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MONGE SOLUTIONS OF TIME-DEPENDENT HAMILTON–JACOBI

EQUATIONS IN METRIC SPACES

Qing Liu1 and Made Benny Prasetya Wiranata1,2,*

Abstract. As a classical notion equivalent to viscosity solutions, Monge solutions are well under-
stood for stationary Hamilton–Jacobi equations in Euclidean spaces and have been recently studied
in general metric spaces. In this paper, we introduce a notion of Monge solutions for time-dependent
Hamilton–Jacobi equations in metric spaces. The key idea is to reformulate the equation as a stationary
problem under the assumption of Lipschitz regularity for the initial data. We establish the uniqueness
and existence of bounded Lipschitz Monge solutions to the initial value problem and discuss their
equivalence with existing notions of metric viscosity solutions.
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1. Introduction

1.1. Background and motivation

In recent years, there have been remarkable developments in the study of first-order Hamilton–Jacobi equa-
tions in general metric spaces, driven by various important applications in optimal transport [1, 2], mean field
games [3], traffic flow and networks [4–7], etc. In the Euclidean space, it is well-known that the viscosity solution
theory provides a general framework for solving Hamilton–Jacobi equations, including the typical form

∂tu+H(x,∇u) = 0

(see, e.g., [8–11] for comprehensive introductions). We also refer to [12, 13] for extensions of the viscosity solution
approach to Hamilton–Jacobi equations on sub-Riemannian manifolds. By contrast, the study of fully nonlinear
first-order PDEs in a general metric space (X, d) faces significant challenges, primarily due to the lack of a
linear structure in X and the difficulty of defining ∇u, the gradient of the unknown function. Note that while
C1 functions are used as test functions to define viscosity solutions in the Euclidean space, such a test class is
no longer available in general metric spaces.
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Notable progress has been made in the case when the Hamiltonian H depends on ∇u in terms of its norm
|∇u|. Two types of metric viscosity solutions are introduced in [14, 15] and in [16–18] to handle such equations.
Here, let us briefly outline these approaches in the special case of the eikonal equation

|∇u| = f(x) in Ω, (1.1)

where Ω ⊂ X is a domain and f is continuous in Ω. The notion of viscosity solutions proposed by [14], which we
call curve-based viscosity solutions in this work, reduces (1.1) to a one-dimensional problem by using optimal
control interpretations along absolutely continuous curves in X. Roughly speaking, using the composition wγ =
u ◦ γ with arc-length parametrized curves γ in X, one can interpret |∇u|(x) as the maximum value of the
derivative w′

γ(0) if γ(0) = x. This perspective allows us to define viscosity solutions of (1.1) in general metric
spaces as in [14] by adopting tests for wγ in one dimension rather than u itself.

Another notion of solutions, referred to as slope-based viscosity solutions in this paper, is introduced in
[16–18], generalizing the Euclidean viscosity solution theory in a more direct manner. The key idea is to employ
ψ(x) = κd(x, x0)

2, for any fixed x0 ∈ X, as the base of test functions for subsolutions (resp., supersolutions)
with κ ≥ 0 (resp., κ ≤ 0); see [17, 18] and Definition 2.4 below for a more precise definition of test functions.
Interpreting |∇ψ| as the (local) slope of ψ, defined by

|∇ψ|(x) = lim sup
y→x

|ψ(x)− ψ(y)|
d(x, y)

for x ∈ Ω, we see that |∇ψ| = 2|κ|d(·, x0) is continuous in X. This substitute of C1 test class turns out to
be sufficient to establish the uniqueness and existence of slope-based viscosity solutions to a general class of
Hamilton–Jacobi equations including (1.1) in a complete length space. Recall that (X, d) is called a length space
if for all x, y ∈ X, d(x, y) coincides with the infimum of ℓ(γ) of all rectifiable curves γ in X joining x, y, where
ℓ(γ) denotes the length of γ. Consult [19–21] for stability results and [22] for convexity-preserving properties
about slope-based viscosity solutions.

While the aforementioned notions of viscosity solutions appear different, they are proved in [23] to be equiv-
alent for a class of stationary problems such as (1.1) in a complete length space. The equivalence is established
through a third notion of solutions known as Monge solutions, which offers a convenient definition that does
not rely on test functions. Defining Monge solutions of the eikonal equation (1.1) is particularly simple. Let Ω
be a domain in a complete length space (X, d). Denote by Liploc (Ω) the set of all locally Lipschitz functions. A
function u ∈ Liploc (Ω) is said to be a Monge solution if |∇−u|(x) = f(x) at any x ∈ Ω, where |∇−u|(x) denotes
the subslope of u at x, defined as

|∇−u|(x) = lim sup
y→x

max{u(x)− u(y), 0}
d(x, y)

.

Utilizing the subslope instead of the full slope is essential, especially when considering the uniqueness prob-
lem and the consistency with viscosity solutions. See [24, 25] for recent applications of subslope in metric
determination.

The notion of Monge solutions is first proposed by [26] as an alternative way to understand viscosity solutions
of stationary Hamilton–Jacobi equations in the Euclidean space. Since its definition does not involve the use
of test functions, this approach can be extended relatively easily to discontinuous Hamilton–Jacobi equations.
We refer to [26–28] for related results in the Euclidean space and to [29] for recent progress on sub-Riemannian
manifolds. In the context of general metric spaces, discontinuous eikonal equations have been studied recently in
[30] based on the techniques for Monge solutions. See also [31] for an application of the Monge-solution approach
to the eigenvalue problem for infinity Laplacian in metric spaces.
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The purpose of this paper is to develop the theory of Monge solutions in a complete length space for the
time-dependent Hamilton–Jacobi equation of the form

∂tu+H(x, t, |∇u|) = 0 in X× (0, T ) (1.2)

for T > 0 given, along with a bounded continuous initial value

u(x, 0) = u0(x), x ∈ X. (1.3)

To the best of our knowledge, the Monge approach to such time-dependent problems has not been available
even in Euclidean spaces. In this work, under suitable assumptions on H including the monotonicity, convexity,
and coercivity of p 7→ H(x, t, p), we introduce a generalized notion of Monge solutions of (1.2) and establish the
uniqueness and existence of Monge solutions to the associated initial value problem.

Moreover, as in the stationary case, we examine the relation between our Monge solutions and the other
notions of solutions to the time-dependent problem. When H is independent of t, the existence and uniqueness
of slope-based solutions of (1.2) are established in [16–18], while [15] provides well-posedness results for a notion
of curve-based solutions that generalize the stationary counterpart in [14]; see Section 2 for a brief review of
these results. The equivalence between them, however, seems to remain unaddressed, although it is expected
to hold, especially from the control-theoretic perspective. In this work, we give an affirmative answer to this
important question, rigorously proving that the curve-based, slope-based, and Monge solutions to the initial
value problem for (1.2) are all equivalent provided that the time-independent H and the initial value satisfy
appropriate assumptions that will be specified later.

It is worth emphasizing that our current work only focuses on Hamilton–Jacobi equations in complete length
spaces with Hamiltonians depending on |∇u|. For more general Hamiltonians that depend on ∇u instead,
additional structures or assumptions on the metric space are often needed. There is vast literature on such
general Hamilton–Jacobi equations in settings like networks or Wasserstein spaces. We refer the reader to
[4, 6, 7, 32–36] and references therein for developments in these directions.

1.2. Time-dependent Monge solutions

Let us explain the heuristics behind our definition of time-dependent Monge solutions. We begin with dis-
cussing the simple eikonal-type Hamiltonians, that is, H(x, t, p) = p − f(x, t) for a given bounded function
f ∈ C(X× (0, T )). Here and in the sequel, we fix T > 0 and assume that (X, d) is a length space. In this case,
the equation reads

∂tu+ |∇u| = f(x, t) in X× (0, T ). (1.4)

Our strategy is straightforward: we treat the time and space variables jointly, reformulating (1.4) as a stationary
equation in the product metric space YT := X× (0, T ). Heuristically speaking, to adapt the method in [23] for
stationary eikonal equation to this new formulation, it is desirable to have a nonnegative term of ∂tu so that
the left hand side of (1.4) can be rewritten as |∂tu| + |∇u|, which represents a certain gradient norm of u in
space–time. To this end, we assume that u ∈ Sk(YT ) for some k ≥ − infYT

f , where

Sk(YT ) =
{
u ∈ Liploc (YT ) : u(x, t)− u(x, s) ≥ −k(t− s),

for all x ∈ X, 0 < s < t < T
}
,

(1.5)

and take

v(x, t) = u(x, t) + kt, x ∈ X, t ∈ [0, T ). (1.6)
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This change of unknown formally yields ∂tv ≥ 0 and converts (1.4) to

|∂tv|+ |∇v| = f(x, t) + k in YT . (1.7)

In light of our treatment for the stationary eikonal equation, the left-hand side of (1.7) is naturally understood
as the subslope of v in YT with metric d̄ defined as

d̄((x1, t1), (x2, t2)) := max{d(x1, x2), |t1 − t2|} (1.8)

for (x1, t1), (x2, t2) ∈ YT = X× (0, T ). We define Monge solutions of (1.4) as u ∈ Sk(YT ) such that v given by
(1.6) satisfies

|D−v|(x, t) = f(x, t) + k, for all (x, t) ∈ YT , (1.9)

where we take the subslope |D−v| (in space–time) by

|D−v|(x, t) = lim sup
δ→0+

sup

{
max{v(x, t)− v(y, s), 0}

δ
: (y, s) ∈ YT , d̄((x, t), (y, s)) ≤ δ

}
. (1.10)

An equivalent expression of |D−v| under the monotonicity of v in time is given in (3.2). Note that no test
functions are utilized in this definition of solutions. The choice of metric d̄ for the product space X× (0, T ) is
consistent with the L1-L∞ duality in the Euclidean space. Suppose that v ∈ C1(Rn × (0, T )) is nondecreasing
in time and (x, t) ∈ Rn × (0, T ). Then, by Taylor expansion, we have

v(y, s)− v(x, t) = ∂tv(x, t)(s− t) + ⟨∇v(x, t), y − x⟩+ o(|t− s|+ |x− y|)

for all (y, s) near (x, t). Since ∂tv(x, t) ≥ 0, it then follows from the Hölder inequality that

max{v(x, t)− v(y, s), 0} ≤ (∂tv(x, t) + |∇v(x, t)|)max {|t− s|, |x− y|}
+ o(|t− s|+ |x− y|),

and moreover,

∂tv(x, t) + |∇v(x, t)| = lim sup
(y,s)→(x,t)

max{v(x, t)− v(y, s), 0}
max {|t− s|, |x− y|}

.

The relation above gives an intuitive interpretation for the subslope |D−v|(x, t) appearing in (1.10). As shown
later in Theorem 1.1, the requirement u ∈ Sk(YT ) imposed earlier can be fulfilled if u0 is assumed to be bounded
and Lipschitz in a complete length space X. This justifies the entire structure of the well-posedness argument
for Monge solutions.

It is worth mentioning that the condition (1.9) is a property on u itself and does not depend on any particular
choice of k ≥ 0 among those satisfying u ∈ Sk(YT ) and k + infYT

f ≥ 0. See Section 3.1 for more discussions
about the definition of Monge solutions of (1.4).

For time-dependent Hamilton–Jacobi equations other than the eikonal type, our definition of Monge solutions
becomes more intricate due to the loss of degree-1 homogeneity of p 7→ H(x, t, p) even when H is independent
of x and t. A typical example in this case is

∂tu+
1

2
|∇u|2 = f(x) in YT = X× (0, T ), (1.11)
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for which the Hamiltonian H is given by H(x, p) = p2/2− f(x). Assuming that u ∈ Sk(YT ), we still obtain

|∂tv|+
1

2
|∇v|2 − f(x) = k in YT , (1.12)

for v given by (1.6). Unlike (1.7) in the eikonal-type case, the left-hand side of (1.12) can no longer be viewed
as a slope, since its homogeneity in |∂tv| and in |∇v| does not match. However, such a time-dependent problem
(1.12) can still be treated as a stationary problem in the space–time product space with the left-hand side as a
new Hamiltonian H ′(x, τ, p) = τ + p2/2− f(x), where the pair (τ, p) ∈ [0,∞)2 serves as the momentum variable.
Using the standard Lagrangian formulation, we see that

H ′(x, τ, p) = sup
q≥0

{
τ + pq − q2

2
− f(x)

}
, x ∈ X, τ, p ≥ 0.

A formal Taylor expansion, as in the case of the eikonal-type equation, then suggests defining Monge solutions
of (1.11) by requiring

|D−
L v|(x, t) = k for all (x, t) ∈ YT (1.13)

with |D−
L v| given as

|D−
L v|(x, t) = lim sup

(y,s)→(x,t)

{
max{v(x, t)− v(y, s), 0}

|t− s|
− d(x, y)2

2|t− s|2
− f(x)

}
, (x, t) ∈ YT .

The subslope-like quantity |D−
L v| is used to maintain consistency with the corresponding viscosity solutions.

The same strategy can be applied to more general Hamilton–Jacobi equations as in (1.2). Assuming that
p 7→ H(x, t, p) is increasing, convex, and coercive in [0,∞) with superlinear growth, we define Monge solutions
u in the class Sk(YT ) for some k ≥ 0 with the same condition (1.13) on v given by (1.6). In this general case,
|D−

L v| is defined by

|D−
L v|(x, t) = lim sup

(y,s)→(x,t)

{
max{v(x, t)− v(y, s), 0}

|t− s|
− L

(
x, t,

d(x, y)

|t− s|

)}
, (x, t) ∈ YT ,

where L : X× (0, T )× [0,∞) → R denotes the Lagrangian associated to H, that is,

L(x, t, q) = sup
p≥0

{pq −H(x, t, p)} for all x ∈ X, t ∈ (0, T ), q ≥ 0. (1.14)

Under the monotonicity of t 7→ v(x, t), one can alternatively define |D−
L v| to be

|D−
L v|(x, t) = lim sup

y→x, s→t−

{
v(x, t)− v(y, s)

t− s
− L

(
x, t,

d(x, y)

t− s

)}
, (x, t) ∈ YT . (1.15)

Our definition of Monge solutions is also compatible with the classical Hopf–Lax formula (adapted to a metric
space (X, d))

u(x, t) = inf
y∈X

{
u0(y) + tL

(
d(x, y)

t

)}
, (x, t) ∈ X× (0, T ),
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in the special case where the Hamiltonian H and the corresponding Lagrangian L are independent of x and t.
We refer to [17], Theorem 7.7 for the Hopf–Lax formula of slope-based viscosity solutions in general geodesic
spaces. Since the formula implies

u(x, t) = inf
y∈X, 0≤s<t

{
u(y, s) + (t− s)L

(
d(x, y)

t− s

)}
,

the function v defined by (1.6) satisfies

sup

{
v(x, t)− v(y, s)

t− s
− L

(
d(x, y)

t− s

)
: y ∈ X, 0 ≤ s < t

}
= k.

We immediately obtain (1.13) by letting y → x, s → t−. Hence, (1.13) can be somewhat interpreted as a
pointwise infinitesimal formulation of the Hopf–Lax formula, applicable to a broad class of Hamiltonians that
also depend on x and t.

While Hamilton–Jacobi equations have been extensively studied, especially within the framework of viscosity
solutions, to the best of our knowledge, this notion of Monge solutions, treating space and time as a whole,
seems to be new even in the Euclidean setting. In this work, we establish well-posedness results for Monge
solutions to the initial value problem and discuss the equivalence with other types of solutions under further
assumptions on H. More details will be given later.

1.3. Main results

To maintain consistency with our definition of Monge solutions, we divide our discussion of the well-posedness
of the initial value problem into two cases as well. We study the eikonal-type (1.4) first and then discuss (1.2)
with H convex, coercive, and growing superlinearly in p. In both cases, we assume that u0 ∈ Lip (X), where
Lip (X) denotes the set of all Lipschitz functions in X.

Our main result in this case of (1.4) is as below.

Theorem 1.1 (Well-posedness for Monge solutions of eikonal-type equations). Let (X, d) be a complete length
space. Let T > 0. Assume that u0 ∈ Lip (X) is bounded. Assume in addition that f ∈ C(X× (0, T )) is bounded
and f(x, t) is Lipschitz with respect to either x or t. Then, there exists a unique bounded Monge solution
u ∈ Lip (X× [0, T )) of (1.4) satisfying (1.3) in the sense of

sup
x∈X

|u(x, t)− u0(x)| → 0 as t→ 0+. (1.16)

Since (1.4) is now understood as a stationary eikonal equation (1.7) as explained in Section 1.2, we essentially
follow the approach in [23] to prove this theorem, particularly the comparison principle. The existence of Monge
solutions is proved by adapting the classical control-theoretic interpretation for eikonal equations. In fact, we
show that u given by

u(x, t) = inf
γ∈Γx

{
u0(γ(t)) +

� t

0

f(γ(σ), t− σ) dσ

}
, (x, t) ∈ X× [0, T ) (1.17)

is a Monge solution of (1.4) satisfying (1.16), where, for any x ∈ X,

Γx :=

{
γ : [0,∞) → X : γ is Lipschitz, γ(0) = x, and |γ′| ≤ 1 a.e. in (0,∞)

}
. (1.18)
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In contrast to the usual arguments for verifying the viscosity solution property of a value function, an additional
step here is to show that u ∈ Sk(YT ) for a certain k ≥ 0. This is achieved by proving the Lipschitz continuity
of u in YT , adopting the regularity assumptions on u0 and f stated in Theorem 1.1.

Analogous well-posedness results can be obtained for (1.2), where H ∈ C(X× (0, T )× [0,∞)) is assumed to
satisfy a set of conditions as listed below. We first assume that

(H1) p 7→ H(x, t, p) is convex and nondecreasing in [0,∞) for any x ∈ X and t ∈ (0, T ). It is also coercive in
the sense that

inf

{
H(x, t, p)

p
: (x, t) ∈ X× (0, T ), p ≥ R

}
→ ∞ as R→ ∞. (1.19)

Let L : X× (0, T )× [0,∞) → R be defined as in (1.14). We see that q 7→ L(x, t, q) is convex and nondecreasing
in [0,∞). We also obtain

H(x, t, p) = sup
q≥0

{pq − L(x, t, q)}, for x ∈ X, t ∈ (0, T ), p ≥ 0, (1.20)

whose proof is similar to that of [15], Proposition 2.1. More assumptions on L are as follows.

(H2) There exists a convex function m ∈ C(R) such that

inf
(x,t)∈X×(0,T )

L(x, t, q) ≥ m(q) for all q ≥ 0. (1.21)

and

m(q)

q
→ ∞ as q → ∞. (1.22)

(H3) sup
(x,t)∈X×(0,T )

L(x, t, 0) < +∞.

(H4) L is locally uniformly continuous in X× (0, T )× [0,∞), and there exists a modulus of continuity ωL such
that

|L(x, t, q)− L(y, s, q)| ≤ ωL(d(x, y) + |t− s|)(1 + |m(q)|)
for all x, y ∈ X, t, s ∈ (0, T ), q ≥ 0,

(1.23)

where m ∈ C(R) is given in (H2).

(H5) L is Lipschitz continuous with respect to the time variable; namely, there exists CT > 0 such that

|L(x, t, q)− L(x, s, q)| ≤ CT |t− s| for all x ∈ X, t, s ∈ (0, T ), q ≥ 0. (1.24)

Let us state our main result in this case.

Theorem 1.2 (Well-posedness for Monge solutions of superlinear Hamilton–Jacobi equations). Let (X, d) be
a complete length space and T > 0. Assume that H ∈ C(X × (0, T ) × [0,∞)) satisfies (H1) and L ∈ C(X ×
(0, T ) × [0,∞)) given by (1.14) satisfies (H2)–(H5). Let u0 ∈ Lip (X) be bounded. Then, there exists a unique
bounded Monge solution u ∈ Lip (X× [0, T )) of (1.2) satisfying (1.16).

As an advantage of utilizing the notion of Monge solutions without requiring any test functions, our proof
of comparison principle for both eikonal-type and superlinear Hamilton–Jacobi equations does not rely on the
doubling variable technique, which is typically required in the standard viscosity argument. For this reason, we
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do not need the continuity ofH with respect to x and t (related to (H4) and (H5) above) to prove the comparison
principle. Although this work focuses solely on the case of continuous Hamiltonians, the same approach can
be extended to handle discontinuous Hamilton–Jacobi equations, as shown in [30] for stationary discontinuous
eikonal equations. Discontinuous evolution Hamilton–Jacobi equations in the Euclidean space have been studied
with different methods; see, for example, [37–41]. Comparing our Monge approach with these methods merits
further study in future work.

The existence of Monge solutions in this case is again based on a generalization of the classical control-
theoretic (variational) interpretation of (1.2). Our convenience in showing the uniqueness of Monge solutions
comes at the cost of an additional regularity assumption u0 ∈ Lip (X), which enables us to show u ∈ Lip (YT )
and therefore u ∈ Sk(YT ) for some k ≥ 0.

While our proof of Theorem 1.2 follows the same structure as that of Theorem 1.1, the main difference lies in
additional arguments to obtain an asymptotic bound for the term d(x, y)/(t− s) in 1.15 at each (x, t) as y → x
and s→ t−. Such a bound can be easily seen from the equivalent definition of |D−v| given in (3.2) for Monge
solutions of the eikonal-type equation (1.4), but it is not immediate for the case of superlinear Hamiltonians.

In addition to the uniqueness and existence results for Monge solutions, we also discuss the connection with
other existing approaches. We focus on the special case when H is independent of t, i.e., H = H(x, p), for which
the equation (1.2) reduces to

∂tu+H(x, |∇u|) = 0 in X× (0, T ). (1.25)

We can compare the three notions in this case, since the well-posedness results for curve-based and slope-based
viscosity solutions are explicitly available in [15, 18] in this setting. Our equivalence result applies to the initial
value problem for the following typical Hamilton–Jacobi equation:

∂tu+ a(x)|∇u|α = f(x) in X× (0, T ), (1.26)

where α > 1 is given, and a, f : X → R are assumed to be bounded uniformly continuous with infX a > 0.

Theorem 1.3 (Equivalence of curve-based, slope-based, and Monge solutions). Let (X, d) be a complete length
space and T > 0. Let α > 1 and a, f : X → R be bounded uniformly continuous functions such that infX a > 0.
Assume that u0 ∈ Lip (X) is bounded and u ∈ C(X× (0, T )) satisfies (1.16). Then the following statements are
equivalent.

(i) u is a curve-based viscosity solution of (1.26);
(ii) u is a slope-based viscosity solution of (1.26);
(iii) u is a Monge solution of (1.26).

Since the Monge solution is shown to be Lipschitz continuous in X× [0, T ) in Theorem 1.2, as a consequence
of Theorem 1.3, we see that both the curve-based and slope-based viscosity solutions of the initial value problem
for (1.26) are Lipschitz continuous as well.

The equivalence result in Theorem 1.3 is an application of our discussions in Section 5 to the special
case (1.26). Further equivalence results for (1.25) with more general superlinear Hamiltonians are given in
Theorem 5.1 and Theorem 5.4. Using similar arguments, these three notions of solutions are also shown to be
equivalent for the eikonal-type equation

∂tu+ |∇u| = f(x) in X× (0, T ), (1.27)

where f is assumed to be bounded and uniformly continuous in X. See Theorem 5.2 and Theorem 5.6 for
details. Our current equivalence results rely on the comparison principle for the initial value problem, assuming
the Lipschitz regularity of the initial data. It is of our interest in future work to study the local equivalence
between these notions in X× (0, T ) without using the initial value.
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We remark that our notion of Monge solutions, along with the associated well-posedness and equivalence
results, can be extended to a broader class of convex Hamilton–Jacobi equations in (1.25), including Hamilto-
nians that fail to satisfy the strong coercivity condition (1.19) and exhibit a more general linear growth in p
than (1.4). However, for simplicity of our presentation in this paper, we will not pursue a detailed study on
this case, since it involves more technical complications in dealing with a more general, possibly infinity-valued
Lagrangian L.

This paper is organized as follows. Section 2 provides an overview of preliminaries on Hamilton–Jacobi
equations in metric spaces, including the notions and some basic properties of the curve-based and slope-based
viscosity solutions. In Section 3, we introduce the definition of Monge solutions to (1.4) and prove the well-
posedness result stated in Theorem 1.1 for the initial value problem. Our study of Monge solutions to (1.2)
under (H1)–(H5), including the proof of Theorem 1.2, is presented in Section 4. Finally, Section 5 explores the
relations between the curve-based, slope-based solutions, and Monge solutions.

2. Preliminaries

In this section, we briefly review two notions of metric viscosity solutions of (1.25) and the related well-
posedness results for the eikonal-type equation (1.27) and the superlinear equation (1.2) (with H independent
of t satisfying (H1)–(H4)), which are of our particular interest in this work. The first notion is introduced in
[15] and is based on an earlier work [14] on the stationary eikonal equation. The primary idea is to apply the
optimal control interpretation and consider the composition of functions and curves in X, reducing the problem
to one space dimension. The second type, proposed by [16–18], employs appropriate test functions to substitute
the C1 class in the Euclidean spaces, thus extending the standard viscosity solution theory to metric spaces.

For our convenience in later reference, we will call the solutions studied in [15] curve-based (viscosity) solutions
and those in [16–18] slope-based (viscosity) solutions. We will discuss the relation between these notions and
the Monge solution in Section 5.

2.1. Curve-based viscosity solutions

Let us begin with preliminaries about the curve-based solutions of (1.25) introduced in [15]. We assume
that H ∈ C(X × [0,∞)) satisfies (H1). Let L : X × [0,∞) → R be the Lagrangian defined by (1.14) (without
t-dependence). Note that without further assumptions on H or L, such a function L may take infinite values.
One typical example is the eikonal-type equation (1.27), which gives, for x ∈ X, p, q ≥ 0,

H(x, p) = p− f(x), L(x, q) =

{
f(x) for 0 ≤ q ≤ 1,

∞ for q > 1.
(2.1)

The following curve class is used in [15].

Definition 2.1. Let AC(I,X) denote the set of all absolutely continuous curves in X defined on an interval I
of R. Let A(X) be the set of all admissible curves γ ∈ AC([0,∞),X) such that the curve speed |γ′| is piecewise
constant and L(γ(σ), t − σ, |γ′|(σ)) is piecewise continuous, that is, σ 7→ |γ′|(σ) equals a constant vI a.e. and
σ 7→ L(γ(σ), t − σ, vI) is continuous on each I = [0, r1], [r1, r2], . . . , [rn,∞) with finitely many r1, . . . , rn. For
x ∈ X, we denote

Ax(X) = {γ ∈ A(X) : γ(0) = x}. (2.2)

We omit the original definition of curve-based solutions since it involves more notations and technical details.
Instead, we take from [15] a convenient characterization of curve-based subsolutions and supersolutions estab-
lished via the Lagrangian L. Below, u is said to be an arcwise continuous function in X × (0, T ) if for every
γ ∈ AC(R,X), the function w(s, t) = u(γ(s), t) is continuous in R× (0, T ).
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Proposition 2.2 ([15], Prop. 3.1). For an arcwise continuous function u in X× (0, T ), the following conditions
are equivalent:

(i) u is a curve-based viscosity subsolution of (1.25).
(ii) For any (x, t) ∈ X× (0, T ) and any γ ∈ Ax(X),

u(x, t) ≤
� δ

0

L(γ(σ), |γ′|(σ)) dσ + u(γ(δ), t− δ)

holds for all δ ∈ [0, t).

Proposition 2.3 ([15], Prop. 3.2). For an arcwise continuous function u in X× (0, T ), the following conditions
are equivalent:

(i) u is a curve-based viscosity supersolution of (1.25).
(ii) For any (x, t) ∈ X× (0, T ) and any ε > 0, there exists γ ∈ Ax(X) such that

u(x, t) ≥
� δ

0

L(γ(σ), |γ′|(σ)) dσ + u(γ(δ), t− δ)− ε

holds for all δ ∈ [0, t).

Moreover, an arcwise continuous function u inX× (0, T ) is said to be a curve-based viscosity solution of (1.25)
if u is a curve-based subsolution and a curve-based supersolution of (1.25). In other words, u is a curve-based
viscosity solution of (1.25) if and only if for any (x, t) ∈ X× (0, T ) and any h ∈ [0, t), there holds

u(x, t) = inf
γ∈Ax(X)

{� δ

0

L(γ(σ), |γ′|(σ))dσ + u(γ(δ), t− δ)

}
. (2.3)

Such a definition of solutions naturally leads us to the following solution formula for the associated initial value
problem:

u(x, t) = inf
γ∈Ax(X)

{� t

0

L(γ(σ), |γ′|(σ))dσ + u0(γ(t))

}
for (x, t) ∈ X× [0, T ), (2.4)

where u0 ∈ C(X) is the initial value as in (1.3). In fact, it is shown in [15], Theorem 4.2 that u defined by
(2.4) is the unique curve-based viscosity solution of (1.25) and (1.3) provided that u0 is bounded uniformly
continuous in X and H ∈ C(X× [0,∞)) satisfies a set of assumptions similar to our conditions (H1)–(H3) for
time-independent H. The assumptions imposed on H in [15] are actually weaker than (H1)–(H3), and the well-
posedness result applies to both (1.27) and the case of superlinear Hamiltonians. The uniqueness of solutions is
a consequence of a comparison theorem given in [15], Theorem 4.8.

It is possible to study the more general equation (1.2) by extending (2.4) in a natural way to the case
of Hamiltonians that depend also on the time variable. This is related to our discussions in Section 3.3 and
Section 4.3.

2.2. Slope-based viscosity solutions

Let us next review the definition and some properties of slope-based solutions. We refer to [16–18] for more
details about the notion and related discussions. We first recall the definitions of subsolution and supersolution
test functions for the slope-based solutions of (1.2).
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Definition 2.4. [18] A function ψ : X× (0, T ) → R is called a subsolution test function if ψ(x, t) = ψ1(x, t) +
ψ2(x, t) for any (x, t) ∈ X × (0, T ), where ψ1, ψ2 are locally Lipschitz, |∇ψ1| = |∇−ψ1| is continuous, and
∂tψ1, ∂tψ2 are continuous in X × (0, T ). We denote by C the class of subsolution test functions. A function
ψ : X× (0, T ) → R is called a supersolution test function if −ψ ∈ C. We denote by C the class of supersolution
test functions.

For a function ψ : X× (0, T ) → R, we will write ψ∗ to denote its upper semicontinuous envelope, i.e.

ψ∗(x, t) = lim sup
(y,s)→(x,t)

ψ(y, s), (x, t) ∈ X× (0, T ).

We define

H(x, t, p) := H(x, t, 0), for all x ∈ X, t ∈ (0, T ), p < 0.

For any (x, t, p) ∈ X× (0, T )× R and a ≥ 0, denote

Ha(x, t, p) = inf
|q−p|≤a

H(x, t, q), Ha(x, t, p) = sup
|q−p|≤a

H(x, t, q). (2.5)

If p 7→ H(x, t, p) is nondecreasing, we see that

Ha(x, t, p) = H(x, t, p− a), Ha(x, t, p) = H(x, t, p+ a).

Next, we introduce the definition of slope-based viscosity solution of (1.2).

Definition 2.5. A locally bounded upper semicontinuous function u : X× (0, T ) → R is a slope-based viscosity
subsolution of (1.2) if

∂tψ(x, t) +H|∇ψ2|∗(x,t)(x, t, |∇ψ1|(x, t)) ≤ 0

whenever u− ψ has a local maximum at (x, t) ∈ X× (0, T ) for ψ ∈ C. A locally bounded lower semicontinuous
function u : X× (0, T ) → R is a slope-based viscosity supersolution of (1.2) if

∂tψ(x, t) +H |∇ψ2|∗(x,t)(x, t, |∇ψ1|(x, t)) ≥ 0

whenever u−ψ has a local minimum at (x, t) ∈ X×(0, T ) for ψ ∈ C. Moreover, u ∈ C(X×(0, T )) is a slope-based
viscosity solution of (1.2) if it is a slope-based viscosity subsolution and a slope-based viscosity supersolution
of (1.2).

Uniqueness and existence of slope-based solutions to the initial value problem (1.2)–(1.3) is given in [18]. In
particular, comparison principles are established separately for sublinear and superlinear Hamiltonians under
different sets of assumptions. For our purpose here, we include a comparison principle below for the eikonal-type
equation (1.4). It can be derived from [18], Proposition 3.3, which applies to possibly unbounded slope-based
solutions to general sublinear Hamilton–Jacobi equations.

Theorem 2.6 (Comparison principle for slope-based solutions to eikonal-type equation). Let (X, d) be a com-
plete length space and T > 0. Assume that f : X × (0, T ) → R is uniformly continuous. Let u be a bounded
slope-based viscosity subsolution of (1.4) and v be a bounded slope-based viscosity supersolution of (1.4). If
u0 : X → R is uniformly continuous and

lim sup
t→0+

sup
x∈X

{u(x, t)− u0(x)} ≤ 0, lim inf
t→0+

inf
x∈X

{v(x, t)− u0(x)} ≥ 0,

then u ≤ v in X× [0, T ).
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Let us include another comparison result for the case of superlinear Hamiltonians independent of t, which is
a simplified version of [18], Theorem 4.2.

Theorem 2.7 (Comparison principle for slope-based solutions for superlinear Hamiltonians). Let (X, d) be a
complete length space and T > 0. Fix x0 ∈ X. Let

H(x, p) = H̃(x, p)− f(x), for x ∈ X, p ∈ [0,∞), (2.6)

where H̃ : X× R → R is assumed to satisfy the following conditions.

(1) H̃ is uniformly continuous on bounded subsets of X× [0,∞), and for every x ∈ X, p 7→ H̃(x, p) is convex
and nondecreasing in [0,∞).

(2) There exist C2 ≥ C1 > 0, α > 1 such that for every (x, p) ∈ X× [0,∞)

C1p
α ≤ H̃(x, p) ≤ C2p

α. (2.7)

(3) There exist h, h : (0,∞) → R and s0 > 1 such that h(s) > 1 for 1 < s < s0, h(s) → 1 as s→ 1, and

sh(s)H̃(x, p) ≤ H̃(x, sp) ≤ h(s)H̃(x, p)

for all s > 0 and (x, p) ∈ X× [0,∞).
(4) There is a modulus of continuity ω̃ such that

|H̃(x, p)− H̃(y, p)| ≤ ω̃(d(x, y))(1 + pα) (2.8)

holds for all (x, y, p) ∈ X×X× [0,∞).

Assume in addition that u0 : X → R is bounded Lipschitz and f : X → R is bounded uniformly continuous. Let
u be a bounded slope-based viscosity subsolution of (1.25) and v be a slope-based viscosity supersolution of (1.25)
satisfying

lim
t→0+

sup
x∈X

{u(x, t)− v(x, t)} ≤ 0,

then u ≤ v on X× (0, T ).

In the original statement of [18], Theorem 4.2, the upper bound of H̃ in (2.7) and the uniform continuity
in (2.8) are allowed to depend also on the bounds of d(x, x0) and d(x, y0). The function f is also assumed to
be uniformly continuous only locally rather than in the entire X. We strengthen all these assumptions here for
simplicity and convenience in our later applications.

With the initial condition (1.3) interpreted as (1.16), we also have the existence of a unique slope-based
viscosity solution of the initial value problem for (1.2). The existence result for sublinear Hamiltonians is
obtained by adapting Perron’s method to the metric setting; see [18], Theorem 3.4. For the case of superlinear
Hamiltonians, an optimal control interpretation is used to construct the unique slope-based solution to the
initial value problem. In fact, under appropriate assumptions on H and the associated Lagrangian L given
by (1.14), the slope-based solution is still represented by the formula (2.4) with Ax(X) replaced by the class
of absolutely continuous functions γ on [0,∞) satisfying γ(0) = x. The assumptions on H and L are closely
related to our conditions (H1)–(H4) and cover the typical example considered in Theorem 2.7. We omit the
detailed description of these assumptions and refer the reader to [18], Section 4.2. See also [16], Section 3.3 for
the control-theoretic approach under different assumptions on H.
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3. The case of eikonal-type equations

3.1. Definition of Monge solutions

Let T > 0. Let us study (1.4) under the assumption that (X, d) is a complete length space. Below, we denote
YT = X× (0, T ) for simplicity of notation. For our new notion of solutions, we consider the following function
classes. For k ≥ 0, let Sk(YT ) be defined as in (1.5). We also take S(YT ) =

⋃
k≥0 Sk(YT ). It is clear that

S0(YT ) denotes the set of all functions u ∈ Liploc (YT ) that are nondecreasing in t. Moreover, any function
u ∈ Liploc (YT ) belongs to Sk(YT ) for k ≥ 0 provided that

|u(x, t)− u(x, s)| ≤ k|t− s| for all x ∈ X and t, s ∈ [0, T ).

In particular, we have Lip (YT ) ⊂ S(YT ).
Suppose that u ∈ Sk(YT ) with k ≥ 0 satisfying

k + inf
YT

f ≥ 0. (3.1)

Letting v be as in (1.6), we see that formally v should solve (1.7), whose right-hand side is nonnegative thanks
to (3.1). Let us now introduce the definition of Monge solutions of (1.4). As mentioned in the introduction,
our notion of Monge solutions is based on the subslope |D−v| of v in space–time as defined in (1.10). By the
monotonicity of v in time, it is not difficult to see that |D−v| in (1.10) is equivalent to the following form:

|D−v|(x, t) = lim sup
δ→0+

sup

{
v(x, t)− v(y, t− δ)

δ
: y ∈ X, d(x, y) ≤ δ

}
. (3.2)

Let us use this simple equivalent expression in our definition below.

Definition 3.1. A function u ∈ S(YT ) is said to be a Monge solution (resp., Monge subsolution, Monge
supersolution) of (1.4) if there exists k ≥ 0 satisfying (3.1) such that u ∈ Sk(YT ), and v ∈ S0(YT ) given by
(1.6) satisfies

|D−v|(x, t) = f(x, t) + k (resp., ≤, ≥) (3.3)

for any (x, t) ∈ YT , where |D−v|(x, t) is given as in (3.2).

Note that when u ∈ Sk(YT ) is a Monge solution (resp., Monge subsolution, Monge supersolution) as defined
above, the function v in (1.6) is a Monge solution (resp., Monge subsolution, Monge supersolution) of (1.7). In
fact, for the same k ≥ 0, it is easily seen that v ∈ S0(YT ) and v itself already satisfies (3.3).

Remark 3.2. It is worth pointing out that, since v ∈ S0(YT ), we have |D−v|(x, t) ≥ 0 at each (x, t) ∈ YT by
considering the limit in (3.2) via y = x as δ → 0+. It follows that, for all (x, t) ∈ YT , we have

|D−v|(x, t) = lim sup
δ→0+

sup

{
v(x, t)− v(y, s)

δ
: (y, s) ∈ YT , 0 ≤ t− s ≤ δ, d(x, y) ≤ δ

}
(3.4)

as well as

|D−v|(x, t) = lim sup
δ→0+

sup

{
max{v(x, t)− v(y, s), 0}

δ
: (y, s) ∈ YT , 0 ≤ t− s, d(x, y) ≤ δ

}
. (3.5)
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Moreover, one can relax the condition

0 ≤ t− s ≤ δ, d(x, y) ≤ δ (3.6)

for the supremum in (3.4) and (3.5) to

|t− s| ≤ δ, d(x, y) ≤ δ (3.7)

for δ < t. To see this, letting Qv(x, t, δ) = (v(x, t)− v(y, s))/δ, we have

sup {Qv(x, t, δ) : (y, s) satisfies (3.6)} ≤ sup {Qv(x, t, δ) : (y, s) satisfies (3.7)} . (3.8)

On the other hand, if (y, s) fulfills (3.7) with s > t, then by the monotonicity of v in time, we have

v(x, t)− v(y, t) ≥ v(x, t)− v(y, s),

which yields

sup {Qv(x, t, δ) : (y, s) satisfies (3.6)} ≥ sup {Qv(x, t, δ) : (y, s) satisfies (3.7)} . (3.9)

Combining (3.8) and (3.9), we obtain

sup {Qv(x, t, δ) : (y, s) satisfies (3.6)} = sup {Qv(x, t, δ) : (y, s) satisfies (3.7)} .

Hence, we are led to

|D−v|(x, t) = lim sup
δ→0+

sup

{
v(x, t)− v(y, s)

δ
: (y, s) ∈ YT , |t− s|, d(x, y) ≤ δ

}
.

By a similar argument, we can replace the condition (3.6) in (3.5) by (3.7). Hence, our expressions of |D−v| in
(3.2), (3.4) and (3.5) are all equivalent to that introduced in (1.10).

In Definition 3.1, the conditions required on u involve the constant k ≥ 0. Our definition, however, does not
depend on the choice of any particular k. The following result clarifies this important issue.

Lemma 3.3. Let (X, d) be a complete length space and T > 0. Let YT = X× (0, T ). Assume that f : YT → R
is bounded below. If u ∈ S(YT ) is a Monge solution (resp., Monge subsolution, Monge supersolution) of (1.4),
then v in (1.6) satisfies (3.3) for any k ≥ 0 such that u ∈ Sk(YT ) and (3.1) holds.

Proof. Suppose that u is a Monge solution of (1.4). Then, there exists k0 ≥ 0 such that infYT
f ≥ −k0 and

v0(x, t) = u(x, t) + k0t satisfies

|D−v0|(x, t) = f(x, t) + k0 (3.10)

for all (x, t) ∈ YT . Fix arbitrarily k ≥ 0 such that u ∈ Sk(YT ) and (3.1) holds. Let v(x, t) = u(x, t) + kt. It is
easily seen that v ∈ S0(YT ). For any δ > 0, we have

sup
d(y,x)≤δ

v(x, t)− v(y, t− δ)

δ
= sup
d(y,x)≤δ

v0(x, t)− v0(y, t− δ)

δ
+ (k − k0).
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Owing to (3.10), we pass to the limsup as δ → 0+ to obtain

|D−v|(x, t) = |D−v0|(x, t) + (k − k0) = f(x, t) + k.

One can similarly prove the inequalities corresponding to the Monge subsolution and Monge supersolution
properties.

3.2. Comparison principle

We now study the well-posedness of the initial value problem for (1.4) with the initial value condition (1.3).
Let us begin with a comparison principle for (1.4).

Theorem 3.4 (Comparison principle). Let (X, d) be a complete length space and T > 0. Let YT = X× (0, T ).
Assume that f : YT → R is bounded below. Assume that u1, u2 ∈ S(YT ) are respectively a bounded Monge
subsolution and a bounded Monge supersolution of (1.4). If

lim
t→0+

sup
x∈X

{u1(x, t)− u2(x, t)} ≤ 0, (3.11)

then u1 ≤ u2 in YT .

Proof. As required in the definition of Monge solutions, we can find k ≥ 0 large enough such that u1, u2 ∈ Sk(YT )
and (3.1) holds. Let

vi(x, t) = ui(x, t) + kt for (x, t) ∈ YT and i = 1, 2. (3.12)

In view of (3.11), it is clear that under this change

lim
t→0+

sup
x∈X

{v1(x, t)− v2(x, t)} ≤ 0. (3.13)

Moreover, by Definition 3.1 and Lemma 3.3, we have

|D−v1|(x, t) ≤ f(x, t) + k ≤ |D−v2|(x, t), for all (x, t) ∈ YT . (3.14)

It then suffices to show that v1 ≤ v2 in YT . Assume by contradiction that supYT
(v1 − v2) > µ for some

µ > 0. Let κ > 0 and we define

Φ(x, t) := v1(x, t)− v2(x, t)−
κ

T − t
, (x, t) ∈ X× (0, T ).

For sufficiently small κ > 0, we have supYT
Φ > µ. By (3.13), there exists 0 < η < T sufficiently small such that

sup
X×(0,2η]

Φ ≤ sup
X×(0,2η]

(v1 − v2) <
µ

2
. (3.15)

In addition, since v1, v2 are bounded, we get

sup
X×[T−2η,T )

Φ <
µ

2
(3.16)
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by letting η > 0 smaller if necessary. It follows that

sup
X×[2η,T−2η]

Φ = sup
YT

Φ > µ.

Then there exists z0 ∈ X × (2η, T − 2η) such that Φ(z0) ≥ supX×[η,T−η] Φ − ε2 > µ for ε ∈ (0, η) sufficiently
small. In particular, we can choose ε ∈ (0, η) satisfying

ε <
κ

T 2
. (3.17)

Since (X, d) is a complete length space, we see that (X × [η, T − η], d̄) is also a complete metric space, where
d̄ is the space–time metric given by (1.8). By Ekeland’s variational principle (cf. [42, 43]), there exists zε =
(xε, tε) ∈ Bε(z0) ⊂ X× (η, T − η) such that z 7→ Φ(z)− εd̄(z, zε) attains a local maximum in X× [η, T − η] at
z = zε. Here, Br(z) denotes the open ball in (YT , d̄) centered at z with radius r > 0.

It then follows that, for all z = (x, t) near zε,

v2(zε)− v2(z) ≤ v1(zε)− v1(z) +
κ

T − t
− κ

T − tε
+ εd̄(zε, z).

In particular, for any δ > 0 small, we have

v2(xε, tε)− v2(x, tε − δ) ≤ v1(zε)− v1(x, tε − δ) +
κ

T − tε + δ
− κ

T − tε
+ εδ

for all x ∈ X satisfying d(x, xε) ≤ δ. We thus obtain

sup

{
v2(xε, tε)− v2(x, tε − δ)

δ
: d(xε, x) ≤ δ

}
≤ sup

{
v1(zε)− v1(x, tε − δ)

δ
: d(xε, x) ≤ δ

}
+

1

δ

(
κ

T − tε + δ
− κ

T − tε

)
+ ε

for δ > 0 small. Taking the limsup as δ → 0+, we get

|D−v2|(zε) ≤ |D−v1|(zε)−
κ

(T − tε)2
+ ε ≤ |D−v1|(zε)−

κ

T 2
+ ε.

Then, (3.14) further yields κ/T 2 ≤ ε, which is a contradiction to (3.17).

As an immediate consequence of the comparison result, we obtain the uniqueness of bounded Monge solu-
tions u of the initial value problem for (1.4) with the initial condition (1.3) interpreted as (1.16). Note that
Theorem 3.4 above does not require f to be continuous. This suggests a potential application to the uniqueness
of solutions even for equations with a discontinuous inhomogeneous term f . See [30] for recent developments
for the stationary case.

3.3. Existence of Monge solutions

Let us now consider the existence of Monge solutions of the initial value problem and prove Theorem 1.1.
Our existence result is a straightforward adaptation of the classical argument based on a control-based formula.

Consider the value function u, defined by (1.17), of an optimal control problem, where the curve class Γx is
given by (1.18) for x ∈ X. It is easy to see that u(x, 0) = u0(x) for all x ∈ X. We show that u given by (1.17) is
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a Monge solution of (1.4), assuming that f is bounded in YT and is Lipschitz either in space or in time; that
is, there exists Lf > 0 such that either

|f(x, t)− f(y, t)| ≤ Lfd(x, y) for all x, y ∈ X, t ∈ (0, T ) (3.18)

or

|f(x, t)− f(x, s)| ≤ Lf |t− s| for all x ∈ X, t, s ∈ (0, T ). (3.19)

We first show the boundedness and Lipschitz continuity of u in X× [0, T ).

Proposition 3.5 (Boundedness and Lipschitz regularity). Let (X, d) be a complete length space. Let T > 0.
Assume that u0 ∈ Lip (X) is bounded. Assume also that f is bounded on YT , and either (3.18) or (3.19) holds
for some Lf > 0. Then, u given by (1.17) is bounded and belongs to Lip (X× [0, T )). In particular, there exists
K > 0 such that

sup
x∈X

|u(x, t)− u0(x)| ≤ Kt for all t ∈ [0, T ). (3.20)

Proof. The boundedness of u in X × [0, T ) is an immediate consequence of the boundedness of f and u0. In
fact, by the formula of u as in (1.17), we have

sup
YT

|u| ≤ sup
X

|u0|+ T sup
YT

|f |.

Let us next prove that u ∈ Lip (X × [0, T )). Fix z1 = (x1, t1), z2 = (x2, t2) ∈ X × [0, T ) arbitrarily. By (1.17),
for every δ > 0, we can take a curve γ1 ∈ Γx1

such that

u(z1) ≥ u0(γ1(t1)) +

� t1

0

f(γ1(σ), t1 − σ) dσ − δ. (3.21)

We can also find another arc-length parametrized curve ξ : [0, τ ] → X with τ ≤ d(x1, x2)+ δ such that ξ(0) = x2,
ξ(τ) = x1.

Next, we build a curve γ2 ∈ Γx2
as below:

γ2(σ) =

{
ξ(σ) if 0 ≤ σ ≤ τ ,

γ1(σ − τ) if σ > τ .

It is not difficult to see that

d(γ2(t2), γ1(t1)) ≤ |t1 − t2|+ τ ≤ |t1 − t2|+ d(x1, x2) + δ. (3.22)

Below, we give an estimate of

F (γ1, γ2, t1, t2) :=

� t1

0

f(γ1(σ), t1 − σ) dσ −
� t2

0

f(γ2(σ), t2 − σ) dσ.

If t2 ≤ τ , we have

|F (γ1, γ2, t1, t2)| ≤ (t1 + τ) sup
YT

|f | ≤ 2 sup
YT

|f |(|t1 − t2|+ τ). (3.23)
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Let us now consider the case t2 > τ . To this end, we first estimate F (γ1, γ1, a, b) for any a, b ∈ [0, T ) with a ≥ b.
It is not difficult to see that

|F (γ1, γ1, a, b)| ≤

∣∣∣∣∣
� a−b

0

f(γ1(σ), a− σ) dσ

∣∣∣∣∣
+

∣∣∣∣∣
� b

0

f(γ1(a− b+ σ), b− σ)− f(γ1(σ), b− σ) dσ

∣∣∣∣∣
(3.24)

and

|F (γ1, γ1, a, b)| ≤
∣∣∣∣� a

b

f(γ1(σ), a− σ) dσ

∣∣∣∣+
∣∣∣∣∣
� b

0

f(γ1(σ), a− σ)− f(γ1(σ), b− σ) dσ

∣∣∣∣∣ . (3.25)

If the space-Lipschitz condition (3.18) holds, we apply it to (3.24). If the time-Lipschitz condition (3.19) holds,
we use it for (3.25). In either case, we obtain

|F (γ1, γ1, a, b)| ≤
(
sup
YT

|f |+ bLf

)
(a− b) ≤

(
sup
YT

|f |+ TLf

)
(a− b).

For the case b ≥ a, we can apply the same bound with a and b exchanged. Hence, for all a, b ∈ [0, T ), we have

|F (γ1, γ1, a, b)| ≤
(
sup
YT

|f |+ TLf

)
|a− b|. (3.26)

We now use (3.26) to estimate |F (γ1, γ2, t1, t2)| in the case t2 > τ . Note first that

|F (γ1, γ2, t1, t2)| ≤
∣∣∣∣� τ

0

f(γ1(σ), t1 − σ) dσ

∣∣∣∣
+

∣∣∣∣� t1

0

f(γ1(σ), t1 − σ) dσ −
� t2−τ

0

f(γ1(σ), t2 − τ − σ) dσ

∣∣∣∣ =: A1 +A2.

It is easily seen that A1 ≤ τ supYT
|f |. For A2, we apply (3.26) with a = t1, b = t2 − τ to get

A2 = |F (γ1, γ1, t1, t2 − τ)| ≤
(
sup
YT

|f |+ TLf

)
|t1 − t2 + τ |.

Therefore, combining the bounds for A1 and A2, we get

|F (γ1, γ2, t1, t2)| ≤
(
2 sup

YT

|f |+ TLf

)
(|t1 − t2|+ τ). (3.27)

In summary, by combining (3.23) and (3.27), we are led to

|F (γ1, γ2, t1, t2)| ≤
(
2 sup

YT

|f |+ TLf

)
(|t1 − t2|+ d(x1, x2) + δ). (3.28)
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Since u0 is Lipschitz continuous in X, by (3.22) we get

u0(γ2(t2))− u0(γ1(t1)) ≤ C0(|t1 − t2|+ d(x1, x2) + δ) (3.29)

for some C0 > 0. Noticing that by definition

u(z2) ≤ u0(γ2(t2)) +

� t2

0

f(γ2(σ), t2 − σ) dσ,

we then adopt (3.21), (3.28), and (3.29) to deduce

u(z2)− u(z1)− δ

≤ u0(γ2(t2))− u0(γ1(t1)) +

∣∣∣∣� t1

0

f(γ1(σ), t1 − σ) dσ −
� t2

0

f(γ2(σ), t2 − σ) dσ

∣∣∣∣
≤
(
C0 + 2 sup

YT

|f |+ TLf

)
(|t1 − t2|+ d(x1, x2) + δ).

Letting δ → 0, we deduce that

u(z2)− u(z1) ≤ K(|t1 − t2|+ d(x1, x2))

for some K > 0 independent of z1 = (x1, t1), z2 = (x2, t2). We conclude our proof of the Lipschitz continuity of
u by exchanging the roles of z1, z2 ∈ X× [0, T ).

It is well known in the Euclidean case that the function u defined by (1.17) satisfies the so-called dynamic
programming principle. We extend the standard argument to length spaces.

Lemma 3.6 (Dynamic programming principle). Let T > 0 and (X, d) be a complete length space. Assume that
f is bounded on YT . Let u : X× [0, T ) → R be defined by (1.17). Then, at any (x, t) ∈ YT ,

u(x, t) = inf
γ∈Γx

{
u(γ(δ), t− δ) +

� δ

0

f(γ(σ), t− σ) dσ

}
(3.30)

holds for any 0 < δ ≤ t.

Proof. Fix (x, t) ∈ YT and let 0 < δ < t. For every γ ∈ Γx, we take a portion γδ ∈ Γγ(δ) of γ defined by

γδ(σ) = γ(δ + σ) for σ ≥ 0 such that

� t

0

f(γ(σ), t− σ) dσ + u0(γ(t)) =

� δ

0

f(γ(σ), t− σ)dσ

+

� t−δ

0

f(γδ(σ), t− δ − σ) dσ + u0(γ
δ(t− δ)).

Keeping the value of γ in [0, δ] and taking the infimum of the right-hand side over curves in Γγ(δ), we obtain

� t

0

f(γ(σ), t− σ) dσ + u0(γ(t)) ≥
� δ

0

f(γ(σ), t− σ) dσ + u(γ(δ), t− δ).
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Next, taking the infimum for γ ∈ Γx of both sides, we have

u(x, t) ≥ inf
γ∈Γx

{
u(γ(δ), t− δ) +

� δ

0

f(γ(σ), t− σ) dσ

}
.

On the other hand, for every γ ∈ Γx and ε > 0, take γε ∈ Γγ(δ) such that

� t−δ

0

f(γε(σ), t− δ − σ) dσ + u0(γε(t− δ)) ≤ u(γ(δ), t− δ) + ε.

Then, we obtain that

u(x, t) ≤
� δ

0

f(γ(σ), t− σ) dσ +

� t−δ

0

f(γε(σ), t− δ − σ) dσ + u0(γε(t− δ))

≤
� δ

0

f(γ(σ), t− σ) dσ + u(γ(δ), t− δ) + ε.

Since γ ∈ Γx and ε > 0 are arbitrary, it follows that

u(x, t) ≤ inf
γ∈Γx

{
u(γ(δ), t− δ) +

� δ

0

f(γ(σ), t− σ) dσ

}
.

Our proof is thus complete.

We now verify the Monge solution property of the value function u.

Proposition 3.7 (Monge solution property). Let (X, d) be a complete length space. Let T > 0. Assume that
u0 ∈ Lip (X) is bounded. Assume also that f ∈ C(YT ) is bounded. If either (3.18) or (3.19) holds for some
Lf > 0, then u defined as in (1.17) is a Monge solution of (1.4).

Proof. We have shown in Proposition 3.5 that u ∈ Lip (X× [0, T )). It follows that u ∈ Sk(YT ) for some k > 0.
Moreover, we can take k > 0 large enough such that (3.1) also holds. Let v be given by (1.6) for this k > 0.
Note that v ∈ Lip (X× [0, T )) ∩ S0(YT ) and by (3.30), v satisfies

v(x, t) = inf
γ∈Γx

{
v(γ(δ), t− δ) +

� δ

0

f(γ(σ), t− σ) + k dσ

}
(3.31)

for any (x, t) ∈ YT and 0 < δ ≤ t. Our goal is then to show that |D−v| = f + k holds everywhere in YT .
(Subsolution) Let us first prove |D−v| ≤ f + k in YT . Fix arbitrarily z = (x, t) ∈ YT . We take 0 < δ < t/2 and
y ∈ X arbitrarily such that d(x, y) ≤ δ and v(y, t− δ) ≤ v(x, t). To use the definition of |D−v|(x, t) to estimate
its upper bound, we only need to consider points (y, t− δ) satisfying v(y, t− δ) ≤ v(x, t), since we already know
that |D−v|(x, t) ≥ 0, as emphasized in Remark 3.2.

For any integer j ≥ 1, there exists γj ∈ Γx such that γj(δj) = y and

δ ≤ ℓ(γj |[0,δj ]) = δj ≤ δ

(
1 +

1

j

)
.
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Here and in the sequel, we use ℓ(γ) to denote the length of a rectifiable curve γ. By (3.31), we have

v(x, t) ≤ v(y, t− δj) +

� δj

0

(f(γj(σ), t− σ) + k) dσ.

Thanks to the monotonicity of t 7→ v(y, t), we have v(y, t− δj) ≤ v(y, t− δ), which yields

0 ≤ v(x, t)− v(y, t− δ) ≤ v(x, t)− v(y, t− δj).

It follows that

v(x, t)− v(y, t− δ)

δ
≤
(
1 +

1

j

)
v(x, t)− v(y, t− δj)

δj

≤
(
1 +

1

j

)
1

δj

� δj

0

(f(γj(σ), t− σ) + k) dσ.

(3.32)

By the continuity of f , for any ε > 0, we have

sup
σ∈[0,δj ]

|f(γj(σ), t− σ)− f(x, t)| < ε

for all j ≥ 1 large and δ > 0 small. Then, (3.32) yields

v(x, t)− v(y, t− δ)

δ
≤
(
1 +

1

j

)
(f(x, t) + k + ε).

Letting j → ∞ and then δ → 0+, we obtain |D−v|(x, t) ≤ f(x, t) + k + ε. Thanks to the arbitrariness of ε, we
complete the proof of the Monge subsolution property of u.
(Supersolution) We next show |D−v| ≥ f + k in YT . Fix z = (x, t) ∈ YT and δ > 0 arbitrarily small. By (3.31),
there exists γδ ∈ Γx such that zδ = (γδ(δ), t− δ) ∈ YT satisfies

v(z) + δ2 ≥ v(zδ) +

� δ

0

(f(γδ(σ), t− σ) + k) dσ

which implies

1

δ
(v(z)− v(zδ)) ≥

1

δ

� δ

0

f(γδ(σ), t− σ) dσ + k − δ. (3.33)

Noticing that γδ ∈ Γx satisfies |γ′δ| ≤ 1 a.e. in (0, δ), we have d(γδ(δ), x) ≤ δ. By the continuity of f , it then
follows from (3.33) that

|D−v|(x, t) ≥ lim sup
δ→0

1

δ

� δ

0

f(γδ(σ), t− σ) dσ + k = f(x, t) + k,

as desired.

Let us now complete our proof of Theorem 1.1.
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Proof of Theorem 1.1. We have shown in Proposition 3.5 that u defined by (1.17) is bounded and Lipschitz
in X × [0, T ). It follows that there exist k ≥ 0 such that u ∈ Sk(YT ). By Proposition 3.7, we see that u is a
Monge solution of (1.4). The initial condition (1.3) also holds in the sense of (1.16), as a consequence of (3.20)
in Proposition 3.5. The uniqueness of such Monge solutions follows from Theorem 3.4.

Remark 3.8. Without affecting the existence result, one can replace the curve class Γx in (1.17) by

A∗
x := {γ ∈ Ax(X) | |γ′| ≤ 1 a.e. in [0,∞)},

where Ax(X) is given in (2.2). Under the same assumptions as in Theorem 1.1, we can use the same arguments
to show that

ũ(x, t) := inf
γ∈A∗

x

{
u0(γ(t)) +

� t

0

f(γ(σ), t− σ) dσ

}
, for (x, t) ∈ X× [0, T ) (3.34)

is also a bounded Monge solution of (1.4) satisfying (1.16). In general, we can show that any function w ∈ S(YT )
satisfying, for any (x, t) ∈ YT and δ ∈ [0, t),

w(x, t) ≤ inf
γ∈A∗

x

{� δ

0

f(γ(σ), t− σ) dσ + w(γ(δ), t− δ)

}
(
resp., w(x, t) ≥ inf

γ∈A∗
x

{� δ

0

f(γ(σ), t− σ) dσ + w(γ(δ), t− δ)

})

is a Monge subsolution (resp., Monge supersolution) of (1.4). Then, thanks to the comparison result,
Theorem 3.4, we end up with u = ũ in X× [0, T ) for u given by (1.17).

Our approach to the eikonal-type equation is not limited to (1.4) but also extends to more general cases such
as

∂tu+ a(x)|∇u| = f(x, t) in X× (0, T ), (3.35)

where a : X → R is bounded continuous in X with infX a > 0. By defining the new metric da of X as

da(x, y) = inf

{�
γ

1

a
ds : γ is a curve in X joining x, y ∈ X

}
,

we can reduce (3.35) to

∂tu+ |∇au| = f(x, t) in X× (0, T ),

where |∇au| represents the slope of u with respect to the metric da. Since da and d are bi-Lipschitz equivalent,
we can adapt the results in this section to obtain the well-posedness of the initial value problem for (3.35).
We omit the details here and refer to [30] for similar techniques of metric change applied to stationary eikonal
equations.

4. The case with superlinear Hamiltonians

4.1. Definition of Monge solutions

Following our study of the eikonal-type equations, we propose a notion of Monge solutions to the Hamilton–
Jacobi equation (1.2). We assume that H ∈ C(X× (0, T )× [0,∞)) satisfies (H1) and the associated Lagrangian
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L ∈ C(X × (0, T ) × [0,∞)) in (1.14) fulfills (H2)–(H5). In view of (H2) and (H3), we see that L(x, t, 0) is
bounded for (x, t) ∈ X× (0, T ). Let us take

L0 := sup
x∈X,t∈(0,T )

|L(x, t, 0)|. (4.1)

Suppose that our solution u ∈ S(YT ) for YT = X× (0, T ). We can adopt the same procedure as in the case
of (1.4) and make the change of unknown (1.6) with k ≥ 0 that ensures u ∈ Sk(YT ). We then see that formally
v solves

∂tv +H(x, t, |∇v|) = |∂tv|+H(x, t, |∇v|) = k in X× (0, T ).

Our definition of Monge solutions of (1.2) is as follows.

Definition 4.1. A function u ∈ S(YT ) is said to be a Monge solution (resp., Monge subsolution, Monge
supersolution) of (1.2) if there exists k ≥ 0 such that u ∈ Sk(YT ) and v ∈ S0(YT ) given by (1.6) satisfies

|D−
L v|(x, t) = k (resp., ≤, ≥) (4.2)

for any (x, t) ∈ YT , where |D−
L v|(x, t) at (x, t) ∈ YT is defined by (1.15).

It is not difficult to see that an equivalent expression of |D−
L v|(x, t) in (1.15) is

|D−
L v|(x, t) = lim

δ→0+
sup

{
v(x, t)− v(y, s)

t− s
− L

(
x, t,

d(x, y)

t− s

)
:

(y, s) ∈ YT , t− δ ≤ s < t, 0 < d(x, y) ≤ δ

}
.

(4.3)

Remark 4.2. Following Lemma 3.3, one can show that our definition of Monge solutions (resp., Monge sub-
solutions, Monge supersolutions) does not depend on any particular choice of k ≥ 0 among those satisfying
u ∈ Sk(YT ).

In Section 4.2 and Section 4.3 below, we study the well-posedness of the initial value problem for (1.2)(1.3)
using the notion of Monge solutions. The overall structure is similar to the eikonal-type case discussed in
Section 3. However, our analysis for the case of superlinear Hamiltonians involves additional estimates to control
the term d(x, y)/(t− s) appearing in the definition of |D−

L v|(x, t) in (4.3).

4.2. Comparison principle

As a first step, we establish a comparison principle.

Theorem 4.3 (Comparison principle). Let (X, d) be a complete length space and T > 0. Assume that H ∈
C(X× (0, T )× [0,∞)) satisfies (H1) and L ∈ C(X× (0, T )× [0,∞)) given by (1.14) satisfies (H2). Let u1, u2 ∈
S(YT ) be respectively a bounded Monge subsolution and a bounded Monge supersolution of (1.2). Assume in
addition that u2 ∈ Lip (YT ). If (3.11) holds, then u1 ≤ u2 in YT .

Proof. Our argument below is similar to that of Theorem 3.4. We take k ≥ 1 such that u1, u2 ∈ Sk(YT ). Let
v1, v2 ∈ S0(YT ) be as in (3.12) such that (3.13) holds. Since u2 ∈ Lip (YT ), so does v2 ∈ Lip (YT ). Then there
exists C > 0 such that

|v2(x, t)− v2(y, s)| ≤ C(d(x, y) + |t− s|) for all (x, t), (y, s) ∈ YT . (4.4)
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By the coercivity condition (1.22) in (H2), we can find R > 1 such that

sup
(x,t)∈YT

{C(q + 1)− L(x, t, q)} ≤ 0 for all q ≥ R. (4.5)

We fix this constant R > 1 for our later use.
To show that v1 ≤ v2 in YT , we assume by contradiction that supYT

(v1 − v2) > µ holds for some µ > 0. Let
κ > 0 and consider again

Φ(x, t) = v1(x, t)− v2(x, t)−
κ

T − t
, for (x, t) ∈ YT .

For sufficiently small κ > 0, we have supYT
Φ > µ. In view of (3.13) and the boundedness of v1, v2, there exists

0 < η < T sufficiently small such that (3.15) and (3.16) hold. Then, there exists z0 = (x0, t0) ∈ X× (2η, T − 2η)
such that

Φ(z0) ≥ sup
X×[η,T−η]

Φ− ε2 > µ

for ε > 0 small. Here we can choose ε ∈ (0, η) small enough such that

εR <
κ

T 2
, (4.6)

where R > 1 is the constant satisfying (4.5).
Note that (X × [η, T − η], d̄) is a complete metric space with the metric d̄ given by (1.8). By Ekeland’s

variational principle, we can find zε = (xε, tε) ∈ Bε(x0, t0) ⊂ X × (η, T − η) such that z 7→ Φ(z) − εd̄(z, zε)
attains a local maximum in X× [η, T − η] at z = zε. It then follows that for any δ > 0 small,

v2(zε)− v2(z) ≤ v1(zε)− v1(z) +
κ

T − t
− κ

T − tε
+ εd̄(zε, z)

and thus

v2(zε)− v2(z)

tε − t
− L

(
xε, tε,

d(xε, x)

tε − t

)
− 1

tε − t

(
κ

T − t
− κ

T − tε

)
≤ v1(zε)− v1(z)

tε − t
− L

(
xε, tε,

d(xε, x)

tε − t

)
+ εmax

{
d(xε, x)

tε − t
, 1

} (4.7)

holds for all z = (x, t) such that d(x, xε) ≤ δ, 0 < tε − t ≤ δ.
Applying the definition of Monge supersolution on u2, we see that there exists a sequence (yj , sj) with sj < tε

and d̄((xε, tε), (yj , sj)) ≤ 1/j such that, as j → ∞,

v2(xε, tε)− v2(yj , sj)

tε − sj
− L

(
xε, tε,

d(xε, yj)

tε − sj

)
→ |D−

L v2|(xε, tε) ≥ k.

In view of the Lipschitz continuity of v2 as in (4.4), we have

0 <
v2(xε, tε)− v2(yj , sj)

tε − sj
− L

(
xε, tε,

d(xε, yj)

tε − sj

)
≤ C

(
d(xε, yj)

tε − sj
+ 1

)
− L

(
xε, tε,

d(xε, yj)

tε − sj

)
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and by the choice of R > 1 in (4.5) derived from the coercivity condition (1.22), we get d(xε, yj) ≤ R(tε − sj)
for all j ≥ 1 large.

Taking the limit of (4.7) as j → ∞ along the sequence (x, t) = (yj , sj), we obtain

|D−
L v2|(xε, tε) +

κ

T 2
≤ |D−

L v2|(xε, tε) +
κ

(T − tε)2
≤ |D−

L v1|(xε, tε) + εR.

Applying the definition of Monge subsolutions and Monge supersolutions to u1 and u2 respectively, we are led
to κ/T 2 ≤ εR, which is a contradiction to (4.6).

4.3. Existence of Monge solutions

We establish our existence result by considering a control-based formula

u(x, t) = inf
γ∈Ax(X)

{� t

0

L(γ(σ), t− σ, |γ′|(σ))dσ + u0(γ(t))

}
for x ∈ X, t ∈ [0, T ) (4.8)

where Ax(X) is given by (2.2). We show that u given by this formula is a Monge solution of the initial value
problem (1.2)(1.3).

It is clear from (1.14) that q 7→ L(x, t, q) is nondecreasing and convex in [0,∞) for any (x, t) ∈ X × (0, T ).
In addition, by the coercivity of H in (1.19), (H2), and (H3), we have

L1 := sup
(x,t)∈YT

|L(x, t, 1)| < +∞. (4.9)

To see this, we first use (1.19) to get the existence of R > 0 such that p−H(x, t, p) < 0 for all (x, t) ∈ YT and
all p ≥ R. Moreover, by (1.14), L(x, t, 0) ≥ −H(x, t, p) for all p ≥ 0. As a consequence, recalling L0 from (4.1),
we have

−L0 ≤ L(x, t, 1) ≤ max

{
0, sup

0≤p<R
{p−H(x, t, p)}

}
≤ R+ |L(x, t, 0)| ≤ R+ L0.

We adapt the standard control-based arguments in the Euclidean space to our setting for Monge solutions.
Similar solution formulas (with L independent of t) are also provided in [15] and [18], but our approach is not
the same as theirs due to the distinct notions of solutions.

We first show the boundedness of u given by (4.8).

Proposition 4.4 (Boundedness). Let (X, d) be a complete length space and T > 0. Assume that L ∈ C(X ×
(0, T ) × [0,∞)) given by (1.14) satisfies (H2)(H3). Assume that u0 ∈ C(X) is bounded. Then the function u
given by (4.8) satisfies

−L0t+ inf u0 ≤ u(x, t) ≤ L0t+ u0(x).

for all (x, t) ∈ X× [0, T ).

Proof. Fix (x, t) ∈ X× [0, T ). By considering a constant curve γ(σ) = x for all σ ∈ [0,∞) in the formula (4.8),
we obtain

u(x, t) ≤
� t

0

L(x, t− σ, 0)dσ + u0(x) ≤ L0t+ u0(x),
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which gives the desired upper bound. On the other hand, for any ε > 0 small, there exists γε ∈ Ax(X) such that

u(x, t) ≥
� t

0

L(γε(σ), t− σ, |γ′ε|(σ)) dσ + u0(γε(t))− ε ≥ −L0t+ inf u0 − ε.

Letting ε→ 0, we obtain the lower bound.

One can obtain the dynamic programming principle as below.

Lemma 4.5 (Dynamic programming principle). Let (X, d) be a complete length space and T > 0. Assume that
L ∈ C(X × (0, T ) × [0,∞)) satisfies (H2)(H3). Let u0 ∈ C(X) and u be given by (4.8). Then, u satisfies the
following dynamic programming principle:

u(x, t) = inf
γ∈Ax(X)

{� δ

0

L(γ(σ), t− σ, |γ′|(σ)) dσ + u(γ(δ), t− δ)

}
for all δ ∈ [0, t]. (4.10)

We omit the proof, since (4.10) is a straightforward generalization of (2.3) studied in [15] and can be eas-
ily derived from (4.8) following the proof of Lemma 3.6. The following proposition states the time Lipschitz
regularity of u in (4.8).

Proposition 4.6 (Lipschitz continuity in time). Let (X, d) be a complete length space and T > 0. Assume that
L ∈ C(X× (0, T )× [0,∞)) satisfies (H2)(H3)(H5). Let u0 ∈ Lip (X) and u be given by (4.8). Then, there exists
K > 0 such that

|u(x, t)− u(x, s)| ≤ K|t− s| for all x ∈ X and t, s ∈ [0, T ). (4.11)

In particular, (3.20) holds for such K > 0.

Proof. Let x ∈ X and t1, t2 ∈ [0, T ) with t1 < t2. Recall the constant L0 in (4.1). Using in (4.10) the constant
curve γ(σ) = x for all σ ∈ [0,∞), we have

u(x, t2)− u(x, t1) ≤
� t2−t1

0

L(γ(σ), t2 − σ, 0) dσ ≤ L0|t2 − t1|. (4.12)

For any 0 < ε < 1 small, there exists γε ∈ Ax(X) such that

u(x, t2) ≥
� t2

0

L(γε(σ), t2 − σ, |γ′ε|(σ))dσ + u0(γε(t2))− ε|t2 − t1|

≥
� t1

0

L(γε(σ), t2 − σ, |γ′ε|(σ))dσ +

� t2

t1

L(γε(σ), t2 − σ, |γ′ε|(σ))dσ + u0(γε(t2))− ε|t2 − t1|.
(4.13)

By (H5) and the Lipschitz continuity of u0, we get

� t1

0

L(γε(σ), t2 − σ, |γ′ε|(σ)) dσ + u0(γε(t2))

≥
� t1

0

L(γε(σ), t1 − σ, |γ′ε|(σ)) dσ − t1CT |t2 − t1|+ u0(γε(t1))− C0ℓε,
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where ℓε =
� t2
t1

|γ′ε|(σ) dσ, C0 ≥ 0 is the Lipschitz constant of u0, and CT > 0 is the constant appearing in (1.24).

It follows from the definition of u(x, t1) that

� t1

0

L(γε(σ), t2 − σ, |γ′ε|(σ)) dσ + u0(γε(t2)) ≥ u(x, t1)− t1CT |t2 − t1| − C0ℓε. (4.14)

In addition, applying (H2) and Jensen’s inequality we have

� t2

t1

L(γε(σ), t2 − σ, |γ′ε|(σ))dσ ≥
� t2

t1

m(|γ′ε|(σ)) dσ ≥ (t2 − t1)m

(
ℓε

t2 − t1

)
. (4.15)

Combining (4.13), (4.14), and (4.15), we get

u(x, t2) ≥ u(x, t1) + (t2 − t1)m

(
ℓε

t2 − t1

)
− (TCT + ε)|t2 − t1| − C0ℓε. (4.16)

Noticing (4.12), we thus have

m

(
ℓε

t2 − t1

)
≤ L0 + TCT + 1 + C0

ℓε
t2 − t1

,

which by the coercivity of m in (1.22) yields ℓε ≤ R|t2 − t1| for some R > 0. In view of (4.16) again, taking
ε→ 0, we are led to

u(x, t2) ≥ u(x, t1)− C̃|t2 − t1|,

where

C̃ = C0R+ TCT + sup
q∈[0,R]

|m(q)|.

We conclude the proof of (4.11) by taking K = C̃ + L0.

We next prove that u defined by (4.8) is Lipschitz continuous in X× [0, T ).

Proposition 4.7 (Lipschitz regularity). Let (X, d) be a complete length space and T > 0. Assume that H ∈
C(X× (0, T )× [0,∞)) satisfies (H1) and L ∈ C(X× (0, T )× [0,∞)) satisfies (H2)(H3)(H5). Let u0 ∈ Lip (X).
Then the function u given by (4.8) is Lipschitz continuous in X× [0, T ).

Proof. We have shown in Proposition 4.6 that there exists K > 0 such that

|u(x, t)− u(x, s)| ≤ K|t− s| for all x ∈ X and t, s ∈ [0, T ). (4.17)

It remains to show u(·, t) ∈ Lip (X) with a Lipschitz constant uniformly for all t ∈ (0, T ).
Fix arbitrarily x, y ∈ X, t ∈ (0, T ) such that

0 < d(x, y) < T − t. (4.18)

For any δ > 0 such that δ < (T − t)− d(x, y), there exists γ1 ∈ Ax(X) such that

u(x, t) ≥
� t

0

L(γ1(σ), t− σ, |γ′1|(σ))dσ + u0(γ1(t))− δ. (4.19)
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There also exists a curve ξ : [0, τ ] → X with τ > 0 such that ξ(0) = y, ξ(τ) = x, τ ≤ d(x, y) + δ, and |ξ′| = 1
a.e in (0, τ). Next, we build a curve γ2 ∈ Ay(X) as below:

γ2(σ) =


ξ(σ) if 0 ≤ σ ≤ τ ,

γ1(σ − τ) if τ < σ ≤ t+ τ ,

γ1(t) if t+ τ < σ.

Then, by the definition of u, we have

u(y, t+ τ) ≤
� t+τ

0

L(γ2(σ), t+ τ − σ, |γ′2|(σ)) dσ + u0(γ2(t+ τ))

=

� τ

0

L(γ2(σ), t+ τ − σ, |γ′2|(σ))dσ +

� t+τ

τ

L(γ2(σ), t+ τ − σ, |γ′2|(σ)) dσ + u0(γ2(t+ τ))

=

� τ

0

L(ξ(σ), t+ τ − σ, 1) dσ +

� t

0

L(γ1(σ), t− σ, |γ′1|(σ)) dσ + u0(γ1(t)).

It follows from (4.9) and (4.19) that

u(y, t+ τ)− u(x, t) ≤ L1τ + δ.

Using (4.17), we further get

u(y, t)− u(x, t) = u(y, t)− u(y, t+ τ) + u(y, t+ τ)− u(x, t)

≤ (K + L1)τ + δ ≤ (K + L1)(d(x, y) + δ) + δ.

Letting δ → 0 and exchanging the roles of x and y, we obtain

|u(x, t)− u(y, t)| ≤ K1d(x, y)

for all x, y ∈ X, t ∈ (0, T ) satisfying (4.18), where K1 = K + L1.
Finally, let us prove the inequality for a general pair x, y ∈ X without the constraint (4.18). Since X is

a length space, for any x, y ∈ X, t ∈ (0, T ) and ε > 0 small, there exists an arc-length parametrized curve
γ : [0, s] → X such that s ≤ d(x, y) + ε, γ(0) = x, and γ(s) = y. Let {s0, s1, . . . , sn} be a partition of [0, s] such
that s0 = 0, sn = s, and |si − si−1| < T − t for all i = 1, 2, . . . , n. Then, applying our result above, we get

|u(x, t)− u(y, t)| ≤
n∑
i=1

|u(γ(si), t)− u(γ(si−1), t)|

≤
n∑
i=1

K1d(γ(si), γ(si−1)) ≤ K1s ≤ K1(d(x, y) + ε).

We conclude our proof by letting ε→ 0.

We finally prove that u given by (4.8) is a Monge solution of the initial value problem (1.2)(1.3).

Theorem 4.8 (Existence of Monge solutions). Let (X, d) be a complete length space and T > 0. Assume that
H ∈ C(X× (0, T )× [0,∞)) satisfies (H1) and L ∈ C(X× (0, T )× [0,∞)) satisfies (H2)–(H5). Let u0 ∈ Lip (X)
be bounded. Let u be given by (4.8). Then, u ∈ Lip (X × [0, T )) is a bounded Monge solution of (1.2) in the
sense of Definition 4.1.
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We have already shown in Proposition 4.4, Proposition 4.6, and Proposition 4.7 that u given by (4.8) is
bounded and Lipschitz in X× [0, T ). It thus suffices to verify the properties of Monge subsolutions and Monge
supersolutions for u, which are discussed in the following two propositions.

Proposition 4.9 (Monge subsolution property). Let (X, d) be a complete length space and T > 0. Assume that
L ∈ C(X× (0, T )× [0,∞)) satisfies (H2)(H4). Suppose that u ∈ Lip (YT ) satisfies

u(x, t) ≤ inf
γ∈Ax(X)

{� δ

0

L(γ(σ), t− σ, |γ′|(σ))dσ + u(γ(δ), t− δ)

}
(4.20)

for any (x, t) ∈ YT and 0 ≤ δ < t. Then u is a Monge subsolution of (1.2) in the sense of Definition 4.1. In
particular, if (H2)–(H5) hold and u0 ∈ Lip (X) is bounded, u given by (4.8) is a bounded Monge subsolution of
(1.2).

Proof. Suppose that u is C-Lipschitz in YT with C > 0. Choose k ≥ C. It is clear that u ∈ Sk(YT ). Let v be
given by (1.6).

Fix z = (x, t) ∈ YT = X× (0, T ) arbitrarily. In view of (4.20), for any γ ∈ Ax(X)

u(z) ≤
� δ

0

L(γ(σ), t− σ, |γ′|(σ))dσ + u(γ(δ), t− δ) (4.21)

holds for all δ ∈ (0, t). Let (yδ, sδ) ∈ YT with 0 < t− sδ ≤ δ and d(x, yδ) ≤ δ. We can find a curve γδ ∈ Ax(X)
with a constant speed cδ ≥ 0 a.e. in (0, t− sδ) such that γδ(0) = x, γδ(t− sδ) = yδ, and

(t− sδ)cδ = ℓ(γδ|[0,t−sδ]) ≤ (1 + δ)d(x, yδ).

By the Lipschitz continuity of u, we get

v(x, t)− v(yδ, sδ)

t− sδ
≤ u(x, t)− u(yδ, sδ)

t− sδ
+ k ≤ C + k + C

d(x, yδ)

t− sδ
.

We use the expression (4.3) to estimate |D−
L v|(x, t) by dividing our discussions into two cases regarding the

limit of d(x, yδ)/(t− sδ).
Case (i): Suppose that d(x, yδ)/(t− sδ) → ∞ as δ → 0+. Then by (H2) we obtain

lim sup
δ→0+

{
v(x, t)− v(yδ, sδ)

t− sδ
− L

(
x, t,

d(x, yδ)

t− sδ

)}
≤ lim sup

δ→0+

{
(C + k)

(
1 +

d(x, yδ)

t− sδ

)
− L

(
x, t,

d(x, yδ)

t− sδ

)}
≤ 0 < k.

(4.22)

Case (ii): Suppose that lim supδ→0+ d(x, yδ)/(t− sδ) ≤ R for some R > 0. In this case, we have cδ ≤ 2R for all
δ > 0 small. By (4.21) and the monotonicity of q 7→ L(x, t, q), we get

v(x, t)− v(yδ, sδ)

t− sδ
− L

(
x, t,

d(x, yδ)

t− sδ

)
≤ u(x, t)− u(γδ(t− sδ), sδ)

t− sδ
+ k − L

(
x, t,

cδ
1 + δ

)
≤ k +

1

t− sδ

� t−sδ

0

L(γδ(σ), t− σ, cδ) dσ − L

(
x, t,

cδ
1 + δ

)
.
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Since (γδ(σ), t− σ, cδ) stays in a bounded subset of X× (0, T )× [0,∞) for all σ ∈ [0, t− sδ] with δ > 0 small,
by the local uniform continuity of L in (H4), there exists a modulus of continuity ωR such that∣∣∣∣L(γδ(σ), t− σ, cδ)− L

(
x, t,

cδ
1 + δ

)∣∣∣∣ ≤ ωR

(
(1 + δ)d(x, yδ) + δ +

δ

1 + δ
cδ

)
.

It then follows that

v(x, t)− v(yδ, sδ)

t− sδ
− L

(
x, t,

d(x, yδ)

t− sδ

)
≤ k + ωR

(
(1 + δ)d(x, yδ) + δ +

2δR

1 + δ

)

for all δ > 0 small. Sending δ → 0 and combining it with (4.22) for Case (i), we obtain |D−
L v|(z) ≤ k. Hence, u

is a Monge subsolution of (1.2).
For the function u defined by (4.8) with u0 ∈ Lip (X) bounded, by Lemma 4.5 we see that u satisfies (4.20)

and therefore is a Monge subsolution of (1.2). Its boundedness is established in Proposition 4.4.

Proposition 4.10 (Monge supersolution property). Let (X, d) be a complete length space and T > 0. Assume
that L ∈ C(X× (0, T )× [0,∞)) satisfies (H2)(H4). If u ∈ Lip (YT ) and satisfies

u(x, t) ≥ inf
γ∈Ax(X)

{� δ

0

L(γ(σ), t− σ, |γ′|(σ))dσ + u(γ(δ), t− δ)

}
(4.23)

for any (x, t) ∈ YT and 0 ≤ δ < t. Then u is a Monge supersolution of (1.2) in the sense of Definition 4.1. In
particular, if (H2)–(H5) hold and u0 ∈ Lip (X) is bounded, u given by (4.8) is a bounded Monge supersolution
of (1.2).

Proof. Assuming that u is C-Lipschitz in YT for C > 0, we again take v as in (1.6) with k ≥ C such that
u ∈ Sk(YT ) and v ∈ S0(YT ).

Fix z = (x, t) ∈ YT arbitrarily. By (4.23), for any δ ∈ (0, t) small, there exists γδ ∈ Ax(X) such that

u(z) ≥
� δ

0

L(γδ(σ), t− σ, |γ′δ|(σ))dσ + u(γδ(δ), t− δ)− δ2. (4.24)

We take

ℓδ = ℓ(γδ|[0,δ]) =
� δ

0

|γ′δ|(σ)dσ.

It is clear that ℓδ ≥ d(x, γδ(δ)). By (H2), there exists a convex coercive function m ∈ C(R) such that

1

δ

� δ

0

L(γδ(σ), t− σ, |γ′δ|(σ))dσ ≥ 1

δ

� δ

0

m(|γ′δ|(σ))dσ.

By (4.24) and the Lipschitz continuity of u, we obtain

1

δ

� δ

0

m(|γ′δ|(σ))dσ ≤ u(x, t)− u(γδ(δ), t− δ)

δ
+ δ ≤ C

(
1 +

ℓδ
δ

)
+ δ. (4.25)
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It follows from Jensen’s inequality that

m

(
ℓδ
δ

)
= m

(
1

δ

� δ

0

|γ′δ|(σ) dσ

)
≤ 1

δ

� δ

0

m(|γ′δ|(σ))dσ ≤ C

(
1 +

ℓδ
δ

)
+ δ,

which by the coercivity of m in (1.22), there exists R > 1 such that ℓδ ≤ Rδ for all 0 < δ < 1 small. This yields
ℓδ → 0 as δ → 0.

Noting that q 7→ L(x, t, q) is nondecreasing for all (x, t) ∈ YT , by (4.24) we have

v(z)− v(γδ(δ), t− δ)

δ
− L

(
x, t,

d(x, γδ(δ))

δ

)
≥ k − δ +

1

δ

� δ

0

L (γδ(σ), t− σ, |γ′δ|(σ)) dσ − L

(
x, t,

ℓδ
δ

)
.

(4.26)

Since (1.23) in (H4) yields

L (γδ(σ), t− σ, |γ′δ|(σ)) ≥ L(x, t, |γ′δ|(σ))− ωL(ℓδ + δ) (1 + |m(|γ′δ|(σ))|)

for σ ∈ (0, δ), we then have

1

δ

� δ

0

L (γδ(σ), t− σ, |γ′δ|(σ)) dσ

≥ 1

δ

� δ

0

L(x, t, |γ′δ|(σ)) dσ − ωL(ℓδ + δ)

(
1

δ

� δ

0

|m(|γ′δ|(σ))|dσ + 1

)
.

Let m0 = inf [0,∞)m. Note that |m(q)| ≤ m(q) + 2|m0| for all q ≥ 0. Applying (4.25) and Jensen’s inequality to
the convex function q 7→ L(x, t, q), we obtain

1

δ

� δ

0

L (γδ(σ), t− σ, |γ′δ|(σ)) dσ ≥ L

(
x, t,

ℓδ
δ

)
− 2ωL(ℓδ + δ) (CR+ |m0|+ 1) .

By (4.26), we thus deduce that

v(z)− v(γδ(δ), t− δ)

δ
− L

(
x, t,

d(x, γδ(δ))

δ

)
≥ k − δ − 2ωL(ℓδ + δ)(CR+ |m0|+ 1).

Letting δ → 0 yields |D−
L v|(z) ≥ k, which verifies the Monge supersolution property of u.

Since (3.20) holds for the function u defined by (4.8), the well-posedness result in Theorem 1.2 follows from
Theorem 4.3 and Theorem 4.8.

5. Equivalence with curve-based and slope-based solutions

In this last section, we discuss the relation between curve-based solutions, slope-based solutions, and Monge
solutions. The equivalence of these notions is expected at least in the case of typical Hamiltonians. We will
rigorously prove the equivalence for (1.25), where the Hamiltonian H does not depend on t.
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5.1. Equivalence with curve-based viscosity solutions

Consider (1.25) with initial value (1.3). Assume that H ∈ C(X× [0,∞)) satisfies (1.19). Under the assump-
tions (H2)–(H4) for L given by (1.14) and bounded Lipschitz initial value, we have shown in Theorem 1.2 that
there exists a unique Monge solution to the initial value problem. (We do not need to explicitly impose (H5),
since H,L are independent of t.)

Note that the unique Monge solution u is represented by the formula (4.8) with the dependence of L on t
dropped. It coincides with the representation formula (2.4) of the unique curve-based solution of (1.25) and
(1.3); see Proposition 2.2 and Proposition 2.3. We thus can easily establish the equivalence between the notions
of Monge solutions and curve-based viscosity solutions in this case.

Theorem 5.1 (Equivalence of Monge and curve-based solutions for superlinear Hamiltonians). Let (X, d) be a
complete length space and T > 0. Assume that H ∈ C(X× [0,∞)) satisfies (H1) and L ∈ C(X× [0,∞)) defined
by (1.14) satisfies (H2)–(H4) (without dependence on t). Let u0 ∈ Lip (X) be bounded and u ∈ C(X × [0, T ))
satisfy (1.3) in the sense of (1.16). Then, u is a Monge solution of (1.25) if and only if it is a curve-based
viscosity solution of (1.25).

We actually obtain the following consequences regarding subsolution and supersolution properties under the
same assumptions as in Theorem 5.1:

� Any curve-based subsolution u ∈ Lip (X × (0, T )) of (1.25) is a Monge subsolution, as shown in
Proposition 2.2 and Proposition 4.9.

� Any curve-based supersolution u ∈ Lip (X × (0, T )) of (1.25) is a Monge supersolution, as shown in
Proposition 2.3 and Proposition 4.10.

It is not clear to us whether the reverse implication holds. In the case of (1.27), we can obtain an equivalence
result similar to Theorem 5.1.

Theorem 5.2 (Equivalence of Monge and curve-based solutions of eikonal-type equation). Let (X, d) be a
complete length space and T > 0. Assume that f : X → R is bounded and continuous. Let u0 ∈ Lip (X) be
bounded and u ∈ C(X× [0, T )) satisfies (1.3) in the sense of (1.16). Then, u is a Monge solution of (1.27) if
and only if it is a curve-based viscosity solution of (1.27).

The proof is based on Remark 3.8. In fact, besides (1.17), (3.34) also provides a representation formula for
the unique Monge solution of the initial value problem. By (2.1), we see that the curve class A∗

x in (3.34) is
consistent with Ax used in the characterization of curve-based viscosity solutions in the case of (1.27). Hence,
for the initial value problem for (1.27), the curve-based viscosity solution is equivalent to the Monge solution.

5.2. Equivalence with slope-based viscosity solutions

Let us now proceed to discuss the relation between slope-based and Monge solutions of (1.25). Note that by
(H1),

H(x, t, 0) = −L(x, t, 0) for all x ∈ X, t ∈ (0, T ). (5.1)

Proposition 5.3 (Slope-based solution property implied by Monge solutions). Let (X, d) be a complete length
space and T > 0. Assume that H ∈ C(X× [0,∞)) satisfies (H1). Let L ∈ C(X× [0,∞)) be defined as in (1.14).
If u ∈ S(YT ) is a Monge solution (resp., subsolution, supersolution) of (1.25) in the sense of Definition 4.1, then
it is a slope-based viscosity solution (resp., subsolution, supersolution) of (1.25) in the sense of Definition 2.5.

Proof. (Supersolution) Suppose that u ∈ S(YT ) is a Monge supersolution of (1.25). Fix z0 = (x0, t0) ∈ YT

arbitrarily. There exists k ≥ 0 such that u ∈ Sk(YT ) and v ∈ S0(YT ) given by (1.6) satisfies

|D−
L v|(z0) ≥ k. (5.2)
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For any ψ = ψ1 + ψ2 ∈ C as in Definition 2.4 such that u− ψ attains a local minimum at z0, then

u(z)− ψ1(z)− ψ2(z) ≥ u(z0)− ψ1(z0)− ψ2(z0)

for all z = (x, t) ∈ YT close to z0. Therefore, for x ̸= x0 and t < t0,

ψ1(z0)− ψ1(z) + ψ2(z0)− ψ2(z) ≥ u(z0)− u(z) = v(z0)− v(z)− k(t0 − t),

which implies

ψ(x, t0)− ψ(x, t)

t0 − t
+
d(x0, x)

t0 − t

[
2∑
i=1

|ψi(x0, t0)− ψi(x, t0)|
d(x0, x)

]
≥ v(z0)− v(z)

t0 − t
− k.

In view of (1.14), we get

ψ(x, t0)− ψ(x, t)

t0 − t
+H

(
x0, t0,

[
2∑
i=1

|ψi(x0, t0)− ψi(x, t0)|
d(x0, x)

])

≥ v(z0)− v(z)

t0 − t
− L

(
x0, t0,

d(x0, x)

t0 − t

)
− k.

Letting d(x0, x) → 0, t→ t0− on both sides, we obtain

ψt(z0) +H(x0, t0, |∇ψ1|(z0) + |∇ψ2|(z0)) ≥ |D−
L v|(z0)− k.

Applying (5.2), we end up with

ψt(z0) +H |∇ψ2|∗(z0)(x0, t0, |∇ψ1|(z0)) ≥ 0,

which, by the arbitrariness of z0 ∈ YT , implies that u is a slope-based supersolution of (1.25).
(Subsolution) Suppose now that u ∈ S(YT ) is a Monge subsolution of (1.25). Let z0 = (x0, t0) ∈ YT . There
exists k ≥ 0 such that u ∈ Sk(YT ) and v ∈ S0(YT ) given by (1.6) satisfies |D−

L v|(z0) ≤ k. For any ψ = ψ1+ψ2 ∈
C as in Definition 2.4 such that u− ψ attains a local maximum at z0, then

u(z)− ψ1(z)− ψ2(z) ≤ u(z0)− ψ1(z0)− ψ2(z0)

for all z = (x, t) ∈ YT close to z0. In terms of v, we obtain

ψ(x0, t0)− ψ(x, t)

t0 − t
≤ v(x0, t0)− v(x, t)

t0 − t
− k. (5.3)

for all z = (x, t) ∈ YT near z0 with t < t0. Since p 7→ H(x, t, p) is nondecreasing, we can take

p∗ = max{p ≥ 0 : H(x0, t0, p) = H(x0, t0, 0)}.

If |∇ψ1|(z0)− |∇ψ2|(z0) ≤ p∗, then by (2.5) and (5.1) we have

H|∇ψ2|∗(z0)(x0, t0, |∇ψ1|(z0)) = H(x0, t0, 0) = −L(x0, t0, 0).
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Then, for any t < t0 close to t0 and x = x0, we get from (5.3)

ψ(x0, t0)− ψ(x0, t)

t0 − t
+H|∇ψ2|∗(z0) (x0, t0, |∇ψ1|(z0)) ≤

v(x0, t0)− v(x0, t)

t0 − t
− L(x0, t0, 0)− k.

Letting t→ t0, we obtain

ψt(x0, t0) +H|∇ψ2|∗(x0,t0) (x0, t0, |∇ψ1|(x0, t0)) ≤ |D−
L v|(z0)− k ≤ 0. (5.4)

Let us discuss the case when

|∇ψ1|(z0)− |∇ψ2|(z0) > p∗. (5.5)

Since |∇−ψ1|(z0) = |∇ψ1|(z0), there exists a sequence xj ̸= x such that

ψ1(x0, t0)− ψ1(xj , t0)

d(x0, xj)
→ |∇ψ1|(x0, t0) as j → ∞.

Let

pj =
ψ1(x0, t0)− ψ1(xj , t0)

d(x0, xj)
− |ψ2(x0, t0)− ψ2(xj , t0)|

d(x0, xj)
.

Suppose that pj → p̂ as j → ∞ via a subsequence for some p̂ ≥ 0. The relation (5.5) yields p̂ > p∗. In particular,
we have H(x0, t0, p̂) > H(x0, t0, 0).

Recalling the property (1.20), we can find a sequence qj ≥ 0 such that

H(x0, t0, pj) ≤ pjqj − L(x0, t0, qj) +
1

j
. (5.6)

Note that there exists q̂ > 0 such that qj ≥ q̂ for all j ≥ 1 large, for otherwise we have a subsequence of qj
converging to 0, which yields a contradiction

H(x0, t0, p̂) ≤ −L(x0, t0, 0) = H(x0, t0, 0).

Next, we choose tj < t0 such that d(x0, xj) = qj(t0 − tj). It is clear that tj → t0− as j → ∞. Moreover, noting
that

ψ(x0, t0)− ψ(xj , tj)

t0 − tj
=
ψ(xj , t0)− ψ(xj , tj)

t0 − tj
+
ψ(x0, t0)− ψ(xj , t0)

t0 − tj

≥ ψ(xj , t0)− ψ(xj , tj)

t0 − tj
+ pjqj ,

by (5.6) and (5.3) we have

ψ(xj , t0)− ψ(xj , tj)

t0 − tj
+H(x0, t0, pj) ≤

ψ(xj , t0)− ψ(xj , tj)

t0 − tj
+ pjqj − L(x0, t0, qj) +

1

j

≤ v(x0, t0)− v(xj , tj)

t0 − tj
− L

(
x0, t0,

d(x0, xj)

t0 − tj

)
− k +

1

j
.

Letting j → ∞, we are led to (5.4) again. This concludes the proof.
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The reverse implication for Proposition 5.3 is not clear to us. It seems challenging to directly show that any
slope-based subsolution (resp., slope-based supersolution) is a Monge subsolution (resp., Monge supersolution).
However, thanks to the comparison principle in Theorem 2.7 for slope-based solutions, we are able to show the
equivalence of the two notions of solutions for the initial value problem. We restrict our study of (1.25) with H
in the form (2.6) satisfying all of the assumptions in Theorem 2.7.

Theorem 5.4 (Equivalence of Monge and slope-based solutions for superlinear Hamiltonians). Let (X, d)
be a complete length space and T > 0. Let H be given by (2.6) with H̃ satisfying the conditions (1)–(4) in
Theorem 2.7. Assume in addition that u0 : X → R is bounded Lipschitz and f : X → R is bounded uniformly
continuous. Suppose that u ∈ C(X× [0, T )) satisfies (1.3) in the sense of (1.16). Then, u is a Monge solution
of (1.25) if and only if it is a slope-based viscosity solution of (1.25).

Proof. Under the assumptions of Theorem 2.7, we show that H and the associated Lagrangian L satisfy (H1)–
(H4). Indeed, (H1) follows immediately from conditions (1)–(2) of Theorem 2.7 and the boundedness of f in X.
Moreover, it is easily seen that

L(x, q) = sup
p≥0

{
pq − H̃(x, p)

}
+ f(x), (5.7)

which in view of (2.7) yields

C̃1q
β + f(x) ≤ L(x, q) ≤ C̃2q

β + f(x) (5.8)

for all (x, q) ∈ X × [0,∞), where β := α/(α − 1) > 1 and C̃1, C̃2 > 0 are constants independent of x, p. It is
then clear that L satisfies (H2) with

m(q) = C̃1q
β + inf

X
f, q ≥ 0. (5.9)

Moreover, (H3) holds due to (5.8) and the boundedness of f . The local uniform continuity of L is a consequence
of (5.8) and the local uniform continuity of H. To see this, take arbitrarily (x1, q1), (x2, q2) ∈ X× [0,∞) with
d(x1, x0) ≤ R, d(x2, x0) ≤ R, q1, q2 ∈ [0, R] for fixed R > 0 and x0 ∈ X.

By (5.7), for any ε > 0, there exists p1 ≥ 0 such that

L(x1, q1) ≤ p1q1 − H̃(x1, p1) + f(x1) + ε.

Since L(x1, q1) ≥ infX f , we deduce that

inf
X
f ≤ p1q1 − H̃(x, p1) + sup

X
f + ε,

which by (2.7) again yields p1 ≤ CR := C(R
1

α−1 + 1) for some constant C > 0 depending on α > 1 and the
uniform bound of |f | in X. Then, the local uniform continuity of H implies the existence of a modulus of
continuity ωH,R such that

|H(x1, p1)−H(x2, p1)| ≤ ωH,R(d(x1, x2))

It follows from the definition of L again that

L(x1, q1)− L(x2, q2) ≤ p1q1 − p1q2 − H̃(x1, p1) + H̃(x2, p1) + f(x1)− f(x2) + ε, (5.10)
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which yields

L(x1, q1)− L(x2, q2) ≤ CR|q1 − q2|+ |H(x1, p1)−H(x2, p1)|+ ε

≤ CR|q1 − q2|+ ωH,R(d(x1, x2)) + ε.

Letting ε→ 0 and exchanging the roles of (x1, q1) and (x2, q2), we obtain the local uniform continuity of L. The
condition (1.23) can be derived from (2.8) in the condition (4) and the uniform continuity of f in X. Indeed,
for any (x1, q), (x2, q) ∈ X× [0,∞) and any ε > 0, following the arguments above for (5.10) we can find

p ≤ C(q
1

α−1 + 1) (5.11)

with some C > 0 such that

L(x1, q)− L(x2, q) ≤ −H̃(x1, p) + H̃(x2, p) + f(x1)− f(x2) + ε.

By (2.8) and the uniform continuity of f , we thus have

L(x1, q)− L(x2, q) ≤ ω̃(d(x1, x2))(1 + pα) + ωf (d(x1, x2)) + ε,

where ωf denotes the modulus of continuity of f . Applying (5.11) and letting ε→ 0, we are led to

L(x1, q)− L(x2, q) ≤ ω̃(d(x1, x2))
(
1 + Cα

(
q

1
α−1 + 1

)α)
+ ωf (d(x1, x2)).

Recall that β = α/(α− 1). In view of (5.9) and the arbitrariness of x1, x2 ∈ X, q ≥ 0, we complete the proof of
(1.23) by taking ωL = C ′ω̃ + ωf with C ′ > 0 sufficiently large. Hence, H and L (both independent of t) satisfy
the assumptions (H1)–(H4).

By Proposition 5.3, any Monge solution of (1.25) is a slope-based solution of (1.25). It follows from
Theorem 2.7 that with initial condition interpreted as (1.16), any Monge solution of (1.25)(1.3) must be the
unique slope-based viscosity solution of the initial value problem.

Remark 5.5. We have shown above that the Hamiltonian H discussed in Theorem 2.7 satisfies our assump-
tions (H1)–(H4). As a weaker set of assumptions, (H1)–(H4) allows more general Hamiltonians even in the
t-independent case. One example of H that satisfies (H1)–(H4) but is not covered by Theorem 2.7 is

H(x, p) = a(x)pα + b(x)p− f(x), x ∈ X, p ≥ 0,

where a, b, f : X → R are bounded and uniformly continuous such that infX a > 0 and b ≥ 0 in X. This
highlights that our notion and well-posedness results for Monge solutions apply to a broader class of superlinear
Hamilton–Jacobi equations than those considered in [18].

As an immediate consequence of Theorem 5.1 and Theorem 5.4, we obtain the equivalence between curve-
based solutions, slope-based solutions, and Monge solutions of (1.25) satisfying (1.16) under the assumptions
of Theorem 2.7. In particular, the equivalence result in Theorem 1.3 holds. One can easily verify that the
power-type Hamiltonian for (1.26) introduced in Theorem 1.3 satisfies the assumptions in Theorem 2.7.

We remark that the property (1.19) is not used in the proof of Proposition 5.3. Consequently, we can similarly
show that any Monge solution of (1.4) is a slope-based solution. The definition of Monge solutions to (1.4) is
given in Definition 3.1. Adopting the comparison principle in Theorem 2.6, we obtain the equivalence between
Monge solutions and slope-based solutions of the initial value problem for (1.4).
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Theorem 5.6 (Equivalence of Monge and slope-based solutions of eikonal-type equation). Let (X, d) be a
complete length space and T > 0. Assume that f : X → R is bounded and continuous. Let u0 ∈ Lip (X) be
bounded and u ∈ C(X × [0, T )) satisfy (1.3) in the sense of (1.16). Then, u is a Monge solution of (1.27) if
and only if it is a slope-based viscosity solution of (1.27).

Under the same assumptions, we conclude the equivalence of curve-based, slope-based, and Monge solutions
to the initial value problem for (1.27) by combining the results in Theorem 5.2 and Theorem 5.6. It is of our
interest for future work to consider the local equivalence between these notions of solutions to the equation
without relying on the initial value.
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