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EXACT RELAXATION IN OPTIMAL SWITCHING CONTROL
FOR THE HEAT EQUATION

PAULINA BOCK DE BARILLASY, FALK M. HANTE! AND
MICHAEL HINTERMULLER?

Abstract. We consider an optimal control problem for the heat equation as a prototypical parabolic
partial differential equation with a non-convex control mechanism of the form continuous-or-off. We
model this fundamental switching mechanism as the product of a classically continuous and a binary
control both in the control term of the dynamics and in the objective. A total variation regularization
is added to the cost in order to restrict the number of switching times. This leads to a mixed-integer
non-linear PDE-constrained problem. We discuss well-posedness of the problem and present an exact
relaxation result for a linearized and a trust-region type penalized problem. The exactness result is
constructive and provides a way to numerically compute mixed-integer optimal solutions from the
optimality conditions of an associated PDE-constrained problem without integer restrictions. It lays a
foundation for a new class of sequential relaxation algorithms to solve the considered class of mixed-
integer control problems. This is demonstrated numerically by showcasing a descent step in the presence
of binary restrictions.
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INTRODUCTION

Critical infrastructure systems such as power grids, transportation networks, water, and gas distribution
systems rely heavily on special types of switching control. A key feature of, e.g., generators, pumps or compressors
is to determine controls taking either values within certain ranges or to be switched off. As the world transitions
to more sustainable yet intermittent energy networks, one of the most pressing research areas involving these
dynamic switches is to optimize the operation and efficiency of such networks, ultimately enhancing their
reliability and sustainability. Such problems have therefore recently received considerable attention. In the field
of energy management, for example, the operation of power transmission lines requires the optimization of
time-dependent controls consisting of generated power and switches that temporarily shut down individual arcs
or entire sub-networks in order to redistribute the flow within the network. The so-called optimal transmission
switching is the subject of the work of [1, 2]. Similar types of control mechanisms can also be found in the
field of compressor operation in gas pipelines [3] or in the control of reaction-diffusion processes in chemical
engineering [4]. Optimization problems in energy-efficient building operation also motivate bilateral control
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mechanisms. Similar to the problem studied in this paper, the dynamics are governed by the heat equation
and controls represent optimal heating strategies [5]. Related problems also appear in the field of topology
optimization if the placement of material requires a positive minimal density, for example, in the well-known
minimal compliance problems [6].

Solving such optimal control problems with integer constraints governed by partial differential equations
(PDEs) presents us with challenges. Approaching them, for example, through space-time discretization leads to
mixed-integer nonlinear programs (MINLPs), which are computationally intractable and often cannot be solved
with general-purpose MINLP solvers. Several works have analyzed and demonstrated special solution tech-
niques. An important tool for nonconvex MINLP is the formulation of a mixed-integer problem via linearization
techniques, in particular the linearization of products of binary (integer) variables with bounded continuous
variables. These linearizations can often be obtained by the reformulation linearization technique of Sherali and
Adams [7]. In the context of PDE-constrained optimization, these linearization formulation techniques have no
direct equivalent. Such techniques, however, can be applied, for example, on subproblems obtained from direct
discretization and time-domain decomposition as studied in [8]. Another approach is considered by Sager et al.
[1, 9] using partial outer convexification, where the optimal solution of the MINLP is approximated by first
solving the relaxed problem formulation (NLP) and then reconstructing feasible binary variables by a mixed
integer linear problem (MILP) without dynamic constraints, called combinatorial integral approximation prob-
lem (CIAP) [9]. The main drawback of partial outer convexification is that it provides a relaxed solution that
is an approximation of the MINLP solution, but is not binary feasible. An almost optimal binary feasible solu-
tion can then be reconstructed via CIAP, often explicitly using sum-up rounding [10, 11]. However, in general,
sum-up rounding approximations rely on highly oscillating control functions, which is in contradiction to dwell
time requirements or constraints on the total number of switching as implied, e.g., by total variation (TV)
regularization. Buchheim et al. [12] present a solution approach based on investigating the convex hull of all
feasible switches, based on extended formulations to define a tight convex relaxation. The goal of this technique
is to reduce the problem to an MILP that can be solved with cutting algorithms. Reducing the problem to
a MILP is also the strategy of Manns and Leyffer in [13]. They present a trust-region algorithm with linear
subproblems that can be solved with standard MILP techniques. These ideas are extended by Wachsmut and
Marko [14], who approach the trust-region subproblem with Bellman’s optimality principle. In the context of
topology optimization, a prominent technique for handling binary control constraints is to penalize non-integrity
by adding a penalty term in the form of a double-well potential to the objective. This has been studied, for
example, in combination with the Solid Isotropic Material with Penalization (SIMP) method [15]. Furthermore,
we mention the related concept of switching time optimization, where the optimization is considered in terms of
time. This can be an option in the case of finitely many switching points, but obtaining gradient information can
be difficult. For optimal control problems with PDEs,; a two-stage gradient descent approach based on switching
time gradients is presented in [16]. In contrast to the problem studied in this work, total variation regularization
is not considered.

In the following, we analyze a mixed-integer nonlinear optimal control problem with a continuous-or-off
(on/off with continuous level when active) control mechanism. It is modeled as the product of a dynamic
control and a switching control, which is a binary control that varies over the time horizon. The control acts
on dynamics governed by a parabolic partial differential equation. The cost function comprises tracking type
objectives together with a total variation term regularizing switching. The tracking term for the control can be
used to remain close a desired reference representing prior optimization, expert input, or otherwise preferable
inputs whenever the control is not off. This approach can be also be used for actuator smoothing (at times when
switched on and operating continuously), to incorporating learning based control for the continuous part, or to
enhance robustness in iterative optimization schemes such as model predictive control.

Our approach in this paper is inspired by the exact relaxation presented in [17], which originates from the
application area of imaging science. There, the binary variable operates in space and represents the binary
image features recovered from noisy data. In contrast, we consider time-dependent binary controls that serve
as switches. Starting from a tracking problem (1.1), we derive as a main result an exact relaxation property
for a linearized and penalized problem (3.1). The relaxation is realized by replacing v(t) € {0,1} by the box
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constraint v(t) € [0, 1]. Unlike in general mixed-integer programming, our result even states that the relaxation
is exact, in the sense that a thresholding strategy is given that allows us to construct a minimizer almost surely
from a solution to the relaxed problem. Based on this exact relaxation result, we sketch a solution algorithm
(presented in Alg. 1) that demonstrates how the exact relaxation can be embedded in a sequential relaxation
scheme. Iteratively, we may find a minimizer of the binary constrained problem by approximating it with a linear
problem and solving its relaxation. This is followed by a thresholding step, according to the strategy presented
in the exact relaxation result, to recover the binary solution in each approximation step. In this context, a
linearized and penalized problem emerges as a trust-region subproblem (3.1), where the trust-region radius is
imposed weakly as a penalty term in the objective.

The remainder of this paper is organized as follows. In Section 1 we present the problem on which our findings
are developed, state some basic results which will be used throughout the paper, and show the existence of
solutions. We linearize the problem and show an exact relaxation result in Section 2. In Section 3, we show that
an exact relaxation result applies to the linearized formulation of problem (1.1) with an L!-penalty term and
give a numerical example. We finally give some comments and perspectives in Section 4.

1. PROBLEM FORMULATION AND PRELIMINARY RESULTS

The main ideas are developed on the example of controlling a heat equation to a desired state yq € L(£2) in
the following sense

T T
min %/Qw(T, z) —yd(x)|2dx+%/o o) u(®) —uref(t)|2dt+6/0 | Doldt (1.1a)
s.t. Qy(t,x) —aAy(t,x) = v(t)xu(x)u(t) on (0,T) x Q (1.1b)
y(t,z) =0 on [0,T] x 00 (1.1¢)
y(0,2) = yo(z) on Q (1.1d)
u(t) € {0} U [ug,up] on (0,T) (1.1e)
v(t) € {0,1} on (0,7) (1.1f)
y e W(0,T), uwe L*(0,T), veBV(0,T), (1.1g)

where € is a bounded set of R™ with regular boundary 9f). The subset w C €2 is Lebesgue-measurable and the
symbol x,, denotes the characteristic function of w. The function yo > 0 is a non-negative initial state and uef
is a nominal control value (e.g., at which the actuator u is known to be efficient), 0 < u, < u; are lower and
upper bounds for the control u, a > 0 is the diffusion coefficient, a,, 8 > 0. In this formulation, w is arbitrary if
v = 0 and hence, for definiteness, we set u = 0 in this case (modeling, e.g., turning the actuator off associated
with some cost). The two controls u and v are coupled by multiplication and are both time-dependent. The
space dimension on the right-hand side of the PDE is given by the characteristic x.,.
For the notation, we widely follow [18].

1. For y € L3(Q2), u € L*°(0,T) and v € BV(0,T) we set

o) = 5 [ 10(T) = o) o

and

«

T T
o) = 60)+ 5 [ o@lut) —was(®Pdt+5 [ Dol
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2. We define the feasible set of (1.1) as

0 = {(y,u,v) € W(0,T) x L>=(0,T) x BV(0,T)|
y,u and v satisfy (1.1b) — (1.1f)}.

3. Let H = L*(Q), V = H}Q) with V* = H~}(Q) the dual space of V and W(0,T) = {y € L*(0,T;V) :
Oy € L*(0,T; V*)}, where 9,y is to be understood in the sense of a distributional derivative. The space
W(0,T) shall be equipped with a norm defined by

”yHI%V(O,T) = ||yH2L2(O,T;V) + Haty”%Z(o,T;v*)-

4. The total variation TV of v € BV(0,T) is given by

T T
TV (v) :z/0 |Dv|dt := sup {/0 v(t)dive(t)dt: ¢ € CL0,T,R™), (¢l pe<(0,m) < 1} , (1.2)

where C}(0,T) denotes the class of continuously differentiable functions with compact support in (0, 7).
The space of functions in L*((0,T') with bounded variation is called BV(0,T) and is a Banach space when
equipped with the norm || v [|[gyv=|| v ||z + TV (v).

We briefly give some preparatory statements, which will be employed in the derivation of several results in
the remainder of this paper.
We consider solutions in the usual weak sense, i.e., for given controls u € L*(0,T), v € BV(0,T) we say that
y(t, x) satisfies (1.1b)—(1.1d) if y(0) = yo and

/ O, 2) -yt +a / (Vy, V)pdt = / (0(t) (), @)t (1.3)
0 0 0

for all p € L?(0,T;V).
It is well-known that W (0,T) embeds continuously in C'(0,T;H), hence y(T) is well-defined as an element of
H with ||y[|% < pllyllw,r) for some constant x4 > 0 and solutions of (1.1b)-(1.1d) in the sense of (1.3) satisfy

Iyllw o,y < CUlv(t)xw(@)u(t)l 2 0,r59) + llvoll2)- (1.4)

for some constant C' > 0 independent of u,v and yg.
Hence, using that u € L>(0,7T) and that BV(0,7T") embeds continuously in L>°(0,T") we can use the bounds
(1.1e) and (1.1f) to obtain

1
lvxwull L2 0,750 < |w|T2uy, (1.5)

where |w| denotes the measure of the set w C Q. B
In particular, (1.4) and (1.5) imply the existence of a constant C' independent of u and v such that

ly(5u,v)lwor <C, and |y(T;u,v)|xn < uC. (1.6)
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Moreover, the weak solution (1.3) satisfies the variation of constants formula. For uwyx,v as an element of
L?(0,T;H), we have

T
y(T; o, u,v) = S(T)yo + / S(t - s)u(s)xwv(s)ds, (17)

where {S(t)}+>0 denotes the strongly continuous semigroup of bounded linear operators on H generated by the
linear operator A D(A) CY — Y defined as

Ay =alAy, on D(A)=H?*(Q)Nn H;(Q) (1.8)

see, e.g., [18], Part II, Proposition 3.2 and Remark 3.2. The semigroup formulation (1.7) is a useful tool in the
proof of our relaxation result.

For our further analysis, we need the following auxiliary result. Here, an auxiliary problem is considered,
which simplifies (1.1) and consists of a linear term (with respect to the control v) and the TV regularization.
We have

M T
i i vidt + B TV (v;), 19
UEBV([(i%"l]r;l{o,l}zw);‘/0 g; vidt + 3 (vs) (1.9)

where v = (vy,...,vn) € BV([0,7];[0,1]™), g; € LP(0,T) for some p > 1, ; € R, i = 1,..., M. Such as in
problem (1.1), the constraints on v are binary. Problem (1.9) becomes convex, by relaxing the binary constraints

M T
min Z/ gi vidt + B; TV (v;). (1.10)
i=170

veBV([0,T7];[0,1]M)

Theorem 1.1. There exists a minimizer to problem (1.10) and problem (1.9), respectively.

Proof. With either S = {0, 1} or S = [0,1]™ we have for any v € BV(0,T};S) the lower bound

M T M
Z/ gividt > =" | gi llro.1) - (1.11)
=170 i=1

and since TV is bounded from below, the objective functionals are bounded from below as well. On sublevel
sets of the objective functionals, we obtain with (1.11) a uniform bound on the total variation, i.e. for ¥ in

the sublevel set we can estimate —Zi]\il Il g llzro,m) +B8: TV(vs) < Zgl OTgi vidt + 5; TV(v;) < C =
Bi TV(v;) < C+ || gi llz1(0,7)- Additionally, the feasible elements are bounded in L*° and thus bounded in
L7 for all ¢ < oo. Hence, we can extract a weak-* convergent subsequence in BV(0,7;5) N L9(0,T) (L? and
BV are dual spaces of separable normed spaces, hence we obtain weak-* sequential compactness by Sequential
Banach—Alaoglu theorem). The total variation TV is lower semicontinuous with respect to the weak-* topology
[19], Theorem 5.2.1 and for g = p’%l we obtain continuity for the first term in the objective functional, by using

the Hoélder-inequality. Hence, we obtain the existence of a minimizer in problems (1.10) and (1.9). O

The scalar case of the following Lemma 1.2 is available in [17], here we present a vector-valued version as a
special case of Lemma 3.4 proven later.

Lemma 1.2. Let v = (vq,...,vyr) € BV([0,T];[0,1]™) be a minimizer of the convex problem (1.10) Then, for
almost all € € (0,1), the function v¢ = (v%,... ,vfw) € BV([0,T7;{0,1}M) defined as the indicator function of
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the level set {v; > &}, i.e.,

() = {1 foilt) > & (1.12)

0 else,

is a minimizer of (1.10) and of the non-convex problem (1.9).

Proof. Let v € BV([0,7];[0,1]*) be a minimizer of (1.10) and v* be defined by (3.5). By the coarea formula
for BV functions [20], we have

1 1
TV(W):/O Per({vi>§})d§:/0 TV (v}) de, (1.13)

where Per({v; > ¢}) denotes the perimeter measure of the level set {v; > £}. Moreover, for almost every t € [0, T,
we have by definition of v,

v; (t) v, (t) 1 v, (t) 1 1
/ 1d¢ = / 1d¢ + / 0d¢ = / vé(t)dé + / vé(t)dé = / oS (t) dé
0 0 vi(t) 0 vi(t) 0

and therefore

v; (t) 1
vi(t):/o 1d§:/0 oS () dé. (1.14)

Hence, letting w € BV([0,77]; {0,1}*) be a minimizer of (1.9) we get using the above and Fubini’s Theorem
and the fact that v} (t) € BV([0,T];{0,1})

M

T M T 1 1
. U’i i U’i = b ’U‘E f 'U‘E
;/0 gi(t) vi(t)dt + B; TV (v;) Z/O /0 gi(t)vs () dédt + B /o TV(vf) de
/T 9i(t) Uf(t)dt + B TV(vf)) d¢
0

> Z/o /0 gi(t) wi(t)dt + B; TV(wz‘)) dg

M T
:Z/O gi(t) w;(t)dt + B; TV (w;).

(1.15)

Now suppose that v¢ is not a minimizer of (1.9). Then the estimate

M T M T
Z / gi (t) v (t)dt + B; TV(’UZ) > Z/ gi(t) wW; (t)dt + B; TV(wl) (1.16)
i=1"0 =170

holds with strict inequality, contradicting the minimizing property of v. Hence, we conclude the assertion. [J

To prove the existence of solutions for problem (1.1), we need a variant of Helly’s Selection Theorem.
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Lemma 1.3. Let (vi)ren be a sequence in BV(0,T;[0,1]) such that TV (vy) < C for a constant C and for all
k e N.

a) We can extract a subsequence (v )xen such that it holds

lim vi(t) — v(t), te€]0,T] (a.e.), (1.17)
k—o0
lim [lvg —v|zror) =0, 1<p<oo (1.18)
k— o0
and
T T
liminf/ | Dvy|dt > / | Dv|dt. (1.19)
k—oo  Jg 0

b) If, in addition, the sequence vy, is such that vy, € BV(0,T;{0,1}), then (1.17), (1.18) and (1.19) hold for
a subsequence with v € BV(0,T;{0,1}).

Proof. Since vy, is bounded in L* it is bounded in L!. Hence, vj is bounded in BV(0,T%[0,1]) and by the
compact embedding BV (0,T) — L(0,T) for 1 < g < oo, the sequence v admits a subsequence convergent
in L(0,T) [21], Corollary 3.49 proving (1.18). Now we can extract a subsequence (not relabeled) converging
almost everywhere, which proves (1.17).

The implication (1.19) is due to the lower semicontinuity of the variation [21], Remark 3.5. If, in addition,
vi(t) € {0,1} (almost everywhere) on [0, 7], (1.17) implies v(t) € {0,1} (almost everywhere) on [0, T]. O

We prove the existence of optimal solutions in the weak sense for our considered problem (1.1). A particular
focus thereby is on the nonlinear cost term fOT V() [u(t) — uper(t)|? dt.

Theorem 1.4. The mized-integer optimal control problem (1.1) has a solution (g,u,v) € W(0,T) x L*>(0,T) x
BV(0,75{0,1}).

Proof. We follow the direct method of calculus of variation and prove that the limit is feasible. Due to (1.6)
we can extract a weakly convergent subsequence y; — g in W(0,T) for some y € W(0,T) (the subsequence
is denoted again by (y;)). From (1.1e) we obtain a uniform bound of |ju||pe,r) which again allows us to
pick a weakly convergent subsequence u; — @ in LP(0,T) for all 1 < p < co. Moreover, the assumption that
B > 0 yields a uniform bound on fOT | Dv;|dt which implies a.e. convergence for a subsequence v; by Lemma 1.3.
Continuity and convexity of the norm implies lower semicontinuity for the first term

liminf ¢ (1) > ¢(y)- (1.20)

For the second term we have from v;(t) — o(t) a.e., that

T T
lim inf /0 () (t) — usec(B)]2 — /0 B0 () — urer (4)| Pt

l—o0

l—o0

T
=lim inf/o 01 (1) g (t) — Urer ()2 + 0(E) g (t) — teer (t)|* — 0(t) [y () — et (8) > — 0(8)|@(t) — wrer (t)|*dt

T
—lim inf/o (vi(t) — () [ur(t) — turet (8)> + B(E) (|(w(t) — tret (£)]> — |a@(t) — urer (t)]?) dt

l—o0

l—o0

T
:hminf/o o(t) (|(w(t) — uret(t)|* — [a(t) — urer (t)[?) dt > 0,
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where the last inequality follows from continuity and convexity of the norm. This implies lower semicontinuity

T T
lim inf /0 0 () s (t) — wret (£)]2 > /0 5()|at) — urer (t)]2dt. (1.22)

l—o0

Finally, (1.20), (1.22) and (1.19) together imply

lilm inf H(y;, w;,v;) > H(y,4,v) = inf H(y,u,v). (1.23)
—00

The feasibility of the limit (¥, i, ) follows from y;, — % in W(0,T) and u; — @ in L?*(0,T) and from (1.18) for
some ¥ € BV(0,T;{0,1}), for a subsequence respectively.
O
2. LINEARIZED PROBLEM

In this section, we consider a linearization of problem (1.1a) and show an exact relaxation result. We consider
a linearization of the cost function (1) with respect to y at some given iterate y* € W(0,T)

J(y",y,u,0) = (" (1)) + ¢’ (y* (1)) (y(T) — y*(T))

o T ) T (21)
5 [ o) we P+ 5 [ Dol
0 0
and study the following linearized optimization problem parameterized by y*
min J(y*, y,u,v) st (y,u,v) € O. (2.2)

For the existence of a minimizer to the linearized problem (2.2) and the relaxed version (2.6), we first show
that there exists a lower bound to the objective functional.

Lemma 2.1. The linearized cost function J(y*,y,u,v) satisfies
J(y*,y,u,0) > 24T (2.3)

for all (y,u,v) € © and y* € W(0,T) with ||y*|w o) < C, where pu and C are the constants from (1.6).
Proof. For y* € W(0,T) with [|y*||w,r) < C and (y,u,v) € © we have from (1.6) and H(y,u,v) > 0 and
¢(y*(T)) > 0 that
J(* g, u,0) = (" (1)) + ¢' (" (D) (Y(T) = y*(T)) + H(y, u,v)
> ¢' (" (T)(W(T) —y*(T) = (y ( ) ( ) =y (D))w (2.4)
"B~ 19O llally H2C”,

—~

> —|ly

With the Lemma and the proof of Theorem 1.4 we have the ingredients to show the existence of minimizers
for the above linearized problem.

Theorem 2.2. For any y* € W(0,T) with ||y*|lwo,r) < C the linearized problem (2.2) has an optimal solution
(g*,u*, o) € ©.
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Proof. For any y* € W(0,T) with ||yk||W(07T) < O, the lower bound from Lemma 2.1 yields the existence of
a minimizing sequence. The remaining arguments are the same as in the proof of Theorem 1.4 with J instead
of H. O

We consider now a relaxation © of the feasible set ©, by replacing v(t) € {0,1} by the box constraint
v(t) € [0,1] given as

0 = {(y,u,v) € W(0,T) x L*=(0,T) x BV(0,T) :

2.5
y, u and v satisfy (1.1b)—(1.1e) and v(t) € [0,1], t € (0,T) a.e.} (2:5)

and study the corresponding relaxed problem
min J(y*,y,u,v) s.t. (y,u,v) € O. (2.6)

There exists a minimizer for this linearized and relaxed problem.

Theorem 2.3. For any y* € W(0,T) with ||y*|lwr) < C the linearized and relazed problem (2.6) has an
optimal solution (§*,@* o*) € ©.

Proof. For any y* € W(0,T) with ||y’“||W(0,T) < C, the lower bound from Lemma 2.1 yields the existence of a
minimizing sequence. The remaining arguments are the same as in the proof of Theorem 1.4 with J instead of
H and where we only invoke Lemma 1.3 a) to obtain ¢* in BV(0, T’; [0, 1]).

O

For the linearized problem (2.2) we obtain an exact relaxation result, similar to Lemma 1.2. Unlike in general
mixed-integer programming, this relaxation is exact, in the sense that a minimizer of the binary-constrained
problem can be obtained almost surely from thresholding a solution to the relaxed problem.

Theorem 2.4. Let (j*,a* o%) € © be an optimal solution of the linearized and relazed problem (2.6).
We define vg € BV([0,7];{0,1}), with £ € (0,1), as the indicator function of the level set {tF > &}, i. e.,

ke J L i olt) > €,
v (t) = {0, else, 27)

and define yg as the solution of (1.1b)—~(1.1d) with v = @* and v = v?.
Then, for almost all £ € (0,1), the triple (y?,ﬂk,véc) € O is an optimal solution of (2.6) and (2.2).

Proof. Using (1.7), strong continuity of S(-) [20] and linearity of (-, )y we have
¢' (" (D) Y(Ts 9o, u,v) = y*(T)) = (4" (1), y(Ts yo, u, v))w — lly* (T)II3,

T
= (yk(T), (S(T)yo+/ S(T—t)U(t)xwv(t)dt» — Iy (D)3
0 H
T (2.8)
= ("), S(T)yo)w — Iy* (D15, + (y'“(T),/ S(T - t)U(t)xwv(t)dt>
0 H
T

= (1), S(T)yo)w — Ily* (D)3, + /O (" (1), S(T — t)xe)wu(t)o(t)dt.
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With that we get the reduced cost function
50k _ ik k k 2
J(y" u,v) = oy (T)) + (v (T), S(T)yo)a — Ily™ (T)II3

414 (" (1), S(T — t)xw)wu(t)o(t)dt

+;/T(NM)MMUF&+B/ |Dofdt =
F(yo,y / G(t,u)v dt+ﬁ/ | Dv|dt
with
F(yo,y*) = ¢(y*(T)) + (*(T), S(T)yo)n — Iv* (D)% (2.10)
G(t,u)v = (y*(T), S(T — t)xw)nu(t)v + %IU(O — Uyt (1) [P0 (2.11)
Hence, the linearized problems (2.2) and (2.6) reduce to
wmin (. ) = F(yo, / Gt u)v dt+5/ | Doldt, (2.12)

where the minimization is with respect to uw € L*°(0,T) and either v € BV(0,7;{0,1}) for (2.2) or v €
BV(0,T10,1]) for (2.6), respectively.

Now let (§*, ¥, %) be an optimal solution of (2.6). Then, by the above, (@*,%") is an optimal solution of
(2.12). In particular, ¥ is the optimal solution of

i I(@* 2.13
vEBVI(%g’l;[O,l]) (@, v), ( )

which is equivalent to (1.10) with g(¢) = G(¢,@"). Hence, from Lemma 1.2 we conclude that for almost every
& € (0,1), the indicator function vé as defined in (2.7) is a minimizer, too. From this, we infer

I(@",vg) = I(@*,5%) = inf{I(u,v) : uw € L™(0,T), v € BV(0,T;[0,1])}

2.14
< inf{I(u,v):u e L>*(0,T), v € BV(0,T;{0,1})}, (2:14)
and thus, (", vf) is a minimizer of (2.12) in either case. Since with yf = y(T;a*, v?)
1@, v) = J(yj, ye, @", vf) (2.15)
the triple (yé“, ﬁk,vg) is optimal for (2.6) and (2.2). O

We proved exact relaxation for the linearized problem, based on the auxiliary Lemma 1.2 and on the semi-
group representation of y. This builds one part of the proof of our main result, which is the matter of the next
Section.
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3. EXACTNESS FOR SEQUENTIAL RELAXATION

In this section, we show the exact relaxation result for a trust-region subproblem. With the idea of approxi-
mating the original problem (1.1), the linearization in Section 2 needs to be realized sequentially. We then need
to include a trust-region radius. Within this trust-region redius, the approximation of problem (1.1) is deemed
to be trustworthy. We impose a trust-region radius indirectly on the controls u and v, as suggested in [22] and
realize the trust-region radius on v weakly, as for example in Levenberg—Marquardt limited-step methods. Our
main result concerns the exactness property of the resulting trust-region subproblem for an L!-type penalty.
The starting point is the following trust-region subproblem

T
min Jre(y,gru,) = I g0+ 0 [k = olde
0 (3.1)

s.t. (y,u,v) €0 and  |Juf —ul|L2 < p,

with parameters A > 0 and p > 0. The parameter A regulates the importance of the minimization of the linearized
cost functional in comparison to ||vy, — v||p1. The trust-region radius on u is added as an additional constraint.
The resulting sequential relaxation scheme is sketched in Algorithm 1.

We first show the existence of a minimizer to problem (3.1).

Theorem 3.1. For any y* € W(0,T) with ||yk||W(07T) < C the trust-region subproblem (3.1) has an optimal
solution (g*,u* v*) € ©.

Algorithm 1 Sequential relaxation (trust-region based)
Require: Parameters ¢ € (0,1), p, A > 0 and some (y°, u,v°) feasible for (1.1); set k := 0.
for k=0,1,2,...,max do
(1) Find minimizer (§*, @"*, 7%) of the relaxed problem (3.2) at the linearization point (y*,u*,v*).
(2) Recover a binary solution by thresholding (¢f. Thm. 3.5):

v_bin = X(grsey, u_bin = @*, y_bin = y(u_bin,v_bin).

(3) Evaluate the step quality; choose

(L b k) = (y_bin,u_bin,v_bin), if good
7 7 (y*, uk, o), otherwise

and adjust the trust-region radii p, A accordingly (using, e.g., (3.22),(3.23)).
end for

Proof. The proof is equivalent to the proof of Theorem 2.2.
The corresponding relaxed problem is given by

T
min Jrr(y", y,u,0) = J(F, y,u,v) + )\/ [ok — v|dt
0 (3.2)

st (y,u,0) €O and  |luf — ull 20,7y < p,

This problem admits a minimizer.
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Theorem 3.2. For any y* € W(0,T) with ||y*|lw 1) < C the trust-region subproblem (3.2) has an optimal
solution (§*,@*, %) € ©.

Proof. The proof is equivalent to the proof of Theorem 2.3. O

We now state that the exact relaxation result still holds when the trust-region constraint is appropriately
penalized. To see this, we first consider the auxiliary problems

M T
i () vi(t)dt + B; TV () + Aol — v 3.3
ey 20 ) HOROA BTV £ kel (33)

where vf = (vF, ... vk) € BV([0,T];{0,1}M) g; € LP(0,T) forsomep > 1, B; € R,i = 1,..., M. And, replacing
{0,1} by [0,1],

M T
. k
vEBV(g,lTI”I;l[O.l]M) ;:1 /0 gi(t) v (O)dt + B; TV (v;) + Al|lvy — il s (3.4)

Theorem 3.3. Problems (3.3) and (3.4) have a solution.
Proof. The proof is equivalent to the proof of Theorem 1.1 O
The following Lemma is essential for the proof of Theorem 3.5. Note that for A = 0 Lemma 3.4 is Lemma 1.2

Lemma 3.4. Let v = (v1,...,vn) € BV([0,T];[0,1]) be a minimizer of the convex problem (1.10) Then, for
almost all € € (0,1), the functions v* = (vf, e ,vfw) € BV([0,T]; {0,1}M) defined as the indicator function of
the level set {v; > £}, i.e.,

o (1) = {1 if vit) > €&, (35)

0 else,

is a minimizer of (3.3) and of the non-convex problem (3.4).

Proof. The first step of the proof is to reformulate the L!-penalty term. Since v*(t) € {0, 1}, we can subdivide
[0, T into the disjoint subsets A := {t € [0,T]|vE(t) = 1} and B := {t € [0,T]|v¥(t) = 0} and get,

T
ok = vl = [ Iok@) = wsto)

0
oh0) — ]+ [ o) o)
4 ) N (®)

=1—v,(t =v;
= [ O - u®) +ul (1= o) d (5:6)
A:T/ T
+ [ O - ) + ulo) (L= k(o) d
B:,O_/ T

= /O F(E)(1 = vs(t)) 4 vs () (1 — vF(2))dt.
Hence,

T
Mg = vill = A/O vF ()1 = vilt)) + (1 = vf ())vi(t)dt (3.7)
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Now, by using the equality

vi(t) = / 1€ = / e,

we have similar to the proof of Lemma 1.2, for v € BV([0,77; [0, 1]*) being a minimizer of (3.4)

ZAIIU vl = ZA / )1 = vi(t) + (1 — v () vi(t)dt

M T
=A Z/O vF () — o (E)vs(t) + vi(t) — v} (t)vi(t)dt
o X 1 1 (3.8)
— OF (1) — oF 3 . ;
35 [ (ot [ et [ osioas -k [[osioac) a
Mo 1T
= ’\Z/O /0 o (1) = of (£)v (1) + v (t) = vf (H)f (£)dtdé
The first two terms of the penalized auxiliary problem (3.8) can be reformulated as follows
Z/ gi(t)vi(t)dt + B; TV (v;) = Z/ / gi(t dgdt+ﬁl/ V(vf) dé
(3.9)
—Z/ (/ oS (8)dt + B; TV (v ))dg.
Hence, letting w € BV([0,7];{0,1}™) be a minimizer of (3.3), we get by using the above reformulations
M T
Z/O gi(t) vy (t)dt 4 B; TV (v3) + Aok (t) — vi(t)|| 11
M
_Z/O (/ (1)t + B; TV (v ))dg
M
A2 [t = sknso + o) ot nag
(3.10)
> Z/ (/ wi(t)dt + f; TV(w,)> d¢

/ / wi(t) + 5 (t) — oF (B)w () dtde

=§:/ng () wi(t )dt+ﬁzTV(wz)+>\/

[0F (1) — wi(t)]dt.
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Now suppose that v® is not a minimizer of (3.3). Then the estimate (3.10) holds with strict inequality,
contradicting the minimizing property of v. Hence, we conclude the assertion. O

The following Theorem 3.5 is the main result of this paper and is built on Lemma 3.4 and on Theorem
2.4. Tt states that the relaxation of the trust-region subproblem (3.1) is exact, where exactness is meant in the
sense that minimizers of the binary trust-region subproblem are obtained from minimizers of its relaxation. The
theorem also provides the way to construct minimizers of the binary problem out of minimizers of the relaxed
problem.

Theorem 3.5. Let (§*,a",o%) € © be an optimal solution of the trust-region subproblem (3.2). We define
vé € BV([0,7];{0,1}) as the indicator function of the level set {t* > &} with € € (0,1), i.e.,

(r) = {1, if () > €,

3.11
0, else, ( )

and define yé as the solution of (1.1b)—~(1.1d) with u = @* and v = v?.

Then, for almost all £ € (0,1), the triple (yf,ﬂk,vé“) € O is an optimal solution of (3.2) and the binary trust-
region subproblem (3.1). ' '

Proof. Similar to the proof of Theorem 2.4 we get the reduced cost function
Jrr(y*,u,0) = 6(y* (1)) + (" (1), S(T)yo)n — ly* (1) 1%

+ / (4 (T), S(T — t)xw)wulto(t)dt
0

T T
e!
— O|u(t) — uges(t)]?dt Du|dt
+5 [ o0~ wrtoPar+5 [ 0o 1)
+ MJo* — v
T T
—Fln.g")+ [ Gt 5 [ |Dolds
0 0
+ AH’Uk - UHL17
with
F(yo,y") = o(y" (1)) + (4" (1), S(T)yo)w — lly" (T)II3, (3.13)
G(t,u)v = (y*(T), S(T — t)xw)nu(t)v + %|u — Upet ()P0 (3.14)
Hence, the trust-region subproblems (3.1) and (3.2) reduce to
T T
min Irg(u, v) = F(yo,y*) + / G(t,u)v(t)dt + 6/ |Dvldt + M[v* — |11, (3.15)
u,v 0 0

where the minimization is with respect to u € L*(0,T; {0} U [uq, up]) and either v € BV(0, T} [0, 1]) for (3.2) or
v € BV(0,7;{0,1}) for the non-relaxed (3.1), respectively.

Now let (*,@",9*) be an optimal solution of (3.1). Then, by the above, (@*,7*) is an optimal solution of
(3.15). In particular, ¥ is the optimal solution of

- .
3.16
venvi R o) TTRE ) (3.16)
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which is equivalent to (3.3) with g(t) = G(t,@*). Hence, from Lemma 3.4 we conclude that for almost every
¢ € (0,1), the indicator function vg as defined in (3.11) is a minimizer, too. From this, we infer

ITR(ﬁk,vg) = Ipp(a®,o%) = inf{Irgr(u,v) : u € L=(0,T;{0} U [uq, up]), v € BV(0,T;[0,1])}

< inf{Irg(u,v) : uw € L*(0,T;{0} U [ug,up]), v € BV(0,T;{0,1})}, (3.17)

and thus, (a@*, vf) is a minimizer of (3.15) in either case. Since with yf = y(T; 0", vg)
Lr(a*,ve) = J(yg, v, @ ve) + Mot = v (3.18)
the triple (yé“, ak, v?) is optimal for (3.1) and the relaxed problem (3.2). O

Remark 3.6. The exact relaxation result in Theorem 3.5 states that a minimizer of the binary trust-region
subproblem (3.1) can be obtained almost surely from thresholding a solution to the relaxed problem. For
almost every £ € (0,1) the thresholded function ve(t) is the binary control corresponding to a minimizer to both
problems. Consequently, for almost every & € (0, 1) the functions ve(t) and v(¢) produce the same optimal value.
We conclude from this and Theorem 3.2, that there exists a binary feasible minimizer among the solutions of
the relaxed problem being then a solution of the binary problem (3.1). Even though not all optimal controls
are necessarily binary, we can almost surely find a binary one by thresholding with a fixed £ € (0, 1). Since the
notion for the property that the optimal control v only switches between the extreme values {0, 1} is also often
referred to as being “bang-bang”, the above observation can be summarized as an “almost sure weak bang-bang
principle” and can be seen as a weaker version of the classical “bang-bang principle”, see, e.g., [23] for historical
notes. Known results on stronger versions of the “bang—bang principle” for parabolic control problems typically
rely on structurally different assumptions, such as time-optimal formulations or linear—convex settings with a
linear control-to-state operator and linear dependence of the cost functional on the control; see, e.g., [24, 25].
These structural conditions are, in general, not satisfied by the problem class (1.1).

However, in our numerical analysis 10 out of 10 tests yield binary solutions, as described in Remark 3.6.
Therefore, in practice, the thresholding step often reduces to a trivial operation.

Example 3.7. We consider the problem (3.2) with the space domain Q@ = [0,1] and time interval [0,1]. The
initial state is yp = 0 and the bounds on w are chosen as u, = 5 and u, = 15.

We discretized the problem with explicit finite differences on a grid of 160 grid points in time and space. The
optimization was realized with the interior point optimizer IPOPT [26] (version 3.14.4), running with linear
solver MUMPS [27] (version 5.4.1). The implementation was done in the modeling language JuMP [28].

We discretized the integrals via the trapezium integration rule and the total variation term as 3, o 1y [v(ti) —
v(t;—1)| with ¢;_1 <t; for i = 1,...,160. Since IPOPT expects smooth functions, we approximate the absolute
value |z| in the objective function with /(z? + 1076).

With the main motivation of picturing a broad band of problems and obtaining a convex and a nonconvex
formulation, we investigated a problem setting with the parameter o = 0 and another with a # 0. Given the
desired state y; and the linearization point (y*,u* v¥), we present the resulting optimal state and controls
Yopts Wopt, Vopt-

Case 1 a = 0: Note that for the case that & = 0, the relaxed problem becomes convex and admits one global
minimizer.
The desired state yq is the solution of the PDE constraint (1.1b) - (1.1f) with u(¢) = 10 acting on wg = [0.1,0.3]
and v(t) = 1 for t € [0.1,0.2] and v(t) = 0 else (see Fig. 1 for y4 and wy). Similarly, the linearization point y* is
the solution of (1.1b) - (1.1f) with u*(t) = 9 acting on w = [0.1,0.3] and v*(t) = 1 for ¢ € [0.1,0.2] and v*(t) =0
else. Furthermore, we chose the following set of parameters 8 = 1073, A = 2.8 and p = 3.
Case 2 « # 0: The desired state yq is the solution of the PDE constraint (1.1b) - (1.1f) with u(¢) = 15 acting on
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//l
0.5 / \
\\
= //
=04
= )
/ Wy
~ /
S o03f \ w
o / \‘\ Yopt (1)
8 -—-Y
. ] d
5‘1 02 /
;RS ’/
/
01}/
I
0.0 L 1 i 1 )
0.0 0.2 0.4 0.6 0.8 1.0

T

FIGURE 1. Setting 1: Desired state y4(z) at end time T = 1, with controls acting on wq =
[0.1,0.3] and optimal state at end time y,,:(T"), with controls acting on w = [0.1,0.3].

00 : , A e
0.0 0.2 0.4 0.6 0.8 1.0
x

FIGURE 2. Setting 2: Desired state yq(x) at end time T = 1, with controls acting on wy =
[0.1,0.6] and optimal state at end time y,,.(T"), with controls acting on w = [0.1,0.6].

wg = [0.1,0.6] and v(¢t) = 1 for ¢ € [0.2,0.4] and v(t) = 0 else (see Fig. 2 for yq and wy). Similar, the linearization
point y* is the solution of (1.1b)~(1.1f) with u*(¢) = 11 acting on w = [0.1,0.6] and v*(¢) = 1 for t € [0.2,0.5]
and v¥(t) = 0 else (see Fig. 2 for the optimal state y with controls acting on w). Furthermore, we chose the
following set of parameters = 1073, A = 5.5 and p = 3.

The optimal control v(¢) is in both of the considered cases already binary (see Fig. 3 and Fig. 4), which

promotes the “almost sure weak bang-bang” structure of the problem, mentioned in Remark 3.6. The optimal
control u(t) stays constant while “switched-on”, i.e. when v(¢) = 1. The corresponding optimal state at final
time shows a similar curve as the desired state indicates. The resulting optimal objective value for the relaxed
and the binary problem (3.2), (3.1) coincided and is 0.0011 for Case 1 and 0.1274 in Case 2 (see Tab. 1).
To validate the results in the context of linearization, we compared the optimal objective value of the nonlinear
problem (1.1) with the objective value at the linearization point y. In both settings, the optimal objective
value is smaller than the objective value at the linearization point y; (see Tab. 1). Moreover, we see that the
objective value improved 62.07% in Setting 1 and 4.28% in Setting 2, interpreted as one step of a sequential
method.
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FIGURE 3. Setting 1: optimal controls v(t) and u(¢) (u is scaled by 10~ for better visualization).
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FIGURE 4. Setting 2: optimal control v(t) and u(t) (u is scaled by 10~! for better visualization).

TABLE 1. Optimal objective values for considered trust-region subproblem (relaxed and binary)
and for nonlinear problem (1.1).

Objective value Setting 1  Setting 2
Jre (Y, y,u,v)  0.0011 0.1274

(Y, y,u,v)  0.0011 0.1275
J (Yr, g, ’Uk) 0.0029 0.1332

J(y, u,v) 0.0143 0.1932

Remark 3.8. We note that Theorem 3.5 can be expanded to the vector valued problems with Zf\il Ui Xw; Vi
with w; € Q for ¢ = 1,..., M on the right-hand side of the partial differential equation in problem (1.1) and
with cost term Zf\il fOT vi|u; — ug,|dt and TV-regularization Zf\il TV(v;) in the objective.

We give a short sketch of the proof. With the semigroup representation of y

M T
y(T;yo,u,v) = S(T)yo + Z/o S(t — s)u;(8)xw,;vi(s)ds, (3.19)
i=1
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we get the reduced cost functional

M T M T
Trea(Yr i vi) = F(yo,y*) + Z/ G(t, ug)vi(t)dt + Z 5/ | Do;|dt
i=170 i=1 “0

y (3.20)
+ > Aof —willp,
i=1
with
F(yo,y") = o(y*(T)) + " (T), S(T)yo)w — y*(T) I3
(3.21)

S it ui(t) — wa, (1)

G(t,ui)vi(t) = S(t — s)ui(s)Xw,vi(s) +
Now, Lemma 3.4 can be applied and with the same argumentation as in the proof of Theorem 3.5 we obtain
the statement.

Motivated by Theorem 3.5 and Example 3.7, the linearization and the exact relaxation result yields a sequen-
tial relaxation procedure as sketched in Algorithm 1 to solve problem (1.1). The idea can be divided into three
parts. First, the problem is partially linearized, where this linearization is deemed to be a trustworthy approx-
imation to the original problem (1.1) within a certain ¢rust-region. The trust-region radius is imposed weakly
as an additional term in the objective functional, and we obtain a linearized and penalized subproblem (3.1).
To solve the trust-region subproblem, the relaxed subproblem is considered, which can be solved efficiently, for
example, via first-order optimality conditions and a Newton algorithm. The second step of the algorithm is to
apply the exact relaxation in Theorem 3.5 to recover a binary solution. In this step, we obtain the next iterate
without any rounding gap. The second step might not be necessary if the optimal solution to the relaxed prob-
lem is already binary. However, we cannot guarantee this, which makes the relaxation Theorem indispensable.
The third step is to evaluate the quality of the step. A convenient way to decide if the choice of A, i.e., the
choice of the trust-region, was suitable, is to compare the predicted reduction of the objective functional

predi = J(Yk, Yks Wk, V) — Yk Yo 15 Wk+15 V1) (3:22)
with the actual reduction

acty = H Yk, Yr: ue, V6) — H Yk, Yo+1, Uht1, Vk1)- (3.23)
To this we calculate the ratio 7, = ;%' If ry is very small, the trust-region was too large. We reject this

step and repeat it with bigger A to obtain a smaller trust-region radius. If r; is sufficiently large, we accept
the step and may even increase the trust-region radius by choosing a smaller A\. The same analysis has to be
done with the parameter p, for the trust-region radius around uy. In contrast to A, the parameter p directly
controls the trust-region radius, i.e., for bigger p the trust-region radius increases, or decreases for smaller p.
The performance of such a procedure heavily depends on the parameter choices and a possible convergence
analysis is the subject of future research.

4. CONCLUSION AND OUTLOOK

We considered a tracking problem with total variation regularization and non-convex control restriction for
a heat equation. We showed an exact relaxation result for the problem, linearized in state and penalized with
an L'-penalty term, which served as a trust-region subproblem. Basic requirements to show this were the
total variation regularization and the special structure of the objective functional concerning v. We extracted
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the linear structure with respect to v from the linearization of quadratic tracking objective together with the
semigroup representation of y and by reformulating the L!-norm in the penalty term. The separation of the
reduced cost into a constant term and a term linear in v maintains the structure necessary for application of
the coarea formula. We considered a problem governed by a linear PDE, but our findings can be expanded
to problems with nonlinear PDEs, by linearizing them. The results may also be extendable to certain classes
of non-quadratic objectives that preserve similar structural properties. A possible interpretation of the exact
relaxation property is as an “almost surely weak bang-bang principle” for such types of problems. Our numerical
experiments indeed promote this interpretation.

A sequential linearization can be combined with the exact relaxation result to a sequential relaxation solution
algorithm for the considered mixed-integer nonlinear problem. An expected benefit from this algorithm would
be to relax the problem and solve it efficiently with optimality conditions; the binary solution can be recovered
without rounding gap. Hence, one component of the realization of the algorithm is the derivation of first order
optimality conditions for the linearized and penalized problem (3.1). This, however, is not straightforward, due
to the nonsmoothness of the L'-penalty term and the total variation regularization. These technical difficulties
force us to think of additional regularization methods, and this also has to be considered in the selection of the
solution algorithm for the optimality system, when second derivatives may come to play. Dealing with the box
constraints on u and on the relaxed v also needs special care.

The further development of the algorithm includes handling the penalty parameter A for the weak trust-
region radius on v* and the choice of the trust-region radius p around u*. A convergence result requires carefully
designed update rules and conditions for acceptance steps. Specifically, the relationship between the predicted
and actual reduction (Egs. (3.22) and (3.23)) would need to be formally analyzed to ensure monotonic decrease
of the objective functional while maintaining feasibility of the iterates. This opens a whole new chapter to be
discussed in further research. Future research should also address the “bang-bang” interpretation and investigate
stronger versions of this property.
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