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MEAN FIELD OPTIMIZATION PROBLEMS: STABILITY RESULTS
AND LAGRANGIAN DISCRETIZATION

KaNG Liub*® AND LAURENT PFEIFFER?

Abstract. We formulate and investigate a convex optimization problem defined on a set of probability
measures p with prescribed marginal m, which we call Mean Field Optimization (MFO) problem.
The cost function depends on an aggregate term, defined as the expectation of p with respect to a
contribution function. This problem is of particular interest in the context of Lagrangian potential
mean field games and their discretization. We provide a first-order optimality condition and prove
strong duality. We investigate stability properties of the MFO problem with respect to the prescribed
marginal, from both primal and dual perspectives. In our stability analysis, we propose a method for
recovering an approximate solution to an MFO problem with the help of an approximate solution to
an MFO with a different marginal m, typically an empirical distribution. We combine this method
with the stochastic Frank—Wolfe algorithm of [Bonnans et al. SIAM J. Optim. 33 (2023) 3083-3113]
to derive a complete resolution method.
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1. INTRODUCTION

This article is dedicated to a general class of optimization problems involving probability measures with a
prescribed marginal m. We will refer to them as Mean Field Optimization (MFO) problems. They typically arise
in multi-agent optimization problems, for which a mean-field formulation of the problem, involving the proba-
bility distribution of the decisions of the agents (rather than an enumeration of them), is not only meaningful
but also provides us with convexity properties of great numerical interest.

The first ambition of our work is to provide a general framework for the formulation of such situations. For the
sake of clarity, we introduce here the MFO problems investigated in this work. We refer the reader to Section 2.3
for a complete description of the required assumptions. Let X and Y be two complete and separable metric
spaces and let H be a separable Hilbert space. Let Z be a closed subset of X x Y and let m be a probability
measure on X. We consider the following problem, parametrized by m:

inf  f (/Zg(x,y)du(x,y)) (Py)
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Keywords and phrases: Optimization with probability measures, potential mean field games, non-atomic games, stability analysis,

Frank—Wolfe algorithm.

1 Université Bourgogne Europe, CNRS, Institut de Mathématiques de Bourgogne, 21000, Dijon, France.
2 Université Paris-Saclay, CNRS, CentraleSupélec, Inria, Laboratoire des signaux et systémes, 91190, Gif-sur-Yvette, France.

* Corresponding author: kang.liu@u-bourgogne.fr

© The authors. Published by EDP Sciences, SMAI 2026

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


https://doi.org/10.1051/cocv/2026026
https://www.esaim-cocv.org
https://orcid.org/0000-0002-9486-578X
https://orcid.org/0000-0001-6766-378X
mailto:kang.liu@u-bourgogne.fr
https://creativecommons.org/licenses/by/4.0

2 K. LIU AND L. PFEIFFER

where g: Z — H is a Borel measurable function and f: H — R is a convex function. The admissible set P, (2)
is the set of all probability measures on Z whose marginal distribution on X is m. A rigorous definition of P,,(Z)
is provided in Section 2.3. Our model allows for heterogeneity within the agents, which is modeled by some
parameter x € X. The decision variables of the agents are generically denoted by y € Y and the probability
measure u represents the distribution of the parameter-decision pairs (z,y) of our agents. The distribution of
the parameters of the agents is given by m, that is why we impose that u has its first marginal equal to m. At an
abstract level, we can interpret the term [, gdu as a common good, obtained by aggregating the contributions
of all the agents.

Motivation

Our original interest for MFO problems comes from non-atomic games with a convex potential structure,
for which finding a Nash Equilibrium (NE) is equivalent to solving an MFO problem. Indeed, the first-order
optimality condition (Cor. 3.4) derived in our abstract framework is consistent with the standard characterization
of NE in [1-3], while covering a more general class of models thanks to our abstract framework. Concrete
examples with be provided and discussed in Section 8. Among these games, we have a special interest for
Lagrangian Mean Field Games (MFGs) [1, 3-6], in which the agents each optimize the trajectory of some
dynamical system and are parametrized by their initial condition. A concrete formulation of such Lagrangian
MFGs is presented in Section 8.2. Problem (Pg) also arises in energy management problems, more specifically,
in problems involving many small consumption (or production) units, for example electrical cars. For such
problems, the parameter x could model any relevant characteristic of the cars (such as their charging capacity)
while the variable y describes their charging profiles. The common good is typically the total energy consumption
on a given time interval and the function f may be designed so as to penalize the distance to a reference
consumption profile. We refer the reader to [7-9] for references containing concrete models. Note that in these
references, the problem appears in the Monge form discussed below, with m an empirical measure.

Finally, let us mention the close connection between MFO problems and supervised learning through the
training of neural networks with one hidden layer. In the mean-field (infinite-width) relaxation of this training
problem [10-12], the variable p describes the probability distribution of the neurons’ weights. In this setting, the
marginal space X essentially reduces to a single point, so the corresponding MFO formulation is considerably
simpler. Regarding numerical algorithms, the methods (Alg. 3) considered in this article can be compared with
classical training procedures, such as stochastic gradient descent, used in the above references. A systematic
comparison appears particularly interesting and is left for future work. For other applications of MFO problems
in learning, we refer to [13, 14] and the references therein.

Numerical approach

The numerical resolution of Problem (PX) poses two main difficulties: the numerical manipulation of prob-
ability measures and the treatment of the marginal constraint. Let us focus on the first difficulty by supposing
momentarily that m is a Dirac measure located at some point z* and that Z = {z*} x Y, so that the problem
(PX) can simply be written as an optimization problem on P(Y):

Veig(fy) f < /Y g(rc*,y)d'/(y)> :

Unless Y is finite, P(Y) is an infinite dimensional set. A first approach would consist in discretizing the set
Y, which would preserve the convexity of the problem. This approach suffers from the curse of dimensionality,
since it requires an exponential number of points with respect to the dimension of Y. A second approach would
consist in representing the probability measure as the empirical mean of a set of N points to be optimized.
The clear drawback of this approach is the loss of convexity of the discretized problem; yet we mention that
it proves efficient in the context of supervised learning problem [10]. In the general context of MFO problems,
the Frank—Wolfe (FW) algorithm is a particularly advantageous algorithm. It produces a finitely supported
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approximate solution and leverages the convexity of the original problem (without using a coarse discretization
of Y)). More specifically, it generates after k iterations an O(1/k)-optimal solution supported by at most k
points. The FW algorithm applies to our discretized problem below, as outlined in Algorithm 2. Moreover, it
achieves an O(1/k)-convergence rate, as shown in Lemma 7.5.

Coming back to the case of a general marginal, we propose to discretize m with an empirical measure my
associated with IV points, namely

1 N
my ‘= NZ;&%,

and to solve:

inf du ) . Pk
HepmN(Z)f( X u) (PK)

This idea was already proposed in [6], in an MFG context. The choice of the points (z;);=1,... n Will be discussed
more in details in Section 7.2. We will present theoretical guarantees from [15] for a constructive approach based
on quantization.

By the disintegration theorem, (PX

my) 18 equivalent to a problem involving N probability measures, see
(7.1). A direct implementation of the FW algorithm to (PﬁN) would lead to an approximate solution possibly
involving kN points after k iterations of the algorithm, which may cause memory issues as k grows large. We
will see that the Stochastic Frank—Wolfe algorithm, which we introduced and analyzed in [16], allows to obtain
an approximate solution of (PEI ) relying on only N support points, to the price of an additional error term
of order O(1/N) in the main convergence result, see Lemma 7.6 and Remark 7.7. Let us mention that the
Frank—Wolfe algorithm (also called conditional gradient method) was already applied to potential MFGs, see

for example [17-19]. It can be seen as a generalization of the fictitious play, investigated in particular in [20, 21].

Stability results

We first derive a first-order necessary and sufficient optimality condition for (Pfl) in Theorem 3.3, relying on
the convexity of f and suitable regularity assumptions on g. This yields a fixed-point characterization of primal
solutions in Corollary 3.4. Such a structure is reminiscent of characterizations of Nash equilibria in nonatomic
games and of Lagrangian MFG models; see, e.g., [1-3]. We also establish existence of a solution under a tightness
assumption on minimizing sequences in Proposition 3.5.

We then study the stability of (Pg) with respect to the marginal m, in the topology induced by the
Wasserstein—1 (Kantorovich-Rubinstein) distance (see Sect. 2.1 for the definition). This analysis is motivated
by the numerical approach described above, where m is discretized. A key ingredient is our bridging method
(Alg. 1), which constructs an approximate solution for a given marginal from an approximate solution corre-
sponding to a nearby marginal. A diagrammatic illustration in the empirical case is provided in Remark 4.4.
Our main stability estimate is Theorem 4.6, where we prove that the value function is Lipschitz continuous with
respect to the Wasserstein—1 distance between marginals.

Finally, we introduce a dual formulation of (Pfl) and prove strong duality in Proposition 6.2. We further
show that the (unique) dual solution depends Holder-continuously on m. These results lead to an explicit
first-variation formula for the value function of the primal problems; see Proposition 6.5.
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Kantorovich and Monge formulations

In the formulation of Problem (PX), two agents with the same parameter z may take different decisions. We
can impose that two agents with the same parameter x take the same decision T'(x). This leads to the problem

jnf f ( /Z g(g:,T(x))dm(fU)) : (Py)

where T denotes the set of Borel mappings T: X — Y, such that (z,T(z)) € Z, for m-a.e. z € X. We will
refer to Problems (Pg) and (P%) as the Kantorovich and Monge formulations, respectively, by analogy with
the classical terminology of optimal transportation. Our last theoretical contribution is an upper bound on the
difference of the values of the two formulations. In particular, when m is absolutely continuous, there is no gap
between the Kantorovich and Monge formulations (see Cor. 5.7), which is similar with the result established in
[22] for optimal transportation.

Organization

In Section 2, we present some notations and results in measure theory and set-valued functions, the rigorous
description of the data of problem (Pffl) Section 3 is dedicated to the primal problem: We provide a first-order
optimality condition and an existence result. We perform in Section 4 a stability analysis for the primal problem,
based on our bridging method. In Section 5, we analyze the gap between (PX ) and its Monge counterpart (PM).
In Section 6, we formulate the dual problem of (Pffl), we prove strong duality, and we prove the stability of
the dual solution. We provide our numerical method in Section 7. We perform in Section 8 some numerical
simulations for a Lagrangian MFG model taken from [23] and for a congestion problem.

2. PRELIMINARIES

2.1. Results in measure theory

A metric space is called a Polish space if it is complete and separable. Let X be a Polish space equipped with
a metric dx, and let X' be a o-algebra on X. The Borel o-algebra on X is denoted by BX. Given any measure
m on X, we refer to the triplet (X, X', m) as a measure space. Measure spaces are said to be complete if for any
A € X with m(A) = 0 and for any subset B of A, we have B € X. We define

P(X) := {m is a positive Borel measure on X, and m(X) = 1};

PHX) = {m € P(X) ‘ Jao € X such that /de(x,xo)dm < —|—oo} :

Let 0, denote the Dirac measure at point . We denote by Ps(2) the set of finitely supported probability
measures, defined by

K
Ps(X) = {Zwkdpﬂk

K
K e Na (Wk)gzl € (R-F)Ka (zk)l[f:l € XK? Zwk = 1}
k=1 k=1
In particular, we call m € Ps(X) an empirical distribution if wy, =1/K for k=1,... K.
The set P(X) is endowed with the narrow topology. We say that a sequence (my)p>1 in P(X) narrowly
converges to some m € P(X) if for any bounded and continuous function F: X — R,

lim den:/ Fdm.
X X

n—-+oo
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The space P!(X) is endowed with the Kantorovich—Rubinstein Distance,

di(mo,my) == sup / Fd(mg — mq),
FeLip, (X) Jo

where Lip; (X) is the set of all 1-Lipschitz continuous functions on X. For any m € P(X), the support of m is
defined by

supp(m) == {z € X | m(V)) > 0 for all open set V such that z € V'}. (2.1)

Lemma 2.1. Let m € P(X). Let F: X — Ry be a Borel measurable function. Assume that

/ Fdm = 0.
X

Then F =0, m-a.e. Moreover, if F~1({0}) is closed, then supp(m) C F~1({0}).

Proof. The fact that F' = 0, m-a.e., is from [24], Theorem 1.39(a). Now, let F~1({0}) be closed. Suppose that
there exists = € supp(m) such that x ¢ F~1({0}). Since F~1({0}) is closed, there exists an open neighborhood
V of x such that F(z) > 0, for all z € V. By the definition of the support of a probability measure, we have
m(V) > 0. Therefore, [, Fdm > [{, Fdm > 0, contradiction. O

2.2. Results about set-valued functions

In this subsection, we consider a metric space X equipped with a metric dx, a o-algebra X on X, and a
measure m on X. Additionally, we fix a Polish space Y with a metric dy, and we denote the Borel o-algebra
on Y by BY. We call F a set-valued function from X to Y if F(z) CY for all z € X, denoted by X ~» Y for
short. The graph of F' is defined by

Graph(F) ={(z,y) e X xY | y € F(z)}.

We say that F' has closed (non-empty) images, if for any x € X, F(z) is closed (non-empty) in Y.
Let us give some definitions concerning regularity properties of set-valued functions, which are from [25],
Definitions 1.4.1, 1.4.2, 1.4.5, and 8.1.1.

Definition 2.2. Let F': X ~» Y be a set-valued function with non-empty images.

1. (Lower semi-continuity). The set-valued function F' is lower semi-continuous at point x € X if for any
y € F(x) and any sequence (x,, € X),>1 converging to z, there exists y,, € F(x,) converging to y. The
set-valued function F' is said to be lower semi-continuous if it is lower semi-continuous at each point z € X.

2. (Upper semi-continuity). The set-valued function F' is upper semi-continuous at point x € X if for any
neighborhood U of F(x), there exists n > 0 such that for any ' € Bx(z,n), we have

F(@') CU.
The set-valued function F' is said to be upper semi-continuous if it is upper semi-continuous at each point
zeX.
3. (Lipschitz continuity). When X and Y are normed vector spaces, we say that F' is L-Lipschitz continuous
on X, for some L > 0, if for any x1,z2 € X,

F(Z‘l) - F(J?Q) + By(O,de(l‘l,J?Q)).

Here By (0,r) denotes the closed ball in Y centered at 0 with radius r > 0.
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4. (Measurability). The set-valued function F' is measurable if the inverse image of any open subset O of Y
is measurable, i.e.,

FHO)={zecX | F2)nO #0} € X.

Below, we present a key result on the measurable selection of set-valued functions, which is fundamental in
the proofs of our article.

Theorem 2.3 (Aumann [26]). Let F: X ~~ Y be a set-valued function with non-empty images. Let m be a
o-finite measure on (X, X). If the graph of F, Graph(F), is X ® BY -measurable, then there exists a function
f: X =Y such that:

e fis (X,BY)-measurable, and
o f(z) € F(x) for m-almost every x € X.

2.3. Data setting and technical lemmas

Recall the MFO problem (PL,). We consider the following setting:
Two Polish spaces and their Borel o-algebras: (X, BX) and (Y, BY).

A probability distribution on X: m € P(X).
e A set-valued function F': X ~» Y with a closed graph and non-empty images. Let

Z = Graph(F), Zy = F(z), Vz € X.
e The admissible set of probability measures:
Pn(Z) = A{n € P(Z) | mutfp =m},
where 7,: Z = X, (z,y) — x.

A separable Hilbert space: H.
e Two Borel measurable functions: g: Z — H and f: H — R.

The integral [, gdu in (PX) should be interpreted in the Bochner integration sense. We refer to [27],
Appendix E for Bochner integrable functions.

Lemma 2.4. If there exists a constant M > 0 such that ||g(2)|| < M for any z € Z, then the function g is
Bochner integrable with respect to any u € P(Z), i.e., fz gdp exists. Moreover, for any A € H, we have

<A,/ngu> =/Z<>\79>du-

As a consequence, for any p1, ue € P(Z), we have

([ oans. [ oanay= [ [ 6. stas st

Proof. As H is separable, the function g is strongly measurable. Moreover, as the constant function M is Bochner
integrable with respect to any p € P(Z), and |g(z)| < M for any z € Z, it follows from [27], Proposition E.2,
Theorem E.6 that g is Bochner integrable with respect to any u € P(Z). Therefore, we can apply [27], Proposition
E.11 to obtain the first equality of this lemma. The second equality is obtained by applying twice the first one. [
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In the next theorem, we say that a map v: X — v, € P(Y) is Borel measurable if for any Borel set Yy C Y,
the map = — v, (Yp) is Borel measurable.

Theorem 2.5 (Disintegration theorem). Let v: x € X — v, € P(Y) be a Borel map, such that for m-a.e.
x € X, supp(v,) C Z,.. Then the mapping

o — / / d(x,y) dvg(y) dm(x), for every Borel measurable ¢ : Z — R4,
xJy

defines a unique probability measure p € Py, (Z).
Conversely, for any u € P (Z), there exists an m-a.e. uniquely determined Borel map v: X — P(Y) such
that for a.e. x € X, supp(v,) C Z,, and such that for any Borel measurable ¢p: Z — Ry,

Jown=[ | 0l ) (z). (2.2)

Moreover, for a.e. x € X, p, s uniquely determined.

Proof. The first part of the theorem is justified in [28], Section 5.3, expect the fact that supp(p) C Z. Take a
point (z,y) € X x Y\Z. As Z is closed, there are two neighborhoods N, and N, of resp.  and y, such that
N, x Ny N Z = (). This implies that for any € N, N, N Z, = () and thus p(N, x N,) = 0, which proves that
(z,y) does not lie in the support of . The second part of the theorem is established in [28], Theorem 5.3.1. O

Remark 2.6. It is easy to verify that (2.2) also holds true for functions ¢ which are bounded from below,
adding to them a sufficiently large constant.

Remark 2.7. Formula (2.2) extends to bounded functions ¢ valued in H since for all A € H,

<>\,/Z¢>du> —/Z<)\,¢>du—/X/ZI<)\,¢>duzdm—<)\,/X/ZI ¢dumdm>.

As a result, we obtain an equivalent reformulation of Problem (P ):

inf f </ g(x,y)duﬁy)dm(x}) , subject to: supp(v,) C Z,, for m-a.e. x € X, (2.3)
v: X—P(Y) X

where the infimum is taken with respect to Borel measurable maps v: X — P(Y).

3. OPTIMALITY CONDITION

3.1. Assumptions and constants

To simplify the presentation of the assumptions and the results of the article, we introduce the following
(set-valued) functions, parameterized by A € H:

e g): Z —Randuy: X = R,

g,\(x,y) = <)‘7 g(xay»v u/\(x) = ylean, g,\(x,y);

e Gy: X ~Rand BR): X ~~ Y,

Gr(z) ={gx(z,y) | y € Z,}, BR\(7) = argr;lingx(x,y)-
YyELy
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Assumption A. The following holds:

1. The function g is bounded. The function f is convex and differentiable, and V f is Lipschitz continuous
with modulus L.
2. Let Hy ==V f(H). Fixing any A € Hy, we have:
e the function g, is lower semi-continuous;
e the set-valued function G is lower semi-continuous;
e the set-valued function BR has non-empty images.

Three useful constants below are defined, following Assumption A:

()] o

In Section 6, we will consider the dual problem of (Pﬁ) For the analysis of Section 6, Assumption A needs
to be strengthened as follows:

M :=supllg(z)|, D= sup [g(z1)—g(z)|*>, ~ C:= sup
z€Z z1,22€Z HEP(Z)

Assumption A*. Assumption A(1) holds true and Assumption A(2) holds true for all A € dom(f*), where f*
is the Fenchel conjugate of f.

Remark 3.1. We provide the following comments on our assumptions and their relation to the literature:
1. Strengthening from Assumption A to Assumption A*. Assumption A* is stronger than Assump-
tion A since

Hy = Vf(H) C dom(f").

2. A Lipschitz estimate. Under Assumption A, for any po, u1 € P(Z2),

’f (/ngul) —f(/zgduo) /ng(m—uo)

where C' is defined in (3.1).

3. Relation to existing regularity assumptions in the literature. The convexity of f and the Lipschitz
continuity of Vf are standard in the analysis of first-order methods, such as gradient descent [29] and
the FW algorithm [30]. Related optimization problems over measures are studied in [31-33] within the
general framework

<C

)

inf F(Ku)+ R
Jnf F(Kp)+ R(u),

where M is a space of Radon measures, K is a linear operator into a Hilbert space, F' plays a role
analogous to our f, and R is a Tikhonov type regularization term. In these works, comparable smoothness
assumptions on F' are imposed; see, e.g., [31], Assessment 2.2 and [33], Assessment 5.1, as well as the
quadratic choices of F' considered in [34].

In contrast, our setting does not include an explicit coercive regularization term R(u), which motivates
the boundedness assumption on g. More importantly, our model incorporates the marginal constraint
Ty#u = m, which is natural in the MFG interpretation introduced in Section 8.2 and leads to the
additional structural conditions in Assumption A(2).

3.2. First-order-optimality condition

The following lemma plays a key role in proving the first-order optimality condition for (Pffl)
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Lemma 3.2. Let Assumption A hold true. For any A\ € Hy, we have

inf d :/ uxdm.
uGPm(Z)/zg/\ H X A

Here we present a proof of Lemma 3.2 for the case where m has finite support, that is, m € Ps(X). This
particular case provides us with insight into the general proof, and proves beneficial for resolving the discretized
problem introduced in Section 7.

Proof of Lemma 3.2 when m € Ps(X). Fix any p € P,,,(Z). Since g is bounded over Z, the function g, is
bounded from below. By Lemma 2.5 and Remark 2.6, we have

/Z oxdpt = /X /Z (e ) ()i () > /X urdm,

where the second inequality follows from the definition of ).
Let us prove the converse inequality. Let us fix m € Ps(X). Let K € N, let (wx)k=1,. x € X and let

(Wk)k=1,..K € Rf be such that Zle wr =1and m = Zszl wilg,. Forany k=1,... K, let y, € BR)(xg).
Let us define i = Zszl WkO(zy,yp)- Clearly fi € Py, (Z). Moreover,

K K
/ gxdip =Y wrga(Tk,yk) = ZwkU,\(fEk) = / uxdm.
z =1 k=1 X

The conclusion follows, moreover, ji minimizes f 7 gxdp over P, (Z). O

In the general case, we need to apply measurable selection results from Theorem 2.3 to BR.. The complete
proof is given in Appendix A.

Theorem 3.3 (First-order optimality condition). Let Assumption A(1) hold true. Let i € Pp(Z) and X =
Vf (fZ gd/j). Consider the following three assertions:

1. The measure i is a solution of problem (PX);

2. [y 9xdi = infep, () [, 9xdp;
3. supp(fi,) € BRx(x), m-a.e., where fi, is defined by the disintegration theorem.

Then, assertions (1) and (2) are equivalent. Moreover, under Assumption A(2), assertions (1), (2), and (3) are
equivalent.

Proof. Step 1. (Equivalence between (1) and (2)). We first prove that (1) = (2). Suppose that & is a solution
of problem (PX). Take an arbitrary u € P,,(Z). Then, for any a € [0, 1], we have

f(/zgdu> <f</ng(u+a(u—u))>
gf(/zgdu>+a<A7/ng(u—u)>+a22LD,

where the second inequality follows from the Lipschitz-continuity of V f and the definition of D. Therefore

0§<A7/ng(u—u)>+aL2D
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Let a go to 0. We obtain that

X,/ d>: inf <)\/ d>. 3.2
< gdp) = inf _9dn (3.2)

This implies (2) by the definition of g5.
We now prove (2) = (1). Let (2) hold true. We obtain (3.2) by the definition of g5. The convexity of f implies
that for any p € P (2),

(o) 21 (o) « (5 Lot o) 2. o)

Therefore, [i is a solution of problem (PX).
Step 2. (Equivalence between (2) and (3)). By Theorem 2.5, we have

/Z gxdi = /X / g3 )t 9) ().

By Lemma 3.2, we have

inf sd :/ uxdm.
;Ler(Z)/ZgA 1% . by

Therefore, assertion (2) is equivalent to

|/ sl () = | uxdm. (3.3)

Let (3) hold true. It follows that le 95 (x,y)diz(y) = ux(z), m-a.e., which implies (3.3).
Let (2) hold true. We obtain (3.3). The function z — (fZT g5 (x,y)dis (y)) — uj () is nonnegative, for m-a.e.

x € X, by the definition of us. By (3.3), its integral is null, thus, as a consequence of Lemma 2.1, we have

| axle i) = us@) = inf ax(en). meac (34)

Fix z € X such that equality holds in (3.4). Consider the map y € Z, — gx(x,y) — us(z). It is nonnegative,
with a null integral, and BRy(x) is non-empty and closed. Then assertion (3) follows with Lemma 2.1. O
Corollary 3.4. Under Assumption A, i is a solution of (Pffl) if and only if the following equilibrium equation
1s satisfied:

A=V1(/[,9dR),

supp(fi,) € BR5(z), m-a.e.

(3.5)

Proof. This is a consequence of Theorem 3.3. O

The conditions in (3.5) admit a game-theoretic interpretation as the NE conditions of a non-atomic game
in which agents interact through the aggregate variable \. The relation A = V f( /  9dji) shows how X results
from the collective behavior of the agents, while the relation supp(ji,) € BRj;(x) shows that the agents behave
optimally, for some criterion that depends on A. We will discuss some more concrete examples in Section 8.
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3.3. Existence of a solution under tightness assumptions

We denote by val(PX ) the value of problem (P ). We can easily deduce from Assumption A that val(PX) >
—oo. The following proposition demonstrates the existence of a solution to problem (Pffl) under some additional
assumptions.

Proposition 3.5 (Existence). Let Assumption A hold true. Let (fin)n>1 be a minimizing sequence for problem
(PX). Suppose that {jin}n>1 is tight in P(Z), i.e. for any € > 0, there exists a compact subset K. of Z such
that

pn(Ke) > 1 —c¢, Vn > 1.
Then every accumulation point of {n}n>1 for the narrow topology (there exists at least one) is a solution of
(Pr)-

Proof. By Prokhorov’s theorem [35], p. 43, the set {un}n>1 is relatively compact with respect to the narrow
topology. Without loss of generality, suppose that (u,),>1 narrowly converges to some f € P(Z). The set
Pm(Z) is closed with respect to narrow topology by [3], Proposition 2.4. This implies that i € P,,(Z). Let
A=V [([,9dn). Since f is convex, we have

/ ( / gdun> > ( / gdﬁ) + [ axden = . (3.6)

Since g5 : Z — R is lower semi-continuous and bounded from below by Assumption A, we deduce the following
inequality from [35], Lemma 4.3:

liminf/ 95d(pn — ) > 0.
z

n—-+4oo

In inequality (3.6), letting n go to infinity, by the definition of p,, we have

val(PX) = lim nf f ( / gdun) > f ( / gdﬁ> > val(PX).

Therefore, fi is a solution of problem (PX). O

Remark 3.6. Let us comment on the tightness assumption for {p, },>1 in Proposition 3.5. A trivial sufficient
condition is that Z is compact, in which case every family of probability measures on Z is tight.

Another convenient sufficient condition is the presence of a coercive term (e.g. a Tikhonov-type penalty) in
the objective, as in the optimization problems over measures considered in [31-33].

4. STABILITY ANALYSIS AND BRIDGING METHOD

In this section, we study the stability of the primal problem (Pffl) with respect to its parameter m. We need
the following assumptions (recall the data setting introduced in Section 2.3).

Assumption B. The following holds:

1. The space X is a closed subset of a separable Banach space;
2. The set Z, is compact for any € X and the set-valued function F': X ~» Y is upper semi-continuous;
3. There exists L, > 0 such that the set-valued function

Z: X ~H, x—{g(x,y) |y € Z,} (4.1)



12 K. LIU AND L. PFEIFFER

is Lg-Lipschitz on X.

Remark 4.1. Assume that X is a finite set. Then Assumption B is satisfied as soon as Z,, is compact for every
2z € X. Indeed, point (1) holds trivially, and points (2)-(3) are automatic, since there exists a minimal strictly
positive distance between two distinct points of X. In particular, Assumption B holds for the discretized MFO
problems (Pg ) studied in Section 7, where m is replaced by an empirical measure my and X can be restricted
to supp(my). Consequently, the stability results established in this section apply directly to the discretized
problems.

Let mgy and m; lie in P(X). We consider the following two instances of (Pﬁ) with m = mg and m = my
respectively:

inf du ) ; pK

uemow)f (/zg “) Pmo)
inf du ) . pk

Lt (Z)f( [ u) (PK )

Suppose that we have an (approximate) solution of problem (PEU)7 denoted by pg. Our goal is to propose a
constructive method for finding a candidate pq € Py, (Z) that is close to po. We call it the bridging method.
The method proceeds into two steps.

e In the first step, we assign to the agents a new parameter. More precisely, given ug and a transportation
plan p between mg and mq, we construct a measure v € P(Z x X) such that dv(zg, yo,x1) describes the
proportion of agents with parameter xo and decision variable g9 to whom we assign the parameter .

e The second step of the method is a correction step: the decision variable yy of an agent with parameter
2o may not stay feasible when z( is changed to 1 (i.e., possibly yo ¢ Z.,). So we need to construct a
mapping that corrects the decision into a new one that is feasible.

To formalize the first step, we introduce some notation. We set
I(mo,m1) = {p € P(X X X) | mp#p=mg, Tu,#p =m1},
where 7, (z9,21) € X X X — 29 and 7, : (29, 21) € X X X +— 21. We also consider the functions
Tao,z1t (£0,Y0,21) € Z X X = (zo,21) and 7y, (To,Yo,21) € Z X X — (20, Y0)-

The following classical result is known as the gluing lemma [35], Chapter 1. It provides us with the desired
measure v announced in the first step of the bridging method.

Lemma 4.2. Given o € Py (Z) and p € II(mg, m1), there exists v € P(Z x X) such that

Tao,ar Y = P and Tz, yo#FV = lo.

The correction mapping used for the second step of our method will be chosen as a measurable selection of
the set-valued function S: Z x X ~» Y, defined by

S(xo,y0,21) = {y1 € Zo, | lg(x1,91) — 9(x0,y0)|| < Lgdx (xo,21)}- (4.2)

Lemma 4.3. Let Assumption B hold true. Fiz anyv € P(Z x X). Then, the set-valued function S has a measur-
able selection function s: Z x X =Y such that, for v-a.e. (xg,y0,21) € Z x X, we have (21, s(xo, Yo, 1)) € Z
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and
llg(x1, s(x0,y0,21)) — g(xo,%0)|| < Lng(xovffl)-

The proof of the lemma is postponed to Appendix B.
Algorithm 1 summarizes our bridging method.

Algorithm 1: Bridging method.

Input: mg,m; € PH(X), and pg € Py (Z).

Step 1. Find a transportation plan p € II(mg, my).

Step 2. Find v € P(Z x X) such that 7y, 4, #v = po and g, », #v = p.

Step 3. Choose a v-measurable selection s: Z x X — Y of S (Lem. 4.3) and define

§:ZxX —7Z, 5(z0,y0,21) = (21, 5(x0, Yo, 1)) (4.3)

Step 4. Set g = §#v € P, (Z), where § is defined in (4.3).
Output: p;.

Remark 4.4. We illustrate the main idea of the bridging method in a simple discrete setting. Consider the
empirical measures

1 < 1 & XN
mozﬁz(gz” NO:NZ(S(J'“!“)’ m1:NZ(§z;
=l i=1 i=1

Assume that an optimal Monge transport map T : {z;}, — {2/}, attains the Wasserstein-1 distance
between mgo and m;. The bridging construction consists in moving each z; to Z; := T'(x;) and selecting a
corresponding ¥; € Zz, such that

l9(@i,y:) — 9(&i,5i)|| < Ly dx (2, &),

which is guaranteed by Assumption B(3). This yields the transported measure

1 N
M1 = N 25(5&‘7@)’

An illustrative diagram is provided in Figure 1.

We have the following result.

Lemma 4.5. Let Assumptions A-B hold true. Let j11 denote the output of Algorithm 1. Then py € P, (Z) and

£ ([atin) =1 ([ adno) [ <Ly [ dxlonaapton.), (1.4

where C' is the constant defined in (3.1) and p is the transport plan in step 1 of Algorithm 1.
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@ x O 9gy) @x Dg(fci,z,;i) 8 9,7
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FI1GURE 1. Illustration of the bridging method for an empirical measure case.

Proof. Since v € P(Z x X) and §: Z x X — Z, we have that uy = §#v lies in P(Z). Next we show that
Te# 1 = mi. We have

77'95#,“1 = 7790#(8#”) = (7Tac o S)#V

Next it is direct to verify that 7, 0 § = m;, 0 Ty 4, . Moreover, since s, -, #v = p, we have that

(ﬂz o §)#1/ = (’/Tzl o ’/ng,ml)#’/ - '/Tml#(ﬂ_zo,z1#y) = 7Tz1#p =m,
as p lies in P(mg, m1).

It remains to prove the estimate (4.4). We have that [, gdui = [,  gosdv and [, gduo = [,  gdv. Using
Lemma 4.3, we deduce that

H/gdm—/gduoH S/ llg 08— glldv(zo,yo,21) SLg/ dx (xo,x1)dp(xo, x1).
z z z XxX

The announced inequality follows with Remark 3.1(2). O

Obviously it is of interest to consider a transportation plan that minimizes the right-hand side of estimate
(4.4), i.e., a solution to the transportation problem

inf /X | dx{ea)pla. o). (OT)

pEI(mo,m1)

It is well-known that if mo and m; lie in P1(X), then di(mo, m1) = val(OT) (see, e.g., [35], Rem. 6.5). This
yields the following stability estimate.

Theorem 4.6. Let Assumptions A-B hold true. Assume that mg, m; € P1(Z). Then

Ival(Pys, ) — val(Py )| < CLydi(mo, my). (4.5)

mq
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Proof. Let pg € Py (Z). Let p € I(mg,m1) and let gy € Py, (Z) denote the output of Algorithm 1. Then it
holds that

val(PX ) < f </ngu1) <y </nguo> +CLy [ d(a.a)dplan, ).

Minimizing the right-hand side of the above inequality with respect to ug and p, we deduce that
val(P) ) < val(PX )+ CLydi(mo, m1).

Exchanging mg and m;, we obtain (4.5). O

Corollary 4.7. Let Assumptions A-B hold true. Assume that mo,my € PY(Z). Let pg be an e1-solution of
(Pffm) and let p be an es-solution of (OT). Then the output of Algorithm 1 is 1 + CLg(e2 + 2d1(mg, m1))
optimal, i.e.,

f (/ gdm) — val(PEl) <1+ CLy(e2 + 2dy (Mo, m1)).
z

Proof. Using Lemma 4.5 and Theorem 4.6, we obtain that

() -t () ()]

+ [f (/ gdu()) —Val(Pffm)} + [val(Pﬁo) — val(Pﬁl)]
z
< C’Lg(dl(mo,ml) + 52) +e1+ C’Lgdl(m(hml),

as was to be shown. O

5. RELAXATION GAP BETWEEN THE MONGE AND KANTOROVICH
FORMULATIONS

We discuss in this section the relationship between our MFO problem (PX) and its “Monge” counterpart
(PM), defined in the introduction. Recall that 7 is the set of Borel mappings T: X — Y, such that (z,T(z)) € Z,
for m-a.e. x € X. Therefore, for T € T, the measure defined by (I,T)#m lies in P,,(Z) and it holds that

T, 9dpw) = f([ go (I, T)dm). It follows that
val(PX) < val(PM).

The purpose of this section is to establish some upper bounds for the following quantity, which we will refer to
as the relaxation gap:

gap(m) = val(PM) — val(PX) > 0.

The following result is a gap estimate in the case where m is a discrete measure. Its proof is a direct adaption of
[16], Proposition 2.6. Similar results and techniques have been applied to determine the universal approximation
rate in machine learning (see [36], Thm. 1 and [37], Lem. 1), and these can be traced back to general results
from functional analysis [38], Lemma 2. The following lemma involves the Lipschitz-modulus L of V f and the
constant D, defined as the square of the diameter of the image of g (see (3.1)).
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Lemma 5.1. Let Assumptz'on A hold true. Assume that m is of the form m = Zi\il @0y, , where o; > 0, for
alli=1,..., andZ _,0;=1. Then

1
gap(m) < - LD|lal3

where ||a||2 denotes the Euclidean norm of the vector a = (aq,...,an).

Proof. As m is a discrete distribution, the Monge problem amounts to optimize, for each i, the decision (say
yi) to be taken by agents with parameter z;. Similarly, the Kantorovich formulation amounts to optimize, for
each 4, the distribution of the decisions (say v;) to be taken by the agents with parameters z; (see Rem. 2.7).
This yields the following equivalent formulations of Problems (Pfj@) and (P%):

val(Pl,\,f) = lnf (Z azg Tiy Yi ) ) (5~1)

val(PX) = inf <Z o / (2i,-) dz/l> . (5.2)

v=(V;)i=1,...,

velliL, P(Za, )

Let € > 0. Take an e-optimal candidate v for (5.2). Denote z = Zfil o [, g(xi-)dv;. We have f(z) <
val(PX) + . As V£ is L-Lipschitz continuous, we have, for any y € HII\; Zy,

N
val(PV) < f (Z Oéz‘Q(»”%?/i))

=1

< 1) +{V1(2), f)cw(wi) -5+

2

N
(Z Oéig(xiayi)> -

Next we define §; as the map y; — g(x;,y;) — fZ' ~g(w;,-)dv;. Using this definition and the one of z, the above

inequality writes

2
val(P),) < f(2) < Zalgz Yi > + 5 igi(yi)
N
= f(Z) + <Vf(2), Zaigi(yl > ZagHgi yz ||2 ZZ aza] gz(yl) g](y])> (53)
i=1 i=1 j#i

The rest of the proof consists of three steps, which we do not detail: (i) integrate (5.3) in y with respect to
V=1 X...x vy, (ii) use the fact that ||g;(y;)||* < D, for any y;, and that fZ gidv; = 0, (iii) use the inequality

f(2) < val(PL) 4 ¢ and pass to the limit when ¢ | 0. O

We extend the above gap estimate to the case of general probability distributions m with the help of a
stability estimate for the Monge formulation, derived with an adaptation of the bridging method (Alg. 1). The
following lemma shows how to generate a good candidate 77 to (P%l) out of a candidate Ty to P%O, when mg
is the push-forward of m;. The construction relies on the measurable selection provided by Lemma 4.3.
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Lemma 5.2. Let Assumptions A and B hold true. Let my € P(X). Let U: X — X be a Borel map and let
mo = U#my. Let Ty € T and define the probability measure v € P(Z x X) by

V= (U, TooU, Id)#ml.
Let s: Z x X =Y be a measurable selection of S associated with v given by Lemma 4.3, and define
Ti(x1) = s(U(z1), To(U(21)), #1) for my-a.e. x1 € X.

Then
f(/zgo(I,Tl)drm) gf(/zgo(I,To)dmo> +CLg/XdX(xl,U(xl))dml(wl), (5.4)

Proof. Lemma 4.3 ensures that 77 € 7 and that for v-a.e. (zg,y0,21) € Z x X,

||g($01,8(1'0,y0,331)) - g(anyO))” S CdX(anxl)'

We apply this inequality with 2o = U(z1) and yo = To(zo). For this special choice, we have s(xo, yo, x1) = T1(21)
by definition of T7. We deduce that for mi-a.e. 1 € X,

lg o (I, T1)(x1) — g o (I,To) o U(z1)|| < Cdx (21, U(1)).

Since mg = U#mq, we obtain that

The announced inequality follows with the Lipschitzianity of f (Rem. 3.1(2)). O

/go(I,T1>dm1—/go(I,To)dmo < / lgo (I, Ty) = go(I,To) o Ulldm
Z Z Z

S Cde(Il, U(zl))dml(xl)

Remark 5.3. Lemma 5.2 is nothing but a reformulation of Lemma 4.5 in the Monge formalism. Indeed, in the
framework of Lemma 5.2, one can define p = (U, I)#my € (mo,m1) and po = (I, To)#mo € Pz(mg). Then
we have pog = (U, Tp o U)#m; and thus the measure v = (U, Ty o U, I)#m realizes a gluing between g and p;
moreover, the output of Algorithm 1 is simply (7, 7T})#m; and estimate (5.4) can be recovered as a consequence
of (4.4).

Corollary 5.4. For any m € P(X), for any Borel map U: X — X, we have
val(PM, ) < val(PY) + CIL, /X dx (2, U(x))dm(z).
Proof. For an arbitrary € > 0, take an e-solution 7" to Problem (P%) Then Lemma 5.2 yields
val(Pyl,,) < f (/Zgo (I, T)dm) +CLg/XdX(x,U(x))dm(x)
<valPM)+c+ 0L, /X dx (z,U(z))dm(z).

The result follows, passing to the limit as ¢ | 0. O
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Definition 5.5. We call a centered partition any tuple P of the form (€;,2;)i=1,. v € (2% x X)V, where
(€4)i=1,... v is a Borel-measurable partition of X. Given a centered partition P = (£;,2;)i=1,... v, we define the
mapping U[P]: X — X by

U[P)(z) = w;,

where ¢ is the unique index in {1,..., N} such that = € ©;. When m is also given, we define the vector
alP,m] = (a;[P,m])i=1,. n € RY by

a;[P,m] = m(£;).

Note that the cardinality of a centered partition is not prescribed, also we do not require that the points z;
are two-by-two different or that they lie in €;. Note also that for a centered partition P = (Q;, z;)i=1,... N, We

have the identity U[P]#m = Ziil a; [P, m]dy,.
Theorem 5.6. Let Assumptions A and B hold true. For any m € P(X), it holds that

gap(m) < irlgf (;LDM[P, m]||3 +2CL, /X dX(x,U[P](x))dm(x)>,

where the infimum is considered with respect to all centered partitions.
Proof. Let P be a centered partition. We have: gap(m) = (a) + (b) + (¢) with
(a) = val(PY) —val(PYpis), () = gap(U[P1#m), () = val(PE(p ) — val(PE),

The three terms can be respectively bounded with Corollary 5.4, Lemma 5.1, and Theorem 4.6. This yields

(a) < CL, / dx (2, UP)(x))dm()
X
(4) < S LDllafP,m]3

(¢) < CLydy(m,U[P]#m) < CL, /X dx (z, U[P](x))dm(x).

Combining the three above inequalities and minimizing the result with respect to P, we obtain the desired
inequality. O

Corollary 5.7. Let Assumptions A and B hold true. In addition, assume that X is a compact set of R"™ and
that m is absolutely continuous with respect to the Lebesgue measure. Then gap(m) = 0.

Proof. Let us fix € > 0. By [39], Theorem 3.5, there exists ¢ > 0 such that for all Borel set €, if fQ dr <9,
then m(Q) < e. Let ¢ = min{e,6}'/". Since X is a compact subset of R™, there exists a finite partition
P = (4,2;)i=1,..,nv where Q; = (z; + B) N X, and where z; € ¢'Z" and B = [0,0")". We have m(Q;) < ¢, for
alli=1,...,N. Therefore,

i=1,...,N

N N
alP.mll3 = 3 m(©)? < max m(m)(Zm(Qi)) -
=1 ;
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Moreover, we have dx (z, U[P](z)) < ¢', for all z € X. Then Theorem 5.6 implies that
1
gap(m) < §LD5 +2CLget/™.

Passing to the limit as € | 0, the result follows. O

Remark 5.8. Corollary 5.7 can be generalized to the case where X is a compact set of R and m = Zf\il ;0z, +
ans1m, where m € P(X) is absolutely continuous with respect to the Lebesgue measure, «; > 0, for all
i=1,...,N+1, and ij{l a; = 1. It is easy to show that in this case,

6. DUALITY ANALYSIS

6.1. The dual problem

This section is dedicated to the duality analysis of the primal problem (Pﬁ) In the sequel of this section, let
Assumptions A* and B hold true. Consider the equivalent formulation of problem of (Pffb),

wf FB. ses= [ e (P)

WEPm(Z), BEH

The Lagrangian L: H? x Py (Z) — R associated with (P,,,) writes,
£O B = 1)+ (A [ adu=5).
z
Then, the dual problem of (f’m) is,

sup inf LB, u) = sug <—f*()\) + inf )/ZO\, g(z))d,u(z)) , (6.1)

NeH BeEM,ue€Pm(2) A€ WEPm(Z

where f* is the Fenchel conjugate of f. For any A € H, since g is bounded over Z, the second term
inf,cp,. (z) [, (X, 9(2)) du(z) is finite. Therefore, it suffices to study (6.1) for A € dom(f*), i.e.,

sup —f*(A\) 4+ inf /g)\du).
)\Edom(f*)( A HEPm(Z) ) 7

The result of Lemma 3.2 holds true for all A € dom(f*) under Assumption A*. Applying it to the previous
problem, we obtain the following equivalent dual problem:

Dim(A) = f*(\) — /Xu,\dm. (D)

inf
A€dom(f*)

Lemma 6.1. The function D,, is strongly convex with modulus 1/L. As a consequence, problem (D,,) has a
unique solution, denoted by A\*(m). Moreover, there exists a constant C* independent of m such that

A" (m)]| < €~
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Proof. Since V f is L-Lipschitz continuous, we know that f* is strongly convex with modulus 1/L (i.e. f* —
1/(2L)|| - ||? is convex) (see [40], Thm. 18.15). Let us consider uy(x) as a function of X while fixing any x € X.
By definition, A — wuy(x) is the infimum of a family of affine functions (with respect to A), thus it is concave
with respect to A. Consequently, — [ + Uxdm is convex with respect to A. Therefore, D,, is 1/L-strongly convex.
Additionally, dom(f*) is both convex and closed. These properties guarantee the existence and uniqueness of
the minimizer A*(m).

Since M is an upper bound of ||g(z)||, it follows that for all A € H:

—M[[A < inf —[[Alllg(z,9)[| < ua(z) < sup [Allllg(z,y)|| < M|A].
YE€Zx YEZ,

Let Ao € dom(f*). As D,,(A*(m)) < D, (Ao), we can derive the following inequalities:
T (Ao) + Mdoll = D (Ao) = D (A7 (m)) = f5(A"(m)) = M|IA*(m)]].

The strong convexity of f* yields that
SN Gm) = Aol + (oo, X (m) = ) < 7 (X (m)) = % (o),
where pg € 9f*(Ao). Combining the two above inequalities, we obtain:
i\l/\*(m) = Xoll* + (po, A*(m) — Ao) < MIN*(m)]| + [[Aol])-
The announced result follows, with C* = 3||Ao|| + 2L(M + ||pol]). O

6.2. Strong duality
%) and (D,,), i.e., val(PX) = val(D,,). We apply

Let us now prove the strong duality principle between (P;,

the Fenchel-Rockafellar theorem [41].
Proposition 6.2. The following statements hold:

1. val(PK) = Val(Dm);

m

2. Let p be a solution of (PX) and let \*(m) be a solution of (D,,). Then

A*(m) = Vf(/zgdu> :

Proof. Let G, = {fu gdp | p € Pr(Z)} € H and let G, be its closure in H. Consider the convex optimization
problem on H

inf f(:) g, (2) = nf f2) (62)

Since f is continuous, we have inf 5 f(2) = inf.eq,, f(2)-
The Fenchel dual of (6.2) reads

sup —f* (V) — x5, (-N). (6.3)
AEH
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Moreover,

= (=)\) = inf = inf = inf
Xg, (=A) = inf (A, 2) = inf (A 2) in = <)\7/ng/¢>,

2€Gm 2€Gm HEPm
since z — (A, z) is continuous on H and thus attains the same infimum on a set and its closure. Therefore,
val(D,,) = val(6.3) and val(PX) = val(6.2).
We now apply Fenchel-Rockafellar to (6.2). The function f is convex and continuous. The indicator xg is

convex and lower semicontinuous since G, is convex and closed. Finally, G, is nonempty (because Py, (Z) # 0),
hence dom(f) —dom(xg ) =H — Gp = H and thus 0 € int(H — G,). The Fenchel-Rockafellar theorem yields

val(6.2) = val(6.3),

hence val(PX) = val(D,,).

Next, assume that p solves (Pk) and A*(m) solves (D,,). By strong duality and the above identification of
the dual,

PO+ inf (V(m),2) = f( / gdu) ,

z€Gm

and since fz gdp € Gy, C G, we have

=P )+ (), [ gau) = 1 (/ng") |

This is exactly Fenchel’s equality at z = [, g dpu, hence X\*(m) = V f(2), i.e., \*(m) = Vf([, gdu). O

6.3. Stability of the dual solution
Lemma 6.3. For any A\, Ao € H and x1,z2 € X, it holds that

[ux, (1) = un, (22)] < Lgl[Arlldx (21, 22) + M|Ar = Ao|.
Proof. By the triangle inequality,
un, (1) = ux, (w2)] < fux, (21) = un, (2)] + |ua, (22) — ur, (22)]-
By the definition of u), we have

uy, (71) — uy, (22) = ylienzf (M1, g1, 91)) — yzienzf (A1, g(w2,2)).
zq ED)

Let g5 be an e-minimizer of infy,cz,, (A1, g(%2,y2)), with € > 0. By the Lipschitz continuity of Z, there exists
U{ € Zy, such that

Hg(x]-’ gi) - 9(3727 g;) || S Lng(xla .’172).
By the Cauchy-Schwarz inequality, we have

ux, (21) — un, (72) < (A1, g(z1,77) — g(@2,95)) + € < [[M]|Lgdx (21, 72) + e
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By the arbitrariness of €, we have |ux, (1) — ux, (z2)] < |[M||Lgdx (21, 22).
On the other hand,

Ux, (x2) - u)\z(‘rQ) = inf <>‘1 ) g(xZay» — inf <>‘27 g($2,y)> < sup <)‘1 - )‘27 g(any»

YE€Zay YE€Zay YE€EZ s
By the Cauchy—Schwarz inequality and the definition of M, we have that
w, (72) = ux, (w2) < MM = Ao

The conclusion follows. O

Lemma 6.4 (Stability of the dual problem). For any mg, my € P(Q), we have

Do (A" (110)) = Py (A ()] < C7 L di (mg, m1), (6.4)
A% (mo) — A" (m)||* < 2C* Ly L dy(mo, ma),

where C* is the a priori bound of |\*(-)|| obtained in Lemma 6.1

Proof. According to Lemma 6.1, we know that [|[A\*(mo)| and [[A\*(mq)|| are smaller than C*. Then, by
Lemma 6.3, Uz (mq) () and ux«(ym,)(x) are (C* Lgy)-Lipschitz continuous with respect to x. Hence,

Dy (A (m0)) =f*(A*(mo))—/XUA*(mo)(x)dmo(fﬂ)
= f*(\*(mo)) — /Xu,\*(mo)(x)dml(x) —|—/Xu>\*(m0)(x)d(m1 —myp)(x)
> Dy (A" (mo)) — C* Lgdi (mo, ma),

where the third line is by the definition of the Kantorovich—Rubinstein distance. Since A*(m;) minimizes D,,,
and since D,,, is 1/L-strongly convex, we have

Din, (A(m0)) = Dy (A" (m1)) + %IIA*(mo) = X" (m)|I*. (6.7)

Combining (6.6) and (6.7), we obtain that
1
Ding (A" (m0)) = Drmy (A" (1)) + 57 A" (mo) = X" (ma)||* = C* Lyda (mo, ma)-

In particular, we have Dy,, (A*(m1)) — Dy, (A*(mo)) < C* Lydy (mo, m1). Exchanging the positions of mg and
m;1 in (6.6), we obtain

Diny (A" (m1)) = Dy (A" (o)) + i”/\*(mO) — X (m)||* = C* Lydy (mo, ma). (6.8)

Inequality (6.4) follows immediately and (6.5) is deduced by summing (6.6)—(6.8). O

6.4. First variation of the value function

The value function of problem (PX) is defined by

V:PYX) = R, m— val(PK).
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Our goal is to characterize the first variation of V. Define the following function:
v: PHX) X X = R, (m,3) — Upe () (2).

Proposition 6.5. For any mg,m; € P1(X), we have

lim V(mo + t(m1 — mo)) — V(mo)
t—0+ t

:/Xv(mo,x)d(ml—mo)(x)~

As a consequence, v is the first variation of V, i.e.,

V(my) — Vmg) = /t:o /X w(mo + tmr — mo), z)d(mi — mo)(x)dt.

Proof. For t € [0,1], set my == mg + t(m1 — mg) and let A\; :== X\*(my). By the strong duality (Prop. 6.2), we
have that for any m € P1(X),

V(m) = —Dp(X(m)),  with Dp(\) = f*(\) — /X ux(z) dm().

Since A; minimizes D,,,, we have
D, (At) € Di, (Mo), hence V(mi) > =D, (No)-

Using the linear dependence of D,,(A\) on m, this yields

V(me) = V(1m0) > ~Dimy(30) + Doy (Mo) = /

N ux, (z) d(my — mg)(x) = t/ v(mg,x) d(my —mp)(x).

X

Similarly, since A\ minimizes D,,,, we have Dy, (Ao) < Dingy(At), d.€., V(mg) > =Dy (Ar). Therefore,

V(mi) — V(mo) < —Dm, (At) + Ding (M) = /X uy, () d(my —mo)(x) = t/X v(myg, x) d(my — mg)(x).

Altogether, for all ¢ € (0, 1],

w < /Xv(mt7m)d(m1—mo)($)~ (6.9)

/ v(mg, z) d(mq —mg)(z) <
X
By Lemmas 6.3-6.4, the map (m,z) — v(m,z) is continuous on P1(X) x X (for (di,dx)). Hence
/ v(mg, x) d(my — mg)(z) — / v(mo, x) d(my — mg)(z) ast — 0F.
X X

Letting t — 07 in (6.9) gives the claimed right derivative formula.

Define V/(t) := V(m;) and

o(t) == /X v(mg, ) d(my — mo)(z).
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Applying (6.9) with base point m; and increment m;y, — m; = h(my — mg) yields, for any h > 0,

V(t+h)—V(t)

o(t) < < o(t+ h).

Since ¥ is continuous, it follows that V is differentiable on [0, 1] with V’(¢) = ©(¢). The fundamental theorem of
calculus [24], Theorem 7.21 then gives

1
V) = Vim) = V(1) = V(0) = [ olt)dt,
0
which is exactly the announced formula. O

7. NUMERICAL APPROACH

7.1. General approach

We present in this section our numerical method for solving (PY ). The main difficulty lies in the fact that the
problem is infinite dimensional (unless Z is a finite set). Thus we propose a first simplification of the problem,
motivated by the bridging method, and consisting in discretizing the measure m: we replace it by an empirical
measure my of the form my = Zi\;l 05, /N. We discuss in Section 7.2 the effect of such a discretization and
provide quantization results of the literature.

We next discuss in Section 7.3 the resolution of the discretized problem (PgN). Remark 2.7 shows that (PnK@N)
is equivalent to

. 1
' <Zwi>f<N;/Xg(x“y)dw(y)>~ (7.1)

(Vlv-uyVN)eHiN:1 P

We discuss the interest of solving it with the Frank—Wolfe algorithm. Our main motivation lies in the following
two features:

e parallelizability: each iteration of the algorithm amounts to solve N independent problems of the form
infy,ez, (A gi(@i, yi)), for a given A € H.
e sparsity: at iteration k, the candidate solutions v; have a finite support, of cardinality atmost k.

The sparsity property of the Frank—Wolfe algorithm is limited by the fact that a large number of iterations
may be required. For large values of k, the storage of kN support points may be problematic. On the other
hand, when N is large, the relaxation gap (between (me) and its Monge counterpart) is small, of order 1/N.
We describe in Section 7.4 a method for solving (Pif, ) with a convergence guaranty, that both leverages the
convexity of the problem and only requires the manipulation of Monge candidates, thus significantly mitigates
the storage issue mentioned above (at most 2N points must be stored during the execution of the method).
The method is taken from another work of ours [16] and is called Stochastic Frank—Wolfe algorithm. Another
interest of the method is that when my can be expressed as the pushforward of the original distribution m, an
approximate Monge solution can be obtained for (PL).

7.2. Discretization

In view of estimate (4.5), one should look for an empirical distribution my = + Zf\il 0z, that is as close as
possible to m for the d;-distance. This problem is commonly known as the optimal quantization problem, and
for detailed information on this topic, we refer to [42]. Here, we present a slightly modified version of an optimal
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quantization result obtained in [15], Proposition 12. For any subset A of X, we denote by rx(A) the minimum
radius r required to cover A with N closed balls of radius r. It is defined by

rn(A) = inf min {r >0

z€ AN

N
AC U Bx(mi7r)} .
i=1
The upper box-counting dimension (or the upper Minkowski dimension) of A [43], p. 41 is defined as follows:
D(A) = inf{D > 0| 3C > 0 such that ry(A) < CN"YP WN ¢ N+} .

Lemma 7.1. Letm € PY(X), and let A C X be the support of m. There exists a sequence (my)N>1 of empirical
distributions on X such that the following holds:

1. If D(A) > 1, then there exists a constant Cy such that for any N > 1,

1

di(m,my) < C;N DA,

2. If D(A) = 1, then there exists a constant Cy such that for any N > 1,
di(m,my) < CoN~! log N.
3. If D(A) < 1, then there exists a constant Cs such that for any N > 1,
di(m,my) < C3N~*,

Proof. This follows from the proof presented in [15], Proposition 12, with the only difference being that in the
final inequality, we employ the triangle inequality for the d;-distance instead of the Minkowski inequality for
the Wasserstein-2 distance. O

Remark 7.2. If A is a subset of a smooth d-dimensional submanifold of a Euclidean space, then D(A) < d.
This estimate is deduced from [43], p. 48 (1)—(ii).

7.3. Frank—Wolfe algorithm

We discuss in this subsection (and the next one) the resolution of the problem (Pffw), written in its equivalent
form (7.1). For general convex optimization problems, the Frank—Wolfe algorithm relies on the resolution of a
sequence of linearized problems, obtained by replacing the cost function of the problem by a first-order Taylor
approximation of it. In the context of problem (7.1), the linearized problem is of the general form:

N

inf Z</\, /Z gidyi>, (7.2)

vellN, P(Z.,) =

for some A € Vf(H). The following result, which coincides with Lemma 3.2 in the simple case of a discrete
distribution m, is straightforward. It shows that (7.2) amounts to solve N independent problems, posed on the
sets Zy,.

Lemma 7.3. Let Assumption A hold true. For any X\ € V f(H), the tuple (BRx(2;)),—, _ n is a solution to
(7.2).
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Algorithm 2: Frank-Wolfe algorithm.
Initialization: v € Hfil P(Zy,). Set K > 1.
for k=0,1,2,...,K —1do

Step 1: resolution of the linearized problem.

Compute \¥ = V f (% Zf\;l [z, 9(@i, -)d,uk)

fori=1,...,N do '

Compute y* = BRyx (7;).

end for

Step 2: update.

Choose wy, € [0, 1].

Set vFt+l = (1 — wk)l/k + wg (5%7 e ,5y1k\7).
end for

Remark 7.4. If we take wy, = 1/(k+ 1) for all k, then it is easy to see that v/ = L f 01 o, We recover the
fictitious play of [20], applied to the Lagrangian discretization of first-order MFGs.

Lemma 7.5. Let Assumption A hold true. In Algorithm 2, take wy, = 2/(k + 2) for all k. Then for any K > 1,

2LD
zZ

Proof. This is a consequence of [16], Proposition 3.4. O

7.4. Stochastic Frank—Wolfe algorithm

We discuss in this Subsection the computation of an approximate solution to (P,IZN)

2N, there exists an N-uplet (y1,...,yn) in vazl Z,, such that

in a Monge form.
Lemma 5.1 indeed implies that for any € >

1 N
f (Ngg(xi,yi)> <val(P} ) +e, (7.3)

since we have ||(1/N,...,1/N)||3 = 1/N. The Stochastic Frank—-Wolfe algorithm, introduced in [16] is a stochas-
tic algorithm whose efficiency is ensured in expectation: after 2N iterations, the expectation of the optimality
gap is bounded by 2LD/N (see Lem. 7.6).

The Stochastic Frank—Wolfe algorithm is described in Algorithm 3. In the statement of the algorithm, Bern(w)
denotes the Bernoulli distribution with a parameter w € [0, 1].

We briefly comment here on Algorithm 3 and refer the reader to [16] for a more detailed description and
possible variants and improvements. At the beginning of iteration k, a candidate y* = (y¥,...,y N) to optimality
is available, corresponding to the N-uplet (& ks s Oyt ) Having in mind this correspondence, we see that Step 1
of Algorithm 3 i 1s the same as Step 1 of Algorithm 2 The main difference lies in the second step. For Algorlthm 3,
ny candidates %7, j = 1,...,n; are computed with stochastic 51mulat10ns for each ¢, yz 7 is equal to y¥ (the i-th
coordinate of the previous candldate) with probability 1 — wy and yi s equal to ¥ with probability wy. Very
roughly speaking, the convex combination of probability measures is transformed into a convex combination “in
probability”.

We have the following convergence result.
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Algorithm 3: Stochastic Frank—Wolfe algorithm.

Initialization: y° € Hfil Zy,;. Set K > 1.
for k=0,1,2,...,K —1do
Step 1: resolution of the linearized problem.
Compute A = Vf(% Y%, g(ai,yF)).
fori=1,2,...,N do
Find ¥ € BRyk ().
end for
Step 2: update.
Choose ny € N*. Set wy, = 2/(k + 2).
for 7=1,2,...,n; do
fori=1,2,...,N do
Simulate Pf’j ~ Bern(wy), independently of all previously defined random variables.
Set 9 = (1~ PRyt 4 P

end for
Define §*7 = (§;/)i=1,....x-
end for
Find yk+1 € argmin {f(% le\il g(xmyl)) ‘ y e {de‘? j = 1; 27 ey nk}}
end for

Lemma 7.6. Let Assumption A hold true. In Algorithm 3, at each iteration k, take any number ny of stochastic
simulations. Then for any K =1,2,...,2N,

N
|7 (4 Lot ) | - et < 222
=1

Proof. This is from [16], Theorem 3.7. O

Remark 7.7. Lemma 7.6 provides an expected convergence result for Algorithm 3. We complete it with a
probability estimate, based on [16], Corollary 3.8. Recall the constants D and C defined in (3.1). Fix any A > 0
and any K = 1,...,2N. Choose integers ny > 1 such that

Then, it holds that

N
P [f (]1, Zg(wi,yf()> <wval(Py,) + W
=1

A
>1—exp 12 )

1. For fixed A and N, the lower bound on ny is very mild at early iterations (and may even be 1), but it
grows quadratically in k. Intuitively, at the beginning the optimization error dominates, whereas in later
iterations the sampling noise becomes the main bottleneck; increasing nj is then necessary to control the
stochastic error.

2. For fixed N, increasing A raises the required ny at each iteration, while improving the success probability,
which approaches 1 as A grows.

We make the following comments:
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3. For fixed A, increasing N reduces the required sample size nj at each iteration while maintaining the
same high-probability guarantee. This indicates that larger N improves the algorithm’s performance.

We conclude this subsection with two estimates concerning the combination of the Stochastic Frank—Wolfe
and the bridging method, under Assumptions A-B. There are two possibilities to retrieve an approximate
solution of the original problem (PX ), using the outcome »* of Algorithm 3 after K iterations, for 1 < K < 2N
and for arbitrary numbers ng > 1 of simulations.

o Let uf = % Zfil O(z;,yx)- Apply Algorithm 1, with mo = my, m1 = m, po = pk and p € M(my,m).
Calling 1" the result, we have the following estimate from Lemmas 4.5 and 7.6:

E {f (/ngﬂKﬂ —val(P}) < % +L O/XXXdX(IO,xl)dp(xo,a;l)' (7.4)

e In the case where my = U#m (for example, under the assumptions of Corollary 5.7), an approximate
solution in Monge form T is obtained by defining first I: z € X + I(z) € {1,..., N}, where I(z) is such
that U(z) = @1(y). Then TX is defined by given by

TK (z) = 5(21(g)s yﬁm),x)

and we have the following estimate from Lemmas 5.2 and 7.6:

E [f (/Xgo (I, TK)dﬁKﬂ —val(PX) < % —I—LQC/X dx (z,U(x))dm(z). (7.5)

Remark 7.8. It is worth noting that the error estimates in (7.4) and (7.5) comprise two terms. The first
term, 4LD /K, is independent of the sampling (discretization) of m, while the second term is independent of
the optimization algorithm. This general principle is commonly referred to as mesh independence in numerical
analysis.

7.5. Numerical perspectives through semi-discrete optimal transportation

We provide here a constructive approach from semi-discrete optimal transportation to obtain the transport
mapping U used in (7.5). Assume that X is a closed subset of a Euclidean space (dx is the Euclidean distance
|- |) and m € L>°(X). Following [44], we define the following function on R¥ referred to as Kantorovich’s
functional:

L
(W) ::/ern(szfo + W;) dm(x NZ

It is proved in [44], Theorem 1.1 that (W) is concave and C*. Let W* be a global maximizer of 1. Excluding
a negligible set with respect to m, we can define the following centered partition P = (€;, x;);=1,... .y associated
with W*:

Qi ={reX ||z -z + W' < ||z —z;]| + W}, for j=1,...,N}.
This centered partition P is commonly referred to in the literature as the Laguerre tessellation [44] or the power
diagram [45] associated with W* (reducing to the Voronoi diagram when W* = 0). Then, we define the mapping
U as in Definition 5.5:

U(z) =x;, forxzel.
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It follows from [44], Corollary 1.2 and [22] that

/X & — U (@) |2dm(x) = Wa(m, mu),

where W5 is the Wasserstein-2 distance. Combining this with the estimate above this subsection and applying
the Cauchy—Schwarz inequality, we obtain that

E [f (/Xgo (LTK)dﬂK)] —val(P¥) < % + Ly,C Wy (m,my).

Finally, by applying the quantization result (in the expectation sense) from [46], we obtain that

ALD N-1/2, ifd <3,
Eaigo,my~m [f (/ go (I, TK)dﬁKﬂ —val(PE) < ==+ L,C x { N"/2log N, ifd =4,
X K
N—2/d, otherwise.

Here, the constant C is independent of N, d denotes the dimension of X, and Eaigo,my~m represents the
expectation with respect to the stochastic steps in Algorithm 3 and the random points x;, which are i.i.d.
samples drawn from m.

Remark 7.9 (Numerical algorithms for finding W*). The key step in constructing the centered partition P
using the scheme presented above is to determine a maximizer W* of Kantorovich’s functional . Since 1 is
concave and continuously differentiable, several numerical methods have been proposed for computing W*. For
instance, the damped Newton algorithm introduced in [44] is shown to have a linear convergence rate under
certain regularity assumptions on X. Additionally, multiscale approaches in [47] and [45] can also been utilized.
A sensitivity analysis of the ultimate error in our scheme and the inexactness of W* presents an interesting
perspective.

8. EXAMPLES AND NUMERICAL RESULTS

8.1. The traffic assignment problem

The traffic assignment problem is a non-atomic game whose potential formulation takes the form of problem
(PE). We describe it briefly in this subsection. Consider a finite set of nodes A and a finite set of edges
E C N x N. The model is a static model that describes how the agents move on the network, taking into
account their origins and destinations as well as the congestion on each arc.

We fix a subset X of N' x N. Each parameter z = (z1,x2) € X represents an origin-destination pair. Next,
we denote by Y the set of subsets of £. For each x, we consider a set of possible paths connecting z; and x5,
denoted Z,. Mathematically, we simply describe a path as a subset of £, so Z, C Y.

For the definition of the potential problem, we define # = R. The function g is defined by g: (z,y) € Z ~
(9(x,Y)e)ecs € H, where

(2.1) 1, ifeey,
x? = .
I Y)e 0, otherwise.

In words, g(z,y). = 1 if the edge e belongs to the path y, 0 otherwise. Next, we fix a family of functions
@e: [0,00) — [0,00), parametrized by e € £. We assume that these functions are non-decreasing and we fix a
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primitive ®. for each of them. The functions ®. are convex. Finally, we define f: H — R by

flg) = Z D (ge)-

ecf

With these definitions at hand, it remains to interpret the optimality conditions for the associated MFO
problem. Let us consider i € Pp,(Z) and let A\ =V f([, gdp) € H. A direct calculation shows that

e = ¢e(qe), where: ¢, = Z oz, y).

(z,y)€Z
ecy

We can interpret g. as the proportion of agents using the edge e. We interpret ¢. as a function that gives
the travelling time on the edge e in function of the congestion g.. So here the dual variable A has a natural
interpretation as a vector containing all the travelling times of the network. Finally, for any « € X, we have

A P
e€y

Here > ccy X describes the total duration of the path y. As a consequence, solving the MFO problem is
equivalent to find & such that for any x, i, is supported by the optimal paths (among those connecting x; to
Z9), the travel time of a path y begin defined by the above relations. This notion of equilibrium is known as
Wardrop equilibrium in the literature. Using the MFO setting, we recover the well-known equivalence between
Wardrop equilbria and their potential formulation, see [48], Chapter 3. We mention here that the modelling
is different (but equivalent) to the standard one in which one rather describes the distribution of the agents
with respect to the edges, instead of using the distribution with respect to the paths. We also note that the
Frank—Wolfe algorithm is a very standard algorithm for solving those problems, see [48], Section 5.2.

8.2. Lagrangian mean-field games

Model

We present here a class of potential Lagrangian mean-field games (MFGs) that can be cast within the MFO
framework. There is a large amount of literature on Lagrangian MFGs, we refer the reader to [1, 3-6] and the
references therein.

Fix a final time 7" > 0, a compact set 2 C R? constraining the trajectories, and a bound M > 0 on the
admissible speed. Let AC([0,7]; R?) denote the space of absolutely continuous curves on [0, T]. Define the path
space

V= {y e AC(0, TIRY [y e @ vee 0,71}, Zo={yeY |y0) =2, [ilieom <M}, e
and set

X =0, Z={(z,y) eXxY: yeZ,}
Let m € P(Q) denote the distribution of initial states.

Let L : R? — R be a running cost, h : R? — R¥ a feature map, and ® : R* — R a potential. The associated
potential Lagrangian MFG can be written as

Meg}ﬂf(z){/z </OT L(y(t))dt> du(z,y) + /OTq)(/Zh(y(t))du(l’,y)) dt}. (8.1)
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We briefly explain the interpretation of (8.1). The measure p € P,,(Z) represents the joint law of an initial
condition x ~ m and an admissible trajectory y € Z,. The first term averages the individual running costs over
the population, while the second term is a potential interaction cost that depends on the aggregated feature of
the agents’ positions at each time t.

Equation (8.1) fits (PX ). Indeed, define the Hilbert space H := R x L?([0, T]; R¥) and the mapping g : Z — H
by

T
o(0,9) = (1(0.9) ga(@1)),  gr(ary) = /0 LW)dt,  goley) =hoy,

and define f: H — R by

T
fla,¢2) =@ +/0 P (qa(t)) dt.

Then, for any p € Pp,(Z),

f< / gdu) -/ ( / TL(g(t))dt) dute.n) + [ Tq»( | note) du(a:,w) dt,

where [, gdu = ([, g1 du, [, g2 dp) and the second integral is understood in the Bochner sense in L?([0, T; R").
Consequently, (8.1) is exactly of the form of (PX).

Verification of the abstract assumptions

Assumption A and Assumption A* hold for the Lagrangian MFG model (8.1) provided that Q C R? is
compact and the admissible trajectories satisfy the speed constraint ||g||p~ < M, and that the data satisfy:

1. L:R? — R is convex and lower semicontinuous, and sup|y<ar |L(v)] < 400
2. h:R% - RF is continuous;
3. & : R¥ - R is convex and C', and V® is Lipschitz with constant L.

For instance, in the linear—quadratic setting, one may take L to be quadratic, h to be affine, and ® to be a
quadratic potential; these choices clearly satisfy the above conditions.

Let us verify Assumption A(1). The mapping g = (g1, g2) is bounded on Z. Indeed, for any (x,y) € Z we
have [|g||L < M, hence

<T sup |L()|, g2z, )2 = [P oyllz < VT sup|h(z)].
[l <M Z€Q

T
g1 (z,y)] = ‘ / L)) dt

Moreover, the functional f(g1,q2) = 1 + fOT ®(gy(t)) dt is convex and differentiable on # = R x L2([0, T]; R¥),
with

Vg, a) = (1, V®(q:())).

Since the Nemytskii operator go — V®(ga(+)) is Lg-Lipschitz on L2([0,T]; R¥), it follows that V£ is Lipschitz
on H with modulus L = Lg.
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Let us now verify Assumption A(2) and Assumption A*. Let A € dom(f*). Then necessarily A = (1, A2) with
o € L2([0,T]; R¥), and

oz, y) = (N g(@,y)n = g1(z,y) + (A2, hoy)re.

Since h is continuous on the compact set €2, the map y — h oy is continuous with respect to the supremum
norm on Y, and therefore (z,y) — (A2,h o y)r2 is continuous on Z. Furthermore, by convexity and lower
semicontinuity of L, the integral functional y — fOT L(y(t)) dt is lower semicontinuous on the equi-Lipschitz
class {||y]|L~ < M}. Consequently, gy is lower semicontinuous on Z.

Finally, for each = € X, the set Z, is compact in C([0,T]; R%) by the Arzela-Ascoli theorem (boundedness
follows from y(t) €  and equicontinuity from the uniform Lipschitz bound). Hence gy (z, -) attains its minimum
on Z,, so BRy(x) # 0. Moreover, G, is lower semicontinuous since it admits the continuous selection x
gx(2,yz), where y,(t) = x is the constant admissible trajectory. This proves Assumption A(2) for all A €
dom(f*), i.e. Assumption A*.

We finally verify Assumption B. The first two items of Assumption B can be easily checked with the arguments
already presented above. For point (3), i.e., the Lipschitz continuity of Z, we need further assumptions on the
constraint set 2 and h:

1. Q is convex;
2. h is Lipschitz on €.

Let Dg = diam(Q) and Lo = supj,<as |L(v)] < 0o. Fix 29, 21 € Q and yo € Zy,, and set § = ||z1 — zol|/M <
Dq/M. Define y, € Z,, by
t
$1+5(I071‘1), te [0,5],
yo(t—(S), t e [(5,T]

y(t) =

If 6§ > T, then we take the first dynamic in the whole time horizon [0,7]. Then y;(0) = x1, y1(¢t) € Q (by
convexity of ), and ||§1]|~ < M. Moreover,

s T
. . 2L

l91(21,91) — g1(20, Y0)| < / IL(yl(t))Idt+/ 5 IL(%o(t))|dt < 2Loo 6 = — [|l21 — @o]|-

0 T—

For the feature term, using Lipschitz continuity of h and ||y1(t) — yo(t)|| < 2||z1 — xo|| on [0,6] and ||y1(¢) —
Yol = llyo(t = 6) = yo(t)| < M3 = [l1 — o|| on [3, T], we obtain

lg2(z1,91) — g2(x0,%0)||z2 = ||hoyr —hoyol Lz < Ly (2\/5+ \/f) lz1 — zol| < Ch ||z — 0]l

where Cp, == Ly, (2\/DQ/M + \/T) Combining the two estimates yields

Hg(xlayl) - g(x()ayo)HH S Lg ||J’.1 - SUO”

for some Ly > 0 depending only on (M, T, ), Lo, Ly), which proves the L,-Lipschitz property of Z.

In summary, the Lagrangian MFG model considered here satisfies all the assumptions required throughout
the theoretical part of the article. Note that the set Z is compact (by the Arzela—Ascoli theorem), so the
existence of a solution is also ensured (see Rem. 3.6).
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Optimality conditions

Let us write the optimality conditions corresponding to Lagrangian MFG. Let i € P, (Z) and let A=
Vf([,gdir). Then, A = (A1, X2), with A\; =1 and

vq></h duxy))

For any ¢ € [0, 7], denote by e;: Z — R? the mapping defined by e;(z,y) = y(t). Then Ay is equivalently defined
by

Xo(t) = V@ < h(y’)dmt(y’)) ,  where: my = e;#[i.
Q

In this context, the best-response mapping BRx(x) in (3.5) is equivalent to solving the following optimal control
problem:

inf /0 ! [L(y(t)) + <v<1> (fyhdimy) ,h(y(t))ﬂ dt.

YEZy

Let us note that the above problem is not convex in general. It could be solved by dynamic programming in
the situation where the dimension of y is moderate.

8.3. Numerical results for a competition problem with a non-renewable resource
Model

We consider a Lagrangian MFG in which the agents exploit their own stock of an exhaustible resource. The
model is taken from [23]. We fix a time horizon [0,T] where T € [0, +00) (the case T = oo investigated in [23]
is not considered here) The state variable of a representative agent is the level of the stock of resource at any
time, denoted (X )te[o 1) and the control is the speed of extraction at any time, denoted g. The dynamic of a
given producer w1th an initial position xg > 0 is described as follows:

t
X} =z —/ q-dr, te[0,T],
0

where ¢, > 0, for any ¢ € [0,T]. We impose that X} > 0, which implies that X/ > 0 at any time.
We define the set of aggregate production, denoted as G, by

G={Qe?(0.T)R) | 0< Q) < 5, Vi€ [0,7]}.

The price of the resource for this representative producer depends on its extracting speed and an aggregate
production @ € G,

pr = 1—q — eQy, t 10,7,

where € € (0,1) is a constant. The gain of this representative producer writes,

T
/ e (1 — g — eQy)dt
0
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where 7 > 0 is a discount rate. Therefore, given an aggregate production Q € G and an initial position zy > 0,
we can formulate an optimal control problem associated with this representative producer,

q€g

T
s.t. / qrdt < xg.
0

Lemma 8.1. Problem (8.2) has a unique solution q(x¢). Moreover, 0 < q9(w0)(t) < %, for a.e. t € (0,T).

T
inf JQ(q) = / e (g — 1+ €Qy)dt;
0 (8.2)

Proof. Tt is easy to see that G is a non-empty and convex subset of L.2([0, 7], R). Following [24], Theorem 3.12,
if (fn € G)n>1 converges to f in L? sense, then there exists a subsequence of (f,)n,>1 converges to f a.e.
As a consequence, f lies in G. Therefore, G is closed. Furthermore, by Hélder’s inequality, we obtain that
{q € L*([0,T],R) | fOT q:dt < o} is non-empty, convex and closed in L2([0, T, R). It follows that the admissible
set of problem (8.2) is non-empty, closed and convex in Hilbert space L2([0, 7], R). On the other hand, the cost
function J?(-) is strongly convex. Then the existence of the solution of (8.2) comes from [49], Corollary 3.23
and the uniqueness is by the strong convexity of J<.

Let ¢ be the solution to (8.2). Define ¢'(t) = min{q(t), 3}, for a.e. t € (0,T). Since ¢’ < ¢, ¢’ is also feasible
for problem (8.2). Moreover, the running cost ¢o — qo(go — 1 + £@Q;) is increasing for g > % As a consequence,
J9(¢") < J%(q). Therefore, ¢’ is optimal, and since the solution is unique, we have ¢ = ¢/, which proves that
q<3. O

Let m € P([0,400)) denote the distribution of the initial conditions of the producers. The aggregate
production rate corresponding to ¢@ is given by

Qe ::/ a2 (z0)dm(zq), Yt € [0, 7).
0
Following [23], we call NE a solution Q* to the fix-point problem:

Q" =Q¥, Qeq. (8.3)

Potential problem

In this paragraph, we find an optimization problem associated with the fixed point problem (8.3), which is a
particular case of problem (PX). Let us specify metric spaces and admissible sets in (PL) associated with (8.3):

T
X =0, 00), Y =g, F(z) = {qeg | / qtdt<x}7 Z = Graph(F), Zy = F(x).
0
Let us define the separable Hilbert space L2_,. ([0, T]) [24], Example 4.5(b):
T
L2..([0,T)) := {(: [0,7] — R is Lebesgue measurable‘ / e "HC(t) Pt < +oo} )
0

with a scalar product,

T
(fi: )z o)) = /O e " fi(t) f2(t)dt.
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It is easy to check that Y =G C L2, ([0,T]). Then, in (P}), we set H =R x L2_,,([0,T7),

T
g: Z —H,(z,q) — (/ e " g — qu)dt, Q> )
0

€
frH =R (y1,92) = yn + §||y2||1%127”([0,T])'

Therefore, problem (PX) associated with (8.3) writes:

T T 2
[ [ e - aatduteg + 5 e ( / qtdmx,q)) dt. (8.4)
rEPm(Z) Jz Jo 2 Jo Z

Proposition 8.2. If i is a solution of problem (8.4), then Q* = [, qdji(x,q) is a NE of the optimal exploitation
of exhaustible resources problem, i.e., Q* is a solution of (8.3).

Proof. Let us first check that Assumption A holds true for problem (8.4). It is easy to see that Assumption A(1)
and the first and the third points in Assumption A(2) are true by the continuity of g and Lemma 8.1. Let us
prove that G is lower semi-continuous for any A € H,. This is a consequence of the claim that the set-valued
function Z: X ~ H, x — {g(z,y) | y € Z,} is Holder continuous. To see this, we fix any z; < x2 in X. If
q € Zy,, then we have immediately that ¢ € Z,,. This implies that Z,, C Z,,. On the other hand, let q € Z,,.
We construct ¢’ € Z,,, by the following method:

oot
q/ _ )4, if f() QTdT < L1
K 0, otherwise.

As a consequence, we have that |l¢" — ¢||L1(jo,7]) < 22 — #1. Therefore, by Holder’s inequality,

Hq, - QHIQLz_ (j0,T7) < ||eirt(q/ - Q)”]LOC([O,T])H‘]/ - QH]Ll([o,T]) < xa(x2 — T1).

rt

This implies that Z,, C Z,, + By (0, \/z2(22 — 21)). Therefore, Assumption A follows.

Let i be a solution of problem (8.4), A = Vf([, gdp) and Q* = [, qdfi(x,q). By the definitions of f and g,
we obtain that A = (1, eQ*), moreover,

T
gs(z,q) = / e "q(q — 1+ €Q)dt.
0

By Lemma 8.1, BR5(29) = {¢9 (x0)} for any 2y € X. By Corollary 3.4, we have that (), 1) satisfies the
following equilibrium equation:

My = 5qQ* (x), M-a.e.

{ 5= (1. <, adp)

Combining with Theorem 2.5, we obtain that [, qdfi = [, q?" (z)dm(z). Recall that Q* = [, adfi, then (8.3)
follows. O
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FIGURE 2. Extracting speeds and stocks of three producers with initial stocks: 0.9, 1.2,
and 3.1.

Numerical simulations

Let the initial measure m be an exponential distribution with parameter a > 0, i.e., dm(z) = ae™**dx for
all x > 0. Let us independently sample the distribution m for N times, denoting the samples by x1, xs, ..., zN,
and my = + Zfil 0z,. The time space [0, 7] is discretized with a step size At = T/M for some M > 1. Then,
a totally discretized problem associated with (8.4) writes:

2
infyernen  Jn(a) = 3 2L, Tty (N t) + By e ( py t) ’ (8.5)
such that ¢; € SM(aci) ={q€0,1/2]M | Atzt 0 Yg < xl} 1,2,.

We apply Algorithm 3 to solve (8.5). At each iteration, the evaluation of a best-response, for each producer
i amounts to solve a problem of the following form:

{ infg,cpm At Zi\/lol e g (g — 1+ €Qy), (8.6)

such that ¢; € SM(x;),

for a given @ € [0,1/2]™. This problem is a convex quadratic programming problem in R™ that can be dealt
with by some solvers, such as GUROBI [50].

For the resolution of the problem, we chose the following parameters: 7= 10, e = r = a = 1, N = 100,
M =100, K =100, ng = 10, for all k. Figure 2 shows the extracting speeds and the stocks of three producers
with initial stocks: 0.9, 1.2, and 3.1. From Figure 2, we see that the producers with the higher initial stock have
the same extracting speed as those with a lower initial stock, at the beginning. However, as the smaller agents
exhaust their resource, the larger ones progressively raise their extraction speed. Once the extraction speed
reaches its maximum value, it rapidly decreases to zero. These observations are consistent with the findings of
[23], Section 3.3.

To study the error caused by sampling, we independently sample the exponential distribution m for 100 x N
times, and group them into batches of N. The empirical distribution corresponding to each batch is set as the
initial distribution. Then we apply Algorithm 3 to compute Q* corresponding to each initial distribution. In
Figure 3, we show the mean and standard deviation of the results of the 100 simulations.
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Mean and Standard Deviation of equilibrium Q°
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FIGURE 3. Mean and standard deviation of the equilibria of 100 batches.

8.4. Numerical results for a congestion game
Model

Consider a second numerical example within the context of the minimal-time deterministic MFG. We set
the following parameters: the state space is fixed as [0,1], a maximum duration is denoted by T > 0, and an
upper bound for the speed is given by V' > 0. In this particular example, the dynamics governing each player
are characterized by the set Z, defined as:

Z ={(z,7) €[0.1] x AC([0,T]) | s =v, %0 =2, 0< vy <V},

The objective for the players in this example is to reach the target point 1 as soon as possible, while simultane-
ously ensuring that the density at each point does not become excessively high. To quantify this, we introduce
the congestion function F: P([0,1]) — R, which is defined as follows:

F(m) = fol m(x)3dz, if m <« du,
- 400, otherwise.

Given an initial distribution mg € P([0,1]), the resulting deterministic MFG problem can be expressed as
follows:

T T
nf () = / / Toy(ve)dtdpu(z, 7) + o / Fleptmottn)dt, (8.7)

Hep'mg (Z

where a > 0 is a penalty parameter.

Regularization

Note that the congestion function F does not fit to the framework studied in this article. To address this, we
begin by approximating F with a function that aligns with our framework. We achieve this by partitioning the
interval [0,1] into J € Ny small, uniform subintervals: I1,...,I;, where I; = [(j — 1)Az, jAz|, and Az =1/J.
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FIGURE 4. Example of hg and {h;};=; . with J =5 and k = 20.

Subsequently, we approximate F (m) as follows:

sz( [ @an)

To facilitate the execution of the numerical experiments, we replace the indicator function I;, by some smooth
functions. Let k > J be a positive integer. We introduce two smooth functions, denoted as y, € C*°(R) and
¢r,Az € C°(R). These functions are parametrized by the variables k and Az, and are defined as follows:

2

0, ifx <=0,
1 otherwise,
0, if x < —%,
bp ne () = or(x +1/k), if —¢<z<0,
hae 1 if0<z<Aw—1

1—pp(z— Az + 1), otherwise.

Then, we approximate I, by hj: Ry — [0,1], 2+ ¢p ax(z — (j —1)Az) for j =1,...,J, and Ijg 1) by ho: Ry —
[0, 1],

o) 1, fo<z<1-—1,
xTr) =
0 1— (:c71+%), otherwise.

An important property of {h;};=1,. s is that Z}]:l hj(xz) = ho(x), which is 1 for any = € [0,1 — 1/k], see
Figure 4. The resulting approximated MFO problem associated with (8.7) is,

uegﬂi Z)/ / ho(y)dtdu(, ) Z/ </ (ve)dp(z, 7)>2dt. (8.8)
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Discretization and numerical results

To proceed with our numerical experiments, we discretize the time horizon [0,7] into M steps, each of
duration At = T'/M. Additionally, we discretize the initial distribution mg by my = + Zf\il 0z, We formulate
the fully discretized problem associated with (8.8) as follows:

2
. N M—1 ; J M—1 N ;
infyiy,_, % D1 2oi—0 ho() + aA_AZt j=1 > t=0 (% doic by (W’Z))) ) (8.9)
such that 0 S'yzﬂ i< VAt, v =4, fort =0,...,M, andi=1,...,N.

Therefore, given some (7%);—1,. n satisfying the constraint in (8.9), the sub-problem for player i is

. M-1 i J M—-1 _ i
mf’yi At tho ho ('Yt) j‘ QZét j=1 Zt:o Ujthj ('Yt)a (8.10)
such that 0§7§+1—7§§VAt,'yé:$i, fort=0,..., M,

N=200, loop = 100

— nk=1
—%— nk=5
1.35

1.30

1.25

Cost values

1.20

1.15

T
[} 20 40 60 80 100
Loop number

FI1GURE 5. Convergence results of Algorithm 3.
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FIGURE 6. Optimal trajectory of each player: the case a = 0 (left), the case o = 1 (right).
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where g, = + Zfil h;(%;). The sub-problem (8.10) is a finite-dimensional non-convex optimization problem,
which is addressed by the open-source solver “scipy.optimize.minimize” [51].
Let us specify the parameters used in the numerical simulation of problem (8.8) as follows:

J=5k=20,V=3T=1a=1,M=20, N =200, mo= Unija,

where “Uni” represents the uniform distribution, and the points x; are drawn from samples of my.

We first present in Figure 5 convergence results of Algorithm 3 for the discretized problem (8.9) in 100
iterations, utilizing parameter settings of ny = 1 and 5. We see that in both choices, the algorithm converges
to a local minimum very fast (fewer than 20 iterations). In Figure 6, we compare the optimal trajectories of v
for two cases: & = 0 and a = 1. It is evident that, in the case of a = 0, the optimal strategy for each player is
to move at the maximum speed, V = 3, as there is no penalty for density. This is depicted in the left part of
Figure 6. However, when o = 1, players starting from greater initial positions choose to run at the maximum
speed, whereas those with lower initial positions prefer to wait briefly to avoid congestion in density with those
starting farther ahead. In Figure 7a, we draw the agents’ state distributions at each time for both o = 0 and
«a = 1, along with a regularized version obtained through interpolation in Figure 7b. For a more detailed view of
the density evolution before reaching the target, we further depict the restricted distributions within the spatial
interval [0,0.8] in Figure 7c, using a distinct color scale.

Remark 8.3. Let us underline that for this example, the optimization problems involved in the evaluation of
the best-response mapping are non-convex. As mentionned above, we address them with the open-source solver
scipy.optimize.minimize whose default method for tackling constrained non-linear optimization problems is the
SLSQP (Sequential Least SQuares Programming) algorithm, a quasi-Newton-type algorithm. Consequently, the
quality of the initial guess plays a crucial role in the resolution of sub-problems. In the context of Algorithm 3,
our experience shows that at iteration k, it is more efficient to initialise the evaluation of ¥ € BRx(x;) with
y¥ (rather than yf‘l). We conjecture that the chance for the solver to generate a local solution is higher when

initializing with g *.

9. CONCLUSION

We have provided a general framework for analyzing Mean Field Optimization problems. We have proposed
a general method, based on an extension of the Frank—Wolfe algorithm for solving MFO problems, with a
convergence guarantee, assuming that some best-response function can be efficiently computed (with a solver
or with specific methods). Numerous extensions of the current setting could be considered. For example, one
could formulate a stochastic setting with a random variable impacting all agents. In this setting the evaluation
of A (in the SFW algorithm) may require to use Monte-Carlo approximations, adding a new source of error in
the general algorithm. One may also realize a general convergence analysis that would take into account the
need to discretize the sets Z,, (in particular in the case of MFGs, where Z,, is an infinite dimension set). Finally,
at a purely numerical level, we could investigate variants of the proposed method in which the distribution m
is discretized progressively. This would reduce the number of subproblems to solve in the early iterations of
the SFW algorithm. We also mention that the SFW is robust in the following sense: at the end of iteration k,
if y**+1 is replaced by any other point yielding a reduction of the cost function, then the general convergence
properties of the SFW algorithm are preserved. This fact could motivate the design of heuristic improvements
on a case-by-case basis.
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APPENDIX A. PROOF OF LEMMA 3.2

This appendix is dedicated to the proof of Lemma 3.2. It relies on two intermediate results (stated in Lemmas A.1
and A.2). Let us denote by B* and BY the Borel g-algebra on X and Y, respectively.

Lemma A.1. Let Assumption A hold true. For any A € Hy, the set-valued function BR has a closed graph.

Proof. Let z, € X converge to some Z € X, and let yr € BRa(xx) converge to some § € Y. We have to prove that
7 € BR(Z). First, we have § € Zz, since Z is closed. Fix any y € Zz. Since G is lower semi-continuous, there exists a
sequence (Y )ken in Zz, such that

gA(Z,y) = lim gx(@k, Jr)-
k— o0
By the lower semi-continuity of gx, we have
9x(Z,7) < liminf g (zk, yx)-
k— o0

Since yr € BRa(z) and §* € Z,,, we have gx(zx,yx) < gr(2x, 9x) for any k. Passing to the limit in this inequality
(using the above inequalities), we deduce that g (Z,7) < ga(Z,y). Thus, BRy has a closed graph. O

Note that a similar result to Lemma A.1 is presented in [1], Lemma 3.4.

Lemma A.2. Let Assumption A hold true. The function uy is upper semi-continuous for any A\ € Hy, thus Borel
measurable.

Proof. Let XA € Hy. Since g is bounded over Z, we have that ux(xz) > —oo for any € X. Fix any « € X. Let y € BR\(2).
Let (zn € X)n>1 be a sequence converging to z. By the lower semi-continuity of G», there exists y, € Z, such that
gr(z,y) = limn—00 g2 (Zn, yn). Therefore,

ux(z) = ga(z,y) = lim gr(Tn,yn) > limsup ux(x,).
n—oo n— oo

We obtain the upper semi-continuuity of uy for any A € Hy. Since any upper semi-continuous function defined on a
metric space is the limit of a monotonically decreasing sequence of continuous functions [52], Theorem 3, we deduce that

uy is Borel measurable. |

Proof of Lemma 3.2. Let us recall that we have already proved that

inf du > uxdm.
uer(Z)/Zg)‘ 'uf/x A
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To prove the result, it suffices to construct i € P, (Z) such that

/g/\dﬂz/ uxdm. (A1)
z X

By Assumption A, the set-valued function BRy: X ~» Y has non-empty closed images. By Lemma A.1, Graph(BR.) is
closed in X x Y, thus is a B¥ ® BY -measurable set. By Theorem 2.3 (2), there exists a (B~,BY )-measurable function
bry: X — Y such that

bry(z) € BRi(z), m-a.e.
We define A: X — Z, x — (z,brx(z)) and
= A#m.
It follows immediately that i € P (Z), since 71 o A is the identity function. Next, we prove (A.1). We indeed have
groA=uy, mae.

Therefore, g o A is Borel measurable by Lemma A.2. Since w is bounded, we have

/u,\dm:/g,\oAdm:/g/\d(A#m):/gAd[l,
X X Z zZ

which proves (A.1) and concludes the proof. O

APPENDIX B. PROOF OF LEMMA 4.3

Assumption B(3) implies that S has nonempty values. Set E := Z x X and consider the graph
Graph(s) = {(w07y07w1>y1) EEXY ‘ Y1 € S($07y07x1)}‘

By definition of S,
Graph(8) = { (@0, yo,x1,11) € EX Y | y1 € Zay, llg(ar, 1) = 9(wo,y0) | < Ly dx(wo, 1) }.

Since g : Z — H is Borel measurable and the operations (u,v) — u — v and w — ||w|| are continuous on #, the map
(z0,y0,z1,9y1) — |lg(x1,y1) — g(x0,y0)|| is Borel on Z x Z. Moreover, (zo,z1) — dx(zo,z1) is continuous, hence the
above inequality defines a Borel set. Therefore, Graph(S) € B(F) @ B(Y).

Since v is a probability measure on E (hence o-finite) and Graph(S) is measurable, Theorem 2.3 yields a Borel
measurable function s : E — Y such that s(zo, yo,z1) € S(xo, Yo, z1) for v-a.e. (zo,yo,z1) € E. Unfolding the definition
of S concludes the proof.
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