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IT BEGINS WITH A BOUNDARY: A GEOMETRIC VIEW ON

PROBABILISTICALLY ROBUST LEARNING
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Daniel McKenzie4, Dorde Nikolić5 and Qingsong Wang6

Abstract. Although deep neural networks have achieved super-human performance on many classifi-
cation tasks, they often exhibit a worrying lack of robustness towards adversarially generated examples.
Thus, considerable effort has been invested into reformulating standard Risk Minimization (RM) into
an adversarially robust framework. Recently, attention has shifted towards approaches which interpo-
late between the robustness offered by adversarial training and the higher clean accuracy and faster
training times of RM. In this paper, we take a fresh and geometric view on one such method – Prob-
abilistically Robust Learning (PRL) [A. Robey et al. International Conference on Machine Learning.
PMLR (2022) 18667–18686]. We propose a mathematical framework for understanding PRL, which
allows us to identify geometric pathologies in its original formulation and to introduce a family of
probabilistic nonlocal perimeter functionals to rectify them. We prove existence of solutions to the
original and modified problems using relaxation methods in the calculus of variations and also study
properties, as well as local limits, of the introduced perimeters. We also clarify, through a suitable
Γ-convergence analysis, the way in which the original and modified PRL models interpolate between
risk minimization and adversarial training.
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1. Introduction

The fragility of deep neural network (DNN) based classifiers in the face of adversarial examples [1–4] and
distributional shifts [5, 6] is by now nearly as familiar as their success stories. In light of this, a multitude of
works (see Sections 1.5) propose replacing standard Risk Minimization (RM) [7] with a more robust alternative,
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with adversarial training (AT) [3, 8] being a leading example. Unfortunately, there is no free lunch: robust
classifiers frequently exhibit degraded performance on clean data and significantly longer training times [9].
Consequently, identifying frameworks which balance performance and robustness is of pressing interest to the
Machine Learning (ML) community, and over the past several years a few such frameworks have been proposed
[10–12]. From the theoretical perspective, it is crucial that the mechanisms by which such frameworks balance
these competing aims are understood.

In this paper we revisit the Probabilistically Robust Learning (PRL) framework introduced in [10] and
discuss it, analyze it, and extend it using a geometric perspective. This perspective reveals certain subtle and
paradoxical aspect of PRL: It can have solutions which are very pathological classifiers, e.g., see Figure 1.
Building on this observation one can conclude that solutions of PRL do not necessarily interpolate between
standard risk minimization and AT. This interpolating property was one of the main theoretical motivations
for designing the PRL model in [10]; see Section 4 for an extensive discussion on this.

Fortunately, our geometric perspective suggests a natural remedy which leads to an interpretation of the
modified PRL as regularized RM, where a new notion of nonlocal length (or perimeter) of decision boundaries
acts as a regularizer; this notion of perimeter (see (1.9) for its definition) is of interest in its own right and
in Section 3 we will discuss some of its properties. The interpretation of PRL as perimeter-regularized RM
leads us to further generalizations and allows us to provide a novel view of the Conditional Value at Risk
(CVaR) relaxation of PRL proposed in [10]. We provide conditions that guarantee the existence of solutions
to the optimization problems determining our models as well as the original PRL models, and clarify, through
rigorous analysis using the notion of Γ-convergence, the sense in which the original PRL and the modified PRL
models interpolate between adversarial training and standard risk minimization. Our existence proofs exploit
interesting structural properties of our functionals that allow us to circumvent the apparent incompatibility
between the topologies under which our functionals are lower semicontinuous and under which the compactness
of minimizing sequences can be guaranteed.

1.1. From empirical risk minimization to robustness

Given an input space X , an output space Y, a probability measure µ ∈ P(X ×Y), a loss function ℓ : Y ×Y →
R, and a hypothesis class H (i.e., a class of measurable functions from X into Y), the standard risk minimization
problem is

inf
h∈H

E(x,y)∼µ [ℓ(h(x), y)] . (RM)

To train classifiers which are robust against adversarial attacks, (author?) [3, 8] suggested adversarial training:

inf
h∈H

E(x,y)∼µ

[
sup

x′∈Bε(x)

ℓ(h(x′), y)

]
. (AT)

In the above, X is assumed to have the structure of a metric space and Bε(x) for ε > 0 denotes the (open or
closed) ball of radius ε around x, although for convenience we will consider open balls whenever is needed.

The recent work [10] offered an alternative to adversarial training that attempts to reduce the (in general)
large trade-off between accuracy and robustness inherent in (AT); see [9, 10] for discussion. Instead of requiring
classifiers to be robust to all possible attacks around a point x – as enforced through the supremum in (AT) –
one may consider a less stringent notion of robustness, only requiring classifiers to be robust to 100× (1− p)%
of attacks drawn from a certain distribution mx centered at x. For this, the authors replace the supremum in
(AT) by the so-called p-ess sup operator for some value p ∈ [0, 1). To define this operator, consider a probability
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A ≜ class red

Ac ≜ class blue

(a) This pathological classifier minimizes the
original PRL risk but not the modified one.

A ≜ class red

Ac ≜ class blue

(b) This classifier minimizes the original PRL
risk and the modified one.

Figure 1. Even for the simple task of classifying two data points one can easily construct a
pathological solution (Fig. 1a) of PRL, observing that all but the small red set of perturba-
tions of the misclassified blue point are correctly classified as blue. Both classifiers depicted in
Figure 1a and 1b have zero PRL loss. In Proposition B.1 in the Appendix, we prove that the
modified PRL model studied in this paper selects classifiers that rule out situations like the
one considered here.

distribution m and a function f and let

p- ess sup
x′∼m

f(x′) := inf {t ∈ R : Px′∼m [f(x′) > t] ≤ p}.

In the mathematical finance or economics literature the p-ess sup operator is better known as the value at risk
(VaR) of a random variable at level p. It is the smallest value t ∈ R such that the probability that a randomly
chosen point x′ ∼ m satisfies f(x′) > t is smaller than p. This notion reduces to the usual essential supremum of
f with respect to m if p = 0, which motivates the name p-ess sup. In [10], it was thus suggested to replace (AT)
with the probabilistically robust learning problem

inf
h∈H

E(x,y)∼µ

[
p- ess sup

x′∼mx

ℓ(h(x′), y)

]
, (PRL)

where {mx}x∈X is a suitable family of probability distributions, one for each x in the data space, interpreted
as user-chosen distributions “centered” around the different x. The prototypical example to keep in mind
for X = Rd is the uniform distribution over the ε-ball around x, i.e., mx := Unif(Bε(x)), which is particularly
relevant when dealing with adversarial attacks on image classifiers. We will provide further theoretical discussion
on the choice of the measures mx in Section 4.

1.2. Modifying PRL for binary classification

To understand (PRL) better, we focus first (and mostly) on the binary classification problem (i.e., Y = {0, 1})
using indicator functions of admissible sets (i.e., H := {1A : A ∈ A}). For now, one can think of A ⊂ 2X as
a suitable σ-algebra which fits to the problem. Note that we identify the two expressions 1A(x) = 1x∈A. We
focus on the standard 0-1 loss ℓ(ỹ, y) = 1ỹ ̸=y, which equals one if y ̸= ỹ and zero otherwise. In this scenario, the
standard risk minimization problem (RM) reduces to

inf
A∈A

{
Rstd(A) := E(x,y)∼µ [y1x∈Ac + (1− y)1x∈A]

}
, (1.1)

and we refer to its minimizers as Bayes classifiers and to its minimum value as Bayes risk.
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Similarly, (AT) can be rewritten as

inf
A∈A

{
Radv(A) := E(x,y)∼µ

[
y1x∈(Ac)⊕ε + (1− y)1x∈A⊕ε

]}
, (1.2)

where for a set A ∈ A its fattening by ε-balls is defined as A⊕ε :=
⋃

x∈A Bε(x). As for (PRL), it reduces to

inf
A∈A

{
Rprob(A) := E(x,y)∼µ

[
y1mx(Ac)>p + (1− y)1mx(A)>p

]}
, (1.3)

where, in comparison to (1.2), the fattenings A⊕ε and (Ac)⊕ε are replaced by the set of all points x ∈ X for
which the probability that a neighboring point sampled from mx lies inside A, or Ac, respectively, is larger than
p. From this definition one can see that PRL may lead to counter-intuitive classifiers like the ones observed in
Figure 1a. Indeed, taking mx to be the uniform measure over Bε(x), we see that the red-shaded spiky region
therein has such a small volume that the blue point with label y = 0 lies in the set {x ∈ X : mx(A) ≤ p}. Hence,
the second term in (1.3) is zero and the spike adds zero cost to the overall energy. At an abstract level, the
issue with (1.3) is that sets {x ∈ X : mx(A

c) > p} and {x ∈ X : mx(A) > p} are not fattenings, i.e., supersets,
of Ac and A. Speaking the language of classification, it means that points which are incorrectly classified incur
zero loss if most of their perturbations are correctly classified.

In order to obtain a model which does not exhibit this counter-intuitive behavior we modify (1.3) slightly,
thereby obtaining a model which has a geometric regularization interpretation and can be embedded in a rich
class of models that allows to interpolate between risk minimization and adversarial training. To motivate
our modified PRL risk, we first observe that the original adversarial training risk Radv admits the following
decomposition:

Radv(A) = Rstd(A) + Peradv(A),

where Peradv(A) is the non-negative functional

Peradv(A) :=

∫
Ac

sup
x′∈Bε(x)

1A(x
′) dρ0(x) +

∫
A

sup
x′∈Bε(x)

1Ac(x′) dρ1(x)

and ρi(•) := µ(•×{i}), i.e., the weighted conditional distribution of the points with label i ∈ {0, 1}. We refer the
interested reader to [13], where a detailed discussion on this decomposition, results on existence of minimizers
for adversarial training, and a discussion on the interpretation of the functional Peradv as a nonlocal perimeter
are presented. The two terms in the decomposition of Radv can be interpreted as follows: 1) the term Rstd(A)
is the standard risk and captures the contribution to the overall adversarial risk by misclassified points; 2)
Peradv(A) captures the contribution of the points that, although classified correctly by the binary classifier 1A,
are within distance ε from the decision boundary and thus can be perturbed by the adversary to make the
classifier’s output differ from the correct label. Motivated by the above decomposition for Radv, by substituting
the suprema in the definition of Peradv with a softer penalty, the following modified PRL model becomes natural:

inf
A∈A

{
Rm-prob(A) := Rstd(A) + Perprob(A)

}
, (1.4)

where Perprob is the non-negative functional

Perprob(A) :=

∫
Ac

1mx(A)>p dρ0(x) +

∫
A

1mx(Ac)>p dρ1(x). (1.5)
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The notation that we have chosen for the functional Perprob suggests a perimeter interpretation, and we will
justify this choice shortly. With this interpretation, it becomes clear that the modified PRL model (abbreviated
m-PRL in Sect. 6) (1.4) has the structure of a regularized risk minimization problem where the regularization
term penalizes the size of the boundary of a set. As discussed earlier, this interpretation also holds for AT.

A simple computation (see Prop. 2.1) allows us to rewrite Rm-prob as

Rm-prob(A) = E(x,y)∼µ

[
y1x∈Ac∨mx(Ac)>p + (1− y)1x∈A∨mx(A)>p

]
. (1.6)

From this rewriting it is apparent that a point x with label y contributes to the modified PRL risk if it is either
non-robust in a probabilistic sense or if it is misclassified. For instance, if y = 0, the loss is one when either
mx(A) > p or when x ∈ A. Note that the latter condition is not captured by the original PRL formulation.

1.3. A larger class of PRL models for binary classification

For theoretical and computational reasons that we will soon discuss, it is convenient to generalize problems
(1.3) and (1.4) further. Precisely, given an arbitrary function Ψ : [0, 1]→ [0, 1] we define

RprobΨ(A) :=

∫
X
Ψ(mx(A)) dρ0(x) +

∫
X
Ψ(mx(A

c)) dρ1(x), (1.7)

as well as

Rm-probΨ(A) := Rstd(A) + PerprobΨ(A), (1.8)

where

PerprobΨ(A) :=

∫
Ac

Ψ(mx(A)) dρ0(x) +

∫
A

Ψ(mx(A
c)) dρ1(x). (1.9)

The functionals RprobΨ and Rm-probΨ are indeed generalizations of Rprob and Rm-prob, respectively. This can
be seen by taking Ψ to be Ψ(t) := 1t>p, as can be easily verified. Another important choice for Ψ that we
will discuss extensively in the sequel is the function Ψp(t) := min{ tp , 1}, which is the smallest concave function
larger than 1t>p. Later, in Proposition 2.6 and in Section 5, we will discuss the connection between the CVaR
relaxation of PRL introduced for computational convenience in [10] (see more discussion in Appendix C) and
the optimization of the risks RprobΨ and Rm-probΨ for the choice Ψ = Ψp. From a theoretical perspective, we
will establish several structural properties satisfied by the functionals RprobΨ and Rm-probΨ when Ψ is concave.
In particular, while we are not able to prove existence of minimizers (in a large class of sets A) for the original
binary problem (1.3) nor for our modification (1.4), we will be able to do it for the minimization of RprobΨ and
Rm-probΨ when Ψ is concave, e.g., when Ψ = Ψp. Without concavity the problems are degenerate because of the
hard thresholding induced by hard classifiers and we will only be able to establish existence of solutions within
the enlarged family of “soft” classifiers. A detailed discussion on this is presented in Section 2 below.

1.4. Informal statements of main results

This paper investigates three main questions related to PRL. First, we study the existence of minimizers to
PRL and to modified PRL. Second, we explore different geometric interpretations of the functionals PerprobΨ.
In particular, we establish two types of results that characterize these functionals as perimeters, thereby further
suggesting how the models studied in this paper for robust training of classifiers are closely related to geo-
metric regularization methods that explicitly penalize the size of decision boundaries of classifiers. Finally, we
present rigorous analysis that describes, in detail, the way in which PRL and modified PRL interpolate between
adversarial training and standard risk minimization.
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1.4.1. Existence of minimizers of PRL models

In [10], an explicit solution to (PRL) is presented for the case where the hypothesis class consists of linear
classifiers and µ is a mixture of normal distributions. To the best of our knowledge, existence of solutions to
(PRL) for general data distributions or hypothesis classes – even for the binary problem (1.3) – has not been
proved so far.

Our first main results assert the existence of minimizers of the risks Rm-probΨ and RprobΨ for suitable choices
of Ψ. We impose no restrictions on the data distribution but consider families of classifiers satisfying certain
closure relations discussed precisely in later sections.

Informal Theorem 1.1 (Existence of hard classifiers). For every concave and non-decreasing function
Ψ:[0, 1]→ [0, 1] there exists a solution to the problem

min
A⊂X

Rm-probΨ(A).

Informal Theorem 1.2 (Existence of hard classifiers). For every concave and non-decreasing function
Ψ:[0, 1]→ [0, 1] there exists a solution to the problem

min
A⊂X

RprobΨ(A).

Note that these existence results do not cover the problem (1.4) since the function Ψ(t) = 1t>p is not concave.
They do include, however, the CVaR model from Proposition 2.6 below since this model is realized by the choice
Ψp(t) := min {t/p, 1}, which is a concave and non-decreasing function. We believe that our proof strategy, which
takes advantage of some interesting structural properties of the functionals Rm-probΨ and RprobΨ, is of interest
in its own right and is captured by our Theorem 2.15 in Section 2.4 below. Precise statements of our results can
be found in Section 2.2.

We also present existence results for more general, non-concave functions Ψ, including the choice Ψ(t) = 1t>p

giving rise to the original PRL model and its modified version introduced here. These results, however, apply
when we optimize over “soft” classifiers instead of “hard” ones, meaning we optimize over functions u : X → [0, 1]
in a suitably closed hypothesis class H instead of characteristic functions u = 1A of sets A. To make sense of our
statements, we first need to replace the functional PerprobΨ(A) of a set A by a suitable regularization functional
defined according to

JprobΨ(u) :=

∫
X
(1− u(x))Ψ (Ex′∼mx

[u(x′)]) dρ0(x)

+

∫
X
u(x)Ψ (Ex′∼mx

[1− u(x′)]) dρ1(x).

(1.10)

A straightforward computation reveals that JprobΨ(1A) = PerprobΨ(A).

Informal Theorem 1.3 (Existence of soft classifiers). For every lower semicontinuous function Ψ : [0, 1] →
[0, 1] and every hypothesis class H which is closed in a suitable sense there exists a solution to the problem

min
u∈H

E(x,y)∼µ [|u(x)− y|] + JprobΨ(u).
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Informal Theorem 1.4 (Existence of soft classifiers). For every lower semicontinuous function Ψ : [0, 1] →
[0, 1] and every hypothesis class H which is closed in a suitable sense there exists a solution to the problem

min
u∈H

∫
X
Ψ(Ex′∼mx [u(x

′)]) dρ0(x) +

∫
X
Ψ(Ex′∼mx [1− u(x′)]) dρ1(x).

Note that the objective functions in Informal Theorems 3 and 4 coincide with Rm-probΨ and RprobΨ, respec-
tively, when u is an indicator function. When Ψ is non-decreasing and concave, and H is suitably chosen, these
optimization problems are continuous and exact relaxations of infA∈A Rm-probΨ and infA∈A RprobΨ, respectively.
Other hypothesis classes H of interest that are admissible in Informal Theorem 1.3 and 1.4 include functions
which are parameterized by neural networks, as discussed in Example 2.13.

1.4.2. Interpretation of PerprobΨ as a perimeter

As suggested by our discussion in earlier sections, the functional PerprobΨ can be interpreted as a perimeter
functional. We can justify this interpretation from two different perspectives.

First, we establish the following structural properties for the functional PerprobΨ when Ψ is non-decreasing
and concave, the exact same assumptions needed in our existence results discussed in Section 1.4.1. These
properties allow us to view PerprobΨ as a generalized perimeter.

Informal Theorem 1.5 (Submodularity). Provided Ψ is concave, non-decreasing, and Ψ(0) = 0 the functional
PerprobΨ is a generalized perimeter. In particular,

PerprobΨ(∅) = PerprobΨ(X ) = 0

and PerprobΨ is submodular, i.e.,

PerprobΨ(A ∪B) + PerprobΨ(A ∩B) ≤ PerprobΨ(A) + PerprobΨ(B) ∀A,B ∈ A.

As a generalized perimeter, PerprobΨ admits a convex extension (its total variation) that is denoted by
TVprobΨ and that we define precisely in (2.11). Interestingly, PerprobΨ has a second extension, the functional
JprobΨ defined in (1.10), which is sequentially lower-semicontinuous (although it fails to be convex) w.r.t. the
weak topology where we can guarantee precompactness of minimizing sequences and is always greater than or
equal to TVprobΨ. We use this ordering in our proof strategy for the existence of optimal hard classifiers. We
also note that, while non-convex, the extension JprobΨ has a relatively simple explicit expression that makes it
useful for computations, while the same is not true for TVprobΨ, which instead has an impractical expression.
being defined through a coarea formula.

When Ψ is more general, we can still give a perimeter interpretation to the functional PerprobΨ, at least
in an asymptotic sense. For this purpose, we assume that mx localizes to a point mass at x as certain scaling
parameter shrinks. A rigorous counterpart to the next informal result can be found in Theorem 3.7.

Informal Theorem 1.6 (Local asymptotics). Let X = Rd. If mx ≡ mx,ε for ε > 0 and mx,ε converges to
the Dirac delta δx in a suitable way as ε → 0 (e.g., take mx,ε = Unif(Bε(x))), then the rescaled probabilistic
perimeters 1

ε PerprobΨ(A) of a smooth set A converge, as ε→ 0, to the weighted local perimeter

Per(A) :=

∫
∂A

f(x, n(x)) dHd−1,

where n(x) denotes the outer unit normal at x ∈ ∂A and f is a suitable weight function, depending on the
distributions mx,ε, and ρi for i ∈ {0, 1}. Hd−1 denotes the (d− 1)-dimensional Hausdorff measure in Rd.
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1.4.3. Interpolation properties of PRL and modified PRL

Our last main results describe the relation between adversarial training, RM, and the PRL and modified
PRL models, at least in the agnostic setting where the family of admissible binary classifiers consists of all
Borel measurable sets. We focus on the energies Rm-probΨp

and RprobΨp
as p tends to zero or ∞ for the choice

Ψp(t) = min{t/p, 1}.

Informal Theorem 1.7 (Convergence to minimum adversarial training). Let Ψp(t) := min {t/p, 1}. Then the
minimum value of Rm-probΨp

converges to the minimum value of the adversarial training problem (1.2) as p→ 0.

If, in addition, for every x the measure mx dominates the data measures ρ0 and ρ1 restricted to the support of
mx, then minimizers of Rm-probΨp

converge to minimizers of (1.2) as p→ 0.

Analogous statements hold for the minimization of RprobΨp
.

While the convergence of the minimal risks holds under fairly general assumptions, we emphasize that the
convergence of minimizers holds provided we impose additional conditions on the measures {mx}x∈X , as our
examples in Section 4 illustrate.

For large values of p we have the following result.

Informal Theorem 1.8 (Convergence to minimum standard risk). Let Ψp(t) := min {t/p, 1}. Then the mini-
mum value of Rm-probΨp

converges to the minimum value of the RM problem (1.2) as p→∞. Also, minimizers

of Rm-probΨp
converge to minimizers of (1.2) as p→∞.

We emphasize that the above statement holds for Rm-probΨp
but not for RprobΨp

. In fact, there is no value or

limiting value of p that makes RprobΨp
into the standard risk functional. This means that the family of functionals

{RprobΨp
}p does not actually interpolate between AT and RM, while the family of functionals {Rm-probΨp

}p
does. The latter model has the additional advantage of being interpretable as a geometric regularization model.

1.5. Related work

Adversarial training was developed in [3, 8] as an approach to produce networks that are less sensitive to
adversarial attacks. [14] reduced its computational complexity by reusing gradients from the backpropagation
when training neural networks. [15] showed that training with noise perturbations followed by a single signed
gradient ascent (FGSM) step can be on par with adversarial training while being much cheaper. This approach
was picked up and improved upon in [16] based on gradient alignment. Different authors also investigated
test-time robustification of pretrained classifiers using randomized smoothing [17] or geometric / gradient-based
approaches [18, 19]. While some of the previous models use a combination of random perturbations and gradient-
based adversarial attacks to robustify classifiers, [10] proposed probabilistically robust learning, which is entirely
based on random perturbations. PRL aims to interpolate between clean and adversarial accuracy and enjoys
the favorable sample complexity of vanilla empirical risk minimization; see also [20] for more insights on this
issue. Connections between adversarial training and local perimeter regularization as well as mean curvature
flows of decision boundaries were explored in [12, 21] and recently rigorously tied in [22, 23]. Furthermore, in
[23] it was proved that solutions to adversarial training converge to distinguished minimizers of standard risk
minimization as ε → 0 which was later quantified and extended to the probabilistically robust setting in [24].
An interpretation of adversarial training as gradient flow is given in [25].

Our work is in line with a series of papers [13, 26–30] that explore the existence of solutions to adversarial
training problems in different settings. These existence proofs involve dealing with different kinds of measur-
ability issues, depending on whether open or closed balls Bε(x) are used in the attack model. For open balls
one can work with the Borel σ-algebra A = B(X ) [13], whereas closed balls require the use of the universal
σ-algebra to make sure that A⊕ε is measurable [26, 27, 30]. Recently, these results were improved in [29] where
it was proved that, for the case of multi-class classification, even for the closed ball model Borel measurable
classifiers exist, although they are not necessarily indicator functions of measurable sets. Moreover, [29] showed
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that for all but countably many values of the adversarial budget ε > 0 the open and the closed ball models have
the same minimal value.

1.6. Outline

The rest of the paper is organized as follows. In Section 2 we make the setting for our variational problems
precise and then present a series of results on the existence of minimizers of these problems. In particular,
in Sections 2.2 and 2.3 we make precise our Informal Theorems 1.1 and 1.2, and in Section 2.4 present their
proofs. Section 3 is devoted to the study of the functional PerprobΨ and its interpretation as a perimeter.
There, we make the Informal Theorems 1.5 and 1.6 precise and present their proofs. Section 4 is devoted to the
interpolation properties of the different PRL models. There we make our Informal Theorems 1.7 and 1.8 precise
using the notion of Γ-convergence. In Section 5, we introduce a modified PRL model for general supervised
learning problems beyond binary classification and discuss the connection between the CVar relaxation of PRL
in [10] and our geometric framework. In Section 6 we present some numerical results of an implementation of
our models in real data settings. We also comment on a gap between theory and practice that arises when using
empirical surrogates of mx and µ. We wrap up the paper in Section 7 with some conclusions and perspectives
for future research.

2. Existence of probabilistically robust classifiers

2.1. Preliminaries

In this section we discuss a few other reformulations for the energies discussed in the introduction. These
reformulations provide some additional context and connections to the literature that we will later use in our
discussion.

To start, we first present a reformulation of the probabilistic risk Rm-prob as the expected maximum of the
sample-wise standard risk and the probabilistically robust risk from [10].

Proposition 2.1. For the 0-1 loss ℓ(ỹ, y) := 1ỹ ̸=y we can rewrite the probabilistic risk Rm-prob as in (1.6). In
that same setting, Rm-prob can also be written as the expectation of a sample-wise maximum of the standard loss
and the loss suggested in [10], that is:

Rm-prob(A) = E(x,y)∼µ

[
max

{
ℓ(1A(x), y), p- ess sup

x′∼mx

ℓ(1A(x
′), y)

}]
. (2.1)

Remark 2.2. This result will be key for adapting the functional Rm-prob to the setting of multi-class
classification as well as to general hypothesis classes and loss functions. See Section 5

Remark 2.3. In its original expression, Rm-prob is written as the sum of the standard risk and a nonlocal
perimeter functional. This probabilistic perimeter, which we will discuss in more detail in Section 3, can be
rewritten as:

Perprob(A) = ρ0 ({x ∈ Ac : mx(A) > p}) + ρ1 ({x ∈ A : mx(A
c) > p}) .

Note that Perprob(A) counts the proportion of correctly classified points x for which more than 100 × p% of
their neighbors, sampled from mx, constitute an attack. From this it should be intuitively clear that Perprob(A)
is a boundary term.

Remark 2.4. The interpretation of the statement of this proposition in the light of Figure 1 is clear: Only
if a point x is correctly classified – meaning 11A(x)̸=y = 0 – the probabilistically robust regularization kicks
in through the second term in the maximum. Points which are incorrectly classified will always be penalized
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even if most attacks correct the label, i.e., if 1Px′∼mx
[1A(x′ )̸=y]>p = 0. Thus, minimizing Rm-prob instead of Rprob

corrects the pathology of the original PRL formulation.

Proof of Proposition 2.1. Disintegrating the risk functional Rstd we can write

Rstd(A) =

∫
X
1x∈A dρ0(x) + 1x∈Ac dρ1(x).

Also,

Perprob(A) =

∫
X
1x∈A∨mx(A)>p − 1x∈A dρ0(x)

+

∫
X
1x∈Ac ∨mx(Ac)>p − 1x∈Ac dρ1(x).

Adding the above two identities we deduce (1.6). Now that (1.6) has been established we see that

Rm-prob(A)

=

∫
X
1x∈A∨mx(A)>p dρ0(x) + 1x∈Ac ∨mx(Ac)>p dρ1(x)

=

∫
X
max

{
1x∈A,1mx(A)>p

}
dρ0(x) +

∫
X
max

{
1x∈Ac ,1mx(Ac)>p

}
dρ1(x),

where we used the fact that the indicator function of the union of two sets equals the maximum of the two
indicator functions. (2.1) follows immediately.

In the same spirit as in Proposition 2.1, we can rewrite Rm-probΨ for general Ψ as follows.

Proposition 2.5. For the 0-1 loss ℓ(ỹ, y) := 1ỹ ̸=y and for any function Ψ : [0, 1] → [0, 1] we can rewrite the
probabilistic risk Rm-probΨ as a sample-wise maximum in the following way:

Rm-probΨ(A) = E(x,y)∼µ [max {ℓ(1A(x), y),Ψ(Ex′∼mx
[ℓ(1A(x

′), y)])}] .

Besides the choice Ψ(t) = 1t>p another interesting choice is the smallest concave function which lies above it,
i.e., Ψ(t) = min {t/p, 1}. For this choice we can connect the probabilistic risk with the conditional value at risk
(CVaR) [31] which was suggested in [10] as a computationally feasible replacement for the p- ess sup operator
in problem (PRL). Its precise definition will be important later and can be found in (5.2) in Section 5.

Proposition 2.6. For the 0-1 loss ℓ(ỹ, y) := 1ỹ ̸=y and for Ψp(t) := min {t/p, 1} with p ∈ (0, 1) it holds that

Rm-probΨp
(A) = E(x,y)∼µ [max {ℓ(1A(x), y),CVaRp (ℓ(1A(·), y);mx)}] .

We proceed to prove Proposition 2.5.

Proof of Proposition 2.5. The proof is similar to that of Proposition 2.1 after noting that for Ψ : [0, 1]→ [0, 1]

1x∈A + 1x∈AcΨ(mx(A)) = max {1x∈A,Ψ(mx(A))} ,

which can easily be shown by checking cases. Then:

Rm-probΨ(A) =

∫
X
1x∈A dρ0(x) +

∫
X
1x∈Ac dρ1(x)
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+

∫
X
1x∈AcΨ(mx(A)) dρ0(x) +

∫
X
1x∈AΨ(mx(A

c)) dρ1(x)

=

∫
X
[1x∈A + 1x∈AcΨ(mx(A))] dρ0(x)

+

∫
X
[1x∈Ac + 1x∈AΨ(mx(A

c))] dρ1(x)

=

∫
X
max {1x∈A,Ψ(mx(A))} dρ0(x)

+

∫
X
max {1x∈Ac ,Ψ(mx(A

c))} dρ1(x).

We postpone the proof of Proposition 2.6, which discusses another reformulation of Rm-probΨ in terms of the
so-called conditional value at risk (CVaR), to Section 5, since Proposition 2.6 will not be used in the remainder
of this section.

2.2. Model family for hard classifiers

We now begin the discussion of existence of solutions to the minimization problems associated with the risks
RprobΨ and Rm-probΨ defined in (1.7) and (1.8). As was discussed in the introduction, these families of risks
include Rprob and Rm-prob (for Ψ(t) := 1t>p) but also a relaxation of the adversarial risk Radv (for Ψ(t) := 1t>0).

We start our discussion by making our setting precise.

Assumption 2.7. We let X be a set and A ⊂ 2X be a σ-algebra. We assume that:

� (X × Y,A⊗ 2{0,1}, µ) is a probability space;
� (X ,A, ρ) is a probability space, where we define ρ(•) := µ(• × {0, 1});
� {mx}x∈X is a family such that (X ,A,mx) is a probability space for ρ-almost every x ∈ X .

The measure ρ equals the first marginal of µ and models the distribution of all data, irrespective of their
label. It can be decomposed as

ρ := ρ0 + ρ1, (2.2)

where ρ0, ρ1 are as in Section 1.2. We also define the probability measures

σ(A) :=

∫
X
mx(A) dρ(x), A ∈ A, (2.3)

and

ν(A) :=
1

2
σ(A) +

1

2
ρ(A), A ∈ A. (2.4)

The measure σ is the convolution of ρ with the family of probability measures {mx}x∈X and can be interpreted
as a noisy observation model for the clean data distribution ρ. ν, on the other hand, is the equal-weight mixture
of the measures σ and ρ. In the sequel, we use supp(ρ) to denote the support of the probability measure ρ.

By construction, we have the following properties:

σ(A) = 0 =⇒ mx(A) = 0 for ρ-almost every x ∈ X , (2.5)



12 L. BUNGERT ET AL.

ν(A) = 0 =⇒
[
ρ(A) = 0 and mx(A) = 0 for ρ-almost every x ∈ X

]
, (2.6)

ρ(A) = 0 =⇒
[
ρ0(A) = 0 and ρ1(A) = 0

]
. (2.7)

A simple example for X = Rd is ρ := 1
N

∑N
i=1 δxi

and mx := Unif(Bε(x)), in which case

ν =
1

2N

N∑
i=1

(
Unif(Bε(xi)) + δxi

)
is a sum of absolutely continuous measures on balls centered at xi and the empirical measure of the points xi.

Using the measure ν we will work with the weak-* topology of L∞(X ; ν) which is the dual space of L1(X ; ν)
since ν is a fortiori a σ-finite measure [32], IV.8.3, Theorem 5.

Definition 2.8. Under Assumption 2.7 we say that a sequence of functions (un)n∈N ⊂ L∞(X ; ν) converges to
u ∈ L∞(X ; ν) in the weak-* sense (written un

∗
⇀ u) as n→∞ if

lim
n→∞

∫
X
unφdν =

∫
X
uφdν ∀φ ∈ L1(X ; ν). (2.8)

We will use this topology to prove existence of minimizers of the probabilistic risks RprobΨ and Rm-probΨ.
Furthermore, we use this same topology for proving that our modified PRL using the function Ψp converges to
adversarial training as p→ 0, at least when the family of measures {mx}x satisfies a suitable assumption; see
the discussion in Section 4.

The following theorem establishes existence of minimizers of the risk Rm-probΨ for concave and non-decreasing
functions Ψ. The existence result for hard classifiers is obtained using a non-standard abstract strategy, rather
than the usual direct method in the calculus of variations. We take this approach since it is difficult to establish
lower semicontinuity for an extension of PerprobΨ to soft classifiers that behaves well with respect to thresholding
operations. Instead, we introduce two different relaxations; one which is lower semicontinuous, and one which is
defined through a coarea formula and hence behaves well with respect to thresholding; our result then follows
from an ordering relation on the two relaxations if Ψ is concave and non-decreasing.

We arrive at the rigorous versions of Informal Theorem 1.1 and Informal Theorem 1.2.

Theorem 2.9. Suppose Ψ : [0, 1]→ [0, 1] is concave and non-decreasing, and that Assumption 2.7 holds. Then,
there exists a solution to the problem

inf
A∈A

Rm-probΨ(A). (2.9)

Theorem 2.10. Suppose Ψ : [0, 1]→ [0, 1] is concave and non-decreasing, and that Assumption 2.7 holds. Then
there exists a solution to the problem

inf
A∈A

RprobΨ(A). (2.10)

The proofs of Theorems 2.9 and 2.10 are provided in Section 2.4. The reason why an existence proof for (2.9)
(or (2.10)) for non-concave functions Ψ is currently not available is illustrated in the following example.

Example 2.11 (Homogenizing solutions). In this example we consider the situation of two data points (red
and blue) which are so close that the ε-balls around them intersect. Furthermore, we assume that p ∈ (0, 1) is
0.9 times the ratio of the volume of the intersection to the volume of one ε-ball. If we pick Ψp = 1t>p, there
exist infinitely many minimizers of (2.9) with oscillatory boundaries in the intersection. One such minimizer is
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(a) Homogenizing minimizer for Ψ(t) := 1t>p. (b) Superlevel set which is not a minimizer.

Figure 2. Non-compactness of minimizing sequences.

depicted in Figure 2a. The minimizers can be arranged such that the ratios of the red or the blue volume to
the volume of the intersection are in the interval [0.4, 0.6]. Consequently, all such sets have zero loss and are
global minimizers. However, the set of such minimizers is not compact and has an accumulation point which is
not a characteristic function, namely the function u : X → [0, 1] with values u = 1 on the red ball without the
blue ball, u = 0 on the blue ball without the red ball, and u = 0.5 on the intersection of the two balls. Hence,
minimizing sequences of (2.9) are not compact. The issue of non-compactness of minimizing sequences can in
fact also happen for concave functions Ψ which is why in the proof of Theorem 2.9 we show that almost every
superlevel set {u > t} of a function u which is an accumulation point of a minimizing sequence is a minimizer
of (2.9). However, not even this strategy works in the non-concave case since the superlevel set {u > t} for all
t ∈ [0, 1/2] is given by the set in Figure 2b which is not a minimizer of PRL.

2.3. Model family for soft classifiers

Note that, besides the reasons given in Example 2.11, an existence result similar to Theorem 2.9 for the
non-concave function Ψ(t) = 1t>p is currently not available since our relaxation techniques rely on concavity
of Ψ. However, in this section we shall state an existence theorem for “soft classifiers” which is valid for very
general functions Ψ, including Ψ(t) = 1t>p, since no relaxation is needed.

Such soft classifiers are particularly relevant since they include neural network based models with Softmax

activation in the last layer which are used in practice. A suitable regularization functional for soft classifiers
is given by JprobΨ defined in (1.10). For convenience we repeat its definition. Given an A-measurable function
u : X → [0, 1] we let

JprobΨ(u) :=

∫
X
(1− u(x))Ψ (Ex′∼mx

[u(x′)]) dρ0(x)

+

∫
X
u(x)Ψ (Ex′∼mx

[1− u(x′)]) dρ1(x)

which satisfies JprobΨ(1A) = PerprobΨ(A) for every choice of Ψ. Hence, it is a natural generalization of the
perimeter to soft classifiers and one could call JprobΨ a total variation. However, it is neither positively
1-homogeneous nor convex so this name would be misleading. Instead, for the proof of Theorem 2.9 we shall
also work with the total variation functional TVprobΨ defined as

TVprobΨ(u) :=

∫ 1

0

PerprobΨ({u > t}) dt, (2.11)
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for all A-measurable functions u : X → [0, 1]. Note that also the total variation satisfies TVprobΨ(1A) =
PerprobΨ(A). Both JprobΨ and TVprobΨ are of paramount importance for the proof of Theorem 2.9.

The next theorem is the rigorous version of Informal Theorem 1.3 and asserts existence of soft classifiers
for the regularized risk minimization using JprobΨ for very general functions Ψ and hypothesis classes H. It is
sufficient that Ψ is lower semicontinuous, which is satisfied by every continuous function and also by Ψ(t) = 1t>p

for p ∈ [0, 1]. Furthermore, the existence theorem is valid for all hypotheses classes which are closed in the weak-*
topology of L∞(X ; ν).

Theorem 2.12 (Existence of soft classifiers for modified PRL). Under Assumption 2.7, for every lower semi-
continuous function Ψ : [0, 1] → [0, 1], and whenever H is a weak-* closed hypothesis class of A-measurable
functions u : X → [0, 1] in the sense of Definition 2.8, there exists a solution to the problem

inf
u∈H

E(x,y)∼µ [|u(x)− y|] + JprobΨ(u). (2.12)

Example 2.13 (Hypothesis classes). The hypothesis class consisting of measurable sets, i.e.,H = {1A : A ∈ A}
is not weak-* closed which is why Theorem 2.9 needs stronger assumptions on Ψ than Theorem 2.12. Let us
instead consider three interesting hypothesis classes of weak-* closed (in fact, even compact) classifiers for which
Theorem 2.12 applies.

1. The simplest such class H is the class of all A-measurable soft classifiers u : X → [0, 1] which could
be referred to as agnostic classifiers since they are not parametrized. This class is a bounded subset of
L∞(X ; ν) and therefore, by the Banach–Alaoglu theorem, it is weak-* compact.

2. An example with more practical relevance is the class of (feedforward or residual) neural networks defined
on the unit cube X := [−1, 1]d with uniformly bounded parameters

H :=
{
ΦL ◦ · · · ◦ Φ1 : [−1, 1]d → [0, 1] : Φl(•) = Al •+σl(Wl •+bl),

∥(Al,Wl, bl)∥ ≤ C ∀l ∈ {1, . . . , L}
}
,

where we assume that the activations σl : R → R are continuous. Note that the boundedness of the
weights cannot be relaxed. To see this, consider the (very simplistic) neural network un(x) = tanh(wnx)
for x ∈ [−1, 1] and wn ∈ R. For wn →∞ it is easy to see that un converges to u(x) := sign(x) which does
not lie in the same hypothesis class.
To argue why neural networks with bounded parameters and continuous activation functions are weak-*
compact, let (un)n∈N ⊂ H be a sequence. Thanks to finite-dimensional compactness a subsequence of the
associated parameters converge to some limiting parameters. The continuity of the activations implies
that the associated neural networks converge (uniformly in the space of continuous functions on the unit
cube [−1, 1]d) to a limiting neural network u ∈ H. In particular, the convergence is true in the weak-*
sense, which shows that H is weak-* compact.

3. Finally, one can also consider the class of hard linear classifiers on Rd. Letting θ(t) := 1t>0 denote the
Heaviside function, this class is given by

H :=
{
θ(w · x+ b) : w ∈ Rd, |w| = 1, b ∈ [−∞,∞]

}
,

where one interprets u(x) := θ(w · x+ b) as u ≡ 1 if b =∞ and u ≡ 0 if b = −∞. If the distributions ρ0,
ρ1, and mx are are such that ν defined in (2.4) has a density with respect to the Lebesgue measure, then
H has the desired closedness property. A sufficient condition for this to hold is that ρ0, ρ1, and mx have
densities with respect to the Lebesgue measure.
Let us prove the closedness under the above conditions. If (un)n∈N ⊂ H is a sequence of linear classi-
fiers, thanks to finite-dimensional compactness a subsequence (which we do not relabel) of the associated
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parameters (wn, bn) converges to w ∈ Rd with |w| = 1 and b ∈ [−∞,∞]. For simplicity we only consider
the case where b ̸= ±∞. In this case one can define the half-spaces

An :=
{
x ∈ Rd : wn · x+ b > 0

}
,

A :=
{
x ∈ Rd : w · x+ b > 0

}
,

upon which un and u are supported. Then for any ϕ ∈ L1(Rd; ν) it holds∣∣∣∣∫
Rd

(un − u)ϕdν

∣∣∣∣ = ∣∣∣∣∫
An

ϕ dν −
∫
A

ϕdν

∣∣∣∣ ≤ ∫
An△A

|ϕ| dν

where we used the symmetric difference An△A := (An \A)∪ (A \An). Note that this set is either a double
cone (if wn ̸= w) or a strip of width |bn − b| (if wn = w).
Since ϕ ∈ L1(Rd; ν) and ν is a probability measure, for every ε > 0 there exists a compact set K ⊂ Rd

such that
∫
Rd\K |ϕ| dν < ε. Using this, we can compute

∣∣∣∣∫
Rd

(un − u)ϕ dν

∣∣∣∣ ≤ ∫
An△A

|ϕ| dν ≤
∫
(An△A)∩K

|ϕ| dν + ε.

Using that ν has a density with respect to the Lebesgue measure Ld and using also that Ld(An△A∩K)→
0 as n→∞, we obtain

lim
n→∞

∣∣∣∣∫
Rd

(un − u)ϕdν

∣∣∣∣ ≤ ε

and since ε > 0 was arbitrary we get

lim
n→∞

∫
Rd

(un − u)ϕ dν = 0,

which implies the weak-* convergence of un to u ∈ H and hence the weak-* compactness of H.
Note that for general measures ν the above argument fails. For instance,the sequence of linear classifiers
un(x) = 1x1>−1/n has the natural limit u(x) = 1x1>0. However, if ν = δ0 then

∫
Rd un dν = 1 for all n ∈ N

but
∫
Rd udν = 0, meaning that u is not the weak-* limit of un.

Similarly, we can state a precise version of Informal Theorem 1.4.

Theorem 2.14 (Existence of soft classifiers for original PRL). Let σ be the probability measure defined in
(2.3). Under Assumption 2.7, for every lower semicontinuous function Ψ : [0, 1]→ [0, 1], and whenever H is a
hypothesis class of A-measurable functions u : X → [0, 1] that is closed in the weak* topology of L∞(X ;σ), there
exists a solution to the problem

inf
u∈H

∫
X
Ψ(Ex′∼mx [u(x

′)]) dρ0(x) +

∫
X
Ψ(Ex′∼mx [1− u(x′)]) dρ1(x). (2.13)

We observe that the above theorem applies to all of the hypothesis classes discussed in Example 2.13. Indeed,
this is a consequence of the fact that, given the definitions of σ and ν, if a set is closed in the weak∗ topology
of L∞(X ; ν) then it is also closed in the weak∗ topology of L∞(X ;σ).
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2.4. Existence proofs

In this section we will prove all theorems stated in the previous section using the direct method of calculus
of variations together with non-standard relaxation arguments. For this we first outline our proof strategy in a
very abstract way by using the quadruple

Q := (R, S, T, T ), (2.14)

where R : A → [0,∞] is a functional defined on A-measurable sets, S, T : U → [0,∞] are proper functionals
defined on the unit ball U := {u : X → [0, 1] A-measurable} of the A-measurable functions, and T is a topology
on the unit ball. The key ingredients and properties of Q are the following:

(D1) Compactness: U is compact with respect to T ;
(D2) Lower semicontinuity : For all sequences of A-measurable functions (un)n∈N ⊂ U converging to u ∈ U in

the topology T it holds

S(u) ≤ lim inf
n→∞

S(un);

(D3) Consistency : It holds for all A ∈ A that

R(A) = S(1A).

(D4) Coarea formula: For all u ∈ U it holds

T (u) =

∫ 1

0

R({u ≥ t}) dt,

and in particular R(A) = T (1A) for all A ∈ A;
(D5) Ordering : For all u ∈ U it holds

T (u) ≤ S(u).

Under these conditions we can prove the following meta-theorem.

Meta Theorem 2.15. Assuming desiderata 2.4 adn 2.4 there exists

u ∈ argminu∈U S(u). (2.15)

Assuming desiderata 2.4 to 2.4, for Lebesgue almost every t ∈ [0, 1] the set At := {u ≥ t} satisfies

At ∈ argminA∈A R(A). (2.16)

Proof. Since S is proper, there exists a minimizing sequence {un}n∈N ⊂ U for (2.15). By assumption, {un}n∈N
is precompact in the topology T . Therefore, up to a subsequence that we do not relabel, we can assume that
un →T u for some u : X → [0, 1] which solves (2.15) by lower semicontinuity of S.

Defining At := {u ≥ t} for t ∈ [0, 1] it holds

inf
A∈A

R(A) =

∫ 1

0

inf
A∈A

R(A) dt ≤
∫ 1

0

R(At) dt = T (u) ≤ S(u) ≤ S(1A) = R(A) ∀A ∈ A,
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and therefore, after taking the infimum over A ∈ A, we get∫ 1

0

R(At) dt = inf
A∈A

R(A). (2.17)

Let us assume that for a subset N ⊂ [0, 1] of positive Lebesgue measure it holds

inf
A∈A

R(A) < R(At) ∀t ∈ N.

Integrating this inequality and using (2.17) we would then have

inf
A∈A

R(A) <

∫ 1

0

R(At) dt = inf
A∈A

R(A),

which is a contradiction. Hence we have proved that for Lebesgue almost every t ∈ [0, 1] the set At solves
(2.16).

Remark 2.16. We would like to point out that the assumptions that go into Theorem 2.15 are more general
than what is typically found in the literature. In particular, S and R are not directly connected through a
generalized coarea formula (cf. [33, 34])but only indirectly through the functional T which satisfies T ≤ S. The
more standard setting of S = T , however, would not suffice for our purposes.

To use this theorem we need to specify Q and verify the desiderata. We consider the following choices:

R(A) := Rm-probΨ(A), A ∈ A,
S(u) := E(x,y)∼µ [|u(x)− y|] + JprobΨ(u), u ∈ U ,
T (u) := E(x,y)∼µ [|u(x)− y|] + TVprobΨ(u), u ∈ U ,
T := weak-* topology of L∞(X ; ν),

where ν was defined in (2.4). We note that desiderata 2.4 follows from the Banach–Alaoglu theorem. By definition
of the functionals JprobΨ and TVprobΨ in (1.10) and (2.11) the desiderata 2.4 and 2.4 are satisfied, as well. It
remains to prove the lower semicontinuity desiderata 2.4 and the ordering 2.4.

We start with the following lemma:

Lemma 2.17. Under Assumption 2.7, let ν be a measure on X which satisfies mx ≪ ν for ρ-almost every
x ∈ X , and let (un)n∈N ⊂ L∞(X ; ν) satisfy un

∗
⇀ u in the sense of Definition 2.8. Then it holds

lim
n→∞

Ex′∼mx
[un(x

′)] = Ex′∼mx
[u(x′)] for ρ-almost every x ∈ X .

Proof. Using the Radon–Nikodým theorem, the weak-* convergence implies that for ρ-almost every x ∈ X it
holds

lim
n→∞

Ex′∼mx [un(x
′)] = lim

n→∞

∫
X
un(x

′) dmx(x
′) = lim

n→∞

∫
X
un(x

′)
dmx

dν
(x′) dν(x′)

=

∫
X
u(x′)

dmx

dν
(x′) dν(x′) =

∫
X
u(x′) dmx(x

′) = Ex′∼mx
[u(x′)]

since dmx

dν ∈ L1(X ; ν).

Using Lemma 2.17 it is relatively straightforward to prove lower semicontinuity of JprobΨ if Ψ is a continuous
function. If, however, Ψ is only lower semicontinuous, e.g., Ψ(t) = 1t>p, we will employ a suitable approximation
from below of Ψ by continuous functions.
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Proposition 2.18 (Lower semicontinuity of JprobΨ). Under Assumption 2.7 let (un)n∈N ⊂ L∞(X ; ν) be a

sequence of functions with values in [0, 1] satisfying un
∗
⇀ u in the sense of Definition 2.8, and let Ψ : [0, 1]→

[0, 1] be lower semicontinuous. Then 0 ≤ u ≤ 1 holds ν-almost everywhere and furthermore

JprobΨ(u) ≤ lim inf
n→∞

JprobΨ(un).

Proof. First we show that 0 ≤ u ≤ 1. By the weak-* lower semicontinuity of the L∞-norm we get u ≤ 1 from
the fact that 0 ≤ un ≤ 1. To show that u ≥ 0 we assume that on a measurable set N with ν(N) > 0 it holds
u < 0. Then from the weak-* convergence and the fact that un ≥ 0 we obtain

0 >

∫
X
u1N dν = lim

n→∞

∫
X
un1N dν ≥ 0

which is a contradiction. Therefore, u ≥ 0 holds ν-almost everywhere.
Since both terms in the definition of JprobΨ are dealt with symmetrically, we assume without loss of generality

and for an easier notation that ρ1 = 0 and rewrite JprobΨ as

JprobΨ(u) =

∫
X
(1− u(x))Ψ (Ex′∼mx

[u(x′)]) dρ0(x).

Since Ψ is lower semicontinuous there exists a sequence of continuous functions Ψδ : [0, 1]→ [0, 1] which converge
to Ψ in the pointwise sense as δ → 0 and satisfy Ψδ ≤ Ψ. For instance, the functions

Ψδ(t) := inf
s∈[0,1]

Ψ(s) +
1

δ
|s− t| , t ∈ [0, 1],

suffice. Lemma 2.17 implies that Ex′∼mx
[un(x

′)]→ Ex′∼mx
[u(x′)] for ρ-almost every x as n→∞. Consequently,

since Ψδ is continuous, we get Ψδ (Ex′∼mx
[un(x

′)])→ Ψδ (Ex′∼mx
[u(x′)]) for ρ-almost every x as n→∞. Since

0 ≤ un ≤ 1 and hence Ψδ (Ex′∼mx
[un(x

′)]) is uniformly bounded, the convergence even holds true in L1(X ; ρ).
Taking into account (2.7), this implies convergence in L1(X ; ρ0) and therefore

lim
n→∞

∫
X
(1− un(x))Ψδ (Ex′∼mx

[un(x
′)]) dρ0(x)

=

∫
X
(1− u(x))Ψδ (Ex′∼mx [u(x

′)]) dρ0(x).

(2.18)

Next we would like to use the Fatou lemma to take the limit as δ → 0 on both sides. For this we notice that
the sequence of functions

fδ(x) := (1− un(x))Ψδ (Ex′∼mx
[un(x

′)])

converges to (1− un(x))Ψ (Ex′∼mx [un(x
′)]) pointwise as δ → 0 and satisfies the bounds fδ ≥ 0. Thanks to the

non-negativity we can apply the standard Fatou lemma. Using Ψδ ≤ Ψ and (2.18) we get

JprobΨ(u) =

∫
X
(1− u(x))Ψ (Ex′∼mx [u(x

′)]) dρ0(x)

≤ lim inf
δ→0

∫
X
(1− u(x))Ψδ (Ex′∼mx

[u(x′)]) dρ0(x)

= lim inf
δ→0

lim
n→∞

∫
X
(1− un(x))Ψδ (Ex′∼mx [un(x

′)]) dρ0(x)
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≤ lim inf
n→∞

∫
X
(1− un(x))Ψ (Ex′∼mx [un(x

′)]) dρ0(x)

= lim inf
n→∞

JprobΨ(un).

We recall the definition of the total variation in (2.11) for which we now prove the following ordering with
respect to JprobΨ defined in (1.10) in case that Ψ is concave and non-decreasing.

Proposition 2.19. If Ψ is concave and non-decreasing, it holds for every A-measurable function u : X → [0, 1]
that

TVprobΨ(u) ≤ JprobΨ(u).

Proof. As in the proof of Proposition 2.18 we assume without loss of generality that ρ1 = 0. We compute

TVprobΨ(u) =

∫ 1

0

PerprobΨ({u ≥ t}) dt

=

∫
X

∫ 1

0

1u(x)<tΨ(Px′∼mx
[u(x′) ≥ t]) dtdρ0(x)

=

∫
X

∫ 1

0

1u(x)<tΨ
(
Ex′∼mx

[
1{u≥t}(x

′)
])

dtdρ0(x)

=

∫
X

∫ 1

u(x)

Ψ
(
Ex′∼mx

[
1{u≥t}(x

′)
])

dtdρ0(x). (2.19)

Since Ψ is concave and non-decreasing, we get from (2.19) and Jensen’s inequality that

TVprobΨ(u) ≤
∫
X
(1− u(x))Ψ

(
1

1− u(x)

∫ 1

u(x)

Ex′∼mx

[
1{u≥t}(x

′)
]
dt

)
dρ0(x)

=

∫
X
(1− u(x))Ψ

(
1

1− u(x)
Ex′∼mx

[∫ 1

u(x)

1{u≥t}(x
′) dt

])
dρ0(x)

=

∫
X
(1− u(x))Ψ

(
1

1− u(x)
Ex′∼mx

[(
u(x′)− u(x)

)
+

])
dρ0(x)

≤
∫
X
(1− u(x))Ψ

(
1

1− u(x)
Ex′∼mx

[u(x′)(1− u(x))]

)
dρ0(x)

=

∫
X
(1− u(x))Ψ (Ex′∼mx

[u(x′)]) dρ0(x) = JprobΨ(u).

A remarkable consequence of this lower bound and the lower semicontinuity of JprobΨ from Proposition 2.18
is the following proof of lower semicontinuity of TVprobΨ for sequences of characteristic functions that doesn’t
use any abstract functional analysis machinery).
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Corollary 2.20. If Ψ is concave and non-decreasing, then for any sequence of measurable sets (An) ⊂ A such

that 1An

∗
⇀ u in L∞(X ; ν) it holds

TVprobΨ(u) ≤ lim inf
n→∞

TVprobΨ(1An).

Proof. The result follows from Propositions 2.18 and 2.19 and the following computation

TVprobΨ(u) ≤ JprobΨ(u) ≤ lim inf
n→∞

JprobΨ(1An) = lim inf
n→∞

PerprobΨ(An)

= lim inf
n→∞

TVprobΨ(1An
).

Now we are ready to prove Theorem 2.9 and 2.12 as special cases of the meta-theorem in the beginning of
this section.

Proof of Theorem 2.9 . The result follows from Theorem 2.15 noticing that desiderata 2.4 follows from
Proposition 2.19 and desiderata 2.4 follows from Proposition 2.18 together with the trivial lower semicontinuity
of the standard risk u 7→ E(x,y)∼µ [|u(x)− y|] since ρ≪ ν.

We remark that the main issue with proving the existence result of Theorem 2.9 for non-concave functions Ψ
is that the ordering desiderata 2.4 is violated, which was essential for the proof of Theorem 2.15. However, if we
already consider the relaxed problem (2.12) of optimizing over soft classifiers instead of characteristic functions
and regularizing with JprobΨ, no ordering is necessary and we obtain existence for very general functions Ψ.

Proof of Theorem 2.12. The result is the first part of Theorem 2.15 for the choices made in the proof of
Theorem 2.9.

Remark 2.21. From the proof of Theorem 2.15 it follows that when Ψ is concave and non-decreasing, then

min
A∈A

Rm-probΨ(A) = min
u∈U

Sm-probΨ(u),

where

Sm-probΨ(u) := E(x,y)∼µ [|u(x)− y|] + JprobΨ(u). (2.20)

Next we discuss the existence results for the original PRL model.

Proof of Theorem 2.10. We apply Theorem 2.15 with the choices R = RprobΨ and S = SprobΨ, where SprobΨ is
defined over soft classifiers u : X → [0, 1] according to:

SprobΨ(u) :=

∫
X
Ψ(Ex′∼mx

[u(x′)]) dρ0(x) +

∫
X
Ψ(Ex′∼mx

[1− u(x′)]) dρ1(x), (2.21)

which by definition satisfies SprobΨ(1A) = RprobΨ(A). We also consider the functional

T (u) :=

∫ 1

0

R({u ≥ t}) dt.

As topology T we choose the weak-* topology of L∞(X ;σ) where the probability measure σ is as in (2.3).
It is straightforward to check that the quadruple Q := (R,S, T, T ) satisfies all five requirements for Theorem

2.15 to be applicable: (1) is clear, (2) is proved as Proposition 2.18 using Lemma 2.17 with σ instead of ν, (3)
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and (4) are trivial consequences of the definitions, and (5) is an easy consequence of the layer cake representation
and Jensen’s inequality for concave Ψ. Note that (5) is only true if Ψ is concave.

Proof of Theorem 2.14. The result is the first part of Theorem 2.15 for the choices made in the proof of
Theorem 2.10.

Remark 2.22. As in Remark 2.21, it is easy to verify that when Ψ is concave and non-decreasing, then

min
A∈A

RprobΨ(A) = min
u∈U

SprobΨ(u).

3. The functional PerprobΨ as a perimeter

In this section we shall discuss the interpretation of the functional PerprobΨ defined in (1.9) as a perimeter.
We do this in two ways.

First, we focus on the case where Ψ is concave and non-decreasing and prove that PerprobΨ is a submodular
functional. If, in addition, Ψ is assumed to satisfy Ψ(0) = 0, then

PerprobΨ(X ) = PerprobΨ(∅) = 0.

Following [35], for Ψ satisfying these properties one can interpret PerprobΨ as a generalized perimeter, i.e., a
functional that can be used to measure the “size” of the boundary of a set. This discussion is summarized in
the next proposition.

Proposition 3.1. If Ψ(0) = 0, then PerprobΨ(X ) = PerprobΨ(∅) = 0. If Ψ is concave and non-decreasing, then
the functional PerprobΨ is submodular, meaning that

PerprobΨ(A ∪B) + PerprobΨ(A ∩B) ≤ PerprobΨ(A) + PerprobΨ(B) ∀A,B ∈ A.

Example 3.2. For Ψ(t) = t our perimeter reduces to the perimeter on the random walk space (X ,m), introduced
in [36]: PerprobΨ(A) =

∫
X\A

∫
A
dmx dρ0(x) +

∫
A

∫
X\A dmx dρ1(x).

For proving Proposition 3.1 we need the following lemma.

Lemma 3.3. Let Ψ : [0,∞)→ R be a concave and non-decreasing function, and let 0 ≤ a ≤ b ≤ b′ ≤ a′ be real
numbers with a+ a′ ≤ b+ b′. Then

Ψ(a) + Ψ(a′) ≤ Ψ(b) + Ψ(b′).

Proof. Let a, a′, b, b′ be as stated. Since Ψ is concave and finite, it satisfies the fundamental theorem of calculus
and thus it is possible to write

Ψ(s) = Ψ(a) +

∫ s

a

Ψ′(r) dr, s ≥ a

for a function Ψ′ that is non-increasing and non-negative. It follows that

Ψ(b)−Ψ(a) =

∫ b

a

Ψ′(r) dr ≥ (b− a)Ψ′(b) ≥ (a′ − b′)Ψ′(b) ≥
∫ a′

b′
Ψ′(r) dr = Ψ(a′)−Ψ(b′),

which is precisely what we wanted to show.
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With the above preliminary results in hand, we are ready to prove Proposition 3.1.

Proof of Proposition 3.1. First, the fact that PerprobΨ(X ) = PerprobΨ(∅) = 0 if Ψ(0) = 0 is easy to see from the
definition of PerprobΨ. Second, we trivially have

mx (A ∪B) +mx (A ∩B) ≤ mx (A) +mx (B) .

Define

a′ := mx (A ∪B) , b′ := mx (B)

b := mx (A) , a := mx (A ∩B) ;

without the loss of generality we can assume that b and b′ defined above satisfy b ≤ b′, for otherwise we can
simply swap these labels. We can then use Lemma 3.3 to conclude that:

Ψ (mx (A ∪B)) + Ψ (mx (A ∩B)) ≤ Ψ(mx (A)) + Ψ (mx (B)) . (3.1)

The submodularity follows directly once we have verified the following pointwise identity:

1x∈(A∪B)cΨ(mx (A ∪B)) + 1x∈(A∩B)cΨ(mx (A ∩B))

≤ 1x∈AcΨ(mx (A)) + 1x∈BcΨ(mx (B)) .
(3.2)

To do this we consider two complementary cases:
Case 1, x ∈ (A ∪ B)c: This is equivalent to x ∈ Ac ∩ Bc. Furthermore, since (A ∪ B)c ⊂ (A ∩ B)c we also

have that x ∈ (A∩B)c. Hence, all indicator functions in (3.2) take the value one and (3.2) is the same as (3.1),
which we have already verified.

Case 2, x ∈ A ∪B: In this case the first indicator function on the left hand side of (3.2) is zero.
Case 2.1, x ∈ A ∩B: In this subcase all indicator functions are equal to zero and the inequality is trivially

satisfied.
Case 2.2, x ∈ A ∪B \ (A ∩B): Without loss of generality we can assume that x ∈ A \B = A ∩Bc. In this

case only the second indicator function on the left hand side and the second one on the right hand side of (3.2)
take the value one and the inequality reduces to the trivial inequality

Ψ (mx (A ∩B)) ≤ Ψ(mx (B))

which is true since Ψ is non-decreasing and A ∩B ⊂ B.

Remark 3.4. From the submodularity of PerprobΨ one can show that the functional TVprobΨ defined in (2.11)
is convex. Indeed, this can be proved following the proof of Proposition 3.4 in [33], where, actually, we do not
need to assume the lower semicontinuity of the functional a priori.

Next, we consider rather general Ψ and show that PerprobΨ is related to a standard local perimeter when
X = Rd and the probability measure mx localizes to a Dirac delta δx; for the case of adversarial training such
a connection was proved in [23], where the authors utilized the notion of Γ-convergence of functionals. We take
a first step in this direction by proving that for sufficiently smooth sets the probabilistic perimeter converges
to a local one if the family of probability distributions mx localizes suitably. For example, one could think of
mx := Unif(Bε(x)), which converges to a point mass at x if ε → 0. To make our setting precise, we pose the
following general assumption:

Assumption 3.5. We assume that X = Rd, Ψ(0) = 0, Ψ is Borel measurable and bounded, and ρ1, ρ0 have
continuous densities with respect to the Lebesgue measure which we shall also denote as ρ1, ρ0. Furthermore,
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we assume that there is ε > 0 and a measurable function K : X × Rd → [0,∞) such that for every x ∈ Rd we
have the representation

dmx(x
′) = ε−dK

(
x,

x′ − x

ε

)
dx′.

We also assume that for every x ∈ X we have K(x, •) ∈ L1(Rd),
∫
Rd K(x, z) dz = 1, K(x, z) = 0 if |z| > 1, and

that for every z ∈ Rd the mapping x 7→ K(x, z) is continuous.

In the more difficult case when Ψ is not necessarily continuous, we shall need some additional assumptions
on the kernel.

Assumption 3.6. For our extra assumptions on the kernel, we shall require that for every z ∈ Rd the mapping
x 7→ K(x, z) is C1 and for every x ∈ Rd the mapping z 7→ K(x, z) is lower semicontinuous. Furthermore, for all
x ∈ Rd, t ∈ (−1, 1), and n ∈ Sd−1, the Radon transform of K with respect to the z-variable

R(K(x, ·))(n, t) :=
∫
{z·n=t}

K(x, z) dHd−1(z)

is strictly positive.

The following theorem derives the asymptotics of the probabilistic perimeter as ε → 0 and is the rigorous
counterpart of Informal Theorem 1.6.

Theorem 3.7. Let X = Rd. Under Assumption 3.5, if A has a compact C1,1 boundary and either Ψ is
continuous or K satisfies the additional Assumption 3.6, then

lim
ε→0

1

ε
PerprobΨ(A) =

∫
∂A

σ0,Ψ [x, n(x)] ρ0(x) + σ1,Ψ [x, n(x)] ρ1(x) dHd−1(x), (3.3)

where we let n(x) denote the normal to ∂A at a point x ∈ ∂A, and for any vector v ∈ Rd we define

σ0,Ψ [x, v] :=

∫ 1

0

Ψ

(∫
{z·v≤−t}

K(x, z) dz

)
dt, σ1,Ψ [x, v] :=

∫ 1

0

Ψ

(∫
{z·v≥t}

K(x, z) dz

)
dt.

Remark 3.8. If K is radially symmetric and independent of x ∈ X , then σ0,Ψ = σ1,Ψ =: σΨ is just a constant.

E.g., for K(x, z) := |B1(0)|−1
1|z|≤1 and Ψ(t) = 1t>p it is trivial that for p = 0 we have σΨ = 1. However, for

p ≥ 1
2 one easily sees σΨ = 0, hence the limiting perimeter equals zero and there is no regularization effect.

Using the function Ψ(t) = min {t/p, 1} corrects this degeneracy.

Notably, for radially symmetric K the limiting perimeter in (3.3) coincides, provided σΨ > 0, with the one
derived for adversarial training (problem (1.2)) in [23], although they considered more general (potentially
discontinuous) densities ρi. In particular, our result indicates that for very small adversarial budgets the regu-
larization effect of both probabilistically robust learning and adversarial training is dominated by the perimeter
in (3.3). While Theorem 3.7 already completes half of the proof (namely the limsup inequality) of Γ-convergence
of 1

ε PerprobΨ to the limiting perimeter, the remaining liminf inequality is beyond the scope of this paper. Proving
that the convergence (3.3) does not only hold for sufficiently smooth sets as assumed in Theorem 3.7 but even
in the sense of Γ-convergence is an extremely important topic for future work since only Γ-convergence allows
to deduce from the convergence of the perimeters that also the solutions of probabilistically robust learning
converge to certain regular Bayes classifiers as ε → 0, see [23], Section 4.2. The exploration of this is left for
future work.
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Proof of Theorem 3.7. UnderAssumption 3.5, a simple change of variables shows

PerprobΨ(A) =

∫
Ac

Ψ

(∫
Rd

1A(x+ εz)K(x, z) dz

)
ρ0(x) dx

+

∫
A

Ψ

(∫
Rd

1Ac(x+ εz)K(x, z) dz

)
ρ1(x) dx.

Let τ : Rd → R be the signed distance function to ∂A such that τ(x) ≤ 0 for x ∈ A. Using τ , we can rewrite
the previous line as

PerprobΨ(A) =

∫
{τ(x)≥0}

Ψ

(∫
{τ(x+εz)≤0}

K(x, z) dz

)
ρ0(x) dx

+

∫
{τ(x)≤0}

Ψ

(∫
{τ(x+εz)≥0}

K(x, z) dz

)
ρ1(x) dx.

Recalling that K(x, z) = 0 whenever |z| > 1, it follows that

PerprobΨ(A) =

∫
{0≤τ(x)≤ε}

Ψ

(∫
{τ(x+εz)≤0}

K(x, z) dz

)
ρ0(x) dx

+

∫
{−ε≤τ(x)≤0}

Ψ

(∫
{τ(x+εz)≥0}

K(x, z) dz

)
ρ1(x) dx.

In the rest of what follows, we will focus on proving that

lim
ε→0

1

ε

∫
{0≤τ(x)≤ε}

Ψ

(∫
{τ(x+εz)≤0}

K(x, z) dz

)
ρ0(x) dx =

∫
∂A

σ0,Ψ [x, n(x)] ρ0(x) dHd−1(x),

the argument for showing that

lim
ε→0

1

ε

∫
{−ε≤τ(x)≤0}

Ψ

(∫
{τ(x+εz)≥0}

K(x, z) dz

)
ρ1(x) dx =

∫
∂A

σ1,Ψ [x, n(x)] ρ1(x) dHd−1(x)

will be identical.
Since ∂A is C1,1, there exists some ε0 > 0 such that for all ε < ε0 the map Tε(y, t) : ∂A× [−1, 1]→ {x ∈ Rd :

0 ≤ τ(x) ≤ ε} given by Tε(y, t) = y + tn(y) is a bijection and ε−1 det(DTε) converges uniformly to 1 as ε→ 0.
Using this change of variables, we may write

1

ε

∫
{0≤τ(x)≤ε}

Ψ

(∫
{τ(x+εz)≤0}

K(x, z) dz

)
ρ0(x) dx

=

∫
∂A

∫ 1

0

1

ε
det(DTε(y, t))Ψ (aε(y, t)) ρ0(y + εtn(y)) dt dHd−1(y),

where we abbreviate

aε(y, t) :=

∫
{τ(y+ε(tn(y)+z))≤0}

K(y + εtn(y), z) dz
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Since we know that limε→0
det(DTε(y,t))

ε = 1 and limε→0 ρ0(y + εtn(y)) = ρ0(y) pointwise almost everywhere,
the main difficulty lies in passing to the limit in the term involving Ψ. For this we shall first prove convergence
of aε(y, t) to

a(y, t) :=

∫
{z·n(y)≤−t}

K(y, z) dz

Since ∇τ(y) = n(y) for any y ∈ ∂A, we have the expansion

τ(y + ε(tn(y) + z)) = ε(t+ z · n(y)) +O(ε2).

It now follows from our assumptions on K that for all y ∈ ∂A and all t ∈ [0, 1]

lim
ε→0

aε(y, t) = a(y, t).

If Ψ is continuous, the result now follows from dominated convergence. If Ψ is not continuous, then we must
work harder.

Since Ψ ∈ L1([0, 1]) ∩ L∞([0, 1]), we can always find a sequence of smooth functions Ψn such that
∥Ψn∥L∞([0,1]) ≤ ∥Ψ∥L∞([0,1]) and Ψn converges pointwise almost everywhere to Ψ on [0, 1]. If we can show
that

lim
n→∞

lim sup
ε→0

∣∣∣∣∫
∂A

∫ 1

0

(
Ψ(aε(y, t))−Ψn(aε(y, t))

)
dtdHd−1(y)

∣∣∣∣ = 0,

and

lim
n→∞

∣∣∣∣∫
∂A

∫ 1

0

(
Ψ(a(t, y))−Ψn(a(t, y))

)
dtdHd−1(y)

∣∣∣∣ = 0,

then we can safely approximate Ψ by Ψn and use the previous argument where Ψ was continuous to conclude
the result. Hence, it remains to show that the above integrals vanish.

Viewing aε and a as maps from ∂A× [0, 1]→ [0, 1] we can construct measures µε, µ on [0, 1] via pushforwards
by setting ∫ 1

0

g(s) dµε(s) :=

∫ 1

0

∫
∂A

g(aε(y, t)) dtdHd−1(y)

∫ 1

0

g(s) dµ(s) :=

∫ 1

0

∫
∂A

g(a(y, t)) dtdHd−1(y)

for any bounded continuous function g : [0, 1]→ R. Using these definitions, we can write∣∣∣∣∫
∂A

∫ 1

0

(
Ψ(aε(t, y))−Ψn(aε(t, y))

)
dtdHd−1(y)

∣∣∣∣ = ∣∣∣∣∫ 1

0

(
Ψ(s)−Ψn(s)

)
dµε(s)

∣∣∣∣ ,
and ∣∣∣∣∫

∂A

∫ 1

0

(
Ψ(a(t, y))−Ψn(a(t, y))

)
dtdHd−1(y)

∣∣∣∣ = ∣∣∣∣∫ 1

0

(
Ψ(s)−Ψn(s)

)
dµ(s)

∣∣∣∣ .
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If we can show that the measures µε are uniformly absolutely continuous with respect to the Lebesgue measure
on [0, 1], namely, that

lim
|E|→0

lim sup
ε→0

µε(E) = 0,

then the pointwise almost everywhere convergence of Ψn to Ψ along with the control ∥Ψn∥L∞([0,1] ≤ ∥Ψ∥L∞([0,1]

will imply that

lim
n→∞

lim sup
ε→0

∣∣∣∣∫ 1

0

(
Ψ(t′)−Ψn(t

′)
)
dµε(t

′)

∣∣∣∣ = 0,

and for free it will give us

lim
n→∞

∣∣∣∣∫ 1

0

(
Ψ(t′)−Ψn(t

′)
)
dµ(t′)

∣∣∣∣ = 0,

since µ is the distributional limit of the µε (from the pointwise convergence of aε to a).
To prove that the µε are uniformly absolutely continuous with respect to the Lebesgue measure on [0, 1],

we will show that |∂taε| is strictly bounded away from 0 whenever t is bounded away from 1. To do this, we
shall need the additional Assumption 3.6 on our kernel K. Let us first assume that K is C1 in both variables.
Changing variables z′ = z + tn(y) we can write

aε(y, t) =

∫
{τ(y+εz′)≤0}

K(y + εtn(y), z′ − tn(y)) dz′,

and hence

∂taε(y, t) =

∫
{τ(y+εz′)≤0}

ε∇yK(y + εtn(y), z′ − tn(y)) · n(y) dz′

−
∫
{τ(y+εz′)≤0}

∇z′K(y + εtn(y), z′ − tn(y)) · n(y) dz′.

Since the second term is the complete derivative with respect to z′, we can integrate by parts to obtain

∂taε(y, t) =

∫
{τ(y+εz′)≤0}

ε∇yK
(
y + εtn(y), z′ − tn(y)

)
· n(y) dz′

−
∫
{τ(y+εz′)=0}

K
(
y + εtn(y), z′ − tn(y)

)
n(y) · ∇τ(y + εz′) dHd−1(z′)

Using the expansion ∇τ(y + εz) = n(y) +O(ε) and the smoothness properties of K, we see that

∂taε(y, t) = −
∫
{τ(y+εz′)=0}

K(y, z′ − tn(y)) dHd−1(z′) +O(ε)

where we note that the constant in the big O bound does not depend on the differentiability of K with respect
to the z variable. Hence, after approximating K with C1 kernels, we can assume the above control holds for
any kernel K satisfying both Assumptions 3.5 and 3.6.
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Thus, for each fixed y ∈ ∂A, t ∈ [0, 1] we have

lim inf
ε→0

|∂taε(t, y)| ≥
∫
{z′·n(y)=0}

K(y, z′ − tn(y)) dHd−1(z′) =

∫
{z·n(y)=−t}

K(y, z) dHd−1(z),

where we have used the lower semicontinuity of K with respect to z. We can also now recognize that the
right hand side is the Radon transform R(K(y, ·))(−t, n(y)). From our additional Assumption 3.6, we know
that R(K(y, ·))(t, n(y)) > 0 for each fixed y ∈ ∂A, t ∈ (−1, 1) and n ∈ Sd−1. Fix some δ > 0. Since the set
∂A× [0, 1− δ]× Sd−1 is compact, it follows that there exists some cδ > 0 such that R(K(y, ·))(−t, n(y)) ≥ cδ
for all y ∈ ∂A, n(y) ∈ Sd−1, t ∈ [0, 1− δ]. Therefore,

lim inf
ε→0

|∂taε(t, y)| ≥ cδ

for all y ∈ ∂A and t ∈ [0, 1− δ]. Thus, for all ε > 0 sufficiently small we have

|∂taε(t, y)| ≥ cδ/2

for all y ∈ ∂A and t ∈ [0, 1− δ].
Now we are ready to show that µε is uniformly absolutely continuous with respect to the Lebesgue measure

on [0, 1]. Let L[a,b] denote the Lebesgue measure on the interval [a, b]. From our work above, for all ε > 0
sufficiently small, we have the inequality

µε = aε#
(
Hd−1

∂A ⊗ L[0,1]

)
≤ 2Hd−1(∂A)

cδ
L[0,1] + aε#

(
Hd−1

∂A ⊗ L[1−δ,1]

)
.

Thus, for any measurable E ⊂ [0, 1], we have

µε(E) ≤2|E|H
d−1(∂A)

cδ
+

∫
a−1
ε (E)∩(∂A×[1−δ,1])

dtdHd−1(y)

≤2|E|H
d−1(∂A)

cδ
+ δHd−1(∂A).

Hence, for all δ > 0,

lim
|E|→0

lim sup
ε→0

µε(E) ≤ δHd−1(∂A),

which implies that lim|E|→0 lim supε→0 µε(E) = 0. This completes the proof.

4. Interpolation properties of probabilistically robust learning

In this section we discuss the limiting behavior of the energies Rm-probΨp
and RprobΨp

, for Ψp(t) :=

min {t/p, 1}, as p → 0 or as p grows. This limiting behavior is studied in the sense of Γ-convergence, which,
in particular, is closely connected to the convergence of minimizers of the sequence of functionals. We start by
recalling the definition of this notion of convergence for functionals defined over arbitrary metric spaces.

Definition 4.1. Given a topological space (U , τ) and a sequence of functionals Fn : U → [0,∞], and another
functional F : U → [0,∞], we say that the sequence of functionals Fn Γ-converges toward F (with respect to
the topology τ) if the following two conditions hold:
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1. Liminf inequality: For any u ∈ U and any sequence {un}n∈N converging (in the τ topology) toward u
we have:

lim inf
n→∞

Fn(un) ≥ F (u).

2. Limsup inequality: For every u ∈ U there exists a sequence {un}n∈N converging (in the τ topology)
toward u such that:

lim sup
n→∞

Fn(un) ≤ F (u).

The relevance of the notion of Γ-convergence becomes apparent when an additional compactness property
holds.

Proposition 4.2 (Fundamental Theorem of Γ-convergence; see [37] and [38]). Let (U , τ) be a topological space.
Let Fn : U → [0,∞] be a sequence of functionals Γ-converging toward a functional F : U → [0,∞] that is not
identically equal to +∞. Suppose, in addition, that the sequence of functionals {Fn}n∈N satisfies the following
compactness property: any sequence {un}n∈N satisfying

sup
n∈N

Fn(un) <∞

is precompact in the topology τ , i.e., every subsequence of {un}n∈N has a further subsequence that converges to
an element of U .

Then

lim
n→∞

inf
u∈U

Fn(u) = inf
u∈U

F (u).

Moreover, if un for every n ∈ N is a minimizer of Fn, then any cluster point of {un}n∈N is a minimizer of F .

For our analysis in this section it will be useful to define Ψ0(t) := 1t>0 for t ≥ 0, which is a concave and
non-decreasing function in its domain. The probabilistic perimeter associated to this function is

PerprobΨ0
(A) =

∫
Ac

1mx(A)>0 dρ0(x) +

∫
A

1mx(Ac)>0 dρ1(x)

=

∫
Ac

mx- ess sup1A dρ0(x) +

∫
A

mx- ess sup1Ac dρ1(x),

and the corresponding probabilistic risk (1.8) can be written as

Rm-probΨ0
(A) =

∫
X
(1Ac(x) ·mx- ess sup1A + 1A(x)) dρ0(x)

+

∫
X
(1A(x) ·mx- ess sup1Ac + 1Ac(x)) dρ1(x).

Likewise, the risk RprobΨ0
from (1.7) takes the form

RprobΨ0
(A) =

∫
X
mx- ess sup1A dρ0(x) +

∫
X
mx- ess sup1

c
A dρ1(x).
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We start by proving Γ-convergence of Rm-probΨp
toward Rm-probΨ0

as p → 0 in the weak-* topology of

L∞(X ; ν).

Proposition 4.3 (Γ-convergence of modified PRL). For the functions Ψp(t) := min {t/p, 1} it holds that
PerprobΨp

Γ-converges to PerprobΨ0
and Rm-probΨp

Γ-converges to Rm-probΨ0
as p→ 0 in the weak-* topology of

L∞(X ; ν), where ν is as in (2.4).

Proof. Without loss of generality we assume ρ1 = 0 for a more concise notation.
We start with the liminf inequality. Let {Ap}p∈(0,1) be a sequence of sets such that 1Ap

converges to 1A as

p→ 0 in the weak-* sense. Then Lemma 2.17 implies that

lim
p→0

mx (Ap) = lim
p→0

Ex′∼mx

[
1Ap(x

′)
]
= Ex′∼mx [1A(x

′)] = mx (A) .

Next, we note that for 0 < p < l it holds Ψp ≥ Ψl. Hence we get

PerprobΨp
(Ap) ≥

∫
Ac

p

Ψl (mx (Ap)) dρ0(x)

=

∫
X
(1− 1Ap)Ψl (mx (Ap)) dρ0(x).

As argued in the proof of Proposition 2.18, the functions x 7→ Ψl (mx (Ap)) converge to x 7→ Ψl (mx (A)) in

L1(X ; ρ0) as p → 0. Using this together with 1Ap

∗
⇀ 1A in L∞(X ; ν) and taking into account (2.6) and (2.7)

we get

lim inf
p→0

PerprobΨp
(Ap) ≥

∫
Ac

Ψl (mx (A)) dρ0(x).

Since l > 0 was arbitrary we can let l→ 0 and use Fatou’s lemma to obtain

lim inf
p→0

PerprobΨp
(Ap) ≥

∫
Ac

Ψ0 (mx (A)) dρ0(x) = PerprobΨ0
(A).

For the limsup inequality we observe that, since Ψp ≤ Ψ0 for all p ∈ (0, 1), it holds PerprobΨp
(A) ≤ PerprobΨ0

(A)

and therefore the limsup inequality lim supp→0 PerprobΨp
(A) ≤ PerprobΨ0

(A) is true for the constant sequence

equal to A.
Being continuous perturbations of the probabilistic perimeters with respect to the weak-* topology of

L∞(X ; ν), the probabilistic risks Rm-probΨp
are easily seen to Γ-converge to Rm-probΨ0

as p → 0; see the

background section in [39].

Remark 4.4. With essentially the same proof as in Proposition 4.3, one can show that Sm-probΨp
Γ-converges

in the weak-* topology of L∞(X ; ν) toward the functional Sm-probΨ0
as p → 0. We recall that Sm-probΨ was

introduced in (2.20) and corresponds to the l.s.c. (but non-convex) extension of Rm-probΨ to soft classifiers.

Next, we discuss the Γ-convergence of RprobΨp
toward RprobΨ0

. This limiting energy may in general be

different from Rm-probΨ0
.

Proposition 4.5 (Γ-convergence of original PRL). For the functions Ψp(t) := min {t/p, 1} it holds that RprobΨp

Γ-converges to RprobΨ0
as p→ 0 in the weak-* topology of L∞(X ;σ), where σ is as in (2.3).

Furthermore, the Γ-convergence also holds with respect to the weak* topology of L∞(X ; ν), where ν is as in
(2.4).
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Proof. For simplicity, we again assume ρ1 = 0. The proof starts verbatim as the proof of Proposition 4.3, using
Lemma 2.17 with σ instead of ν. Then one gets for 0 < p < l that

lim inf
p→0

RprobΨp
(Ap) ≥

∫
X
Ψl (mx (A)) dρ0(x).

Taking also the limit l→ 0 one obtains

lim inf
p→0

RprobΨp
(Ap) ≥

∫
X
Ψ0 (mx (A)) dρ0(x).

The limsup inequality is again trivial, using that Ψp ≤ Ψ0 for all p > 0.
We point out that, since constant sequences work for the limsup inequality, the Γ-convergence also holds with

respect to any stronger topology as well. In particular, the Γ-convergence holds under the weak-* topology of
L∞(X ; ν).

Remark 4.6. With essentially the same proof as in Proposition 4.5, one can prove that SΨp
Γ-converges in

the weak-* topology of L∞(X ;σ) (or of L∞(X ; ν)) toward the functional SΨ0 as p→ 0. We recall that SΨ was
introduced in (2.21) and corresponds to the l.s.c. extension of RprobΨ to soft classifiers.

The next example shows that the functionals Rm-probΨ0
and RprobΨ0

, the Γ-limits of modified PRL and
original PRL, respectively, may in general be different from each other.

Example 4.7. Consider the data distribution µ = 1
2δ(x0,0)+

1
2δ(x1,1) where x

0 = (a, 0), x1 = (b, 0) ∈ R2 with a <

b. Let furthermore mx := Unif(Bε(x)) where 0 < ε < |b−a|
2 . Let A := {x = (x1, x2) ∈ R2 : x1 > a+ b−a

2 }∪{x
0}.

Then it follows that

Rm-probΨ0
(A) = 1/2 > 0 = RprobΨ0

(A).

While the energies Rm-probΨ0
, RprobΨ0

, and Radv may in general be different, they are always ordered, with
Radv being the largest. This is the content of the next proposition, which we state in more general terms.

Proposition 4.8. Let Ψ : [0, 1] → [0, 1] be such that Ψ(0) = 0, and suppose that for every x ∈ X one has
mx(X \Bε(x)) = 0. Then for every measurable A the following holds:

RprobΨ(A) ≤ Rm-probΨ(A) ≤ Radv(A). (4.1)

In particular, the above applies to Ψ = Ψ0, recalling Ψ0(t) = 1t>0.

Proof. It is straightforward to show that the following pointwise identity holds for any measurable set A:

1A(x) + 1Ac(x) · sup
x̃∈Bε(x)

1A(x̃) ≥ 1A(x) + 1Ac(x) ·Ψ(mx(A)) ≥ Ψ(mx(A)).

Applying this identity to Ac we get:

1Ac(x) + 1A(x) · sup
x̃∈Bε(x)

1Ac(x̃) ≥ 1Ac(x) + 1A(x) ·Ψ(mx(A
c)) ≥ Ψ(mx(A

c)).

Integrating the first chain of inequalities with respect to ρ0, the second with respect to ρ1, and adding up
the resulting expressions, we obtain (4.1).
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Next, we specialize to the case where the admissible set of hard classifiers is A = B(X ), i.e., the set of all Borel
measurable subsets of X (in the machine learning literature this is an agnostic learning setting) and then show
that, while Rm-probΨ0

and RprobΨ0
may be different, their minimal values coincide with that of the adversarial

training value functional Radv if we impose some reasonable assumptions on the family of measures {mx}x∈X .
Our result implies that, under Assumption 4.9 below, both PRL and modified PRL models are consistent with
AT, provided consistency is interpreted as consistency in minimal risks.

Assumption 4.9. For every x ∈ supp(ρ) the following conditions hold:

1. mx(X \Bε(x)) = 0.
2. Bε(x) ⊆ supp(mx).
3. For every x′ ∈ supp(ρ) the measure mx′⌊Bε(x) is absolutely continuous with respect to mx.

Remark 4.10. Assumption 4.9 is very mild and in the Euclidean setting, when X = Rd, is satisfied by the
simple model mx = Unif(Bε(x)) .

Theorem 4.11 (Consistency of optimal energies for PRL and modified PRL). Let A = B(X ) be the Borel
σ-algebra over X . Under Assumption 4.9,

lim
p→0

min
A∈A

RprobΨp
(A) = min

A∈A
RprobΨ0

(A) = min
A∈A

Radv(A) = min
A∈A

Rm-probΨ0
(A) = lim

p→0
min
A∈A

Rm-probΨp
(A),

where we recall Ψp(t) = min{t/p, 1} and Ψ0(t) = 1t>0.

Proof. Thanks to Remarks 4.4 and 4.6 and the Banach–Alaoglu theorem, we can apply the fundamental theorem
of Γ-convergence (i.e., Proposition 4.2) to conclude that

lim
p→0

min
u∈U

SprobΨp
(u) = min

u∈U
SprobΨ0

(u)

and

lim
p→0

min
u∈U

Sm-probΨp
(u) = min

u∈U
Sm-probΨ0

(u).

In addition, since Ψp is concave and non-decreasing for every p ≥ 0, we have, thanks to Remarks 2.21 and 2.22,

min
A∈A

RprobΨp
(A) = min

u∈U
SprobΨp

(u)

as well as

min
A∈A

Rm-probΨp
(A) = min

u∈U
Sm-probΨp

(u).

Therefore

lim
p→0

min
A∈A

RprobΨp
(A) = min

A∈A
RprobΨ0

(A)

and

lim
p→0

min
A∈A

Rm-probΨp
(A) = min

A∈A
Rm-probΨ0

(A).
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On the other hand, thanks to Proposition 4.8 applied to Ψ = Ψ0, we have

min
A∈A

Radv(A) ≥ min
A∈A

Rm-probΨ0
(A) ≥ min

A∈A
RprobΨ0

(A).

Thus it suffices to prove that

min
A∈A

RprobΨ0
(A) ≥ min

A∈A
Radv(A).

To see this, let A be an arbitrary measurable subset of X . We can then proceed as in the proof of [13],
Lemma 3.8 and use the fact that

{x ∈ X s.t. dist(x, supp(ρ)) < ε} ⊆ supp(σ),

which follows from (2) in Assumption 4.9, to conclude that we can find a measurable set A′ which is σ-equivalent
to A (i.e., σ(A△A′) = 0) and satisfies:

σ- ess sup
x̃∈Bε(x)

1A(x̃) = sup
x̃∈Bε(x)

1A′(x̃), σ- ess sup
x̃∈Bε(x)

1Ac(x̃) = sup
x̃∈Bε(x)

1A′c(x̃)

for ρ-a.e. x ∈ X . Thanks to (2.5), we deduce that

mx(A△A′) = 0, ρ-a.e. x ∈ X .

It follows that for ρ almost every x ∈ X we have

σ- ess sup
x̃∈Bε(x)

1A(x̃) = sup
x̃∈Bε(x)

1A′(x̃) ≥ mx- ess sup1A′(x̃) = mx- ess sup1A(x̃).

as well as

σ- ess sup
x̃∈Bε(x)

1Ac(x̃) ≥ mx- ess sup1Ac(x̃).

Since σ is absolutely continuous with respect to mx for ρ a.e. x ∈ X (thanks to Asm. 4.9), we deduce that

mx- ess sup1Ac(x̃) ≥ σ- ess sup
x̃∈Bε(x)

1Ac(x̃), mx- ess sup1A(x̃) ≥ σ- ess sup
x̃∈Bε(x)

1A(x̃)

for ρ-a.e. x ∈ X . Combining the above, we deduce that for ρ-a.e. x ∈ X

mx- ess sup1Ac(x̃) = sup
x̃∈Bε(x)

1A′c(x̃), mx- ess sup1A(x̃) = sup
x̃∈Bε(x)

1A′(x̃).

From this fact, we deduce that

RprobΨ0
(A) =

∫
X
mx- ess sup

x̃∈Bε(x)

1A dρ0(x) +

∫
X
mx- ess sup

x̃∈Bε(x)

1Ac dρ1(x)

=

∫
X

sup
x̃∈Bε(x)

1A′(x̃) dρ0(x) +

∫
X

sup
x̃∈Bε(x)

1A′c(x̃) dρ1(x)

= Radv(A
′)

≥ min
Ã∈A

Radv(Ã).

Taking the infimum over A on the left hand side we obtain the desired result.
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While the above result states that both PRL and modified PRL models recover the AT model from the
perspective of consistency of their optimal energies (at least in the agnostic setting, where we can prove existence
of minimizers to AT; see [13]), the next example illustrates thatminimizers of the PRL energies may not converge
to AT minimizers as the parameter p goes to zero. Studying the behavior of minimizers is important, since,
after all, PRL models and AT are used to produce robust classifiers by minimizing energy functionals. We start
with an example.

Example 4.12. Let X = R and for every x ∈ R let mx be the uniform measure over Bε(x), the open Euclidean
ball of radius ε and center x. Consider the probability distribution µ over X × {0, 1} given by

µ =
2

5
δ(x1,0) +

1

5
δ(x2,0) +

2

5
δ(x3,1),

where x1 < x2 < x3, |x1 − x2| < ε, and Bε(x
2) ∩Bε(x

3) ̸= ∅, Bε(x
1) ∩Bε(x

3) = ∅.
It is straightforward to show that the optimal adversarial risk R∗

adv in this situation is 1/5 and that A′ achieves
this adversarial risk if and only if Bε(x

3) ⊆ A′ and Bε(x
1) ⊆ A′c. On the other hand, the set Ã = Bε(x

3)∪ {x2}
satisfies Rm-probΨ0

(Ã) = 1/5. In particular, thanks to Proposition 4.11, Ã is a minimizer of both Rm-probΨ0
and

RprobΨ0
(i.e., the Γ-limits of the PRL models as p→ 0). Note, however, that there does not exist a set A′ ∼ν Ã

that is a minimizer of Radv. This is because for A′ to be a minimizer of Radv we would need to exclude x2 from
Ã, but it is impossible to achieve this while maintaining the condition Ã ∼ν A′, since ρ assigns mass strictly
larger than zero to {x2}.

From the above example it is clear that in general we cannot expect that an arbitrary minimizer of RprobΨ0

or Rm-probΨ0
can be turned into a solution to adversarial training by modifying it within a set of ν measure zero,

in particular by only modifying the classifier outside of the observed data (the support of the distribution ρ)
and their admissible perturbations. In other words, this means that there may be solutions to PRL or modified
PRL for p ≈ 0 that, putting measure theoretic technicalities aside, aren’t solutions to AT. In this sense, PRL or
its modified version may not necessarily recover the AT model when p→ 0. Fortunately, it is possible to avoid
the issue described above by imposing one extra assumption on the family of distributions {mx}x∈X .

Assumption 4.13. Suppose that for every x ∈ supp(ρ) the measure ρ⌊Bε(x), the restriction of ρ to the ball
Bε(x), is absolutely continuous with respect to mx.

Remark 4.14. If for x ∈ supp(ρ) we choose mx to be mx = 1
2 Unif(Bε(x)) +

1
2ρ(Bε(x))

ρ⌊Bε(x), then the family

{mx}x∈X satisfies Assumptions 4.9 and 4.13.

Theorem 4.15. Suppose that Assumptions 4.9 and 4.13 hold. Suppose that for every p > 0 the set Ap is a
minimizer of Rm-probΨp

over A = B(X ), and suppose that, as p→ 0, Ap converges towards a set A in the weak*

topology of L∞(X ; ν). Then there is a set A′ with A′ ∼ν A such that A′ is a minimizer of Radv over the class
of all Borel measurable sets.

The above continues to be true if we substitute Rm-probΨp
with RprobΨp

.

Proof. The Γ-convergence in Proposition 4.3 implies that A as in the statement must be a minimizer of
Rm-probΨ0

. Following the proof of Proposition 4.11 we know there exists a set A′ which is σ-equivalent to
A and satisfies Rm-probΨ0

(A) ≥ RprobΨ0
(A) = Radv(A

′). Thanks to Proposition 4.11, it follows that A′ is a
minimizer of Radv. The desired result now follows from Assumption 4.13, since this assumption implies that ν
is absolutely continuous with respect to σ and as a consequence A ∼ν A′.

So far we have studied the behaviors of the energies Rm-probΨp
and RprobΨp

as p→ 0. To wrap up this section

we discuss the limits of these energies as p grows.
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Theorem 4.16. For the functions Ψp(t) := min {t/p, 1} it holds that Rm-probΨp
Γ-converges to

E(x,y)∼µ [|1A(x)− y|] +
∫
A

∫
Ac

dmx(x̃) dρ1(x) +

∫
Ac

∫
A

dmx(x̃) dρ0(x)

as p→ 1, and to E(x,y)∼µ [|1A(x)− y|] as p→∞, in the weak-* topology of L∞(X ; ν). We recall ν was introduced
in (2.4).

Proof. This easily follows from the fact that, actually, the convergence of the energies is uniform over all
measurable A as p→ 1 and as p→∞.

Remark 4.17. In the previous result we have highlighted the case p = 1, as this is the case where the modified
PRL model coincides with a regularized risk minimization problem with nonlocal perimeter penalty of the type
investigated in [36] in the context of random walk metric spaces.

Remark 4.18. In contrast to the modified PRL model, which recovers the standard risk minimization model
as p grows, the energy RprobΨp

is easily seen to converge uniformly toward the zero functional as p→∞. This

means that the original PRL model does not interpolate between adversarial training and risk minimization.

5. PRL for general learning settings and the conditional value
at risk

After extensively discussing the binary and 0-1 loss case in the previous sections, we shift our attention
to training general hypotheses h ∈ H using general loss functions ℓ : Y × Y → R, even when Y is not binary.
Motivated by Propositions 2.1 and 2.5 it is natural to consider the following probabilistically robust optimization
problem

inf
h∈H

E(x,y)∼µ

[
max

{
ℓ(h(x), y), p- ess sup

x′∼mx

ℓ(h(x′), y)

}]
. (5.1)

Since the p-ess sup operator is notoriously hard to optimize, one shall replace it with the conditional value at risk
(CVaR) which is convex and easier to optimize [10, 31]. For a function f : X → R and a probability distribution
m the CVaR at level p ∈ (0, 1) is defined as

CVaRp(f ;m) := inf
α∈R

α+
Ex′∼mx

[
(f(x′)− α)+

]
p

. (5.2)

It is easy to see that p- ess supx′∼m f(x′) ≤ CVaRp(f ;m). Using CVaR in place of the p- ess sup operator, a
tractable version of (5.1) is

inf
h∈H

E(x,y)∼µ

[
max

{
ℓ(h(x), y),CVaRp(ℓ(h(•), y);mx)

}]
. (5.3)

We emphasize that, if the loss function ℓ(•, •) is convex in its first argument, then (5.3) is a convex function of the
hypothesis h. Furthermore, CVaR is positively 1-homogeneous and hence also (5.3) is positively 1-homogeneous
in the loss function. So, taking the maximum of the samplewise CVaR and standard risk is consistent with a
standard dimensionality analysis as both terms scale in the same way.

In the binary classification case we can prove Proposition 2.6 which states that the CVaR relaxation corre-
sponds precisely to using the risk Rm-probΨp

with the piecewise linear and concave function Ψp(t) = min {t/p, 1}
for which our theory from Section 2.2 applies.
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Proof of Proposition 2.6. If ℓ is the 0-1-loss then the function f := ℓ(1A(·), y) for A ∈ A can be written as
f = 1S for set S ∈ {A,Ac}, depending on whether y = 0 or y = 1. So it suffices to deal with the case f = 1A

where we can write

CVaRp(f ;mx) = CVaRp(1A;mx) = inf
α∈R

α+ (1− α)+
mx(A)

p
+ (−α)+

1−mx(A)

p
.

Notice that the function

ζ(α) := α+ (1− α)+
mx(A)

p
+ (−α)+

1−mx(A)

p
, α ∈ R,

is continuous and piecewise linear with kinks at α = 0 and α = 1. Moreover, since 0 < p < 1 it holds ζ(α) ≥ ζ(1)
for α > 1, and ζ(α) ≥ ζ(0) for α < 0. Thus the minimum of ζ is attained at either α = 0 or α = 1. Therefore

CVaRp(1A;mx) = min{ζ(0), ζ(1)} = min

{
mx(A)

p
, 1

}
= Ψp (mx(A)) .

This together with Proposition 2.5 implies the claim.

6. Numerical experiments

In this section, we conduct a comparative analysis between the original formulation of PRL (denoted as
“PRL” in Tab. 1) and our modification of PRL which is based on (5.3) (denoted as “m-PRL”). We build
upon the code of [10] and our implementation is available on GitHub1. The algorithmic realization of (5.3) is
a straightforward adaptation of their algorithm, which alternatingly minimizes the inner optimization problem
that defines CVaR and the outer optimization to find a suitable classifier, see Algorithm 1 in Appendix C.
Our experiments are conducted on MNIST and CIFAR-10 and to ensure a fair comparison we adhere to the
hyperparameter settings described in [10], such that both the original and modified algorithms utilize the same
set of hyperparameters for each specified value of p. The corresponding results for several baseline algorithms
including empirical risk minimization and adversarial training can be found in [10].

6.1. Comparing accuracy and robustness

We report the following metrics, all computed on held-out test sets. Clean accuracy measures the fraction
of test samples correctly classified without any perturbation. Adversarial accuracy measures the fraction of
test samples correctly classified under PGD attacks [8] with ℓ∞ perturbation budget ε (0.3 for MNIST, 8/255
for CIFAR-10) and 10 attack iterations. Augmented accuracy is the average accuracy when each test sample
is evaluated over 100 random perturbations sampled uniformly from the ε-ball. Finally, we report the quantile
accuracy ProbAccp for different values of p, defined – as in [10], (6.1) – for a single data point (x, y) by

ProbAccp(x, y) = 1Px′∼mx
[h(x′)=y]>p. (6.1)

In practice, we use an empirical proportion, computed over 100 samples from mx, in lieu of the true probability,
as done in [10]. All quantities are averaged over three runs, and we perform model selection based on the best
clean validation accuracy; see Appendix C.2 for more training details.

The results in Tables 1 demonstrate that the geometric modification does not compromise the accuracy of
the original algorithm, and sometimes leads to improved performance, even as it provides stronger theoretical
guarantees. Note that neither PRL nor m-PRL should be expected to match the adversarial robustness of
classifiers trained with PGD attacks [8] or other worst-case optimization techniques. Instead, they shine with

1https://github.com/DanielMckenzie/Begins with a boundary

https://github.com/DanielMckenzie/Begins_with_a_boundary
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Table 1. Accuracies [%] of the geometric and original algorithm for different values of p.

Data p Algorithm Clean Adv Aug ProbAcc(0.1) ProbAcc(0.05) ProbAcc(0.01)

M
N
IS

T

0.01
m-PRL 99.20 12.19 99.04 98.18 97.69 96.38
PRL 99.19 10.76 98.90 97.94 97.38 95.67

0.1
m-PRL 99.28 14.20 99.22 98.70 98.45 97.86
PRL 99.32 8.94 99.22 98.70 98.46 97.80

0.3
m-PRL 99.29 3.02 99.21 98.76 98.53 97.95
PRL 99.27 3.02 99.22 98.77 98.55 98.01

0.5
m-PRL 99.27 1.80 99.21 98.72 98.44 97.93
PRL 99.26 1.68 99.19 98.72 98.47 97.80

C
IF

A
R
-1
0

0.01
m-PRL 80.65 0.15 78.13 73.44 72.13 68.80
PRL 81.73 0.24 79.16 74.61 73.19 69.96

0.1
m-PRL 88.15 0.14 85.96 82.55 81.46 78.81
PRL 88.28 0.19 85.61 82.21 81.06 78.28

0.3
m-PRL 90.43 11.80 88.70 85.17 83.93 80.93
PRL 89.97 7.20 88.62 85.07 83.75 80.87

0.5
m-PRL 91.51 1.93 88.94 85.53 84.18 81.21
PRL 90.74 1.99 88.94 85.54 84.35 81.57

superior clean accuracy and easier training while maintaining probabilistic robustness, as well as a certain degree
of adversarial robustness. This corroborates the findings of [10].

6.2. On the existence of pathological points

We say (x, y) is a pathological data point if x is incorrectly classified (according to the Bayes classifier) yet a
large proportion of perturbations to x yield a correct classification. See Figure 1 for a simple example. Although
the discussion of Section 1 asserts that such points can arise for classifiers trained using PRL, it is interesting
to verify whether this phenomenon occurs in practice.

To do so, we examine all misclassified CIFAR-10 images, in both test and train splits, for a model trained
using PRL as described above. For each image x, we generate 100 samples x′ ∼ mx and compute the proportion
of such samples which are correctly classified. As shown in Figure 3, while for the vast majority of such x, all
100 x′ remain incorrectly classified, images x exist where an arbitrarily large proportion of the x′ are correctly
classified. In short, pathological points do occur in practice.

We repeated the same experiment, but with a model trained using m-PRL. Intriguingly, while m-PRL is
guaranteed in theory to prevent pathological points (see Prop. B.1 in the Appendix), in practice they still
occur, see Figure 3. We did not find strong empirical evidence that using m-PRL results in fewer pathological
points in practice, see also Figures C.3 to C.2. We attribute this gap between theory and practice to the fact
that m-PRL (as well as PRL) approximates the value of CVaRp, which involves a high-dimensional expectation,
with an empirical average, see (5.3) and line 7 in Algorithm 1).

7. Discussion and Conclusion

In this paper we considered probabilistically robust learning (PRL), originally proposed in [10]. We introduced
a modification of the original PRL model that allowed us to address, at least theoretically, the possibility that
certain solutions to the model possess pathological points as described in Figure 1. This modification has the
appeal of being interpretable through the lens of regularized risk minimization, where the regularization terms
take the form of non-local perimeters of interest in their own right. We discussed an asymptotic expansion for
smooth decision boundaries to show that for small adversarial budgets these probabilistic perimeters induce the
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(c) p = 0.01, test, original PRL

0 20 40 60 80 100
Percentage of perturbations yielding correct classification

101

102

103

Nu
m

be
r o

f  
In

co
rre

ct
ly

 C
la

ss
ifi

ed
 Im

ag
es

0 25 50 75 100
100

101

102

(d) p = 0.01, test, m-PRL

Figure 3. Histograms display the distribution of percentages of correctly classified perturba-
tions among misclassified images for both original and m-PRL with parameter p = 0.01. The
inner plot excludes the prevalent 0% case. The plots show that pathological data points – i.e.
data points which are misclassified yet most perturbations to the data point are correctly clas-
sified – occur in real datasets.

same regularization effect as the original adversarial training model. For binary classification we proved existence
of optimal hard classifiers and of very general classes of soft classifiers including neural networks in both the
original and modified PRL settings. This was done through novel relaxation techniques taking advantage of the
structure of our functionals. Finally, through rigorous Γ-convergence analysis we provided a detailed discussion
on the relation between adversarial training, risk minimization, and all the PRL models, highlighting that the
original PRL model fails to interpolate between risk minimization and adversarial training, contrary to claims
in previous works. For general (not necessarily binary) problems we showed that the natural loss function to
choose is the sample-wise maximum of the standard loss and conditional value at risk (CVaR).

One limitation of PRL is that it does not completely solve the accuracy vs. robustness trade-off, which
remains a challenging problem. Furthermore, while the formal limit of PRL as p→ 0 is the worst-case adversarial
problem, the algorithms for solving PRL exhibit limitations for very small values of p (in the computation of
CVaRp). Still, the results for moderately large values of p are encouraging and future work should focus on
understanding of this trade-off better.
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The rich mathematical theory developed in this paper opens up new avenues for research, such as the explicit
design of probabilistic regularizers for enforcing robustness of algorithms to certain perturbations of data and
exploring the variational convergence of probabilistic perimeters.
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Appendix A. List of functionals and notation

The following table summarizes all objective functions, perimeters, and regularization functionals used throughout
this paper. We organize them by their domain: functionals for hard classifiers (sets A ∈ A) and functionals for soft
classifiers (functions u : X → [0, 1]).

Functional Description References

Risk functionals for hard classifiers (sets A ∈ A)

Rstd(A) Standard risk (risk minimization). (1.1)

Radv(A) Adversarial training risk; uses ε-fattening (A⊕ε). (1.2)

Rprob(A) Original PRL risk from [10]; uses p-ess sup. (1.3)

RprobΨ(A) Generalized PRL risk for arbitrary Ψ. Recovers Rprob when Ψ(t) =
1t>p.

(1.7)

Rm-prob(A) Modified PRL risk (abbrev. m-PRL): Rm-prob(A) = Rstd(A) +
Perprob(A).

(1.4)

Rm-probΨ(A) Modified PRL with general Ψ: Rm-probΨ(A) = Rstd(A) +
PerprobΨ(A).

(1.8)

Perimeter functionals for hard classifiers

Peradv(A) Adversarial perimeter; measures ε-boundary contribution. Section 1.2

Perprob(A) Probabilistic perimeter with threshold Ψ(t) = 1t>p. (1.5)

PerprobΨ(A) Probabilistic perimeter with general Ψ. (1.9)

Regularization functionals for soft classifiers (u : X → [0, 1])

JprobΨ(u) Nonlocal regularization for soft classifiers. Satisfies JprobΨ(1A) =
PerprobΨ(A).

(1.10)

TVprobΨ(u) Total variation extension: TVprobΨ(u) =
∫ 1

0
PerprobΨ({u > t}) dt. (2.11)

SprobΨ(u) Soft classifier risk. (2.21)

Sm-probΨ(u) Modified soft classifier risk: Sm-probΨ(u) = E(x,y)∼µ [|u(x)− y|] +
JprobΨ(u).

(2.20)

Key choices of Ψ and their properties

Ψ(t) = 1t>p Hard threshold at p; gives original PRL. Not concave. (1.3)

Ψp(t)=min{ t
p
, 1} CVaR relaxation; smallest concave function ≥ 1t>p. Prop. 2.6

Ψ0(t) = 1t>0 Threshold at zero; used for analyzing Gamma-convergence. Prop. 4.3

Key relationships:

� For hard classifiers: Rm-probΨ(A) = Rstd(A) + PerprobΨ(A) (geometric regularization interpretation).
� Consistency: JprobΨ(1A) = TVprobΨ(1A) = PerprobΨ(A) for all A ∈ A.
� Ordering: TVprobΨ(u) ≤ JprobΨ(u) when Ψ is concave and non-decreasing.
� Limits: As p→ 0, Rm-probΨp

→ Radv; as p→ ∞, Rm-probΨp
→ Rstd.

mailto:subscribers@edpsciences.org
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Appendix B. Pathological points in the modified PRL model

Contrary to the situation presented in Figure 1, where we describe the unintuitive behavior of a solution of the
original PRL model, the modified PRL model possesses an interesting stability property that prevents its minimizers
from having pathological points (recall the discussion in Sect. 6.2), a notion that we make more precise below. This
property is independent of any specific details of the family {mx}x∈X and for example holds in the Euclidean setting
when we set mx to be the uniform measure over the ball Bε(x).

Proposition B.1. Let Ψ : [0, 1] → [0, 1] be such that Ψ(0) = 0 and Ψ(1) = 1. Under Assumption 4.9, if A is a minimizer
of Rm-probΨ, then for ρ-a.e. x ∈ X with dρ0

dρ
(x) > dρ1

dρ
(x) we have: 1A(x) = 1 implies mx- ess sup1A = 1. Likewise, for

ρ-a.e. x ∈ X with dρ1
dρ

(x) > dρ0
dρ

(x), 1Ac(x) = 1 implies mx- ess sup1Ac = 1.

Proof. Let us define the set of pathological points for the distribution ρ0 as those which are misclassified (according to
the Bayes classifier) even though, with probability one, their perturbations lead to a correct classification. For this let
(recall ρi ≪ ρ := ρ0 + ρ1 for i ∈ {0, 1})

N :=

{
x ∈ X :

dρ0
dρ

(x) >
dρ1
dρ

(x)

}

be the set of points which are strictly more likely to get the label zero than one, and define

P0 := {x ∈ A ∩N : mx(A) = 0} .

So the points x ∈ P0 are assigned the label one although the Bayes classifier assigns the label zero and likewise all
perturbations using mx. Note that P0 ⊂ A and define the competitor set Ã := A \P0. Aiming for a contradiction, we will
show that if ρ(P0) > 0, then Ã would have a strictly smaller value of Rm-probΨ than the minimizer A. We first observe
that, thanks to Assumption 4.9 and the definition of P0, we have

mx(A) = mx(Ã) ∀x ∈ X .

Hence, using also (1.8), the energy difference of A and Ã simplifies to

Rm-probΨ(A)− Rm-probΨ(Ã)

= ρ0(P0)− ρ1(P0)−
∫
P0

ψ(mx(A)) dρ0(x) +

∫
P0

ψ(mx(A)) dρ1(x)

= ρ0(P0)− ρ1(P0)

=

∫
P0

(
dρ0
dρ

− dρ1
dρ

)
dρ > 0

where, for the second equality, we used that mx(A) = 0 for all x ∈ P0 and that Ψ(0) = 0, and for the last inequality we
used the definition of P0 and N . This is a contradiction to minimality and, hence, we have ρ(P0) = 0, which implies
that, for ρ-almost every x ∈ X with dρ0

dρ
(x) > dρ1

dρ
(x) and x ∈ A, we have mx(A) > 0 and hence mx- ess sup1A = 1. The

second statement is proved analogously.

Appendix C. Computational aspects of PRL

C.1 Pseudocode for geometric probabilistically robust learning

In Algorithm 1 we provide a pseudocode for parametrized classifiers f ≡ fθ : X → Y based on stochastic gradient
descent with batch size B. Furthermore, it involves a sample size of M samples from a distribution mx around an input
x ∈ X , a learning rate ηα for the inner optimization in CVaR, and a learning rate η for the parameter updates. The
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pseudocode is a straightforward generalization of [10], Algorithm 1 and we implemented it in their code framework2. The
code which can be used to reproduce our results is part of the supplementary material of this paper.

Algorithm 1 Proposed algorithm for solving (5.3) for p ∈ (0, 1).

1: for minibatch (xj , yj)
B
j=1 do

2: for T steps do ▷ Approximate solution of inner problem
3: Draw x′

k ∼ mxj
, k = 1, . . . ,M

4: gαj ← 1− 1

pM

M∑
k=1

1ℓ(fθ(x
′
k), yj) ≥ αj

5: αj ← αj − ηαgαj

6: end for

7: Sj ← αj +
1

pM

M∑
k=1

(ℓ(fθ(x
′
k), yj)− αj)+ ▷ Approximate value of CVaRp

8: if Sj > ℓ(fθ(xj), yj)) then ▷ If CVaRp kicks in

9: gj ←
1

pM

M∑
k=1

∇θ (ℓ(fθ(x
′
k), yj)− αj)+

10: else ▷ If it doesn’t
11: gj ← ∇θℓ(fθ(xj), yj)
12: end if

13: g ← 1

B

B∑
j=1

gj ▷ Compute full θ-gradient

14: v ← optimizer(g) ▷ AdaDelta or SGD(+M)
15: θ ← θ − ηv ▷ Update parameters
16: end for

C.2 Training details

Hyperparameter values specific to Algorithm 1 used in training are presented in Table C.1. Following [10], we use
AdaDelta [40] for MNIST experiments and SGD with momentum for CIFAR-10 experiments. The MNIST experiments use
a CNN architecture with two convolutional layers (32 and 64 filters, size 3x3), two dropout layers (dropout probabilities
0.25, 0.5), and two fully connected layers (dimensions 9216 to 128 and 128 to 10). A ResNet-18 [41] is used in the
CIFAR-10 experiments. The hyperparameter values used for these algorithms are contained in hparams registry.py in
the accompanying code.

2https://github.com/arobey1/advbench

https://github.com/arobey1/advbench
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Table C.1. Hyperparameters used for training. The probability distribution mx is always taken
to be the uniform distribution over the ball Bε(x). Note that p is called beta in the code. For
consistency we always used the same hyperparameter values for the “Geometric” and “Original”
versions.

Data p ε ηα M T

M
N
IS

T 0.01 0.3 0.1 20 5
0.1 0.3 1.0 20 5
0.3 0.3 1.0 20 5
0.5 0.3 1.0 20 5

C
IF

A
R
-1
0 0.01 8/255 0.1 20 5

0.1 8/255 1.0 20 5
0.3 8/255 1.0 20 5
0.5 8/255 1.0 20 5

C.3 Computational resources used

We performed the majority of the prototyping and some experimentation on a LambdaLabs Vector workstation
equipped with 3 NVIDIA A6000 GPUs. We estimate that we used approximately 500 GPU-hours on this machine. We
supplemented this with 550 GPU-hours of cloud compute – using the Lambda GPU cloud – predominately on instances
equipped with a single A10 GPU.
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C.4 Further numerical experiments

In Figures C.1 to C.3 we provide further numerical experiments on pathological points with parameters p = 0.1, 0.3,
and 0.5.
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(a) p = 0.1, train, original PRL

0 20 40 60 80 100
Percentage of perturbations yielding correct classification

101

102

103

Nu
m

be
r o

f  
In

co
rre

ct
ly

 C
la

ss
ifi

ed
 Im

ag
es

0 25 50 75 100

102

(b) p = 0.1, train, m-PRL
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(c) p = 0.1, test, original PRL
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(d) p = 0.1, test, m-PRL

Figure C.1. Histograms showing the distribution of percentages of correctly classified perturbations
among misclassified images for both original and m-PRL with parameter p = 0.1.
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(a) p = 0.3, train, original PRL
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(b) p = 0.3, train, m-PRL
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(c) p = 0.3, test, original PRL
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(d) p = 0.3, test, m-PRL

Figure C.2. Histograms showing the distribution of percentages of correctly classified perturbations
among misclassified images for both original and m-PRL with parameter p = 0.3.
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(a) p = 0.5, train, original PRL
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(b) p = 0.5, train, m-PRL
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(c) p = 0.5, test, original PRL
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(d) p = 0.5, test, m-PRL

Figure C.3. Histograms showing the distribution of percentages of correctly classified perturbations
among misclassified images for both original and m-PRL with parameter p = 0.5.
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