible network parameters is
defined by

) = {{(W;, b))}, : W e R ™1 b e R"™ }.

For a sequence {7i,},>1 of network architectures such that 7, < fi,,+1 for all n, with the vector inequality
understood component-wise, we define its corresponding sequence of neural network classes [35], and the related
maximal realization map

Ngn = {Re: 0 € Ug<s, O}, and T, : RV Ny, 0 Fn(0) =: van, (2.7)

where N,, denotes the total number of parameters in ©(7,,). Note that Mg, C My 11 by construction, and
that the regularity of §, depends on the one of the underlying activation functions in 9y ,. In what follows,
v, n, € My p, refers to a network function, generated by its maximal admissible number of parameters IV,,.

The residual minimization of the fine-scale PDE over the class of neural networks leads to the following PINN
optimization problem:

inf J (vo.n) := A0 — ¥|I7; + 71| Bronly  over ve.n € Ny, (2.8)

where the penalty parameter 71 > 0 is fixed. We observe that J(u) > 0 for all w € U, and J(u®) = 0 for the
solution u° to (2.1). Assuming momentarily that U = H?(f2) and A® is of second order, we need to ensure that
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u® can be approximated by a neural network. It is well-known that Sobolev functions can be well approximated
via popular deep ReLU neural networks; see, e.g., [44]. Note, however, that the ReLU activation function
o(z) = max(0, z) admits only one weak derivative, which renders it infeasible when utilizing the standard least-
squares loss with H = L?(Q) and A® involving higher-order (weak) derivatives. The hyperbolic tangent function
tanh(x) can then be used to approximate functions from Sobolev spaces H*(Q), k > 3, in the norm of U (see
[37], Thm. B.7, but also [45]). We mention that the regularity requirements on activation functions and u¢ can be
relaxed by adopting a variational loss function [46, 47]. This involves multiplying the residuals of (2.1) by suitably
smooth test functions and integrating by parts. Then, the respective weak residual is minimized over a (discrete)
trial class of neural networks. In such a setting, one is confronted with the additional burden of discretizing the
space of test functions. Typically, piecewise polynomials of low order, leading to a Petrov—Galerkin discretization,
are preferred [48]. Moreover, the Fourier transform can be employed to efficiently evaluate the H ! norm of the
PDE residual for simple geometries [49].

In view of the above, in our work we focus on a setting with smooth activation functions. Instead of imposing
assumptions on the sufficiently high number of admissible weak derivatives of u®, we rather work in a dense
subspace X of U, where the approximation with neural networks is less restrictive, such as X = C*(Q), which
motivates the triplet of spaces g, C X C U and our definition of solution (2.2). Then, we are interested
in neural networks that can well approximate elements in X; cf. [35] and various neural network approxima-
tion results, sometimes referred to as universal approximation theorems [44, 45, 50-52]. Thus, the following
assumption on universal approximation is required.

Assumption 2.6 (Uniform NN approximation of elements in X). There exists a sequence of neural
network classes {MNg ,,} with Ny, C X and Ny, C Mg, p41 for all n € N, and X C U, Ny, in the topology of
(X, ] - |lx)- In addition, it holds that A°vg,, € L*(Q) and Bvg,, € L*(99) for all ve ., € Ng.p.

2.3. Weak convergence based regularization

Let H = L*(Q) and H° := L?(Q;), where Q5 := {2 € Q : dist(2,09) > £} C Q for § > 0. Weak convergence
assumptions are common in the context of homogenization, and here we make use of the following one.

Assumption 2.7 (Weak convergence). Assume that for v > 0, u® — 3% in L?*7(Q) as € — 0, where u® is
the solution to (2.1) and y° € Y is the solution to the homogenized equation £%y° = f9, with £° € L(Y,Y™)
and fO € H e-independent, respectively.

Remark 2.8. In our setting, f€ in (2.1), fin (2.6), and f° in Assumption 2.7 are different in general. This is
due to the lifting of Dirichlet boundary conditions in all the PDEs, cf. Remark 2.2. Besides, we assume that y°
has at least the same regularity as y(u®), as it follows from Assumption 2.7 and our choice of spaces.

In addition, we need the following; cf., e.g. [12], Theorem 4.5 or [25], Section 3.2.

Assumption 2.9 (Consistent parametrization). There exist Cr[,), C- € Ry such that ly° — y(u)||g <
Cru) + Cc, where Cr,) does not depend on ¢ and can be made small by an appropriate parametrization of
y(u®) by v, and C. — 0 as ¢ — 0.

Forv e H,z € Qs and Vs(z) = {2 : ||z — @||ga < £} C Q, define Qs : H — H® by

1
(Qsv)(x) == m o) v(z) dz.

Following heterogeneous multiscale methods [12], we fix the compression operator

(2.9)

5 _ ) (@Qsv)(x), = €Qs,
' v(x), x €N\ Q.
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Let us next introduce the coupling term Rs : Y x U — R as follows:
Re(y(u), u’) := [|Qsu” — y(u®)|[3. (2.10)

The purpose of (2.10) is to equip the optimization problem (2.8) with information on weak convergence of the
fine-scale solution to the coarse-scale one.
Next we study (2.10). We start with two preparatory result.

Lemma 2.10. The operator Qs : H — H® has the following properties:

1. Qs € L(H,H°%) and Qs € L(H) := L(H, H).
2. Suppose that u? — 3° in H as e — 0. Then, lin(l) 1Qsu® — Qsy°|| s = 0.
e—

Proof. The linearity of Qs is obvious. For x € €5, using the Cauchy—Schwarz inequality, we obtain the estimate
|(Qsu®)(z)| < |Vs(x)| = /2||uf| g Since |Vs(z)| is constant for all z € 5, the estimate is uniform. By integrating
the estimate over Qs, we get ||Qsuc| gs < Clluf| g, where C € R,. Therefore, Qs € L(H, H?) and we readily
establish that Qs € L(H).

Let u® — 3% in H as € — 0. Then ||u®||g < C, where C' € R is e-independent, and for all test functions
v € H it holds that

/us(x)v(x) dz — / YO (x)v(x) dz as € — 0. (2.11)
Q Q

Consider the normalized characteristic function

7“;51@)‘, A V(;(.T),

Xvs () (2) == {0 2 ¢ V()

as test function in (2.11). Then one obtains the pointwise convergence of averages (Qsu®)(z) — (Qsy°)(x)
as € — 0 for x € Q5. The L2-convergence follows from the uniform estimate of |(Qsu®)(z)| and Lebesgue’s
Dominated Convergence Theorem. O

Since Y — H, for a given y € Y, almost every x € Qs is a Lebesgue point, i.e.,

1

lim V@)l o) y(z) dz = y(x). (2.12)

For small § > 0, we consider the following approximation of the above limit:

1 1
_ y(2) dz = lim ——— y(2) dz = y(x).
V@ Doy "3 W] oy Y

Additional integrability of Vy provides a rate for such an approximation.

Lemma 2.11. Suppose that y € WP(Q) with Q C R? and d < p < co. Then

d(p—=2)+1

ly — Qsyllas < Cpy)o »

where the constant Cp(y) < oo is independent of &, but it depends on ||Vl 1r(q)-
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Proof. First, we use a well-known trick that controls the deviation of a function from its average on convex sets
(see e.g. [36], Lem. 4.28). Let x € Qs and define the convex ball Vs(z) C Q. For y € C1(Q), 2z € Vs(z) and for
all t € [0, 1], we get

y(z)_y(l’):/o ((11t (x+t(z—x))dt = / Vy(z +t(z —x)) - (z — z)dt.

Integrating the above equality over Vs(x) and performing the change of variables £ = z + ¢(z — x), we obtain

[ v =it /td/vw(x V(e |\5

Holder’s inequality with % + % = 1, in conjunction with the fact that Vis(z) C Vs(z), yields the following

estimates:
1
/1 = [ vu©le - rlagar < |9y 1 6~ ajtae)
— VyllE —= t<|[[Vyllrrv /7 / -z t
0 td+1 Ves () (Vs(x)) 0 td+1 Ves ()

1 1
bt IVl ¢
= ||Vy||m<v5<w>>/ — / o — 2tz | < D /  — 2|9dz |
0 tr Vs (x) 1-4 Vs ()

p

de dt. (2.13)

where we used the boundedness of the dt-integral for % < 1. Since p(r) := p(Jz — z|) = |z — 2|7 is radially
symmetric on Vs(x), integration in polar coordinates yields:

7 . 5/2 i .
/ |z — 2|%dz | = |Ss|% / p(r)yrtdr | =cC@@s T,
Vs (z) 0

2ﬂ,d/2

sy (5/2)d 1. T is Euler’s gamma function and C(d) €

R is é-independent. Dividing (2.13) by |V5( )| with [Vs(x)| = WQ/Q) , combining the estimates and
integrating, we get

where S; is the (d — 1)-sphere of radius 2 5 with |Ss5| =

d(2—q)+q-1

where Cy(y) := C(d,p,Q)||Vy| L+ () The density of C*(2) in W' (£2) extends the above estimate to the desired
result. O

Under a mild assumption on the regularity of 4° € Y, we prove the following result.

Theorem 2.12 (Upscaling consistency). Suppose that Assumptions 2.7, 2.9 hold, y° € Y C H?(Q) with
QCRY d<p<ooandd<3. Then, for § >0, it holds:

lim Rs(y(u),us) < Cp(y®)25 7 + 202, + 12\ 2 Cu,

e—0

where C,(y°) € Ry and Crlu) are according to Lemma 2.11 and Assumption 2.9, respectively, and Cy, € Ry is
e-independent.
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Proof. The triangle inequality and Young’s inequality yield
Ro(y(u®), u) < 2[Qsu® — y° |7 + 2lly° — y(u®)||F- (2.14)

Similarly, the estimation of the first term in (2.14) gives
1Qsu” — 4l < 20|1Qsu” — Qsy°lIs + 2lly" — Qsy° 175 + llu® = 17122 (\0)- (2.15)

Clearly, Assumptions 2.7 implies that u® — 3" as ¢ — 0 in H. Thus, Lemma 2.10 guarantees that the first
term on the right-hand side of (2.15) vanishes as e — 0. Since Vy° € H*(Q) due to Y C H?(Q2) and d < 3, the
Sobolev embedding yields ||V || 1» () < oo for p < 6. Observe further that 3 is e-independent, hence Cy,(y°) is

2d(p—2)+2

also e-independent. Therefore, Lemma 2.11 guarantees that [|y° — Qsy°||3,s < Cp(y®)?0 » and the latter
estimate holds in the limit € — 0.
We estimate the second term in (2.14) by appealing to Assumption 2.9. Next, let s = QJFTA’ and r = %TV Then

% + % =1 and the Hélder estimate

247
[[u® — y0||2L2(Q\QJ) <@\ Qs |[uf - yOH%Z-M(Q)

holds for the third term in (2.15). The uniform boundedness of {u®} implies the existence of C,, € R} such that
[lu® — y0||2L2+7(Q) < Cy, hence completing the proof. O

Suppose that Vy° ¢ LP(Q) for some p > d. Then Lemma 2.11 is not applicable. In this case, the coupling term
(2.10) can be modified as follows:

Ri(y(u®), u®) := [|Qsu” — Qsy(u)|7- (2.16)
Then, Theorem 2.12 still holds with C,(y°) = 0.

3. LEARNING-INFORMED PDE-CONSTRAINED OPTIMIZATION

We cast our hybrid physics-informed neural network based multiscale approach for a fixed € > 0 into the
following learning-informed PDE-constrained optimization problem:

{ inf J(y7v9,n) = j(ve,n) + 7—2R5(y1 v9,n) over (yvve,n) eY x BFE,O,n(ua)a (3 1)

s.t. e(y,ve.n) =0,

where Bje g n(u®) := Bre(u) N My, with u®, 7 according to Assumption 2.5, J : Y x U — R>¢ and fixed
72,0 € R>g. Further, let e : Y x U — Y™* be given by e : (w,v) — e(w,v) := be[v](w,-) — <f, Jy+y and R
denote the coupling term in (2.16). Note that for u® according to Assumption 2.5 there exists v € X arbitrarily
close to u® due to the density of the embedding X < U. Then, Assumption 2.6 implies the existence of 8 € RNz

such that

[u® —von:llv < [[u® —v|lv + Cllv—von:l| x< 77,

for sufficiently large n* € N. Then, for all n > n*, Bie g, (u%) # () and the following fine-to-coarse scale map is
well-defined:

S:Brrgnpu)CU—=Y, u—y(u) =S, (3.2)
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with e(y(u),u) = 0. Note that since (2.7) is non-convex in general, finding 8 with vg ,, € Bz ., (u®) requires
solving an associated non-convex optimization problem, which can be quite delicate in practice; ¢f. [9, 11, 53].
We also need the following.

Assumption 3.1 (Continuity). Let u® € U be the solution of (2.1) and {u$} its approximating sequence in
Bre(u®) N X. Then S(uf) = S(u®) in Y as k — oo.

Eliminating y from the set of independent variables in (3.1) results in the reduced optimization problem
inf j\(’l)gyn) = J(S(ve,n), ve,n) OVer vg., € Bre g n(u®). (3.3)

We note that guaranteeing the existence of minimizers in My ,, for (3.3) is not possible, in general, as Ny, may
not be topologically closed in U. In order to cope with this, we resort to the notion of quasi-minimization; cf.
[35], see also [54]. The latter only requires the existence of an infimum of J over By on(u®) #0.

Clearly, since J ( ) >0, inf J exists over Bre 9.n(u®) for every n > n’. Now let {v,}n>n: be a real sequence
with v, > 0 for all n > n} and ~, | 0 as n — co. Then, for every n > n:, there exists ug ,, € Bye g,n(u®) such
that

T(ug,,) < inf J(vo.n) + Yn.

vg,n €Bre g n(us)

We refer to {ug , tn>n: as a sequence of quasi-minimizers of (3.3). In the following result, we consider .J with
the coupling term (2.16), but extending it to (2.10) is straightforward.

Theorem 3.2. Suppose that Assumptions 2.5, 2.4, 2.6, and 5.1 hold. Let {ug ,, }n>n:, g ,, € Br 0,,(u) be a

quasi-minimizing sequence for J:U — R>o, where By (u®) is chosen according to Assumption 2.5 and n} € N

is chosen according to Assumption 2.6 to guarantee that Bre g, (u) # 0 for all n > n*. Then, lim J(uj,) <
n—roo ’

ToRs(y(u®), us), where u® is the solution to (2.1) according to Assumption 2.1. Moreover, for 7 > 1 it holds
that

Jim [lug , —ulv < TR (y(u®), u). (3.4)

\ﬁ

Proof. Let u® be the solution to (2.1) and {u},}, uj € X for all k, be its approximating sequence (2.2). Let {rj}
be a positive real sequence with r; | 0 monotonically as & — oo and choose K. € N sufficiently large such that
B, (uf) ={veU: ||u§ —v|u <rg} C Bs=(u®) for all k > K. Assumption 2.6 and the dense embedding X —
U imply that |lu§ — U(Ea,nk”U < COug, — vé)nkHX < Cey, <y for k > K. and some vg,, € Ng,pn,, where ny :=
n(k) € N, ey, € Ry and C > 0 is some embedding constant. Observe further that B, (uf) C Bs<(u®) for k > K.
implies €ng, < En:. Therefore, ng. > n’ with ‘ﬁgmz - ‘ﬁg’nKE holds and there exists a sequence {Uz,nk}kZKa
with vg . € By, o.n,(uf) C Bye(u®). We note that Assumption 2.6 implies that {e, }r>x. converges to 0 as
k — oo, thus ny — oo as k — oo. Then, once again the embedding X — U implies that

[ = 0§l < Il =il + Clls — w0, llx 0 a5 k= oo,

In addition, the boundedness of A® and B, respectively, and the upper bound in (2.3) result in the existence of
C*¢ € Ry, possibly dependent on ¢, such that

[ A,y = Fller + 1B, Ml 2 < Clve 1y, — uillx + | A%ug, = fllar + [[Buillz = 0

as k — 0. Therefore, {vg , }r>K. is also an approximating sequence (2.2).



A HYBRID PHYSICS-INFORMED NEURAL NETWORK BASED MULTISCALE SOLVER 11
Next, we study the coupling term and show that

lim R (S(05,1,): 0,n,) < Ra(u(u"), ). (35)

k—o0

Indeed, invoking the triangle inequality and Qs € L(H), we get

Rs(S(Vgn,): V8n,) < 1QsIM1vG 0, — ukll + | Qsuk — Qsy(v ) I (3.6)
+2[Qsllvg,n,, — uillm|Qsuf — Qsy(ve ) -

Since vg ,,, € Bre g0 (u”) for k > K¢, the fine-to-coarse mapping (3.2) is well-defined in (3.6). The embedding
U — H guarantees that the first and the last term in (3.6) vanish as k¥ — 0. Similarly, one estimates the
intermediate term in (3.6):

1Qsu5. — Qsy(vg I < Ra(y(u), ui) + 1Qs | ly(u®) — y(vg )i (3.7)
+2[|QsllllQsui, — Qay(u) |l lly(u®) — y (v, )a-

We use Assumption 3.1 and the compactness of Y — H to obtain klim ly(v5.,,) — y(u)]|F = 0. Therefore,
—00 ’
(3.5) readily follows from (3.6) and (3.7).

~

Next, we study the limit lim J(u$ ,,). The stability bound (2.4) gives
n— o0 ’

T Wo.n,) < (If = Aull + Cyri)? + m(IBuillz + Cyri)*. (3.8)

Since Bye gy (u®) # 0 and Bye gy (u®) C By (u®), we can find a quasi-minimizer U, € Bie o, (u®) for
each k > K, with v,, > 0 and vy, | 0 such that

~ ~ ~

J(ug ) < inf J(V) + i, < J (V) + Y- (3.9)

UEBFE,G,nk(uE)

Then, it follows from (3.5) and (3.8) that klim j(vg ne) < T2Rs(y(u®),u®). Hence, for any e; > 0, there exists
—00 ’

~

K¢, > K. such that J(ug , ) < €5/2+ 12Rs(y(u®),u?) for all k > K. By resorting to the notion of a quasi-
minimizing sequence {ug,n}nznb the existence of N, > n? follows with v, < ¢e;/2 for all n > N,. For N, =
max{ng, ,Ne,} and n > N,,, we have 0, o C Ny, and

& Ne,

~ ~ ~

T(h) < inf () < T(uh 5 )+ < e+ mRa(y(u0), u°).

VEBre g n(uf)

Since €; was arbitrarily chosen, the first limit claim is shown.
The stability estimate (2.3) and 71 > 1 imply that

el — ul} < | AuG ,, — A% |3 + 7|Bup ,, — Bus||% < J(uf,)-

Then, (3.4) follows from the previous result and the a-posteriori bound above. O

Note that it may happen that C5 — 0 as ¢ — 0 for the standard H = L?(Q2) PINN objective, making (3.4)
merely of qualitative nature.
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Remark 3.3. In general, inf J and inf J over By- g ,(uf) are different. Therefore, quasi-minimizers of J and J

are also different. For a quasi-minimizing sequence {ug ,, }nen of J, it holds that [[ug ,, —u®|lv < \/1675 I (ug )

with lim J(ug,,) = 0; cf. [35], Proposition 3.1 and Theorem 3.2.
n—00 ’

Comparing Theorem 3.2 with Remark 3.3, we conclude the following: while solving (3.1), one needs to iden-
tify parameters € in the respective quasi-minimizers ug , such that J (ugn) — 0 as n — oco. However, since
Qsuf # y(uf) in L*(2), we also expect that Qsug , # y(ug ) in L*(Q) as well. Therefore, for some threshold
constant Cj. € Ry dependent on u°, forcing Rg@(uz,n),uan) < Cf, by selecting (non-upscaling consistent)
parameters € through the optimization process may violate the underlying physics of (2.1), rendering con-
vergence nh_)rr;o J (ugn) = 0 not possible. In our setting, Rs serves the purpose of a regularizer in the learning

process, but if no physics violation is caused by Rs, it also acts as a preconditioner for (2.8), and, based on
Theorem 2.12, we might expect its efficiency to increase as ¢ — 0.

3.1. Discrete approximation

The (fully) discrete version of (3.1) comes in three steps: (i) First, we consider 8 — vg ,, reducing every
NN-function to its finite set of generating parameters belonging to R™=; (ii) then, we replace the state y by
a finite dimensional approximation y,, with A > 0 indicating the associated discretization parameter such as,
e.g., the mesh width in a finite element method [55]; (iii) finally, the discrete version 3 of J is replaced by its
quadrature approximation ﬁjg’h, where M indicates the number of collocation or quadrature points, and D is
related to a discretization of the compression operator (2.9).

Let us start with (i) and define

S::SOSH:RN" —Y, 0'—>y(v9,n) =

= S(8), (3.10)
J:i=JoF, : RV 5 Rsg, 03(0):=J

(S(0),50(0)), (3.11)

where §,, is according to (2.7). We invoke the following assumption on differentiability.

Assumption 3.4 (Fréchet differentiability). The fine-to-coarse scale map (3.2) is continuously Fréchet
differentiable and §,, € C®° (RN, X).

Assumption 3.4 and the chain rule imply that S is continuously Fréchet differentiable. We also note that §,,
satisfies Assumption 3.4 for smooth activation functions in a neural network, i.e., o € C*°(R). Accordingly, the
differentiability requirement can be reduced wvia reducing the one on o. Via the implicit function theorem for
e(y(ve.n),&n(0)) = 0 we obtain

ey(y(ve,n),0)S'(0) + ey (y(vo,n), §n(0))F,,(0) =0, (3.12)

where we have §'(0) = S'(F.(0))%,(0) € L(RY»,Y) and, upon obvious identification, S’(8)* € L(Y*,RN»).
By applying the chain rule, we find the gradient of (3.11):

V3(0) = S'(6)" 0y T (4(ve,0), 5 (6)) + §1(0)* T (y(ve,n), Fn(6)), (3.13)

In practical realizations of PINNs; the second summand in (3.13) is typically produced by automatic differenti-
ation, and the first summand is realized via the adjoint method [34]. For the latter, we need the bilinear form
b= [Ug’n](-, ) Y xY — R with

be+[ve.n](w,v) = (ey(y(von), §n(6)) w,v)y+ v (3.14)

The following guarantees that (3.14) is well-defined.
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Assumption 3.5. Suppose that Bpe gnx(u®) C U, where 7° € Ry is according to Assumption 2.5 and n} is
chosen sufficiently large as in Assumption 2.6. Then, there exist Cj.., CS € Ry such that for all vg ,, € B g, (u®)
with n > n? it holds that

b [ve.n](v,w) < Ci|lv]ly ||w|ly, and be-[ve..](v,v) > C|v|3, Yo,w €Y. (3.15)

Note that Assumption 3.5 and (3.12) yield the adjoint equation

ey(y(ve,n)zgn(o))*p(ve,n) = _ayJ(y(’UG,n)agn(e)) = 27—2@; (Q6U9,n - Qéy(ve,n));

or its counterpart in weak form:

be-[ven](p(ve,n),v) = 272(@509,n - Qsy(ven), Qsv)g Vv €Y, (3.16)

where p(vg.n) = p(y(ve,n)) €Y denotes the adjoint variable (or adjoint state, sometimes also called co-state).

Now we come to the second step of discretization. Here we use the finite element (FE) method applied to
the coarse-scale equation. More specifically, let Y}, := span{¢;, 1 < j < Ny} C Y, Ni € N, be the standard
finite dimensional space of piecewise-linear and globally continuous functions over a domain Q C R%. Of course,
other choices of Y}, are possible as well [55]. The finite element approximation of (2.6), which involves the neural
network based function vg , as data, is then obtained by a standard Galerkin projection: Find yp(ve.,) € Y
such that

beven](Yn(Ven),vn) = (fvn)y=y Vou € Y. (3.17)
Assumption 2.5 and Assumption 2.6 imply that (3.17) admits a unique solution yj,(ve) € Y for all vg,, €

Bre g.n(u®) with n > nk.
The adjoint equation is discretized similarly: Find py(ve,n) := pr(yn(ve.n)) € Ys such that

b+ [ve.n](Pr(ve.n), vr) = 272(Qsve.n — Qsyn(vVon), Qsvn)a  You € Y. (3.18)

Assumption 3.5 implies that (3.18) admits a unique solution py(ve,,) € Yy, for ve , € Bre g5 (uf).
Regarding both of the above equations the following error estimates hold true.

Theorem 3.6. Suppose that Assumptions 2.4, 2.5, 2.6, 5.1 and 3.5 hold. Furthermore, let Y C H?(Q) and
for all uy,ug € Br=(u®) and v,w €Y it holds that

[belua] (v, w) = b [uz](v, w)] < C%flur — uallv [[vlly l[wlly, (3.19)

where C¢ € Ry. In addition, (3.19) holds also for the adjoint form be«[u](-,-). Then

lim lim ||y(u6) - yh(uz,n)”Y < Cg T2R5(y(u€)7us)7 (320)
h—0 n—o0
lim - Tim {|p(u”) — pn(ug,)lly < Coav/maRs(y(us), us), (3.21)

h—0 n—o0

where p(u) := p(y(u)) €Y, pn(up.,) := pr(yn(ug,,)) € Yn, Cy, C5y € Ry, and the latter constants may depend
on €.
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Proof. For ug ,, € By g,n(u®), we treat be[ug ,](-, ) as an approximation of bz [u®](-, -) and apply Strang’s lemma
[56], Lemma 2.27 to get the estimate

CE
€ 5 ,rhs : €
1) =t <25+ ng ( (14 2 ) Iu) = vl (3:22)
1 b [uf](vn, wn) — belug ) (Vn, wh)
+=; sup ,
Ce wievn [[wally

where e¥"* represents a discrepancy measure between the right-hand sides of (2.6) and (3.17), but e?"* =0

in our case. Let Z,y(u®) be the interpolant of y(uf) in Y. Since Y C H%(Q), a well-known [55] interpolation
bound yields

Jnf [ly(u) = wnlly < () = Zay(d)lly < Chlly(u) ey =0 as b0,

Assumption 2.5 and the boundedness of 7, : Y — Y}, imply that ||Zpy(u®)|ly < C, where C' € Ry does not
depend on h. Invoking (3.19) and (3.4), we get

[beu|(Zny(u®), wn) — belug o) (Zny(u®), wn)| < \/%v72735(y(u5),u5)l|whl|y

for n — oo. The result (3.20) then follows from (3.22) and the above estimates.
The analysis of the adjoint equation is similar to that of the state equation. However, for the application of
Strang’s lemma, the discrepancy

pirhs 1272(Qs (u® — g, +yn(ug,,) — y(u)), Qsvn)ul
el = sup
’ VR €Y HU}LHY

between the right-hand sides of (3.16) and (3.18) needs to be additionally estimated. The Cauchy—Schwarz and
triangle inequalities, the embeddings Y — H, V — H, and Qs € L(H) yield C' € R, such that

,rhs
e < c(nus gl + ) - than)ny).

Then, the result (3.21) follows from (3.4) and (3.20). O

Remark 3.7. The coarse-scale finite element approximation influences the upscaling consistency estimate in
Theorem 2.12, but this effect can be controlled by choosing a suitable approximation scheme. From (2.14), the
finite element discretization contributes an additional term:

R (yn(u®),u”) < 2[1Qsu” =y I +2lly° — y(u)Il; + 2llyn (u®) — y(u)|1F.

For example, for elliptic problems with H?(Q) regularity, i.e., when Y C H%(Q) and H = L*(Q), we obtain
from the Aubin—Nitsche trick [55] the estimate ||y, (uf) — y(u®)||%, < (C=h2)2||f||2., where C° is the coarse-
scale stability constant. In practice, C¢ should be either independent of ¢ or uniformly bounded to allow for a
moderate mesh size h > ¢, thereby reducing computational cost while maintaining upscaling consistency.

Both FE discretized equations result in the following algebraic system:

By [0ly), = Frn, Bil6] pj, = 272(P4[6] — Puly,)), (3.23)
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where y;, € RV» and p;, € RV" are the coefficients of the FE functions y;, = ZNh (y,,)i0: and pp, = ZzNzhl (pp,)ii-
Moreover, B,[0] € RthXNh, (Br[0))i; = belven](di, @), Fro € RNn (Fp); := (f,¢;)y-y and P,[0] € RV»,
(Pr[0)); == (Qsve,n, Qs9j) 1

For item (iii) we assume that H = L%(Q), Z = L?(05)), and apply a Monte-Carlo approach to approximate
the integrals in the PINN objective as follows:

Mg

jM M — |Q|Z — f(a r)) &8? (ng{n(xi?)f’ (3.24)

;

where {z7}29 and {20} are (uniformly random) collocation points in © and on 99, respectively. Assuming
that M : MQ + Myq is sufficiently large to guarantee that v n € Bregn(u®) for all n > nf, we discretize
(2.16) using a quadrature rule:

Np
2
RQ,D(yh(’UB n UG n . Zw 5 UB n ( z) (Qé yh(”e n))( 7)) ’ (325)
where {2/, h}N " are our finite element nodes and quadrature weights, and
_ W ’U(.’L‘?), I‘? € Qg,
(QFv) () = Valevpal) (3.26)
v(xl), =l € Q\ Qs,
where v € C(Q) is a continuous function, VP (z}') := {2 : |2} — ]| < 2} corresponds to the set of residual

collocation points around the coarse-scale mesh nodes, and M p is an associated number of such collocation
points. We note that using (2.10) allows us not to apply Q¥ to the coarse-scale approximation in (3.25),
yielding a simple implementation. The discrete components (3.24), (3.25) and (3.26), as well as the mapping
(3.10), finally yield the approximation 3%1 of 3. R

Algorithmically and assuming thaAt vyM D’ (0) is a sufficiently accurate approximation of VJ(0) (i.e. securing
descent properties with respect to J at 0) we use the discrete gradient, e.g., in the Adam optimizer [57], to
minimize J%[ h(0). Next we summarize our overall computational procedure in Algorithm 1. Upon successful

termination it produces neural network parameters and other outputs by setting it :=it+1. In Algorithm 1,

Algorithm 1 Hybrid physics-informed NN training

Require: Tolerance tol, max. number of iterations ity.y, initial NN parameters 0(0), initial state FEM
coefficients, y;, (0(0)), optimizer hyperparameters.

Output: NN parameters 6 := 0", control variable Ugn ~ ug’%, state variable y;, (9) € RMx,
1: while 0 < it < ityax — 1 or JM (vM Ugin) ) > tol do
2. Solve the adjoint system B24[0(]p, = 275 (P, [01] — Py [y, (8))])
3:  Compute VejM‘h( (0(”)) 6'") .= grad, (JMh(O(”)))
4:  Assemble the total gradient V“M (91
5. Update weights 0%+ « Optlmizer(V§%I’h(0(it)), optimizer hyperparameters)
6:  Solve the state system B, [0 D]y, (07HY)) = F,
7 ittt +1
8: end while
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gradg refers to automatic differentiation with respect to the NN parameters. The typical optimizer of choice
also depends on hyperparameters. For the Adam optimizer, these include selecting a learning rate Ir € Ry or a
schedule of learning rates Ir : N — R, with it ~ Ir(it), as well as specifying values for 3{'? € R, and B3¢ € R
for the moving average update, and setting a batch size. We initialize 6 using the Glorot scheme [58], but
0® can also be obtained by solving a neighboring, yet simpler problem [59, 60]. For an overview of standard
NN optimization techniques, we refer exemplarily to [61] and the references therein.

4. AN APPLICATION IN HEAT CONDUCTION

In this section, we focus on the example of heat conduction (1.5) with respect to both, the coarse and the
fine scale, respectively. For this purpose let ug,, denote the parameterization of ﬁ[UQm]. Specifically, we study
our hybrid approach in view of its embedded upscaling process.

4.1. Upscaling-based parameterization

Our exemplary stationary heat transfer problem in = [0, 1]? is defined as follows:
-V - (K°Vw®)=¢q, inQ, and w®=0, on 90, (4.1)

where w® is the temperature field, ¢ € L%(Q) is the source term, K° € C%'(Q,R,) is a Lipschitz continuous
coefficient, and € € R, is a small parameter indicating the fine scale length. In addition, it holds that

Ja, BER, : a< K°(z)< B, VreQ, (4.2)

We assume further that [|[VEK®|[p~q) < %, where cx € R, is e-independent.

Solving (4.1) using finite elements can be computationally demanding due to the requirement h < ¢ for a
mesh size h € Ry and € < 1 in order to resolve the fine scale behaviour numerically. However, learning (4.1)
with PINNs for ¢ < 1 also poses a challenge. We aim to efficiently characterize material properties of Q and
determine a computationally feasible coarse-scale (homogenized) counterpart of (4.1). In this vein, the concept of
G-convergence is employed to formalize the notion of a homogenized equation and the related effective material;
see, e.g., [62].

Definition 4.1. A coefficient sequence {K*°(-)} is said to G-converge to K*(-) as ¢ — 0, if for any ¢ € H~1(Q)
the sequence of solutions {w®} of (4.1) satisfies

w® —=w’ in Hi(Q), K°Vw — K'Vu’ in L*Q), (4.3)
where w® is the solution to the homogenized equation
V- (K*Vu')=¢q, inQ, and w’=0, on .

Various techniques exist to find the G-limit. Their respective applicability, however, depends on the specific
problem and properties of the underlying medium. If such a G-limit exists, then it does not depend on ¢ and
on the boundary data on 9. We also note that the existence of K™ for general heterogeneous media still
remains an open problem. Often, the representative volume element (RVE) technique can be applied to find
an approximation of K. This approach is widely utilized in engineering applications; see, e.g., [23, 24, 63, 64].
Here we state its equivalent characterization via weak convergence of gradients and fluxes in (4.3): For any
measurable set V C €2 of measure |V| > 0 and ( - )y = ﬁ J,, - dz (understood component-wise), one has

lim (Vw®)y = (Vuw')y, lim (K*Vw)y = (K*Vu)y. (4.4)

e—0 e—0
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The existence of the above limits for general heterogeneous media is difficult to verify. Thus, here we only assume
that these limits exist; see also Assumption 2.7. Further, we introduce the following approximations:

(Vu)y ~ lim (Vo)y = (Vu®)y, (K°Vu)y ~ lim (K*Vw)y ~ K(Vuw')y

where K is defined as follows.

Definition 4.2 (Upscaled coefficient). The upscaled coefficient K = %(5) satisfies
(K°Vus)y = K(z)(Vw®)y, forallzeV, (4.5)

where K is a 2 x 2 tensor on V approximating K™ on V for a given ¢ > 0.

Note that K is constant on V as a consequence of its definition. Besides, it is beneficial to consider K asa
tensor for anisotropic materials. Further we observe that in our concrete setting, two solutions of the fine-scale
problem are required to obtain K from (4.5). In contrast to K™, boundary conditions may then affect K. Of
course, it is very desirable to identify a set of boundary conditions such that the dependence of K on them
is weak. In our application context, we choose the linear temperature drop boundary conditions w; = z; on
09, i = 1,2, but periodic boundary conditions or temperature drop no-flow conditions can be applied as well.
Their related analyses are similar; compare [23, 25, 65]. The calculation of the upscaled thermal conductivity
coefficient then leads to the following fine-scale problems: For i € {1,2}, find wf : @ — R with

-V - (K°Vw{)=¢q, inQ, and w]=ux; ond. (4.6)

We note that ¢ = 0 is typically chosen to prevent any influence of the source term on K. In this case, we refer
to [25] for error estimates between K and K*. However, our multiscale solver is designed for computations
of fine-scale solutions with ¢ # 0, and setting ¢ = 0 defines a special case of the NN-based upscaling scheme.
Therefore, a more general form of (4.6) is considered, but the influence of g on K is assumed to be rather weak.
The upscaling process is described in Algorithm 2; ¢f. [25], Section 4.

Algorithm 2 Upscaling algorithm
Require: Q2 = Ujvzl V; with V; NV, =0, i # j, the solutions w® = {w§, w5} of (4.6).
Output: The upcaled coefficient K.

1. for je{l,...,N} do

2:  Compute FJ = (K°Vug)y, € R?, T) = (Vw$)y, € R? for i € {1,2}.

3. Insert FJ and T? into (4.5) and find K9 € R2*2 from the matrix equation:

Ky K\ (@) (B0 _ (D ()
<K;1 §;2) ((Tf)Q (T2J)2) B ((Ff)Q (Fg)g) ' (4.7)
end for

. Get K with K( )= Ki for x € V;

A

Clearly, we need to ensure that the matrix of averaged gradients in (4.7) is invertible. This requires the
partition {V } to be sufficiently heterogeneous with each V; of “reasonable” size to prevent linear dependence
between le and TJ Algorithm 2 is based on problem-dependent constitutive relations. In our case, we apply
Fourier’s law of heat conduction (4.7); ¢f. [64, 65]. In view of other applications, Darcy’s law is used for porous
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media flows [26, 66] as the relation between fluid velocity and pressure, and Hooke’s law is applied [67] in
elasticity to relate stress and strain fields.

For V = Q = (0,1)2, we derive a simplified formula for the upscaled coefficient; cf. [25]. For this purpose, it is
convenient to study problem (4.6) as a problem with homogeneous Dirichlet boundary conditions. Let u* := z;
be the extension of our boundary conditions to 2 and consider the problem

-V (K°Vui)=q+ V- (K°Vu"), inQ, and u =0, ondQ. (4.8)

Now, we apply Algorithm 2 to F, = (K*Vws)q and T, = (Vw$)q. Since wi = uf +u® and Vu™ = e;, where
e; € R? denotes the i-th unit vector, the divergence theorem yields

(Vws)a :/ u; m ds +/ e; dr =e,, (4.9)
o9 Q

where n(x) is the outward unit normal at « € 9€2. Inserting (4.9) into (4.7), we get
K;; / K®0,,wi doz = / K*(0y,uj + 0;5) du, (4.10)

where d;; denotes the Kronecker delta symbol and 0,, f'

4.2. Analysis of the model equations

The upscaling process from Section 4.1 requires solving two equations at the fine scale to compute the upscaled
coefficient for anisotropic media. These fine-scale problems can be approximated using two neural networks, as
initially assumed in our two-scale hybrid approach. However, this setup would be technically more involved,
though not conceptually, compared to our abstract framework. To keep the focus on conceptual development,
we assume that certain coarse-scale information is available (e.g., from a finite element simulation or a surrogate

model), but K 11 may require further refinement.

Assumption 4.3. Assume that u® := uS is the solution to problem (4.8). Let K[uf] := K € R**2, where
K13 = Ky >0 and Ky > 0 are fixed values, and K[u®];; = fQ K*(0y,u® + 1) dz is according to (4.10).

Assumption 4.3 implies that one needs to solve the model fine-scale problem (4.8) only for i = 1 to get K 11- We
note that for periodic coefficients K¢ with period ¢, K12 = K21 =0 and K[ el = K[ €]111, where I € R?*2 is
the identity.

Next, we show that the assumptions of Section 2 are satisfied by our fine- and coarse-scale model problems.
For this purpose, let X := C*(Q) for some k > 2, U := H?(Q), Up := H*(Q) N HY () and V := HY?(Q) be
equipped with the norms

1/2
lollx =3 sup [%0(@)l, ol = lollo, = (3 1050l3e) ",

laj<2 T€9 la|<2

/2
[v( 1
T (R R

respectively. Recall that X is dense in U and |jully < |Q'/?||lul|x for v € X, i.e, X < U. Let H := L*(Q),
Z:=L*09Q),Y = H{(Q), Y*= H1(Q) with Y < H — Y*, where Y is compactly embedded into H by the
Rellich-Kondrachov Theorem. We define the following linear operators

AU —=H, v Av=-V-(K°Vv), and B:U = Z, v Bv=vly,.
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We cast our model fine-scale problem into the operator form
A*u=f¢ inH, and Bu=0, in Z, (4.11)

with f¢:= ¢ — A%u® € L?(Q) = H. By the Lax-Milgram lemma, (4.11) has a unique solution u® € Y, and we
have w§ = u® + u”'. The next proposition shows that u® € U, thereby confirming Assumption 2.1, and that
Assumption 2.4 is satisfied.

Proposition 4.4. There exist C; € Ry and Cp € Ry such that
Collullfy < A%l < Cillullf,  Vu € Uo, (4.12)

where C; — 0, C; — 00 as e — 0.

Proof. We multiply (4.11) (with u = u®) by u® and integrate by parts to get
a/ |Vuf|? do < / K*Vu® - Vu® dz = / qu® — K°0,,u® dz.
Q Q Q

Using the Cauchy—Schwarz and Poincaré inequalities, we get

Ivu < Pl (1.13)

where the Poincaré constant ¢, € Ry depends only on €, and 3 is according to (4.2). Note that problem (4.11)
can be written as follows:

€ Ke©. 5
—Auf = g° = JH_VI{—EW, inQ, and u®=0, ondN.

Invoking a standard H?({2) regularity result for convex domains [68], we get

oY

lullo < Cllglla < = (lall + IV + DIVES || (@) (4.14)

where C' = C(Q) € R,.. Using (4.13) and [VK®| 1) < <, we obtain the estimate

((1+ g)%‘ 1+ KD

[ullo <
g «

llgller)- (4.15)

~EEQN

The bound (4.15) implies that [|(A%)7!| < (C1 +£2) < oo for € > 0 and some e-independent C1,Cs € Ry,
from where the lower bound in (4.12) readily follows. Using the Young and the Cauchy—Schwarz inequalities,
for u € U, we get

g (3 (3 C
Al < 201V Tl + KAl < (5 +6°) . (416)

where C' € Ry is e-independent. This proves the upper bound in (4.12). O

The estimate (4.12) and interpolation techniques are used to verify the lower bound in Assumption 2.4 including
||Bul|z, see [41], Lemma 4.1 and references therein. The upper bound in Assumption 2.4 follows from (4.16) and
the trace inequality. These estimates are summarized in the following proposition.
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Proposition 4.5. There exist C € Ry and C§ € Ry such that
Collullyy < 1M°ullf; + 1BullZ < Cillullyy, Vu e, (4.17)

where C¢ — 0, Cf — 0o as e — 0.

The next result [51], Theorem 3.3 shows that NNs with smooth activation functions are universal
approximators of C*(Q), verifying Assumption 2.6 for X := C?(Q).

Proposition 4.6. Suppose that o € C®(R), ¢*)(0) # 0 for s = 0,1,..., and Q := [0,1]%. If v € C*(Q), then
there exists an architecture @ with one hidden layer and ve ,, € Mg, such that

a a 1 b 1
sup (050(s) = Ofvon(a) = O (e 0o, 1))

holds for all multi-indices a,b with [a| < k,|b| = k, where, for 6. > 0, w(v,d.) = sup{|v(x) —v(y)| : [z —y| <
Oc, ,y € Q} is the modulus of continuity of v.

For example, the swish function o(x) = x sigmoid(z) satisfies the prerequisites of Proposition 4.6, but the
widely-used tanh(z) does not satisfy o(?)(0) # 0 rendering Proposition 4.6 non-applicable. The following result
[45], Theorem 5.1 is then useful.

Proposition 4.7. Suppose that o(z) = tanh(z) and Q = [0,1]%. If v € C*¥(Q), then there exists an archi-
tecture T with two hidden layers and ven € Mg, such that [[v — ve nllywm. @) = O(n=k=m)) holds', where

g @) = max sup [2%w(z)].
lal<m zeq

From the prerequisites of Proposition 4.7 we infer X := C*¥(Q) with k > 2 as m = 2 in our example. Clearly,
Ny, C X and [Jv]|x < C||v|lp2eq) for v € X and some C' € Ry. The latter implies X C U,Ng,,, thereby
verifying Assumption 2.6 for the hyperbolic tangent activation function.

Our model coarse-scale problem in its weak form reads: Find y(u®) € Y such that

be[uf)(y(uf),v) = (f,o)y-y W eY, (4.18)

where f := ¢+ V - (K[u]Vu®) and the forms are defined as follows:

be[uf)(w,v) = / f{/[ug]Vw Vo dz, (f,v)y-y = / qu do — / ’I?[us]el - Vo dz.
Q Q Q
Since f(/[ua] is a constant matrix, [, 9;,v dz =0 for j € {1,2} and v € Y, it holds:
—_— 2 —~—
/ K[ufle; - Vv dz = Z(K[ue})]l/ Op,v do = 0.
Q - Q
j=1

To study the coarse-scale problem (4.18), we need the following related map:

uwe U Klul e R2?, u— Kluu K ) (4.19)
K> Koy

where K[u];; = Jo K° (02, u+ 1) da. Firstly, we prove the following.

% . .. . .
We state the asymptotic convergence rate, but explicit constants are estimated in [45].
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Lemma 4.8. The mapping u € U — f[u] € R2*2 defined by (4.19) is Lipschitz continuous, i.e., for ui,us € U
we have

1K [u] — Kus]|| < |QY?8]lur — usl|v, (4.20)
1K [u1] — Kus]|| < |9'%e ex[lur —usllv, (4.21)

ij

with 8 >0 from (4.2), and the Frobenius norm ||f{/[u]\| = ( i (E[u])2 )% of g[u]
ij=1

Proof. The Cauchy—Schwarz inequality and (4.2) yield

(K [ur])11 — (K[uz))u1| < QY2510 ur — 8yl < 1Q1Y2B]lur — uzlor. (4.22)
In our case, K1z, K1, Ko are fixed, hence we get ||E[u1] - f(/[ug]H = \(/E[ul])u - (E[ug])lﬂ and (4.20)
follows. N
Next, we write K[u];1 = [, K° — (02, K°)u dz. The Cauchy-Schwarz inequality, |VEK®| @) < < and
the continuous embedding V' — H imply that

1K 1] — Kus]|| < / |00, K= (u — wp)|da < |QY2e  exc|Jur — ual|v-
Q

O

We note that (4.21) readily implies (3.19). Next, we show that Assumption 2.5 holds, assuming that the influence
of q is rather weak.

12
Proposition 4.9. Suppose that ||g||g < W for some 0 < v <1 and a € Ry from (4.2). Then, there

exists Br(u®) = {v : ||[u®—v|ly <7} CU and Cp, C. € Ry such that (2.5) holds for allv,w € Y andu € By(u®).

Proof. Set v¢ = (u®,0). Then V - v¢ = 9,,u® and the divergence theorem yield

/amluadac:/v-v’fdx:/ v°-ndzr=0, (4.23)
Q Q a0

since u®|y, = 0. From (4.10), we deduce

K[u®]11 = e1 - K[ufle; = (Vw] - K*Vwi)q — (Vu® - K*Vuwi)q. (4.24)

Integrating the last term in (4.24) by parts gives
/ Vu® - K*Vwide = / u® (K*Vwi -n) ds — / V- (K*Vwi)u® dz, (4.25)
Q a0 Q
where u®|y, =0 and —V - (K*Vw{) = ¢ in Q. Therefore, from (4.23) we obtain
f(/[us]u = (Vwi - K*Vuwi)q — / qu® dz > a/ |Vws |2dz — / qu® dz
Q Q Q

= oz/(|Vu€|2 +20,,u° + 1)dz — / qut do > a1+ ||[Vus|%) — / qu® dz.
Q Q Q
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The Cauchy—Schwarz inequality and our (amplitude) assumption on ¢ give us
K([wi > a(l+ | Ve|lF) = llalalle]lm > (1 - v)a =: Co.

Integration by parts, using the equation satisfied by u¢, the Cauchy—Schwarz inequality, and (4.13) result in the
estimate

—~ +c
Rl lua| < 8+ 8190l < g+ 22l . g
Let 0 <s5<v(l—v)aand 7 = IQ\I% Then (4.20) implies that for u € By(u) it holds:
0<(1-v)Co < K[u)y; — 7 < Kluli1 < K[u]11 +7 < Cg +v(1 - v)a. (4.26)

Then, we set C. := (1 —v)C, and Cj := Cs + v(1 — v)a and apply the standard coercivity and continuity
estimates to complete the proof. O

The Lax-Milgram lemma and Proposition 4.9 imply that for u € Bz(u®) there exist a unique solution y(u) € Y’
of (4.18) with ||y(u)|ly < C|lq||m, where C € R, is independent of u, but also of ¢, since 7, C. and Cj are
independent of € in Proposition 4.9.

Proposition 4.9, together with either Proposition 4.6 or Proposition 4.7, yields an existence of Br g, (u®) for
all n > n%, where n} € N is chosen sufficiently large. Therefore, for all vg, € Brgn(u) with n > n¥, there

£

exists y(vg,n) € Y and it holds:

(e(y(vo,n)svon), W)y y = belven)(y(ven), w) — (f,w)y~y =0 VweY.

Hence, we can cast our two-scale PDE-constrained optimization approach into the reduced form (3.3), which
we state here for convenience. It reads as follows:

inf j(’l}g’n) = J(S(ven),ven) over v, € Brgn(u), (4.27)
where the hybrid objective J : Y x U — R>( includes both the PINN term and the coupling term:

T (vo,n) = [|A%ve,n — [ N7 + T1lBvenlZ,  Rs(y(ven),ven) = Qsven — y(ven)lir (4.28)

The PINN objective in (4.28) includes the PDE residuals of (4.11), and the compression operator Qs € L(H)
is defined by (2.9). The constant coefficient in (4.18) implies that y(ve ) € H?(2) for all ve ., € Brgn(uf).
Consequently, we employ (2.10) rather than (2.16) as the coupling term, in accordance with the prerequisites
of Theorem 2.12; see also Remark 2.8 regarding the regularity assumption for the homogenized solution ¢°.

To apply Theorem 3.2 and Theorem 3.6 to (4.27), we need to verify Assumption 3.1 about the continuity of
our fine-to-coarse scale map. For this purpose, motivated by Proposition 4.9, we introduce the following rather
general assumption.

Assumption 4.10. For ¢ € H, K° € C%(Q), one can find #* € R, and respective By (u®) C U such that
y(u) €Y exists and [|y(u)|ly < C|lq||g for all u € Bz (u®), where C' € R, is independent of w.

Proposition 4.11. Suppose that Assumption 4.10 holds and {uj} C Bz-(u®) N X is an approzimating sequence
of ug. Then S(u5) — S(u®) inY as k — oo, where S: U — 'Y is the fine-to-coarse scale map.

Proof. Note that ||y(u)|ly < C|l¢||lm for {u$}, C € Ry and k € N as stated in Assumption 4.10. The reflexivity
of Y and the Banach—Alaoglu theorem imply that {y(uf)} admits a weakly convergent subsequence with its
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elements still denoted by y(u3,). Let § € Y denote that weak limit. Rearranging terms in (4.18), we obtain

belu®l(y(u®),v) —l—/ﬂ (Kuz] — K[u’])Vy(u®) - Vo dz = /Q qudzr, YveY.

Note that bz [u®](y(ug,), v) = be[u®](g,v) as k — oo for all v € Y, since L[u®] € L(Y,Y™) and hence it is weakly
continuous. The continuity (4.20) and the Cauchy—Schwarz inequality yield

/ (K[uf) — K[w])Vy(ug) - Vo dz < Clluf, — u*|lvllgllmllv]ly — 0 as k — oo,
Q

since C' € Ry does not depend on u, and «°. This shows that § = y(u®). O
The continuity of S" : Bz (u®) C U — L(U,Y) can be established through standard techniques, which we

briefly outline here by examining the sensitivity equation. The sensitivity z := S’(u)h € Y of S(-) at u € Bp=(u®)
in the direction h € U is given as the solution of the linearized state equation

(ey(y(u),u)z, v)y+y = —(eu(y(w), u)h,v)y-y Vv €Y, (4.29)

where the partial derivatives e, (y,u) : Y — Y™ and e, (y,u) : U — Y™ read
<6y(y7u)w7v>Y*,Y - / E[’UJ]V’LU -V dJU, (eu(y,u)h, U>Y*,Y - / ﬁu[h]v(y - Vv dl’,
Q Q

respectively, and K,[h] € R2*2 is given by (K,[h])11 = Jo K0z h dz and (Ky[h)o1 = (Ku[h])12 =
(K [h])22 = 0 with || K, [h]|| < |Q|'/28||h||y for h € U. Here, Proposition 4.9 or Assumption 4.10 implies that
ey(y, u) is boundedly invertible for all u € B (u®), verifying Assumption 3.5 for the self-adjoint operator L[u].
For u1,us € Br=(u®), let 21 = S'(u1)h and zo = S'(u2)h. Invoking the well-posedness of (4.29) and (4.20) while
estimating the right-hand side of (4.29) provide us with the estimate

1(S" (u1) = §'(u2)) hlly < Csellua = uzlullhllu,

where Cg € R, generally depends on u. Therefore, S(u) is continuously Fréchet differentiable and Assump-
tion 3.4 holds true.

4.3. Implementation issues

We provide the implementation details of Algorithm 1 for problem (4.27), where K*(x) in (4.11) is chosen
to be a periodic coefficient. Firstly, the derivative eg(y, @) € L(RN~,Y*) is given by

<69(y7 0)37v>Y*,Y = / ﬁ@ [S}Vy -Vu d$7 go [S} = / K8<v9(az1va,n)v S>RNn dz
Q Q

for s € R¥». Given the k-th unit vector e; € RN, one obtains

('(0)70,J (y(6),0), ex)rv. = (eo(y(6),0)er, p)y-y. (4.30)

The formula (4.30) is useful for the assembly of the first summand in (3.13). The algebraic FE systems

are described in Section 2, but we note that B,[0] = Kvg »]A;, with (Ap)i; == (Véi, V@) u. The discrete
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counterpart of (4.30) is given by
(eo(yn(0),0)er, pn)y+y = YnEn[0k] Py, 1<k < Ny,

where Ej[6:] € RN Ne (Ey[04])i; = (eo(di,0)er, ds)y-y. We get (Enl0k])i; = (ar[0])k(An)i; where
ky[0) € RN~ represents approximations of Kglex] by the Monte-Carlo approach and using the residual
collocation points

Mq 92yM (% ., 2% )
k = Ke( 2" M 1< i<n.
( M Z xll’ 22 80] axl i —.] —n

We also use a multiscale Fourier feature network [10, 28] to reduce the spectral bias effect. This architecture
includes Fourier feature mappings F*) : R — R?™:

F®) (z) = (cos(2rBWz), sin(2rBWz)), 1<k <K,

where each entry of B®) ¢ R™*4 i sampled from a Gaussian distribution A(0, 0?) with g > 0 a specified
hyperparameter. These features are used as inputs for the hidden layers, which are defined for 1 < & < K and
2 << L—1 as follows:

2P = oW FW (2) + b1), 2 = oWz, +by).
Next, the above outputs are concatenated within the linear layer as follows:
v%ﬂ =Wy [z(Ll), ...,z(LK)} + b,

where Wi, and by are the Welghts and biases of the output layer. To enforce the boundary conditions exactly
[31, 42, 43], one may set vg n =l )ve n» Where [ is the corresponding signed distance function for €.

4.4. Numerical results

For our numerical experiments, we use the following setup unless otherwise specified. The multiscale Fourier
feature network (Ms-PINN) is used as the main architecture of choice, with the two Fourier features initialized
by 01 = 1 and g2 = 1/e, two hidden layers with 128 neurons each, and tanh (z) as the activation functions. The
full batch is used for training with the Adam algorithm [57], and 3{** = 0.9 and B4'¢ = 0.999 are chosen as the
hyperparameters. The learning rate for the exponential learning rate schedule is initialized as Ir(0) = 5e — 4
with a decay-rate of 0.75 every 1000 training iterations. For PINNs and our hybrid approach, we use automatic
loss balancing [53], Algorithm 1(c) at every 100 steps. The latter guarantees that the norm of gradients of
each weighted loss term is equal to each other. We choose (2.10) for coupling, the uniform quadrature rule
for (3 25) and 0 = ¢ for (3.26). To reduce computational costs, we update the coarse-scale information only
if | K[vM, CATEE n] — K[ 9t I > 1072, where Tx = 100. Indeed, in our first-order optimization setting, the
information transferred via the fine-to-coarse scale map changes little between Adam iterations. Thus, frequent
coarse-scale updates are unnecessary and costly. Our implementation utilizes JAX [69] for the neural network
component and FEniCS Dolphin [70] for the finite element component.

The following example is used to illustrate the concept of upscaling consistency:

=0, (K 0,u®) = f¢, inQ:=(0,1), and u°(0)=0, u°(1)=0, (4.31)
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(a) (b) (c)
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FIGURE 1. Results for ¢ = 1/15, 1D problem: (a) Hybrid fine-scale solution uj; 5 and FEM
solution uj, (b) Predicted state yn(ufyy), true discrete state y,(uj,), compression Qsugyyy
and Qsu;,, (c) Relative L? error of the hybrid solver and Ms-PINN vs iterations.

where K°(z) = 2 + sin(2re '), f¢ := ¢+ 9, K° and ¢ = —3(22 — 1). Then, K|[u] = fol K®(0,u+ 1) dz and

K* = ( 01 Kﬂi”(”m))*l = V3 &~ 1.732, see [62], Section 1.2 for the latter. For ¢ = 1/15 and e = 0.01, we get

K[ui] ~ 1.733 and E[ui] ~ 1.732, where uj are computed using finite elements on equidistant meshes with
h=5-10"%and h = 2- 1074, respectively (these meshes are further used for validation). The analytical solution
of the coarse-scale problem can in principle be computed:

y(uj)(z) = m(ﬂcg - gxz + %x) (4.32)
h

For yp,(uf), we choose h = 4-1073 so that W < 5-107% Then, the influence caused by an
h/IL

upscaling method in Assumption 2.9 is negligible in the context of Theorem 2.12, as well as the influence caused
by coarse-scale finite element discretization, see also Remark 3.7. Setting itmax = 2 - 10°, we use Mg = 2000
and Mg = 5000 uniformly random collocation points for ¢ = 1/15 and ¢ = 0.01 (both with hard boundary
constraints), respectively, and the mesh size h = 0.004 for the coarse-scale problem. We use I(z) = 42(1 — x)
for hard boundary constraints imposition.

If £ is not small enough, one expects an upscaling consistency gap between y;,(u) and Qsu for u = uj, and
this gap is typically overfitted by a neural network u = vgf[n. This overfitting can introduce discrepancies in the
PDE residual of (3.1). The latter can impede the route to convergence on a fine scale, rendering it generally
not possible. Indeed, for ¢ = 1/15 in (4.31), we observe in Fig lc that the relative L? error of the hybrid
solver oscillates around 0.3 on our validation set, and does not drop significantly below that value, compared
to the standard Ms-PINN approach without coarse-scale constraints, which shows ~ 1072 accuracy. We can see
in Fig 1b that yh(’ug{n) matches yp(uj) well, but Q(;vgfn is much closer to yh(vé\/’[n) compared to Qsu$, thus
violating the upscaling consistency and causing a significant approximation error in Fig 1a.

Theorem 2.12 shows that the upscaling consistency gap decreases with decreasing e, thus softening the
conflict between the PDE residual term and the coupling term in the optimization and reducing the effect of
coarse-scale overfitting. Indeed, we observe a smaller gap between y;, (u5) and Qsu§, for e = 0.01 in Fig 2b, and
a lower resulting L? error for the hybrid method in Fig 2c, compared to the previous example. In addition,
the hybrid solver outperforms the Ms-PINN approach by almost two orders of magnitude in terms of relative
error. However, the hybrid solver error still oscillates around 0.1: there is a visible overfitting of the coarse-scale
component at x =~ 0.2 and = =~ 0.8 in Fig 2b, which causes visible approximation errors in Fig 2a at the same
spatial points for the fine-scale hybrid approximation.

Next, we study the 2D problem (4.11) with the isotropic coefficient K*(z) = 3 + sin(me 1) + sin(2me o)
with e = 0.1 and ¢(z) = 10exp (—100||z — 0.5/|3). We note that K° is periodic, hence we need to determine
K only. In addition to the Ms-PINN, we employ the multilayer perceptron (MLP) PINN with 8 hidden layers
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FIGURE 3. Results for ¢ = 0.1, 2D problem: (a) Hybrid MLP-based fine-scale solution w5y
(b) Pointwise error |ujyy(x) — u§(x)], (¢) Predicted state yp(ufnn), (d) Compression
Qsu5;ny, (€) The PDE residual losses and relative L? and H! errors vs iterations for the
MLP-based hybrid solver and the MLP PINN, (f) The PDE residual losses and relative L? and
H' errors vs iterations for the Ms-PINN-based hybrid solver and the Ms-PINN.

with 64 neurons each for both the standard and hybrid approaches while setting Ir(0) = le — 3 for the initial
learning rate. We use Mg = 25000 and Myn=2500 uniformly random collocation points and the mesh size
h = 0.04 for the coarse-scale discretization. Figure 3 shows exemplary realizations of the hybrid solver. The
MLP network, prone to low-frequency bias, benefits from embedding coarse-scale constraints, which accelerates
the approximation of the coarse-scale component and mitigates the bias, as seen in Fig 3e. The MLP approach
struggles with being trapped at poor local minima, failing to provide a reasonable approximation for around 75k
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TABLE 1. Comparison of the Ms-PINNs and the MLP-based PINNs with the hybrid method
for the 2D problem. The quantities are averages over 5 random initializations of NN parameters
and collocation points. For the MLLP PINN only one realization is presented, as all others failed
to deliver reasonable results. All runs are executed on A100 GPUs with 40 GB RAM.

Method Rel. L? error Rel. H! error iterations  time (s)
Hybrid Ms-PINN  1.28E-02 + 0.003 2.23E-02 4+ 0.008 77478 554
Hybrid MLP 1.42E-02 £+ 0.001 1.44E-02 + 0.008 139400 1725
Ms-PINN 1.97E-02 4+ 0.005 2.20E-02 £ 0.005 70009 354
MLP PINN 1.71E-02 + 1.000 1.89E-02 £ 1.000 150000 1221

iterations. In contrast, the hybrid approach exhibits steadily decreasing residuals and errors. For the Ms-PINNs,
the hybrid method also shows faster decay of the L? and H'! relative errors?, though the differences are less
pronounced compared to the MLP approach, as the Ms-PINN approach is less prone to the spectral bias.

In Table 1, we report the L? and H' relative errors corresponding to the smallest residual norm value
within the learning history, the number of iterations required to achieve it, and the compute time, all averaged
over 5 random initializations. According to our selection criteria, the hybrid Ms-PINN requires slightly more
iterations than the standard Ms-PINN, but in Fig 3f the convergence to the reported values in Table 1 is
factually noticeably faster for the hybrid approach, suggesting more robustness at the cost of compute time.
For the standard MLP PINN, one successful realization was obtained for Fig 3e, while many others failed to
approximate the solution. The hybrid MLP network consistently yields robust results across all realizations.

Finally, we note that in our 2D setting, computing the coarse-scale solution using finite elements takes approx-
imately 0.01 seconds, whereas computing gradients and performing Adam updates in the PINN approach takes
around 0.02 seconds. Therefore, first-order hybrid optimization using Adam is generally more computationally
expensive compared to standard PINNSs, as it requires many iterations along with frequent coarse-scale updates.
However, this may change significantly with second-order optimization, where the cost of the optimization
update can substantially exceed that of the coarse-scale finite element solver.

5. CONCLUSION

This paper focuses on the structural properties of a learning-informed PDE-constrained optimization prob-
lem with a PINN-based objective, leading to a hybrid two-scale solver. Our approach incorporates a stabilizing
constraint in the form of a surrogate PDE model for the PINN objective, enhancing learning in challenging
multiscale or multi-fidelity settings. We further apply this framework to multiscale problems by using coarse-
scale constraints inspired by multiscale modeling. However, selecting a suitable neural network approximation
scheme and developing an efficient optimization algorithm, aimed at enhancing accuracy while minimizing com-
putational time, are both essential for further algorithmic developments. This task requires consideration of
recent advancements in PINNs and the field of PDE-constrained optimization. For example, first-order para-
metric optimization methods are largely agnostic to the infinite-dimensional aspects of the PDE problem and
require many iterations, as also evident in the numerical section. These iterations, in turn, necessitate frequent
solutions of coarse-scale PDEs in the hybrid setting, thereby increasing the overall cost. To reduce the number
of iterations and hence the overall costs, one may employ second-order optimization algorithms that better
exploit the PDE structure and the underlying function space geometry. However, ensuring proper scalability in
second-order settings, particularly when working with large neural networks and a high density of collocation
points, as commonly encountered in multiscale problems, is then crucial for the hybrid solver. One may also
consider using non-smooth activation functions, introducing non-smoothness into the related PDE-constrained
optimization. Such a setting challenges both the derivation of suitable stationarity conditions for the PDE-
constrained multiscale approach and its numerical solution. A comprehensive investigation of such a setting,

2The HT norm is induced by the L? norm of the gradient.
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as well as the development of efficient optimization algorithms to address other problems, possibly including
nonlinear ones, remain part of our future work in this area.
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