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ENERGY RELEASE AND GRIFFITH’S CRITERION FOR
PHASE-FIELD FRACTURE

E. MAGGIORELLI® AND M. NEGRI*

Abstract. Phase-field evolutions are obtained by means of time discrete schemes, providing (or
selecting) at each time step an equilibrium configuration of the system, which is usually computed
by descent methods for the free energy (e.g. staggered and monolithic schemes) under a suitable irre-
versibility constraint on the phase-field parameter. We consider a class of phase-field energies including
both volumetric-deviatoric and spectral decomposition; we study in detail the time continuous limits
of these evolutions considering monotonicity as irreversibility constraint and providing a general result,
which holds independently of the scheme employed in the incremental problem. In particular, we show
that in the steady state regime the limit evolution is simultaneous (in displacement and phase field
parameter) and satisfies Griffith’s criterion in terms of toughness and phase field energy release rate.
In the unsteady regime the limit evolution may instead depend on the adopted scheme and Griffith’s
criterion may not hold. We prove also the thermodynamical consistency of the monotonicity constraint
over the whole evolution, and we study the system of PDEs (actually, a weak variational inequality)
in the steady state regime. Technically, the proof employs a suitable reparametrization of the time
discrete points, whose Kuratowski limit characterizes the set of steady state propagation. The study
of the quasi-static time continuous limit relies on the strong convergence of the phase-field function
together with the convergence of the power identity.
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1. INTRODUCTION

Griffith’s criterion [1] was originally proposed for the quasi-static propagation of straight cracks in brittle
materials. Mathematically, it is a rate-independent system comprising an irreversibility constraint, an equilib-
rium condition, and an evolution law (or flow rule). Usually it is expressed by means of Karush-Kuhn-Tucker
complementarity conditions, in terms of toughness and energy release or, equivalently, in terms of derivatives
of the energy.

In order to briefly describe the model, we start with the sharp crack setting in the case where the crack path
is known a-priori. Assume, for the moment, that Q C R? is the reference configuration and that the crack path
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2 E. MAGGIORELLI AND M. NEGRI

is given by a curve v : [0,1] — Q. Given [ € [0,1] let K(I) = v([0,!]) be the corresponding crack and let

B(u, K(I)) = / W (e(u)) dz

Q\K (1)
be the elastic energy for a displacement u € H*(2\ K (1); R?). Let us consider a “loading history” given by the
boundary datum s — ¢g(s) for s € [0,1]. Given s € [0,1] and [ € [0,1] the elastic energy at equilibrium is given
by

E(s,1) = min{E(u, K(I)) : u € H'(Q\ K(1); R?) with v = g(s) on pQ}. (1.1)

The energy release is the (configurational) variation of the elastic energy E(s,-) with respect to crack growth;
in this setting

. E(s,l+h)—E(s,])
Glol) == i )~ L)

where L, denotes the lenght of the crack K (I).
Introducing the toughness G. > 0, the classical form of Griffith’s criterion is provided by the following
Karush-Kuhn-Tucker conditions:

G(s,1(s)) < Ge, (G(s,1(s)) — Ge) l'(s) =0, (1.2)

together with the monotonicity constraint I’(s) > 0, which models irreversibility. Note that in this setting the
evolution is described by the scalar map s — I(s), which in turn provides the crack K(I(s)) and the displacement

At this point, it is important to notice that the rate-independent system (1.2) holds if the solution s > I(s)
is sufficiently regular. However, in some cases, the solution presents a jump and Griffith’s criterion breaks. In
a general sense, continuity corresponds to steady state (or stable) evolutions, while discontinuity to unsteady
(or unstable) propagation. Within the quasi-static setting, there are several notions of quasi-static evolution
which could be used to “generalize” Griffith’s criterion for discontinuities, see e.g. [2] for a review. Dealing with
these evolutions, it is useful to write the graph of the map s +— I(s) by means of a (Lipschitz) parametriza-
tion t +— (s(t),€(t)) for t € [0,T] in such a way that discontinuities of I correspond to “vertical parts” of
the parametrization. In these terms, a jump of [ is represented by the map ¢t — (s(¢),4(t)) in a subinterval
[ta;ts] C [0,T] where the function ¢ — s(t) is constant, while the map ¢ — £(¢) describes the transition from
U(t,) =17 (s) to (ty) = I*(s). For instance, if [t4, ] correspond to the discontinuity point s, the evolution in [3]
satisfies G(s,£(t,)) = Ge, G(s,L(t)) > G, for t € (tq,tp) and G(s,£(tp)) = G, so that jumps provide transitions
between equilibrium configurations, passing only through critical and unstable configurations. For other types
of evolution, e.g. energetic solutions [4-6], the behaviour of discontinuous solutions is different. However, in the
steady state regime any type of quasi-static evolution is consistent with Griffith’s criterion; indeed, out of the
discontinuity intervals, say [tq, tp], Griffith’s criterion holds in parametrized form:

G(s(1). £(1)) < G, (G(s(). (1)) — G) £(t) = 0.

An alternative way, out of the quasi-static setting, could be to avoid discontinuous solutions employing dynamic
or rate-independent models, see e.g. [7-9].

When the path of the crack is not known a priori, the system of KKT conditions is complemented by a
directional criterion, whose role is to select the “geometry” of the crack. Several criteria exist in the literature,
for instance, the principle of local symmetry and the mazimum energy release rate, which give different but
comparable predictions. Here, we mention only the latter, since it is relevant in our phase-field framework. For
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sake of simplicity, we do not enter into fine technical details (interesting but out of scope here). We confine
ourselves to steady-state evolutions and consider (unknown) cracks K represented by (unknown) simple curves
v. Let v : [0,1] — Q be such a curve. Given [ € (0,1) let K,(I) = v([0,1]) C Q be the corresponding crack.
For ¢ € R?\ {0} let us consider a “virtual extension” 4 with 7/.(1) = ¢. Then, the release of elastic energy in
direction ( is

G(s. 16, (1)) = — lim, <KL~<Z( 2; (?Z)K )

(1.3)

where E(s,-) denotes again the elastic energy at equilibrium, cfr. (1.1), and L,(-) denotes the length of K (-)
(Here, we assume that the above limit exists and is independent of the extension.) With this notation, the
mazximal energy release rate is given by

Grmax (5, K (1)) = max {G(s, K (1);¢) : ¢ € R*\ {0} }5 (1.4)

roughly speaking, G .« is the absolute value of the derivative of the elastic energy along the direction of steepest
descent.

Now, let us consider a simple curve 3 : [0, S] — Q which gives the evolution of the crack tip as a function of the
loading parameter s € [0, S]. Denoting by I(s) the length of the crack Kg(s) = ([0, s]) we have I'(s) = |8'(s)|.
With this notation, in the steady state regime g satisfies Griffith’s criterion and the maximal energy realease
rate criterion when

G max (Sa Kﬁ(s)) <Gey,  (Gmax (Sv Kﬁ(s)) - GC) l/(s) =0, (1.5)

and

Gax(s, K5(s)) = G(s, Ks(s); B'(s)). (1.6)

The latter condition means that the propagation direction ¢ = ’(s) is that of steepest descent for the elastic
energy. In the above presentation of Griffith’s criterion and maximal energy release criterion we did not enter
into the technical details and the issues related to the convergence of time-discrete evolutions, we refer the
interested reader to [10] and [11].

Now, let us turn to the phase-field framework. In this setting, proposed in [12], the crack is represented by the
phase-field variable v € [0, 1], with v = 0 and v = 1 corresponding to fracture and sound material, respectively.
The total energy takes the form

Fe(u,v) = E(u,v) + Ge Lo (v), (1.7)

where w is the displacement and ¢ > 0 is the internal length. Let us consider again a “loading history” s — g(s)
for s € [0,1]. Phase-field evolutions are computed using incremental problems. To this end, let s} = kS/n, for
k =0, ...,n. Given the initial value vy, the discrete configurations (u}},v}}) are separate minimizers of the energy,
i.€.
up € argmin {F.(u,vf) : w=g(s}) on OpQ} fork=0,..,n (1.8)
vy € argmin {F.(u},v) :v <oy} fork=1,..,n .

Here, we do not specify the (sub)-scheme which drives (u}_;,v}_;) to (uj,v}). Note that, being the energy
non-convex, in general the update (u},v}) is non-unique and may depend on the adopted (sub)-scheme. This
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assumption is intentionally large, in order to include all the (sub)-schemes employed in the numerical simulations,
such as staggered and monolithic [12, 13], and even energetic evolutions.

The first goal of our paper is the characterization of the time-continuous limit. To this end we employ
a linear interpolation of the configurations (u,v}) together with a suitable Lipschitz reparametrization
t — (s(t),u(t),v(t)) in a finite “time” interval I = [0,7]. In the limit, stable and unstable branches of the
continuous evolution ¢ — (s(t), u(t),v(t)) correspond respectively to disjoint subsets I, and I, of I, as in the
scalar case described above. Technically, these sets are characterized by Kuratowski convergence of the points
ti, corresponding to the points s}. First, we provide the following characterization, in terms of derivatives of
the energy. For a.e. t € I the configuration (u(t),v(t)) satisfies

OuFe(u(t), v(t)[¢] =0,  duFe(u(t),v(t))[§] =0, dpFe(ult),v(t))[0(t)] =0, (1.9)

for every admissible variation ¢ and &. Technically, in the proof of the above conditions there are a couple of
delicate points: the strong convergence of the phase-field functions (see Lem. 5.5) and the proof of the power
identity (see Thm. 5.13).

Our next goal is the characterization of the steady state evolution in terms of Griffith’s criterion with maximal
energy release rate. First, we introduce the notions of energy release, in analogy with the sharp-crack setting
(1.3-1.4), i.e. the variation of elastic energy with respect to the variation of surface energy; thus for £ < 0 (by
irreversibility) and £ # 0 we define

o e Eels, v+ hE) — E(s,v)
g8(87v7£) - hlgr(% Ea(v + hé‘) _ 55(1}) s

where E.(s,v) = min{& (u,v) : u = g(s) on IpQ} is again the elastic energy at equilibrium (in Sect. 6.1 we will
provide alternative representation and a detailed analysis of the energy release G.). As before, the maximal
energy release reads

Gmax(s,v) = sup{Gc(s,v;§) : £ < 0}. (1.10)

In Theorem 3.10 we prove that for steady state propagation, i.e. for t € I, the evolution t — (s(t), u(t), v(t))
satisfies Griffith’s criterion

Omax(s(t),v(t)) < Gey  (Gmax(s(t),v(t)) — Ge) E(t) =0,

where £(t) = dL.(v(t))[0(t)] gives the speed of the crack, together with the maximal energy release criterion,
i.e.

Gmax(s(t), v(t)) = Ge(s(t), v(t); (1))

Finally, we show that the irreversibility condition E(t) > 0 holds, actually in the whole parametrization
interval I.

2. NOTATION

Assume that  is a bounded Lipschitz connected open set in R%. The boundary 99 of € is split into 9p§
(for Dirichlet boundary condition) and dn§2 = 9\ 0Qp (for Neumann boundary condition); we assume that
0p? is relatively open in 0€). We define the set of admissible displacements

U(s) = {u € H (U R?) : u=g(s) on 9pQ} for s € [0,1],



ENERGY RELEASE AND GRIFFITH’S CRITERION FOR PHASE-FIELD FRACTURE 5

where g(s) := a(s)§ with g € Wh4(Q; R?), for ¢ > 2, and o € C'([0,1],R,) . Working in the rate-independent
setting, g provides the loading path for the system (independently of time). The spaces of the phase-field will be

V= HY Q)N L>®(Q).

Although the phase-field functions v € V may a prioriri take any real values, in the evolution we will have v < 0
(to model irreversibility) and 0 < v < 1, with v = 1 corresponding to no damage and v = 0 corresponding to
maximum damage.

In this work, we are not studying any limit as the internal length ¢ vanishes, so for convenience we set ¢ = 1
and omit the dependence on ¢ in the notation, thus the total energy takes the form

F(u,v) :=E(u,v) + G. L(v).

Due to the irreversibility constraint, the natural set of admissible variations for the phase field variable is the
cone = = {£ € HY(Q)NL>®() : £ < 0}, while the displacement variations are in the space ® = {¢ € H'(;R?) :
¢ =0 on OpQ}; thus equilibrium is characterized by

O F(u,v)[€] > 0, OuF (u,v)[¢] =0, for every £ € E and ¢ € ®.

In the literature there are several options for the elastic energy £ and the length term L, for a comprehensive
view we refer to [14-17]. Here we consider an elastic energy density of the form

E(u,v) = / W(e(u),v)dz, Wi(e,v) = p(v)Wyi(e)+W_(e).
Q
For the stress we employ the notation

o(u,v) := 0eW(e(u),v) = Y (v) O W4 (e(u)) + O W_(e(u)). (2.1)

Here, the degradation function takes the form v (v) := v? +n, for n > 0. Let ngm be the space of symmetric real
2 x 2 matrices. Combining the assumptions of [18, 19] we will assume that the energy densities W, : R2X2 —

sym
[0, +00) are convex, of class C!, and such that

(H1) W (he) = h?Wy(e) for h >0,
(H2) |8€W:|:(€1) — 6€Wi(€0)| < Cl|€1 — Eol for Cl > 0 and for every €; € R2X2

sym*

2X2
sym

Moreover, we require that the energy W : R
there exists Cs > 0 such that

(H3) (0eW (e1,v) — 0eW (€0, v)) : (61 —€0) = Caler — eo|? for every ; € R2)2 and v € [0,1].
Note that, being 0 < ¢(v) < 1, from (H1)—(H2) we easily get

x [0,1] — [0,400) satisfies the following coercivity property:

(P1) W(he,v) = h? W (e,v) for every h > 0 and v € [0, 1].
(P2) |0:W (e1,v) — 0:W (€0, v)| < Ciler — & for every e; € RZX2 and v € [0,1].

These abstract hypotheses allow to embrace both the volumetric-deviatoric [20] and the spectral decomposi-
tion [21], as explained hereafter.

Example 2.1 (volumetric-deviatoric split). Following [20] the elastic energy is decomposed as

W(e,v) = ()Wi(e) + Wo(e), Wi(e) = ple® +nlef?, W-(e) == nle; %,
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where € := Ltr™(e)I and e, := 1tr~(e)I are respectively the tensile and compressive components of the
strain, while g4 := € — €, is the deviatoric component (with standard notation, we denote by p and s the
shear and bulk modulus respectively). With this split damage does not occur under compression and the non-
interpenetration condition emerges in the sharp-crack limit [22]. It is easy to check (H1) while (H2)—(H3) are

proven in [18], Lemma 1.

Example 2.2 (spectral decomposition). Another way to distinguish between traction, compression and shear
was proposed in [21]. Given e € R2¢2 let ¢; € R (for i = 1,2) be its eigenvalues. With this notation the elastic
energies Wy are defined as

Wile) = 5le + G2 + M0l + (G-

It easy to check (H1), while (H1)—(H2) follow by [19], Lemma 2.9.

As far as the length term, we employ the classical quadratic functional
L(v) = %/Q(v —1)% +|Vv|*dz,

known as AT5 in the engineering literature.

Remark 2.3. In the above setting we are assuming, for the sake of simplicity, that the internal length ¢ = 1.
However, we should mention that the phase-field approach relies on the rigorous base of I'-convergence [23-25]
as the internal lenght ¢ vanishes. For instance, in the volumetric deviatoric setting, the phase-field energies
converge (under suitable technical assumptions [22]) to the sharp crack energy

/ pleal? + wleo]? do + GH(S),
Q

u

where the displacement v € SBD(f) satisfies the non-interpenetration condition [u] - ¥ > 0 on the discontinuity
set S,. It is well known that I'-convergence provides the convergence of global minimizers, while not much is
known on the convergence of equilibrium points, energy release rate, and evolutions. An accurate numerical
study (in the steady and unsteady propagation regimes) on the convergence of energies, energy release rate
and evolutions is contained in [26]. On the theoretical side, the convergence of critical points of the Ambrosio-
Tortorelli energy is contained in [27] while the convergence of phase-field to sharp-crack evolutions is proven in
[28, 29], actually at the price of restrictive assumptions on the geometry of the crack.

3. STATEMENT OF THE MAIN RESULTS

In the study of rate-independent processes, it is customary to employ schemes based on a time discretization
or on a discretization of the loading path. Given vy € V with 0 < vy < 1, let ugp € argmin {F (u,vo) : u € U(0)}.
Forn € N, n >0, set s} :=k/n for k=0,...,n and vf := vo. Let us consider (u},v}) for k = 1,...,n such that

up € argmin {F(u,v}) :u € U(sP)}
v € argmin {F(u},v) : v € V with v <o }.
In other terms, (u},vy) is a separate minimizer of the energy F under the constraints u € U(s}) and v < vj_;.

Example 3.1. In practice, there are several “sub-schemes” to provide the update (u},vy): for instance, we
may employ an energy descent method, such as staggered (see Sect. 5), or global energy minimization. In the
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latter case,
(up,vp) € argmin {F(u,v) :u € U(s), v €V, v <wvp_1}.

In the former, we introduce the auxiliary sequences {“21} and {vzl} defined by induction in the following way:
“Z,o =up_q, ”Z,o =vp_q, and then

up ;v € argmin {F (u, vy ;) 1 u € U(sy)}
VR i1 € argmin {F (up ;,4,v) 1v € V with v <op_,}.

Then, see Proposition 8.2, vy, = Vs in H ! and up ;= Uso In H L (up to non-relabelled subsequences) where
(Uso, Voo) satisfies (1.8); thus we set u}! = Us and v}} = voo. Other choices could be constrained minimization
[30], second order schemes [31] etc.

From (1.8) by separate minimality we have
OuF (u,v)[pl =0, OpF(up,vp)[v—vp] >0, forevery ¢ € ®and v eV with v <wvp_;. (3.1)
As a straightforward consequence
OuF (ug, vit)[vg — vE_1] = 0. (3.2)

In general, the “speed” ||vp — vp_yllm/(s} — sp_;) can be arbitrarily large; however, with a suitable
time-parametrization of the loading path we can control it, as follows. Let us consider a strictly increasing
parametrization ¢” : [0,7] — [0,1] and the points 7 = (¢")~!(s%). We denote by v" : [0,T] — H'(2) the
piecewise affine interpolation of v} in the times ¢}.

Lemma 3.2. There exist a fized time T and a sequence of uniformly Lipschitz, strictly increasing parametriza-
tions ¢ : [0,T] — [0,1] such that the sequence {v"}nen is bounded in WhH(0,T; H(Q)). Given v", let
u"(t) := argmin {E(u, v™(t)) : u € U(c™(t))}; there exists p > 2 such that the sequence {u™}nen is bounded
in W10, T; WhP(Q; R?)).

From the above result it follows that there exists a subsequence (non relabelled) such that

e ™ 5 cin WH(0,T), and thus uniformly in [0, 7],
o " Sy in WH(0,T; HY(Q)),
o u” Sy in WHo2(0,T; WHP(Q; R?)) for some p > 2.

The parametrization ¢ : [0,7] — [0, 1] is Lipschitz continuous and increasing. Given the parametrization ¢ we
will write by abuse of notation U(t) = U(c(t)) etec. Clearly, v and w are Lipschitz continuous with the same
constant of v™ and u™ respectively.

Remark 3.3. From the mechanical point of view, the parametrizations ¢” and ¢ provide some sort of control
of the boundary condition, ensuring finite (and arbitrarily small) speed of the crack in the steady state setting,
which is consistent with the intuitive idea that quasi-static evolutions are slow in time. However, even if the
evolution is reparametrized and the speed in controlled in the steady state setting, in general we cannot avoid
unstable branches, where the speed is infinite. From the mathematical point of view, parametrizations allow
to distinguish clearly steady and unsteady evolutions (see below) and to work with Lipschitz maps in Sobolev
spaces (such a regularity would not be possible using only monotonicity and relying on Helly’s Theorem for
compactness).
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In order to study the limit evolution (u,v) a couple of delicate properties are needed: strong convergence of
v™ and u" and a characterization of stable and unstable regimes (in the parametrized setting). The following
result provides strong convergence, putting together Lemma 5.5 and Corollary 5.11.

Lemma 3.4. Lett € [0,T], then v™(t) converge strongly to v(t) in H*(Q). Moreover, u™(t) converges to u(t) :=
argmin {€(u,v(t)) u € U(t)} strongly in WHP(Q;R?) for some p > 2.

In order to separate stable and unstable regimes we argue in the following way, inspired by the theory of visco-
energetic evolutions [32]. For every n € N, n > 0, we define a suitable set of (parametrized) time discrete points
T :={t} : k=0,..,n} C[0,T], corresponding to the points s}. There exists a subsequence (non-relabelled)
such that Y™ converge to a set I, C [0,7] in the sense of Kuratowski. As we will see, the set I, is the set
where the (parametrized) evolution is steady state (or stable), while the set I,, = [0, 7]\ I, is the set where the
evolution is unstable. We will show that I is a compact set of positive measure, see Corollary 5.9.

The set Is depends on the time discrete sequence and in practice on the scheme used to provide it. For
example, global minimization algorithms may predict different evolutions from those obtained by energy descent
methods, see e.g. [3, 26]: since the energy is non-convex it may happen that, in the incremental procedure, global
minimization finds a configuration (u}}, v}) even if the potential energy is not decreasing along any path starting
from (u}_,,vp_,)- In this scenario, an energy descent algorithm would not predict (u}}, vy). Even within energy
descent algorithms, alternate minimization and monolithic schemes may predict different evolutions, see e.g. [31].

Remark 3.5. Linear interpolation between (u}_;,v}_;) and (u},v}) is a very natural choice for our result,

which is independent of the incremental sub-scheme. When the evolution is steady-state any interpolation

would be fine, since (up_,,vp_;) and (u},vyy) will converge to the same limit. However, in the unstable regime

uy_,,vp_) and (u},vy) converge to different configurations; in this case a precise description of the transition
E—1>YE-1 ko Uk

between them would require ad-hoc results depending on the specific incremental sub-scheme.

Next Theorem describes the behaviour of the evolution in the steady state regime by a sort of evolutionary
variational inequality in Karush-Kuhn-Tucker form.

Theorem 3.6. For everyt € I the limit configuration (u(t),v(t)) is an equilibrium point for the energy F(-,-),
i.e.,

OpF (u(t),v(t))[¢] > 0, OuF (u(t),v(t))[¢] = 0, for every £ € E and ¢ € P.
Moreover, for a.e. t € I it holds
Oy F(u(t), v(t))[0(t)] =0

The statement of Theorem 3.6 can be recast in terms of PDEs, under sufficient regularity, as stated in the
next result; this is indeed the system of evolution equations employed in several engineering papers, see e.g. [16].

Theorem 3.7. Fort € I the solution u solves the following PDE
div(e(t)) =0 inQ

o(t)n=20 in ONS (3.3)
u(t) = g(t) in OpfY,
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where for simplicity o(t) denotes the phase-field stress (2.1). Moreover, if v € C(Q) we have

-G Av(t) + G(v(t) — 1) + 20(t)Wi(e(t)) <0 in Q
ut) _ in 09
on i ) (3.4)
[— GeAv(t) + Ge(v(t) — 1) + 20(t) W (e(t))]0(t) =0 in Q
8;75?@(15) =0 in 0N

where e(t) = e(u(t)).
The limit evolution satisfies also the following energy identity.

Proposition 3.8. For a.e. t € [0,T] it holds
F(u(t),v(t)) = F(ug,vo) / P(s,u(s),v(s))ds + /lm(o ) O F (u(s),v(s))[0(s)] ds,
where P is the power
Pt u(t), v(t)) = /Qa(u(t),v(t)) : e(a(t)) du,

and a(t) = a(c(t)).

Remark 3.9. Observe that the function ¢ — (u(t),v(t)) — F(u(t),v(t)) is Lipschitz continuous, as it is the
composition of the bounded, Lipschitz continuous map t — (u(t),v(t)) taking values in WP x H1 with the
locally Lipschitz continuous function (u,v) — F(u,v) (see Lem. 4.8) defined in W1? x H!. If the evolution
is steady state the set I,, is empty and thus the classic energy identity holds. On the contrary, for unstable
evolutions it may happen that

/ o0 Dy F (u(s),v(s))[0(s)] ds # 0.

Finally, we want to show that the limit evolution satisfies Griffith’s criterion. First, let us provide the notion
of (mazimal) energy release in the phase field context [33]

Grnax(t,0) = sup{ — 0,E(t, v)[€] : € € = with dL(w)[e] = 1}, (3.5)
where E(t,v) is the reduced energy
E(t,v) == E(upp,v)  for ., € argmin {E(u,v) :u € U(t)}.

Other representations and properties of G,.x are contained in Section 6. The energy release rate, as we defined
it, is not a simple quantity to compute, since the derivative of the energy should be calculated in any admissible
direction. Nevertheless, we will see in the sequel that there is no need to do so. The reason for introducing G,.x
is to prove that the evolution ¢ — v(t) satisfies Griffith criterion with this notion of energy release; this result
is summarized in next Theorem, where, in order to facilitate its statement, we denote £(t) := L(v(t)).

)
Theorem 3.10. Assume that vy #Z 1. The limit evolution v satisfies 0 < v(t) < 1 for every t € [0,T], the
irreversibility constraint 0(t) < 0 and the thermodynamic consistency condition £(t) = dL(v(t))[o(t)] > 0 a.e. in
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[0,T]. The following Griffith’s criterion with mazimal energy release rate holds. In the steady state regime we
have

® Guax(t,v(t)) < G. everywhere in I,
o (Gmax(t,v(t)) — GC)_K( ) =0 a.e. in I,
o 0,E(t,v)[0(t)] = —L(t) Gmax(t, v(¢)) a.e. in L.

In the unsteady regime we have instead
® Gmax(t,v(t)) > G on a subset of positive measure of I,,.

Remark 3.11. The irreversibility of the crack is modelled by the monotonicity of the phase field variable v.
This hypothesis does not directly imply the monotonicity of the dissipated energy, which is however true for
the evolution, as stated in the above Theorem 3.10. Note that in the steady state regime, the above properties
correspond precisely to (1.5)—(1.6) in the sharp crack setting. The assumption vy # 1 is needed here since the
energy release is not well defined for vy = 1, in agreement with the sharp crack setting where vy = 1 corresponds
to no pre-existing cracks. Note that the evolution is actually well defined for any initial datum, as stated in
Theorem 3.6.
4. ENERGY VARIATIONS AND CONTINUOUS DEPENDENCE

This brief section is devoted to some preliminary results that will be widely used in the sequel, starting from
some properties of the energy density W. For the proofs of Lemmata 4.3, 4.5 and 4.6 we refer to [18, 34].

Lemma 4.1. The densities W satisfy:
0cWi(he) = hdWi(e) for h >0, [0:-Wx(e)| < Cile|, [Wx(e1) — Wi(eo)| < Ci(|eo] + |e1])ler — €ol,
for every e,e; € R2X" . As an immediate consequence

sym

o (hu,v) = ho(u,v) for every h >0 and v € [0,1], |o(u,v)| < Cle(u)|,
[W(e1,v) — W(eo,v)| < Caleg| + |e1])|er — €0l for every v € [0,1].
Proof. By (H1) we know that Wy (he) = h2Wx(g). Taking the derivative on both sides gives hde Wy (he) =
h20: W4 (e). Hence ;W (0) = 0 and by (H2) it follows that |9:Wx(g)| < Cyle].
For the last estimate, by convexity we have

Wi(gg) > Wi(er) 4+ 0:-Wil(er): (g0 —e1) > Wil(er) — Ciler||er —eo| > Wi(er) — Ci(ler] + |eol) |e1 — €ol-

Arguing in the same way we get a lower bound for W4 (1) and the proof of the last estimate is concluded. O

Corollary 4.2. The elastic energy reads

E(u,v) = %/Qa(u,v) ce(u)de.

Proof. Consider the map h +— E(hu,v) for h € [0, 1]. Being £(0,v) = 0, by previous Lemma, we get

5(u7v):/01§h5(huvdh /[/ il v)d ]dh
:/01 [/ch(hum).s( ) da } dh = (/0 hdh) (/Qa(u,v):e(u)dzr),
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which concludes the proof. O

Lemma 4.3. The functional F(-,-) is sequentially weakly lower semicontinuous in U(s) x V. Moreover, for
v €V and u € U(s) the partial derivative of F w.r.t. u is given by

OuF (u, 0)[P] = 0uE(u,v)[@p] = | 0eW(e(u),v) : e(¢)dx = /Q o(u,v): e(¢)de, (4.1)

Q

for every ¢ € ®. If v €V and u € U(s), then for every € € Z,

0 F (u, ) [€] = /Q 206 W (ela)) do + G, [ (v=1)¢+ Vo Veda. (4.2)

Corollary 4.4. There exists C > 0 such that, for every s € [0,1] and every vy, v1 € V, it holds:
€ (u1,v9) = E(uo,v0)| < Cllur — uol|7p1,

where ug = argmin {E(u,vg) : u € U(s)} and uy € U(s).

Proof. Let us consider the convex combinations u, = ru; + (1 — r)ug where r € [0, 1] and write:

1 1
(ur,00) = o) = [ - Elurwn)dr = [ D8, )] ar
0 0

where u]. = u; — ug. Since 9,&(ug, vo)[¢] = 0 for every ¢ € ®, we can continue with:

/ O (U, vo)[ul.] dr :/ O (U, o) [ul.] dr — 0,E (ug, vo)[ul.] dr
0 0
1
= /0 (o (ur,v9) — o (ug, vo), e(ul.)) 2 dr.

It follows that
1
1€ (u1,v0) — E(uo, vo)| < / | (ur,v0) — & (uo, vo)ll L2 le(u)| L2 dr.
0

By (P2), we get:
lo(ur; v0) = & (uo, vo)l| L2 < Clle(ur) — €(uo)llz = Crlle(ur —uo)llzz < Cllur — ol a1

Since |le(ul)||rz = |le(ur — uo)|lLz < C|lus — uo|| g2, the proof is concluded. O
A higher integrability of the strains is often needed and it is obtained from the fact that g(s) € W14(; R?)
for ¢ > 2.

Lemma 4.5. There exists p € (2,q] and C > 0 such that for every v € V with ||v||pe < 1 and every s € [0,1]
it holds

[ullwrs < C,

where u = argmin {€(u,v) : u € U(s)}.

In the next two lemmata we provide two results of continuous dependence.
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Lemma 4.6. Let p be as in Lemma 4.5. For i = 1,2, let s; € [0,1] and v; € V with 0 < v; < 1 and denote by
u; the minimizer of E(-,v;) over U(s;). Then

Jug — usrllwre < C(ls2 — 81|+ [lvg — vi]lLr)

where C' > 0 is independent of s; and v; while % = ]% — % forp e [2,p].

Remark 4.7. Let us fix for the rest of the paper p € (2, q] as the exponent obtained in Lemma 4.5. Moreover,
let us also fix p € (2,p) and accordingly r € [1,400) as in Lemma 4.6.

Lemma 4.8. The energy F is locally Lipschitz continuous in W1P(Q,R?) x V.

Proof. We consider the elastic and the dissipated energy separately. Regarding the latter, £(v) = 1 [lv — 1%
is locally Lipschitz continuous since the H'-norm is Lipschitz continuous. As for the elastic energy, for every
(u1,v1), (uz,v2) € WHP(Q,R?) x H'(Q), by Lemma 4.1 it holds:

‘5(11@,’()2 U1,01)| = |8(U/2,U2) 5(u1,1}2)|+|5(u1,v2)—S(ul,v1)|
/ W (e (us), v2) — W (e (), v2)| + |W (), v2) — W (e(us), v1)| da

< [ Clletun)] + le(u)l) o) = eun) da+ [ (1 = oF Wi (e(a) da
< Cllullyrwr + lluzllyro)lluz — wi|lwre + Cllve = v1ll pway [[v2 + 1l Lo [[uz|[3y10/2-
From the continuous embedding of H*(2) in L™(Q) for every 1 < r < 400, it follows that
€ (ug,v2) — E(ur,v1)| < C([lug — urllyprp + lva — vil 1)

and the lemma is proven. O
Next Lemma follows from [35], together with Lemma 4.5.
Lemma 4.9. The reduced elastic energy g‘(t7 \) is Fréchet differentiable in V, with respect to the H'-norm.

Lemma 4.10. Let uy,us € WHP(Q;R?), vg € V with 0 < vy < 1 and

vy = argmin { F(u1,v) : v € V,v <y}, (4.3)
v = argmin { F(ug,v) : v € V,v < g }. (4.4)

Then
l[or = ol g1 < C'llus —uzll g, (4.5)

where the constant C is independent of u; and v;.

Proof. We adapt the argument of [18], Proposition 1. The solutions of the constrained minimization problems
(4.3) and (4.4) verify the following inequality:

Oy F (ui,v;) [v—wv;] >0 for all v € V such that v < wvg, for ¢ =1, 2.

Therefore, for i = 2 and taking v = v; < vy, we obtain that 9, F (ug, va) [ve — v1] = —0pF (ug, v2) [v1 — v2] < 0.
Moreover, for i = 1 and setting v = vy < v, 9, F(u1,v1) [v2 — v1] > 0. Hence

(0pF (u2,v2),v2 — v1) < (OpF(u1,v1),v2 — v1),
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which yields
(O F (ug,v2) — Oy F(uz,v1),v9 — v1) < (O0yF(uy,v1) — Oy F(usz,v1),v9 — v1). (4.6)
The left hand side of (4.6) is greater than G, ||vy — v1||§{1. Indeed,
(O F (u2,v2) — Oy F(uz,v1),v2 — v1)

= / va(vy — v1) Wy (e(ug))dz + GC/ (vg — 1)(vg — v1) + Vg - V(vg —v1) da
Q Q

([ ey Wetetu i

(v1 = 1)(vg —v1) + Vor - V(v — 1) d:z:)
Q

= /(v2 — U1)2W+(E('U/2)) dz + GC/(UQ — v1)2 + |V (vg — v1)|2dx > G.|lvg — v1|\ip .
Q Q

As for the right hand side of (4.6), we obtain:
(Op F (u1,v1) — Oy F (ug,v1),v2 — v1)
= / vy(vg —v1) Wi(e(ur))dz + Ge / (v1 —1)(v2 —v1) + Vor - V(v — 1) de
Q Q

— (/ v1(vy —v1) Wy (e(ug))dz + GC/ (v1 — 1)(vg —v1) + Vg - V(vg — vl)dx>
Q Q
= /Qvl(vz —v1) (W (e(ur)) — Wy (e(ug))) da.

Then, by Lemma 4.1 we get

<8U.F(’LL171)1) — 8U.F(U2,U1),U2 — ’l}1> S 02/ 'U1|’U2 — 1)1H€(U1 — UQ)|(|E(U1)| + ‘E(UQ)D dx
Q

< Co|Jvrll o vz — o1l e llur — w2l g (lwalwre + [Juz|lwe)
< Co|lvg — vill g lur — uz|l g s

where we applied Holder inequality with % + % + 1% =1 and exploited the continuous embedding of H*(£2) in
L"(Q) for any 1 < r < oo. This finishes the proof. O

5. CONVERGENCE OF TIME DISCRETE EVOLUTIONS

5.1. Control in time and interpolation

We present a preliminary result that will then be used in the proof of Lemma 3.2:
Lemma 5.1. There exists a constant C' such that 3 r_, |vi — v} ||m < C for every n € N,

Proof. By separate minimality, v}_; € argmin {F(u}_;,v) : v € V with v < v} _,} and therefore, we also have
vp_y € argmin {F(u}_,,v) 1 v € V with v < v}_,}, since v} _; < v}_,. By definition v} € argmin {F(u},v) :
v €V with v <wv}_,}, hence, Lemma 4.10 yields ||o} —vp_;||lg: < C|lu} — u}_||g2. Moreover, by minimality
of u}, Lemma 4.6 provides ||u} —u}_||wre < C(|s} —sE_q| + v} —vi_;|lz). Putting together these estimates,
we get that for k=1,...,n

log = viallmr < Cllug —ui 1 llwre < Clsg — sga| + [Jog — vi_qllzr)- (5.1)
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Let 6 € (0,1). Then, for s := rfl_;g) € (r,+00) and § > 0, to be chosen a posteriori, by interpolation in LP-spaces

we get:

-0 —60 60— (4
(Y e [T o el [ Y [V

< (1= 0)8]lop = vp_yllze + 06" flop —vp_y |1,

where in last inequality we used Young’s inequality. Therefore it follows from (5.1) and from the embedding of
HY(Q) in L(Q) that

loi = vi_y i < O + Cudllog — vi_y i + G280 v = vi_y [l a)

and if we take J sufficiently small (in such a way that ¢ := CC16 < 1) we can absorb the second term in the
right-hand side into the left-hand side. Taking the sum over k, by the monotonicity of v;} with respect to k we
finally get

n n
(=)D vk —viallm < ) CG+ Callvg = villny) < €+ C'loy = gl
k=1 k=1

hence the thesis follows. O

Proof of Lemma 3.2. Let S > 0. First of all we define the auxiliary non-uniform steps p} according to the length
llvg —vp_qllg at the given step sy, i.e., for k=1,...,n:

if flof —viy [l < 2

P =max{5, gllvi — v llm} = { (5.2)

W= 3=

lopg —vp_y|lgr  otherwise.

Note that p} > 1/n. We define rfj := 0, and for k=1,...,n, r} :==717_, +pf = Z?Zl pj- 1t holds that T™ := r}
is finite: indeed, by Lemma 5.1

n n

"= pp <Y (2 + Llop —vpillm) <1+
k=1 k=1

Note that 7™ > 1 since p} > 1/n. Let w™ : [0,T"] — [0, 1] be the piecewise affine map which interpolates s} in
rit. Clearly w™ is monotone increasing and bounded. Moreover, being pj > 1/n, we have that for r € [rp_,,r}]:

. Sk~ Sk—1 _ Sk~ Sk1
i ()] = Tt = S (s — ) = 1 (53)

and thus w" is 1-Lipschitz. There exists a (non-relabelled) subsequence of T converging to a certain 7' > 1. We
reparametrize each of the corresponding (non-relabelled) parametrizations w™ on the interval [0, 7] as follows:
c(t) = w”(tTTn) In this way ¢"(0) = 0 and ¢"(T) = 1. Moreover, the parametrizations ¢" are uniformly
Lipschitz, since

()] = | (tLr) L | < sup{T"} = C". (5.4)
Set tf = rp 4 and 1) ==t} — t7_, = p' A, we define the piecewise affine interpolate of v}l in the times ¢} as

n n
Vg — Vg1
n
k

O(t) = oy (= ) for t € [t7_,,1}) (5.5)
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and observe that it has controlled speed. Indeed, for t € [t}_,,t})

. H'U]? _vg—lu 1
" @)l = =
Tk
If lop — o [lm < 2, then 7 = L L and thus [|[07(¢)| < %TTH < S8C’. Otherwise, |[v} — v |lg = Sp}
and
. ok = vkl _  Spk -
"()lg = — = e — 5T <5
6 @) T = 5%

This finishes the first part of the proof. Let us now check that the sequence {u"},cn is uniformly bounded in
Whee (0, T; WHP(Q; R?)). For t1,t2 € [0,7], by minimality and Lemma 4.6

[u"(t2) — u™(t1) [y < Cle™(b2) = (L) + Cllo" (t2) — 0™ (E1)| - -

This, by Sobolev embedding of H!(£2) in L"(£2), concludes the proof. O

Remark 5.2. Clearly there exists a subsequence (not relabelled) of ¢™ that converges uniformly in [0, 7]. The
limit parametrization ¢ : [0,7] — [0, 1] is Lipschitz continuous, increasing, and surjective. As anticipated in
Section 3, given the parametrization ¢ we will write, by abuse of notation, U(t) = U(c(t)) etc.

Differently from [33] we do not employ a reparametrization with respect to the arc length (in the intrinsic
norms), rather we provide a time parametrization of the loading path. Note that, thanks to the control ¢”
introduced in Lemma 3.2, the evolutions are Lipschitz continuous in time.

5.2. Compactness

Lemma 5.3. The piecewise affine interpolates v™ converge weakly™* (up to non-relabelled subsequences) to a limit
v in W0, T; HY(2)); therefore v™ converge to v in L™(Q) for all v < +o00 uniformly in [0,T]. Moreover, u™
converge weakly* to a limit u in W (0, T; WP (Q; R?)).

Proof. By Lemma 3.2, the piecewise affine interpolate v™ weakly* converges (up to non-relabelled subse-
quences) to an evolution v in W1°°([0,T]; H*(Q)), that, by Aubin-Lions Lemma, is compactly embedded in
C([0,T7; L™ (9)) for all r < 400. Therefore v™ converges to v uniformly in L"(€2). In the same way, u" weakly*
converges (up to non-relabelled subsequences) to a limit u in W2 ([0, T]; WP (Q,R?)). O

Next, we will prove strong convergence in H*(§2) of the phase-field variable. Note that this property does
not follow from Aubin-Lions lemma. Moreover, it cannot follow solely from unilateral minimality, since at the
moment we know that the obstacles v}} converge weakly. The proof follows instead from unilateral minimality
together with a (delicate) construction of back-in-time admissible competitors, inspired by [36], Proposition 2.13.
To this purpose, we must first introduce a partition of the time set [0, 7] as follows. For every n € N, we define
T :={tp : k=0,..,n} C[0,T]. We call I, C [0,T] the Kuratowski limit of this sequence of sets (up to non-
relabelled subsequences). This is a compact set and therefore I, := [0, T\ I; = U;cn(ay,b;) is the countable
union of disjoint open intervals. For a brief overview on Kuratowski convergence, we refer to Appendix A.

The following Lemma immediately follows from Lemma 4.6 and will be widely employed in the sequel.

Lemma 5.4. Let p and r be as in Remark 4.7. If t™ — t and v™ converges to v in L"(Q), then u™ :=
argmin {F (u,v™) : u € U(t™)} converges to u € argmin {F (u,v) : u € U(t)} in WIP(Q R?).

We are now ready to present the main result on the strong convergence of the sequences {v"™(t)}nen and
{u™(t) }nen as they are defined in Lemma 3.2.
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Lemma 5.5. Let p and r be as in Remark 4.7. Let t € I, then v™(t) converge strongly to v(t) in H'(Q) and
u™(t) converges to u(t) strongly in W1P(Q; R?).

Proof. For sake of simplicity we divide the proof in three parts: we start by showing estimate (5.6), that will be
used, in the second part, to prove that v" (¢} ) strongly converges to v(t) in HY(Q), for every t € I, and every
{t} }nen € T™ converging to t. Finally, in the third part of the proof, we will prove the strong convergence of
v™(t) and u™(t).

L For 1 <s<Zlet W={Ws3(e(u})):neN,0<k<n} By Lemma 4.5 and by de la Vallée-Poussin
Lemma we know that the family W is equi-integrable: indeed, being u € W?(Q) and W, (e(u)) < Cale(u)|?
(by Lem. 4.1), it holds that for s < &, there exists ¢ > 1 such that [, W{*(e(u}}))dz < C. Therefore, there
exists a modulus of continuity ¢ : R¥ — R™ such that lim,_,o+ ¥ (z) = 0 and [, W§(e(up))dz < 9(]A|) for
every measurable set A C € and every choice of n € N and 0 < k < n.

We claim that there exists C' > 0 such that the following holds: let z € V such that z < vg, then for every
n € N and every index 0 < m < n we have

/ |Vl |2 da < / |Vz|2dx+0w1/s(|{vﬁl < z}). (5.6)
{vi <z}

{op <z}

Let j := max{k : v} > 2z} (remember that v} = vy > z and thus j > 0). If m < j then the set {v}, < z} is
empty and there is nothing to prove in (5.6). Otherwise, we provide a construction of admissible competitors
going back-in-time up to t}. For j <k < m let A} = {v} < z}. Note that A? = (), moreover, the monotonicity
of v} (with respect to k) implies that the sets A} are increasing (with respect to k); in particular the family
{AP\ A} _, : for k=j+1,..,m} is a disjoint partition of the set A = {v}, < z}, which appears in (5.6).

e Let k = j+ 1. We introduce the auxiliary function 2}’ = max{z,v}}. Note that z} <v}_, since v} < v} _;
(by monotonicity) and z < v, = v} (by definition of j). Hence 2} is an admissible competitor for the
incremental problem and by minimality we get F(ul,vy) < F(up,z}), i.e.,

(@0 + W (e dn+ 3G, [ (o = 1+ (Voo
< /Q ()P + W) do+ 3Ge [ (6 =12+ (V37 P da,
As vl < 27 we get (v — 1)2 > (2 — 1)2 and thus
(@0 W (et de+ 56, [ Vo as
< [ (@2 Wt ao+ 3. [ (Ve Pas

Note that {2} # v} = {v} < z} = A} C A7,. Therefore, we can “localize” the above inequality in A7,
where 2} = z, obtaining

%Gc/ [Vop|? de < %GC/
A A

n
1
< §Gc/
ap

< %GC/A \VZ|2 dz + %Cva_l —ugl

n
k

i V2| da + /A" (z2 - (UZ)Q)W+(€(U’,§)) dz
k k

Va2 + /A (1) — (o)) W () da

n
m

W (e(u))|

Ls(An)

m

Ls'

< %G’c/ \VZ|2 dz + C|lvp_, — vi]
A

n
k

Lo (AR, (5.7)
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e For j +1 < k <m we introduce the auxiliary functions
zjp = min{max{z, vy },v7_,}.
Note that

vp <oy <z in A7 4,
vp<z<wop , inAP\AP_,, (5.8)
z<vp <wvp_, inQ\ A}

Hence the function z; can be equivalently written as

vp_, in AR,
Zp =4z in AP\ A}_,, (5.9)
v in Q\ A}

By construction v} <z} <v7_, hence 2} is again an admissible competitor in the incremental problem
and by minimality we get first F(u},v}) < F(uf,zy) and then (arguing as above)

[ (@2 - mWetup) ds + 36 [ [V do
Q Q

< [ (GRP +Waetup) o+ 36 [ V5 do
Q Q
Using (5.9), the “localization” of the previous inequality in A} C A7, becomes

%GC/ |Vop?de < %Gc/ |Vop_y[Pdz + 3G, V2|2 da
AR AR ARNAR_,

[ = )W () da

k

< %GC/ |Vop_,|*dz + 3G. |V2|? dx
AZ—l Az\AZ—l

+ Cllvi_y — o | L/ (| A7)

Note that the above estimate actually holds also for k = j + 1, indeed A7 = () and thus it is equivalent to (5.7).
Hence for every j+ 1 < k < m we have

[ wirde = [ i< [ 9e e Ol et 43

Af 1 ARNAR

Let us take the sum for j +1 < k < m. Remember that: {A} \ A7_,} provide a disjoint partition of A7, =
{oy, < 2z}, A} =0, and that v" is of bounded variation in L"(2) for any 1 < r < +o0, since it is uniformly
Lipschitz continuous in H!(Q). Hence we get (5.6).

II. Since t € I, there exists a sequence {tzn}neN such that tj — t. Even though each index k;, obvi-

ously depends on n, we omit this dependence for simplicity of notation, setting k := k,. As v" = v in
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Whee(0,T; HY(Q)) we have v = o™ (%) — v(t) in H'(Q); by Sobolev embedding vy — v(t) in L"(Q) for
every r € [1,400) and thus v}’ — v(t) in measure, i.e., for every 6 > 0

{|ol — v(t)| > 8}| — 0. (5.10)

By minimality we have u} € argmin {€(u,v}) : u € U(t})}. Since v} — v(t) in L"(N) and ¢} — ¢, by Lemma 5.4,

uf — u(t) strongly in WH?(Q; R?) where p = ﬁrfr and
u(t) € argmin {E(u, v(t)) : u € U(t)}. (5.11)

Let us show that v]' — v(¢) strongly in H'(Q2). By lower semicontinuity of the norm we have

/ |Vo(t)|? de < liminf/ |Vor|? da,
Q n—+oo [o
therefore it is enough to show that
/ |Vo(t)|? dz > limsup/ |Vop|? da,
Q n—-+oo JQ
so that lim, 4o [, VOR[> dz = [, [Vo(t)|* dz. Indeed, combining the convergence in norm with the fact that

v — v(t) in H'(Q), we get strong convergence in H'().
For § > 0 let z := max{0,v(t) — d} and 2z~ := min{z, v} }. Let us also introduce the set

Zp ={z7 <z} ={v; < z=max{0,v(t) — 6}} = {vp <wv(t) —d}.

Note that |Z}}| — 0 by convergence in measure (5.10). Moreover, since z~ < vy < v}_,, it turns out that z~ is
a competitor for the problem

min{F(v,ug):v €V, v<vp_;}
which is solved by v}. Therefore we have F(vj, up) < F(z—,u}), i.e.,
[ @02+ mWeeup) o + 36 [ @ - 12+ [Vep s
Q Q

< /((2—)2 +n)Wi(e(ug))dz + %GC / (z7 — 1)2 + |Vz—|2 dz.
Q Q
Since vy > 2z~ we can write
/(UZ — 1) 4+ |Vop|?da < /(z_ - 1)+ V2 P da.
Q Q

In the set Z7' we have vy < z and thus z~ = v}. Hence, we can “localize” the previous integral inequality in
the set Q\ Z) = {z~ # v} = {#~ = 2} and re-arranging the terms we get

/ VP2 da < / V2|2 da +/ (= — 12— (o —1)2dz
o\zp o\zp o\zp

= / V2| dz +/ (z— 1) — (v} —1)*da.
o\zp o\zp
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Note that Z}» = {v} < z}, hence by (5.6) with m = k we get
/ |V da g/ V2| dz + CyY=(1Z}1)).
I 24
Taking the sum of the previous inequalities and remembering that Vz = Vo(¢) provides
[ vk o< [[Vo@Pdes [ (-1 - o - 17+ Cole(27)).
Q Q o\zZr

Clearly last term is infinitesimal. For the second term we write
(1= 2)* = (1= vp)?| = (v —2)(2 =2z —v)| < Clof — 2| < Clog —w(t)] + Co.
Hence

limsup/ (z—1)% = (v —1)*dz < limsup/ lop —v(t)|dz + C|Q| < C'6.
o\zp

n— oo n—00

We conclude by the arbitrariness of § > 0.
ITI. In conclusion, applying Lemma 3.2, we get:

[0" (&) = vl < 0™ () = 0" E) | + (0" (#%) — vl < Clti =t + [Jog — v(®) [l = 0.

The strong convergence of 4" (t) follows by Lemma 4.6. O

Remark 5.6. We recall that the set I,,, being the complement of a compact subset of [0, 7], is the (at most)
countable union of its connected components, denoted (a;, b;) for j € N. Therefore, the set of right or left-isolated

points i, = (UjeN aj) U (U]GN b, ) has zero measure.

We will now show that on each component of I,, the limit parametrization c¢ is constant and the limit evolution
v is affine. To do so, let us state some preliminary results.

Lemma 5.7. Let us consider a connected component (a,b) of I,. There exists a sequence {t;; € T"},en such
that tf —a andty 4 —b.

Proof. First of all, observe that for every ¢ > 0, there exists N, € N such that Y* N (a +¢,b —¢) = 0 for all
n > N.. Indeed, if there was a sequence {t}." };en such that ;" € Y™ N (a+e,b—¢), we could take a subsequence
converging to a limit ¢ € [a + ¢,b — €]; this ¢ would be in Kuratowskl limit superior of Y™, that is exactly I.
However, by definition [a +¢,b —¢] C I,, = [0,T] \ .

Now, set a < @’ < b and define a,, := max{t} € T™ : t} < a'}. This sequence must converge to a; let’s prove
it by contradiction. If there was a sequence {n;};,en and € > 0 (sufficiently small) such that a,, > a + ¢ then
an, € (T N(a+e¢e,a']) C (Y N (a+e,b—¢)) which is empty for all n > N,.. On the other hand, if there was
a sequence {n; }ien such that a,, < a — ¢, by definition of a,, T™ N[a —¢,a’) = 0; hence, there wouldn’t exist
elements t;* € Y™ converging (as i — oo) to a, that, however, belongs to the Kuratowski limit of Y™.

As we have seen, T" N (a+¢e,b—¢) =0 forn > N.. Let k, be such that t}; = a,, then ¢} ;> b—¢ at least
definitely. In particular, for n > N, ) | = min{t} € T : t} > b—e}. We thus proceed as we did above and
obtain that ¢, ., — b. O

Lemma 5.8. The function ¢ (appearing in Lem. 3.2) is constant on each of the connected components of I,,.



20 E. MAGGIORELLI AND M. NEGRI

Proof. Let’s consider the connected component (a,b) of I,. From Lemma 5.7 we know that there exists a
sequence {tp € Y"} ey such that ¢ — a and ¢} |, — b. Now, since ¢" — ¢ uniformly in [0, 77, it holds that
spo=c"(ty ) = cla) and s | =c"(ty 1) — c(b). Hence c(b) — c(a) = limy, 00 8,y — s = limy, 500 1/n =
0, and the Lemma is proven. O

Corollary 5.9. The set I has positive measure.

Proof. By Lemma 5.8, ¢ = 0 in the open set I, therefore supp(¢) C IS = I,. Now, the set supp(¢) has positive
measure, indeed,

/ (t)dt = o(T) — c(0) = 1
(0.1

and, being 0 < ¢ <1,

1= / é(t)dt = / ¢(t) dt < |supp(é)].
(0,T) supp(¢)

The proof is concluded. O

Proposition 5.10. Let (a,b) be a connected component of the set I,,. The limit evolution v is the affine
interpolate between v(a) and v(b).

Proof. Let t € (a,b) and write it as t = 0b+ (1 — 6)a for a certain 6 € (0,1). Let ¢ be as in Lemma 5.7 and, as
above, let us write ¢} for simplicity. As shown in step II of the proof of Lemma 5.5, v"(t}}) — v(a) and v™(t}, ;) —
v(b) strongly in H'(Q). For n sufficiently large, t € (¢}, ¢}, ), so we can write it as ¢ = "¢}, | 4+ (1 — ™),
where

g Lt t—a

o o Ty .
k+1 Uk —a

By definition
v"(t) = 00" (tiyq) + (1 = 0™)u" (tf) — Ov(b) + (1 = 0)v(a)

strongly in H*(§2), which is indeed the affine interpolate between v(a) and v(b). O
From Proposition 5.10 together with Lemma 5.5 we get the following result.

Corollary 5.11. Let t € [0,T]\ I, then v"(t) converge strongly to v(t) in H'(Q) and u™(t) converge strongly
to u(t) in WhP(Q; R?).

This Corollary, together with Lemma 5.5 gives Lemma 3.4.

5.3. Equilibrium

Theorem 5.12. For every t € I, the limit configuration (u(t),v(t)) is an equilibrium point for the energy F(-,-),
which means that

OuF (u(t),v(t)[¢] =0 forall p € P, OpF(u(t),v(t))[§] >0 forall € E. (5.12)

Proof. By definition of Kuratowski limit, there exist a sequence {t} € Y"},cy such that ¢}, — ¢. As usual,

n

we write for simplicity ¢7. We have seen in the proof of Lemma 5.5 that v™ (%) — v(t) in H*(2), and thus in
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L7(Q) for any r < oo, and that u™ (%) — u(t) = argmin {€(u,v(t)) : u € U(t)} in WHP(Q;R?) for p € (2,p); in
light of these results, from (3.1) we obtain that

OuF (u(t),v(t))[¢] = / o(u(t),v(t)) :e(¢p)dz =0 for all ¢ € V. (5.13)

Q
By definition v™(t}) € argmin {F(u},v) : v € V with v < v}, and hence:

/ V" (E)EW (e(ul)) dz + Ge / (W™ (tR) — DE+ Vo (ty) - VEdx > 0 for all £ € E. (5.14)
Q Q

As aforementioned v"(t}) converges to v(t) strongly in H'(Q) and u"(t}) — u(t) in WHP(Q; R?), therefore by
Lemma 4.1 we get W (e(u})) — Wi (e(u(t)) in L%(Q), where £ > 1. Thereby, passing to the limit in (5.14),
we get:

O F (u(t),v(t)) [£] = /Qu(t)ﬁ Wi(e(u(t)) dx + G, /Q(v(t) —1DE+ Vo(t) - VEdz >0 (5.15)
for all € € =. O

5.4. Power identity

In this section we will prove Proposition 3.8, i.e., for every t € [0, T

F(u(t),v(t)) = F(ug,vo) —|—/0 P(s,u(s),v(s))ds +/1 OuF (u(s),v(s))[0(s))] ds.

We recall the definition of power (of external forces)

P(t,u(t),v(t)) ::/QU(u(t),v(t)):e(d(t)g) dzx, (5.16)

where a(t) := a(c(t)). Notice that this is a good definition for the power: indeed, being u(t) a minimum for the
energy, by Theorem 3.7 and by Green formula, if u is sufficiently regular it holds

Pt ut), v(t) = g-r2p0)(a(t), v(t)) - n,at)g) 2,0

/ (o (u(t), v(t)) - 1) - 7(a(t)3) ds,
opN

this is indeed the product between force and the velocity imposed on the boundary. Finally note that
P(t,ult),v(t)) = 0uF (u(t), v(t))[u(t)], (5.17)
since by Lemma 3.2 we can write (t) as the sum of ¢(t) = a(t)§ and a function w(t) € ®.

Theorem 5.13. For a.e. t € I, it holds



22 E. MAGGIORELLI AND M. NEGRI

Proof. By Theorem 5.12, (u(t),v(t)) is an equilibrium point for the total energy F(-,-), and since v(¢) is in
HY(Q) and 9(t) < 0, by (5.12) the following estimate for the total derivative of F holds almost everywhere in

s

F(u(t), v(t)) = 0uF (ult), vo(&))[a(t)] + pF (u(t), v()[0(t)] = P(t, u(t), v(t)), (5.18)

where we used (5.17). We recall Remark 3.9, where we proved that ¢ — F(u(t),v(t)) is Lipschitz continuous,
and thus a.e. differentiable. To derive the thesis it is now sufficient to prove the inverse inequality.
I. In this first part of the proof we “go back” to the time discrete setting, in order to prove that

Fluer i) < Fluof) + | P .0 0) e+ CleLy — P (5.19)
§
where
Pr(t,u,v) = /Qa(u,v) ce(a™(t)g) da.
We set af := a(s}) = aoc®(t}) for k = 0,...,n and denote by a™ the piecewise affine interpolant of a}

in t. By minimality F(uj ,,vp ;) < F(up,vp) = E(up,vi) + GeL(vy). We define for any j = 0,...,n
4% = argmin{€(u,v}) : u = g on Ip} and note that, by Lemma 4.1, we can express &(up,,,v}) as
(ap, 1)U}, 1, vf). According to Corollary 4.4, E(ap, ,vy) < E(ay,vy) + Cllag,, — ap[|7, and by Lemma 4.6,
last term is bounded by Cllvp, — vpl|F < C|tk+1 t7|2, with the inequality following from Lemma 3.2.
Summarizing,

E(up iy, vp) < (agyq)?E(ag, vp) + C'[th .y — 7%, (5.20)
We write the first addendum as

(apy)*E g, vp) = (ap)*E (AR, vp) + (afyy — ak) (208 + (apyy — ai)) E(aR, vf)

)
)+

= E(uit v + (202 (afy — ) + (@ — a)?) EGaR, )
< E(uf, o) + 20} (= ap)E (iR, vf) + Clti — 1

where the last inequality comes from the fact that 5(ﬂk ,0p) is bounded and a” is Lipschitz continuous. Observe
that, by Corollary 4.2 and by the definition of 43, £(ay,vy) = 3 fQ o(uy,vy) : e(g)de, since, being 47 — § an
admissible variation, 0,€(uy,v}!)[a} — g] = 0. By blhnearlty we hence get that

tiy1

2 (afl,, — af)E(A], o) = /Q o (uf, o) : e((af sy — afy1)d) da = / Pt uf o) dt

’;Cl
and (5.20) can finally be rewritten as:

b1
E(ujr1, o) < E(ug, vi) +/ P (L ug, o) dt + Oty — ] (5.21)

th
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Now, in order to obtain (5.19), we add and subtract P™ (¢, u™(t),v"(t)) to P™ (¢, u}, vy):

/Q (o, o) = o (£),0" (1)) : (@ (H)g)dw + P (0, u" (1), 0" (1)):

We estimate the first term as follows (writing £ to add and subtract):

/(a‘(uﬁ,v?)fa'(u”(t),v"(t))) ;s(a”(t)g)dxi/a(un(t),vg);s(a”(t)g)dx (5.22)
Q Q
=0 [ (o) — o 0.00)) : £(3)da
+/Q (a(u"(t),vg) —a‘(u”(t),v"(t)))  e(§) dx]

By hypothesis (H2), the first addendum is lower than C|u} — u"(t)||g:. As for the second addendum, by
Lemma 4.1 we rewrite it explicitly:

/Q (W0)? — 0" (1)) 0TV (e(u™ (1)) - €(3) da

< Cullef — 0" (1))

el + 0" @Ol e [ @) lwre [1llwra,

where 1 + % + é = 1. By the continuous embedding of H*(2) in L*(Q),
(5.22) < C(lu — @)l + o — o Oll) < e — 1],

where we used the fact that 4™ and v™ are Lipschitz continuous (see Lem. 3.2). As a consequence,

t"k”«#l tZ+1

/ P (t,up, vy ) dt < / Pr(t,u"(t),v"(t)) dt + C' [t} 1y — 72
ty th

and (5.19) is proven.

II. Starting from the estimate obtained in the discrete setting, let us now see what happens in the limit.
Since the set of isolated points of I has zero measure, we can state that for a.e. t € I, there exists a sequence
{t; € Is}jen such that t; — t* or t; — ¢t~ with ¢; # ¢. Let us consider the first case (we use the same reasoning
for the second). Let ¢, ¢} € T™ be such that ¢} — t; and ¢} — ¢ (as usual we omit the dependence on n in the

indices [ and h). Then, taking the sum of (5.19) for k = h,...,l — 1, yields

n

; -1
Flup,of) < Flup,vp) + [ Pt u™(t),0" (1) dt+C Y [ty — tr]™ (5.23)
k=h

th

Let us pass the limit as n — 4o00. By strong convergence, seen in the proof of Lemma 5.5, we infer that
Fup,vf) = Flu(t;),v(t;)) and F(up,vy) = F(u(t),v(t)); indeed, we can write vj* = (v™(t]) —v™(¢;)) +v"(t;),
where v"(t;) — v(t;) in H'(2) by Lemma 3.4, and [[o™(¢') —v"(¢;)|| 2 < C|t]' —t;] — 0 by Lipschitz continuity.
Similarly we get that u — u(t;) in WP(Q). We can apply the same reasoning to (uy,v}). If we take j
sufficiently large that [t; —t| < ¢, then [t} — ]| < ¢ and thus

-1
Z |t — P <elti —t7].
k=h
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It now remains to prove that

tn
im [ PR (), 0" (1)) dt = / Pt ult), o(t)) dt.

n—-+o0o I

To this end, let us write

Pt u(t), 0" (1)) = d"(t)/ o (W (t), 0" (1)) : e(§) dz := a"(t)P"(t).

Q

We will now prove that a” = a := a0 ¢ in W5*(0,T) and that P* — P strongly in L*(0,T), where P(t) :=
Joo(u(t),v(t) : €(g) dz. Let us start from a”. It is enough to check the pointwise convergence of a™ to a in
[0,T]. We start observing what happens on the points t7 € T":

@™ () — alty)| = (e (t;)) — ale(t))] < Cle™ (ty) — e(ti)], (5.24)

where we used the fact that « is Lipschitz continuous. Let us now see what happens on I,. As we have
proven in Lemma 5.8, ¢ is constant on the connected components of I, and so it is a = aoc. For t € I,
there exists n sufficiently big such that t € (¢,t:,,) C I, (with k depending on n). By definition of a”,
a™(t) = (1 —0")a™(t}) + 0"a"(t};,,) for some 6™ € (0,1), while a, being constant on [t}, 7], can be written
as any convex combination of a(t}) and a(t}, ). Hence:

|a”(t) = a(t)] = (1 = 6")a" () — a(ti)| + 0" |a" (t41) — altiyi))] = 0,

following from (5.24) and the fact that ¢ — ¢ uniformly in [0, T]. Lastly, for ¢t € I, we can take a sequence
{t} € Y"}en (with k depending on n) converging to ¢ and therefore:

|[a” () — a(®)] < |a™(t) = a™(tR)] + |a" () — altp)] + lalty) — a(t)]
< CJt =] + la™ () — a(tg)] = 0,

where we used the fact that a™ and a are Lipschitz continuous together with (5.24) and the fact that ¢ — ¢
uniformly in [0, 7.

Let us now check that P™ — P strongly in L'(0,7). We know that v™(¢) — v(t) strongly in L"(Q) for any
1 <r < +oo, and that u™(t) — u(t) strongly in W1P(Q), therefore by Lemma 4.1

o (u" (1), 0" (1)) — o (u(t), v(t) | < |0 u”(t),v" (¢ )) —U(U"(t v(t) ’+ | (u" (1), v(t) — o (u(t), v(t))]
) 2 =2 ()] [0: W (e(u" (1)))| + Cle(u (1)) — e(u(t))|
—o(®)[e(u"(2))| +C|€(u (®)) — e(u(t))]-
As a consequence o (u™(t),v"(t)) — o(u(t),v(t)) in L? and then

/Q o(u"(t),v"(t)) :e(g)de — | o(u(t),v(t)): e(g)dx.

Q

All in all, we get

Fulty),v(ty)) < Flu(t),v(t)) + /t ’ /Qa(u(s),v(s)) ce(a(s)g)deds +elt; —t.
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Dividing by |t; — | and passing to the limit as t; — ¢ gives F(t) < P(t,u(t),v(t)) + ¢ and we conclude by
arbitrariness of € > 0. O

Corollary 5.14. 9, F(u(t),v(t))[0(t)] =0 a.e. in I;.

Proof. This is a straightforward consequence of Theorem 5.13. Indeed:
Flu(t), v(t)) = 8uF (ult), o(t))[a(t)] + 0uF (u(t), v(t)) [5(£)] = OuF (u(t), v(t))[a(t)]
a.e. in I; and hence 9, F (u(t), v(t))[v(t)] = 0. O

6. GRIFFITH’S CRITERION

In this section, we consider the elastic energy W(e,v) = ¢(v)(Wy(e) + 0) + W_(g) where § > 0 and Wy
satisfy the properties (H1)—(H3) listed in Section 2. For 6 = 0 we recover the classical phase-field elastic energy,
while for § > 0 (arbitrarily small) a better description of the energy release holds (see Prop. 6.2). Adding a
constant to the elastic energy does not change the constitutive law, but it will change the energy release (by an
arbitrarily small amount).

6.1. Energy release

In this section we provide comments and properties on the notion of energy release employed in Theorem 3.10.
In literature, the definition of phase-field energy release Gmax(t,v) is not univocal and in the following we will
give it in the same vein as [33]. Along the lines of the aforementioned article, let us define the reduced energy

E(t,v) :=E(upw,v) for 1wy, € argmin{E(u,v) :u € U(t)},

that, as proven in the following Lemma, is differentiable as a function of v.

Lemma 6.1. The reduced energy functional € is differentiable as a function of v with respect to variations
& € Z. Its derivative has the following integral representation:

0,E(t.0)l6] = 0,8(ue, el = | 6OV (elur,) +0)d (6.1)

It follows that D,E(t,v)[€] < 0 for every € € .

Proof. The directional derivative of £ at v is

0,8t o)) = tim SV ZEGV)  EQWving v hE) = E(r,v)

h—0t h h—0t h

Adding and subtracting the term &(u; 4ne,v), we obtain

lim
h—0t

(S(ut,v+hg, v) — E(Ut,p,v) n E(ut pne, v+ h&) — E(Ut,uthe, v))
h h ’

We examine the two addenda separately. The first term is infinitesimal; indeed, using Corollary 4.4 and
Lemma 4.6, we obtain

1 C C
E|g(ut,v+h§7’u) — E(ugp,v)| < ﬁ”“t,vHZE —ugollin < EHMH%M
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that tends to zero as h — 0. As for the second term, we write it as follows:

% Q((U + h€)? —v®) (W4 (e(ut,vpne)) +6) do = % /Q (R*&* + 2v¢h) (Wi (e(ug,vrne)) + 0) da

N /Q(%MQ +vE) (Wi (e(u,o4ne)) + ) da.

From Lemma 4.5 we know that uy ,4n¢ is bounded in WLP(, R?) uniformly with respect to h and £. Choosing
1§q<+oosuchthat%+%zlweget

5 [ B W (e(ui06) +8) do < S(IEIRullunvnelFio +1I11E:) < Ch— 0

Now consider [, v& (W (e(ur,v4ne)) 4+ 6) dz and observe that it converges to (6.1). By Lemmas 4.1 and 4.6,
indeed,

[[vEW, (€ (ut,vpne)) — vEWL(e(ut))l|Lr = /Q [0 (W (e(urmine)) — Wile(ur,y)))| de
< C(llutwrnellar =+ Nl ) 1o ne — wewllmr — 0.

The proof is conlcuded. O
We are now ready to define the phase-field energy release rate for v € V and t € [0,T] as:

Gmax(t, v) == sup{ — ,E(t,v)[¢] : £ € E(v)},
where é(v) is the set of normalized admissible variations with respect to the ”phase-field crack length”, i.e.,
E(v) = {£ €2 dL(v)[E] = 1},

First, note that £(v) = 3|lv — 1||%. and thus dL(v)[{] = (v — 1,£)y = 0 for every & when v = 1. Therefore, we

assume that v # 1, so that Z(v) # 0. Clearly Guax(t,v) > 0 since 9,E(t,v)[€] < 0 for every & € Z(v).

To better understand this definition, it is important to observe that it is given in analogy with the sharp
crack setting, where the maximal energy release is defined as the steepest descent of the (reduced) elastic energy
with respect to crack elongation among any admissible direction. Indeed, if we consider the admissible variations
¢ € = such that dL(v)[¢] > 0 and for each of them we define a sort of forward derivative of € with respect to
the phase-field crack length, the following identities hold:

sup {— fim EGVHRO ZEWY) o gl > o}

(
h—ot  L(v+ hE) — L(v)

M
m
[1

= with dL(v)[€] > 0} (6.2)
= sup {—&Jg(t,v)[f] : £ € Ewith dC(v)[§] = 1} = Gmax(t, v).

The second equality follows from linearity with respect to &, which allows to consider admissible variations
normalized with respect to the phase-field crack elongation.

In principle, given an arbitrary function v € V it may happen that dL(v)[§] < 0 for some £ € E; these
variations would not be admissible in the representation of G given above. However, if (u,v) is an equilibrium
configuration of the energy (which is the case in quasi-static evolutions) we have dL(v)[¢] > 0 for every £ € =
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(independently of § > 0); moreover, if 6 > 0 (but arbitrarily small) and if (u,v) is an equilibrium configuration
then dL(v)[¢] > 0 for every £ € Z with £ # 0, as stated in next Proposition.

Proposition 6.2. Let (u,v) be an equilibrium configuration for the energy, i.e.
OuF (u,v)[p] =0  for all ¢ € D, OpF(u,v)[§] >0 forall§ € E.

Then dL(v)[§] > 0 for every & € E. Moreover, if § > 0 then dL(v)[§] > 0 for every £ € E with £ # 0.

Proof. Since 0, F(u,v)[¢] = 0,€(u,v)[§] + GedL(v)[E] > 0, it follows that G.dL(v)[{] > —0,E(u,v)[§] > 0 for
every £ € E.

Let 6 > 0. Assume by contradiction that d£(v)[£] = 0 for some & € = with £ # 0. It follows that 9, (u, v)[¢] >
0 and then 9,&(u,v)[§] = 0. However,

aﬁmwmzéwmmwm+®M=o

implies that v€ = 0 a.e. in Q since W (e(u)) +§ > 0. Since v € H*(Q) we have Vo = 0 a.e. in the set {v =0}
(including the cases in which the measure of the set vanishes) and, similarly, V&€ = 0 a.e. in the set {£ = 0}. As
v€ = 0 a.e. in Q it follows that Vv - V€ = 0 a.e. in ). As a consequence,

awie - |

(U—1)€+VU'V§dCE=/—€d1}=0,
Q Q

which implies £ = 0 a.e. in €2 since £ < 0. O
From the previous Lemma we get the following representation of the energy release.

Proposition 6.3. Let § > 0 and let (u,v) be an equilibrium configuration for the energy. Then

Gunax(t, v) = sup {—avé(m)[g] L € € 2 with dL(v)[¢] = 1}

zsup{—w : 565,57&0} (6.3)
= lim sup [E(ta Z) — g(tv U)]— (64)

z—v— £(Z) - ‘C(U) ’

where z — v~ means that z — v in L' (Q) with 0 < z < v and z # v.
Proof. The first identity follows immediately from the previous Proposition and (6.2). As 0 < z < v we have
E(t,z) < E(t,v). Therefore

imsu [£(t:2) — E(t, )] = limsu M
lzev*p £(Z) — [:(U) lzﬁvip £(Z) — [x(U) .

Note also that £(z) > L(v) since L is quadratic and thus
L(z) = L(v) +dL(v)[z —v] + 3|z — v[[F1,

where dL(v)[z — v] > 0 by Proposition 6.2 (unless z = v).
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To check that

Sup{ 9,E(t,v)l¢]

- T E(t,v) — E(t, 2)
“ALW)E 56“’5’”}9 P

zZ—v~ E(Z) 7£(”U) ’

it is not restrictive to assume that 9,E(t,v)[£] < 0, otherwise 9,&(t,v)[€] = 0 and there is nothing to prove.
Given £ € Z let us choose z = [v + h&]y and let h — 0%. First, note that z # v; indeed if [v + h&]y = v then §
would be supported in the set {v = 0}, and thus 9,€(t,v)[¢] = 0. Then, L(v) < L(z) < L(v + h¢) and thus

1 1
Lo+ he)—L@) = L) = L)

Moreover, (v + hé)? > 22 and thus £(t,v + h€) > E(t, z). Hence,

Et,v) — E(t,v+ he) < E(t.v) — E(t,2) = [E(t, 2) — E(t,v)] .

In conclusion,

E(t,v) — E(t,v + he)

[E(t,2) — E(t,v)]-
L(v+h) — L(v) '

L(z) — L(v)

<

Passing to the limsup as h — 07 gives the required inequality, by arbitrariness of &.
It remains to prove the opposite inequality. To this end, it is not restrictive to assume that

L = limsup —g(t’ v) — £t 2)

) L)

First, consider the case L < 4+00. For € > 0 (sufficiently small) there exists z, — v~ such that

E(t,v) — E(t, z)

L) = L) >L—¢e>0.

Note that £(t, z,) — E(t,v), and thus £(z,) — L(v) (otherwise the limit of the left-hand side would vanish). As
a consequence z, — v strongly in H'(Q) and thus in L(2) for any 1 < g < +o00. Setting u,, € argmin {&€(u, z,) :
uweU(t)} and u € argmin {E(u,v) : u € U(t)}, let us write
Et,zn) = E(tn, 2n) — E(u, 2n) + E(u, 2) > E(u, 2n) — Cllun — u %
> E(u, 2n) = Cllzn — I3,

where once again we used Lemma 4.4 and Lemma 4.6. By convexity

E(u, z) > E(u,0) + OpE (1, v) [z — v] = E(t,v) + 0pE(t,v)[2n — v].

Hence,

E(t,v) — E(t, 2n) < —DuE(t,0)[2n — V] + Cl2n — v||%.
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Since L is quadratic we can write
L(zy) — L(v) = dL(V) [z — V] + ||z — |3

and then

_ _ 2
b e g ZOuEltolen ]t Ol bl
(U)[Zn - U] + §||Zn - UHHI
Note that —9,&(t,v)[z, —v] > 0 and let &, = (2, — v)/||2n — v||Lr, SO that ||&, ]|z = 1.

e If |&,]lm < C then (up to non-relabelled subsequences) &, — & in H'(Q) and thus &, — £ in L"(Q) by
Sobolev embedding. In particular £ # 0 since [|£||z- = 1. From (6.5) we get

__ —0E(t ) [z — 0] 2 — 0|3
L= s == Yt -
[ QE®OE] 20 — ||
: p{ AL ()] '56”5#0}+Cdawmu'

In the limit as n — +o0o the last term vanishes since dL(v)[€,] — dL(v)[¢] > 0, by Proposition 6.2, while
zn — v in L7(Q).

o If ||¢n ]| gt — 400 for a (non-relabelled) subsequence then (6.5) yields

—0,E(t, ) — 0] Iz — 0l

L

R 7575 Py R PR
2,(t,0)[€) _ c
<“m{ ROIGR 56“”§#°}+|asz

Clearly last term vanishes in the limit as n — +o00. In both cases we conclude by the arbitrariness on ¢.
In the case L = 400 it is enough to replace L. — ¢ with an arbitrary large value. O
Remark 6.4. Note that writing the energy release as the “slope”

i -t

gives the most general way of looking at variations of energy with respect to variations of phase-field crack length.
In perspective, this would be the natural definition of energy release for the I'-limit functional in the space SBD,
where directional derivatives seems not general enough to describe all the possible unilateral variations of the
crack.

6.2. Griffith’s criterion

Before presenting the phase-field version of Griffith’s criterion satisfied by the limit evolution v, given by
Lemma 3.4, we shall study the energy functional on the set I,.

Lemma 6.5. Let (a,b) be a connected component of I,,, then F(u(b),v(b)) < F(u(a),v(a)). Moreover
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Proof. We recall that v is affine in (a,b) and denote for convenience

F(t) = Flult),ot), e(t) = E(tv(t)) = Eult),v(t)), €(t) = L(v(t)). (6.6)

In this notation, we will show that the function f satisfies f(b) < f(a), f(a™) >0 and f(b~) = 0.

As we have already mentioned, since a, b € I by strong convergence (seen in the proof of Lem. 5.5) combined
with Lemma 5.7 there exists u™ (¢, ;) — u(b) (as usual k = k(n)) and u"(t}) — u(a) strongly in WP (Q; R?),
o™ (1) = v(a) and V™ (£}, ;) — v(b) strongly in H'(Q). It follows that F(u(t}),v(t})) — F(u(a),v(a)) = f(a)
and F(u(tp, ), v(t{, 1)) — F(u(b),v(b)) = f(b). By minimality together with (5.21)

n
5

Fla g, vln) < Flad o) +/ PRt o) dt + L,y — 127, (6.7)

ty

where
P (t,u,v) = /Q o(u,v):e(a™(t)g) dr.

Now, by definition of a”, we have that, for t € (¢, tr11), a™(t) = sz =elsk) 50 g thus the integral of the

Tk+1
power in (6.7) reads

/Q (sl 41) — a(sP)) o (ul, of) : (@) dz — 0

since « is continuous and s?, , = s® + £ — . Therefore
k41 ETn k

fO) = lim Flupi,vp) < lim Flug,op) = f(a).

n—-+oo n—-+oo

Let’s now prove that f(at) = 0. We know that v — v(a) and v, — v(b) strongly in H*(£2). Hence

* T
Vk+1 = Jn n =
typ1 — th b—a

o e JR o(b) = v(a) o(t) strongly in H'(Q) for all t € (a,b).

Being (u(a),v(a)) an equilibrium configuration (see Thm. 5.12) and being ¥(a™*) < 0 an admissible variation,
(5.12) yields f(a) > 0. .
It remains to prove that f(b~) = 0. Recall that, by (3.2), 0, F (uj 1, v, 1) [05 1] = 0. Its explicit form is:

0, F (i iy )liR] = [ oRiaties (We(ukn) +0) do+ G [ (s = Vi + Ve Vi, =0,
The strong convergence of vy, ; and 0}, combined to the fact that uj, ; — u(b) strongly in W12 (1), gives

0 = 0 F (ujt sy, Vi1 ) [0 4a] = BuF (u(b), 0(D))[6(b7)] = f(b7),

which concludes the proof. O
As we anticipated, neither the energy release nor the thermodynamic consistency enter into the definition of
the time discrete evolution (1.8), however, the limit (time continuous) evolution satisfies both Griffith’s criterion,



ENERGY RELEASE AND GRIFFITH’S CRITERION FOR PHASE-FIELD FRACTURE 31

in terms of the phase-field energy release, and thermodynamic consistency, as stated in Theorem 3.10 (recalled
hereafter for reader’s convenience).

Assume that vg Z 1. The limit evolution v, obtained in the limit of the time discrete evolution (1.8), satisfies
0 <o) <1 for every t € [0,T], the irreversibility constraint 0(t) < 0 and the thermodynamic consistency
condition £(t) := dL(v(t))[0(t)] > 0 a.e. in [0,T]. Moreover, an extended version of Griffith’s criterion holds:

Gmax(t,v(t)) < G everywhere in I,
(Gmax(t,v(t)) —Ge) £(t) = 0 a.e. in I,
OE(t,0)[0(t)] = —L(t) Gmax(t, v(t)) a.e. in I,

Gmax(t,v(t)) > G on a subset of positive measure of I,,.

Proof of Theorem 3.10. 1. The validity of the thermodynamic consistency condition on I; is a straightforward con-
sequence of Corollary 5.14. Indeed, by definition 0,F (u(t),v(¢))[0(t)] = 0,E(u(t), v(t))[0(t)] + G dL(v(t))[0(t)].
Now, from the aforementioned Corollary, we know that 9,F (u(t),v(t))[0(t)] = 0 a.e. in I, and therefore:

GedL(v(t)[0(t)] = =0uE(u(t),v(t))[0(t)] = — /Q v(t) o(t) W (e(u(t)) dz > 0.

To prove the same property on I,,, we proceed as follows. Let (a,b) be a connected component of I,,. The

function ¢ — e(t) = £(t,v(t)) = E(u(t),v(t)) is non increasing in (a,b). Indeed, if t; < ty then v(t;) > v(ty) and
hence:

E(ut)o(t) = [ (0P(0) + )W e(ut) do > [ (6%(t2) + )W (uttr)) da

Q
> [ (1202 + )W eult) do = E(ulta). o))
Q

where the last inequality follows from the minimality of u(t2) (we recall that in (a,b) the boundary condition
is fixed since the control ¢ is constant, see Lemma 5.8). Now, writing f(t) = e(t) + G.£(t) as in (6.6), from
Lemma 6.5 we get

0=f(b")=é(b")+GAb).

Therefore, since the energy ¢ — e(t) is non increasing d£(v(b))[0(b™)] = £(b~) = —é(b™)/G. > 0. Similarly, from
the equilibrium condition in a

0< f(a®) = élat) + God(a™)
and from the fact that é(a™) <0, it follows that dL(v(a))[0(a)] = {(at) > —é(a™) /G > 0. Now, since £ is

quadratic, its derivative is linear and since £(t) > 0 for both ¢ = a and t = b, it must be so also for every
t € (a,b). We thus have that £(t) = 0,L(v(t))[0(¢t)] > 0 also for all ¢t € I,,.

IT. We will now prove that a classical version of Griffith’s criterion holds on I, following [33].

e To prove that Gpax(t,v(t)) < G, in I, we use the fact that, by (5.12),
O F (u(t),v(t))[€] = 0uE(u(t),v(t))[E] + G.dL(v(t))[(] > 0  for every £ € E.
In particular, if we take & € 2(v(t)) we get Go > —0,E(t, v(t))[€] and thus

Ge > Sup{_ avg(tav(t))[é] : é € é(v(t))} = Gmax(t, v(t)).
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e Finally, let us prove that (Guax(t,v(t)) — G.) ((t) = 0 ae. in I,. Clearly, if /(t) = 0 there is nothing to
prove. Consider £(t) = dL(v(t))[0(t)] > 0. Again by Corollary 5.14 we have that 9,F (u(t),v(t))[A0(t)] =0
for every A > 0 a.e. in I;. On the other hand, 9,F (u(t),v(t))[¢] > 0 for every £ € = and thus for every
A>0

Ao (t) € argmin {9, F (u(t),v(¥))[E] : € € E}
€ argmin {9,E(t, v(t))[¢] + GedL(v(1)[E] : € € E}.

Choosing A = 1/dL(v)[o(t)] = 1/4(t), in such a way that dL(v)[\o(t)] = 1 (so that \o(t) € E(v(t)) C E),
we get that

Xo(t) € argmin {9,E(t, v(1))[€] + GedL(v(t))[E] : & € Z(u (1))}
€ argmin {9,&(t, v(1))[¢] : € € E(v())},

since G dL(v(t))[€] = Ge is constant in Z(v(t)). Therefore, by definition

DuE(t,0)[N(t)] = —Gumax(t, v(t))
and
A F (u(t),v(t))[N0(t)] = —Gmax(t,v(t)) + G = 0,

which concludes the proof.

ITI. Let’s now focus on the set of instability points I,,. Let (a,b) be a connected component of I,,. By Lemma 6.5
we have f(a) > f(b), therefore the subset of (a,b) where f < 0 is of positive measure.

First, note the following: if the evolution is not identically constant (in which case there is nothing to prove)
then £(t) > 0 in I,. Indeed, being £(¢) linear and non-negative, if £(¢) = 0 for some t € (a,b), then ¢ should
be zero everywhere and ¢ should be constant on (a,b). This means that v would belong to a contour line of
L(v) = S|lv— 1||§{1(Q). Now, by uniform convexity of H(Q), if v(a) # v(b), then for any t € (a,b) we would
have [[v(t) — 1|31 < [lv(a) — 1|3 = |lv(b) — 1|31, i.e., v(t) could not belong to the contour line of £, that is
absurd.

We will show that G(t,v(t)) > G, where f(t) < 0. Write

F(t) = é(t) + Gol(t) < 0.
As we have seen, A = ((t) > 0, so we can divide, obtaining

Go=6. "D < A 5,660,000 [MY)] < Guustt.v(e), (63)

where in the last inequality we used the defintion of G,y and the fact that o(t) /X € Z(v(t)), since by construction

0(t) = dL(v(t)[o(t)] = A. O

7. SYSTEM OF PDES

Lemma 7.1. Let Q C R? be a bounded, Lipschitz domain. Let ¢ € (H'(Q))* such that (¢,£) > 0 for every
€€ HYQ) with € < 0. Then ¢ is “represented” by p € M~(Q) (the set of finite, negative, Radon measures
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supported in ). More precisely,

(€€ = /Q Edpuge + /a tduon for every € € H(2) N C(@).

Proof. Let Q be an open set with  C Q and consider the extension ¢ € H‘l(Q) given by (f, ®) = (¢, Pja)-
Then (¢, ¢) > 0 for every ¢ € C°(Q) with ¢ <0, since £ =¢o € H(Q) and £ < 0. As a consequence ¢ (as

a distribution) is represented by ji € /\/lloc( ). Clearly, the support of fi is contained in € and thus, being fi
locally finite, it turns out that o = fi)g is finite.

Let € — € be a (linear and continuous) extension from H'(Q) to HY (). Then (¢, &) = <C,§~|Q> =((,€). In
particular, the integral representation holds for £ € H(Q) N C(Q). O
If z € HY(Q) with Az(t) € L?() then 92/0n (in weak form) denotes the operator given by Green’s formula

(82/8n,w>:/wAz+Vw~Vzdx
Q

for w € HY(Q). In a similar way, if z € H'(Q) such that Az (as a distribution) is represented by a finite measure,
we define the linear operator

(0z/0n,w) = /de(Az) +/QVw -Vzdz, (7.1)

for w € HY(Q) N C(Q). Note that the first integral is well defined since w € C(Q).
Let us denote by ((t) € (H'(2))* the linear operator (((t),£) = 9,F(t,u(t),v(t))[£]. For t € I, we have
that (((t),&) > 0 for every £ € H*(2) with £ < 0 and thus, by Lemma 7.1, {(t) is represented by a measure

p(t) € M™(Q). Let us write u(t) = po(t) + woa(t).
Lemma 7.2. Fort € I, we have Av(t) € M(Q) (the space of finite Radon measures in Q). Moreover,

pa(t) = —Ge Av(t) + 2v(t) Wy (e(u(t) ) Ge(v(t) —1) <0,
ppa(t) = Gedo(t)/on <

Proof. For ¢ € C°(Q2) we have
/Q bdua(t) = (C(1), 6) = DuF(t, u(t), v(t))[¢]
= / 20(t)¢ W (e(u(t))) do + GC/ Vou(t) - Vo + (v(t) — 1o de
Q Q
= G (= 0(t). 0)p+ [ [20OW (e(u(t) + Golo(t) ~ Dl da.
Hence
Ge o (80(t). 6} = [ [20(O0W--(e(u(®) +Gelv(t) ~ D)ode ~ [ Gdua(t). @
Q Q
It follows that Av(t) € M(Q) and that

pa(t) = =GeAv(t) + 20(t)Wy (e(u(t))) + Ge(v(t) —1). (7.3)
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Hence, for every ¢ € H'(2) N C()) we can write

(C(8),€) = B, F (¢, u(t), v(1))[€] = /Q G.Vu(t) - VE + 20(O)Ws (e(u(t)))€ + Colo(t) — 1)é da
— G(0u(t)/0n.€) — G, / £d(Av(t)) + / ()W ((u(t)))E + Golu(t) — e da
Q Q
= Gulon(t)/on.©) + [ €duao
Since
(€(t),€) = /a Sdpnlt) + /Q € dupo),

it follows that G.Ov(t)/On is represented by the negative measure pjpq(t). O
Proposition 7.3. Let t € I such that 0, F(t,v(t),u(t))[o(t)] = 0. If o(t) € H(Q) N C(Q) then

(= GeAv(t) + 20(t)W(e(u(t))) + Ge(v(t) — 1))0(t) =0, (Ov(t)/On)o(t) = 0, (7.4)
in the sense of measures.

Proof. By Lemma 7.1
0, (o0 u)lit)] = [ 30dua(®)+ [ odmon(®) = 0.

Since po(t) <0, pjaa(t) < 0 and 9(t) <0 it follows that both the above integrals are non-negative, and thus
they both vanish. By Proposition 7.2 we finally get (7.4). O
Propositions 7.2 and 7.3 give Theorem 3.7.

8. ALTERNATE MINIMIZATION

Given vy € V, with 0 < vy < 1let ug € argmin {F(u,vo) : u € U(0)}. For n € Nset s} :=k/nfork=0,...,n
and v := vg. In this section we consider the alternate minimization scheme [12] at s} with initial condition
vE_4 (defined in sp_, and obtained at the previous iteration), i.e., set 1)270 = vp_; and uﬁo = up_4, then we
define by induction for ¢ > 0:

up ;v € argmin {F (u, vy ;) 1 u € U(sE)} (8.1)
Vi iy1 € argmin {F(ug ;. ,,v) v €V with v <wp g =wvp_,}. .

The updates uy; and vy are respectively defined as uj := lim; o0 uj ; and vy := lim; oo v ;; existence of the
limits (up to non-relabelled subsequences) is proved in the following Proposition.

Remark 8.1. As in the original and mostly used version of the alternate minimization algorithm, we require
that vy, ; <o for every K =0,...n —1, and not Vi1 S U for every ¢ € N (i.e., monotonicity over each
staggered iteration) as in [33].
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Proposition 8.2. For every step sj, there exists a subsequence of {(Uz,ivvg,i)}ieN converging strongly in

WP (Q,R?) x HY(Q); the limit, denoted (u},v}), is a separate minimizer for F, i.e.,

up € argmin {F(u,v}) : w € U(sP)},
vy € argmin {F(ug,v) :v €V with v < vy = vy }.

Proof. By minimality
0< ]:(UZ,iH’U?,iH) < }-(uz,i+l7vg,i) < ]:(“Z,mvg,i) <--- < ‘F(U?mvlg,o) = C.

Now, since F(+,u) is quadratic we have that

Fug ip15 V%) = F(up g1 Vg ip1) + OuF (Ug 15V 1) Vs — Vkig)

+ 502, F (U i1, VR i )[R — VR i1, VR — OF i)
Again by minimality 0, F (uy ;.\ 1, V% ;1) [V — v ;1) > 0, while
85U‘F(u27i+17 UZ,iJrl)[UI:L,i - U/?,Hl,vﬁi - Uﬁiﬂ] = /QQ(UJZL@ - UIZL,i+1)2W+(€(“Z,i+1))dx
+Ge /Q(vl?z - U/?,i+1)2 + Vg, — VU/?,i+1|2d$ > G, H’UI?,Z' - UI?,i+1H}2ql .
Therefore, from (8.3)
% HUZ:LZ - vg,iﬂ“ip < }—(uz,ﬂrlvug,i) - }—(uz,z‘+1avg,i+1) < F(“Z,m”?i) - f(uz,i+1vvg,i+1)’

and summing over ¢ it follows that

+oo 9 +oo
%Z Hvl?z - vz,i+1HH1 < Z}—(UZwUI?z) - F(“Z,mla”?,iﬂ) < F(UZ,owZ,o) <C.
i=0 i=0

(8.2)

As a consequence [[v}; — v} 1[5 — 0 as i — oo and from the continuous embedding of H'(€2) in L"(12), for

every 1 <r < 400, we have

vk — UZ,iJrl”%T — 0.

(8.4)

Since the energies F (uz)i, ”Z,i) are uniformly bounded, by coercivity the sequence {v,’;l} turns out to be bounded

in H'(Q2), and hence there exists a subsequence {v,?’ij }jen weakly converging in H' () to a limit, that we call v}
By compact embedding this subsequence strongly converges in L"(£2) for every 1 < r < 400; as a consequence

of (8.4), also {v}; _;}jen converges to the same function. By definition

uy i, € argmin {F (u, vy ; 1) + w € U(sp)}

By Lemma 4.6, the subsequence {uj;; }jen converges in WLP(Q,R?) to ul € argmin {F(u,vl) : u € U(sP)}.

Analogously, since

Ui, € argmin {F (uy; ,v) + v < v},
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by Lemma 4.10 the subsequence {vy; }jen converges in HY(Q) to v? € argmin {F(u},v) : v < v}, which
concludes the proof. O
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APPENDIX A. KURATOWSKI CONVERGENCE

Kuratowski convergence is a notion of convergence for sequences of subsets of a topological space [37]. Here, we briefly
present the notion of Kuratowski limit of a sequence of subsets of a metric space (X, d).

Definition A.1. Given a sequence of subsets { Ay }nen of X, the Kuratowski limit inferior of A, as n — 400 is:

LiA, :={z € X : limsupd(z,A,) =0} ={x € X : VneN, Ja, € 4, : lim d(z,a,) =0}

n—+oo n—+oo
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while the Kuratowski limit superior of A, as n — 400 is:

LsA, ={ze X : liminf d(z,An) =0} ={z € X : I{ni}tieny and an; € An, : lim d(z,an;) =0}

11— 400

In general LiA, C LsA, and if they are equal, the common set is called Kuratowski limit of A,,.
Note that both LiA, and LsA, are closed subsets of X. Moreover, we have the following compactness result.

Theorem A.2. Let (X,d) be a separable metric space and let {An}nen be a sequence of closed sets. There exists a
subsequence of {An}nen converging in the sense of Kuratowski.
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