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STABILIZATION OF LINEAR DISTRIBUTED SYSTEMS UNDER
SWITCHING CONTROL CONSTRAINT

LARBI BERRAHMOUNE"

Abstract. We consider a class of infinite-dimensional linear control systems with controls subject
to possible saturation. The aim is to study the stabilization under the additional switching control
constraint which means that only one actuator is active. The appropriate feedback turns out to be
multivalued and the existence of the solution to the resulting differential inclusion is established by
using nonlinear semigroup theory. The switching control property occurs whenever the set of instants
at which the trajectory intersects some specified subsets of the state space is of null measure. In the
multivalued feedback framework, asymptotic stability and asymptotic output stability are obtained
from LaSalle invariance principle. We establish also other stabilization results by constructing suitable
state dependent switched systems where only one control is activated in each subsystem. Applications
to the simultaneous stabilization under switching control constraint are treated for various partial
differential equations. The latter includes heat, plate and wave systems.
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1. PROBLEM FORMULATION AND PRELIMINARIES

1.1. Introduction

Control systems in real applications are usually endowed with several actuators. Applications from civil
engineering lead to pumps, valves and various control elements. It is often desirable to design switching control
strategies guaranteeing that, at each instant of time, only one control is activated. In order to treat the resulting
modeling process, we are led to consider discontinuous dynamical systems whose motions are not continuous
with respect to time.

Regarding this aspect, switching refers to a change of the actuator that is activated at each time instant.
Switching may also refer to the possibility of the state equation itself to change from one configuration to another
at some time instants. See [1, 2] for an introduction and the survey articles [3, 4]. We refer to such systems as
switched systems. Our main goal concerns the stabilization of a distributed system defined by a state equation
given a priori under the requirement that the feedback control satisfies the switching between the controllers.
We shall see later that we are led to consider the two meaning of switching mentioned above: switching for the
actuators and switching for the state equation configurations.
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Recall that stability under arbitrary switching can be related to differential inclusions and it is mainly
achieved by constructing common Lyapunov functions. Such a construction is often complicated and it can lead
to functions with set-valued derivatives. See, for instance, [5] and the references there in. Note also that while
the stability analysis of specific classes of such systems has far been concerned primarily with finite dimensional
dynamical systems determined by ordinary differential equations, more recently, infinite-dimensional dynamical
systems have also been treated [6-13].

In this article, we consider the linear distributed system

'(t) = Ay(t) + Bu(t),
{ ! y(OZ)J:yo, (1.1)

where the operator A generates a linear semigroup of contractions on the Hilbert space Y (state space), the
operator B is linear bounded from a Hilbert space U (control space) to Y. We suppose that the control space
U is a product of Hilbert spaces specified by U = U; x Uy x ... x Up,. Our objective concerns the asymptotic
stabilization with (possibly) constrained control function v = (uq,ug, ..., u,) whose components are subject to
switching strategies. In order to specify the framework of constrained stabilizability with switching control, we
suppose that the control operator has the form

B = (By,Bs,...B,), Bj € L(U;,Y), j=1,2,...,p, (1.2)
and for any j = 1,2, ..., p, B; will be referred to as a controller operator component. Then the state equation is

Y (1) = Ay(t) + ; Bju; (1),

y(0) = yo,

(1.3)

and our objective is to design feedback control strategies of the form u(t) = u(y(t)) guaranteeing that, at each
instant of time, only one actuator is active so that

l[ui(y(E)lly, llui(y(E)y, = 0 a.e on (0,00), (1.4)

for all i,j = 1,2,...,p, i # j, where ||||U] denotes the norm on Uj;. Also, we shall take into account the realistic
situation where each control component u; is subject to saturation constraint (possibly after re-scaling) such as

[l (), < 1. (1.5)

Thus, beside the possible saturation assumption, there is a supplementary constraint to the activity of the
control components w1, ..., u, in the sense expressed by (1.4). Subject to this additional constraint, we treat the
question of stabilizing the system (1.1) (or (1.3)) with an appropriate feedback. Any feedback accomplishing
this task will be referred to as switching control feedback. Note that while our initial object is contained in
the control switching level, searching an appropriate feedback will affect the state equation and consequently
the change in the latter is inevitable. It follows that we shall be concerned with switched systems governed
by continuous one-parameter nonlinear semigroups in Hilbert spaces. This problem has been treated recently
in the context of ordinary differential equations in [14]. To the best of our knowledge, this issue has not been
treated until now in the framework of infinite dimensional systems.

Remark 1.1. The open loop version of this issue can be formulated as null controllability problem in a
prescribed finite time T' > 0. A systematic way of building switching control based on variational methods has
been treated in [15, 16]. While in the first reference the controls are supposed unconstrained, the second one
treats also the case of saturated controls in the context of finite dimensional systems.
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In order to motivate our method based on multi-valued feedback approach, we exclude at the outset some
misleading attracting situations. Suppose that we have at our disposal convenient partition tg =0 < t; < ... <
t; < tiy1 < ... of the time interval (0, c0) such that on each part (¢;,¢;4+1) one may stabilize a system of the form

y'(t) = Ay(t) + Bju;(t), ti <t < tig, (1.6)

for some j € {1,2,...,p}. Thus, we are led to a situation where the state equation is switched. However, it must
be emphasized that the following facts should be taken into account. On the one hand, even if we are in presence
of stable sub-systems, it is well known that the stability of the overall system is not guaranteed in the sense
that it is still possible to construct a divergent trajectory from any initial state for such a switched system. On
the other hand, if one single controller operator B; suffices for stabilizing the system, condition (1.4) may be
trivially achieved whenever the other ones are subject to vanish. In order to avoid such a trivial situation, we
shall suppose that every subsystem (1.6) is not supposed to be stabilizable by one controller. This situation
occurs naturally for the simultaneous stabilization of finitely many systems by using a switching control strategy.
Indeed, let us consider, for j =1, ..., p, the systems

y;(t) = Ajy;(t) + Bju(t),

defined on the Hilbert spaces Y;, where the operator A; generates a semigroup of contractions on Yj. The
operator B; : U; — Y; is supposed linear bounded. Then the problem of stabilizing simultaneously all these

systems can be reduced to consider on the product space Y := Y7 x ¥2 x ... x Y}, a system similar to (1.3) with
A:D(A;) x Ay x ... x D(A,) = Y defined by

A (yl7 ~--7yp) = (Alyla veny Apyg) 5

and Bj : U; = Y defined by

Bl(ul) = (Blul,o,...,O) 5 eeey Bp(up) = (O,...,O,Bpup) .

In such a situation, it is clear that the system with only one controller, as in (1.6), can not be stabilized with
respect to the extended space Y. In other words, the system (1.3) should be stabilized “collectively”.

Throughout this paper, we shall use the following notations. On any Hilbert space H, the inner product and
its associated norm are denoted by (.,.); and ||.||; respectively. The adjoint of any linear bounded operator D
will be denoted by D*. In particular, for B* : Y — U; x Uy X ... x Up and y € Y, we shall need the following
expression

By = (ny,B%‘y, ...,B; ) . (1.7)

Given two Hilbert spaces H; and Hs, the space of linear bounded operators from H; to Hs is denoted by
L(Hy, Hz). The norm on this space is defined by

1Dl e, 11y 7= sup_ DYl , D € L(Hy, Hy).

lyll g, <1

As in [14], we shall develop a systematic method allowing one to get switching controls by using a multi-valued
feedback approach. The latter is based on nonsmooth convex analysis tools and nonlinear semigroup theory
generated by maximal monotone operators. Our method is inspired by the stabilization of infinite dimensional
systems with possible saturation constraint on the control. Indeed, in [17] it has been established that many
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types of stabilizing feedback can be recast as monotone feedback of the form

u(y(t)) = —¥'(By(t)), (1.8)

where the mapping ¥ : U — R is convex and Géateaux differentiable with gradient ¥’ satisfying ¥/(0) = 0. We
shall see that a solution to our switching control feedback problem can be obtained in a first step by adopting
a nonsmooth context in the sense that the equality in (1.8) is relaxed to the following inclusion

(ur(y(#)), ua(y(t)), - up(y(t))) € —=0(V) B y(), (1.9)

where 0¥ denotes the subgradient of an appropriate convex function W. We point out that the choice of such
a suitable function constitutes a main preliminary contribution of this paper. Moreover, this function will be
presented in an abstract setting which will enable us to cover the case where the control components may be
subject to distinct constraints. Hence, we can consider situations where two different controls u; and u; are not
necessarily subject to the same type of constraints. This fact will turn out to be useful in order to construct
switched single valued feedback systems such that the switching control constraint holds for each subsystem,
and the overall system is stable. Combining (1.1) and (1.9) leads to the following differential inclusion:

{ y'(t) = Ay(t) + BO(¥) B y(t) > 0, (1.10)

y(0) = yo.
Recall that the system (1.10) is said to be stable in the sense of Lyapunov if for every € > 0, there exists a 6 > 0
such that

lyolly <6 = [ly@)y < € forall £ > 0.

We shall be concerned with two types of asymptotic stability. The first one is the usual asymptotic stability. The
second one supposes that we have at our disposal observations which are available from the following output
equation

2(t) = (21(2), o 2 (1)) = B y(t). (1.11)

The precise definitions are as follows.

Definition 1.2. Assume that the system (1.10) is stable in the sense of Lyapunov. This system is said to be
asymptotically stable if every solution of (1.10) satisfies y(¢) — 0 as ¢ — oo. The system (1.10) is said to be
asymptotically output stable if every solution of (1.10) satisfies B*y(t) — 0 as t — oo.

Let us specify the main contributions of this paper.

e The second section is devoted to the introduction of the multivalued feedback setting leading to the
differential inclusion (1.10). We shall see that the switching behavior motivates naturally such a model.
The latter is treated in the framework of nonlinear semigroup of contractions as stated in Theorem 2.4.
The content of Proposition 2.2 is the main technical contribution in view to establish the existence and
the uniqueness of the solution. Moreover, we show that the switching control property in feedback form is
of local nature with respect to the time variable. As applications, we introduce various partial differential
equations (PDEs) for which the problem of simultaneous stabilization under switching control constraint
will be treated. Here the explicit form of the multi-valued feedbacks are given.

e In Section 3, asymptotic stability and asymptotic output stability results are established in the multi-
valued feedback setting resulting from the switching control constraint (1.4). The LaSalle invariance
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principle enables us to treat directly the stability in a differential inclusion context. Applications to the
PDEs introduced in Section 2 are treated.

e In Section 4, we exploit the flexibility provided by the multi-valued feedback setting and the fact that
the switching control property (1.4) is of local nature with respect to the time variable. The difficulty of
providing a single-valued feedback valid for switching control will be circumvented by using, in implicit
state feedback form, appropriate switched systems where only one control is activated on appropriate
state dependent time intervals. The construction of these systems, stated in Theorem 4.1, is performed by
defining explicitly an increasing sequence of transition times {t,},. Unlike the construction performed in
[14], here the construction is more general and is based on “collective” obervability condition which will
be crucial for the choice of the first activation instant. Moreover, in this paper, the notion of periodic-
like intermittent activation relative to each control component u;, introduced in [14], is dispensed with.
We shall obtain in Theorem 4.5, Theorem 4.6 and Theorem 4.7 various types of stability according to
the behavior of this sequence. By analogy, this behavior is treated in the light of the familiar switched
systems terminology developed in [1, 4] and specified by Zeno behavior, fast switching and slow switching
with dwell time. Considering again the PDEs introduced in Section 2, we give explicitly the single-valued
feedback corresponding to each sub-interval with the corresponding transition rule.

e In Section 5, we present open problems related to our work. We hope that these issues lead to interesting
developments in the future.

1.2. Preliminaries on nonsmooth analysis

Below we present some nonsmooth analysis notions which will be used in the sequel. Let H be a Hilbert space
and let f: H — RU {+o0} be a given extended-valued function. The effective domain of f, denoted domf, is
the set

domf ={xr e H : f(zr) < oco}.
The function f is called proper when domf # (). Let f be a proper function and let € domf. An element ¢

of H is called a subgradient of f at x (in the sense of convex analysis) if it satisfies the following subgradient
inequality:

fly) = f(x) > (§,y —a)y forally € H. (1.12)

The (possibly empty) set of all subgradients of f at x is denoted by 9f(x), and referred to as the subdifferential
of f at x. Note that if f is convex and z € domf is a point of continuity of f, then df(x) is nonempty and
weakly compact. See ([18], p. 62). Moreover, the directional derivative f’(z;h) defined by

oy g L@+ th) — f(x)

)

exists for every h € H, with values in [—o0,400]. When f is convex, the subgradient and the directional
derivative are related by

Of(x)={¢e€ H : f'(z;h) > ({,h)y,Vhe H}. (1.13)

See Proposition 4.3 in ([18], p. 61). We mention also that when f is bounded above on a neighborhood of z,
then for all h € H

f'(x;h) =max {({, h)y : €€ df(x)}. (1.14)
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This fact can be deduced from Proposition 2.1.2 in ([19], p. 27) and Proposition 2.2.7 in ([19], p. 36). A useful
application of either (1.13) or (1.14) yields the subgradient of the norm function Ny (v) := ||v||; on H at the
origin given by

ON#(0) = By, (1.15)

where By denotes the closed unit ball in H. Below, for any real » > 0 and j € {1, 2, ...,p}, B;(0,r) denotes the
closed ball in U; defined by

B;(0,1) = {us € U« lluglly, <7} (1.16)

In particular, the closed unit ball 5;(0,1) will be denoted B; and we shall use the fact that B;(0,r) = rB;. A
multivalued operator T': H — H is determined by its domain

D(T)={veH:Tv#0D},
and its graph
G(T)={(v,w) : weT(v)} C Hx H.
It is said to be monotone if
(v1 — V2, w1 — wa)y > 0 whenever wy € T'(v1), we € T'(v2). (1.17)

It is called a maximal monotone operator if, in addition, its graph is not properly contained in the graph of any
other monotone operator. Let Id denote the identity operator on H. It is known (e.g. ([20], p. 23)) that T is
maximal monotone if and only if, the single-valued resolvent operator (Id —T)~! is a contraction on H. The
minimal section defined by the element of minimum norm on T is denoted by T%v. T is said to be bounded
if, for any bounded subset H C H, the set éJHT(y) is bounded. A (generally nonlinear) semigroup on H is a
y

family of continuous maps S(t) : H — H, t > 0, satisfying (i) S(0) = identity, (ii) S(t + s) = S(¢)S(s), for all
t,s >0, (iii) S(t)v — v strongly as t \, 0 for all v € H. The semigroup is said to be of contractions if for all
t>0

1S()vo — SE)v1ll g < llvo — villy Yvo,v1 € H. (1.18)

Given a subset £ C H, conv(E) denotes the convex hull of the set E. For a subset W C H and A € R, we define
the set AW by

AW ={dw: weW}. (1.19)
Also, given C' and D subsets contained in H, we denote by C' 4+ D the set given by
C+D:={c+d:ceC,de Dj}. (1.20)

2. A MULTIVALUED FEEDBACK SETTING

In order to facilitate the presentation of the abstract setting, we introduce some feedbacks related to significant
types of constraint on each control component u;. We shall see that every constraint can be naturally derived
from an appropriate convex function.
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2.1. Abstract motivating examples and terminology

Since we are seeking appropriate feedback for any activated control component, we consider for each j €
{1,2,...,p} the state equation of the system (1.6). In principle, the main goal in stabilizing this system is to find
a feedback control

which yields y(t) — 0 as t — co. If we compute formally the time rate of change of the “energy” % ly(¢) ||rf,7 then
by using the fact that (Av,v), <0 for all v € D(A), we get formally

1d

525 W@ = (Ay0), 9(0)y + By (1), y(0))y

< (u (1), Biy(D)y, -
In order to obtain a nonincreasing energy, we are led to consider a feedback of the form

ui(y(t)) = —fi(Bjy(t), (2.1)

where f; : U; — U; satisfies (f; (uj),uj>Uj > 0 for all u; € U;. Having in mind a unified presentation which
encompasses in a convex framework the typical examples below, we shall derive f; from an auxiliary functional
F; : U; — R by setting formally

fi(uy) = Fj(uy). (2.2)

Moreover, this functional will be defined by

lwslly .
Fy(uy) = /  wj(r)ar, (2.3)

where w; : RT — R is an appropriate function characterizing the type of constraint on the component control
u;. Later, the functional F; and the function w; will be referred to as auxiliary feedback functional and auxiliary
feedback function respectively. Note that whenever u; # 0, we have

(s o)

fi(uj) = (OF

||uj ”Uj

Let us mention also other general saturating feedbacks based on locally Lipschitz functions f; satisfying f;(0) =
0. This approach has been developed in [21]. However, it seems that the Lipschitz framework is inappropriate
whenever the multivalued feedback is unavoidable as in (1.9) and in the bang-bang feedback given below.
Moreover, even in the single-valued feedback case, the convex approach turns out to be suitable in the case
where the control operator B; is unbounded (see [17] for details).

(i) Unconstrained control

In the unconstrained context, the most simple feedback can be reduced to the following canonical linear one

u;(y(t)) = —Bjy(t). (2.5)
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This amounts to consider as feedback function

fi(u;) = folu;) ==wu; for all j € {1,2,...,p}. (2.6)

The corresponding auxiliary functional would be the quadratic functional given by

Fy(u;) = Fy(uy) = 5 [lu |3, for all j € {1,2,....p}, (2.7)

.|
2
and the corresponding auxiliary function is defined by

wj(s) = wq(s) :==s forall j € {1,2,...,p}. (2.8)

(i) Saturated control
Following the analogous control systems literature on saturated control subject to (1.5) for ordinary differential
equations (see, for instance, [22]), a natural control law which comes at mind is given by:
B’fy(t) . *
_ ) 1, EIEYOl, 21
wlye) =4 Mol ©
~Bjy() it By, <1

(2.9)

for all j € {1,2,...,p}. Among other saturating feedbacks satisfying (1.5), let us mention the following simpler
one given by

Bry(t)

14 1850,

u;(y(t)) = (2.10)

More generally and following [23], let p : Rt — R be a continuous function with rp(r) nondecreasing and

p(r) >0 for all » > 0, (2.11)

1
p(r) < min(1, ;) for all » > 0. (2.12)
If we consider for any j = 1,2, ..., p the auxiliary feedback function
w;(s) = wp(s) = p(s)s, s >0, (2.13)
and the associated feedback function given by
folus) = p (sl ) s (2.14)

then it is easy to see that f, satisfies the control saturation (1.5). Furthermore, the feedbacks (2.9) and (2.10)
are contained in our setting since they correspond respectively to the auxiliary feedback functions

o (5) = pols)s, po(r) = min(1, 1), (2.15)

1
1+7

wy, (8) = p1(s)s, pr(r) = (2.16)
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The assumptions on p(.) above are readily satisfied by pg and p;. Note also that the corresponding feedback is
given by

us () = (1B, ) Bju(@), (2.17)

and the corresponding auxiliary function, denoted by F),, would read

sl
Fp(’u]‘) = -/0 Tp(T)dT, u; € Uj. (218)

Moreover, the unconstrained control feedback (2.5) can be interpreted as a degenerate case in which p = 1.
(#ii) Bang-bang control

Under the saturation constraint (1.5) and in the context of the feedback defined by (2.1), (2.2) and (2.3), the
appropriate auxiliary feedback function, denoted by wpy, can be defined by

wpp(s) =1 for all s >0, (2.19)
The resulting auxiliary function, denoted by Fyp, is defined by
Fyp(uj) = HujHUj for all j € {1,2,...,p}. (2.20)
It follows that the corresponding bang-bang feedback is the following multivalued feedback

Bly(t) .
) o if By(t) # 0,
u;(y(t)) = —Fy(Bjy(t) = — IBJ-Z;t)I.IfUJB* (t]) i

jl jy = U.

(2.21)

Remark 2.1. (i) Note that in the bang-bang case, the auxiliary feedback function wy, corresponds to the
degenerate case of w, where

sp(s) =1, Vs > 0.

(ii) In the case of scalar controls ui,...,u, with Bju; = u;b; and b; € Y, we obtain as feedback analogous to
(2.21)

—Lif (bj,y(t))y >0,
u;(y(t) = Lif (bj, y(t))y <0, (2.22)
[—1,1] if (bj,y(t)), = 0.

It follows that this bang-bang feedback gives another switching type between the extremal values of the control.
We note also that it has been obtained naturally in multivalued form.

2.2. Switching control feedback and differential inclusion

Let us introduce a convenient framework leading to the multivalued feedback system (1.10). For j = 1,2, ..., p,
let w; : RT — R be a given auxiliary feedback function and let e; denote the projection operator e; : U =
Uy x Uy x ... x Up — U such that e;(u1,us, ..., u;,..,up) = (0,...,0,u;,0,..,0). Considering the three types of
feedback components presented above, we note that our abstract model contains situations where the control
components u; may be subject independently to distinct types of constraints.
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Proposition 2.2. Suppose that the auziliary feedback functions w; are continuous, nondecreasing and satisfying
w;(s) >0 for all s > 0. Consider the mapping ¥ : U — R defined by

U(ug, ug, ..., up) = max (Fi(u1), Fo(ug), ..., Fp(up)) , (2.23)
where the associated auziliary functionals F; : U; — R are given by (2.3). Then the subgradient OV is well defined

and its explicit expression is given as follows. (i) For any u = (u1,us, ..., up) € U such that (uq,us, ..., up) #

(0,0,...,0), we have

wj (Il
HU(w) = conv v (sl )

ol ej(u) : jET(u)y, (2.24)
where
I(u) = {k € {1,2,..p} + U(uy,us, .., up) = F(ug)} - (2.25)
(ii) For u =0 we have
DT(0) = w1 (0)By x w(0)By x ... x wy(0)B,. (2.26)

Proof. Considering the functions F; as functions of the variables u1, ..., u,, the resulting functions, denoted by
F};, are defined by F; : U — R and

Fj(ul,...,up) = Fj(uj) (227)

Then ¥ can be reformulated by

U(uy, ..., up) = max (ﬁl(ul, U)oy Fo(un ...,up))) . (2.28)

On the other hand, since the functions w; are nondecreasing, it is easy to see that the auxiliary functions Fj
are convex. It follows that ¥ is also convex on U. Hence by adapting Proposition 2.3.12 in ([19], p. 47), we get

0¥ (u) = conv {aﬁj(u) tj € I(u)}
(i) For any u = (u1,ug,...,up) € U such that (u1,us,...,up) # (0,0,...,0), we have clearly
uj # 0 for all j € I(u),
and whenever j € I(u)
OF;(u) = ¢;(0, ..., 0, F}(u;),0, .., 0).

This yields easily (2.24) since

w; (Il

Uj) = ————"1U;.

) sl
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(i) For u = 0 we have
0¥ (0) = conv {aﬁj(o) cj=1,2, ...,p},

so that we are led to determine OF i(0) for each j fixed. To this end, we consider the decomposition f'j = KjoN;
where the function K : Rt — R is defined by K (s) = [ w;(r)dr and N; denotes the norm component function
on U given by Nj(uq,...,up) = ||uj||Uj. Then by applying the chain rule result in ([19], p. 42), it follows that

OF;(0) = conv {a;&; : oy € DK;(0), £ € ON;(0)}. (2.29)
We deduce from (1.15) that
ON;(0) = {0} x ... x Bj x ... x {0}.

Then (2.26) is a ready consequence of (2.29) and the fact that 0K;(0) = {w;(0)}. This completes the proof of
the proposition. O

Remark 2.3. In the case where (u1,us, ..., up) # (0,0, ...,0), we have

() veov@l=3 3 aslully, w (luly,) s 0<a; <1, Y ay=15.  (230)

JEI(w) Jel(u)
It follows that, whenever v € 0¥ (u), then
(v,u)y =0 = u=0. (2.31)

This result will turn out to be useful for the stability issue treated in Section 3.

Here we give a representation of the solution of the differential inclusion system (1.10) that is based upon
nonlinear semigroup theory.

Theorem 2.4. Suppose that the assumptions of Proposition 2.2 hold and consider the operator Ay := A —
BO(V)B*, where the functional ¥ is defined by (2.3) and (2.23). Then Ay generates a nonlinear semigroup
of contractions on'Y denoted by e!Av. Moreover, for any yo € Y, the feedback system (1.10) admits a unique
solution defined by

y(t) = etAv Y0- (2.32)

Proof. Consider the mapping ® = W o B*. Since ¥ is a lower semicontinuous proper convex function on Y,
then ® is also a lower semicontinuous proper convex function and its subgradient 0® is maximal monotone
as a graph on Y with D(0®) =Y. See, for instance, [24]. Furthermore, since A generates a linear semigroup
of contractions, the operator —A is also maximal monotone. It follows that —A + 0® admits as domain D(A)
and it is also maximal monotone [25]. On the other hand, by using ([18], p. 64), we obtain & = B(0¥)B* so
that the operator —A + B(0¥)B* is maximal monotone. As a consequence of the general theory developed in
[20], the feedback system (1.10) admits a unique solution y € C(0,00;Y") defined by the nonlinear semigroup
generated by Ayg. O
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2.3. Properties of solutions to the differential inclusions

Let us mention the usual properties of the solution of (1.10). See, for instance, Theorem 3.1 in ([20], p. 54).

Whenever yg € D(A), then y(t) € D(A) for any ¢ > 0. Furthermore, the right derivative, denoted by %(t), is
well defined for t > 0 and the following properties hold.

(i) Because the semigroup (e‘4"), is of contractions and e*4¥ (0) = 0, it follows that ||y(¢)||y < ||yo|ly forallt >0
and the system (1.10) is stable in the sense of Lyapunov. Moreover, the function ¢ — ||y(t)||, is nonnegative
nonincreasing so that the limits of ||y(t)||y as t — oo is a well defined non-negative number.

(ii) the function t +— e*4¥yq is Lipschitz continuous and almost everywhere differentiable on [0, co[ with

'(t) — Ay(t) + Bg(t) =0,
{ ggf) € a(wg)JB*y(t) g.e, t>0, (2.33)
+
%(t) + Ayy(t) = 0. (2.34)

(iii) The function ¢ — AYy(t) is right continuous everywhere and the function ¢ HA?I,y(t) HY is nonincreasing.

Remark 2.5. Let us give explicitly the multivalued feedback resulting from (1.10) such that

u(y(t)) = (wi(y(); -, up(y(t))) € —(8W) B y(t).

It follows from Proposition 2.2 that if B*y(t) # 0, or, equivalently, Bjy(t) # 0 for some j € {1,2,...,p}, then

w; (1B,

H(0) € ~eoms | T EEEE e (BTY0) 13 € 1B YD) ¢ (235)
where
I(B*y(t)) = {k € {Lp} + i (Biy(t) = max Fy (B;y(t))}. (2.36)
When Biy(t) = 0 for all j € {1,2,..., p}, then
u(y(t)) € wy (0)By x wy(0)By x ... x w,(0)B,. (2.37)

2.4. Switching control property in the multivalued feedback setting

Taking into account Remark 2.5, we are in a position to give sufficient conditions guaranteeing that the
solution of (1.10) satisfies the switching conditions (1.4). To this end, we introduce for i, € {1,2,...,p}, @ # J,
the state space subsets

Sy :={yeY : F,(Bjy) =F; (Bjy)}, (2.38)
and their corresponding time subsets

Tij (o) == {t € (0,00) : y(t) € Si;}, (2.39)

T(yo) = UTi;(%o)- (2.40)
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Then, by combining Proposition 2.2 and Remark 2.5, we get:

Corollary 2.6. Suppose that the assumptions of Proposition 2.2 hold. Then the abstract feedback system (1.10)
possesses the switching control property (1.4) provided that the set T (yo) is of null measure.

Proof. Suppose that T (yo) is of null measure, then for almost all ¢ > 0 we have t ¢ T (yo) so that I(B*y(t)) is
necessarily reduced to some singleton {j} satisfying

F; (Bjy(t)) > Fy, (Bfy(t)) for all k # j.

It follows that the corresponding feedback in (2.35) would read

w (1500]l,)

wly®) ={ " Ewel,,  Crv@ k=g (2.41)
0if k # 5.
Hence the switching control property (1.4) is fulfilled at time ¢ > 0 almost everywhere. O

The following result specifies the local nature of the switching control property (1.4) with respect to the
time variable. This fact will enable us to obtain in feedback form switched stabilizing systems satisfying this
property. The construction of such systems will be treated in Section 4.

Proposition 2.7. Suppose that the assumptions of Proposition 2.2 hold. Assume that for some instant t, > 0
the solution of the system (1.10) satisfies for some j € {1,2,...,p}

Fy (Bly(ta)) > Fi (Biy(ta)) for allk # j. (2.42)
Then there exists 7, > 0 such that
0<tqa—Ta <t <ta+7a = Fj (Bjy(t)) > Fp (Bgy(t)) for all k # j, (2.43)

s0 that u; is the sole activated feedback control on the time interval (to — T4, tq + Ta) in which the state equation
18 given by

w; (185w, )
18550l

y'(t) = Ay(t) — BiBiy(t), ta — Ta <t <ty +Ta- (2.44)

Proof. We note that for any k # j the function
O : t — Fj (Bjy(t)) — Fr (Biy(t))
satisfies 0k (t,) > 0 and it is continuous at t,. It follows that there exists n > 0 such that
0<ty—mp <t<ty,+mn = 0k(t)>0.

If we set 7, := Igl;n Mk, then we have
J

ta —Ta <t <ty+7q = Or(t) >0 forall k £ j.
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This implies (2.43) and from the expressions established in (2.35) and (2.36) we get

w (18550l,)
1Bv®l,,

ui(y(t) = — y(t).

This completes the proof of the proposition. O

2.5. Applications to partial differential equations (I)

Recall that the problem of simultaneous stabilization under switching control constraint has been already
mentioned in the introduction. In this subsection we shall consider this problem for various examples of dis-
tributed parameter systems governed by PDEs. Our objective will consist on giving explicitly, for each case, the
differential inclusion resulting from the multivalued feedback setting stated in Proposition 2.2 and Theorem 2.4.
In order to give a presentation based on a unified framework, we consider the general abstract state equation

y'(t) = Ay(t) + Brua(t) + Baus (1), (2.45)

and the related two abstract systems
Y1 (t) = Avyi (t) + Biua (1), (2.46)
Y5 (t) = Agy(t) + Bous(1). (2.47)

The equations (2.46) and (2.47) are assumed to be defined in the Hilbert spaces Y; and Yz where the operators
A; and A, generate semigroups of contractions on Y7, Y5 respectively. For i = 1,2, the operator B; : U; — Y; is
supposed linear bounded. Then the problem of stabilizing simultaneously the two systems amounts to consider
on the product space Y := Y7 x Y5 the system
y'(t) = Asy(t) + Brua(t) + Baua(t), (2.48)
with y(t) := (y1(¢),y2(¢)), As : D(A1) x D(A2) — Y defined by
As (y1,92) == (Aryr, Azyo) (2.49)

and B; : U; — Y defined by
Bl(ul) = (Blul,O) ; BQ(UQ) = (O,BQUQ) . (250)
In view to obtain readily for our next examples the appropriate multivalued feedbacks, we consider the general

setting defined by (2.46)—(2.50). Then, by adapting (2.35)—(2.37), the appropriate multi-valued feedback can be
expressed as follows.

>0 and Fy (HBi‘yl(t)HU ) =F (Héikyg(t)HU ), then

w1 <HB{y1(t)’ v ) 5
- - Bikyl(t)70 |0,
|Bim o]
U1

o If HB;‘yl(t)HUl + Hfﬁ’;yz(t)

Uz

(u1(t), ua(t)) € —conv
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), then

Uz

w1 (HBTM t ‘
U

o If (Hél*yl(t)HUl) > Fy (HB’é‘yz(t)‘

(u1(t), ua(t)) = 1> Biy:(1),0 | - (2.52)

HBlyl ‘ U,
o115 (B, ) > 7 (B, ) ehen
(ur(t), uz(t)) = | 0, — - (HBikW t)‘ U2> Byy(t) | - (2.53)
|Bact],
o If Bfy(t) = 0 and Biys(t) = 0, then
(u1(t),ua(t)) € w1(0)B1 x w2(0)Bs. (2.54)

In the evolution PDEs below, the usual derivative denotes the partial derivative with respect to the time
variable.
(i) Multi-valued feedback for a heat-heat system. We consider the problem of simultaneous stabilization of two
heat systems under switching control. Let @ ¢ RN and @ ¢ RY be two open bounded domains with sufficiently
smooth boundaries denoted by 0O and 20 respectively. We denote by % the exterior normal derivative on
each boundary. Letting w; C O and wy C O denote non-empty open subsets, we shall regard L?(w;) and L?(ws)
as subspaces of L?(0) and LQ(@) respectively and we denote by x,,, and x., their respective characteristic
functions. Then we introduce the following heat systems

0" = A0 + uy(t)Xxw, on (0,00) x O,
9% =0 on (0,00) x ', (2.55)
0(0,x) = p(x) on O,

0 = Aé—l—ug( £)Xaw, on (0,00) x O,
8— =0on (0,00) x I'g, (2.56)
0(0,z) = y(z) on O.

These systems have the forms (2.46) and (2.47) with Y7 := L?(0), Y5 := L2(~O) as state spaces and U1 L?(wy),
Uy := L?(wy) as control ones. Moreover, the appropriate control operators By : L?(w1) — L?(0), By : L?(wy) —
L?(0) are

given by
Bju; = Xuw; Wi for i =1,2,

and the generators A; and A, are defined by

A0 = AG, D(A)) = {9 € L*(0)| A6 € L*(0), % =0on ao} , (2.57)
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Q’)‘QJ
i

14

Asf = AG, D(Ay) = {é € L?(0)|Ad € L*(O), — =0 on a@} : (2.58)

Then, considering as state y(t) := (0(t),0(t)), we get from (2.51)-(2.54) the following expressions for the

feedback.

o I 00l oy + XD, >0 a0d B (I 00 )) = P (waﬂt)\

) , then
L2(w2)

(u1(t), uz(t))

w1 (”lee(t)”L?(wl)) w2 (waze(t)’ L2(W2)) ~
€ —conv EIOT X 0(8),0 ], 0, . WIOIRS (2.59)
w1 L2(w1) HXUJZH(t)‘ L)
o 1P (X 00| o(e)) > Fo (Hszé(t)HLQ(M)), then
iy - [ (et Olizen) .0 .
U , U = |- Xwy , . .
R X OO 2
o« It F (waé(t)‘ L%z)) > F (||le9(t)||L2(wl)), then
w2 <HXw2 N(t)’ L2(w2)> 5
(u(8), u2()) = | 0, H é(t)‘ Xewa0(t) | - (2.61)
Xwa L2(w2)
o If x,,0(t) = 0 and x,,60(t) = 0, then
(ul(t),u2(t)) € w1y (O)Bwl X wQ(O)sz, (2.62)

where B, and B,,, are the unit closed balls in L?(w;) and L?(w2) respectively.

(ii) Multi-valued feedback for a heat-plate system. Here and later, we shall use similar notations as the ones
introduced above. We consider an open bounded domain Q C R? with sufficiently smooth boundary 9. Let
@ C Q denote a non-empty open subset. Then beside the heat equation (2.55), we consider the plate equation

0" = —A2%9 + ua(t)xs on (0,00) x €,
o =92 =0on (0,00) x 09, (2.63)
5(0,z) = To(x), 22(0,2) = 91 (z) on Q.

These systems have the forms (2.46) and (2.47) with Y; := L2(0), Y5 := H2(Q)) x L?(Q) as state spaces and
Uy := L?(w1), Us := L*(@) as control ones. Moreover, the appropriate control operator By : L?(@) — Y is given
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BQUQ = (O,X@Ug),
and the generators A; and As are defined by (2.57) and

D(As) = {(wo,21) € HJ(Q) x L*(Q) : 1 € HF(Q), A%z € L*(Q)},

AQ(an xl) = (xlv _Azxo)»

respectively. Then, considering as state y(t) := (8(¢), (0(¢), 7' (t))), we get from (2.35)-(2.37) above the following
expressions for the feedback.

o If ||XW19(t>||L2(u}1) + ||X&ﬁ/(t)(t)||L2(&) > 0 and Fl (||Xw19(t)||L2(wl)) = F2 (”X@ﬁ/(t)HLQ((D)>’ then

(ua(t), ua(t))

w, <||leo(t)||L2(wl)) ws (leoaﬁ’(t)HLz@)

€ —conv X, 0(),0 |, 10, — xa0'(t) ] - (2.64)
TG I Dl
o 1 B (100 2ar)) > B2 (%08 () 12 ) then
P L (I 00 ) o0 -
u , U = le s . .
e X O 2 )
o 16 B (Ina® Ol o)) > Fi (I 0o, ) - then
(wa ). ua(6)) . wa (HX@f)’(t)Hm(@)) 50 (2.66)
U , U = ,— ~ Xa&U . .
e Izt ()] 2o
o If x,,0(t) = xa,?'(t) =0, then
(u1(t), uz(t)) € wi(0)B,,, X wa(0)Bg, (2.67)

where B, and B are the unit closed balls in L?(w;) and L?(@) respectively.
(iii) Multi-valued feedback for a heat-wave system. Beside the heat equation (2.55), we consider the wave equation
v = Av + usxe on (0,00) x €,

v=0on (0,00) x 99, ) (2.68)
v(0,2) = vo(z), %(va) = v1(z) on &,

where 0 ¢ R is an open bounded domain with sufficiently smooth boundary 9, and w C Q denotes a non-
empty open subset. These systems have the forms (2.46) and (2.47) with Y7 := L?(0), Ya := H§(Q) x L?(Q)
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as state spaces and Uy := L?(wy), Uy := L?(w) as control ones. Moreover, the appropriate control operator
By : L*(w) — HE(Q) x L*(Q) is given by

Byup = (0, xwuz),
and the generators A; and Ay are defined by (2.57) and

D(Az) = { (w0, 21) € HY(@) x LA(Q) : 21 € HY(Q), Awg € LX)},

A(.’L‘Q, 1‘1) = (Il, AJ}Q),

respectively. Then, considering as state y(t) := (0(t), (v(t),v'(t))) we get from (2.35)—(2.37) above the following
expressions for the feedback.

O 16 s 00) 2 + Xt (Dl 2y > 0 a0d Fr (Ixer 08 2oy ) = P (I’ (8)l 3¢, then

(ur(2), ua(t))

w, (||leo(t)||L2(m)) ws (lewv’(ﬂHLz(w))

€ —conv X, 0(),0 |, 10, X' (t) . (2.69)
X O 2 (o) X" ()l L2 ()
o 16y (Ixn 80 2on)) > Fo (It ()l 2oy ). then
PR (et ®lizen) .0 070
U , W = |~ Xw1 ; . .
' ? HX(—U19(t)HL?(w1)
o 16 B (It Ol 2)) > Fr (100 )- then
SR P GEUUITEE) R (2.11)
1 s U2 - y w . .
||Xw11’(t)||L2(w)
o If x,v'(t) = 0 and x.,0(t) = 0, then
(U1 (t),UQ(t)) € wq (O)Bwl X wQ(O)Bw, (2.72)

where B, and B,, are the unit closed balls in L?(w;) and L?(w) respectively.

3. STABILITY IN THE MULTIVALUED FEEDBACK SETTING

3.1. General stability results

We recall some basic ideas on nonlinear semigroups and LaSalle invariance principle for evolution equations.
Let S(t) be a (generally nonlinear) semigroup on Y. For any = € Y, the positive orbit through x is defined



STABILIZATION OF LINEAR DISTRIBUTED SYSTEMS UNDER SWITCHING CONTROL CONSTRAINT 19

by OF(x) = {S(t)z : t > 0}. The w-limit set of z, denoted by w(z), is the (possibly empty) set given by those
© € Y such that there exists a sequence t,, — 0o as n — oo for which S(t,)z — ¢ in Y as n — co. The following
lemmas will enable us to obtain preliminary properties of the w-limit set w(yo) resulting from the semigroup
et4v introduced in Theorem 2.4.

Lemma 3.1. Suppose that the resolvent (Id — A)~' is compact and consider the operator Ay = A — BO(¥)B*
where U is defined by (2.3) and (2.23). Then the single-valued resolvent operator (Id — Ag)~" is also compact.

Proof. Note that the compactness of the resolvent (Id — Ag)~! amounts to the fact that any subset K C D(A)
is relatively compact whenever (Id — Ag)(K) is bounded. More precisely, if the set

(Id—Ay)(K) = U {(y—¢):£€Ud—Au)(y)} (3.1)

is bounded, then necessarily K is relatively compact. Under the assumption that the resolvent (Id — A)~! is
compact, it is sufficient to establish

(Id — Ay)(K) bounded = (Id— A)(K) bounded .
Without loss of generality, we assume that 0 € K and, for some Ry > 0, we have for any y € K
ly — Ay + Blly < Rk for all B € B(0(V)B™y). (3.2)
Moreover, from y € (Id — Ag)~t(Id — Ag)(y) it follows that y = (Id — Ag)~t¢ for some & € y — Ay +
B(0(V)B*y). In the same way, 0 = (Id — Ay)~1& for some & € BO¥(0). Since (Id — Ag)~ " is a contraction,

we get

ly = Olly = llylly <1I€—Solly

< [l€lly + lgolly < 2Rk
Hence, the set K is necessarily bounded. On the other hand, the inequality (3.2) yields:
ly — Aylly <sup{l[Blly : B € B(O(Y)B"y)} + Rk- (3.3)

Since the linear operators B and B* are bounded, the proof is reduced to the fact that the subgradient 0V,
introduced in Proposition 2.2, is bounded. To this end, let » > 0 and consider the set

T, = {u = (s ety) €U Jluglly, <7, w}.

Consider v € 0¥ (u) with u # 0. Then, since w; is nondecreasing we get from (2.24) and (2.25):

folly < max w, (1)

As for the case v € 9U(0), we obtain from (2.26):

vl £ +/p max w;(0) for all v € 0¥(0).
1<j<p

Thus, the set ¥(T',.) is bounded. This completes the proof of the lemma. O
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Lemma 3.2. Suppose that the resolvent (Id — A)~! is compact and the evolution equation (1.10) holds under

the assumptions given in Proposition 2.2 and Theorem 2.4. Then the w-limit set w(yo), with respect to the system
(1.10), is nonempty. Moreover, we have B*¢py = 0 for any vo € w(yo).

Proof. Following [26], the orbit O™ (yg) is relatively compact, and the set w(yg) is nonempty and compact
provided that the continuous single-valued resolvent operator (Id — Ag)~! is compact. From Lemma 3.1 it
follows that the compactness property of the resolvent (Id— A)~! implies that w(yg) is nonempty. Let o € w(yo)
and let us introduce the function ¢(t) = e*4¥ py. Then we have

le®1y = lleolly < *2/0 (9(s), B*¢p(s)) dr, (3-4)

where g(s) € 9(V)B*p(s). Indeed, suppose at the outset that g € D(A). Then

< (eI = 200,00y

= (Ap(t) = By(t), ¢(t))y -
The contraction property of the semigroup generated by A yields
d 2 *
= (@) < = (90). B o)y

and (3.4) follows by integration. The case ¢y € Y can be deduced from a density argument. Furthermore,
because 0 € 9¥(0), g(t) € (OV)B*p(t), and OV is monotone, we have

(g(t) =0, B%p(t) = 0)y = {9(t), B* (1)), = 0.
Combining the fact that w(yo) is invariant and the property (i) in Section 2.3, we get for all ¢ > 0

le@lly = llvolly (3.5)

so that (3.4) gives

[ B0 s =
and
(g(t),B*p(t)); =0 for all t > 0. (3.6)
Thus, taking into account Remark 2.3, we get
B*p(t) =0 for all t > 0. (3.7)

This completes the proof of the lemma. O

Then we obtain the following asymptotic output stabilization result.
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Theorem 3.3. Suppose that the assumptions of Lemma 3.2 hold. Then for any initial state yo € Y, the system
(1.10) is asymptotically output stable.

Proof. Let L := lim sup ||2(t)||;;, where z(t) is defined by (1.11). We shall see that L = 0. By using the
t—o00

contraction property in (i) Section 2.3 we get for any j =1, ..., p,

||B;y(t)HUj < HB;HL(Y,UJ-) lyolly » Vt >0,
so that

vt > 0.

||Z(t)HU < mjax ||B;||£(Y,Uj) HyO”Y s

Hence the set {z(t)},~, is bounded in U and 0 < L < oo. Moreover, there exists a sequence ¢,, — 00 as n — 0o
for which [|z(¢,)[|;; = L. On the other hand, from Lemma 3.2 we deduce that the compactness property of
the resolvent (Id — A)~! implies that the corresponding sequence of states y(t,) is contained in some compact
subset in Y. Thus there exists a subsequence, still denoted by y(t,), such that y(t,) — ¢o in Y as n — oo for
some g € w(yo). Then 2(t,) = B*y(t,) — B*pp. From Lemma 3.2 we deduce that z(¢,) — 0 so that L = 0.
This completes the proof of the theorem. O

Under some particular types of constraints on the controls, we can obtain a more precise description of w(yo)

leading to an asymptotic stability result . To this end, we introduce the following sets defined by

Y, :={zeY : ||etA:c||Y = ||z|ly for allt >0}, (3.8)

M={yeY :Bep=0forallt>0}. (3.9)

In (3.8), the subscript “u” refers to the unitary property with respect to the semigroup (e*4);>o. Then we have:

Theorem 3.4. Suppose that the assumptions of Lemma 3.2 hold. Assume also that
w;(0) =0 forall j € {1,2,...,p}. (3.10)

Then for any initial state yo € Y, we have w(yg) C M NY,.

— etA\p

Proof. Let o € w(yp) and consider again the function ¢(t) 0. The property (3.7) established above

combined with (3.10) implies by virtue of (2.37)
(09)B*p(t) = {0} for all t > 0.

It follows that ety = e*4py. Thus the properties (3.7) and (3.5) yield w(yo) C M and w(yo) C Y, respectively.
This completes the proof of the theorem. O

Corollary 3.5. Suppose that (3.10) and the assumptions of Lemma 3.2 hold. Then for any initial state yo € Y,
the solution of (1.10) satisfies y(t) — 0 as t — oo if and only if M NY, = {0}.

Proof. Suppose that there exists a nonzero yo € M NY,. Then the hypothesis (3.10) implies that y(t) = ety
is a solution of (1.10) with

ly®)3 = llwoll3 > 0 for all £ > 0. (3.11)

The converse part is a ready consequence of Theorem 3.4. O
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3.2. Application to the abstract motivating examples

(i) Unconstrained control
Considering the auxiliary functions in (2.7), the appropriate convex functional, denoted by ¥, is given by

1 2 2 2
U, (ug,ug, ...y Up) = 5 max (||u1HU1 Mzl s H“P”Up) ) (3.12)

The associated multivalued feedback is

'(t) — Ay(t) + B(OV,)B*y(t) > 0,
{y y(0) = yo, (3:13)

Since f4(0) =0, it follows from Corollary 3.1 that the feedback system (3.13) is asymptotically stable if and
only if M NY, = {0}.

(i) Saturated control

Considering the auxiliary functional in (2.18), the appropriate functional, denoted by ¥, is given by

U, (ur, ug, ..., up) = max (F,(u1), Fp(u2), ..., Fp(up)) . (3.14)

The associated multivalued feedback is

{y’(t)— ()J(r)( p)B y(t) 30, (3.15)

Since f,(0) = 0, it follows from Corollary 3.1 that the feedback system (3.15) is asymptotically stable if and
only if M NY, = {0}.

(iii) Bang-bang control

Considering the auxiliary functional in (2.20), the appropriate functional, denoted by Wy, is given by

Wy (us, ..., up) = max (Hu1||U1 ||up|\Up) . (3.16)
The associated multivalued feedback is

{ y'(t) - ()J(rf)g(a‘l’bb)B y(t) 30, (3.17)

From (2.19) it follows that (3.10) is not verified. However, we can apply Theorem 3.3 to the solution of (3.17).
Hence for bang-bang feedback control, we have asymptotic output stabilization.

3.3. Applications to partial differential equations (II)

Let us make more precise the notations in the context of the simultaneous stabilization of the systems (2.46)
and (2.47). We are led to consider Y, := Y* x Y3*, M := M; x My where

Y= {m €y : HetijHYj = |lzly, forallt=> O}7 (3.18)

= {d}GYj : B;emjz/):()for alltZO}. (3.19)



STABILIZATION OF LINEAR DISTRIBUTED SYSTEMS UNDER SWITCHING CONTROL CONSTRAINT 23
(i) Switching stabilization of the heat-heat system. Here we consider the feedback system specified by the dif-
ferential inclusion resulting from (2.55), (2.56), and (2.59)-(2.62). By virtue of the properties of the Laplacian

operator established in ([27], Chapter VII, p. 96), the resolvent of the operators specified by (2.57) and (2.58)
is compact and we have

Vi = {cxo : c€ R} = {9 € L*(0) : e'ep = ¢ for all t > 0}, (3.20)

Y ={cxp : cER} = {1/) € L3(O) : et2y) = 4p for all t > 0} . (3.21)
Moreover, from the facts that

M, = {¢ € L*(0) : Xe € 411p = 0 for all t > 0}, (3.22)

M,y = {1/) € L*(O) : xu,et2p =0 for all t > O} , (3.23)

it follows clearly that Y, " M = {(0,0)}. Hence, whenever w; (0) = w2 (0) = 0, we deduce from Corollary 3.5 that
the feedback system is asymptotically stable. Otherwise, as in the bang-bang control case where w; = ws = 1,

— 0 as t — oo. Note also

this system is asymptotically output stable so that [|0(¢)]|;2(,,) — 0 and Hé(t)’

L2(w2)

that, in this case, the system is obviously asymptotically stable provided that w; = © and wy = O.

(ii) Switching stabilization of the heat-plate system. Let us consider the feedback system defined by the differ-
ential inclusion given by (2.55), (2.63), and (2.64)—(2.67). We refer to ([28], Chapter 2) for the main results
concerned with Petrowsky systems. Beside the set Y}* already defined in (3.20), the standard energy conserva-
tion property of the plate equation implies that Y3 = HZ(2) x L?(Q). Moreover, Rellich theorem implies that
the corresponding operator As has compact resolvent. While the set M; is given by (3.22), the set My is given
by the initial conditions (g, p1) € HZ(Q) x L?(Q) satisfying

¢" + A% =0on (0,00) x Q, »(0) =g, ¢'(0) = 1, (3.24)

and ¢'(t) = 0 on (0, 00) X @. Hence the fact that M>NY3* = {(0,0)} is reduced to a unique continuation property
which is a ready consequence of the Holmgren’s theorem under the sole condition that @ is a nonempty open
subset of Q. We refer to ([29], Chapter I), for a discussion of this problem. Hence, whenever w; (0) = w2(0) = 0,
we deduce from Corollary 3.5 that the feedback system is asymptotically stable. Otherwise, as in the bang-
bang control case where wy = wa = 1, this system is asymptotically output stable so that [|0(¢)]| 2, — 0 and
10" ()l 25y — 0 as t — oo,

(iii) Switching stabilization of the heat-wave system. Let us consider the feedback system specified by the dif-
ferential inclusion resulting from (2.55), (2.68), and (2.69)—(2.72). The set Y;* has been defined in (3.20) and,
from standard energy conservation property of the wave equation, we get Y2 = H}(€) x L?(Q). While the set
M, is given by (3.22), the set My can be viewed as the initial conditions (o, 1) € H(Q) x L?(Q) satisfying

" — Ap =0on (0,00) x Q, p(0) = o, ¢'(0) = ¢1, (3.25)

and ¢'(t) = 0 on (0,00) X w. Hence My = {(0,0)} amounts to a unique continuation property. By using again
Holmgren’s uniqueness theorem it can be easily seen that this property holds. It follows from Corollary 3.5
that whenever w(0) = w2(0) = 0, the feedback system is asymptotically stable. Otherwise, as in the bang-bang
control case where wy = wy = 1, this system is asymptotically output stable so that [|0()]|,z,,, — 0 and

Hvl(t)”Lz(w) — O as t — oo.
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4. STABILIZATION BY SWITCHED SYSTEMS FEEDBACK

4.1. Construction of switched multivalued feedback systems

In this subsection we introduce a family of multi-valued feedback systems defined by the index set
P:={1,2,...p}, (4.1)

and a fixed parameter 0 < o < 1 as follows. Let w : R — R be a continuous nondecreasing function satisfying
w(s) > 0 for all s > 0. Let j € P be fixed, we consider for k € P the auxiliary constraint functionals Gy, : U, — R
defined by

Gl (ur,) = w(r)dr itk =, (4.2)
k ollurlly, . .
o w(r)dr if k # j.
We note that for k£ # j and u; # 0, we have
luslly, = lurlly, = G)(u;) > Gi(ur). (4.3)
Then the appropriate functional, analogous to ¥ in (2.23), and denoted by F;, is such that
(e uy) = max (G (wn), o, G () ) (4.4)

For 1 < j < p, we shall consider the switched system whose j-th constituent subsystem is the multi-valued
feedback system given by

y'(t) — Ay(t) + BO(F;)B*y(t) 2 0. (4.5)

We shall exploit Proposition 2.7 in order to introduce successive time intervals (¢, ¢,+1) such that only one
control is activated at each instant ¢ € (¢,,t,+1) and the corresponding state equation has the form in (2.44)
for some j € {1,...,p}. This issue will be detailed in the next subsection. By this alternative method, we shall
see that it is possible to carry out a controller selection procedure with the help of logic-based switching among
a family of control laws. In other words, a switched systems strategy will be used as an additional feedback
control and it will enable us to obtain switching controls.

4.2. Construction of switched single valued feedback systems

Let us recall some familiar terminology related to switching systems as presented, for instance, in [1]. The logi-
cal rule that orchestrates switching between the resulting single-valued feedback subsystems generates switching
signals, which will be described as classes of piecewise constant maps o : RT™ — P. The index j = o(¢) is called
the active mode at the time instant t. Here, the active mode at ¢ will depend not only on the time instant ¢,
but also on the current state y(t). Accordingly, our switching logic can be classified as state-dependent. The
following theorem gives an explicit construction of our switched single-valued feedback subsystems.

Theorem 4.1. Consider the index set defined by (4.1) and the family of multi-valued feedback systems (4.5)
where the functionals F; are given by (4.2) and (4.4). Suppose that, for some Ty > 0, the observability condition

(B*e'Yy=0,0<t<Ty) = y=0 (4.6)
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Uo(t)) B

Us(t)

holds. Then there exists a switched system

(HBw ()]

| Brwt)]

Ns 1y (t) = Ay(t) - o) Boy(t); (4.7)

whose subsystems are single-valued feedback systems where only one control is activated in feedback form. These
subsystems are given by

, (I3;vll,,)
s, 1y (t) = Ay(t) — WBijy(t) (4.8)
J Uj

for j € P and they are defined by (possibly finite) sequence of transition times {t,}, with to > 0. The switching
signal o : RT — P is constant between any successive switching times. The resulting modes given by

o(t) = jm for all t,, <t <tmii,
obey the following logic defined for t,, <t < tg,4+1 by
=jm < 1B y®],, > @llBiy@lly, for all k # jm, (4.9)
and
jmsr = min {5 € P |1B), yltmin)l|y, = ol Biyltmin)],, }- (4.10)

Proof. We note at the outset that the observability property implies that for each non null initial state yq, we
have necessarily B*eto4yy £ 0 for some 0 < to < Tp. In order to include the possibility B*yo # 0, we suppose
that the first transition time tq satisfies to > 0 and we proceed in two steps:

Step 1. Construction of the transition times 0 <ty < t; < ty. Since B*e?4yy # 0, it follows that

max || Bie'yo|;, > 0.
Letting
jo := min {j €P : ||Bjeyp||,, = max HBZetoAyOHUk}, (4.11)
we have
| B, yoHU > a||BieAyol|,, for all k # jo. (4.12)

Then by exploiting (4.3) we get

G (By e'*yo) > G1° (Bre'*yo) for all k # jo. (4.13)
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Let us consider, for ¢ > t(, the solution of the multi-valued feedback system
y'(t) — Ay(t) + B(0F;,)B*y(t) 2 0, (4.14)
such that y(ty) = e’*4yy. We note that, for any k # jo, the mapping
st Gl (Biy(t) — G (Biy(t)
satisfies v (tp) > 0. Moreover, it is right continuous at to so that there exists §; > 0 such that
to <t <dp = y(t) >0. (4.15)

By proceeding as in the proof of Proposition 2.7, we set 7y := gﬁin 0. Then we have
Jo

to <t <719 = Y(t) > 0 for all k # jo. (4.16)

From the analogous of the expressions established in (2.41) we get

w(|By®lly, )
o 0(0) = =g g P (4.17)

so that u;, is the sole activated feedback control on the time interval [to, 7o) in which the state equation is given
by

w (|80, )
15,601,

y/(t) = Ay(t) - B, BLy(t), to <t < To. (4.18)

Jo

Let 7o denote the set of instants 7y > to satisfying (4.16). Note that sup 7o = oo means that we can activate
only the control u;,. Otherwise, we suppose that sup 7y < oo and we set ¢; = sup 7p. It follows that for some
jepP

Byl =all By, = alBiy)lly, for all k# jo

Let
jr=min {j P By, =a|Bjyt)], }- (4.19)
Then
* 1 * *
Bl = > 1By, > 18],
so that

185, u(t)lly,, > ellBiu(t)lly, forall k # ju,
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and consequently we obtain as above
G (B y(t1)) > G (Biy(ty)) for all k # ji. (4.20)
Then we consider for ¢t > t; the multi-valued feedback system
y'(t) — Ay(t) + BO(Fj,) B y(t) 2 0, t > t;. (4.21)

By proceeding as above, there exists 71 > 0 such that the solution of (4.21) satisfies

h<t<ti+n = HB;’-‘ly(t)HUj1 > a|Bry(t)lly, forall k # ji, (4.22)

so that u;, is the sole activated feedback control on the time interval [¢1,%1 4+ 71) in which the state equation is
given by

w(|1Bsu)ll,, )
1B,

y'(t) = Ay(t) — Bj, B y(t), t1 <t <ty + 7. (4.23)

Hence, we have obtained in feedback form the switching controls u;, and u;,. Moreover, the switching instant
ty is defined by the rule t; = sup 7. In the same way, we can define the next possible switching instant to. Let
71 denote the set of instants 71 > 0 satisfying (4.22). Note that sup 71 = oo means that we can activate only
the switching controls u;, (given by (4.17)) and u;, defined by

v (I18.01,,)
B, 2

Ujy (y t

with t; as unique switching instant between the systems (4.18) and (4.23). Otherwise, we suppose that sup 71 <
oo and we set to = t1 +sup 7.

Step 2. Construction of the transition times {t,},~,. More generally, suppose that we have at hand switching
instants tg < t; < t2 < ... < t,, corresponding to respective modes jo, j1, j2, ..., jn—1 i P. In accordance with
the system (4.5) and the switched systems (4.7), for m = 0,...,n — 1, we are led to consider on each interval
(tm,tm+1) a feedback system defined by

y'(t) — Ay(t) + B(OF;,, ) B*y(t) 20, ty, <t < ty1. (4.25)
The switching times and the corresponding modes are related by the following rules

b <t <tmp1 = HB;-‘my(t)HUjm > a||Bry(®)lly, for all k # ji, (4.26)

jmsr i=min {5 € P o ||By yltmi)l,, = |[Bjyltmin)]l,, }- (4.27)
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Moreover, for m = 0,...,n — 1, the multivalued feedback subsystem (4.25) admits the following single-valued
feedback version

w30, )

||B_;kmy(t) || UJm

y'(t) = Ay(t)

B;,, B}, y(t), tm <t <tmi1. (4.28)

In particular, the last switching instant ¢,, and the corresponding feedback control u,_; defined on t,,_1 <t < t,,
are characterized by

tir St<ty = ||Bj_y@)] > alBiy®lly, forall k£ ju, (4.29)
(|35, w0, )

uj, (y(t) = — - S=B) (), tee1 St <, (4.30)

|2 w00

Uj,_1
and

|B; v, =alBu@ll, . (4.31)

In—1

for some j € P. This enables us to introduce the next mode j, by

Jn = min {j epP: HB;H_ly(tn) .

T HB?y(tn)HUj}, (4.32)
In—1
with

185, u(tw)lly, > ol Biy(ta)lly, for all k# j.

Thus we are led to consider the appropriate functionals Gi” which satisfies

GI (B}, y(tn)) > GI (Biiy(ta)) for all k # j. (4.33)

In

In order to define the (possible) next transition time, we introduce for ¢ > ¢,, the multi-valued feedback system
y'(t) — Ay(t) + BO(F;,)B*y(t) 30, t > t,. (4.34)
By using again a simple right continuity argument at ¢,,, there exists 7, > 0 such that

t, <t<t,+1, = ||B]*ny(t)||U > a|Bry(t)lly, forall k # jy, (4.35)

and u;, is the sole activated feedback control on the time interval [t,,t, + 7,) in which the state equation (4.34)
becomes

w (|85, )

y/(t) = Ay(t) — HB;H?J(t)Han

B;,Bj y(t), tn <t <ty + Tn. (4.36)
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In the same way, we can define the next possible switching instant ¢,,+1. Let 7, denote the set of instants 7,, > 0
satisfying (4.35). Note that sup 7,, = oo means that we can activate only the switching control w;, for t > ¢,
with ¢,, as the last switching instant. Otherwise, we get sup 7,, < oo and we set t,,+1 = t,, +sup 7,. The resulting
switching controls u;,, uj,,..., u;, given in state feedback form are such that

w, (18,00, )

i (y(t) = — 1859,

Bj*zy(t)7 t; <t <t for ¢ = 0, 1, ey N (437)

Moreover, the corresponding sequence of the transition times (¢, ), satisfies one of the following possibilities:

e t5 = oo for some integer 7 so that we can activate only the switching control u;_ for ¢t > tz with ¢z as the
last switching instant.
e (t,)n is an increasing sequence of positive numbers.

This completes the proof of the theorem. O

Remark 4.2. (i) It should be emphasized that the sequence of the switching times {¢,}, depends implicitly
on the initial state yo. Let to := sup {¢,}. We note that the switched systems make sense only on the time
n

interval (¢, ts0). In the sequel, subject to the logic rules (4.9) and (4.10), these subsystems will be referred to
as the overall switched system (4.7).

(ii) In the light of the notations used in Theorem 2.4, the solution of the overall switched system (4.7) can be
expressed by using the solutions of the sub-systems in (4.5). Indeed, we have readily

y(t) = AT (1) for all b, <t <ty (4.38)

(iii) According to the first step in the construction of the sequence {t,},, some attention has to be addressed
to the first instant of activation ty. The latter would satisfy 0 < tg < T so that difficulties may arise whenever
Tp is not identified precisely. Note that this problem can be avoided when the observability condition (4.6) is
verified for arbitrarily short time Tj.

The following lemma gives some collected technical ingredients which will be useful for the stability issue
treated in the next subsection.

Lemma 4.3. Let yo € D(A), suppose that the observability condition (4.6) holds and consider the associated
sequence {t,}, constructed in Theorem 4.1. Then the solution of the overall switched system (4.7) satisfies the
following properties.

(i) For some positive constant Cy depending on the initial state yo, we have for any to <t < too

(ii) The limit of [|y(t)|ly, as t = too, is a well defined non negative number.

dty

| <co. (4.39)

Proof. (i) Letting

Ar

In

= A — B(@fjn)B*,

we have Clearly D(Ar, ) = D(A) and yo € D(Ag,, ) for all n. Exploiting the properties stated in Section 2.3,
it follows that the solution of the switched system (4.7) satisfies y(t) € D(A) for 0 < t < sup {¢, }. On the other
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hand, the fact that the function ¢ — HA%—J_ y(t)” is non-increasing on (¢, t,+1), combined with (2.34), implies
n Y

dty
H e (t)

= HA(])_-jny(t)HY < HAg_-jny(tn) ‘Y for all ¢, <t < tyy1.

Y
Thus

dty

e (t)

= HASTJOyOHY for all ¢ > 0.

From Theorem 4.1 we deduce

w (B350l )

Bl

0 to A _ toA * toA
Az, e yo = Ae*Tyo — Bj, Bj e yo.

Hence we get readily (4.39) by setting
Co = [ Aeyoly + P {w (HB;etUAyOHUj) HBch(U,-,Y)} :
; .

(ii) By virtue of the property (i) in Section 2.3, it follows that the function ¢ — ||y(t)||y- is non-increasing on
each interval (¢,,t,+1) so that

ly(Ens)lly < ly(tn)lly for all n € N. (4.40)

Hence, for the solution of the overall system, the function ¢t — |ly(¢)|,, is non-increasing on (0,¢~) and,
consequently, the limit of ||y(t)||, as t = to is a well defined non negative number. O

4.3. Stability of the overall switched single valued feedback system
4.8.1. Preliminaries

In the sequel, it is assumed that the initial state satisfies yo € D(A) and the observabilty condition (4.6) is
verified. We suppose also that the corresponding sequence of the switching times {¢,}, defined in Theorem 4.1
is infinite and increasing. Then we relate the stabilization of the system (1.3) under switching control constraint
(1.4) to the stability of the overall switched system (4.7). In principle, we would be in presence of one of the
two following occurrences.

e The sequence {t,}, is bounded so that the limit ¢, is an accumulation point. Such a possibility turns out
to be an example of the well-known Zeno behavior. In [1], the bouncing ball is introduced as prototypical
model. Whenever such a circumstance occurs, the limit ¢, will be denoted by .

e t, — 00 as n — 0o so that we will be in presence of a typical asymptotic behavior.

We are led to specify the notion of stability for the overall system in the light of the behavior of the sequence
of transition times. More precisely, we shall be concerned with the following types of stability.

Definition 4.4. Let yo € D(A), suppose that the observability condition (4.6) is verified and consider the
associated sequence {t,}, constructed in Theorem 4.1. Then:

e If the Zeno behavior holds, the overall switched system (4.7) is said to be output stable in finite time if
the output defined by (1.11) satisfies z(¢) — 0 as t — t¢.
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e If the asymptotic behavior holds, the overall switched system (4.7) is said to be asymptotically output
stable if the output defined by (1.11) satisfies z(t) — 0 as t — oco. Moreover, it is said to be asymptotically
stable if the solution satisfies y(t) — 0 as t — oo.

Following the switched systems literature and proceeding by analogy, we are led to distinguish between
drastically different possibilities. The first one concerns the so-called fast switching and it can be expressed by

lim (41 —tn) =0. (4.41)

n—oo
We note that this condition is naturally verified in the Zeno behavior case. The second one is more familiar and
it is more convenient in the case where each subsystem is asymptotically stable and the switching is sufficiently
slow so that t,, 41 —t, > 7 for some constant 7 > 0. Hence one can maintain stability under the possibility of
staying long enough and switching less frequently. This idea is proved to be reasonable and is captured by the
concept of dwell time introduced in the switching systems literature. See, for instance, [4]. In our context, the
dwell time is defined by analogy as the positive constant

Td 1= éréfo(tnﬂ —tp). (4.42)

Moreover, considering carefully the underlying setting developed in Theorem 4.1, the following facts would be
taken into account. On the one hand, considering the switched subsystems in the form of single-valued feedback
systems as in (4.8), we will be in principle in presence of unstable subsystems. On the other hand, in the case
where these subsystems are viewed as multi-valued feedback ones as in (4.5), we will be in presence of possibly
asymptotically stable subsystems by virtue of the results established in Section 3. Later, the dwell time notion
will relate fruitfully the two points of view in order to obtain asymptotic stability.

In order to treat the output stability issue, it would be natural to suppose that each controller is activated
intermittently as the time variable ¢t increases. More precisely, if we consider for each mode j € P the sequence
of intermittent activation instants of the controller B; given by

Zji={tn : o(t) = j, tn <t <tni1}, (4.43)

then this fact can be characterized by the property that this set is infinite. Consequently, for each mode j € P,
we shall present naturally Z; under the form of the subsequence of activation instants { (k) }k such that

n(k+1) —n(k) = qp. (4.44)

Then we introduce the activated modes between the successive instants ¢, ;) and t,11) as follows:

o((tnys iy 1)) = {3} = {3}, (4.45)
{jzii)} = 0 ((tn(ky+ir tnk)+id1))s 1 <0 < g — 1, (4.46)
0 (k) +ap En(i41)+1)) = 0 ((bngiesns tngeeny 1)) = {3} =1 47 (4.47)

Note that the integers {g;}, depend on j and satisfy ¢ > 2 for all k. Furthermore, the activated modes
{ J ,E,i)} verify implicitly the compatibility conditions:
0<i<qi

j#5 forall 1 <i< gy —1, (4.48)
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G 0 forall 0 < i < g — 1. (4.49)

4.8.2. Zeno behavior case

In the case where the Zeno behavior holds, we have:

Theorem 4.5. Let yo € D(A), suppose that the observability condition (4.6) is verified and consider the asso-
ciated sequence {t,}, constructed in Theorem 4.1. Suppose that t, — tc as n — oo. Then the overall switched
system (4.7) is output stable in finite time.

Proof. The output stability amounts to the fact that |[B*y(t)|, — 0 as t — t¢. Considering the components
of B*y(t) deduced from (1.7), we are led to establish that, for all j € P, we have HB;ky(t)HU — 0 ast — tc.

At the outset we shall establish that y(¢) — y¢ as t — ¢ for some state y, € Y. Taking into account (4.39) in
Lemma 4.3, we get

dty
H e (t)

< Cy for all tg <t<tg,
Y

where Cj is a positive constant depending on yy. The mean value theorem implies that for all ¢,s € (0,%¢)
ly(®) —y(s)lly < Colt —s|.
Hence the limit y. € Y of y(t) as t — ¢¢ is well-defined. Furthermore, we have for all j € P
B;y(t) — B;yg as t — t¢, (4.50)
and consequently
Biy(tn) — Biyc as n — oc.

By virtue of the transition rules specified in (4.10) we get from (4.45)—(4.47)

1B y(tawy+1)l,, = HB;g)y(tn(k)Jrl)HU : (4.51)

i

HB;’(j)y(tn(k)Jri+l)H = HB;@H)Z/(%(kHHl)H ,1<i< g — L (4.52)
"

U i
il P

By exploiting (4.47), we get in particular for i = ¢ — 1

=

U _
jl(;uc 1)

B;<qk> Y(tn(k+1))
k

)

U
]-;%)

HBik(qkl)y(tn(kH))
Ik

and consequently

HB;,E"’“‘”y(t"(’““))H = || Bjy(tam+n) |, - (4.53)

jliqk—l)
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Then the equalities (4.51)—(4.53) give as k — oo

HB;?JCHUj = kli_{rgooz HB;Ll)y(t”(k)Jrl)HUm (4.54)
iy,
kli)ngo HB;lgny(tn(k)ﬂﬂ)HUjl(j) = kli_?;oa HB;?H)y(tn(k)ﬂﬂ)HUJS_H) 1<i<qr—1, (4.55)
Jm HB;;iqkl)y<tn(kH)) - = lim o HB;:U(tn(k+1)>HUj : (4.56)
jlak=1
It follows that
1B yclly,, = Jim o™ || Biy(tngesn)|l, (4.57)

Because 0 < a < 1 and ¢ > 2, we have

1Byt +)ly, = o™ | Bjy(tngern)|

< a||Bjy(tan)|y, -

Hence
Jim [| By (tney )|y, < e lim [[Biy(tngeen)lly, -
so that
1B5yelly,, < el Biwelly, -
It follows that necessarily Biyc =0 for all j € P and we can easily conclude by using again (4.50). O

4.3.3. The asymptotic case

In the asymptotic case with fast switching, we shall obtain also an output stability property for the overall
switched system (4.7).

Theorem 4.6. Let yo € D(A), suppose that the observability condition (4.6) holds and consider the associated
sequence {t,}, constructed in Theorem 4.1. Suppose that (4.41) holds and t, — oo as n — oo. Then the overall
switched system (4.7) is asymptotically output stable.

Proof. Here again the proof is reduced to show that HB;‘y(t)HUJ — 0 as t — oo for all j € P. To this end, we
shall establish that for j fixed, we have HBjy(tn(k))HUj —0ask — oo. Let L, := hin—igp ||B;-‘y(tn(k))||Uj. Since
the subsequence {HB;-‘y(tn(k))HUj}k is non-negative, it is sufficient to verify that L; = 0. By definition, this
subsequence admits a subsequence denoted by {tn(k/)}k, such that HB}‘y(tn(k/))HUj — L; as k' — oo. Let us

introduce the activated modes between the successive instants ¢,y and &, 1) given by

n(k’' +1) —n(k') = g for all ¥’ € N, (4.58)
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and, for each k' € N, the intermediary modes { J ,(:,)} given by
Ogiqu/

O (tngiry s tgeryisn)) = {30}, 0 < i < aw, (4.59)

Note that

-(0 -(qp, .
i =i =

By virtue of the transition rules specified in Theorem 4.1, we get

HB;y(tn(k')H)HUj =« B;(py(tn(k')-s-l) (4.60)
k Uj,(cl,)
“B;(i)y(tn(k’)+i+l) =« B;(i+1)y(tn(k’)+i+1) , 1<e< g — 1. (4.61)
W U Gy M U G+
Trt Tkt
We get in particular for ¢ = ¢ — 1
[t —ao| B ytans|
ke U (qpr-1) ¥ U (a)
Tt Tt
so that
HB;(qk/l)y(tn(k’—l-l)) =« HB;y(tn(k’—O—l))HUj . (4.62)
k/

U (g, -1
jigk/ )

On the other hand, from

HB;<z'/)y(tn(k/)+i+1) - HB;@y(tn(k’)H) < HB;Q)l/(tn(k/)HH) - B;@y(tn(k')ﬂ)
. Uj(i) k Uj(i) k fe Uj(i)
124 K/ K’/
< ‘ B;u) Ny (o) 4icr) — y(tn(k’)-i-i)Hy
k/

L(Y,Uj;:/))
= 120%p HB;HE(Y,Uq) [9 gy +i41) = ytnori) |y

Then Lemma 4.3, combined with the mean value theorem, yields

y(tn+ie1) = Y+ |ly < Co [tn@n+ietr — tur)+i
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and (4.41) implies

— 0 as k' — . (4.63)

HB;(i)y(tn(k’)-‘ri+1) HB;(i)y(tn(k’)—O—i)
K U G W U (i)
k/ k’

Then the transition rules combined with (4.63) give

Jim || By (1)l = im (1BFy ()|,

k' —oc0

= k,lim a|| Bl y(tnm+1) ;
—> 00 ]k’ U
(1)
Tt
Jim HB;(i,)y(tn(k/)+i+l) ‘ = lim o|B <L+1>y( n(k)+i+1) , 0<i<gw -2,
k Uj](c) Uj](ci,Jrl)

and

= lim aHB Y(tnr+1) HU

lim HB;(qk, —1) y(tn(k'+1))
k/

k’— 00 U_(qk,—l) k/—>oo
Jper
It follows that
}H)HOO HB]*y(t”(k,))HUJ = k}gnooaqk/ B y( n(k'+1) ||Uj . (464)
Because 0 < a < 1, q&r > 2, and
Jim By (tnn) ||y, = Jim ([ Biy(taen)ly,, = L,

we deduce as in the Zeno behavior case that necessarily L; = 0 for all j € P. On the other hand, the assumption
(4.41) implies also (tp(k)+1 — tnk)) — 0 as k — oo. Hence for any € > 0, there exists k. € N such that for any
k > k. we have

tn(k)+1 - tn(k) <,

1B y(tni) ]y, < e
Let us consider ¢ > t,,x.) and k > k. such that ¢, <t <, x)41- Then the decomposition
Bjy(t) = B (y(t) = y(taw))) + Bjy(tnwm))
yields

1B5y @y, < 185 W) =yt |y, + [1BFtna)l, -
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By adapting techniques similar to those used in the proof of Theorem 4.5, we get

1By @]y, < Colt = tn]| + ¢

< CO |tn(k)+1 - tn(k)| +e< (CO + 1)€a

for some positive constant Cy. Consequently, we conclude that HBJ*y(t)HU — 0 as t — oo for all j € P. This
J
completes the proof of the theorem. O

In the asymptotic case with slow switching, we shall see that the asymptotic stability is possible under the
circumstance where, for each j € P, the multivalued feedback system (4.5) is asymptotically stable. To this end,
we shall suppose that the dwell time is large enough so that some significant dissipation can be obtained in each
switching interval. The magnitude of the needed dissipation will be specified by considering for each transition
tn—to)AF; (etoAyO)‘

dissipation for the state y(t) at ¢,, + 74 has to be more important than the one obtained by the solution of the
(stable) multivalued feedback system (4.5) at t,,. The precise statement is as follows.

time t,, the values |ly(t, + 74)||y- and He( . (j € P). Roughly, for at least one mode j, the

Theorem 4.7. Let yo € D(A), suppose that the observability condition (4.6) holds and consider the associated
sequence {t,}, constructed in Theorem 4.1. Assume that the dwell time 14 given by (4.42) is positive and is
such that the solution of the overall switched system (4.7) satisfies

It +7a)lly < max [lel 7047 (e0dy) | (4.65)

for infinitely many integers n. Assume also that w(0) = 0. Then the overall switched system (4.7) is
asymptotically stable.

Proof. The proof is based on the setting used in Corollary 3.5. We note that the observability condition (4.6)
yields M NY, = {0}. Combined with the assumption w(0) = 0, it follows that, for each mode j, the multivalued
feedback system (4.5) is asymptotically stable. Let

Uy 1= r]nezg( He(t"*tO)Aﬂ‘ (et‘)Ayo) HY , (4.66)

then clearly v,, — 0 as n — co. Moreover, from the assumption (4.65) and taking into account
tn <tp+ 74 <tpya,

we can extract a subsequence {tn(m)}m such that

[y(tnimy+) ||y < [9(Enimy + T |ly < Ongmy-

Hence we have Hy(tn(m))HY — 0 as m — oo so that by using Lemma 4.3, we get also both |ly(t,)|,, — 0 as
n — oo and ||y(t)||y, — 0 as t — oo. This completes the proof of the theorem.

4.4. Applications to partial differential equations (III)

We shall consider the PDEs introduced in subsection 2.5 and we treat their switching stabilization in the
framework developed in Theorem 4.1. Recall that the construction of the sequence of transition times {t¢,},, is
based on the observability condition (4.6). Moreover, following Remark 4.2 (iii), the first activation time tg is
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closely related to the observability time Ty. Having in mind the switched system (4.7) subject to the transition
rules (4.9)—(4.10), we suppose implicitly that these systems are not activated for 0 < ¢ < t5. Then we give
the expression of the resulting switched single-valued feedback for each subsystem on the interval (t,,t,+1).
The formulations in the PDEs context of the various stability results stated in Theorem 4.5, Theorem 4.6 and
Theorem 4.7 are similar to the ones given in Section 3.3. The study will be presented in detail for the heat-heat
system. As for the heat-plate and the heat-wave systems, in order to avoid redundancy, their corresponding
results are mentioned briefly.

(i) Switched systems for the heat-heat system. Here we consider the heat-heat system (2.55)-(2.56). Let (e/2);>0
denote in unified way the semigroups generated by both the operators A; and A, given by (2.57) and (2.58).
By virtue of Theorem 4.1 we are led to check that the observability conditions:

(Xer €26 =0 on (0,Ty) x O, (4.67)

(Xwy€ 20 =0 on (0,Ty) x O (4.68)

imply both 6 = 0 and 6 = 0. By using analyticity arguments similar to the ones developed in ([30], Part III,
Chapter 1), it can be seen that these observability conditions hold for Ty arbitrarily small. It follows that the
first activation time ¢y can be chosen arbitrarily short. In order to present the study of the stabilization of the
heat-heat system under switching constraint, we proceed in four steps:

Step 1. Construction of the single-valued feedback subsystems. The construction will be made by assuming,

XwQetoAé()HLQ( ; Then by applying the
w2

transition rules (4.9)—(4.10), we get the following single-valued feedback as follows. Letting k € N, for top <t <
tarsr we have X, 00l 2, > o ||xus00)]

for instance, that the initial conditions satisfy waletoAHOH L2(wn) > ’

and
L2 (w2)

0 (Ol

(ul(t)7u2(t)) = Xw 9(1‘,),0 ) (4'69)
b Ol
with Hlee(tzk—s-l)HLz(wl) = aHszé(t%H)HL’z( ; For topi1 < t < topto we have a||xw19(t)\|L2(wl) <
w2
Bt ‘ d
HX 00 Lawn)
w <HXw20~(t)‘ L2(w2)> B
(u1(t), uz(t)) = | 0,— - X 0(t) | (4.70)
waga(t)‘ L?(w2)

with a ||Xw19(t2k+2)“m(wl) = Hszé(tQkJr2)‘ L2(w2)’
2
Step 2. Output stability of the overall heat-heat switched system . The appropriate output stability results can
be obtained by itemizing as follows.
e If the sequence {t¢,}, is bounded, Theorem 4.5 implies that this system is output stable in finite time
so that [|0(t)]|z2(,,, — 0 and Hé(t)

‘ (o) — 0 ast / supt,. Note also that, in this case, the system is
L?(wo n

obviously stable in finite time provided that wy; = O and wy = O.
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o If the sequence {t,}, is unbounded and satisfies the fast switching hypothesis (4.41), from Theorem 4.6
—0

L2(w2)

as t — 0o. Note also again that, in this case, the system is obviously asymptotically stable provided that

w1 =0 and wy = O.

we deduce that this system is asymptotically output stable so that [|0(t)]| 2 ,,) — 0 and Hé(t)‘

Step 3. Construction of the multi-valued feedback heat-heat subsystems. This construction will enable us to apply
Theorem 4.7. Let us introduce the family of multi-valued feedback systems defined by the index set P := {1, 2}
and the corresponding subsystems analogous to (4.5). At the outset, for j = 1 we have to consider the functionals
Gi :Ui(= L*(w1)) = R and G4 : Uz(= L?(wz)) — R given by

sl 2 o,
Glur) = / “ w(r)dr, (4.71)
0

QH“ZHLZ(WQ)
G3(u2) :/ w(T)dr. (4.72)
0
Note that a simple change of variables gives
Hu2HL2(W2)
G3(us) :/ aw(aT)dr.
0

Then the appropriate multi-valued feedback subsystem corresponding to (4.5) is based on the functional

Fi(ug,u2) = max (G1(u), G3(uz)) . (4.73)

Let y(t) = (9(t), ¥(¢t)) denote the state of such a system. Then by adapting the forms of the multi-valued feedback
system already established in Section 2.5 for the heat-heat system, we get the following state equations

¥ =AY+ ui(t)xw, on (0,00) x O,
{ 99 =0 on (0,00) x T'o, (4.74)
5 -
V= Aalg + u2(t)Xw, on (0,00) x O, (4.75)
%, =0on (0,00) x 'z,
subject to the following multi-valued feedbacks.
b 0O ] >0 A0y =, e
(ua (2), uz(t))
0 (X 90 2o ) aw <a Hszﬂ(t)‘ sz) )
& —con e ?0,0 ], [ 0, Ve D(0) (4.76)

Hleﬁ(t)”[P(wl) “Xw21§(t)‘

L2 (w2)
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then
L2(w2)

o i [ VOl 2y > @ X 90)]

7w <||Xw179(t)HL2(w1))

(0020 = | = T, e
o if a0, > 0, then
aw (o |[xe i),
(ur(t),ua(t)) = | 0, ( H _ ’ L W) XeoyO(1) (4.78)
et ...,
o if x,,J(t) = 0 and x,, ¥(t) = 0, then
(u1(t),u2(t)) € w(0)B,, x aw(0)B,,, (4.79)

In the same way, for j = 2 we have to consider the functionals G3 : Us(= L%(w2)) — R and G% : Uy (= L*(w1)) —
R given by

luall 2oy
G (us) = / “ w(r)dr (4.80)
0

allu HLQ(WI)
Gi(uy) = / w(r)dr (4.81)
0

||“1‘|L2(w1)
= / ow(aT)dr.
0

Moreover, let
Fo(ur,uz) := max (G7(w1), G3(uz)) (4.82)

and let y(t) = (2(¢), 2(t)) denote the state of the multi-valued feedback system analogous to (4.5) with j = 2.
Then, we get as above the state equations

2" = Az + u1(t)Xw, on (0,00) x O,

{ 92 =0 on (0,00) x I'o, (4.83)
7 = AZ + ug(t) X, on (0,00) x O,

{ 22 =0 on (0,00) x I's, (484)

subject to the following multi-valued feedbacks.

o IF X 2(Dll 2 0y) F X2 20| 20y > 0 and @ f[Xwr 2(D)]| 2(0y) = (X2 Z(B)]| 22wy then

(u1(t), uz(t))
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aw (@)X 20l 2o ) 0 (Iwa Ol p2e)
€ —conv Xews 2(t), , — Xws 2(1) . (4.85)
e 2O 2o ]
o If olfxen 2(8) | 12y > [ Xwa 2(0)]| (o) then
(ur (), wn(8)) = | — CUESOI, (1).0 (4.86)
uy , U = Xw z y . .
o 2O 2 o) :
o If ¥ Z()l| 2y > @ 1 Xwr 2(0) | 12, then
R P (w2 ®lo) o .
Uup(t), Uz = y p Xws? . .
[Xews 2 12 (wy) ’
o If x,,2(t) =0 and x,, 2(t) =0, then
(u1(t), us(t)) € aw(0)B., x w(0)B.,, (4.88)

Step 4. asymptotic stability of the overall heat-heat system under slow switching. Considering carefully the
inequality (4.65), we have to consider for ¢ > to the solutions (¢(.),¥(.)) and (z(.), 2(.)) satisfying

(9(to), V(to)) = (e"%60, ey, (4.89)

(2(t0), 2(t0)) = ("8, €**6p). (4.90)

Then the assumption (4.65) would read

H{e(tn +72), 0(tn + Td)}’

L2(O)x L2(O)

<o )

Lz(O)XLQ(é) ) ||{Z(tn)7 é(tn)}lLQ(O)XLQ(@)> (491)

By virtue of Theorem 4.7, it follows that whenever w(0) = 0 and the dwell time 74 is positive satisfying (4.91) for
infinitely many integers n, then the overall switched heat-heat system constructed in the step 1 is asymptotically
stable so that

_ —0ast— o0.
L2(O)x L2(D)

oo

(ii) Switched systems for the heat-plate system. Let us consider the systems defined by the heat equation (2.55)
and the plate equation defined by (2.63). Considering (4.67) and the solution of

(p// = _A2SD on (OaTO) X Qa
¢ =92 =00n (0,Tp) x 0L,
©(0) = o, ¢’'(0) = ¢1 on Q,
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subject to ¢'(t) = 0 on (0,7p) X @, the observability condition amounts to whether we have necessarily both
6 = 0 and ¢ = 0. The case @ = 0 has been treated in (i) above. Following [31], there exists some positive constant
C' > 0 such that, for any T > 0, this solution satisfies the stronger observability inequality

To
2 2 2
[ [ 1ot aaat = € (loulagey + leali-aiey)

provided that @ = Q, N Q for some open subset €, C R¢ containing 9€2. Furthermore, the desired unique
continuation property can be easily obtained consequently. Hence the first activating instant ¢ can be arbitrarily
small. Assume, for instance, that [|xw, 0(to)llr2(,) = [[Xa?'(t0)[| 12(z)- Then by applying the transition rules
(4.9)—(4.10), we get the following single-valued feedback as follows. Letting k € N, for to < ¢ < tor11 we have
Hlee(t)Hm(wl) > o ||X@1~/(t)HL2(@) and

(I 0O 2o )
(X OO 2 ()

(u1(2), uz(t)) = Xer 0(2), 0 (4.92)

with  [[Xew, 0(t2e+1)l 2@y = @ lIXa¥ (t2rt1)ll 12y For tort1 < ¢ < topge we have oflxw,0(8)]l 20,y <
HXQ@/(t)“m(w) and

w (I ()2

Xa¥ (D)l p2(s)

(ur(t), uz(t)) = | 0,— X&' (t) (4.93)

with o [|xw, O(t2r+2) | 22 (0y) = X020 (t2k42)[| p2(5)- Then we get the appropriate stability results by itemizing as
follows.

o If the sequence {t,}, is bounded, Theorem 4.5 implies that this system is output stable in finite time so
that [|0(t)]l 12(,,) — 0 and [0'(t)[| 25y — 0 ast 7 supt,.

e If the sequence {t,},, is unbounded and satisfies (4.41), from Theorem 4.6 we deduce that this system is
asymptotically output stable so that [|0(t)]|2(,,) — 0 and [|3(¢)([ 25y — 0 as t — oc.

e Suppose that w(0) = 0 and the dwell time 74 given by (4.42) satisfies the analogous of (4.65) which results
from adapting to the heat-plate system the framework developed in step 3 and step 4 in the context of
the heat-heat system. Then Theorem 4.7 implies that the switched heat-plate system is asymptotically
stable so that ||6(t)|| 20y — 0 and [[{0(?), ﬁ/(t)}”Hg(Q)xL%Q) —0ast— oo.

(iii) Switched systems for the heat-wave system. Let us consider the systems defined by the heat equation (2.55)
and the wave equation (2.68). The corresponding observability condition is reduced to see whether (4.67) and
the solution of

¢ = Ay on (0,Ty) x Q,
¢ =0on (0,Tp) x 0%,
©(0) = o, ¢'(0) = 1 on Q.

subject to ¢’(t) = 0 on (0, Tp) X w imply both # = 0 and ¢ = 0. The case § = 0 has been treated in (i) above. Let
us mention the various disseminated results devoted to observability inequalities for the wave equation. Under
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geometrical conditions relating w and Ty, we have at our disposal the inequality

To 2 2 2
[ [ 1o aaat = € (loulaay + lealsiay)

See the survey article [32]. For the one dimensional case Q = (0, L), it can be deduced from [33] that the
inequality holds for Ty > 2L and w arbitrary nonempty open sub-interval in (0, L). It follows that the first

transition instant ¢y has to be chosen carefully such that ¢ty < Ty. However, in the case w = (), there exists a
positive constant C' such that for any T, > 0 we have

To 2 2 2
p|"dedt > C'( ||¢o o T leillg-1a) )
A (IollZ2q@) + loalr )

and

To
2
| [ amat > ¢ (ol + el

See ([29], Chapter VII). Hence, to can be chosen arbitrarily small. Then by applying the transition rules (4.9)—
(4.10), we get the following single-valued feedback as follows. Assume, for instance, that ||xw, 0(to)|lr2(0,) =

[Xwv’ (o)l p2(5)- Then by applying the transition rules (4.9)-(4.10), we get the following single-valued feedback
as follows. Letting k € N, for ta), <t < tagi1 we have [|xw,0(8)[| 12(0y) > @ X' (D)l 2,y and

w (Iwaﬁ(f)HLZ(m))

(ua (), uz(t) = X OO 2 )

X1 0(1),0 (4.94)

with  [[Xew, 0(t2e+1)l 20y = @ lIXoV (C2rt1) || 20y For torpr < ¢ < topgo we have oflxw,0(0)|l 20,y <
X' (D) L2y and

w (Hva/(t)HLQ(w))

X" (B L2 )

(uy(t),u2(t)) = {0, — X' (t) (4.95)

with o [|Xw, 0(f26+2) || 12 () = [Xw?' (F2k+2) [l 12y~ Then we get the appropriate stability results by itemizing as
follows.

o If the sequence {t,}, is bounded, Theorem 4.5 implies that this system is output stable in finite time so
that [|0(t)]l 12(,,) — 0 and [[v'()[|p2(,) — 0 ast 7 supt,.

e If the sequence {t,}, is unbounded and satisfies (4.41), from Theorem 4.6 we deduce that this system is
asymptotically output stable so that [|0(t)]|2(,,) — 0 and [|[v'(#)([12(,) — 0 as t — oc.

e Suppose that w(0) = 0 and the dwell time 74 given by (4.42) satisfies the analogous of (4.65) which results
from adapting to the heat-wave system the framework developed in step 3 and step 4 in the context of
the heat-heat system. Then Theorem 4.7 implies that the switched heat-plate system is asymptotically
stable so that [|6(t)|| .20y — 0 and [[{v(?), U/(t)}”Hé(fl)xL?(Q) —0ast— co.
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5. CONCLUSION AND FURTHER COMMENTS

For a class of linear distributed systems with possible control saturation, we treated the stabilization problem
under the additional constraint that only one control is activated. We used an abstract multivalued feedback
strategy leading to a differential inclusion system. Existence and properties of solutions were established in
the framework of nonlinear semigroup generated by maximal monotone operators. The asymptotic stability
and output stability were derived from the LaSalle invariance principle. Moreover, it has been shown that
the switching control condition can be ensured whenever the orbit does not intersect some specified subsets
of the state space. Exploiting the local nature of this fact with respect to the time variable, we constructed
state-dependent switched systems with explicit transition rule such that, in each subsystem, only one control
is activated. Then sufficient conditions guaranteeing the stability of the overall system were given. Along the
paper, the results have been applied to various PDEs including heat, plate and wave systems. A possible route
for future research can be considered in connection with the results and methods developed in this paper. Among
them we mention the following ones.

Having dealt with the case where the control operators B; in the state equation (1.3) are bounded, it would
be interesting to extend the results of this paper to the situation in which these operators are unbounded. Such
a problem seems challenging in the case of systems governed by partial differential equations with boundary
control since unbounded control operators are inevitable in this case. Let us mention that multivalued feedback
systems in this context have been treated for some specified partial differential equations. See, for instance,
[34-36].

An interesting issue would consist on treating the stabilization under switching control constraint for bilinear
control systems such as

P

y'(t) = Ay(t) + Y u;()Cy(1),

j=1

where the controls u; are real-valued and the operators C; : Y — Y are linear. This problem seems to be open
even for multivariable systems governed by ordinary differential equations.
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