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OBSERVABILITY AND UNIQUE CONTINUATION
INEQUALITIES FOR THE SCHRODINGER EQUATIONS
WITH INVERSE-SQUARE POTENTIALS

Hur Xu®, LONGBEN WEI'® AND ZHIWEN DUAN

Abstract. In this paper, we focus on the Schréodinger equations with inverse-square potentials in
dimension one; these special potentials play an important role in the field of mathematical physics. We
study several observability and unique continuation inequalities at one time point or at two time points
for these equations. These observability and unique continuation inequalities are some new types of
quantitative estimates which have appeared in recent literature. Their proofs essentially rely on the
representation of the solution, a Nazarov-type uncertainty principle for the Hankel transform, and
an interpolation inequality for functions whose Hankel transforms have compact support. Meanwhile,
these inequalities can be applied to the controllability of these Schrodinger equations.
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1. INTRODUCTION

In this paper, we will present several observability and unique continuation inequalities (at either two points
in time or one point in time) for the following Schrédinger equation:

u(z,0) = up(x) € L*(RY), : (1.1)

{i@tu(x,t) = (=02 + (v* - 3)75) u(w,t), z € RT, £ >0,
with the Dirichlet boundary condition w(0,t) = 0 for ¢ > 0. Here R denotes the half line (0,00), and v is a
fixed non-negative constant, i.e., v > 0. (Here and in what follows, L?>(R*) = L?(R*; C). The same is said about
C§°(R™).) The Schrodinger equation (1.1) with inverse-square potential is of interest in quantum mechanics.
The family of differential operators —92 + (v — %);12 is particularly notable and is commonly referred to as the
Bessel operator (see, for example, [1]). These operators appear in numerous applications, e.g., as the radial part
of the Laplacian in any dimension. Their generalized eigenfunctions can be expressed in terms of Bessel-type
functions, and they have a rich and intricate theory, see [2—4]. Moreover, the heat flow associated with the
inverse-square potential has been studied in the context of combustion theory (see [5] and references therein).
The mathematical interest in these equations mainly arises from the fact that the potential term is homogeneous
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of degree —2, meaning it scales exactly the same as the Laplacian. This makes perturbation methods ineffective
in analyzing the effect of this potential. Indeed, the decay is in some sense the borderline case for the existence
of global-in-time estimates for the Schrédinger equation with a potential (see [6]). In particular, it is known
that a negative potential V' decaying more slowly than the inverse-square potential causes the spectrum of
the associated Schrédinger operator to be unbounded from below (see [7], Sect. XIII, pp. 87-88). We denote
by H, the Friedrichs extensions of differential operators —92 + (v — 1)-% on C§°(R™T), see Section 2 for a
more detailed discussion. By Stone’s theorem, equation (1.1) admits a unique weak solution in the sense that
u(x,t) € C(Ry; L2(RT)), defined via the semigroup e~ acting on the initial data ug(z). Specifically, the
solution is given by u(z,t) = e~ #Hvyy(x). For a more comprehensive discussion on extensions involving general
parameters v € C and some properties of the family of operators H,, we refer the readers to [8, 9].

To proceed with our introduction, we need to recall some background on the observability inequality for
the Schrodinger equation in a more general framework. For a given manifold M, let H denote the self-adjoint
extension of the Schrodinger operator —A, + V on the Hilbert space L?(M), where —A, is the Laplace-Beltrami

operator and V represents the potential term. The classical observability inequality for the Schrédinger equation

(1.2)

iOpu(z,t) = Hu(z,t), (z,t) € M x RT,
u(x,0) = up(z) € L*(M),

reads that when u solves (1.2)

T
/ \u(x,0)|2dx§Cobs/ /|u(x7t)|2dxdt, (1.3)
M o Ja

where T' > 0, € is a subset of the measure space M, and the constant C,,s > 0 is called the observable constant
or cost constant. This is the observability inequality for the Schrodinger equation involving observation over
a time interval. This type of observability has been extensively studied in the literature on compact Rieman-
nian manifolds, we refer readers to [10-17] for results on some specific compact Riemannian manifolds. For the
Schrédinger equation on non-compact Riemannian manifolds, there are relatively few existing results, as new
difficulties arise due to the unbounded spatial domain. But recently, there has been growing interest in observ-
ability for the Schrodinger equation in Euclidean space. For example, when M = R™, V' = 0, the inequality (1.3)
holds in all dimensions n > 1 if Q = {& € R"™ : |z| > r} for each r > 0, and a sharp result in [18] shows that
the inequality (1.3) holds if and only if € is thick (a more general set class) in dimension one. For more general
observability estimates in Euclidean space, we refer the readers to [19-22].

Recently, Wang, Wang and Zhang [23] proved the following new type of observability inequality in the
Euclidean setting, that is, when M = R™: Given z1, x93 € R, 71, 79 > 0 and T > S > 0, there is a positive
constant C' depending only on n such that for all u(x,t) solving (1.2) with V =0,

/ luo()[2dz < CeCrirTs (/ lu(z, S)2de +/ |u(x,T)|2dx> , (1.4)
RN R™\B,., (1) R\ B, (22)

where B, (z) denotes the closed ball in R™ centered at x € R™ with radius r > 0. This improves inequality (1.3),
as only two time points appear on the right-hand side of inequality (1.4). For this reason, (1.4) is called the
observability inequality at two time points. The proof of (1.4) in [23] is based on the following basic identity:

(2it) 5 e 1o 4ty (2 ) = eil /4ty (2 /2t), for ae.z € R™, ¢ >0, (1.5)

where ~ denotes the Fourier transform (see (3.2) for the definition). With identity (1.5) in hand, the authors
proved in [23] that the estimate (1.4) is equivalent to the following Nazarov’s uncertainty principle established
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in [24] (see also [25, 26]): If A, B are subsets of R™ of finite measure, then

[ 1f@Pas < cna.p ( L e [ |f(§)|2d£> fer®), (1.6

with

C(n, A, B) := CeCmn{IAIBLIBIY "w(4) |41 "w(B)}

where w(A) denotes the mean width of A, and C is a positive constant that depends only on n. We need to
point out that the identity (1.5) is a crucial tool in [23]. Based on this identity and other methods, the authors
obtained more quantitative estimates beyond (1.4).

Three natural questions were raised in [23]: can their results be extended to the following situations? (a)
Schrodinger equations with nonzero potentials. (b) Homogeneous Schrodinger equations on a bounded domain.
(c) Schrddinger equations on the half-space R? (where RY := {(z1,...,2,) € R" : 2,, > 0}). Recently, for ques-
tion (a), Huang and Soffer [27] established observability inequalities similar to (1.4) at two points in time for
H=—-A+V in R" where V belongs to a class of decaying potentials satisfying additional regularity condi-
tions. Due to the generality of the potential and lack of a similar identity (1.5), the observability inequality
similar to (1.4) established in [27] is restricted to the case 1 = x2 = 0 and ryry ~ T Their proof is based on an
operator-type Nazarov uncertainty principle and minimal escape velocity estimates. For potentials that increase
to infinity as |z| — oo, to our best knowledge, there is only one result that was established for the Hermite
Schrodinger equation in [18]. Further observability inequalities at two time points can be found in [28, 29] for
the linear KdV equation, and in [30] for nonlinear Schréodinger equation.

Now returning to our model (1.1), we can consider it a positive answer to questions (a) and (¢) mentioned
above in dimension one. We first establish the following identity (see Lem. 2.2 below) similar to (1.5):

1

(Qt)iewe%mz/“u(x,t) = Fu(ei"lg/uuo)(x/%)v for all ¢ >0, (1'7)

where u(z,t) solves (1.1), and F,, denotes the well known Hankel transform (see Sect. 2 for more details)

AN = [ " R ey [ ())dy, @ € RY, (1.8)

here J,(x) is the standard Bessel function of the first kind. With the identity (1.7) in hand, we can extend all
the results in [23] to our equation (1.1).

Prior to stating the main theorems of this paper, we introduce unified notation that will be used throughout.
Whenever a statement includes the prior assumption “For every v > 07, we consistently write either u(z,¢; ug)
(with (z,t) € RT x (0,00)) or e #Hvqyq(x) (with ¢ > 0) for the solution to the Schrédinger equation (1.1)
with operator H, and initial data u(x,0) = ug(z), unless explicitly stated otherwise. Let I'(-) represent the
Gamma function. For a measurable set A C RT, we denote by A¢ its complement in RT, by |A| its Lebesgue
measure, by x4(-) its characteristic function, and by g, (A) := [, 22" da the associated weighted measure.
Define a A b := min{a, b} for all real numbers a,b € R. Let N := {0,1,2,...} and N* := {1,2,3,...} denote the
sets of non-negative and positive integers, respectively. The notation [a] denotes the integer part of a € R, and
C(+) (similarly Cy(-), etc.) denotes a positive constant depending on the parameters within parentheses, whose
value may vary across contexts.

There are three main theorems in this paper. The first one gives an observability inequality at two points in
time for equation (1.1).

Theorem 1.1. For every v > 0, let A and B be two measurable sets in RT with 0 < |A| < oo and 0 < |B| < oo,
and let T > S > 0. Then there is a positive constant C = C(v, A, B,T — S), such that for all uy € L*(R"), we
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have

[ @ <e ([ e sulars [ o rpas) w9)

In particular, in the following three cases, the constant C(v, A, B,T —S) can be more explicit:

(i) Ifv= %,k € N, then there exists a positive constant C = C(v) such that

py (A)py (B)
/ lug(2)|dz < CeC -7 (/ lu(z, S;uo)|*dx +/ |u(z, T; u0)|2dx) . (1.10)
R+ c c

—2
(ii) If |A||B| < C, = (ﬁ(if”;) +2”+1) , then

: 2/2C,(T = 5) - VIAIBI\ . )
/]R+ lup(z)|*dz < 2 ( VAT =) VIAIB ) (/C lu(z, S;uo)| dx—&-/Bc |u(z, T ug)| dx) . (1.11)

(i1i) If A= (0,a], B=(0,b], a, b > 0, then there exists a positive constant C = C(v) such that

/ luo(z)|*dz < CeCl+7%s) (/ |u(x,S;u0)|2dx+/ lu(z, T u0)2dx> . (1.12)
R+t (0,a]c

(0,

The second one gives a unique continuation inequality at one time point for equation (1.1), when the initial
data have exponential decay at infinity. It is interesting that this class of initial data is consistent with the free
case and independent of the constant v.

Theorem 1.2. For everyv >0, let A\, b, T > 0. Then the following conclusions hold:
(i) There exist constants C = C(v) > 0 and 0 = 0(v) € (0,1) such that for all ug € C§°(R"), we have

gL+b/(AT)

/]R+ lug(x)|?dz < C <1 + ()\b;l)/;“> (/(O’b]c |u(x,T;u0)|2dx) </R+ e)‘z|u0(:1:)|2dz>

(ii) There exists a constant C' = C(v) > 0 such that for any B> 1 and v € (0,1) and all uy € C(RT), we
have

_cPpB /D v 1—
/+ lug(x)|*dx < Ce(m—w)Tﬁ) (/( ) |u(x,T;u0)|2dx> </+ e’\Iﬁuo(:ﬂ)de) . (1.14)
R 0,b] R

(iii) Let a(s), s € RT, be an increasing function with lims_,o a(s)/s = 0. Then for each v € (0,1), there is no
positive constant C such that for all uy € C§°(R™),

v 1—y
/]R+ lug(x)[?dz < C (/(0 ’ lu(z, T; uO)de> (/IR+ e)‘a(z)|u0(z)|2d:p> . (1.15)

The third one gives another unique continuation inequality at one time point for equation (1.1).

1_gl+b/(AT)

(1.13)
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Theorem 1.3. For every v > 0, let A = [a1,a2] C RT and B = [by,bs] C RT, with a := ay —a; > 0 and

b:=0by — by >0, and let \,T > 0. Then there exist constants C = C(v) >0 and 0 = 0(v) € (0,1) such that for
all ug € C§°(RT),

or 1—67
[t TP < Gl — (D) ) ( / |u<a:,T;uo>|2dx> ( / ekmu()(xn?dx)
A B R+
(1.16)
with

70 = a1l + 5 + 3
b
(AT)A 5

p=1+

)

where xo and x1 are the centers of A and B, respectively.
We make the following remarks related to the above three theorems:

(a;) Theorem 1.1 can be explained in the following two perspectives. From the unique continuation perspective,
Theorem 1.1 is a unique continuation inequality at two time points for equation (1.1). From (1.9), we find
that

u(z, S;up) =0 on A°, u(z,T;up) =0 on B¢ = wu(x,t;ug) =0 on RT x [0, 00).

From the observability perspective, Theorem 1.1 is an observability inequality at two time points for
equation (1.1). Observing a solution at two different points at time, each time outside a set of finite
measure, one can recover the solution.
In addition, we elaborate on the sharpness of Theorem 1.1 in the following sense: First, one cannot recover
the solution by observing it at two different points in time if one observation is made outside a bounded
interval and the other inside (see Thm. 5.1(i)). Second, for any T' > 0, one cannot recover the solution by
observing it at one point in time outside a bounded interval and another point within the time interval
[0,T] inside a bounded interval (see Thm. 5.1(ii)). Third, one cannot recover the solution by observing it
at one point in time over a subset A C R if [A°| > 0 (see Thm. 5.1(iii)).

(az) Theorem 1.2 is a unique continuation inequality at one time point for equation (1.1).
From (1.13), we find that

20 (x) € LAHRT), u(x,T;up) =0 on (0,b]° = u(x,t;up) = 0 on RY x [0, 00).
From (1.14), we find that when 8 > 1,
eMB/QuO(x) € L*(RY), wu(x,T;uo) =0 on (0,0 = wu(x,t;ug) =0 on RT x [0,00).

In addition, we elaborate on the sharpness of Theorem 1.2 in the following sense: First, when 8 € (0, 1),
there are no constants C' > 0 and « € (0, 1) such that the inequality (1.14) holds (see (1.15)). Hence, when
we expect by observing solutions at one time point and outside a bounded interval, we have requirements
for the decay rate of the initial data. Second, when (0, b]¢ is replaced by (0,b], (1.13) and (1.14) do not
hold (see Thm. 5.3(i)). So even though the initial data have any exponential decay at infinity, we cannot
expect to recover the solution by observing it at one time point and inside a bounded interval.
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(a3) Theorem 1.3 is a unique continuation inequality at one time point for equation (1.1).
From (1.16), we find that

M 2ug(x) € LAHRT), w(ax,Tiug) =0 on B = [b1,bs] = u(x,t;up) = 0 on RY x [0, 00).

For unique continuation properties of Schrodinger equations, we refer the readers to [31-34] and the
references therein.
There are three consequences of the above main theorems.

Theorem 1.4. For every v >0, let b, T > 0. Then the following conclusions hold:
(i) There exists a constant C = C(v) > 0 such that for all ug € L?>(RT),

T
/ lug(x)|*dx < CeCr / / |u(z, t; uo)|*dxdt. (1.17)
R+ o Jpe

2
Moreover, the growth rate of the cost constant CeC'T s sharp as T — 0: For every 0 < T < %, there
ezists ur € L*(R*) such that

T 2
o |ulz, tyup)|?dedt _
fO f(07b] Ju ) Sc(y)e*% (1.18)
Jos lur (@) Pda

b2
c(v)e™ 2T <

for some positive constants c(v), C(v).
(i) If the initial data ug satisfies suppug C [0, N] for some N > 0, then the solution can be observed outside
the interval (0,b] at a fized time. Precisely, we have

/ |u0(x)|2dx§ec(1+%)/ u(z, T;uo)|da, (1.19)
R+ (0,b]°

where C = C(v) > 0.

Theorem 1.5. For every v > 0, let B = [by,bs] C RY with b:= by — by > 0, and let A1, A2, T > 0. Then there
exists a constant C' = C'(v) > 0 such that for all ug € C§°(RT) and € € (0,1),

<L P

T
/ e 2% u(z, T u)[*dz < O, b, A1, A2, T) 5/ M lug(x)Pdz +ee” 2/Iu(m,T;uo)Ide 7
R+ RF b

(1.20)

where C(xg,b, A1, A2, T) := exp {C (1 + %)}, xq is the center of B.

It is of interest to consider what happens when we replace [, e~*2%|u(z, T; u)|?dz with [, |u(z, T;uo)|*dz.
The following conclusion provides an answer to this question.

Theorem 1.6. For every v > 0, let B = [by,bs] C Rt with b:=by —by >0, and let \,T > 0. Then there exists
a constant C = C(v) > 0 such that for all ug € C§°(RY) and € € (0,1),

" 1
/]R+ |u0(x)|2dx < C(xg,b,A\,T) (6 (/R+ et |u0(x)\2d$ + ||UO||iI4([u]+3)(R+) + /]R+ $4([u]+3)|u0|2dx>

. (1.21)
+ee® / |u(z, T u0)|2dx) ,
B
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zo+5+1

v 1+
where C(zg,b,\,T) := (T + %)[ s (14T exp (€ ODA3 ), o is the center of B and ||-|| gaci+ +)

denotes the standard Sobolev norm on the positive real line.
We make the following remarks related to the above three theorems:

(by) Conclusion (i) of Theorem 1.4 establishes that, for the domain Q@ = {x € RT : z > b}, the standard
observability inequality (1.3) holds for solutions u(x,t) of equation (1.1), with a sharp constant. We

emphasize that the quantitative constant obtained in [35] is of the form e%, which grows faster than

CeC% as T — 0. Another interesting question is to determine the sharp geometric condition on the
subset § for (1.3) to hold. In [36], we proved that (1.3) holds if and only if © is thick (as defined in [18]).
For related results on bounded domains in R™, we refer the readers to [37] and references therein, which
address exact observability estimates for Schréodinger equations with inverse-square potentials.

(b2) While Theorem 5.1 (iii) shows that recovery from observation at a single point in time over the domain @ =
{z € RT : & > b} is impossible for all initial data ug € L?(R™), conclusion (ii) of Theorem 1.4 demonstrates
that such recovery is possible at a fixed time for initial data ug € L?(R*) with suppug C [0, N].

(b3) The inequalities in Theorems 1.5—1.6 are different kinds of unique continuation at one time point for
the Schrodinger equation. From the observability perspective, these theorems demonstrate that given
supplementary information, the solution of (1.1) can be recovered on a bounded interval at a fixed time.
They correspond to different kinds of controllability, which are nonstandard (see Sect. 6.2).

Finally, we would like to emphasize that the approach presented in this paper is primarily based on the
research in [18, 23, 28]. Technically, thanks to the identity (1.7), we need to transition from harmonic analysis
based on the Fourier transform to harmonic analysis associated with the Hankel transform, which will introduce
new difficulties. For example, to prove observability inequalities at two time points similar to (1.4), we need to
prove a Nazarov-type uncertainty principle (see Lem. 3.4 below) for the Hankel transform F),. To prove Theorems
1.2—1.3, we need to establish the interpolation inequality stated in Lemma 3.11. To prove Theorem 1.6, we need
a regularity estimate Lemma 4.2 for equation (1.1). And due to the complexity of proving Theorems 1.4—1.6,
for the sake of completeness, we provide all the details of their proof. To the best of our knowledge, no identity
analogous to (1.7) exists in higher dimensions, which limits the scope of this paper to the one-dimensional
case; see Remarks 3.6 and 3.7. We look forward to exploring higher-dimensional Schréodinger equations with
inverse-square potentials in our future work.

Plan of the paper. The rest of the paper is organized as follows: Section 2 provides some preliminaries,
which will be used throughout the proofs of our theorems. Section 3 gives the proofs of Theorems 1.1-1.3.
Section 4 presents the proofs of Theorems 1.4—1.6. Section 5 demonstrates the sharpness of Theorems 1.1 and
1.2. Section 6 is devoted to applications concerning the controllability of the Schrédinger equation.

2. PRELIMINARIES

In this section, we provide further remarks on the Friedrichs extensions H, and present the proof of the
identity (1.7). Our equation (1.1) involves the following family of differential operators:

1
Ha:78§+%, az -7 (2.1)

The well-known classical Hardy inequality (see [38]) says, for every u € C§°(R™):

U R [
1] e [ wwpa, (22)

and 1 is the best constant.
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This inequality shows that the operator —0? + -z is form-bounded from below on C§°(RT) if and only
if a > —i. Consequently, a Friedrichs extension of this operator exists. Following [8], we write o = v — i
with v > 0. For v > 1, the differential operator L, = =92 + (v* — 1), with domain C§°(R™T), is essentially
self-adjoint. We denote its closure as H,, which corresponds to the Friedrichs extension of L,. However, for
0 < v < 1, the operator L, is not essentially self-adjoint. When 0 < v < 1, this operator has exactly two distinct
homogeneous extensions, the Friedrichs and Krein extensions of L,, denoted by H, and H_,, respectively. When
v = 0, the Friedrichs and Krein extensions of Lg coincide; we denote this common extension by Hy. In this paper,

we only consider the Friedrichs extension H, of —02 + (v? — 1) on C§°(R™). This extension is equivalent to
the self-adjoint extension of —82 + (v? — 1)-5 in L?(R™), with the Dirichlet boundary condition at z = 0. For

the general theory of the Friedrichs extension, we refer the readers to [39], Section X.3.
Next, we will prove the identity (1.7). We begin by introducing the Hankel transform F,. We define the
Hankel transform F,(f) of order v (v > 0) of any function f € L'(R™) by:

F(f)(a) = / " T @) fy)dy, e R, (2.3)

where

N (=D* z\ vk
Tulz) = kz:% KID(k+v+1) (5)

is the Bessel function of the first kind. The Plancherel theorem for the Hankel transform states that F, extends
to an isometric isomorphism of L?(R*) onto itself. And the inverse Hankel transform has the symmetric form
(see, for example, [40])

fa) = 000 VI @) E () ()dy, @€ RY,

The spectral theory of the Schrédinger operator H, has been studied explicitly in [8], and the authors provide
an explicit spectral representation of H, in terms of the Hankel transform F),, as presented in the following
lemma.

Lemma 2.1. [8], Theorem 5.2 Let v > 0. The Hankel transform F, is a unitary involution on L?*(0,0c0)
diagonalizing the operator H,, more precisely

F,H,F ' =Q?, (2.4)

where the multiplication operator Q? is defined by Q°f(x) = 2% f(x).

With Lemma 2.1 in hand, we can derive the integral representation of the unitary group e~*v. The proof
of the following result can be found in the proof of Theorem 2.4 in [41], which establishes a dispersive estimate

for equation (1.1).

Lemma 2.2. For every v >0, let t > 0. Then for every f € L*(RT), we have

2it

i 1 > X 7m2+y2 —ivm
() = 5 | v () e e f)ay
0 (2.5)
1 _iwdDw a2 2

(2t)"2e



OBSERVABILITY AND UNIQUE CONTINUATION INEQUALITIES FOR THE SCHRODINGER EQUATIONS 9
Proof. Let f € LY(RT) N L?(R*) with compact support. By the spectral theorem in [42], Theorem 3.1

(e £) (@) = lim (e~ f)(a).

In view of (2.4), we thus get

lim (e~ (e+it)Hy ()

lim (B, (om0 F,f(p)) ) (2)

e—0+ e—0+
= lirn/ \/pr,,(xp)ef(EHt)fFu(f)(]?)dp
e—=0+ Jo
— lim / VIp J, (xp) eGP ( / \/@Jy(py)f(y)dy) dp (2.6)
e—0t 0 0

im [z ( [ VBaten e 7 ) dp) F(y)dy
0 0

e—0t

1 e Ty _ 2?4y
i - ]V - < A(e+it) d ,
<50+ 2( + it) /0 Ve <2(5 ¥ it)) ¢ Fy)dy

where I,,(z) = e~"7/2],(iz) is the modified Bessel function of the first kind (see [43], Eq. (9.6.3)). The last
equality follows from the following equation in [44], p. 51,

) 2, .2
F, (\/Ee_ﬁx J,,(am)) (y) = \z/—gexp (_a 4:,_81/ > I, <;§) , for Ref >0, Rev > —1. (2.7)

Here, Re denotes the real part of a complex number. Moreover, from [43], equation (9.6.18), it follows that

2 2
the function I, (%) efﬁ is bounded on every compact interval uniformly with respect to € > 0. Since
the support of f is compact, we can use the dominated convergence theorem and interchange the limit and
integration in (2.6). Taking the limit ¢ — 0 and using the identity I, (z) = e=*™/2J,(iz), and then using the
definition of the Hankel transform F,, we obtain (2.5) for f € L'(RT) N L*(R™) with compact support. For
f € L?(RT), equation (2.5) is understood in the following sense:

22492 —ivr

He T f(y)dy,

= o dm [ ()

_ﬁR—M)o

(e f)(x)

where the limit is taken in the L?-norm as R tends to infinity (see also [39], p. 11). Thus, (2.5) is established
for all functions in L?(R*). This ends the proof of Lemma 2.2. O

To proceed, we need to introduce the modified Hankel transform M,,. For 1 < p < oo and v > 0, we denote
by LE(R™) the Banach space consisting of measurable functions f on RT equipped with the norm

1/p

Al e = ( / N If(x)”duu(w)> |

where du, (z) = 2?Tdz. For f € LL(R"), the modified Hankel transform is defined by

M, (f)() = / @) o) F() A (), @ € R,
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It is well known that M, extends to an isometric isomorphism of L2(R™) onto itself, with symmetric inverse:
M1 = M, (see, for example, [45]). It follows directly from the definitions of F,, and M,, that

F(f)(x) = 2" T2 M, (y "2 f(y))(z), «eR". (2.8)

3. PROOFS OF MAIN THEOREMS

In this section, we will prove Theorems 1.1-1.3.

3.1. Proof of Theorem 1.1

This subsection is devoted to proving Theorem 1.1. We start with introducing the uncertainty principle of the
modified Hankel transform M, . Next, by the relationship (2.8), we get the uncertainty principle of the Hankel
transform F, in Lemma 3.4. Then, in Lemma 3.5, we show the equivalence between the uncertainty principle
and the observability at two points in time. Finally, we give the proof of Theorem 1.1.

Theorem 3.1. [46] Theorem 4.3. Let A, B be a pair of measurable subsets of RT™ with 0 < |A|,|B| < co. Then
there is a positive constant C = C(v, A, B) such that for each f € L2(R*),

17035 ey < € (103 00y + 1Mo (D)l 5 ) - (3.1)

We give two remarks on the constant C' = C(v, A, B).

Remark 3.2. It is worth noting that when v = § —1 withn = 2,3,4, - -, the constant in (3.1) has the following
explicit form:

C(v, A, B) = C«eCuu(z‘\)uu(B)7
where C' = C(v) is a positive constant. In fact, recall that the Fourier transform is defined for f € L'(R™) by

1

Gy [, f@e e (32)

F&) =F(f)©) =

and extended to L?(R™) in the usual way. Thus, if f(x) = g(|z|) is a radial function on R™, then F(f)(¢) =
Mz _1(g)(|&]). As for the Fourier transform, estimate (1.6) holds for f € L?(R™) with a constant

C(n, A, By) = C(n)e WA,
where A,,, B, C R™ are sets of finite Lebesgue measure. Now if we define A and B as
A, ={x€eR":|z| € A} and B, ={zeR":|z| € B},
then there exists a constant C' = C(n) > 0 such that
Clinja—1(A)pin o1 (B
Hgnii/z_l(R*) < CeCtn/a=1(Bitn/a-1(B) (||9||2L§//2_1(Ac) + HMn/271(g)Hii/2_l(B°)) :

Remark 3.3. Unfortunately, for general v > 0, Theorem 3.1 does not yield an explicit constant for arbitrary
finite measure sets A and B. However, when the Lebesgue measures of A and B are sufficiently small, an explicit
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estimate is available. More precisely, inspired by Lemma 4.2 in [46], if |A||B| < k2, then the constant in (3.1)
can be taken as

C(v,A, B)

2
1
=214+ —mF— ,
( 1kv\/A||B|>

where k, is a positive constant such that the following decay estimate holds:

<z V. (3.3)

We claim that Theorem 3.1 is also true for the Hankel transform F), .

Lemma 3.4. Let A, B be a pair of measurable subsets of RY with 0 < |A|,|B| < co. Then there is a positive
constant C = C(v, A, B) such that for each f € L?*(RT),

el (T TR VAT A ) (3.4)

Proof. Let T, f(z) := =2 f(x). Then for all f € L2(RT), we have
1T 172 ey = 1F172 ey

Define g(z) := T, f(z) € L2(R"). Applying Theorem 3.1 to g, we obtain

913 e < € (913 ey + 1Mo ()50 ) - (3.5)
Moreover, we observe that

||9H%3(R+) = ||fH%2(]R+)> \|9||%5(Ac) = Hf||%2(,4c)~
Using the identity (2.8), we also have
1My (9172 (5e) = I "2 Fu() 172 (5ey = 1F (17250

Inserting the identities above into (3.5) completes the proof of (3.4). O

Lemma 3.5. For every v > 0, let A and B be measurable subsets of RT. Then the following statements are
equivalent:
(i) There exists a positive constant Cy (v, A, B) such that for each f € L*(R"),

[ @k < s ([ 1@k [ m0@Pa). 50

(ii) There exists a positive constant Co(v, A, B) such that for each T > 0 and each ug € L*(RT),

/}R+ lug(2)|*dz < Co(v, A, B) (/A lug ()| 2dx + ~/2TB |u(x,T;uO)|2dx> . (3.7)
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Furthermore, when one of the above two statements holds, the constants Cy(v, A, B) and Cy(v, A, B) can be
chosen to be the same number.

Proof. The proof of this lemma is the same as the proof of Lemma 2.3 in [23]. We just mention that one needs
to replace formula (2.6) in [23] with formula (2.5) in this paper. O

We are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1. Let T > S > 0 and let A, B be measurable sets in RT with finite measure. By
Lemma 3.4, We have (3.6) with (A, B) replaced by (A T S)) and Cy (v, A, B) replaced by C (V A, 57— S))

where C (V,A, m) is given in (3.4). Thus, we can apply Lemma 3.5 to get (3.7) with (A4, B) replaced by
(AC, 2(T37_CS)) and Cy(v, A, B) replaced by C (1/ A, ST S)) So we have

/W lug(x)|?dx < C <V,A, Q(TIiS)> (/A lu () [2dx + / ) |u(z, T — S; u0)|2dx) : (3.8)

Finally, by (3.8), we get

/+ |u(m,S;u0)|2dx <C (V,A, 2(TBS)> (/ |u(m,S;u0)|2dx—|—/ |u(z, T uo)de) )
R - Ac c

By the conservation law for the Schrodinger equation, we get the inequality (1.9) in Theorem 1.1.

The conclusions (i) and (ii) of Theorem 1.1 follow directly from Lemma 3.4 and Lemma 3.5, in combination
with Remark 3.2 and Remark 3.3, respectively. For (ii), we only need to give an estimate of the constant k,
appearing in inequality (3.3). In fact, it is well-known that the Bessel function has the following estimate (see
[47], Appendix B.7). When v > 1/2, we have

(/2" - (T20)
o125 e

When 1/2 > v > 0, we have

(2/2)"
J(z)| < 2—F—F—.
) 20

These estimates yield that for v > 0 and = > 1, we get

1, (2)] <2 (F(F<2+>)+z> s

For v > 0 and 0 < z < 1, by (3.23) below, we know that

Nl=
—
w
e
N

|, ()] < 27 %

This, along with (3.9) indicates that we can take k, = 2 (F((+ )) + 2v>

Finally, we prove the conclusion (iii) Qf Theorem 1.1. The proof presented here is inspired by the approach
used in [28], Theorem 1.1. Let U(t) = e~ "~ be the unitary group given by the equation (1.1). In other words,
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the solution of (1.1) can be written as
u(z,t) = U(t)up(x), =€ R, te|0,00).

Then, we have

/ fu(z, T - §)2da < 2 / U(T — ) (x(0. (2)u0(2)) 2 + 2 / UT = 8)(x(0.0)- (2)uo(x))Pdz.  (3.10)
R+ R+

R+

For the first term, by Theorem 1.4(ii) (the theorem will be proved later), we get

/]R+ [U(T = S9)(X(0,0)(x)uo(x))[*dz

<[ = )t Fas) )
< 9e00+7%5) (/ |u(z, T — S)|?dz + / |U(T — S)(X(07a]c(x)u0(x))|2dx> ,
(0,b]¢ (0,b]¢

where C' =C(v) > 0.
Inserting (3.11) into (3.10), we have

/+ lu(z, T — S)[2dz < CeCU+725) (/( ] |u(z, T — S)|*dz + /+ |U(T — S)(X(O,a]c(a:)uo(x))ﬁdx) . (3.12)
R 0,b] R

By (3.12) and the conservation law, we have

/|u(x,T>|2d$§Cecu+Ta—fs> / |u(x,T)|2dac—|—/ lu(z, S)Pde | -
R+ (0,b]¢ (0,a]e

Thus, the above leads to (1.12) and ends the proof of (iii). O

Remark 3.6. For a subset A C RT, we denote A2 = {22 : x € A}. We can reformulate the uncertainty principle
(3.4) as an estimate involving two projection operators on L%(R*); that is, there exists a positive constant
C = C(v, A, B) such that for each u € L*(RT),

e gy < € (Ihcas @ulle@e) + Ixcpe (H)ulfees)) (3.13)

where X (gey2(H,) denotes the spectral projection operator associated with H,,, defined via the spectral theorem
[48], Theorem VIIL.4 and Lemma 2.1 as

X(Bey2 (Hy)u = F, (x(Bey2(€2)F, (u)(€)) . (3.14)

Now, it is straightforward to see that

HX(BC)2(HV)U||%2(R+) = ||F, (X(Bc)2(§2)Fu(u)(§))H2L2(R+)
= [Ix(Be)2 (€*) Fu () (€)1 72 gty
= [|F (@) ]|72(gey-
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In [27], an uncertainty estimate was established for Schrédinger operator with inverse-square potentials in
dimensions n > 3. Precisely, when n > 3, Corollary 2.4 in [27] states that for H = —A+V with V = ﬁ, and

o (nf?)2

A> =2

then for any R > 0, there exist constants C' > 0 and § > 0 such that
el gy < © (Ieac (2ulBegeny + o (H)ul3agn) ), Vu € I2R?), (3.15)

where A = (0, R], B = (0,v/0R™']. Compared (3.13) with (3.15), we can see that (3.15) is restricted to the
subcritical Hardy potential and the special case A = (0,71], B = (0, 73], with 71 = Rand 7, = VR, indicating
that 71 and 75 are not independent. However, (3.13) allows for any measurable subset A, B C RT with finite
Lebesgue measure, including the critical Hardy potential. Furthermore, while taking A = (0,71], B = (0,72] in
(3.13), where 7 and 75 can be taken independently, the constant C' in (3.13) has the explicit form C(v)e€ ) 172
as seen in the conclusion (iii) of Theorem 1.1. In contrast, the constant in their high-dimensional estimate (3.15)
is less precise, since there is an implicit parameter §. Finally, we should point out that it is unknown whether
an observability inequality at two time points can be directly deduced from the uncertainty estimate (3.15) for
the Schrodinger equation with inverse-square potentials in higher dimensions.

Remark 3.7. We now make additional remarks regarding the two-dimensional case. Consider the operator
—A + 1z, defined on CZ° (R?\ {0}) for @ > 0, and let £, denote its Friedrichs extension, as studied in [49, 50].

For technical reasons, the methods in [27] fail to establish an analogue of the estimate (3.15) for £,. Indeed,
the proof of the uncertainty estimate (3.15) in [27] relies on two key tools: First, a Hardy-type inequality:

2]~ (=A) 72 || Lo r2 < €, (3.16)
and second, the L?-boundedness of the Riesz-type operator:

[(~A)2H 2|22 < O,

where C' denotes a generic constant. While the L2-boundedness of the analogous operator ( —A)%Eg 3 still holds
(see [50], Prop. 1.4), the Hardy-type inequality (3.16) fails in two dimensions (see, for example, [50], Rem. 1.6
and [5]). Therefore, proving the two-dimensional analogue of (3.15) requires a more delicate analytical approach
than in dimensions three and higher, as we have done in the one-dimensional case.

3.2. Proofs of Theorems 1.2 and 1.3

The proofs of Theorems 1.2 and 1.3 are mainly based on an interpolation inequality (see Lem. 3.11 below).
To proceed, we first present the following two lemmas. Lemma 3.8 below is a modified version of Theorem 1.3
in [51].

Lemma 3.8. Let f be analytic on [a,b], withb > a > 0. Let E be a subinterval of [a,b]. Assume that there exist
positive constants M and p such that

dk
df(kl”) < ME!\(p(b—a))~*, for all x € [a,b], k € N.
x
Then there are constants N = N(p, v, %) >0 and v =v(p, v, bl_%) € (0,1) such that

1 T
= < N (5 [t} 2. (.17
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Proof. Define the linear transform Az = (b — a)z + a and let G(x) = f o A(z). Set Eg = A™'E. Then G(z)

is analytic in [0,1], and |Ep| = b‘%‘. By Lemma 3.3 in [51], there exist constants N = N(p, %) > 0, and

v =(p, %) € (0,1) such that

Il oo (b)) < NI poe ) M. (3.18)

Define

E, = {m €E: |f(2x)‘ < MJE) /E |f|duy($)}-

Then we have

2
> m7 I fllzoe (B1) < m /E [ £ldpy (). (3.19)

In fact,

L = [ (s [ ) ane) = 24550 [ i)

Then we obtain p,(E\E;) < “”éE), which implies p,(E1) > ”“éE). Since E C [a,b] is an interval, denote
E = [a1,b1], we thus get

1
/ z?Hde > f/ 2 dr. (3.20)
Eq 2 [ahbl]

Since z2**1 is monotonically increasing with respect to x and E; C [ag,b1], the left hand of (3.20) is controlled
by [, b7t e,

/b?”“de/ r?dz. (3.21)
E1 El

The right hand of (3.20) is equal to
b?u+2 _ a%u+2

A(v+1) (3:22)

Combining (3.21) and (3.22), we obtain

/ o> L W —a
Eq - 4(1/ + 1) b?u+1

Noting that

a§u+2 a?u+2
2v+1 — 2v+41?
by ay
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we get

1 1
dz > ——(by — Ei|>-——|E|
/El x_4(1/+1)<1 @) < | 1|—4(u+1)| |

This completes the proof of (3.19). Finally, applying (3.18) to the set F; and using (3.19), we deduce the
inequality (3.17). O

Remark 3.9. Fix v > 0 and let F = [a,b] C R*. We consider both the Lebesgue measure and the i, -measure
of E. Using the inequality a? + y? < (z + )P for z,y > 0 and p > 1, we obtain |E|>**tD < 2(v + 1)u, (E).
However, the converse inequality does not generally hold unless b > 2a > 0. In fact, when y >z > 0 and p > 1,
we have the inequality (x + y)P < 2P (2P + yP) < 2PF1yP + 2P which implies

b2(u+1) _ a2(1/+1) - 22u+3(b _ a)2(u+1)
2(w+1) - 2w+1) ’

when b > 2a > 0, that is,

92v+3 |E|2(1/+1)

i (E) < OESY

Lemma 3.10. For every v > 0 and every nonnegative integer k € N, we have the estimate

oF [ J,(xy) & "
—_— < R™. .
Oxk ((xy)”)‘_y ’ A (3:23)

Proof. By the Poisson representation formula (see [47], Appendix B.1), we have

Jo(zy) 1 LI L. ds
o~ E I L O A

Then for every nonnegative integer k € N, we get
o (J(zy)\|
oz \ (zy)r )|

‘/-‘rl _ I/dS
< B
2'T'(v + 3)I(35) V1-s2

= ﬁ < y¥, for every z, y € R, and v > 0.

yk i 1TYS 2\v ds

QI/F( 7)11 % / (Zs)k (1 - S ) m
_ YT+ 3)I(3)

2w+ HTE)rv +1)

O

Next, we show an interpolation inequality for a class of L?-functions whose Hankel transforms have compact
supports. For the subsequent lemma, we denote the closed half-line by R+ := [0, c0).

Lemma 3.11. Given any intervals A = [a1,as] C RT and B = [by,bs] CRT, a=as —a; >0,b=0by —b; >0
and any constant \ > 0. Then for each f € L?*(RT) with F,(f) € C§°(RT), there exist constants C = C(v) > 0
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and 6 = 0(v) € (0,1) such that

/ F(@)Pdz < C(a20HD — q20HD) (\=2041) =20+
A

([ wra) ([ ROwEy)
B R+

, xo and x1 are the centers of A and B, respectively.

(3.24)

|zo—z1|+2+2

where p :==1+ AT
2

Proof. We organize the proof by two steps.
Step 1. We show that (3.24) holds for A = 1.
For F,(f) € C§°(R"), we have

f@)= [ eyl (zy)F()(y)dy,

R+

then

)= [ G

Now let g(z) = 27V~ /2 f(x) and we know that g(z) is an analytic even function on the whole line R (see [46]),
and for each k € N,

dkg(x):/R ak(Jy(xy)>Fy(f)(y)yuﬂ/gdy

dz* + Ok

Hence, by the Holder inequality, for each k& € N,

‘ Lo (R+) \//R+ Ak l;c %’))
<\ L. o G

S / 4ke ydy / e— yy4y+2dy / |Qeydy
Lo (R+) R+ R+
= T(4v + 3)7 (4k!) \// £)[2evdy.
R+

We next claim that there is an absolute constant C > 1 such that

dk
dak

_yy21/+1dy\// |Zeydy
e ydy\/ e yy4"+2dy\// f)|2evdy,
R+

then by (3.23), we have

d*g
dz*

(4k1)3 < kIC*, for all k € N.
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When k = 0, the above estimate clearly holds. We therefore consider the case k € NT. In fact, using Stirling’s
approximation for factorials

In(m!) = mInm —m+ O(lnm), Vm € N*,
we see that for all k¥ € N¥,
1n((4k!)i) = i(4k In(4k) — 4k + O(In(4k))) = lnk! + kIn4 + O(ln k).
Thus, there exists an absolute constant C' > 1 such that
(4k1)F < exp(Ink! + kInC) = kIC*, for all k € N*.

By this, we get

dk
da*

’ [(4v + 3)5kIC* / f)|2evdy.
Loo( R+) R+

Let A = [a1,a2] C Rt and B = [b1,b2] C RT be two intervals. Denote by = and z; the centers of A and B,
respectively, and set a := as — aj, b := by — by as their lengths. For any r > 0, we use B,.(z) to denote a closed

interval centered at x with length 2r.
Define

1 C~1A 2
M =T(4v +3)3 / y)[2e¥ dy, rg = ——-2 <1, (3.25)
R+ b

we obtain that

k!
(57‘0)k ’

dkg

w x € B4To(x1)‘

Then by Lemma 3.8, there exist constants C; = C1(v) > 0 and 6 = 8(v) € (0,1) such that
1911 2o (Barg (1)) < CrM % (1, (Brg (1))~ 191l 22 (8, (20))-
The Holder inequality yields

_ _1
19l Lo (Barg (1)) < CrM" ™ (11 (Bro (1)) 2 |9l 2 (8, (1))

Since By, (1)

2(Brg(z1)) = ||f||L2(Bm(zl)), we have

_ _1
191125 (Bary (@) < CrM' ™ (o (Bry (1)) 2 [ £l 2(5))”-

Just as in the proof in [23], let D,.(z) denote the closed disk in the complex plane, centered at z with radius
r. It is clear that Dy, ((m + 1)rg) C Day,(mrg), m € N*. Define G(s) = 7;g(z1 + s), s € RT. Then G can be
extended to an analytic function on

Qi ={zx+iyeC:a,yeR, |y| <bro}.
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In addition, G has the property that |G| z=(q,,) < 1. The function G(4r¢z) is analytic on D;(0) and

sup |G(4rpz)| < 1. Then apply Lemma 3.2 in | 1] o find that there are constants Cz > 0 and 6, € (0,1)
z€D1(0)
such that

sup |G(4ron)| <Gy sup  |G(drgw)|
2€ D1 /5(0) T€R,|x|<1/5

We obtain
1 o
Gl 2o (Dary (0)) < C2 (M|9|Loo(32m(zl))> ;

then we have

06,
_ 1
|G| 2o (Dary (0)) < CoCY puy (Byy (1)) 00/ <M||f||L2(B)> : (3.26)

Meanwhile, we can apply the Hadamard three-circle theorem to deduce that for each m € NT,

1/2
||G|‘L°°(D2r0(mro)) < ||GHLoc(D7 mro))HGH % (Dapy (mro)) = ||G||Loo(pm(mr0))

We see that for each m € Nt
1/2
”GHL“’(DTO((WHI)TU)) < ||G||L°O(D2r0(m7‘0)) < ”GHLOO(DTO(er))?

which implies that for each m € NT,

1/2 (1/2)™
||G||L°°(D7-O((m+1)7‘0)) < ”GHLOO(D,‘O(mm)) <-- < HG”Loo(DT (ro))
This yields
(1/2)™
Gl Lo (U1 <man Dy (mro)) = SUP Gl Lo (D, (mrg)) < sup HG”LO" (Dvy (TO))
1<m<n 1< (3 27)
(/2" (1/2) ’
< s Gl ¢op < 1G1= (D, (royy
where n is the integer such that
a b
nrg > x07x1|+§+§ > (n— 1)ro, (3.28)

and

|xo—x1|+%+%
To ’

K =
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Because it follows from (3.28) that

a b
0, |zo — =] + 5t } C U D,,(mrg)) and Dy,(ro) C Day,(0),
1

2
<m<n

we see from (3.27) that for all s € [0, |z — z1] + & + &,

1 2 1 2
GO S 1G] 2 rzmen Do o) < NGIEL D0, oy < NGIL D, 0 (3.29)
From (3.26) and (3.29), we find that for all s € [0, |zo — 21| + £ + 2],

1 00, (1/2)¥
M (Cngluy(Bro(m))aol/Q <M||f||L2(B)) )

) B 2 _ K 100, /25
= (o By ey /2) A

One can easily find that the above inequality holds for g(z1 — s), for all s € [0, |z — 21| + £ + 5], too. We see
that,

- 2 K 06,
sup 9@)] < (CoCP By () 700 /2) " =002 | 70027
le—z1|<|zo—z1]|+5+3

Since A C {z: |z — 1| < |vo — 21| + & + 2} NRT and

sup ~g(@)] < sup l9(2)],
{w:|lz—az1|<|zo—z1 |+ 2+ L }NRT loe—z1|<|zo—z1|+%+3

the above estimate yields

/ F(@)Pda = / 19(2) Pdp () < juu (4) sup @)
A A {z:|z—z1|<|zo—21 |+ 5+ 5 INRT
o—(K—1)

— K
< i (A) (CoC7 i (Bry (1)) ~/2) D200 /25| 20012%

We observe that for I = [¢,d] C RT,

d2(u+1) _ 62(u+1)

d
o (le d]) = / P2y =

2(w+1)
By inequality (a? +b7) < (a+b)?,b>0,a >0, p > 1, we get
d2(u+1) _ 2(v+1) d— 2(v+1) J|2v+2
¢ > ( ) ie.  p,(I)> L
2w +1) 2(v+1) 2v+1)
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Thus, we know that

—(K-1)

—001/2\ 2
1 (2T0)2”+2 . .
J @z < ) (Cch (S N2 12 280
< (A )(02001 —(+D) 1) 23 72(1-061/ 2K)||f||2991/2
(a2(u+1) —a (u+1)) (a1 K 200, /2K
2 2(y—|—11) (6‘2091 (v+ )Jrl) N2(1-061/2 )Hf”Lz B/) '

-1
Finally, noting that M > || f||z2(p) and 79 > %M%), we obtain

2(v+1) 2(v+1) —(v+1) 2 2 a
a —a v b 111225
/A\f(x)Ide <@ 2(y+11) )(1+03)2(5C)2 +2 ((1/\2> +1> M2 <M2<>

2(r+1 2(r+1
<4(a2( * )_a’l( i ))
- 2w +1)

I1£117 .
(1+ 03)2(50)2y+2221/+2(b—2(1/+1) + 1)M2 < ]\;22(3)

1% 1% 1% f 7 o
< Cf( +1)(a§( +1) _ af( +1))(b—2(u+1) + 1)M2 <| !\Z’;(B) ’

— a,b
|m0—m1\+%+% +‘m0 ziltgts

where 0y := 001, a1 := 92(%) 70 and ag 1= min{ﬁg, (%)50} 3

Step 2. We show that (3.24) holds for A > 0.
Define h(x) = A2 f(Az), A > 0, x € RT. Tt is clear that

he LARY) and F,(h)(z) = A2 F,(f)(z/A).

Since F,(f) € C§5°(RT), the above implies F,(h)(z) € C§°(RT). Thus, by Step 1, there exist constants C =
C(v) > 0and 6 = 6(v) € (0,1) such that

[z (57 - @) ((5) )

—_— o (3.30)
(/B /A|h<x>2dw> (/ |Fy<h><y>|2eydy> ,

where

|-+ &+ . lwo—m|+E+E
1A & ANE
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From (3.30), we find that

[i@rar= [ jpePa
A A/
o7 1-6P1
< C(as 2(v+1) ?(u+1))()\—2(u+1) + b—2(u+1)) (/ |f(:v)|2dx> (/ |Fl,(f)(y)|2e’\ydy> .

Thus, we complete the proof of the lemma. O

We omit the proofs of the following two corollaries, as they follow from the above lemma using the same
arguments as in [23], Corollaries 2.6 and 2.7.

Corollary 3.12. There exist constants C = C(v) > 0 and 0 = 0(v) € (0,1) such that for any b, A > 0,

b2u+2 1+§ 1_01+§
[ rkar <o (1 o) ( /. |f<z>|2dx> ([ Imnwreea) (3.31)

for each f € L?(RT) with F,(f) € C§°(R™).

Corollary 3.13. There exists a positive constant C = C(v) such that for each b > 0 and N > 0 and all
f € L?>(RT) with supp F, f C [0, N],

/ 1 (2)[2dz < COHN) / 1 (2)[2da. (3.32)
R+ (0,5]°

With the above lemmas and corollaries in hand, we can now prove Theorems 1.2 and 1.3.

Proof of Theorem 1.2. We fix A\, b, T > 0 and ug € C§°(R™). Define

flx):=e” i u(z, Tyug), x€RT. (3.33)
From (2.5), we know that
1 i(v+D7w iy?
(27)ze = f(z) = F,(e T uy(y))(x/2T), x<€R™T. (3.34)

This implies that for a.e. z € RT,

A = | " R (o) F(y)dy

1 1(u+1)7r i(v+D)w

— (1) e / VT () (2T) e f(y)dy

= e)he 5 [T VAT T 1) e E S (3:5)

(2T L(Vﬂ)ﬂ/ V2TxzJ,(2Txz)F, (e e uo(y))(2)dz

_iutDr iy?
e e up(y) |y=2Tgc
i(v4+1)7

e T e Ty, (2T'x).

Nl

— (27)
(27)

N
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We are going to prove the conclusions (i) and (ii) of the theorem one by one. The proof of (iii) is given in
Section 5; see the proof of Theorem 5.3(ii).

(i) By Corollary 3.12, with A replaced by 2T\, we obtain that there exist constants C' = C(v) > 0 and
0 =0(v) € (0,1) such that

[ tute Tiun) e = [ 17
R+ R+

gL+b/(2AT)

< (1+ g ) ( /. |f<x>|2dx> ([ e immwre)

1_gl+b/(2AT)

14b/(2AT)
_ b2 S 1f(@)2dz ’ -~
=C (1 + (2)\T)2"+2) (fR+ 2T |F, (f)(z)2dx (/]R+ e? Fu(f)(x)2dx)
cof1y 2 Joppe [£(@)Pdz e 20| 7 24
- ( ! <AT>W> Je- T F, () (@) Pda (/ < HIEN@) x) -

By (3.33), (3.35), and after some computations, we find that

S gL+b/(AT)
b2+

. 2 . 2 Az 2
/Hw lu(z, T;up)|*dx < C (1 + ()\T)2V+2) (/(o,b}c lu(z, T;uo)| dx) </R+ e ug(x)] dx)

The above inequality, along with the conservation law for the Schrédinger equation, leads to (1.13). Hence (i)
is true.

1_gl+b/(AT)

(ii) Fix 8 > 1 and v € (0,1). For the function f(x) defined above, we claim there exists C' = C(v) such that

chys /(B i 1~
[ 1s@pas < ol ! ( / f<x>|2dx> (/ eMQT”ﬂFV(f)(m)de) (336
R+ (0,b]° R+

In fact, for any fixed N > 0, we make the following decomposition: f = g; + g» in L?(R*) where

Fy(g1) = xo,nFu(f), Fu(g2) = x,nFu(f)-

Then by applying Corollary 3.13 to g1, we find that

2 2 2
[ r@ka<e [ n@Pds2 [ ok

< 9eC(1+bN) /

p@Pdr+2 [ o) Pda
(0,b]¢ R+

(3.37)

< 4eCU+N) /
B (0.)°

< 4eC(+bN) /
B (0,b]¢

(1/ @) + lg2(2)[*)da + 2 /R+ |92 (2)*dw

@) Pda+ 620+ [ ()P
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for some C' > 0 depending only on v. Meanwhile, since the Hankel transform F}, is an isometry, we get

[ e@Pds = [ 1R@ @ = [ o @P )@k

— B B
= [ e @B P T da

This, together with (3.37), yields

/R+ |f(1;)|2d$ < 4ec(1+bN) AO ’ |f(x)|2d$ 4 6ec(1+bN)*>\(2TN)ﬁ /]RJr |Fy(f)(z)|2e)\(2Tx)ﬁdaj’. (338)

Since it follows from the Young inequality that

CON = [Ob((1 = 7)ART)") " PI[(1 = 1)AQT)?) VPN

< (1= HICh(1- )A(QTW)*W% + 5= AeD)) AN

<[(CH)?/((1 = PAERT)?)7T + (1= 1)AQRTN)?,
we deduce from (3.38) that

B _1
/ () Pds < 6eSH T T (e(l_W)A(QTN)ﬂ / 1 (2)Pde + e~ ACTN) /
R+ (0,b]°

R+

IFu(f)(x)lgewT””)de) :

As N was arbitrary from (0, 00), the above indicates that for all £ € (0, 1),

1
c (cv)P B-1
/ |f($)|2d$ < 6e +((1—w>x(2T)B> (E—(l—v)/ |f(x)|2dx +E'y/ |Fy(f)(l‘)|2€)‘(2Tw)5d$> .
R+ (0,5]¢ R+

It is easy to check that the above inequality holds in fact for all € > 0. Minimizing it with respect to € > 0 leads
0 (3.36). Here, we use the inequality

igg(e—(l—ﬂA +e"B) <2AB'™7  forall A,B > 0.

This proves (3.36).
Finally from (3.33), (3.35) and (3.36), after some computations, we know that (ii) is true. O

Proof of Theorem 1.3. Let f be as defined in the proof of Theorem 1.2. By (3.33), (3.35) and Lemma 3.11
(with A replaced by 2AT), we find that

[ e T de = [ (7 da

< C( 2(v+1) 2(u+1))((2>\T)—2(V+1) +b72(1/+1))

([ |2dx) h (/. Fy<f><y>2ewydy)19al

< C( l’-‘rl) 2(U+1 )(()\T) 2(v+1) +b u+1))
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61 1-6%1
X (/ |u(z, T; uO)Qdm) (/ e lug ()] dx)
B R+

o1
v T;up)|? d
< (2P _ 204Dy (-1 4 12 +2/ Ao 2 4 I lu(z, T
< C(ay a1 )(( )T+ ) R+e luo(z)|” d Jar % [uo(x)? da

(2w T;up)|? da o
< 20(a2¥ ) _ 200y (1) A )~ +2)/ Az 2 4 (L lu@ T
(a2 a )((AT) AD) - ™ lug(x)[” dz Jar € g ()2 dz

for some constants C = C(v) > 0 and § = 6(v) € (0, 1), where

lzo — 21| + &+ 2 lzo — 21| + & + 2

! (2AT) A L ? A\T)AL

This proves our theorem. O

4. PROOFS OF THEOREMS 1.4-1.6

Theorem 1.4 is mainly based on Theorems 1.1 and 1.2. Theorem 1.5 is a consequence of Theorem 1.3. Theorem
1.6 is based on Theorem 1.3, along with an additional property of the Schrédinger equation, which is presented
in Lemma 4.2 of this paper.

Proof of Theorem 1.4. (i) The proof presented here is inspired by the approach used in [18], Theorem 1.3.
Fix b, T > 0. According to (iii) of Theorem 1.1(with a = b), there exists C = C'(v) so that when 0 < s <t < T,

2
/ fuo () Pdar < Ce®+75) </ lua, 5 uo) | %dz + / |u<x,t;uo>|2dﬁ”>' (4.1)
R+ (0,b]¢ (0,0]¢

Since 0 < s <t < T, and if (s,t) € [0,T/3] x [2T/3,T], we have
(t—s)>T/3. (4.2)

Integrating (4.1) with s over s € [0,7/3] and ¢ over ¢ € [2T/3,T], using (4.2), we obtain that

( ) / luo(z)|*dz < C’/ / C(1+T/3 / |u(z, s5u0)] d:v+/ [u(z, t;ug)|?de | dsdt
R+ (0,b]¢ e
CT C(1+3b ) / / u(z, s;5u9)] dxds—i—/ / u(z, t;ug | dxdt
Ob]f Ob]”

_or .
< L cary? >/ / (i, £ u) [2ddt.
3 o Jope

From the above, we obtain
2
/ luo(z)|? dx< C(1+3b / / u(z, t;ug)|?ddt,
R+ 0,b]¢
which implies (1.17).

We now establish the sharpness of the growth rate CeCT as T — 0. To this end, recall the Hankel transform
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identity from [44], p. 29, (10):

F, (v tie—ar® _ oyt e R 0, R 1 4.3
v (zh T 2e (y)—We , ea >0, ev > —1. (4.3)

For every T > 0, consider the initial datum wup(z) = 2t ze
2°T" (v +1). Using (1.7) and (4.3), we obtain

.7}2 .
7. Its L%-norm is given by ||UTH%2(]R+) =

; ) e L Tv+!1 P
(v, t;ur) = | = —i " 2z edPHTY gt e ATEH/TTN | u(w, tur)| = 7‘413;”‘*‘5@ AT(2/T2H1)
T (t24+12)=

We now estimate both the upper and lower bounds of the double integral fOT I, lu(, t;ur)|*dadt. For the
upper bound, a straightforward calculation shows that

T poo T2(v+1) _ 22
/ / lu(z, t; up ‘ dzdt = / / t2 Ty VLT T2 T ddt
0 b

/ / a2 tle 7 dxdt (4.4)

o0 12
<Te~ 8T/ e 5T dy
0

b2

= 23TV (Y 4 1)e” 5T,

For the lower bound, assume b > /2T, which is a natural assumption in the regime T — 0. Then we have

T 0o T2 v+1) i1 22
v - 2 2
/0 /b lu(z, t; ur)|*dzdt = / / CE) e e 2T dadt

T2(v+1) 22
/ / (272)+1 p* e T drdt
= T-2_(”+1)/ xQ”He_%dx
b

)
L2
:TV+2 e z Z2u+1du
b

V2T

2
> Tvt2. e % dz.

V2T /J%

Set zp = \/% By applying integration by parts to the Gaussian tail integral, we obtain

00 —z2 00 22 0o
.2 e “o 1 2 e “o 1 .2
/ e “dz= —7/ e % 272dz > ——2/ e % dz.
20 22’() 2 20 220 220 20

It follows that

° 2 zge 7o
/ e ?“dz> 0 5
2o 1422
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Thus, when b > /2T, we find that

o
M

2
b2e~ 3T e 2
t; dedt > T2 ——— > 7v+2. . 4.
/ / u(z, t;ur)|2de AT - 3 (4.5)

S

Combining the upper bound (4.4) and the lower bound (4.5) with the initial energy H“T||L2(R+)
2YTF1D (v + 1), we conclude that

T o3 - fOT 1,7 lu(w, tur)|2dadt
2T(v+1) 3 fo |ur(x)|?dx

< 22(u+1)T67%.

As T — 0, this ratio exhibits exponential decay of the form ~ e~ T, thereby confirming the sharpness of the
2
rate in the cost constant CeC ™. This completes the proof of (i)

(ii) Given ug € L?(RT) with suppug C [0, N]. By a standard density argument, we can apply Theorem 1.2 (i)
(with A =b/T) to get that for some C = C(v) > 0 and § = 6(v) € (0,1),

2

0 1_p2
/ luo(z)|*dz < 2C </ lu(z, T, u0)|2dm> (/ eb”’/T|u0(a:)|2dx>
R+ (0,b]¢ R+ (46)
, 62 1—p2 ’
< 20ePNU=00)/T (/ |u(zx, T; u0)|2da:> (/ |uo(x)|2dx> .
(0,5]° R+

This implies that

/ lup(x)[?dz < (2C) 7 e N(l—az)/Taz/
R+

lu(z, T;up)|*da.
(0,

Hence, we end the proof of (ii).

O
We recall Lemma 3.1 from [23], which will be used in the proofs of Theorems 1.5 and 1.6
Lemma 4.1. Let z,0 € (0,1).
(i) For each a >0,
Zx ook < & p(_ | In |~/ 00 (4.7)
- | Ing| [1n 6| ' ’

(ii) For each € >0 and o > 0,

4 i
er kflfa < gaaeelnaJraJrea tg l(ln(a|lnm|+ )) € (48)
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Proof of Theorem 1.5. When ug = 0, (1.20) holds clearly for all € € (0,1). We now fix uyp € C5°(R™)\{0}.

For convenience, we define

Ay ::/ e’\l"‘”|u0(av)|2dav7 B ::/ |u(gz:,T;u0)|2dx7
R+ B

Ry, := / e 2%z, T up)|? da.
R+
The proof of (1.20) is divided into several steps.
Step 1. There exist positive constants C;(r) and Ca(v) such that

A —CoAz((MT)AS)
) A, (4.9)

Ry, < Cs(x0,b, A1, Ao, T)) (ml
By

where

—1
Cg(Io, b, )\17 )\2,T) =1+ C’lf (02)\2 <()\1T) AN Z)) X exp <)\2_1 ((AlT) A g) + )\2 (1’0 + g)) . (410)

According to Theorem 1.3 (with (20,21, %, %) replaced by (2(k — DAY+ A 20, A0 ) with k € N*), we
notice that

/ e 2%z, T up)|2de
R+

< / e_Q(k_1)|u(x,T; ug)|?dz
k1 J2(k—1)A;  <m<2kA;!
1+\wo—(2k—m;1\+xgl+g
B 0 Tk
< O((MT) Ab)~r 2 Ze*’“” ((2EAZHZH2 = 20k — 1)A; 12 H?) (Al ) A
1
1+ Jzg—(2k—=1)Ay \+>\2 +2
0 (THNG
—(2v+2) —2k+2 2042
< C((MT) Ab) Ze 2K\ ) (A1> 4y
L lmo—(@k-DAy \+A2 i
oo B 9 (A1TInS
< C(2A51)2y+2(2y+2)2V+2(()\1T) A b)f(2u+2)62 Zefk <Al> A
1
k=1
wo+2kAy 1+ 5
S B 9 (MTHNS
< CEAHP U+ 2T ((MT) A L)@ e | Y ek (2 A
k=1 A

(4.11)
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for some 6 € (0,1) and C' > 0 depending only on v. In the fourth inequality, we used the fact that k < ne/”
for all k¥ € N*. The last inequality is due to By < Aj (which follows from the definitions of A; and By, the
conservation law for the Schrodinger equation and the fact that ug # 0).

Now, we apply (4.7) in Lemma 4.1 with

b
zo+%

R —— 2
NTHINE — 22—
(ATING ,0A2((A1T)/\g))

(a,x7 9) = (1a (Bl/Al)e

to get
. m0+2kA;1:% “Xa (M T)AD)
0 M TINES zn+ b [Tn o]
S (B T DAY (DAY (st B
Pt Ay - 2|1n9| 2\ln9| 1

This, along with (4.11) and the facts that * < ([a] + 1)!e® for all > 0, a > 0 where [a] is the integral part of
a, imply that

/ e 2%z, T up) |2da
R+

“A (M)A

LR A 2
) Al

“A2((AM1THAY)
b N —
(21/ + 2)2v+2()\2((/\1T) A *))_(2”+2)+18A72((AlT)A%—FzOJ'_%)F <>\2(()\1T) A 2)) (ln Al) 2[In 0] A

ln&
1

v z0 %
< 0(2)\—1)2u+2 2v+2 e 3/\2(<>\1T) A g) Az ((AlT) A %) 91+(A1;)/\%
- 2 (MT)AD |In 6| 2| In 6|

0221/4-263
<= -
~  |Ing]

N S

2|1n 0|
“A (M)A

-1 —1 A ((MT) A 2 2[1n 0]
(20 +2)2 2 (20 4 1] + 1)lets (MDA (w0t ) (W) (m Al) Ay
n

C221/+2e3
< -
~  |Ing|

This leads to (4.9).

1
Step 2. (1.20) holds for Ay < G aTIAD)

First, we claim that for each € € (0, 1),

o
CaAa (M TIAS)

R>\2 < Cg(SAl + ee® Bl), (4.12)

where C5 = C3(z0, b, A1, A2, T') is given by (4.10). Indeed, if Ry, < CseA;, (4.12) is obvious. So we only consider
the case: Ry, > CseA;. In this case, we have the following observation:

B (4.13)

O<5<C,3A1 .
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1

z C222((1TIAD) ;

Besides, two facts are given in order. First, since Ay < the function z — we

decreasing on (0, 1). This, along with (4.13), indicates that

1
Ca(MTHNE)’

-1
CaAa((MT)NS)

1
Ry T Cara (A THAD)
B, (&) S

< ee®
C3A; -

(4.14)

_ 1
. . C2x2((A1TIAG)
Second, since the function f(z) = e” 2

(Inz)~C222(MTIAS) e deduce from (4.9) that

is decreasing on (0, c0) and its inverse is the function g(z) :=

1

B b)) <

B, C3A,

According to (4.14) and (4.15), we have

-1
Cara(A1TINE)

B1 S 03686 Bl.

1
R - b
Ry, 4 R (—C*A) C22((aAg)
2 —B; < 03 —2 e\ T3

Rr, = Cs C3A, B, Cs3 A,

Since € € (0,1) was arbitrary, the above leads to (4.12) for Ry, > C3eA;. Hence, (4.12) is true.
Next, we claim that

At :
Cs(x0,b, A1, Ao, T) < exp 2(C1 +Cyt +1) [ 14 Lﬂmt? : (4.16)
MT)A S

In fact, by some computations, we first observe that for each s € (0, 1],
I(s) <e* . (4.17)

Since Ay < it follows from (4.10) and (4.17) with s = CoXa((MT) A 2) that

1
CQ(()\lT)/\%),
—14—1 —1 b
C5(20,b, A1, Ao, T) < 1491620 22 (DA s oxp (AT H(MT) A 5)*1 + Xa(zo + =)

-1 -1 b4 -1 xo—i—%
<eexp|Ci+ (20 +1)A (()\1T)/\§)7 +Cy ——— |-

This leads to (4.16).
Now, by (4.12) and (4.16), we obtain

1
BT R
Cara(A1TINE)

R)\2 < O4($0,b,)\1,)\2,T)(€A1 + ee® Bl)7 (418)

where

. AN +ag+ 2
C4(I0,b,)\1,>\2,T) = Cl exp 2(Cl+02 +1)(CQ+1) 1+7b .
(MT) A 5
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Since

e Tl Ty
A2 (M TH)NG) A2 (M TH)NG)

ce® < ee® when 0 < o < B and € € (0,1), (4.19)
it follows from the estimate (4.19) and (4.18) that (1.20) holds for Ay < m
1
Step 3. (120) holds for )\2 > m
First, by the definition of R),, we obtain that Ry, < R 1 . Then combining (4.12) and (4.16) (with

Ca((MTINE)

A2 replaced by & 1 ), we notice that for each ¢ € (0,1),

(MT)NS)

Co(MT)AN L U -1
Rhgexp{2(ol+c;1+1) <1+ 2(MT) A +x0+2>}(sA1+seE By)

A3)
MT)AS

Nt +ao+ 2 ey
Sexpl2Ci+Cy ) (140 + 2202 ) Ay 4ot T By,
(MT) AL

which, together with (4.19), yields (1.20) for Ay > W
2

Hence, this ends the proof of Theorem 1.5. O
We first prove a lemma on the regularity propagation property of the Schrédinger equation, and then use
this result to prove Theorem 1.6.

Lemma 4.2. For every v > 0, given k € NV, there exists a constant C(k,v) such that for any T > 0 and
Uy € Cgo(RJr),

2%
1 1
/ 22 |u(z, T;up)|?dz < C(k,v) (T—I— > (||u0||§{4k(R+) —|—/ 2% ug|?dx +/ 4k|u02dx) . (4.20)
R+ T R+ R+ T

Proof. Fix k € Nt T > 0 and uy € C°(R"). Based on the identity (1.7), the unitary property of the Hankel
transform, and the formula (2.4), we conclude that
1
lz*u(@, Ty uo) |72y = 12"(2T) 2 B () (2/27) |12 p)
— [ e R/ P
R+
=@ [ PR @) (4.21)
R+
= 2T)*| Fa" E ()12 )

k 2
= (1) || f|

L2(R+)’

ix?
where f := e uyg.
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Since the operator HY with domain C§°(R™) is a polynomial in - and 9,, of degree 2k, and after some
computations, we can find that the polynomial H* is a linear combination of the monomials

1
{ﬂ@;:r—FS:Z/@, r, s €N, 1"7&1}.

From this, we see that

[

i g do= [ (i)

<Clkov) 3 A+‘<85f’;f>c‘dw7 (4.22)

r+s=2k,r#1

where (-, )¢ denotes the pointwise Hermitian inner product on C, that is, (f(z), g(x))c := f(z)g(x). Then by
some computations, we find that

195 £ 1172ty = /R X (02 f, £)e| do < Cy(s) max{T 2,1}~ /R (07 w0, 2" o) | de

S CQ(S) max{TfQS, 1} <||u0||i{2s(R+) +/ $48|U02d$) .
R+
From (4.21), (4.22) and (4.23), we get that

2
/ 2?*|u(z, T up)|?dz = (2T)2k/ H,,%f’ dx
R+

R+

<Ck,v)@2D)* > ‘<8§f,;,f> ‘dx
+ C

r4s=2k,r#1 R

<Crn@Er Y (/R+|5;f|2dw+ INE

r4+s=2k,r#1

1 2 2 8k 2 1 2
< C(k’,l/) <T+ T> (||u0||H4k(]R+) + /]R+ T |U0| dr + /]R+ WlUO‘ dZIJ) . (425)

2
dx) (4.24)

This completes the proof. O

Remark 4.3. Lemma 4.2 provides a quantitative estimate for the solutions of equation (1.1) for all v > 0.
In the special case v = %, which corresponds to the free Schrodinger equation on the half-line, we can derive
the following quantitative estimate from the previous proof, by combining (4.21) and (4.23): Given k € N, for
any ug € C§°(R™), let u(z,t;up) denote the solution to equation (1.1) with v = %, then there exists a constant

C(k) > 0 such that for any T > 0,

/+ 22wz, T;ug)|?dz < C(k)(1 + T)%* (HUO”%[%(]R-%-) + /+ $4k|uo|2dm) )
R R

This estimate is consistent with the quantitative estimate established in Lemma 3.2 of [23] for the free
Schrodinger equation in R™. For general v > 0, however, the additional requirements on the regularity and
decay of the function ug stem from inequality (4.24). It is natural to wonder if the additional requirements for
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the regularity and decay of ug, even the last term [, ﬁ|u0|2dx can be removed. We point out that for general
v >0, if K =1, the estimate

/+ $2‘u(l‘,T; u0>|2dl‘ S C(V)(l +T>2 (”uo”%Z(R«F) + /+ x4|u0|2 dl’)
R R

1
holds true. This is because the Sobolev norms | H}? fH%2(R+) and ||(—A)%f||2L2(R+) are equivalent if k = 1.
However, for k > 2, the equivalence of these two norms remains an open question. For more information on this
topic, we refer readers to [52-55].

Remark 4.4. The proof of this lemma borrows ideas from the proof of Lemma 3.2 in [23], with some notable
differences. Their proof relies on the commutativity of the operators (z; + 2i(t — T)d,,)" and i9; + A. However,
in the presence of a potential term, it remains unclear how to construct similar commutators to obtain an
estimate like (4.20). Using the identity (1.7), we can deduce the estimate (4.20), and this method can also be
applied to prove Lemma 3.2 in [23]. It would be interesting to determine whether this quantitative estimate
holds for a general potential V. However, this is a challenging question, as both approaches may fail in this

setting. To the best of our knowledge, no such quantitative estimates exist for a general potential V.

Proof of Theorem 1.6. When ug = 0, (1.21) holds clearly for all € € (0,1). We now fix uyp € C5°(R™)\{0}.
For convenience, we define

1
,_ Az 2 2 2 o . 2
A2 = /R+ € |’LLO($)‘ dz + ||’LL0||H4([V]+3)(]R+) + ,/]R+ ZA(T+3) |UO| d$, By = L |u(x,T,uo)| dac,

As ::/ M ug () [*da.
R+

The proof of (1.21) is divided into several steps.
Step 1. There exists Cy = Cy(v) > 1 such that

A
/+ o ()| 2z < C (w0, b, A, T)——2 (4.26)
R

In (1n§—§ + e)

where

zot+5+1
OT)rg

[v]+3
Ci(zo,b, A\, T) := (T + T) (1 + 7)) 1+3) %o . (4.27)

1

By the conservation law for the Schrodinger equation, and the Holder inequality, we have
/ luo(2)|*dex = / lu(z, T; uo)|*dz
R+ Rt
1/2 1/2
< (/ (14 2)2 T2 2|y (z, T u0)|2dm) </ 1+ x)_(2”+2)_2|u(m,T;u0)|2dx> (4.28)
R+ Rt

1/2 1/2
s(/ (1+m)2<[”]+3)u(w,T;uo)IQd:c> (/ (1+x)—(2"+2>—2|u(:c,T;u0)2dx) .
R+ R+

Next, the proof of (4.26) is organized in two parts.
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Part 1.1. There exists a constant Cy(v) > 1 such that
1
/ (14 2)~ @22y (2, T; up)|?*dz < Cs(xo,b, A, T) - 25 (4.29)
R+ In(In 32 +e)
where
1+w0+%+1
(4.30)

(aT)AE
03(I07b7>\aT) = eC2 ’

%) replaced by (k — 1, 20, 1, &) for k € N*), we find that

By Theorem 1.3 (with (xo, 21, §, 3

/ (1 + 36)_(2”+2)_2|u(x,T; UO)|2d$ < Z/ k_(2”+2)_2|u(x,T; UO)|2d.T
RF k=1 k—1<z<k

00 i ’”(J'HH'% 14 1o+k+%

< C(AT) A b))y =2 BY CTnE g1 0T
k=1 (4.31)

St
- B
<cton e[S (B) |y,
2
k=1

for some C > 0 and 6 € (0,1) depending only on v. Since ug # 0, by the definitions of As and B, and by the
conservation law for the Schrodinger equation, we obtain By < As. Then by (4.8) in Lemma 4.1 with

1 wo+8 .
) +(AT)/\% —L 4 @0 4
(z,0,6,0) = ((Bz/Az) GOTRE 1,9 oon,
to get
wo+k+% b

S 0 aTng i d o eptb

> k7 (Bz> <49 T glbes O 1 | .
k=1 Ay In (’1{1 % + e)

Therefore,
2o+ 21
717ﬁ 1420 -
/ (1+2)~ 272y (2, T ug) [Pdx < 4C((AT) A 9)—(2u+2)9 DN gltes T3 Ay
R+ In (‘ln % + e)
L, moth e
<4C([2v +2] + l)IQWGO EEIS RER (THnE Ay
In (’ln % + e)
2
_ 10+%+1 A
_ AR
<4020 + 2] + 1)le - o0 Hero 0N ) |
In (’111 % + e)
2
(4.33)
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The first inequality in (4.33) follows from (4.31) and (4.32), while the last two inequalities rely on the facts that
o1
OT)ng

e < (2v + 2] + 1)!e9

—(2v+2)
b) <([2v+2]+1)

6 €(0,1) and <()\T) A 3
Since 6 € (0,1), (4.29) follows from (4.33), as also do (4.30), so we get Part 1.1.
Part 1.2. There exists a positive constant C4(v) such that
2([v]+3) by L 8([v]+3)
> (14 T)8(1+3) (1 + ((/\T) A 2) ) As.
(4.34)

/ (14 2)* Pz, T ug)*de < Cy (T T
R+ T

By Lemma 4.2 (with k = [v] + 3), we find that
1

2 2 s(1+3)),, (2 2
5 (ol + [ PP+ [ i)

/ 22Dy (2, T uo) P de < Ca (T +
R+

for some Cy4; > 0 depending only on v. It follows that
92([v]+3) (1 4 xz([qu)) lu(z, T; uo)|2da

.

(4.35)

2([v]+3) ) )
T+ ) [ 1ute Tiuo) P+ ol e

u+mwmmmaﬂme§/
R+
< Cy (

8([W]+3)1,, |2 2
—I—/Wﬂ? |uol d’Ji—&-/]R+ AT |uo| dx>,

for some constant Cy2 > 0 depending only on v. Since
(Az)8+3) < (8([v] + 3))le*®, x € RT,

max{l, )\78([1/]+3)} = max{l, (/\T’)f8 [V]+3)T8([V]+3)}
b
/\ —

—8([v]+3)
< (14 173+ max { 1, (()\T) 2)

and

1y 8(II+3)
< (14178 (1 + <(>\T) A 2> > ,

this, along with (4.35), yields that
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fR+ 1+ I)Q(["H3) |u(x, T;up)|*dz

IN

1)) 2 —8([]+3) Ax|,, |2 1 2
Cus (TJF T> <|u0||H4([u]+3)(R+) +/R+ AT e | d:c+/R+ WWM dx>

1\ 2(1+3)
< Cy3 (T + T) max{1, A~} 4, (4.36)

8([v]+3)

1\ 2(v1+3) p\ !
< Cy3 (T+ T> (14 T)8(+3) (1 + ((/\T) A 2) ) Ay

for some Cy3 > 0 depending only on v. Hence, we get Part 1.2.

Now, by (4.29) and (4.34), we get

[ ez

1/2 1/2
g(/ (1+:E)Q([”]+3)|u(x,T;u0)|2dx> </ (1+x)(2”+2)2u(x,T;u0)|2dx>
R+ R+

1 3 gy~ A )
<\/Cy <T+ T) (14 T)*1+3) <1 + ((/\T) A 2) ) Cs3(x0, b\, T)—————2— (4.37)
+/In (111 g—z + e)
Az

[v]+3 .
<+/Cy (T + T) (1 + T3 (4[] + 3))leHODIND T /Oy (2o, b, N, T) .
In (1n ‘g—z + e)

The last inequality in (4.37) follows from the fact that z*(M1+3) < (4([v] 4 3))le® for all 2 > 0. Consequently,
(4.26) follows directly from (4.37) and (4.30).

Step 2. (1.21) holds for the above-mentioned uy and each € € (0, 1).
It suffices to show that for each e € (0,1),

A= [ |uo(z)]?dz < Ci(eAs + e By), (4.38)
R+

where Cy = C1(xg,b, A\, T) is given by (4.27). In fact, if A < C1eAs, (4.38) is obvious. So we only consider the
case: A > CieA,. In this case, two observations are given in order: First, since C7 > 1(see (4.27)), we deduce
from the definitions of A and A that

O<e<

1. 4.39
O, < (4.39)

=2
Since the function x — xe®  is decreasing on (0,1), we see from (4.39) that

A eC(ﬁ)*z
C1A, - '

(4.40)
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-2
o®

e 1

is decreasing on (0,1) and because its inverse is: z — e on (1, 00), it follows

Second, since x — e~ ¢

from (4.26) that

A o)
A gegel i) (4.41)
By
Now we infer from (4.40) and (4.41) that
A A, ()2 -2 )
A=C “=By<C et By < Ciee “e® By < Ciee®  Bo.
10114232 2> 1<C’1A2€ € ) 2 > Liee e 2 > Lgee 2
As e € (0,1) was arbitrary, we obtain (4.38). This ends the proof of (1.21). O

5. THE SHARPNESS OF THE MAIN RESULTS

The purpose of this section is to show the optimality of the inequalities established in Theorem 1.1 and
Theorem 1.2.

5.1. The sharpness of Theorem 1.1

To show the sharpness of Theorem 1.1, we establish the following theorem.

Theorem 5.1. (i) For every v >0, let A = [a1,a2] CRT, B=[b;,bs] CRT, a=ay — a1, b="by — by, and
a,b,T > 0. Then one can find a sequence {uy}ren+ C L?(RT) with

/ g (2)[2dz = 1 (5.1)
R+
such that
lim lug (z)]2de = lim / lu(z, T;up)|*dz = 0. (5.2)
k—oo J pc k—oo Jp

(11) For every v >0, let A = [a1,as] CRY, B =[b1,bo] CR', a=as— a1, b=0by — by, and a,b,S1,S2 > 0.
Then one can find a sequence {uy }ren+ C L*(RT) with

/ lug (z)2dx = 1 (5.3)
R+
such that
Sa
lim lu(z, S5 up)*de = lim / |u(z, t; ug)|*dzdt = 0. (5.4)
k—oo J pc k—oo Jq B

(iii) For every v > 0, each A C RT with |A°| > 0, and each T > 0, there is no constant C' > 0 such that for
all ug € L3(RT),

/ |u0(z)|2d:17§0/ lu(z, T;ug) |*da. (5.5)
Rt A
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Proof. (i) Let zp and 1 be the centers of A and B, respectively. Choose
g € C°(R™) such that ||g[|p2r+) =1.
For each k € N1, we set
gr(z) = kég(k(x — 9)), supp gi C [zo,00).
We define a sequence {uy} C L?(RT) as follows:
ug(x) == e*ix2/4Tgk(:L’), r € Rt ke N*.

Two observations are in order: First, by (5.7) and (5.8),

o0

lim lug (2)|?da = klirn lg(z)|*dz = 0;

k—oo Ac — 00 [ak
2

second, from (5.6)—(5.8), we observe that

/ \uk(x)|2dx:/ |gk(m)|2dm:/ lg(z)|*dz =1, for all k € NT.
R+ R+ R+

(5.8)

Next, it suffices to prove fB |u(z, T;ug)|?>dx goes to zero as k — co. By (2.5), we see that for each k € Nt

u(z, Tyug) i= (2T) " 2e~ 2 DTie® AT p (0, (2 /2T, z € RY.

Meanwhile, from (5.7), it follows that a.e. x € RT,

Fla)e) = [ " VR (o) g )y
— [ vad )k glk(y — o))y

x

B /oo V(o +y)u (w(zo + ')k g(ky')dy’

_k"/ \/© xo+ xo+ ))g(y)dy~

(5.9)
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This, together with (5.9) and (5.6), as well as the fact that |J,(z)| < C, for all z € RT, where C,, is a constant

depending only on v (see [47], pp. 578-580), shows that

/ lu(z, T ug,) |*dz < |B| sup |u(z, T; ug)|?
r€B

961+

<|B|C? [ (27) %k > \/
0

, o + 2 * Jzi+ 5y
< 2 —1,-1 L1 T 3 / 2
<1BIC3 | (21) bk (/ Ve + [ P Kol
< 2|B|C2(2T)~ (/

(w0 + %) lg(w) Iy

1+b
2T

+3 _
2 1o ]g(y)|dy +k2/
0

which implies that

lim / lu(x, T ug,) |2dx = 0.

k—o0 B

Now, from the above proof, we get (5.1) and (5.2).

2

)

(ii) Let g and g, with k € NT, satisfy (5.6) and (5.7), respectively. Since the Schrodinger equation is time-

reversible, we can find a sequence {uy} C L?(R*) such that
v (z) == u(x, S1;u) = gr(z), = €RT, keNT.

By (5.10), (5.6) and (5.7), we have the following two observations: First, we notice that

lim lvg (x)|?de = hm lg(z)*dx = 0.

k—oo [ gc —00 [07%]c

Second, we have

/ ok (z)|*dz = / lgr(z)|*dz =1 for all k € NT,
R+ R+

Then by (2.5) and (5.10), for each k € NT,

1 e T _a?4y?
u(x, t;vg) = ﬁ/o vy, (2—?) e” e 2 gp(y)dy, (z,t) € RT x (R\{0}).

In a similar way to (i), we can get

lim/|u t;op)|2dz = 0.

k— o0

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)
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At the same time, by the conservation law for the Schrédinger equation and (5.12), we obtain that for all k € NT
and t € R\{0},

/\u(x,t;vk)|2dx§/ |u(x7t;vk)|2dx:/ |vk(fv)\2dm:1.
B R+ R+

Hence by (5.14), we can apply the Lebesgue dominated convergence theorem to get

So—S1
lim / lu(z, t;vy)[Pdadt = 0. (5.15)
B

k—o0 _s1

Recalling from (5.10) that vg(x) = u(z, S1;uk), © € RT, and combining (5.11), (5.12), and (5.15), we conclude
that the sequence {uy} satisfies both (5.3) and (5.4). This completes the proof of (ii).

(iii) For a contradiction, suppose that (iii) is not true. Then there exist Ay C RT with |A§| > 0 and C;, T > 0
such that

/ lug(x)|*dx < Cl/ |u(z, T;ug)|?*dz for all ug € L*(RT). (5.16)
R+ Ap

we define
ur g(x) = e T f (@), 2 eRT, (5.17)
for each f € L*(RT).

By (5.17), (5.16) and (2.5), it follows that

/]R+ |F,(f)(2)dz = /]R+ |f(2))2da = /R+ jur 5 () 2dz

gCl/ \u(x,T;uT7f)|2d33=C’1/ \F,(f)(z)2de,
Ao Ao /2T

for every f € L?*(RT). Since |A§| > 0, by taking f € L*(RT)\{0} with supp F,(f) C A5/2T in the above
inequality, we are led to a contradiction.
O

5.2. The sharpness of Theorem 1.2

Next, we establish Theorem 5.3 below, which demonstrates the sharpness of Theorem 1.2. Before that, we
need a lemma, whose proof borrows some ideas from [56], Proposition 3.4.

Lemma 5.2. Let A C RT be a measurable set such that dist(0, A) > 0. For each v > 0, there exist constants
Co > 0 and Ny > 0 such that for all N > Ny, there exists a function f € L*>(R*) with supp F,(f) C [0, N]
satisfying

£z @y = €N fllz2ca)-

Proof. Let

do := dist(0, A) > 0. (5.18)
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We consider the function ¢s(z) = z*+2e=5%" defined for s > 0 and z € R, whose Hankel transform is given by
(see [44], p. 29)

yy+% _v? +
Fu(¢s)(y) = We i, 5> 07 ye R™. (519)

We define f € L?(RT) by its Hankel transform as follows:

1
vl
+3 42

F,(f)y) = X(O,N](Q)Te_ N, yeRT, N>0.

(ﬂ
2
We first give an estimate of the L2-norm of f over the whole domain RT; we have
I fll2@ey =277 ' T (v + N, (5.20)
In fact, by using the unitarity of F,, and performing the following change of variables t = %, we obtain that

2
s = 1B = [ (22} e ay= 2 [ wertar
LQ(R+) - v LZ(R+) - 0 (ﬂ)l/-‘rl € Y= NV+1 0 €

2

2y o o0
= tYe~tdt — tYe~tdt
Nyl (/0 ¢ /2N ¢ >
2¥ / * ot -N / R )
> - e tdt — e tre /24t
Nyl ( 0 9N
2¥ ( / * o -N / Xt )
- e tdt — e tre /24t
NV+1 0 0

2Dy + 1) e
=~ (1—2vHe™N),

By choosing N sufficiently large such that 2¥Tte™" < 1/2, we obtain (5.20).
We now aim to estimate the L2-norm of f over the subset A. To this end, we use the inverse Hankel transform,
which yields

- / h VEyy (xy)F, f (y)dy
y”+2 o
/ Vzyd,(zy) ~dy
(5" (5.21)

u+2

V+2
Vzyd, (zy) i ——7Te Ndy Vzyd,(zy) i 7€ Ndy
/ (5 / (5"

For the first term in (5.21), by (5.18) and some computations similar to the estimate of Hf||2L2(R+), we get

2
6 13204 < / (#ues @) do= / (a" e~ %) 2z < 22D (v 4 D)o~ FHN-(HD),
x>do x>do
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For the second term in (5.21), we apply the unitarity of the Hankel transform together with some computations
to obtain

2
oo y+% 22
IRIZ2a) < IR 2+ = S| e F e <22 4 e NN,
(R+) N (N)
2

Setting C; = min{1,d?%/4}, we thus obtain
I fllz2ay < 22T (v 4 1)e” N N—HD, (5.22)

We conclude the proof with (5.20), (5.22) and by choosing C such that 0 < Cy < Cj. O

Theorem 5.3. (i) For every v >0, let A = [a1,a2] C RT, a =ay —ay, and a,\,T >0, 3 > 1. Then one
can find a sequence {uy}ren+ C C§°(RT) and M > 0 such that

/ &’ jup(2)|2dz < M and / |ug(2)2dz = 1 (5.23)
Rt Rt
and
lim / |u(x, T;uy)|*dz = 0. (5.24)
k—oo A

(i1) For everyv >0, let A\,b,T > 0 and a(s), s € RT, be an increasing function with limg_,o, a(s)/s = 0. Then
for each v € (0,1), there is no positive constant C such that for all uy € C§°(R™),

2l 1—y
/ luo () 2dz < C / lu(z, T; o) 2dz ( / e’\a(z)|u0(a:)|2dx) . (5.25)
R+ (0,b]¢ R+

Proof. (i) Suppose zg be the center of A. Let g and g, with k¥ € NT satisfy (5.6) and (5.7), respectively. As a
same way to the proof of Theorem 5.1(i), we define a sequence {ug} C C§°(R™) as follows:

up(z) == e_“2/4Tgk(x), r R, ke Nt (5.26)

We can get
/ lug(z)[?de =1 for all k € NT
R+

and

k—o0

lim / |u(z, T; up)|*dz = 0.
A
Meanwhile, from (5.6), (5.7) and (5.26), we find that for each k € N*,

/ e”ﬁ\w(l’ﬂzdx:/ e’\zﬁ|9k(x)|2dx:/ A k2 g(k(x — 20))*dx
R+ R

Zo

:/ AE+0)" | g(2) 2 < / Ae+e0) | ()|2dz < oo,
R+ R+
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Hence, this ends the proof of (i). S
(ii) To derive a contradiction, we assume that the conclusion is not true. Then there exist b, \, T, C > 0,
7 € (0,1), and an increasing function a(s) on (0,00) with lims_, @(s)/s = 0 such that for each vy € C§°(R™),

5 ) -
/]R+ lvo(2) 2 < O (/(0 i |u(a:,T;vo)|2dx> (/W eM@mo(ag)Fdx) . (5.27)

For any fixed g € L*(RT) with F,(g) € C§°(RT), we define vy 4, € C§°(RT) via
Fo(g)(z) = (2T)2e 2 H0meiTe% ) (9T2), x € RY. (5.28)
From (3.33), (3.35) (with (T, ug) = (T, vo,4)) and (5.28), we find that
g(z) = e*”2/4Tu(x,T; vog), = €RT. (5.29)

By (5.29), the conservation law (for the Schrodinger equation), (5.27) and (5.28), we get that

/ l9(@)|2dz = / fu(z, T vp.y)Pdz = / o, () [2dz
R+ R+ R+

ol - 1—-7
([ e Timgpar) ([ @)
(0,b]¢ R+

— ’_y 5 = 1_’7y
c( / |g<z>|2dx> ( / em<2“>|Fyg<x>2dx) .
(0,5]° R+

From this, using a standard density argument, we obtain that for each g € L?(R*) with supp F, (g) compact,

IN

Y o 1-5
/. g<x>|2dxsc< L |g<x>|2dx> ([ eermgra)

Since a(-) is increasing and because the Hankel transform is an isometry, the above implies that for each N > 1
and each g € L?(R*) with supp F,(g9) C [0, N],

Y o ~ 1-5
/ |g(z>|2dzsc< | |g<x>|2dx> ( / e*a<2“>|Fyg<x>|2dz)
R+ (0,5]° R+

i (5.30)
) - il 1-5
Co(=7)2a(2TN) (/ ) |g($)|2d$> (/ IFVg(:v)Ide) :

(0,5 R

So (5.30) implies that for N > 1 and each g € L*(R™) with supp F,(g) C [0, N],

[ latwpar < cte e [ jgpas, (5.31)
R+ (0,5]¢



44 H. XU ET AL.

In addition, according to Lemma 5.2, there are Cy, No > 0 such that for each N > Ny there is fy € L*(RT)\{0}
with supp F,(fn) C [0, N] such that

CoN 2 2
N [ wldes [ ifxteras (5:32)

By (5.31) and (5.32), we get that for each N > Ny,

from which it follows that

0<% __ yy, oCTN)
20— AT — NSeo 2TN

a(s)

S

This contradicts limg_, s = 0. Hence, the conclusion (ii) is true. O]

6. APPLICATIONS

We now turn to the applications. We mainly consider the applications of Theorem 1.1-1.6 to different kinds
of controllability for the Schrodinger equations. Based on the abstract result [23], Lemma 5.1, which establishes
the equivalence between observability and controllability, we derive the following results. From the perspective
of controllability type, Theorem 6.1 and Theorem 6.7 concern exact controllability (see Rem. 6.2 for the detailed
explanations); Theorem 6.8 concerns nonstandard exact controllability (see Rem. 6.9); Theorems 6.3 and 6.12
give two kinds of nonstandard approximate controllability (see Rem. 6.4 and Rem. 6.13); Thm. 6.5 and Theorem
6.10 yield two kinds of nonstandard approximate null controllability (see Rem. 6.6 and Rem. 6.11).

6.1. Applications of Theorems 1.1-1.3 to controllability
We first combine Theorem 1.1 with Lemma 5.1 in [23] to establish the following exact controllability result.

Theorem 6.1. Let A, B be two measurable sets in R™ with finite measure. Let 0 < t; < ty < T. Consider the
following impulse controlled Schrédinger equation:

{iatu(xvt) - H,,u(:mt) = 6{t:t1}XAC($)f1(m) + 5{t:t2}XBC($)f2(m)7 T e R+v te (OvT)> (6.1)

u(z,0) = up(z) € L*(RT).

Denote by ui (-, -, uo, f1, f2) the solution to the equation (6.1). Then for any ug, ur € L*(RY), there exists a
pair of controls (f1, f2) € L>(RT) x L2(R*") such that

ul(xaTau()aflva) ZUT(JT), $€R+, (62)
and
LfillZ2 @y + 1 f2ll72 ey < Cllur — e P ug |22, (6.3)

where the constant C = C(v, A, B,to — t1) is given by Theorem 1.1.
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Proof. We sketch the proof here. Consider the following dual equation

D, t) ~ H(r,0) =0, & €BF, 1€ (0,T), o
(@, T) = g(z) € L*(RY). ‘
Write ¢ (-, -, T, g) for the solution to (6.4). Then Theorem 1.1 implies that
/ lg|?dz < C (/ [(z,t1, T, g)|2dx+/ |’(/J(£E,t2,T7g)|2d$> . (6.5)
R+ Ae Be

Next, we use [23], Lemma 5.1 and (6.5) to prove (6.2) and (6.3). For this purpose, we let
X =L*RT)=X* Y:=L*R")x L*)R")=Y* Z:=L*R")=2"
and define the state transformation operator R : Z — X and the observation operator O : Z — Y as follows:
Rg:=yg, Og:=(xac(¥(1t1,T,9), xpe()P(-12,T,g)) forgeZ (6.6)
From (6.5) and (6.6), we find that for each g € L?(R*),
||R9||2L2(R+) < C||09||2L2(R+)xL2(R+) + %HQHQL’A‘(RW keNT. (6.7)

By Lemma 5.1 in [23], there is a pair (fix, for) € L*(RT) x L2(R*), k € Nt such that the following dual
inequality holds

é”(flkvf2k>||i2(R+)><L2(R+) +E|R* g — O (fik, fao) Iz < N9l F2ey, k €NT, (6.8)

where
R'g=g; O*(fik, for) = w1 (-, T, 0, fix, for). (6.9)

Define
g(x) = up(z) — e " Tyy(z), zeRF. (6.10)

Then (6.2) and (6.3) are followed by choosing a weakly convergent subsequence in (6.8) and a limiting procedure.
O

Remark 6.2. The above theorem can be understood as follows: For any ug, ur € L?(R™T), there exists a pair of
controls (f1, f2) € L2(R*") x L?(R") steering the solution of (6.1) from ug at time 0 to uz at time 7. Moreover,
a bound of the norm of this pair of controls is explicitly given.

Similarly, by combining Theorems 1.2-1.3 with Lemma 5.1 in [23], we obtain the following controllability
results. Before stating the main results, we define, for each A\ > 0,

X, = {fELQ(R+):/ e’\”’:|f(av)|2dav<oo}7
R+
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with the norm |[-[| i, given by

1/2
e = ([ Mr@Par) " fex

One can directly check that the dual space of X} is
X3 = @)1,

with the norm |[|-[|x; given by

1/2
lohss = ([ eio@par) . gex
R+

Theorem 6.3. Let byA >0 and T > s > 0. Consider the following impulse controlled Schrodinger equation:

{Zatu(xvt) - HVU(CC,t) = 5{t:s}X(O,b]“($)f($7t)7 T e R+7 te (O7T)a (6 11)

u(x,0) = ug(x) € L2(RT).

Denote by us(-, -, ug, f) the solution to the equation (6.11). Then for any € > 0 and ug, ur € L*(R"), there
exists a control f € L*(RT) such that

1 b21/+2 .

= 2 -1 2 —iH,T 2

g 4 - |f($)| dx +¢€ ||U/2<~77-‘7 u07f) — UT()HX; S C (1 + W) /]RJr IUT(I‘) —e g UO($)| dx,
(6.12)

where q := gLt xTs ¢ (0,1), C and 0 are given by Theorem 1.2 (i).

Remark 6.4. The above theorem can be understood as follows: For any ug, ur € L?(R") and & > 0, there
exists a control f € L?(R™) steering the solution of (6.11) from ug at time 0 to the target B (ur) at time T
(Here, BX (ur) denotes the closed ball in X7}, centered at ur and of radius €.) Moreover, a bound of the norm
of this control is explicitly given.

Theorem 6.5. Given any interval A = [a1,a2] C RT, B = [b1,bs] C RT, a = as —ay, b = by — by, and
a,b,\,T > 0. Consider the following impulse controlled Schrodinger equation:

{i@tu(x,t) — Hyu(z,t) = 0=y xs(z) f(z,t), z € RT, t € (0,T), (6.13)

u(z,0) = ug(z) € L2(RY).

Denote by us(-, -, ug, f) the solution to the equation (6.13). Then for any e > 0 and ug € L*(A;C), there exists
a control f € L2(R™") such that

1—6P

S [ f@Pde e us T, )l < €72 = (OD) A8 [ ug(o)Pde, (6.14)

where C, 0 and p are given by Theorem 1.3, L*(A) := {g € L*(Rt) : g = 0 on A°}.

Remark 6.6. The above theorem can be understood as follows: For any u € L2 (A4;C) and € > 0, there exists a

control f € L?(R™) steering the solution of (6.13) from ug at time 0 to the target B (0) at time 7. Moreover,
a bound of the norm of this control is explicitly given.
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6.2. Applications of Theorems 1.4—-1.6 to controllability

First, as a consequence of the classical HUM method (see, for example, [17]), the inequality (1.17) is equivalent
to the following standard exact controllability result for the Schrodinger equation.

Theorem 6.7. Let b > 0. Then for any T > 0 and any (ug,ur) € L*(RT) x L*(RT), there exists a control
f e L*R* x (0,T)) such that the unique solution of the Schridinger equation

i0yu(x,t) — Hyu(z,t) = x(0,5c () f(2,1) (6.15)

with initial data u(x,0) = ug(z) satisfies u(z,T) = ur(x).

This theorem states that for any ug, ur € L?(RT), there exists a control f € L2(RT x (0,T)) steering the
solution of (6.15) from ug at time 0 to ugr at time T. Next, as presented in Subsection 6.1, we will combine
Lemma 5.1 from [23] with the results of Theorem 1.4 (ii), Theorem 1.5, and Theorem 1.6, respectively, to obtain
various non-standard controllability results.

Theorem 6.8. Let by N > 0 and 0 < s <T. Consider the following impulse controlled Schrddinger equation:

(6.16)

i0pu(x,t) — Hyu(x,t) = =1 X 0,0 () f (1), z € RT, t € (0,T),
u(z,0) = ug(z) € L*(RT).

Denote by uy(-, -, ug, f) the solution to the equation (6.16). Then for any ug,ur € L*(RY), there exists a control
f € LAR™") such that

ug(x, T ug, ) = ur(x), x= € (0,N] (6.17)

and

_ L —iH,T

LN
< eC(1+T’5) ur e uOH%Z(RJr)a (618)

1172y <

where the constant C' = C(v) is given by Theorem 1.4(ii).

Remark 6.9. The above theorem can be understood as follows: For any ug, ur € L?(R*) and N > 0, there
exists a control f € L?(R™T) steering the solution of (6.16) from ug at time 0 to ur at time T over the interval
(0, N]. Moreover, a bound of the norm of this control is explicitly given.

Theorem 6.10. Given any interval B = [by,ba] C RT, b = by — by, b, A1, Ao, T > 0. Consider the following
impulse controlled Schréodinger equation:

{i@tu(x,t) — Hyu(z,t) = 0p—oyxs(z) f(z,t), z € RT, t € (0,T), (6.19)

u(x,0) = ug(z) € L*(RT).

Denote by us(+, -, ug, f) the solution to the equation (6.19). Then for any e € (0,1) and ug € X,, there exists
a control f € L*(R™) such that

1 1y "% oD 1
ge (2) 2401 2 /+ |f(x)|2dx + g||u5(‘,T, UO,f)”%(;l < C(xo,b,)\17)\2,T)Hu0||§(k2, (620)
R

where C(xg,b, A1, A2, T) and C are given by Theorem 1.5.
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Remark 6.11. The above theorem can be understood as follows: For each ug € X, and € > 0, there exists a
o

control f € L?(R™) steering the solution of (6.19) from ug at time 0 to the target Bz ** (0) at time 7. Moreover,

a bound of the norm of this control is explicitly given.

Finally, we are going to show the last theorem. Before stating the main result, we introduce a functional
space. For each A\ > 0, we denote R for the completion of C§°(R™) in the norm

1 fllry = </]R+ M| f ()P da + Hf”i[‘l([UHS)(lRH) + /R+ W|f(x)|2dx) , [ eC(RY).

Write R} for the dual space of Ry with respect to the pivot space L?(RT).

Theorem 6.12. Given any interval B = [by,ba] C RY, b =by — by, b,A >0 and T > s > 0. Consider the
following impulse controlled Schrédinger equation:

{iatu@s, t) = Hyu(w,t) = 61— x5(x) f(x,1), = € R, t € (0,T), (6.21)

u(z,0) = ug(z) € L*(RT).

Denote by ug(-, -, uo, f) the solution to the equation (6.21). Then for any € € (0,1) and ug,ur € L*(RT), there
exists a control f € L*>(R") such that

e—2 .
e te® /+ If(2))?dz + e ug(-, T, uo, f) — uT(~)H2R§ < C(zo, b, A\, T — 8)|lur — e*zH”TUOHQLz(Rﬂ, (6.22)
R

where C(xg,b, \,T — s) is given by Theorem 1.6.

Remark 6.13. The above theorem can be understood as follows: For any ug, ur € Lz(Rﬂ and € > 0, there
exists a control f € L*(RT) steering the solution of (6.21) from wug at time 0 to the target BE ( 7) at time T

(Here, B€ (uT) denotes the closed ball in R}, centered at up and of radius €.) Moreover, a bound of the norm
of this control is explicitly given.
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