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ADVANCED CONTROL STRATEGIES FOR STOCHASTIC SYSTEMS
USING PDF OPTIMISATION

RANDA HERZALLAH®

Abstract. This paper presents an innovative probabilistic control framework for continuous-time
stochastic systems. Unlike traditional control approaches that optimise deterministic control strate-
gies, our framework directly optimises the probability density function (PDF) of the control signal,
allowing for a more adaptable and robust response to stochastic variations. By integrating stochas-
tic differential equations with the Hamilton—Jacobi-Bellman equation and utilising the Fokker—Planck
dynamics, our method offers a precise and dynamic approach to managing uncertainty. The framework
minimises the Kullback—Leibler divergence to align the system’s joint state and control distribution
with a desired joint target distribution, ensuring effective control even in unpredictable environments.
A novel algorithm iteratively refines the control PDF based on real-time feedback, further enhanc-
ing the system’s alignment with the target behaviour. The proposed method is demonstrated on an
Ornstein—-Uhlenbeck process, showcasing its effectiveness in steering the system’s state distribution
toward desired outcomes and underscoring its broad applicability to stochastic systems.
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1. INTRODUCTION

Uncertainty modelling is a growing research area with important implications across various domains, includ-
ing finance, engineering, and environmental sciences. Stochastic processes, often represented by stochastic
differential equations (SDEs), are key to understanding and managing systems influenced by randomness and
uncertainty. These models describe the unpredictable behaviour caused by noise and offer a detailed framework
for both analysis and control.

The endeavour to control stochastic systems began diligently in the 1960s with seminal contributions from
Richard Bellman and Rudolf Kalman [1, 2]. Their work established the mathematical foundation for solving
linear-quadratic (LQ) problems within deterministic settings. These methods were effective, but they relied on
deterministic cost functionals and assumed linear and Gaussian noise. Although these assumptions made the
analysis more manageable and tractable, they did not account for the complex behaviours of more intricate or
non-linear systems.

Later, the field saw significant advancements through the works of Harold Kushner [3] and William Wonham
[4]. They expanded the LQ theory to the stochastic domain and adapted it to accommodate the inherent
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uncertainties of stochastic processes. This advancement was a major step in control theory. It helped move from
deterministic models to stochastic frameworks that more accurately reflect real-world complexities. However,
despite these advancements, traditional stochastic control approaches still have their limitations. These methods
often rely on deterministic cost functions [4-9], which may inadvertently overlook the nuanced dynamics present
in real-world scenarios. Although these approaches are robust in certain applications, they might not fully
address the complex interactions and variations seen in highly stochastic environments.

As methodologies advanced, dynamic programming methods have become increasingly important. This foun-
dational approach led to the formulation of the Hamilton—Jacobi-Bellman (HJB) equation, which has been
instrumental in defining optimal control strategies under uncertainty [10, 11]. However, as systems became
more complex, the computational demands of traditional grid-based solvers for the HJB equation posed signif-
icant challenges. The Fokker—Planck (FP) control framework, which focuses on the evolution of the system’s
PDF, offers an alternative approach [12]. It integrates well with the dynamic programming principles found
in the HJB equation. Under certain assumptions, the HJB and FP approaches are shown to be equivalent,
providing a robust dual strategy for managing the complexities of stochastic systems [13]. The applications of
the FP framework in various models, including extensions to mean-field frameworks [14, 15], have demonstrated
its versatility and effectiveness in real-world scenarios.

As computational demands continued to challenge traditional methods, approaches such as Monte Carlo
schemes [16, 17] and path integral control [18, 19] have become increasingly relevant. Although not entirely new,
these methods represent alternative strategies that have received more attention with modern computational
advancements. The path integral method which utilises the calculus of variations and probabilistic path integrals,
is particularly suited for continuous stochastic processes. These methods, along with Kullback—Leibler (KL)
control strategies [20, 21], aim to align the behaviour of actual systems with desired probability distributions.
They offer advanced control mechanisms that adapt dynamically to observed state fluctuations. However, both
approaches face challenges in continuous-time settings, often requiring discretisation to effectively transition
from theoretical models to practical applications [22]. Moreover, a recent review of stochastic linear-quadratic
(SLQ) control [8] outlines how modern formulations, including both finite and infinite-horizon problems, often
rely on solving stochastic Riccati differential equations (SRDEs) in continuous time. While these SRDEs can
be derived analytically in some cases, practical solutions still commonly involve numerical time discretisation,
particularly in high-dimensional or uncertain settings.

Although these recent developments in stochastic control methods have expanded the field, a significant gap
remains in the continuous-time domain. This gap is particularly due to the lack of fully probabilistic control
concepts, which have already been explored in discrete-time settings and have shown promise [23, 24]. While
existing methods are effective at addressing specific aspects of stochastic control, they often do not extend
seamlessly to continuous-time systems without requiring simplifications that may compromise the integrity of
the stochastic modelling.

To address the limitations in existing methods, our work introduces a novel fully probabilistic control frame-
work specifically designed for continuous-time stochastic systems. Unlike traditional approaches that optimise
with respect to deterministic control signals, our framework optimises directly with respect to the PDF of the
control signal. This represents a fundamental shift from deterministic to probabilistic control, allowing for a
more accurate and flexible strategy that better captures the stochastic nature of the system. Additionally, in
contrast to KL control and path integral approaches, which typically require discretisation and rely on sam-
pling trajectories or approximating cost-to-go functions, our framework remains continuous in time. It avoids
trajectory sampling altogether by formulating the control problem at the level of evolving PDFs, allowing
the optimisation to occur directly in distribution space rather than over individual trajectories. Compared to
recent advancements in SLQ control, particularly those based on SRDEs, our method departs by modelling the
control problem as a joint PDF evolution task. Specifically, we employ the Fokker—Planck equation to charac-
terise the joint dynamics of the system state and control distributions. Rather than relying on a deterministic
cost function as in SLQ, we employ the Kullback—Leibler divergence (KLD) as a cost metric to quantify the
discrepancy between the evolving joint distribution and a prescribed target distribution. This enables richer
representations that account not only for the system’s expected behaviour but also for higher-order uncertainty
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characteristics. By integrating the dynamics of SDEs with the FP equation, our framework offers a more com-
prehensive approach to modelling and controlling stochastic systems. It contributes to both the theoretical
development and practical application of control strategies, providing a method that is better suited to handle
the complexities and uncertainties of real-world stochastic environments.

The paper is structured as follows. Section 2 defines the problem and provides the mathematical formulation
of probabilistic control for stochastic systems. Section 3 then offers a theoretical framework for deriving optimal
control policies for general stochastic systems. The application of Girsanov’s Theorem to compute the KLD
is introduced in Section 4. Section 5 focuses on the optimal control of linear Gaussian systems, detailing the
application of the proposed methods to this specific class of systems. An algorithm for implementing the proposed
probabilistic control in Gaussian linear systems is presented in Section 5.1. The practical utility of the framework
is demonstrated on an Ornstein—Uhlenbeck (OU) Process in Section 6. Finally concluding remarks are given in
Section 7.

2. PROBLEM DEFINITION AND FORMULATION OF PROBABILISTIC CONTROL
FOR STOCHASTIC SYSTEMS

In the study of complex systems influenced by randomness, SDEs are important for capturing the dynamics
that involve both deterministic trends and stochastic variations. These equations are particularly relevant in
fields where uncertainty plays a significant role, including financial markets, environmental modelling, and
engineering systems. This section introduces a novel framework to the optimal control of such systems. Within
this framework the aim is to minimise the deviation of the system’s behaviour from a prespecified desired
behaviour using the KLD as a cost function.

SDEs integrate random fluctuations directly into system dynamics through noise terms, providing a realistic
representation of systems where outcomes are driven by known forces and random environmental inputs. The
general form of the SDE studied here is represented as follows:

dl’t = f(IL't,Ut) dt+0(1’t,ut)th, (21)

where x; € R™ is the state vector, u; € R™ is the control vector, f(x¢,u;) is the drift term, o(xy, uy) € R4
is the diffusion term, and dW; represents the increment of a g-dimensional standard Brownian motion. The
control u; is applied to influence the state dynamics and is chosen from a set of admissible controls.

The unpredictability introduced by the diffusion term o (z¢, us) necessitates a control approach that accounts
for the probabilistic nature of state evolution. Such an approach should focus on managing the deviations of
the joint PDF of the system dynamics and control input from a desired joint PDF rather than predicting exact
outcomes. Therefore, in this study, we will design the control strategy at time ¢ as a randomised control strategy
c(ug|xy), effectively adapting to the inherent uncertainties.

Assumption 2.1. To ensure the well-posedness of the problem and the existence of solutions, we make the

following assumptions:

e The functions f(xy,us) and o(xy,us) are Lipschitz continuous and differentiable with respect to their
arguments.

e The control policy ¢(u; | ;) is a Markovian probability density supported on an admissible set U C R™
(in this paper we take U = R™ for analytical clarity).

Let s(x,t) denote the probability density of the state x at time ¢t. When the control u is drawn from the
Markov policy c(uy | +), the density s evolves according to the FP equation:

35%?“ __ j a‘i K/ Filwe, ug) e(uy | :ct)dut> s(x,f)]
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This equation describes drift and diffusion of the state when actions are randomised according to c(uy | x¢).
Our contribution is to use the KLD as an objective that measures the discrepancy between the system’s
actual joint conditional density and a predefined target joint conditional density. By minimising this divergence,
we design controls that more accurately steer the system’s behaviour toward the desired dynamics. Let the
transition probability density from state x; at time t to state xy;q; at time ¢ 4+ d¢ under control u; be denoted
by s(zti+dt|xs, ut). For a reference system with policy cr(ut | 2+), let sp(@tqae | 4, ut) denote the corresponding
reference transition density. Then the KLD between the actual and desired joint conditionals at time ¢ is:

T , Ut |T
J(I‘t,t) = D(s(:rt+dt,ut|xt) || S]($t+dt,ut|1't // $t+dt,ut|$t) In ( ( fdt f| f) ) dxt-{-dt dut. (23)
s1(Terat, ue ‘HTt)

By applying the chain rule for probability densities, the joint density can be factorised into transition densities
of system’s state and control policies, yielding:

T(we,t) =D(c(- | 20) | er(- | 20)) + Bureogan [D(s(- Exea xt,u))] (2.4)

For small d¢ the divergence between the transition kernels is O(dt). We therefore define the local KLD rate:

D(xe,up) := hmoéD( (- | 4, up) || sr(- | @e,ue)), (2.5)

so that D(s(- | @, ut) || s1(- | z¢,ue)) = D(, ur) dt + o(dt). Taking the incremental cost on [¢,t + dt] to be the
sum of a policy term and a transition term with rate D(x,u;) leads to the running cost rate:

J(@,t) :=D(c(- | @) || c1(- | 22)) + Eymec(lan) [P(@e, ur)], (2.6)

The objective is to design a randomised controller c(u;|z;) that minimises the expected cumulative running
cost. Thus, the value function V(ay,t) is defined as:

V(z¢,t) = min El/tT J(xg, 1) dl

C(ul ‘.’L‘l)Lth

xt‘| ) (2.7)

To solve the optimisation problem, we employ the Bellman principle of optimality. This principle states that
irrespective of the initial state and decision, the subsequent decisions must constitute an optimal policy with
respect to the state resulting from the initial decision. This principle allows us to decompose the value function
at an infinitesimal time step dt as follows:

$t+dt‘|

t+dt T
/ J(zg, D) dl + min El/ J(x, ) dl
t c(wlz)iZ,ya t+dt
Assuming that J(x;,1) remains approximately constant over the infinitesimally small interval d¢, the first inte-
gral simplifies to J(x,t)d¢. This simplification, along with the Bellman principle and the stochasticity of the
dynamics, yields the following expectation-based recursion:

V(zy,t)= min  E

C(ul ‘xl)t+dt

xt] . (2.8)

V(zt,t) = min {J(xs,t)dt + E [V (2pqae, t + dt) | x4]}. (2.9)

c(ulwy)

Since the value function V' (x4, t) depends on both the state x; and time ¢, we apply Itd’s Lemma to V (x¢,t). For
notational brevity, when derivatives appear we suppress the explicit (z¢,t) dependence and write V; := 0,V (x¢, t),
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Vyp i= V.V (xs,t) € R? and Vg, := V2V (24,t) € R"*". Hence:
1
AV =V, dt + (Va)" da, + 5 0 [Vao da,(dz) 7] . (2.10)

Substituting dz; = f(x, ue) dt + o (2, ug) dW; gives:
AV = (Vi + V| f (e, ws) + 360 Vi 024, we) o (e, wg) ) At + V, o (2, ug) AW, (2.11)

Since the control is Markov (so u; depends only on the current state z;) and V € C12, the process H; :=
o(xy,u;) " Vi (27,1) is non-anticipative and square—integrable on any finite horizon (by Asm. 1 together with the

regularity of V). Hence the It6 integral ftt+dt H," dW, is a square-integrable martingale with zero conditional

mean given z; [25]. Thus, taking conditional expectations in Itd’s formula yields:
E[dV | 2] = (Vi + V| fze, ue) + 360 Vi 0 (24, ue) o (24, ue) T]) dt. (2.12)
By substituting the expected change of the value function from equation (2.12), and the immediate cost rate

from equation (2.6), into the dynamic programming step given in equation (2.9), and then taking the limit as
dt — 0, we derive the HJB equation:

. cug | ) T
e+ i { /C(Ut \ xt){ N e [20) + D(zy,we) + V, fla,we)

+ %tr(sz U(xt,ut)a(:vt,ut)—r)} dut}. (2.13)

To simplify this equation further, we introduce the function S(u:,z;) which aggregates the control policy’s
effects on both the state probabilities and the dynamics under control:

Blug, x) = D(xs, ug) + VITf(xt, ug) + %tr(Vm o(xt, ut)o(zy, ut)T). (2.14)

Using this definition, the HJB equation can be rewritten as:

0=V, + min {/C(ut | z,) [m (C(“tm)> + 5(%:5,5)] dut}. (2.15)

c(ug|ze) CI(ut | zt)

This equation implies a further simplified relationship, highlighting the optimal control strategy in terms of the
minimum expected cost:

Vv, = min)/c(ut | ) In <CI< c(us | z1) (Utwt))) duy. (2.16)

c(ui| 2 ug | z¢) exp(—f

This completes the formulation of the cost function, which will be utilised in the derivation of the optimal
randomised controller. The derived HJB equation provides the foundation for determining the randomised
control strategies needed to align the system state PDF with a prespecified desired PDF.

3. OPTIMAL PROBABILISTIC CONTROL STRATEGIES

The HJB equation, introduced in the previous section, is essential for determining optimal control laws in
continuous-time stochastic systems. This equation correlates the expected total cost with the system’s behaviour
under the influence of control measures. It emphasises the need for control laws to be adaptable, due to the
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inherent uncertainties of the environment. The optimal control strategy, detailed in the following theorem,
utilises the probabilistic dynamics of the system. This ensures that control actions achieve the desired outcomes
and at the same time respond effectively to unexpected changes and uncertainties. As a result, the overall
performance of the system is optimised over time.

Theorem 3.1. The PDF of the optimal control law, c(ug|xt) that minimises the cost-to-go function stated in
equation (2.16) can be shown to be given by:

_ cr(ug|we) exp[—B(ue, 74)]
clulee) = fU cr(ue|ze) exp[—B(ug, z,)]du,’ (3.1)

where B(ug, x¢) is defined in equation (2.14).

Remark 3.2. If the control input is subject to a hard bound u; € U C R™, define the reference density
cr(ug | z¢) so that cr(ug | ) = 0 for uy ¢ U. Because the optimal density in equation (3.1) shares the support
of ¢y, it is automatically zero outside U; equivalently, the normalising integral in that equation can be taken
over U. All results in Theorem 3.1 remain valid, since the proofs depend only on the support of ¢;. For soft
saturation one may keep U = R™ and choose ¢; with a small covariance so that u; lies within the desired range
with high probability.

Proof. The minimisation in (2.16) reduces to the convex problem:

min /c(ut | a;t)[ln clutz) + Blug, z¢) | duy
cClze) Ju cr(ut|ze)

s.t. / clug | ) duy =1, e(uy | z) >0 Yuy € U,
U
c(ug | ¢¢) = 0 whenever cr(us | z¢) =0,

i.e., ¢(- | x¢) is supported on the support of cr(- | ). Introduce a Lagrange multiplier A(x¢,t) for the
normalisation constraint and consider:

[,[07 )\] = ‘/UC(Ut ‘ ZL't) |:1n Ccl(g:jtllwmtt)) + 5(ut,xt)} dut + )\({Et,t) <‘/U C(Ut ‘ l't) d’LLt - ].) .

The first variation in the direction dc is:

oL = / de(ug | xy) [ln cluelre) 41 4+ Blug, ) + )\(:vt,t)} duy.
U

cr(ue|ze)

Optimality requires £ = 0 for all d¢, hence pointwise on the support of ¢j:

In ci(&ftli?f)) +1+ /B(ut; zt) + )\(xta t) = 07
which implies:
c(ug | w) = cr(ug | ) exp( — Bug,x¢) — 1 — )\(.It,t)).

Define the normalizing constant:

Z(xy,t) = / cr(ug | @) exp( — B(ug, x1)) duy  (assumed finite and nonzero).
U
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Enforcing [, (- | 24) = 1 gives exp(—1 — Xz, t)) = Z(x,t) ™", and therefore:

clug | 1) = er(ug | z4) exp[ — Blug, 4)]
Ju er(ue | x) expl — Blu, x)] duy”

which is (3.1). Strict convexity of the objective (the KL term is strictly convex in ¢, the 3 term is linear) ensures
a unique minimiser on the support of ¢y (up to ¢;-null sets). O

The theorem provides a universal solution for controlling continuous stochastic systems. This method works
without relying on any specific form of the generative probabilistic model describing the system dynamics.
Therefore, it applies to any stochastic system, regardless of whether its dynamics follow the FP equation’s
assumptions.

4. KULLBACK—LEIBLER DIVERGENCE AND (GIRSANOV’S THEOREM

Following the development of the HJB equation for SDEs, this section examines the roles of KLD and
Girsanov’s Theorem. These tools are important for formulating and evaluating stochastic control objectives
under uncertainty.

In our framework, the function B(u¢,z;) measures the impact of the system’s dynamics and the difference
between the actual and reference behaviours. A key element in this formulation is the KLD which compares the
transition probability densities s(x¢iat|zt, us) and sy(x¢tat|zt, ut). To evaluate this KLD in the continuous-time
context, we employ Girsanov’s theorem. The transition probability s(z;yq¢|2t, us) indicates the likelihood of the
system transitioning from one state to another as described by equation (2.1), repeated here:

dl’t = f(;vt,ut)dt—i—a(ﬁct,ut)th. (4].)

The objective in our framework is to design a randomised controller ¢(u;|x:) that aligns this transition probability
as closely as possible with a specified target transition probability, s;(x¢1q¢|t, ut). The target dynamics under
the reference measure are:

dwy = fr(@e, w)dt + o (g, ue)dW, (4.2)

where fr(xs,us) represents the desired control drift.
According to Girsanov’s theorem, the Radon—Nikodym derivative of the controlled process measure s with
respect to the reference process measure sy is:

X Fdw, + .
]S[ P 0 l l 2 0 1 )

where 6, relates the drifts of the two processes:
0 = ot (@, ue) (f (wr,w) = friwe, w)) .- (4.4)

Here, o (24, u;) denotes the Moore—Penrose pseudoinverse of o (2, u;). When o (z¢, u;) has full row rank (so that
o(xs,us)oT (x4, uz) is invertible), this pseudoinverse reduces to of (¢, us) = o7 (24, us) (o (x4, ug)o” (x4, 1))~ " and
then of ot = (oo T)~L If o(xs,u) is not full row rank, we keep the general pseudoinverse notation o (x4, uy),
and all formulas below remain valid. The KLD between the two densities over an infinitesimal interval dt is
then calculated as:

Do = (2] ws
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Using Girsanov’s theorem and a short-time expansion, this divergence satisfies:

D(s||s;) = %HaT(xt,ut)(f(a:t,ut) —fz(xt,ut))Hth + o(dt). (4.6)

Equivalently, the associated transition KLD rate is:

i D (al) = Lot o) (FGaru) — filerun) @)

Taking this rate and substituting into the definition of 8(u¢, x;) from equation (2.14), we obtain the following
expression:

Blug, xt) = % HoT(xt,ut)(f(xt,ut) — fr(ze, up)) H2 + V. e, up) + %tr[Vm a(mt,ut)a—r(xt,ut)] (4.8)

This expression captures, per—unit—time, both the discrepancy between the actual and reference dynamics and
the expected evolution of the value function due to the system’s dynamics.

5. OPTIMAL CONTROL OF LINEAR (GAUSSIAN SYSTEMS

This section applies the theoretical principles discussed previously for controlling stochastic equations of the
form given in equation (2.1) to a specific class of stochastic systems characterised by linear Gaussian dynamics.
The system’s dynamics are determined by a linear drift and a diffusion term that is independent of state and
control:

f(xtvut) = (Axt + But)v
o(xy, ur) = oy. (5.1)

Given the linear drift and constant diffusion, and since o (x¢,u;) = o0 is a deterministic and square-integrable
function of time, the It6 integral fot o1 dW; is a zero-mean Gaussian random variable [25]. Because the drift

fzy,up) = Axy + Buy is linear, the solution x; is an affine transformation of this Gaussian integral, and hence
the transition distribution s(x¢iqs | us, x¢) is multivariate normal:

S($t+dt|ut, xt) ~ N(#t, Et), (5-2)

where the mean u; and covariance X; evolve according to the differential equations:

d - N

% = Aut + Butu

=, - .

d7tt = AZt + EtAT + O'tO';T. (53)

Here p; represents the conditional expected value of the state x; given the control inputs, while ¥; quantifies
the conditional variance of the state around its mean.
For this class of linear SDEs, the target PDF is assumed to follow a normal distribution, given by:

st(Tetar | ue, xe) ~ N (g, S), (5.4)
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where ] represents the mean of the desired state distribution. This describes the conditional distribution of
the desired target state dynamics, which are modelled by the following SDE:

dmt — (Ajﬂjt —|—B[’U,t +Jf:)dt+0’tth (55)

This model specification indicates that the target state dynamics, represented by the drift term, are influenced by
the control input, u;, the state, x;, and an additional term x}. The term 2} introduces a factor that can capture
desired state behaviours independently of the current state and control input, offering flexibility in defining
target trajectories. Consequently, this model represents a generalised framework for the desired behaviour of a
stochastic system, accommodating a wide range of possible dynamics and control strategies.

By substituting equations (5.1) and (5.5) into equation (4.4), we reformulate the function 8(u¢,x), as defined
in equation (4.8), in the following manner:

1 - - T ~ -
Blug, x¢) = §(Axt + Buy — Arxy — Brug — mf)TUZ oz(Axt + Buy — Ajxy — Bruy — )

P ~ 1
+ VxT(AIt + BUt) + itr[VmatatT}. (56)

This equation can be rewritten by introducing the definitions A = A—A ,and B = B-B 1, which group similar
terms together. This leads to the following form:

1 mT 7t r T i s 1 T
ﬁ(ut, xt) = i(Axt + But — xt) Oy Oy (Al't + But — $t) + ‘/vm (A(Et + BUt) + itr[VMJtJt ], (57)

Moreover, we define the ideal controller’s PDF, c;(u|x;), which, for the assumed linear and Gaussian context,
is taken to be Gaussian:

cr(uglxe) ~ N(uy,T), (5.8)

where uy and I' represent the mean and covariance matrix, respectively, of the ideal distribution of the controller.
With these Gaussian models, we can compute the optimal randomised controller from equation (3.1) as
established in Theorem 3.1. This is stated in the following theorem.

Theorem 5.1. The optimal control strategy that minimises the KLD as defined in equation (2.4) is:

c(uelze) ~ N (v, T), (5.9)
where:
vy = —Kixy — Ly,
K, =T, (BTPt T BTUITUZA>,
L=T, ( I, — BTo! ofal + Bth),
I, =T+ BT ofB), (5.10)
and,

P=— (ATUZTUZA L ATP, + PA - [Pté + ATUZTUIB] I, [BTPt T BTO'ITU‘ZA] )
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Gy = —(— ATUZTUZQ:I + ATq, — Q[Pté + ATUITO'IB:| I [ — Ty, — BTUZT()'ng + Eth]>,
s | et T 4T T3 -1, pT AT _t.r . T
Ty = u. I’ z; o, o B+q B|I't|—-TI'"u,—B 0o, o,2; + B" ¢

1
+ Q{uff‘lur + x:TUZTJIxf + tr[PtUtatT]}) (5.11)

Proof. The derivation of the optimal randomised controller begins by evaluating [(u¢,x¢), as prescribed in
equation (5.7). For this calculation, we start with the ansatz:

1
V(xg,t) = §xtTPtxt + 2T g + 7y, (5.12)
so that:
Vo = Pexy + g1,
Voo = P, (5.13)

Substituting this into equation (5.7) gives:
1 mT 17+ r T TV A 3 1 T
Blug, xy) = i(Agct + Buy — x})" o] o)(Axy+ Buy —zy) + (z; Pr + q; )(Axy + Buy) + §tr[PtJt0t . (5.14)
Simplifying yields:

T T T
(Buy — 2))Tol of (Buy — o) + 22T ATo] ol (Buy — 2}) + 2T ATo] o) Az,

5(%&73«"0 =

N | =

- ~ 1
+ (thPt + th)(Aast + Buy) + §tr[PtcrtUtT]. (5.15)

The optimal randomised controller can then be computed from equation (3.1). Using equations (5.8) and (5.15),
the numerator of equation (3.1), denoted as num, is computed as follows:

num ¢y (ug|ze) exp[—B(ug, ¢)]

1
= exp { 2{(ut —u) T (uy — uy) + (Buy — SU:)TJZTUI(But —xy) + thTATUITJI(But —zy)

+ xtTATaITUZAzt + 2zl P, + ¢7)(Az, + Buy) + tr[Pioyol] H . (5.16)

Expanding and isolating terms involving the control signal u; from those that do not, the expression simplifies
to:

1 _ _ i _ .
num o exp [— §{u$(l—‘ by BTO'ITO'ZB)ut + u? < — o Yy, — QBTO'ITO'ZJ,‘t + QBTJZTUZA@ +2BT Py + QBth) H

1 B _ _
X exp [— i{uff Ly + m{TUZTUI:r: - szTATJITUIwg + xtTATUITUZAxt + 22T P Ay + 2¢7 Azy + tr[PtatatT]H .

(5.17)
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Completing the square for the control signal u; in the first exponential term, we find:

1 _ T T T T ~ ~
num o exp {f i{uZF Yur + 2 of olxy —2aTATol olal + 2l ATol of Awy + 22 P, Axy + 2qf Axy + tr[PtotatT]}]

X exp {— %{(ut — ) To(ue — n) + Zt}], (5.18)

where T'y, and v; are as defined in equation (5.10) and:

T
Z, = — ( I, — BTl olal + BTol of Ax, + BT Py + B%) I, ( —T Y, — BTo} ofa?

+BTUZTUIA£L} +BTPtZEt +Bth) (519)

The denominator (den) of equation (3.1) can then be computed by integrating the numerator given in (5.18)
with respect to u;. This yields:

1 T T T ~ ~
den  exp { ~5 {uff‘lur + JJQT of ofat — 22T ATo] ola] + 2l ATo] of Azy + 22T Py Axy + 2q1 Ay

+ tr[PtJtatT]H exp {— ;Zt} (5.20)

Using the expressions for both num and den as derived in equations (5.18) and (5.20), we apply them to equation
(3.1) to compute the conditional PDF of the control signal, u;. This yields:

c(ug)zy) o< exp [— %(ut —v) T (uy — 1) | (5.21)

This completes the proof of the controller’s randomised form stated in the theorem.

To verify the Riccati equation, and the linear and constant coefficients of the value function, substitute
the optimal control distribution from (5.21) together with the numerator in (5.18) into the HJB equation.
Equating coefficients of equal degree then yields the differential system (5.11): the quadratic terms give the
Riccati equation, the linear terms determine the linear component of the value function, and the constant terms
give the baseline cost in the value function’s differential equation. O

Theorem 5.1 is consistent with classical stochastic control. In particular, Riccati relations appear when
computing the feedback law, yielding the gain K; and the shift L; as in the standard stochastic optimal control
setting. The additional first and fourth terms in our Riccati relation arise because we penalise, through the KL
divergence, the difference between the joint PDF of state and control induced by the randomised controller and
a prescribed reference PDF.

The main difference from conventional approaches is that our method is fully probabilistic. Traditional
formulations optimise a deterministic objective and return a deterministic control law. In contrast, we optimise
a control law that is a probability distribution. As shown in Theorem 5.1 and equation (5.9), this yields an
explicit PDF for the optimal randomised controller, which is well suited to intrinsically stochastic dynamics that
require a PDF to describe their time evolution. In this sense, the proposed method generalises and improves
upon deterministic control by working directly with probability distributions.
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5.1. Algorithm for implementing the proposed probabilistic control in Gaussian linear
systems

Algorithm 1 provides a detailed procedure for implementing the proposed probabilistic control framework,
specifically designed for Gaussian linear systems.

Algorithm 1 Probabilistic control for gaussian linear systems
1: Input: System matrices A, B, noise intensity oy, initial state xq, time horizon T, time step dt, parameters
of the target drift function Ay, By, and z], and covariance of ideal controller I'.
: Output: Optimised distribution of the control signal c(us | z¢), and evolution of the PDF of the state x;.
: Initialise: Pr—g =0, q4=0 = 0, 74—0 = 0, 24—¢ = Zo.
: for each time ¢ from 0 to T in steps of d¢ do:
Compute the target mean zj at time ¢.
Update the parameters of the value function P;, ¢; and 7, using equation (5.11).
Integrate to update:
Pirar = P+ P dt,
Gt+dt = q¢ + ¢y dt,
Ti4dt = Tt +T’tdt
Compute the optimal control parameters, I'y, K, and L; using equation (5.10).
Compute the mean of the optimised random control signal using equation (5.10).
Use the mean of the optimised random control signal to update the drift of the system and compute the
system state value x4 q¢.
: end for

© P NPT RN

— =
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6. SIMULATION STUDY: ORNSTEIN-UHLENBECK PROCESS

In this section we apply the proposed fully probabilistic controller to the OU process and compare its
performance with SLQ [8] baseline. This classical stochastic model is used to describe the velocity of a particle
influenced by friction and random forces. This example is ideal for demonstrating the effectiveness of the control
method due to the inherent stochastic nature of the process.

dil't = (—’Y.Tt + Ut) dt + O'th,

where x; represents the velocity of the particle, v is the friction coefficient, o denotes the intensity of ran-
dom fluctuations, and w; is the control input. The process, characterised by the FP equation, is known for its
mean-reverting property, resulting in a Gaussian distribution with time-varying mean and variance. The objec-
tive of the control framework is to derive a randomised controller ¢(u; | ;) to minimise the KLD defined in
equation (2.4) hence ensuring that the PDF of the state x; closely aligns with a desired PDF over time. The
desired Gaussian PDF is characterised by a sinusoidal mean function:

t
t) = 2si —
v(t) sin ( z )
and a fixed variance.

In our simulation, the friction coefficient v was set to 1, reflecting the system’s tendency to revert to its mean
state. The noise intensity o was set to 0.2, representing the level of stochastic fluctuations in the system. The
covariance of the ideal controller’s PDF was chosen to be 0.0001, which affects the responsiveness of the control
input. The simulation was conducted over a time horizon T of 5 units with a time step d¢ of 0.01 units.
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FIGURE 1. Time evolution of state PDFs. Left: proposed FPC; middle: SLQ baseline; right:
target distribution. Brighter regions indicate higher probability density.

For the FPC approach, implementation follows the procedure outlined in Algorithm 1. It involved solving
the Riccati equation and applying the optimal control law to the system to generate the computed PDFs. For

the SLQ control method, we implement a standard quadratic tracking cost J = E fOT{q(xt —(t)? +ru?| de,

with weighting » = 0.01 and ¢ = 1.0.

Figure 1 compares the PDFs obtained with the fully probabilistic controller (left) and the SLQ baseline
(centre) against the desired target distribution (right). As can be seen, both controllers closely follow the target
mean trajectory, as evidenced by the alignment of the high-density ridges. However, the fully probabilistic
controller exhibits a slightly better match in terms of spread, particularly around the mid-horizon region (e.g.,
time window 2.5 — 4), where its contour width appears more consistent with the target distribution. The SLQ
controller, by contrast, produces slightly narrower contours in that interval, suggesting a mild underestimation of
uncertainty. Overall, while both controllers maintain good tracking performance, the fully probabilistic controller
provides a closer match to the target in both mean and variance across the time horizon.

Figure 2 compares the time-slice PDFs produced by the fully probabilistic controller (blue, solid), the SLQ
baseline (red, dashed) and the target distribution (black, dotted). Both controllers track the evolving mean
of the target distribution well across all time steps. However, a key difference emerges in the variance. In the
mid-horizon range (approximately ¢t = 1 to ¢ = 3.5), the SLQ controller consistently produces slightly narrower
distributions compared to the target, indicating a modest underestimation of uncertainty. The fully probabilistic
control, by contrast, maintains a spread that more closely matches the target throughout, particularly at time
steps around ¢ = 2.5, t &~ 3.0, and ¢ ~ 3.5, where its curves nearly overlay the dotted reference. Toward the
start and end of the horizon (e.g., t = 0 and ¢ = 5), all three distributions converge, showing strong alignment.
Overall, the FPC demonstrates more accurate tracking of both the mean and variance of the desired distribution,
while the SLQ solution remains slightly conservative in its estimation of spread.

To complement the visual evidence, we computed three summary statistics over the full 5—unit time horizon.

1 T
First, the mean-squared tracking error MSE = T / (Elz] — v(t))2 dt which measures how well the controlled
0

_ 1 [T
state mean follows the target mean v(¢). Second, the time-averaged KLD, D = T / D[s(z) || s1(z¢)] dt which

quantifies the shape mismatch between the controlled and reference PDF's. Finally, the normalised control effort,

1 T
E, = T / u? dt. As summarised in Table 1, the fully probabilistic controller yields a lower tracking error and
0
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FIGURE 2. PDF cross-sections at selected time points. Solid blue line: FPC; dashed red line:
SLQ; dotted black line: target distribution.

a smaller average KL divergence while requiring less control energy than the SLQ baseline, quantitatively
confirming the qualitative trends seen in the figures.

7. CONCLUSION

This paper presented a novel probabilistic control framework designed specifically for stochastic continuous-
time systems. Our approach is based on characterising the systems evolutions and controller using PDFs, and
then using the KLD to measure discrepancies between desired closed system and actual system behaviours.
The result is an optimised randomised controller that better reflects and considers the inherent uncertainty and
stochasticity of real-world control systems.
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TABLE 1. Performance metrics over the 5-s horizon.

Controller MSE D E,

FPC 0.0205 0.3436 13.09
SLQ 0.0208 0.3494 16.62

In particular, based on the SDEs that describe the dynamics of stochastic systems, we reformulated the
HJB principle in terms of joint PDFs. Our probabilistic formulation yielded a more accurate control strate-
gies that better capture the stochastic nature of the systems. The derived probabilistic strategies as given in
Theorem 3.1 are shown to be universal and suitable for any generative probabilistic model describing the sys-
tem dynamics. It applies to any stochastic system regardless of whether its dynamics follow the FP equation’s
assumptions.

To demonstrate the theoretical development of our approach, we applied the general solution to linear
Gaussian systems. Because these systems are both linear and driven by Gaussian noise, we were able to derive
explicit, closed-form expressions for the optimal probabilistic control. Specifically, we have shown that the mean
of the optimal controller corresponds to a standard state feedback control law, while the covariance is derived
analytically in terms of system parameters such as the noise intensity (o;), the control matrix (B), and the
target controller distribution (I'). This demonstration illustrated how the general framework can yield exact
solutions when applied to well-structured systems. It also shows how our method extends traditional control
strategies by producing a full probability distribution over control actions, rather than a single deterministic
path.

The simulation results on the OU process have shown that our probabilistic framework can successfully
steer the system’s state distribution toward a desired target. Across different time windows, the computed
distributions closely match the targets, demonstrating the method’s ability to manage uncertainty effectively. We
also compared our method to SLQ control method. The comparison results showed that our approach achieves
lower mean squared error and better alignment with the target distribution, while maintaining competitive
control effort.

To maintain a clear focus on establishing the theoretical groundwork, this paper concentrated on the gen-
eral formulation (Thm. 3.1) and its analytic specialisation to linear—Gaussian dynamics. For nonlinear or
high-dimensional systems, although a general closed form solution of the controller can be obtained as out-
lined in Theorem 3.1, its solution needs to be computed numerically. These problems are more complex due
to the curse of dimensionality and the multiple integrations involved in the computation of optimal con-
trol strategies. To stay focused on the core theoretical contributions, we leave these challenges for future
research. We plan to investigate low-rank or sparsity-exploiting Riccati solvers, moment-projection and neural-
Galerkin schemes, as well as experimental validation and real-time implementations of the fully probabilistic
framework.
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