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OBSERVABILITY AND UNIQUE CONTINUATION

INEQUALITIES FOR THE SCHRÖDINGER EQUATIONS

WITH INVERSE-SQUARE POTENTIALS

Hui Xu , Longben Wei* and Zhiwen Duan

Abstract. In this paper, we focus on the Schrödinger equations with inverse-square potentials in
dimension one; these special potentials play an important role in the field of mathematical physics. We
study several observability and unique continuation inequalities at one time point or at two time points
for these equations. These observability and unique continuation inequalities are some new types of
quantitative estimates which have appeared in recent literature. Their proofs essentially rely on the
representation of the solution, a Nazarov-type uncertainty principle for the Hankel transform, and
an interpolation inequality for functions whose Hankel transforms have compact support. Meanwhile,
these inequalities can be applied to the controllability of these Schrödinger equations.
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1. Introduction

In this paper, we will present several observability and unique continuation inequalities (at either two points
in time or one point in time) for the following Schrödinger equation:{

i∂tu(x, t) =
(
−∂2x + (ν2 − 1

4 )
1
x2

)
u(x, t), x ∈ R+, t > 0,

u(x, 0) = u0(x) ∈ L2(R+),
(1.1)

with the Dirichlet boundary condition u(0, t) = 0 for t > 0. Here R+ denotes the half line (0,∞), and ν is a
fixed non-negative constant, i.e., ν ≥ 0. (Here and in what follows, L2(R+) = L2(R+;C). The same is said about
C∞

0 (R+).) The Schrödinger equation (1.1) with inverse-square potential is of interest in quantum mechanics.
The family of differential operators −∂2x + (ν2 − 1

4 )
1
x2 is particularly notable and is commonly referred to as the

Bessel operator (see, for example, [1]). These operators appear in numerous applications, e.g., as the radial part
of the Laplacian in any dimension. Their generalized eigenfunctions can be expressed in terms of Bessel-type
functions, and they have a rich and intricate theory, see [2–4]. Moreover, the heat flow associated with the
inverse-square potential has been studied in the context of combustion theory (see [5] and references therein).
The mathematical interest in these equations mainly arises from the fact that the potential term is homogeneous
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of degree −2, meaning it scales exactly the same as the Laplacian. This makes perturbation methods ineffective
in analyzing the effect of this potential. Indeed, the decay is in some sense the borderline case for the existence
of global-in-time estimates for the Schrödinger equation with a potential (see [6]). In particular, it is known
that a negative potential V decaying more slowly than the inverse-square potential causes the spectrum of
the associated Schrödinger operator to be unbounded from below (see [7], Sect. XIII, pp. 87–88). We denote
by Hν the Friedrichs extensions of differential operators −∂2x + (ν2 − 1

4 )
1
x2 on C∞

0 (R+), see Section 2 for a
more detailed discussion. By Stone’s theorem, equation (1.1) admits a unique weak solution in the sense that
u(x, t) ∈ C(Rt;L

2(R+)), defined via the semigroup e−itHν acting on the initial data u0(x). Specifically, the
solution is given by u(x, t) = e−itHνu0(x). For a more comprehensive discussion on extensions involving general
parameters ν ∈ C and some properties of the family of operators Hν , we refer the readers to [8, 9].

To proceed with our introduction, we need to recall some background on the observability inequality for
the Schrödinger equation in a more general framework. For a given manifold M, let H denote the self-adjoint
extension of the Schrödinger operator −∆g +V on the Hilbert space L2(M), where −∆g is the Laplace-Beltrami
operator and V represents the potential term. The classical observability inequality for the Schrödinger equation{

i∂tu(x, t) = Hu(x, t), (x, t) ∈ M× R+,

u(x, 0) = u0(x) ∈ L2(M),
(1.2)

reads that when u solves (1.2)

∫
M
|u(x, 0)|2dx ≤ Cobs

∫ T

0

∫
Ω

|u(x, t)|2dxdt, (1.3)

where T > 0, Ω is a subset of the measure space M, and the constant Cobs > 0 is called the observable constant
or cost constant. This is the observability inequality for the Schrödinger equation involving observation over
a time interval. This type of observability has been extensively studied in the literature on compact Rieman-
nian manifolds, we refer readers to [10–17] for results on some specific compact Riemannian manifolds. For the
Schrödinger equation on non-compact Riemannian manifolds, there are relatively few existing results, as new
difficulties arise due to the unbounded spatial domain. But recently, there has been growing interest in observ-
ability for the Schrödinger equation in Euclidean space. For example, when M = Rn, V = 0, the inequality (1.3)
holds in all dimensions n ≥ 1 if Ω = {x ∈ Rn : |x| ≥ r} for each r > 0, and a sharp result in [18] shows that
the inequality (1.3) holds if and only if Ω is thick (a more general set class) in dimension one. For more general
observability estimates in Euclidean space, we refer the readers to [19–22].

Recently, Wang, Wang and Zhang [23] proved the following new type of observability inequality in the
Euclidean setting, that is, when M = Rn: Given x1, x2 ∈ Rn, r1, r2 > 0 and T > S ≥ 0, there is a positive
constant C depending only on n such that for all u(x, t) solving (1.2) with V = 0,

∫
Rn

|u0(x)|2dx ≤ CeCr1r2
1

T−S

(∫
Rn\Br1

(x1)

|u(x, S)|2dx+

∫
Rn\Br2

(x2)

|u(x, T )|2dx

)
, (1.4)

where Br(x) denotes the closed ball in Rn centered at x ∈ Rn with radius r > 0. This improves inequality (1.3),
as only two time points appear on the right-hand side of inequality (1.4). For this reason, (1.4) is called the
observability inequality at two time points. The proof of (1.4) in [23] is based on the following basic identity:

(2it)
n
2 e−i|x|2/4tu(x, t) = ̂ei|·|2/4tu0(x/2t), for a.e.x ∈ Rn, t > 0, (1.5)

where ·̂ denotes the Fourier transform (see (3.2) for the definition). With identity (1.5) in hand, the authors
proved in [23] that the estimate (1.4) is equivalent to the following Nazarov’s uncertainty principle established
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in [24] (see also [25, 26]): If A,B are subsets of Rn of finite measure, then

∫
Rn

|f(x)|2dx ≤ C(n,A,B)

(∫
Rn\A

|f(x)|2dx+

∫
Rn\B

|f̂(ξ)|2dξ

)
, f ∈ L2(Rn), (1.6)

with

C(n,A,B) := CeC min{|A||B|,|B|1/nω(A),|A|1/nω(B)},

where ω(A) denotes the mean width of A, and C is a positive constant that depends only on n. We need to
point out that the identity (1.5) is a crucial tool in [23]. Based on this identity and other methods, the authors
obtained more quantitative estimates beyond (1.4).

Three natural questions were raised in [23]: can their results be extended to the following situations? (a)
Schrödinger equations with nonzero potentials. (b) Homogeneous Schrödinger equations on a bounded domain.
(c) Schrödinger equations on the half-space Rn

+ (where Rn
+ := {(x1, ..., xn) ∈ Rn : xn > 0}). Recently, for ques-

tion (a), Huang and Soffer [27] established observability inequalities similar to (1.4) at two points in time for
H = −∆+ V in Rn, where V belongs to a class of decaying potentials satisfying additional regularity condi-
tions. Due to the generality of the potential and lack of a similar identity (1.5), the observability inequality
similar to (1.4) established in [27] is restricted to the case x1 = x2 = 0 and r1r2 ∼ T . Their proof is based on an
operator-type Nazarov uncertainty principle and minimal escape velocity estimates. For potentials that increase
to infinity as |x| → ∞, to our best knowledge, there is only one result that was established for the Hermite
Schrödinger equation in [18]. Further observability inequalities at two time points can be found in [28, 29] for
the linear KdV equation, and in [30] for nonlinear Schrödinger equation.

Now returning to our model (1.1), we can consider it a positive answer to questions (a) and (c) mentioned
above in dimension one. We first establish the following identity (see Lem. 2.2 below) similar to (1.5):

(2t)
1
2 e

i(ν+1)π
2 e−i|x|2/4tu(x, t) = Fν(e

i|·|2/4tu0)(x/2t), for all t > 0, (1.7)

where u(x, t) solves (1.1), and Fν denotes the well known Hankel transform (see Sect. 2 for more details)

Fν(f)(x) :=

∫ ∞

0

√
xyJν(xy)f(y)dy, x ∈ R+, (1.8)

here Jν(x) is the standard Bessel function of the first kind. With the identity (1.7) in hand, we can extend all
the results in [23] to our equation (1.1).

Prior to stating the main theorems of this paper, we introduce unified notation that will be used throughout.
Whenever a statement includes the prior assumption “For every ν ≥ 0”, we consistently write either u(x, t;u0)
(with (x, t) ∈ R+ × (0,∞)) or e−itHνu0(x) (with t ≥ 0) for the solution to the Schrödinger equation (1.1)
with operator Hν and initial data u(x, 0) = u0(x), unless explicitly stated otherwise. Let Γ(·) represent the
Gamma function. For a measurable set A ⊂ R+, we denote by Ac its complement in R+, by |A| its Lebesgue
measure, by χA(·) its characteristic function, and by µν(A) :=

∫
A
x2ν+1 dx the associated weighted measure.

Define a ∧ b := min{a, b} for all real numbers a, b ∈ R. Let N := {0, 1, 2, . . .} and N+ := {1, 2, 3, . . .} denote the
sets of non-negative and positive integers, respectively. The notation [a] denotes the integer part of a ∈ R, and
C(·) (similarly C1(·), etc.) denotes a positive constant depending on the parameters within parentheses, whose
value may vary across contexts.

There are three main theorems in this paper. The first one gives an observability inequality at two points in
time for equation (1.1).

Theorem 1.1. For every ν ≥ 0, let A and B be two measurable sets in R+ with 0 < |A| <∞ and 0 < |B| <∞,
and let T > S ≥ 0. Then there is a positive constant C = C(ν,A,B, T − S), such that for all u0 ∈ L2(R+), we
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have ∫
R+

|u0(x)|2dx ≤ C

(∫
Ac

|u(x, S;u0)|2dx+

∫
Bc

|u(x, T ;u0)|2dx
)
. (1.9)

In particular, in the following three cases, the constant C(ν,A,B, T − S) can be more explicit:

(i) If ν = k
2 , k ∈ N, then there exists a positive constant C = C(ν) such that∫

R+

|u0(x)|2dx ≤ Ce
C

µν (A)µν (B)

(T−S)2(ν+1)

(∫
Ac

|u(x, S;u0)|2dx+

∫
Bc

|u(x, T ;u0)|2dx
)
. (1.10)

(ii) If |A||B| < Cν =
(

2 Γ(2ν)

Γ(ν+ 1
2 )

+ 2ν+1
)−2

, then

∫
R+

|u0(x)|2dx ≤ 2

(
2
√
2Cν(T − S)−

√
|A||B|√

2Cν(T − S)−
√
|A||B|

)2(∫
Ac

|u(x, S;u0)|2dx+

∫
Bc

|u(x, T ;u0)|2dx
)
. (1.11)

(iii) If A = (0, a], B = (0, b], a, b > 0, then there exists a positive constant C = C(ν) such that

∫
R+

|u0(x)|2dx ≤ CeC(1+ ab
T−S )

(∫
(0,a]c

|u(x, S;u0)|2dx+

∫
(0,b]c

|u(x, T ;u0)|2dx

)
. (1.12)

The second one gives a unique continuation inequality at one time point for equation (1.1), when the initial
data have exponential decay at infinity. It is interesting that this class of initial data is consistent with the free
case and independent of the constant ν.

Theorem 1.2. For every ν ≥ 0, let λ, b, T > 0. Then the following conclusions hold:

(i) There exist constants C = C(ν) > 0 and θ = θ(ν) ∈ (0, 1) such that for all u0 ∈ C∞
0 (R+), we have

∫
R+

|u0(x)|2dx ≤ C

(
1 +

b2ν+2

(λT )2ν+2

)(∫
(0,b]c

|u(x, T ;u0)|2dx

)θ1+b/(λT ) (∫
R+

eλx|u0(x)|2dx
)1−θ1+b/(λT )

.

(1.13)

(ii) There exists a constant C = C(ν) > 0 such that for any β > 1 and γ ∈ (0, 1) and all u0 ∈ C∞
0 (R+), we

have∫
R+

|u0(x)|2dx ≤ Ce

(
Cβbβ

λ(1−γ)Tβ

)1/(β−1)
(∫

(0,b]c
|u(x, T ;u0)|2dx

)γ (∫
R+

eλx
β

|u0(x)|2dx
)1−γ

. (1.14)

(iii) Let α(s), s ∈ R+, be an increasing function with lims→∞ α(s)/s = 0. Then for each γ ∈ (0, 1), there is no
positive constant C such that for all u0 ∈ C∞

0 (R+),

∫
R+

|u0(x)|2dx ≤ C

(∫
(0,b]c

|u(x, T ;u0)|2dx

)γ (∫
R+

eλα(x)|u0(x)|2dx
)1−γ

. (1.15)

The third one gives another unique continuation inequality at one time point for equation (1.1).
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Theorem 1.3. For every ν ≥ 0, let A = [a1, a2] ⊂ R+ and B = [b1, b2] ⊂ R+, with a := a2 − a1 > 0 and
b := b2 − b1 > 0, and let λ, T > 0. Then there exist constants C = C(ν) > 0 and θ = θ(ν) ∈ (0, 1) such that for
all u0 ∈ C∞

0 (R+),

∫
A

|u(x, T ;u0)|2dx ≤ C(a2ν+2
2 − a2ν+2

1 )((λT ) ∧ b)−(2ν+2)

(∫
B

|u(x, T ;u0)|2dx
)θp (∫

R+

eλx|u0(x)|2dx
)1−θp

(1.16)

with

p := 1 +
|x0 − x1|+ a

2 + b
2

(λT ) ∧ b
2

,

where x0 and x1 are the centers of A and B, respectively.

We make the following remarks related to the above three theorems:

(a1) Theorem 1.1 can be explained in the following two perspectives. From the unique continuation perspective,
Theorem 1.1 is a unique continuation inequality at two time points for equation (1.1). From (1.9), we find
that

u(x, S;u0) = 0 on Ac, u(x, T ;u0) = 0 on Bc =⇒ u(x, t;u0) = 0 on R+ × [0,∞).

From the observability perspective, Theorem 1.1 is an observability inequality at two time points for
equation (1.1). Observing a solution at two different points at time, each time outside a set of finite
measure, one can recover the solution.
In addition, we elaborate on the sharpness of Theorem 1.1 in the following sense: First, one cannot recover
the solution by observing it at two different points in time if one observation is made outside a bounded
interval and the other inside (see Thm. 5.1(i)). Second, for any T > 0, one cannot recover the solution by
observing it at one point in time outside a bounded interval and another point within the time interval
[0, T ] inside a bounded interval (see Thm. 5.1(ii)). Third, one cannot recover the solution by observing it
at one point in time over a subset A ⊂ R+ if |Ac| > 0 (see Thm. 5.1(iii)).

(a2) Theorem 1.2 is a unique continuation inequality at one time point for equation (1.1).
From (1.13), we find that

eλx/2u0(x) ∈ L2(R+), u(x, T ;u0) = 0 on (0, b]c =⇒ u(x, t;u0) = 0 on R+ × [0,∞).

From (1.14), we find that when β > 1,

eλx
β/2u0(x) ∈ L2(R+), u(x, T ;u0) = 0 on (0, b]c =⇒ u(x, t;u0) = 0 on R+ × [0,∞).

In addition, we elaborate on the sharpness of Theorem 1.2 in the following sense: First, when β ∈ (0, 1),
there are no constants C > 0 and γ ∈ (0, 1) such that the inequality (1.14) holds (see (1.15)). Hence, when
we expect by observing solutions at one time point and outside a bounded interval, we have requirements
for the decay rate of the initial data. Second, when (0, b]c is replaced by (0, b], (1.13) and (1.14) do not
hold (see Thm. 5.3(i)). So even though the initial data have any exponential decay at infinity, we cannot
expect to recover the solution by observing it at one time point and inside a bounded interval.
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(a3) Theorem 1.3 is a unique continuation inequality at one time point for equation (1.1).
From (1.16), we find that

eλx/2u0(x) ∈ L2(R+), u(x, T ;u0) = 0 on B = [b1, b2] =⇒ u(x, t;u0) = 0 on R+ × [0,∞).

For unique continuation properties of Schrödinger equations, we refer the readers to [31–34] and the
references therein.

There are three consequences of the above main theorems.

Theorem 1.4. For every ν ≥ 0, let b, T > 0. Then the following conclusions hold:

(i) There exists a constant C = C(ν) > 0 such that for all u0 ∈ L2(R+),∫
R+

|u0(x)|2dx ≤ CeC
b2

T

∫ T

0

∫
(0,b]c

|u(x, t;u0)|2dxdt. (1.17)

Moreover, the growth rate of the cost constant CeC
b2

T is sharp as T → 0: For every 0 < T ≤ b2

2 , there
exists uT ∈ L2(R+) such that

c(ν)e−
b2

2T ≤

∫ T

0

∫
(0,b]c

|u(x, t;uT )|2dxdt∫
R+ |uT (x)|2dx

≤ C̃(ν)e−
b2

8T (1.18)

for some positive constants c(ν), C̃(ν).
(ii) If the initial data u0 satisfies suppu0 ⊂ [0, N ] for some N > 0, then the solution can be observed outside

the interval (0, b] at a fixed time. Precisely, we have∫
R+

|u0(x)|2dx ≤ eC(1+
bN
T )
∫
(0,b]c

|u(x, T ;u0)|2dx, (1.19)

where C = C(ν) > 0.

Theorem 1.5. For every ν ≥ 0, let B = [b1, b2] ⊂ R+ with b := b2 − b1 > 0, and let λ1, λ2, T > 0. Then there
exists a constant C = C(ν) > 0 such that for all u0 ∈ C∞

0 (R+) and ε ∈ (0, 1),

∫
R+

e−λ2x|u(x, T ;u0)|2dx ≤ C(x0, b, λ1, λ2, T )

ε∫
R+

eλ1x|u0(x)|2dx+ εeε
−1−

Cλ
−1
2

(λ1T )∧ b
2

∫
B

|u(x, T ;u0)|2dx

 ,

(1.20)

where C(x0, b, λ1, λ2, T ) := exp
{
C
(
1 +

x0+
b
2+λ−1

2

(λ1T )∧ b
2

)}
, x0 is the center of B.

It is of interest to consider what happens when we replace
∫
R+ e−λ2x|u(x, T ;u0)|2dx with

∫
R+ |u(x, T ;u0)|2dx.

The following conclusion provides an answer to this question.

Theorem 1.6. For every ν ≥ 0, let B = [b1, b2] ⊂ R+ with b := b2 − b1 > 0, and let λ, T > 0. Then there exists
a constant C = C(ν) > 0 such that for all u0 ∈ C∞

0 (R+) and ε ∈ (0, 1),∫
R+

|u0(x)|2dx ≤ C(x0, b, λ, T )

(
ε

(∫
R+

eλx|u0(x)|2dx+ ∥u0∥2H4([ν]+3)(R+) +

∫
R+

1

x4([ν]+3)
|u0|2dx

)
+εee

ε−2
∫
B

|u(x, T ;u0)|2dx
)
,

(1.21)
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where C(x0, b, λ, T ) :=
(
T + 1

T

)[ν]+3
(1+T )4([ν]+3) exp

(
C

1+
x0+ b

2
+1

(λT )∧ b
2

)
, x0 is the center of B and ∥·∥H4([ν]+3)(R+)

denotes the standard Sobolev norm on the positive real line.

We make the following remarks related to the above three theorems:

(b1) Conclusion (i) of Theorem 1.4 establishes that, for the domain Ω = {x ∈ R+ : x ≥ b}, the standard
observability inequality (1.3) holds for solutions u(x, t) of equation (1.1), with a sharp constant. We

emphasize that the quantitative constant obtained in [35] is of the form e
C
T2 , which grows faster than

CeC
b2

T as T → 0. Another interesting question is to determine the sharp geometric condition on the
subset Ω for (1.3) to hold. In [36], we proved that (1.3) holds if and only if Ω is thick (as defined in [18]).
For related results on bounded domains in Rn, we refer the readers to [37] and references therein, which
address exact observability estimates for Schrödinger equations with inverse-square potentials.

(b2) While Theorem 5.1 (iii) shows that recovery from observation at a single point in time over the domain Ω =
{x ∈ R+ : x ≥ b} is impossible for all initial data u0 ∈ L2(R+), conclusion (ii) of Theorem 1.4 demonstrates
that such recovery is possible at a fixed time for initial data u0 ∈ L2(R+) with suppu0 ⊂ [0, N ].

(b3) The inequalities in Theorems 1.5–1.6 are different kinds of unique continuation at one time point for
the Schrödinger equation. From the observability perspective, these theorems demonstrate that given
supplementary information, the solution of (1.1) can be recovered on a bounded interval at a fixed time.
They correspond to different kinds of controllability, which are nonstandard (see Sect. 6.2).

Finally, we would like to emphasize that the approach presented in this paper is primarily based on the
research in [18, 23, 28]. Technically, thanks to the identity (1.7), we need to transition from harmonic analysis
based on the Fourier transform to harmonic analysis associated with the Hankel transform, which will introduce
new difficulties. For example, to prove observability inequalities at two time points similar to (1.4), we need to
prove a Nazarov-type uncertainty principle (see Lem. 3.4 below) for the Hankel transform Fν . To prove Theorems
1.2–1.3, we need to establish the interpolation inequality stated in Lemma 3.11. To prove Theorem 1.6, we need
a regularity estimate Lemma 4.2 for equation (1.1). And due to the complexity of proving Theorems 1.4–1.6,
for the sake of completeness, we provide all the details of their proof. To the best of our knowledge, no identity
analogous to (1.7) exists in higher dimensions, which limits the scope of this paper to the one-dimensional
case; see Remarks 3.6 and 3.7. We look forward to exploring higher-dimensional Schrödinger equations with
inverse-square potentials in our future work.

Plan of the paper. The rest of the paper is organized as follows: Section 2 provides some preliminaries,
which will be used throughout the proofs of our theorems. Section 3 gives the proofs of Theorems 1.1–1.3.
Section 4 presents the proofs of Theorems 1.4–1.6. Section 5 demonstrates the sharpness of Theorems 1.1 and
1.2. Section 6 is devoted to applications concerning the controllability of the Schrödinger equation.

2. Preliminaries

In this section, we provide further remarks on the Friedrichs extensions Hν and present the proof of the
identity (1.7). Our equation (1.1) involves the following family of differential operators:

Hα = −∂2x +
α

x2
, α ≥ −1

4
. (2.1)

The well-known classical Hardy inequality (see [38]) says, for every u ∈ C∞
0 (R+):

1

4

∫ ∞

0

|u(x)|2

x2
dx ≤

∫ ∞

0

|u′(x)|2dx, (2.2)

and 1
4 is the best constant.
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This inequality shows that the operator −∂2x + α
x2 is form-bounded from below on C∞

0 (R+) if and only
if α ≥ − 1

4 . Consequently, a Friedrichs extension of this operator exists. Following [8], we write α = ν2 − 1
4

with ν ≥ 0. For ν ≥ 1, the differential operator Lν = −∂2x + (ν2 − 1
4 )

1
x2 , with domain C∞

0 (R+), is essentially
self-adjoint. We denote its closure as Hν , which corresponds to the Friedrichs extension of Lν . However, for
0 ≤ ν < 1, the operator Lν is not essentially self-adjoint. When 0 < ν < 1, this operator has exactly two distinct
homogeneous extensions, the Friedrichs and Krein extensions of Lν , denoted by Hν and H−ν , respectively. When
ν = 0, the Friedrichs and Krein extensions of L0 coincide; we denote this common extension byH0. In this paper,
we only consider the Friedrichs extension Hν of −∂2x + (ν2 − 1

4 )
1
x2 on C∞

0 (R+). This extension is equivalent to
the self-adjoint extension of −∂2x + (ν2 − 1

4 )
1
x2 in L2(R+), with the Dirichlet boundary condition at x = 0. For

the general theory of the Friedrichs extension, we refer the readers to [39], Section X.3.
Next, we will prove the identity (1.7). We begin by introducing the Hankel transform Fν . We define the

Hankel transform Fν(f) of order ν (ν ≥ 0) of any function f ∈ L1(R+) by:

Fν(f)(x) :=

∫ ∞

0

√
xyJν(xy)f(y)dy, x ∈ R+, (2.3)

where

Jν(z) :=

∞∑
k=0

(−1)k

k! Γ(k + ν + 1)

(z
2

)ν+2k

is the Bessel function of the first kind. The Plancherel theorem for the Hankel transform states that Fν extends
to an isometric isomorphism of L2(R+) onto itself. And the inverse Hankel transform has the symmetric form
(see, for example, [40])

f(x) :=

∫ ∞

0

√
xyJν(xy)Fν(f)(y)dy, x ∈ R+.

The spectral theory of the Schrödinger operator Hν has been studied explicitly in [8], and the authors provide
an explicit spectral representation of Hν in terms of the Hankel transform Fν , as presented in the following
lemma.

Lemma 2.1. [8], Theorem 5.2 Let ν ≥ 0. The Hankel transform Fν is a unitary involution on L2(0,∞)
diagonalizing the operator Hν , more precisely

FνHνF
−1
ν = Q2, (2.4)

where the multiplication operator Q2 is defined by Q2f(x) = x2f(x).

With Lemma 2.1 in hand, we can derive the integral representation of the unitary group e−itHν . The proof
of the following result can be found in the proof of Theorem 2.4 in [41], which establishes a dispersive estimate
for equation (1.1).

Lemma 2.2. For every ν ≥ 0, let t > 0. Then for every f ∈ L2(R+), we have

(e−itHνf)(x) =
1

2it

∫ ∞

0

√
xyJν

(xy
2t

)
e−

x2+y2

4it e
−iνπ

2 f(y)dy

= (2t)−
1
2 e−

i(ν+1)π
2 e−

x2

4itFν(e
− y2

4it f(y))(x/2t).

(2.5)
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Proof. Let f ∈ L1(R+) ∩ L2(R+) with compact support. By the spectral theorem in [42], Theorem 3.1

(e−itHνf)(x) = lim
ε→0+

(e−(ε+it)Hνf)(x).

In view of (2.4), we thus get

lim
ε→0+

(e−(ε+it)Hνf)(x) = lim
ε→0+

(
F−1
ν

(
e−(ε+it)p2

Fνf(p)
))

(x)

= lim
ε→0+

∫ ∞

0

√
xpJν(xp)e

−(ε+it)p2

Fν(f)(p)dp

= lim
ε→0+

∫ ∞

0

√
xp Jν(xp) e

−(ε+it)p2

(∫ ∞

0

√
py Jν(py) f(y) dy

)
dp

= lim
ε→0+

∫ ∞

0

√
x

(∫ ∞

0

√
p Jν(xp) e

−(ε+it)p2 √
py Jν(py) dp

)
f(y) dy

= lim
ε→0+

1

2(ε+ it)

∫ ∞

0

√
xyIν

(
xy

2(ε+ it)

)
e−

x2+y2

4(ε+it) f(y)dy,

(2.6)

where Iν(z) = e−iνπ/2Jν(iz) is the modified Bessel function of the first kind (see [43], Eq. (9.6.3)). The last
equality follows from the following equation in [44], p. 51,

Fν

(√
x e−βx2

Jν(ax)
)
(y) =

√
y

2β
exp

(
−a

2 + y2

4β

)
Iν

(
ay

2β

)
, for Reβ > 0, Re ν > −1. (2.7)

Here, Re denotes the real part of a complex number. Moreover, from [43], equation (9.6.18), it follows that

the function Iν

(
xy

2(ε+it)

)
e−

x2+y2

4(ε+it) is bounded on every compact interval uniformly with respect to ε > 0. Since

the support of f is compact, we can use the dominated convergence theorem and interchange the limit and
integration in (2.6). Taking the limit ε → 0 and using the identity Iν(z) = e−iνπ/2Jν(iz), and then using the
definition of the Hankel transform Fν , we obtain (2.5) for f ∈ L1(R+) ∩ L2(R+) with compact support. For
f ∈ L2(R+), equation (2.5) is understood in the following sense:

(e−itHνf)(x) =
1

2it
lim

R→∞

∫ R

0

√
xyJν

(xy
2t

)
e−

x2+y2

4it e
−iνπ

2 f(y)dy,

where the limit is taken in the L2-norm as R tends to infinity (see also [39], p. 11). Thus, (2.5) is established
for all functions in L2(R+). This ends the proof of Lemma 2.2.

To proceed, we need to introduce the modified Hankel transform Mν . For 1 ≤ p <∞ and ν ≥ 0, we denote
by Lp

ν(R+) the Banach space consisting of measurable functions f on R+ equipped with the norm

∥f∥Lp
ν(R+) :=

(∫ ∞

0

|f(x)|p dµν(x)

)1/p

,

where dµν(x) = x2ν+1dx. For f ∈ L1
ν(R+), the modified Hankel transform is defined by

Mν(f)(x) :=

∫ ∞

0

(xy)−νJν(xy)f(y)dµν(y), x ∈ R+.
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It is well known that Mν extends to an isometric isomorphism of L2
ν(R+) onto itself, with symmetric inverse:

M−1
ν =Mν (see, for example, [45]). It follows directly from the definitions of Fν and Mν that

Fν(f)(x) = xν+
1
2Mν

(
y−ν− 1

2 f(y)
)
(x), x ∈ R+. (2.8)

3. Proofs of main theorems

In this section, we will prove Theorems 1.1–1.3.

3.1. Proof of Theorem 1.1

This subsection is devoted to proving Theorem 1.1. We start with introducing the uncertainty principle of the
modified Hankel transform Mν . Next, by the relationship (2.8), we get the uncertainty principle of the Hankel
transform Fν in Lemma 3.4. Then, in Lemma 3.5, we show the equivalence between the uncertainty principle
and the observability at two points in time. Finally, we give the proof of Theorem 1.1.

Theorem 3.1. [46] Theorem 4.3. Let A, B be a pair of measurable subsets of R+ with 0 < |A|, |B| <∞. Then
there is a positive constant C = C(ν,A,B) such that for each f ∈ L2

ν(R+),

∥f∥2L2
ν(R+) ≤ C

(
∥f∥2L2

ν(A
c) + ∥Mν(f)∥2L2

ν(B
c)

)
. (3.1)

We give two remarks on the constant C = C(ν,A,B).

Remark 3.2. It is worth noting that when ν = n
2 −1 with n = 2, 3, 4, · · · , the constant in (3.1) has the following

explicit form:

C(ν,A,B) = CeCµν(A)µν(B),

where C = C(ν) is a positive constant. In fact, recall that the Fourier transform is defined for f ∈ L1(Rn) by

f̂(ξ) = F(f)(ξ) =
1

(2π)n/2

∫
Rn

f(x)e−ix·ξdx (3.2)

and extended to L2(Rn) in the usual way. Thus, if f(x) = g(|x|) is a radial function on Rn, then F(f)(ξ) =
Mn

2 −1(g)(|ξ|). As for the Fourier transform, estimate (1.6) holds for f ∈ L2(Rn) with a constant

C(n,An, Bn) = C(n)eC(n)|An||Bn|,

where An, Bn ⊂ Rn are sets of finite Lebesgue measure. Now if we define A and B as

An = {x ∈ Rn : |x| ∈ A} and Bn = {x ∈ Rn : |x| ∈ B},

then there exists a constant C = C(n) > 0 such that

∥g∥2L2
n/2−1

(R+) ≤ CeCµn/2−1(A)µn/2−1(B)
(
∥g∥2L2

n/2−1
(Ac) + ∥Mn/2−1(g)∥2L2

n/2−1
(Bc)

)
.

Remark 3.3. Unfortunately, for general ν ≥ 0, Theorem 3.1 does not yield an explicit constant for arbitrary
finite measure sets A and B. However, when the Lebesgue measures of A and B are sufficiently small, an explicit
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estimate is available. More precisely, inspired by Lemma 4.2 in [46], if |A||B| < k−2
ν , then the constant in (3.1)

can be taken as

C(ν,A,B) = 2

(
1 +

1

1− kν
√
|A||B|

)2

,

where kν is a positive constant such that the following decay estimate holds:∣∣∣∣Jν(x)xν

∣∣∣∣ ≤ kνx
−ν− 1

2 . (3.3)

We claim that Theorem 3.1 is also true for the Hankel transform Fν .

Lemma 3.4. Let A, B be a pair of measurable subsets of R+ with 0 < |A|, |B| < ∞. Then there is a positive
constant C = C(ν,A,B) such that for each f ∈ L2(R+),

∥f∥2L2(R+) ≤ C
(
∥f∥2L2(Ac) + ∥Fν(f)∥2L2(Bc)

)
. (3.4)

Proof. Let Tνf(x) := x−ν− 1
2 f(x). Then for all f ∈ L2(R+), we have

∥Tνf∥2L2
ν(R+) = ∥f∥2L2(R+).

Define g(x) := Tνf(x) ∈ L2
ν(R+). Applying Theorem 3.1 to g, we obtain

∥g∥2L2
ν(R+) ≤ C

(
∥g∥2L2

ν(A
c) + ∥Mν(g)∥2L2

ν(B
c)

)
. (3.5)

Moreover, we observe that

∥g∥2L2
ν(R+) = ∥f∥2L2(R+), ∥g∥2L2

ν(A
c) = ∥f∥2L2(Ac).

Using the identity (2.8), we also have

∥Mν(g)∥2L2
ν(B

c) = ∥x−ν− 1
2Fν(f)∥2L2

ν(B
c) = ∥Fν(f)∥2L2(Bc).

Inserting the identities above into (3.5) completes the proof of (3.4).

Lemma 3.5. For every ν ≥ 0, let A and B be measurable subsets of R+. Then the following statements are
equivalent:
(i) There exists a positive constant C1(ν,A,B) such that for each f ∈ L2(R+),∫

R+

|f(x)|2dx ≤ C1(ν,A,B)

(∫
A

|f(x)|2dx+

∫
B

|Fν(f)(x)|2dx
)
. (3.6)

(ii) There exists a positive constant C2(ν,A,B) such that for each T > 0 and each u0 ∈ L2(R+),∫
R+

|u0(x)|2dx ≤ C2(ν,A,B)

(∫
A

|u0(x)|2dx+

∫
2TB

|u(x, T ;u0)|2dx
)
. (3.7)
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Furthermore, when one of the above two statements holds, the constants C1(ν,A,B) and C2(ν,A,B) can be
chosen to be the same number.

Proof. The proof of this lemma is the same as the proof of Lemma 2.3 in [23]. We just mention that one needs
to replace formula (2.6) in [23] with formula (2.5) in this paper.

We are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1. Let T > S ≥ 0 and let A,B be measurable sets in R+ with finite measure. By

Lemma 3.4, We have (3.6) with (A,B) replaced by
(
Ac, Bc

2(T−S)

)
and C1(ν,A,B) replaced by C

(
ν,A, B

2(T−S)

)
,

where C
(
ν,A, B

2(T−S)

)
is given in (3.4). Thus, we can apply Lemma 3.5 to get (3.7) with (A,B) replaced by(

Ac, Bc

2(T−S)

)
and C2(ν,A,B) replaced by C

(
ν,A, B

2(T−S)

)
. So we have

∫
R+

|u0(x)|2dx ≤ C

(
ν,A,

B

2(T − S)

)(∫
Ac

|u0(x)|2dx+

∫
Bc

|u(x, T − S;u0)|2dx
)
. (3.8)

Finally, by (3.8), we get∫
R+

|u(x, S;u0)|2dx ≤ C

(
ν,A,

B

2(T − S)

)(∫
Ac

|u(x, S;u0)|2dx+

∫
Bc

|u(x, T ;u0)|2dx
)
.

By the conservation law for the Schrödinger equation, we get the inequality (1.9) in Theorem 1.1.
The conclusions (i) and (ii) of Theorem 1.1 follow directly from Lemma 3.4 and Lemma 3.5, in combination

with Remark 3.2 and Remark 3.3, respectively. For (ii), we only need to give an estimate of the constant kν
appearing in inequality (3.3). In fact, it is well-known that the Bessel function has the following estimate (see
[47], Appendix B.7). When ν > 1/2, we have

|Jν(x)| ≤ 2
(x/2)ν

Γ(ν + 1
2 )Γ(

1
2 )

2ν−
3
2

(
Γ(2ν)

x2ν
+ 2ν

Γ(ν + 1
2 )

xν+
1
2

)
.

When 1/2 ≥ ν ≥ 0, we have

|Jν(x)| ≤ 2
(x/2)ν

xν+
1
2Γ( 12 )

.

These estimates yield that for ν ≥ 0 and x ≥ 1, we get

|Jν(x)| ≤ 2

(
Γ(2ν)

Γ(ν + 1
2 )

+ 2ν
)
x−

1
2 . (3.9)

For ν ≥ 0 and 0 < x < 1, by (3.23) below, we know that

|Jν(x)| ≤ x−
1
2 .

This, along with (3.9) indicates that we can take kν = 2
(

Γ(2ν)

Γ(ν+ 1
2 )

+ 2ν
)
.

Finally, we prove the conclusion (iii) of Theorem 1.1. The proof presented here is inspired by the approach
used in [28], Theorem 1.1. Let U(t) = e−itHν be the unitary group given by the equation (1.1). In other words,
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the solution of (1.1) can be written as

u(x, t) = U(t)u0(x), x ∈ R+, t ∈ [0,∞).

Then, we have∫
R+

|u(x, T − S)|2dx ≤ 2

∫
R+

|U(T − S)(χ(0,a](x)u0(x))|2dx+ 2

∫
R+

|U(T − S)(χ(0,a]c(x)u0(x))|2dx. (3.10)

For the first term, by Theorem 1.4(ii) (the theorem will be proved later), we get∫
R+

|U(T − S)(χ(0,a](x)u0(x))|2dx

≤ eC(1+ ab
T−S )(

∫
(0,b]c

|U(T − S)(χ(0,a](x)u0(x))|2dx)

≤ 2eC(1+ ab
T−S )

(∫
(0,b]c

|u(x, T − S)|2dx+

∫
(0,b]c

|U(T − S)(χ(0,a]c(x)u0(x))|2dx

)
,

(3.11)

where C = C(ν) > 0 .
Inserting (3.11) into (3.10), we have

∫
R+

|u(x, T − S)|2dx ≤ CeC(1+ ab
T−S )

(∫
(0,b]c

|u(x, T − S)|2dx+

∫
R+

|U(T − S)(χ(0,a]c(x)u0(x))|2dx

)
. (3.12)

By (3.12) and the conservation law, we have

∫
R+

|u(x, T )|2dx ≤ CeC(1+ ab
T−S )

(∫
(0,b]c

|u(x, T )|2dx+

∫
(0,a]c

|u(x, S)|2dx

)
.

Thus, the above leads to (1.12) and ends the proof of (iii).

Remark 3.6. For a subset A ⊂ R+, we denote A2 = {x2 : x ∈ A}. We can reformulate the uncertainty principle
(3.4) as an estimate involving two projection operators on L2(R+); that is, there exists a positive constant
C = C(ν,A,B) such that for each u ∈ L2(R+),

∥u∥2L2(R+) ≤ C
(
∥χAc(x)u∥2L2(R+) + ∥χ(Bc)2(Hν)u∥2L2(R+)

)
, (3.13)

where χ(Bc)2(Hν) denotes the spectral projection operator associated with Hν , defined via the spectral theorem
[48], Theorem VIII.4 and Lemma 2.1 as

χ(Bc)2(Hν)u = Fν

(
χ(Bc)2(ξ

2)Fν(u)(ξ)
)
. (3.14)

Now, it is straightforward to see that

∥χ(Bc)2(Hν)u∥2L2(R+) = ∥Fν

(
χ(Bc)2(ξ

2)Fν(u)(ξ)
)
∥2L2(R+)

= ∥χ(Bc)2(ξ
2)Fν(u)(ξ)∥2L2(R+)

= ∥Fν(u)∥2L2(Bc).
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In [27], an uncertainty estimate was established for Schrödinger operator with inverse-square potentials in
dimensions n ≥ 3. Precisely, when n ≥ 3, Corollary 2.4 in [27] states that for H = −∆+ V with V = λ

|x|2 , and

λ > − (n−2)2

4 , then for any R > 0, there exist constants C > 0 and δ > 0 such that

∥u∥2L2(Rn) ≤ C
(
∥χAc(|x|)u∥2L2(Rn) + ∥χ(Bc)2(H)u∥2L2(Rn)

)
, ∀u ∈ L2(Rn), (3.15)

where A = (0, R], B = (0,
√
δR−1]. Compared (3.13) with (3.15), we can see that (3.15) is restricted to the

subcritical Hardy potential and the special case A = (0, r1], B = (0, r2], with r1 = R and r2 =
√
δR−1, indicating

that r1 and r2 are not independent. However, (3.13) allows for any measurable subset A, B ⊂ R+ with finite
Lebesgue measure, including the critical Hardy potential. Furthermore, while taking A = (0, r1], B = (0, r2] in
(3.13), where r1 and r2 can be taken independently, the constant C in (3.13) has the explicit form C(ν)eC(ν)r1r2 ,
as seen in the conclusion (iii) of Theorem 1.1. In contrast, the constant in their high-dimensional estimate (3.15)
is less precise, since there is an implicit parameter δ. Finally, we should point out that it is unknown whether
an observability inequality at two time points can be directly deduced from the uncertainty estimate (3.15) for
the Schrödinger equation with inverse-square potentials in higher dimensions.

Remark 3.7. We now make additional remarks regarding the two-dimensional case. Consider the operator
−∆+ a

|x|2 , defined on C∞
c (R2 \ {0}) for a > 0, and let La denote its Friedrichs extension, as studied in [49, 50].

For technical reasons, the methods in [27] fail to establish an analogue of the estimate (3.15) for La. Indeed,
the proof of the uncertainty estimate (3.15) in [27] relies on two key tools: First, a Hardy-type inequality:

∥|x|−1(−∆)−
1
2 ∥L2→L2 ≤ C, (3.16)

and second, the L2-boundedness of the Riesz-type operator:

∥(−∆)
1
2H− 1

2 ∥L2→L2 ≤ C,

where C denotes a generic constant. While the L2-boundedness of the analogous operator (−∆)
1
2L− 1

2
a still holds

(see [50], Prop. 1.4), the Hardy-type inequality (3.16) fails in two dimensions (see, for example, [50], Rem. 1.6
and [5]). Therefore, proving the two-dimensional analogue of (3.15) requires a more delicate analytical approach
than in dimensions three and higher, as we have done in the one-dimensional case.

3.2. Proofs of Theorems 1.2 and 1.3

The proofs of Theorems 1.2 and 1.3 are mainly based on an interpolation inequality (see Lem. 3.11 below).
To proceed, we first present the following two lemmas. Lemma 3.8 below is a modified version of Theorem 1.3
in [51].

Lemma 3.8. Let f be analytic on [a, b], with b > a ≥ 0. Let E be a subinterval of [a, b]. Assume that there exist
positive constants M and ρ such that∣∣∣∣dkf(x)dxk

∣∣∣∣ ≤Mk!(ρ(b− a))−k, for all x ∈ [a, b], k ∈ N.

Then there are constants N = N(ρ, ν, |E|
b−a ) > 0 and γ = γ(ρ, ν, |E|

b−a ) ∈ (0, 1) such that

∥f∥L∞([a,b]) ≤ N

(
1

µν(E)

∫
E

|f |dµν(x)

)γ

M1−γ . (3.17)



OBSERVABILITY AND UNIQUE CONTINUATION INEQUALITIES FOR THE SCHRÖDINGER EQUATIONS 15

Proof. Define the linear transform Ax = (b − a)x + a and let G(x) = f ◦ A(x). Set E0 = A−1E. Then G(x)

is analytic in [0, 1], and |E0| = |E|
b−a . By Lemma 3.3 in [51], there exist constants N = N(ρ, |E|

b−a ) > 0, and

γ = γ(ρ, |E|
b−a ) ∈ (0, 1) such that

∥f∥L∞([a,b]) ≤ N(∥f∥L∞(E))
γM1−γ . (3.18)

Define

E1 =

{
x ∈ E :

|f(x)|
2

≤ 1

µν(E)

∫
E

|f |dµν(x)

}
.

Then we have

|E1| ≥
|E|

4(ν + 1)
, ∥f∥L∞(E1) ≤

2

µν(E)

∫
E

|f |dµν(x). (3.19)

In fact, ∫
E\E1

|f |dµν(x) ≥
∫
E\E1

(
2

µν(E)

∫
E

|f |dµν(x)

)
dµν(x) =

2µν(E\E1)

µν(E)

∫
E

|f |dµν(x).

Then we obtain µν(E\E1) ≤ µν(E)
2 , which implies µν(E1) ≥ µν(E)

2 . Since E ⊂ [a, b] is an interval, denote
E = [a1, b1], we thus get ∫

E1

x2ν+1dx ≥ 1

2

∫
[a1,b1]

x2ν+1dx. (3.20)

Since x2ν+1 is monotonically increasing with respect to x and E1 ⊂ [a1, b1], the left hand of (3.20) is controlled
by
∫
E1
b2ν+1
1 dt, i.e.,

∫
E1

b2ν+1
1 dx ≥

∫
E1

x2ν+1dx. (3.21)

The right hand of (3.20) is equal to

b2ν+2
1 − a2ν+2

1

4(ν + 1)
. (3.22)

Combining (3.21) and (3.22), we obtain

∫
E1

dx ≥ 1

4(ν + 1)

b2ν+2
1 − a2ν+2

1

b2ν+1
1

.

Noting that

a2ν+2
1

b2ν+1
1

≤ a2ν+2
1

a2ν+1
1

,
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we get ∫
E1

dx ≥ 1

4(ν + 1)
(b1 − a1) ⇔ |E1| ≥

1

4(ν + 1)
|E|.

This completes the proof of (3.19). Finally, applying (3.18) to the set E1 and using (3.19), we deduce the
inequality (3.17).

Remark 3.9. Fix ν ≥ 0 and let E = [a, b] ⊂ R+. We consider both the Lebesgue measure and the µν-measure
of E. Using the inequality xp + yp ≤ (x + y)p for x, y ≥ 0 and p ≥ 1, we obtain |E|2(ν+1) ≤ 2(ν + 1)µν(E).
However, the converse inequality does not generally hold unless b ≥ 2a > 0. In fact, when y ≥ x > 0 and p ≥ 1,
we have the inequality (x+ y)p ≤ 2p(xp + yp) ≤ 2p+1yp + xp, which implies

b2(ν+1) − a2(ν+1)

2(ν + 1)
≤ 22ν+3(b− a)2(ν+1)

2(ν + 1)
,

when b ≥ 2a > 0, that is,

µν(E) ≤ 22ν+3|E|2(ν+1)

2(ν + 1)
.

Lemma 3.10. For every ν ≥ 0 and every nonnegative integer k ∈ N, we have the estimate∣∣∣∣ ∂k∂xk
(
Jν(xy)

(xy)ν

)∣∣∣∣ ≤ yk, x, y ∈ R+. (3.23)

Proof. By the Poisson representation formula (see [47], Appendix B.1), we have

Jν(xy)

(xy)ν
=

1

2νΓ(ν + 1
2 )Γ(

1
2 )

∫ +1

−1

eixys(1− s2)ν
ds√
1− s2

.

Then for every nonnegative integer k ∈ N, we get∣∣∣∣ ∂k∂xk
(
Jν(xy)

(xy)ν

)∣∣∣∣ = ∣∣∣∣ yk

2νΓ(ν + 1
2 )Γ(

1
2 )

∫ +1

−1

(is)keixys(1− s2)ν
ds√
1− s2

∣∣∣∣
≤ yk

2νΓ(ν + 1
2 )Γ(

1
2 )

∣∣∣∣∫ +1

−1

(1− s2)νds√
1− s2

∣∣∣∣ = ykΓ(ν + 1
2 )Γ(

1
2 )

2νΓ(ν + 1
2 )Γ(

1
2 )Γ(ν + 1)

=
yk

2νΓ(ν + 1)
≤ yk, for every x, y ∈ R+, and ν ≥ 0.

Next, we show an interpolation inequality for a class of L2-functions whose Hankel transforms have compact
supports. For the subsequent lemma, we denote the closed half-line by R+ := [0,∞).

Lemma 3.11. Given any intervals A = [a1, a2] ⊂ R+ and B = [b1, b2] ⊂ R+, a = a2 − a1 > 0, b = b2 − b1 > 0
and any constant λ > 0. Then for each f ∈ L2(R+) with Fν(f) ∈ C∞

0 (R+), there exist constants C = C(ν) > 0
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and θ = θ(ν) ∈ (0, 1) such that∫
A

|f(x)|2dx ≤ C(a
2(ν+1)
2 − a

2(ν+1)
1 )(λ−2(ν+1) + b−2(ν+1))

×
(∫

B

|f(x)|2dx
)θp (∫

R+

|Fν(f)(y)|2eλydy
)1−θp

,

(3.24)

where p := 1 +
|x0−x1|+ a

2+
b
2

λ∧ b
2

, x0 and x1 are the centers of A and B, respectively.

Proof. We organize the proof by two steps.
Step 1. We show that (3.24) holds for λ = 1.
For Fν(f) ∈ C∞

0 (R+), we have

f(x) =

∫
R+

√
xyJν(xy)Fν(f)(y)dy,

then

x−ν−1/2f(x) =

∫
R+

Jν(xy)

(xy)ν
Fν(f)(y)y

ν+1/2dy.

Now let g(x) = x−ν−1/2f(x) and we know that g(x) is an analytic even function on the whole line R (see [46]),
and for each k ∈ N,

dkg(x)

dxk
=

∫
R+

∂k

∂xk

(
Jν(xy)

(xy)ν

)
Fν(f)(y)y

ν+1/2dy.

Hence, by the Hölder inequality, for each k ∈ N,

∥∥∥∥dkgdxk

∥∥∥∥
L∞(R+)

≤

√∫
R+

∣∣∣∣ ∂k∂xk
(
Jν(xy)

(xy)ν

)∣∣∣∣2 e−yy2ν+1dy

√∫
R+

|Fν(f)|2eydy

≤

√√√√√∫
R+

∣∣∣∣ ∂k∂xk
(
Jν(xy)

(xy)ν

)∣∣∣∣4 e−ydy

√∫
R+

e−yy4ν+2dy

√∫
R+

|Fν(f)|2eydy,

then by (3.23), we have

∥∥∥∥dkgdxk

∥∥∥∥
L∞(R+)

≤

√√√√√∫
R+

y4ke−ydy

√∫
R+

e−yy4ν+2dy

√∫
R+

|Fν(f)|2eydy

= Γ(4ν + 3)
1
4 (4k!)

1
4

√∫
R+

|Fν(f)|2eydy.

We next claim that there is an absolute constant C > 1 such that

(4k!)
1
4 ≤ k!Ck, for all k ∈ N.
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When k = 0, the above estimate clearly holds. We therefore consider the case k ∈ N+. In fact, using Stirling’s
approximation for factorials

ln(m!) = m lnm−m+O(lnm), ∀m ∈ N+,

we see that for all k ∈ N+,

ln((4k!)
1
4 ) =

1

4
(4k ln(4k)− 4k +O(ln(4k))) = ln k! + k ln 4 +O(ln k).

Thus, there exists an absolute constant C > 1 such that

(4k!)
1
4 ≤ exp(ln k! + k lnC) = k!Ck, for all k ∈ N+.

By this, we get

∥∥∥∥dkgdxk

∥∥∥∥
L∞(R+)

≤ Γ(4ν + 3)
1
4 k!Ck

√∫
R+

|Fν(f)|2eydy.

Let A = [a1, a2] ⊂ R+ and B = [b1, b2] ⊂ R+ be two intervals. Denote by x0 and x1 the centers of A and B,
respectively, and set a := a2 − a1, b := b2 − b1 as their lengths. For any r > 0, we use Br(x) to denote a closed
interval centered at x with length 2r.

Define

M = Γ(4ν + 3)
1
4

√∫
R+

|Fν(f)(y)|2ey dy, r0 =
C−1 ∧ b

2

5
< 1, (3.25)

we obtain that ∣∣∣∣dkgdxk

∣∣∣∣ ≤M
k!

(5r0)k
, x ∈ B4r0(x1).

Then by Lemma 3.8, there exist constants C1 = C1(ν) > 0 and θ = θ(ν) ∈ (0, 1) such that

∥g∥L∞(B2r0
(x1)) ≤ C1M

1−θ(µν(Br0(x1))
−1∥g∥L1

ν(Br0
(x1)))

θ.

The Hölder inequality yields

∥g∥L∞(B2r0 (x1)) ≤ C1M
1−θ(µν(Br0(x1))

− 1
2 ∥g∥L2

ν(Br0 (x1)))
θ.

Since Br0(x1) ⊂ B and ∥g∥L2
ν(Br0

(x1)) = ∥f∥L2(Br0
(x1)), we have

∥g∥L∞(B2r0 (x1)) ≤ C1M
1−θ(µν(Br0(x1))

− 1
2 ∥f∥L2(B))

θ.

Just as in the proof in [23], let Dr(z) denote the closed disk in the complex plane, centered at z with radius
r. It is clear that Dr0((m + 1)r0) ⊂ D2r0(mr0), m ∈ N+. Define G(s) = 1

M g(x1 + s), s ∈ R+. Then G can be
extended to an analytic function on

Ωr0 := {x+ iy ∈ C : x, y ∈ R, |y| < 5r0}.
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In addition, G has the property that ∥G∥L∞(Ωr0
) ≤ 1. The function G(4r0z) is analytic on D1(0) and

sup
z∈D1(0)

|G(4r0z)| ≤ 1. Then apply Lemma 3.2 in [51] to find that there are constants C2 > 0 and θ1 ∈ (0, 1)

such that

sup
z∈D1/2(0)

|G(4r0z)| ≤ C2 sup
x∈R,|x|≤1/5

|G(4r0x)|θ1 .

We obtain

∥G∥L∞(D2r0 (0))
≤ C2

(
1

M
∥g∥L∞(B2r0 (x1))

)θ1

,

then we have

∥G∥L∞(D2r0 (0))
≤ C2C

θ1
1 µν(Br0(x1))

−θθ1/2

(
1

M
∥f∥L2(B)

)θθ1

. (3.26)

Meanwhile, we can apply the Hadamard three-circle theorem to deduce that for each m ∈ N+,

∥G∥L∞(D2r0
(mr0)) ≤ ∥G∥1/2L∞(Dr0

(mr0))
∥G∥1/2L∞(D4r0

(mr0))
≤ ∥G∥1/2L∞(Dr0

(mr0))
.

We see that for each m ∈ N+,

∥G∥L∞(Dr0
((m+1)r0)) ≤ ∥G∥L∞(D2r0

(mr0)) ≤ ∥G∥1/2L∞(Dr0
(mr0))

,

which implies that for each m ∈ N+,

∥G∥L∞(Dr0 ((m+1)r0)) ≤ ∥G∥1/2L∞(Dr0 (mr0))
≤ · · · ≤ ∥G∥(1/2)

m

L∞(Dr0 (r0))
.

This yields

∥G∥L∞(∪1≤m≤nDr0
(mr0)) = sup

1≤m≤n
∥G∥L∞(Dr0

(mr0)) ≤ sup
1≤m≤n

∥G∥(1/2)
m−1

L∞(Dr0
(r0))

≤ sup
1≤m≤n

∥G∥(1/2)
n−1

L∞(Dr0
(r0))

≤ ∥G∥(1/2)
K

L∞(Dr0
(r0))

,
(3.27)

where n is the integer such that

nr0 ≥ |x0 − x1|+
a

2
+
b

2
> (n− 1)r0, (3.28)

and

K =
|x0 − x1|+ a

2 + b
2

r0
.
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Because it follows from (3.28) that[
0, |x0 − x1|+

a

2
+
b

2

]
⊂

⋃
1≤m≤n

Dr0(mr0)) and Dr0(r0) ⊂ D2r0(0),

we see from (3.27) that for all s ∈ [0, |x0 − x1|+ a
2 + b

2 ],

|G(s)| ≤ ∥G∥L∞(∪1≤m≤nDr0
(mr0)) ≤ ∥G∥(1/2)

K

L∞(Dr0
(r0))

≤ ∥G∥(1/2)
K

L∞(D2r0
(0)). (3.29)

From (3.26) and (3.29), we find that for all s ∈ [0, |x0 − x1|+ a
2 + b

2 ],

|g(x1 + s)| =M |G(s)| ≤M∥G∥(1/2)
K

L∞(D2r0
(0))

≤M

(
C2C

θ1
1 µν(Br0(x1))

−θθ1/2

(
1

M
∥f∥L2(B)

)θθ1
)(1/2)K

=
(
C2C

θ1
1 µν(Br0(x1))

−θθ1/2
)2−K

M1−θθ1/2
K

∥f∥θθ1/2
K

L2(B) .

One can easily find that the above inequality holds for g(x1 − s), for all s ∈ [0, |x0 − x1|+ a
2 + b

2 ], too. We see
that,

sup
|x−x1|≤|x0−x1|+ a

2+
b
2

|g(x)| ≤
(
C2C

θ1
1 µν(Br0(x1))

−θθ1/2
)2−K

M1−θθ1/2
K

∥f∥θθ1/2
K

L2(B) .

Since A ⊂ {x : |x− x1| ≤ |x0 − x1|+ a
2 + b

2} ∩ R+ and

sup
{x:|x−x1|≤|x0−x1|+ a

2+
b
2}∩R+

|g(x)| ≤ sup
|x−x1|≤|x0−x1|+ a

2+
b
2

|g(x)|,

the above estimate yields∫
A

|f(x)|2dx =

∫
A

|g(x)|2dµν(x) ≤ µν(A) sup
{x:|x−x1|≤|x0−x1|+ a

2+
b
2}∩R+

|g(x)|2

≤ µν(A)
(
C2C

θ1
1 µν(Br0(x1))

−θθ1/2
)2−(K−1)

M2(1−θθ1/2
K)∥f∥2θθ1/2

K

L2(B) .

We observe that for I = [c, d] ⊂ R+,

µν([c, d]) =

∫ d

c

x2ν+1dx =
d2(ν+1) − c2(ν+1)

2(ν + 1)
.

By inequality (ap + bp) ≤ (a+ b)p, b ≥ 0, a ≥ 0, p ≥ 1, we get

d2(ν+1) − c2(ν+1)

2(ν + 1)
≥ (d− c)2(ν+1)

2(ν + 1)
i .e. µν(I) ≥

|I|2ν+2

2(ν + 1)
.



OBSERVABILITY AND UNIQUE CONTINUATION INEQUALITIES FOR THE SCHRÖDINGER EQUATIONS 21

Thus, we know that

∫
A

|f(x)|2dx ≤ µν(A)

(
C2C

θ1
1

(
(2r0)

2ν+2

2(ν + 1)

)−θθ1/2
)2−(K−1)

M2(1−θθ1/2
K)∥f∥2θθ1/2

K

L2(B)

≤ µν(A)(C2C
θ1
1 r

−(ν+1)
0 + 1)2M2(1−θθ1/2

K)∥f∥2θθ1/2
K

L2(B)

=
(a

2(ν+1)
2 − a

2(ν+1)
1 )

2(ν + 1)
(C2C

θ1
1 r

−(ν+1)
0 + 1)2M2(1−θθ1/2

K)∥f∥2θθ1/2
K

L2(B) .

Finally, noting that M ≥ ∥f∥L2(B) and r0 ≥ C−1(1∧ b
2 )

5 , we obtain

∫
A

|f(x)|2dx ≤ (a
2(ν+1)
2 − a

2(ν+1)
1 )

2(ν + 1)
(1 + C3)

2(5C)2ν+2

((
1 ∧ b

2

)−(ν+1)

+ 1

)2

M2

(
∥f∥2L2(B)

M2

)α1

≤ 4
(a

2(ν+1)
2 − a

2(ν+1)
1 )

2(ν + 1)
(1 + C3)

2(5C)2ν+222ν+2(b−2(ν+1) + 1)M2

(
∥f∥2L2(B)

M2

)α1

≤ C
2(ν+1)
4 (a

2(ν+1)
2 − a

2(ν+1)
1 )(b−2(ν+1) + 1)M2

(
∥f∥2L2(B)

M2

)α2

,

where θ2 := θθ1, α1 := θ2(
1
2 )

|x0−x1|+ a
2
+ b

2
r0 and α2 := min

{
θ2, (

1
2 )

5C
}1+ |x0−x1|+ a

2
+ b

2

1∧ b
2 .

Step 2. We show that (3.24) holds for λ > 0.
Define h(x) = λ1/2f(λx), λ > 0, x ∈ R+. It is clear that

h ∈ L2(R+) and Fν(h)(x) = λ−
1
2Fν(f)(x/λ).

Since Fν(f) ∈ C∞
0 (R+), the above implies Fν(h)(x) ∈ C∞

0 (R+). Thus, by Step 1, there exist constants C =
C(ν) > 0 and θ = θ(ν) ∈ (0, 1) such that

∫
A/λ

|h(x)|2dx ≤ C

((a2
λ

)2(ν+1)

−
(a1
λ

)2(ν+1)
)((

b

λ

)−2(ν+1)

+ 1

)

×

(∫
B/λ

|h(x)|2dx

)θp1 (∫ ∞

0

|Fν(h)(y)|2eydy
)1−θp1

,

(3.30)

where

p1 = 1 +
|x0

λ − x1

λ |+ a
2λ + b

2λ

1 ∧ b
2λ

= 1 +
|x0 − x1|+ a

2 + b
2

λ ∧ b
2

.
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From (3.30), we find that∫
A

|f(x)|2dx =

∫
A/λ

|h(x)|2dx

≤ C(a
2(ν+1)
2 − a

2(ν+1)
1 )(λ−2(ν+1) + b−2(ν+1))

(∫
B

|f(x)|2dx
)θp1 (∫

R+

|Fν(f)(y)|2eλydy
)1−θp1

.

Thus, we complete the proof of the lemma.

We omit the proofs of the following two corollaries, as they follow from the above lemma using the same
arguments as in [23], Corollaries 2.6 and 2.7.

Corollary 3.12. There exist constants C = C(ν) > 0 and θ = θ(ν) ∈ (0, 1) such that for any b, λ > 0,

∫
R+

|f(x)|2dx ≤ C

(
1 +

b2ν+2

λ2ν+2

)(∫
(0,b]c

|f(x)|2dx

)θ1+ b
λ (∫

R+

|Fν(f)(y)|2eλydy
)1−θ1+ b

λ

(3.31)

for each f ∈ L2(R+) with Fν(f) ∈ C∞
0 (R+).

Corollary 3.13. There exists a positive constant C = C(ν) such that for each b > 0 and N > 0 and all
f ∈ L2(R+) with suppFνf ⊂ [0, N ],∫

R+

|f(x)|2dx ≤ eC(1+bN)

∫
(0,b]c

|f(x)|2dx. (3.32)

With the above lemmas and corollaries in hand, we can now prove Theorems 1.2 and 1.3.

Proof of Theorem 1.2. We fix λ, b, T > 0 and u0 ∈ C∞
0 (R+). Define

f(x) := e−
ix2

4T u(x, T ;u0), x ∈ R+. (3.33)

From (2.5), we know that

(2T )
1
2 e

i(ν+1)π
2 f(x) = Fν(e

iy2

4T u0(y))(x/2T ), x ∈ R+. (3.34)

This implies that for a.e. x ∈ R+,

Fν(f)(x) =

∫ ∞

0

√
xyJν(xy)f(y)dy

= (2T )−
1
2 e−

i(ν+1)π
2

∫ ∞

0

√
xyJν(xy)(2T )

1
2 e

i(ν+1)π
2 f(y)dy

= (2T )
1
2 e−

i(ν+1)π
2

∫ ∞

0

√
2TxzJν(2Txz)(2T )

1
2 e

i(ν+1)π
2 f(2Tz)dz

= (2T )
1
2 e−

i(ν+1)π
2

∫ ∞

0

√
2TxzJν(2Txz)Fν(e

iy2

4T u0(y))(z)dz

= (2T )
1
2 e−

i(ν+1)π
2 e

iy2

4T u0(y)|y=2Tx

= (2T )
1
2 e−

i(ν+1)π
2 eiTx2

u0(2Tx).

(3.35)
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We are going to prove the conclusions (i) and (ii) of the theorem one by one. The proof of (iii) is given in
Section 5; see the proof of Theorem 5.3(ii).

(i) By Corollary 3.12, with λ replaced by 2Tλ, we obtain that there exist constants C = C(ν) > 0 and
θ = θ(ν) ∈ (0, 1) such that

∫
R+

|u(x, T ;u0)|2dx =

∫
R+

|f(x)|2dx

≤ C

(
1 +

b2ν+2

(2λT )2ν+2

)(∫
(0,b]c

|f(x)|2dx

)θ1+b/(2λT ) (∫
R+

e2Tλx|Fν(f)(x)|2dx
)1−θ1+b/(2λT )

= C

(
1 +

b2ν+2

(2λT )2ν+2

)( ∫
(0,b]c

|f(x)|2dx∫
R+ e2Tλx|Fν(f)(x)|2dx

)θ1+b/(2λT ) (∫
R+

e2Tλx|Fν(f)(x)|2dx
)

≤ C

(
1 +

b2ν+2

(λT )2ν+2

)( ∫
(0,b]c

|f(x)|2dx∫
R+ e2Tλx|Fν(f)(x)|2dx

)θ1+b/(λT ) (∫
R+

e2Tλx|Fν(f)(x)|2dx
)
.

By (3.33), (3.35), and after some computations, we find that

∫
R+

|u(x, T ;u0)|2dx ≤ C

(
1 +

b2ν+2

(λT )2ν+2

)(∫
(0,b]c

|u(x, T ;u0)|2dx

)θ1+b/(λT ) (∫
R+

eλx|u0(x)|2dx
)1−θ1+b/(λT )

.

The above inequality, along with the conservation law for the Schrödinger equation, leads to (1.13). Hence (i)
is true.

(ii) Fix β > 1 and γ ∈ (0, 1). For the function f(x) defined above, we claim there exists C = C(ν) such that

∫
R+

|f(x)|2dx ≤ Ce

(
Cβbβ

λ(1−γ)Tβ

)1/(β−1)
(∫

(0,b]c
|f(x)|2dx

)γ (∫
R+

eλ(2Tx)β |Fν(f)(x)|2dx
)1−γ

. (3.36)

In fact, for any fixed N > 0, we make the following decomposition: f = g1 + g2 in L2(R+) where

Fν(g1) := χ(0,N ]Fν(f), Fν(g2) := χ(0,N ]cFν(f).

Then by applying Corollary 3.13 to g1, we find that

∫
R+

|f(x)|2dx ≤ 2

∫
R+

|g1(x)|2dx+ 2

∫
R+

|g2(x)|2dx

≤ 2eC(1+bN)

∫
(0,b]c

|g1(x)|2dx+ 2

∫
R+

|g2(x)|2dx

≤ 4eC(1+bN)

∫
(0,b]c

(|f(x)|2 + |g2(x)|2)dx+ 2

∫
R+

|g2(x)|2dx

≤ 4eC(1+bN)

∫
(0,b]c

|f(x)|2dx+ 6eC(1+bN)

∫
R+

|g2(x)|2dx

(3.37)
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for some C > 0 depending only on ν. Meanwhile, since the Hankel transform Fν is an isometry, we get∫
R+

|g2(x)|2dx =

∫
R+

|Fν(g2)(x)|2dx =

∫
R+

|χ(0,N ]c(x)Fν(f)(x)|2dx

= e−λ(2TN)β
∫
R+

|χ(0,N ]c(x)Fν(f)(x)|2eλ(2TN)βdx.

This, together with (3.37), yields

∫
R+

|f(x)|2dx ≤ 4eC(1+bN)

∫
(0,b]c

|f(x)|2dx+ 6eC(1+bN)−λ(2TN)β
∫
R+

|Fν(f)(x)|2eλ(2Tx)βdx. (3.38)

Since it follows from the Young inequality that

CbN = [Cb((1− γ)λ(2T )β)−1/β ][((1− γ)λ(2T )β)1/βN ]

≤ (1− 1

β
)[Cb((1− γ)λ(2T )β)−1/β ]

β
β−1 +

1

β
[((1− γ)λ(2T )β)1/βN ]β

≤ [(Cb)β/((1− γ)λ(2T )β)]
1

β−1 + (1− γ)λ(2TN)β ,

we deduce from (3.38) that

∫
R+

|f(x)|2dx ≤ 6e
C+(

(Cb)β

(1−γ)λ(2T )β
)

1
β−1

(
e(1−γ)λ(2TN)β

∫
(0,b]c

|f(x)|2dx+ e−γλ(2TN)β
∫
R+

|Fν(f)(x)|2eλ(2Tx)βdx

)
.

As N was arbitrary from (0,∞), the above indicates that for all ε ∈ (0, 1),

∫
R+

|f(x)|2dx ≤ 6e
C+

(
(Cb)β

(1−γ)λ(2T )β

) 1
β−1

(
ε−(1−γ)

∫
(0,b]c

|f(x)|2dx+ εγ
∫
R+

|Fν(f)(x)|2eλ(2Tx)βdx

)
.

It is easy to check that the above inequality holds in fact for all ε > 0. Minimizing it with respect to ε > 0 leads
to (3.36). Here, we use the inequality

inf
ε>0

(ε−(1−γ)A+ εγB) ≤ 2AγB1−γ for all A,B ≥ 0.

This proves (3.36).
Finally from (3.33), (3.35) and (3.36), after some computations, we know that (ii) is true.

Proof of Theorem 1.3. Let f be as defined in the proof of Theorem 1.2. By (3.33), (3.35) and Lemma 3.11
(with λ replaced by 2λT ), we find that∫

A

|u(x, T ;u0)|2 dx =

∫
A

|f(x)|2 dx

≤ C(a
2(ν+1)
2 − a

2(ν+1)
1 )

(
(2λT )−2(ν+1) + b−2(ν+1)

)
×
(∫

B

|f(x)|2 dx
)θα1 (∫

R+

|Fν(f)(y)|2e2λTy dy

)1−θα1

≤ C(a
2(ν+1)
2 − a

2(ν+1)
1 )

(
(λT )−2(ν+1) + b−2(ν+1)

)
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×
(∫

B

|u(x, T ;u0)|2 dx
)θα1 (∫

R+

eλx|u0(x)|2 dx
)1−θα1

≤ C(a
2(ν+1)
2 − a

2(ν+1)
1 )

(
(λT )−1 + b−1

)2ν+2
∫
R+

eλx|u0(x)|2 dx
(∫

B
|u(x, T ;u0)|2 dx∫

R+ eλx|u0(x)|2 dx

)θα1

≤ 2C(a
2(ν+1)
2 − a

2(ν+1)
1 )

(
(λT ) ∧ b

)−(2ν+2)
∫
R+

eλx|u0(x)|2 dx
(∫

B
|u(x, T ;u0)|2 dx∫

R+ eλx|u0(x)|2 dx

)θα2

for some constants C = C(ν) > 0 and θ = θ(ν) ∈ (0, 1), where

α1 = 1 +
|x0 − x1|+ a

2 + b
2

(2λT ) ∧ b
2

, α2 = 1 +
|x0 − x1|+ a

2 + b
2

(λT ) ∧ b
2

.

This proves our theorem.

4. Proofs of Theorems 1.4–1.6

Theorem 1.4 is mainly based on Theorems 1.1 and 1.2. Theorem 1.5 is a consequence of Theorem 1.3. Theorem
1.6 is based on Theorem 1.3, along with an additional property of the Schrödinger equation, which is presented
in Lemma 4.2 of this paper.

Proof of Theorem 1.4. (i) The proof presented here is inspired by the approach used in [18], Theorem 1.3.
Fix b, T > 0. According to (iii) of Theorem 1.1(with a = b), there exists C = C(ν) so that when 0 ≤ s < t ≤ T ,

∫
R+

|u0(x)|2dx ≤ CeC(1+ b2

t−s )

(∫
(0,b]c

|u(x, s;u0)|2dx+

∫
(0,b]c

|u(x, t;u0)|2dx

)
. (4.1)

Since 0 ≤ s < t ≤ T , and if (s, t) ∈ [0, T/3]× [2T/3, T ], we have

(t− s) ≥ T/3. (4.2)

Integrating (4.1) with s over s ∈ [0, T/3] and t over t ∈ [2T/3, T ], using (4.2), we obtain that

(
T

3

)2 ∫
R+

|u0(x)|2dx ≤ C

∫ T

2T
3

∫ T
3

0

eC(1+ b2

T/3
)

(∫
(0,b]c

|u(x, s;u0)|2dx+

∫
(0,b]c

|u(x, t;u0)|2dx

)
dsdt

≤ CT

3
eC(1+ 3b2

T )

(∫ T
3

0

∫
(0,b]c

|u(x, s;u0)|2dxds+
∫ T

2T
3

∫
(0,b]c

|u(x, t;u0)|2dxdt

)

≤ CT

3
eC(1+ 3b2

T )

∫ T

0

∫
(0,b]c

|u(x, t;u0)|2dxdt.

From the above, we obtain∫
R+

|u0(x)|2dx ≤ 3C

T
eC(1+ 3b2

T )

∫ T

0

∫
(0,b]c

|u(x, t;u0)|2dxdt,

which implies (1.17).

We now establish the sharpness of the growth rate CeC
b2

T as T → 0. To this end, recall the Hankel transform
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identity from [44], p. 29, (10):

Fν

(
xν+

1
2 e−ax2

)
(y) =

yν+
1
2

(2a)ν+1
e−

y2

4a , Re a > 0, Re ν > −1. (4.3)

For every T > 0, consider the initial datum uT (x) = xν+
1
2 e−

x2

4T . Its L2-norm is given by ∥uT ∥2L2(R+) =

2νT ν+1Γ(ν + 1). Using (1.7) and (4.3), we obtain

u(x, t;uT ) =

(
t

T
− i

)−(ν+1)

e−
i(ν+1)π

2 e
itx2

4(t2+T2)xν+
1
2 e

− x2

4T (t2/T2+1) , |u(x, t;uT )| =
T ν+1

(t2 + T 2)
ν+1
2

xν+
1
2 e

− x2

4T (t2/T2+1) .

We now estimate both the upper and lower bounds of the double integral
∫ T

0

∫∞
b

|u(x, t;uT )|2dxdt. For the
upper bound, a straightforward calculation shows that∫ T

0

∫ ∞

b

|u(x, t;uT )|2dxdt =
∫ T

0

∫ ∞

b

T 2(ν+1)

(t2 + T 2)ν+1
x2ν+1e

− x2

2T (t2/T2+1) dxdt

≤
∫ T

0

∫ ∞

b

x2ν+1e−
x2

4T dxdt

≤ T e−
b2

8T

∫ ∞

0

x2ν+1e−
x2

8T dx

= 23ν+2T ν+2Γ(ν + 1)e−
b2

8T .

(4.4)

For the lower bound, assume b ≥
√
2T , which is a natural assumption in the regime T → 0. Then we have∫ T

0

∫ ∞

b

|u(x, t;uT )|2dxdt =
∫ T

0

∫ ∞

b

T 2(ν+1)

(t2 + T 2)ν+1
x2ν+1e

− x2

2T (t2/T2+1) dxdt

≥
∫ T

0

∫ ∞

b

T 2(ν+1)

(2T 2)ν+1
x2ν+1e−

x2

2T dxdt

= T · 2−(ν+1)

∫ ∞

b

x2ν+1e−
x2

2T dx

= T ν+2

∫ ∞

b√
2T

e−z2

z2ν+1du

≥ T ν+2 · b√
2T

∫ ∞

b√
2T

e−z2

dz.

Set z0 = b√
2T

. By applying integration by parts to the Gaussian tail integral, we obtain

∫ ∞

z0

e−z2

dz =
e−z2

0

2z0
− 1

2

∫ ∞

z0

e−z2

z−2dz ≥ e−z2
0

2z0
− 1

2z20

∫ ∞

z0

e−z2

dz.

It follows that ∫ ∞

z0

e−z2

dz ≥ z0e
−z2

0

1 + 2z20
.
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Thus, when b ≥
√
2T , we find that

∫ T

0

∫ ∞

b

|u(x, t;uT )|2dxdt ≥ T ν+2 · b2e−
b2

2T

2(b2 + T )
≥ T ν+2 · e

− b2

2T

3
. (4.5)

Combining the upper bound (4.4) and the lower bound (4.5) with the initial energy ∥uT ∥2L2(R+) =

2νT ν+1Γ(ν + 1), we conclude that

T

2νΓ(ν + 1)
· e

− b2

2T

3
≤
∫ T

0

∫∞
b

|u(x, t;uT )|2dxdt∫∞
0

|uT (x)|2dx
≤ 22(ν+1)T e−

b2

8T .

As T → 0, this ratio exhibits exponential decay of the form ∼ e−
b2

T , thereby confirming the sharpness of the

rate in the cost constant CeC
b2

T . This completes the proof of (i).
(ii) Given u0 ∈ L2(R+) with suppu0 ⊂ [0, N ]. By a standard density argument, we can apply Theorem 1.2 (i)
(with λ = b/T ) to get that for some C = C(ν) > 0 and θ = θ(ν) ∈ (0, 1),

∫
R+

|u0(x)|2dx ≤ 2C

(∫
(0,b]c

|u(x, T ;u0)|2dx

)θ2 (∫
R+

ebx/T |u0(x)|2dx
)1−θ2

≤ 2CebN(1−θ2)/T

(∫
(0,b]c

|u(x, T ;u0)|2dx

)θ2 (∫
R+

|u0(x)|2dx
)1−θ2

.

(4.6)

This implies that

∫
R+

|u0(x)|2dx ≤ (2C)
1
θ2 ebN(1−θ2)/Tθ2

∫
(0,b]c

|u(x, T ;u0)|2dx.

Hence, we end the proof of (ii).

We recall Lemma 3.1 from [23], which will be used in the proofs of Theorems 1.5 and 1.6.

Lemma 4.1. Let x, θ ∈ (0, 1).
(i) For each a > 0,

∞∑
k=1

xθ
k

e−ak ≤ ea

| ln θ|
Γ

(
a

| ln θ|

)
| lnx|−a/| ln θ|. (4.7)

(ii) For each ε > 0 and α > 0,

∞∑
k=1

xθ
k

k−1−ε ≤ 4

ε
αεeε ln ε+ε+eα−1θ−1

(ln(α| lnx|+ e))−ε. (4.8)
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Proof of Theorem 1.5. When u0 = 0, (1.20) holds clearly for all ε ∈ (0, 1). We now fix u0 ∈ C∞
0 (R+)\{0}.

For convenience, we define

A1 :=

∫
R+

eλ1x|u0(x)|2 dx, B1 :=

∫
B

|u(x, T ;u0)|2 dx,

Rλ2
:=

∫
R+

e−λ2x|u(x, T ;u0)|2 dx.

The proof of (1.20) is divided into several steps.

Step 1. There exist positive constants C1(ν) and C2(ν) such that

Rλ2
≤ C3(x0, b, λ1, λ2, T )

(
ln
A1

B1

)−C2λ2((λ1T )∧ b
2 )

A1, (4.9)

where

C3(x0, b, λ1, λ2, T ) := 1 + C1Γ

(
C2λ2

(
(λ1T ) ∧

b

2

))
× exp

(
λ−1
2

(
(λ1T ) ∧

b

2

)−1

+ λ2

(
x0 +

b

2

))
. (4.10)

According to Theorem 1.3 (with (x0, x1,
a
2 ,

b
2 ) replaced by (2(k − 1)λ−1

2 + λ−1
2 , x0, λ

−1
2 , b2 ) with k ∈ N+), we

notice that∫
R+

e−λ2x|u(x, T ;u0)|2dx

≤
∞∑
k=1

∫
2(k−1)λ−1

2 <x<2kλ−1
2

e−2(k−1)|u(x, T ;u0)|2dx

≤ C((λ1T ) ∧ b)−(2ν+2)


∞∑
k=1

e−2k+2
(
(2kλ−1

2 )2ν+2 − (2(k − 1)λ−1
2 )2ν+2

)(B1

A1

)θ
1+

|x0−(2k−1)λ
−1
2 |+λ

−1
2 + b

2
(λ1T )∧ b

2

A1

≤ C((λ1T ) ∧ b)−(2ν+2)


∞∑
k=1

e−2k+2(2kλ−1
2 )2ν+2

(
B1

A1

)θ
1+

|x0−(2k−1)λ
−1
2 |+λ

−1
2 + b

2
(λ1T )∧ b

2

A1

≤ C(2λ−1
2 )2ν+2(2ν + 2)2ν+2((λ1T ) ∧ b)−(2ν+2)e2


∞∑
k=1

e−k

(
B1

A1

)θ
1+

|x0−(2k−1)λ
−1
2 |+λ

−1
2 + b

2
(λ1T )∧ b

2

A1

≤ C(2λ−1
2 )2ν+2(2ν + 2)2ν+2((λ1T ) ∧ b)−(2ν+2)e2


∞∑
k=1

e−k

(
B1

A1

)θ
1+

x0+2kλ
−1
2 + b

2
(λ1T )∧ b

2

A1

(4.11)
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for some θ ∈ (0, 1) and C > 0 depending only on ν. In the fourth inequality, we used the fact that k ≤ nek/n

for all k ∈ N+. The last inequality is due to B1 < A1 (which follows from the definitions of A1 and B1, the
conservation law for the Schrödinger equation and the fact that u0 ̸= 0).
Now, we apply (4.7) in Lemma 4.1 with

(a, x, θ) = (1, (B1/A1)
θ
1+

x0+ b
2

(λ1T )∧ b
2 , θ

2

λ2((λ1T )∧ b
2
) )

to get

∞∑
k=1

e−k

(
B1

A1

)θ
1+

x0+2kλ
−1
2 + b

2
(λ1T )∧ b

2

≤
eλ2((λ1T ) ∧ b

2 )

2| ln θ|
Γ

(
λ2((λ1T ) ∧ b

2 )

2| ln θ|

)(
θ
1+

x0+ b
2

(λ1T )∧ b
2

∣∣∣∣ln B1

A1

∣∣∣∣
)−λ2((λ1T )∧ b

2
)

2| ln θ|

.

This, along with (4.11) and the facts that xa ≤ ([a] + 1)!ex for all x > 0, a > 0 where [a] is the integral part of
a, imply that

∫
R+

e−λ2x|u(x, T ;u0)|2dx

≤ C(2λ−1
2 )2ν+2

(
2ν + 2

(λ1T ) ∧ b

)2ν+2

e3
λ2((λ1T ) ∧ b

2 )

| ln θ|
Γ

(
λ2
(
(λ1T ) ∧ b

2

)
2| ln θ|

)(
θ
1+

x0+ b
2

(λ1T )∧ b
2

∣∣∣∣ln B1

A1

∣∣∣∣
)−λ2((λ1T )∧ b

2
)

2| ln θ|

A1

≤ C22ν+2e3

| ln θ|
(2ν + 2)2ν+2(λ2((λ1T ) ∧

b

2
))−(2ν+2)+1e

λ2
2 ((λ1T )∧ b

2+x0+
b
2 )Γ

(
λ2((λ1T ) ∧ b

2 )

2| ln θ|

)(
ln
A1

B1

)−λ2((λ1T )∧ b
2
)

2| ln θ|

A1

≤ C22ν+2e3

| ln θ|
(2ν + 2)2ν+2([2ν + 1] + 1)!eλ

−1
2 ((λ1T )∧ b

2 )
−1+λ2(x0+

b
2 )Γ

(
λ2((λ1T ) ∧ b

2 )

2| ln θ|

)(
ln
A1

B1

)−λ2((λ1T )∧ b
2
)

2| ln θ|

A1.

This leads to (4.9).

Step 2. (1.20) holds for λ2 ≤ 1
C2((λ1T )∧ b

2 )
.

First, we claim that for each ε ∈ (0, 1),

Rλ2 ≤ C3(εA1 + εeε
− 1

C2λ2((λ1T )∧ b
2
)

B1), (4.12)

where C3 = C3(x0, b, λ1, λ2, T ) is given by (4.10). Indeed, if Rλ2
≤ C3εA1, (4.12) is obvious. So we only consider

the case: Rλ2 > C3εA1. In this case, we have the following observation:

0 < ε <
Rλ2

C3A1
< 1. (4.13)
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Besides, two facts are given in order. First, since λ2 ≤ 1
C2((λ1T )∧ b

2 )
, the function x → xex

− 1

C2λ2((λ1T )∧ b
2
)

is

decreasing on (0, 1). This, along with (4.13), indicates that

Rλ2

C3A1
e

(
Rλ2
C3A1

)− 1

C2λ2((λ1T )∧ b
2
)

≤ εeε
− 1

C2λ2((λ1T )∧ b
2
)

. (4.14)

Second, since the function f(x) = ex
− 1

C2λ2((λ1T )∧ b
2
)

is decreasing on (0,∞) and its inverse is the function g(x) :=

(lnx)−C2λ2((λ1T )∧ b
2 ), we deduce from (4.9) that

A1

B1
= f

(
g

(
A1

B1

))
≤ f

(
Rλ2

C3A1

)
= e

(
Rλ2
C3A1

)− 1

C2λ2((λ1T )∧ b
2
)

. (4.15)

According to (4.14) and (4.15), we have

Rλ2
= C3

Rλ2

C3A1

A1

B1
B1 ≤ C3

 Rλ2

C3A1
e

(
Rλ2
C3A1

)− 1

C2λ2((λ1T )∧ b
2
)

B1 ≤ C3εe
ε
− 1

C2λ2((λ1T )∧ b
2
)

B1.

Since ε ∈ (0, 1) was arbitrary, the above leads to (4.12) for Rλ2
> C3εA1. Hence, (4.12) is true.

Next, we claim that

C3(x0, b, λ1, λ2, T ) ≤ exp

{
2(C1 + C−1

2 + 1)

(
1 +

λ−1
2 + x0 +

b
2

(λ1T ) ∧ b
2

)}
. (4.16)

In fact, by some computations, we first observe that for each s ∈ (0, 1],

Γ(s) ≤ e2s
−1

. (4.17)

Since λ2 ≤ 1
C2((λ1T )∧ b

2 )
, it follows from (4.10) and (4.17) with s = C2λ2((λ1T ) ∧ b

2 ) that

C3(x0, b, λ1, λ2, T ) ≤ 1 + eC1e2C
−1
2 λ−1

2 ((λ1T )∧ b
2 )

−1

× exp(λ−1
2 ((λ1T ) ∧

b

2
)−1 + λ2(x0 +

b

2
))

≤ e· exp

(
C1 + (2C−1

2 + 1)λ−1
2 ((λ1T ) ∧

b

2
)−1 + C−1

2

x0 +
b
2

(λ1T ) ∧ b
2

)
.

This leads to (4.16).
Now, by (4.12) and (4.16), we obtain

Rλ2
≤ C4(x0, b, λ1, λ2, T )(εA1 + εeε

−1− 1

C2λ2((λ1T )∧ b
2
)

B1), (4.18)

where

C4(x0, b, λ1, λ2, T ) := C1 exp

{
2(C1 + C−1

2 + 1)(C2 + 1)

(
1 +

λ−1
2 + x0 +

b
2

(λ1T ) ∧ b
2

)}
.
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Since

εeε
−1− α

λ2((λ1T )∧ b
2
)

≤ εeε
−1− β

λ2((λ1T )∧ b
2
)

when 0 < α < β and ε ∈ (0, 1), (4.19)

it follows from the estimate (4.19) and (4.18) that (1.20) holds for λ2 ≤ 1
C2((λ1T )∧ b

2 )
.

Step 3. (1.20) holds for λ2 >
1

C2((λ1T )∧ b
2 )
.

First, by the definition of Rλ2
, we obtain that Rλ2

≤ R 1

C2((λ1T )∧ b
2
)

. Then combining (4.12) and (4.16) (with

λ2 replaced by 1
C2((λ1T )∧ b

2 )
), we notice that for each ε ∈ (0, 1),

Rλ2
≤ exp

{
2(C1 + C−1

2 + 1)

(
1 +

C2((λ1T ) ∧ b
2 ) + x0 +

b
2

(λ1T ) ∧ b
2

)}
(εA1 + εeε

−1

B1)

≤ exp

{
2(C1 + C−1

2 + 1)

(
1 + C2 +

λ−1
2 + x0 +

b
2

(λ1T ) ∧ b
2

)}
(εA1 + εeε

−1− 1

C2λ2((λ1T )∧ b
2
)

B1),

which, together with (4.19), yields (1.20) for λ2 >
1

C2((λ1T )∧ b
2 )
.

Hence, this ends the proof of Theorem 1.5.

We first prove a lemma on the regularity propagation property of the Schrödinger equation, and then use
this result to prove Theorem 1.6.

Lemma 4.2. For every ν ≥ 0, given k ∈ N+, there exists a constant C(k, ν) such that for any T > 0 and
u0 ∈ C∞

0 (R+),

∫
R+

x2k|u(x, T ;u0)|2dx ≤ C(k, ν)

(
T +

1

T

)2k (
∥u0∥2H4k(R+) +

∫
R+

x8k|u0|2dx+

∫
R+

1

x4k
|u0|2dx

)
. (4.20)

Proof. Fix k ∈ N+, T > 0 and u0 ∈ C∞
0 (R+). Based on the identity (1.7), the unitary property of the Hankel

transform, and the formula (2.4), we conclude that

∥xku(x, T ;u0)∥2L2(R+) = ∥xk(2T )− 1
2Fν(f)(x/2T )∥2L2(R+)

=

∫
R+

x2k(2T )−1|Fν(f)(x/2T )|2dx

= (2T )2k
∫
R+

x2k|Fν(f)(x)|2dx

= (2T )2k∥Fνx
kFν(f)∥2L2(R+)

= (2T )2k
∥∥∥H k

2
ν f
∥∥∥2
L2(R+)

,

(4.21)

where f := e
ix2

4T u0.
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Since the operator Hk
ν with domain C∞

0 (R+) is a polynomial in 1
x and ∂x, of degree 2k, and after some

computations, we can find that the polynomial Hk
ν is a linear combination of the monomials{

1

xr
∂sx : r + s = 2k, r, s ∈ N, r ̸= 1

}
.

From this, we see that ∫
R+

∣∣∣H k
2
ν f
∣∣∣2 dx =

∫
R+

〈
Hk

ν f, f
〉
C dx

≤ C(k, ν)
∑

r+s=2k,r ̸=1

∫
R+

∣∣∣∣〈∂sxf, 1

xr
f

〉
C

∣∣∣∣dx, (4.22)

where ⟨·, ·⟩C denotes the pointwise Hermitian inner product on C, that is, ⟨f(x), g(x)⟩C := f(x)g(x). Then by
some computations, we find that

∥∂sxf∥2L2(R+) =

∫
R+

∣∣〈∂2sx f, f〉C∣∣dx ≤ C1(s)max{T−2s, 1}
∑

0≤m+n≤2s

∫
R+

|⟨∂mx u0, xnu0⟩C|dx

≤ C2(s)max{T−2s, 1}
(
∥u0∥2H2s(R+) +

∫
R+

x4s|u0|2dx
)
.

(4.23)

From (4.21), (4.22) and (4.23), we get that∫
R+

x2k|u(x, T ;u0)|2dx = (2T )2k
∫
R+

∣∣∣H k
2
ν f
∣∣∣2 dx

≤ C(k, ν)(2T )2k
∑

r+s=2k,r ̸=1

∫
R+

∣∣∣∣〈∂sxf, 1

xr
f

〉
C

∣∣∣∣ dx
≤ C(k, ν)(2T )2k

∑
r+s=2k,r ̸=1

(∫
R+

|∂sxf |2dx+

∫
R+

∣∣∣∣ 1xr f
∣∣∣∣2 dx

)
(4.24)

≤ C(k, ν)

(
T +

1

T

)2k (
∥u0∥2H4k(R+) +

∫
R+

x8k|u0|2dx+

∫
R+

1

x4k
|u0|2dx

)
. (4.25)

This completes the proof.

Remark 4.3. Lemma 4.2 provides a quantitative estimate for the solutions of equation (1.1) for all ν ≥ 0.
In the special case ν = 1

2 , which corresponds to the free Schrödinger equation on the half-line, we can derive
the following quantitative estimate from the previous proof, by combining (4.21) and (4.23): Given k ∈ N+, for
any u0 ∈ C∞

0 (R+), let u(x, t;u0) denote the solution to equation (1.1) with ν = 1
2 , then there exists a constant

C(k) > 0 such that for any T > 0,∫
R+

x2k|u(x, T ;u0)|2dx ≤ C(k)(1 + T )2k
(
∥u0∥2H2k(R+) +

∫
R+

x4k|u0|2dx
)
.

This estimate is consistent with the quantitative estimate established in Lemma 3.2 of [23] for the free
Schrödinger equation in Rn. For general ν ≥ 0, however, the additional requirements on the regularity and
decay of the function u0 stem from inequality (4.24). It is natural to wonder if the additional requirements for
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the regularity and decay of u0, even the last term
∫
R+

1
x4k |u0|2dx can be removed. We point out that for general

ν ≥ 0, if k = 1, the estimate∫
R+

x2|u(x, T ;u0)|2 dx ≤ C(ν)(1 + T )2
(
∥u0∥2H2(R+) +

∫
R+

x4|u0|2 dx
)

holds true. This is because the Sobolev norms ∥H
1
2
ν f∥2L2(R+) and ∥(−∆)

1
2 f∥2L2(R+) are equivalent if k = 1.

However, for k ≥ 2, the equivalence of these two norms remains an open question. For more information on this
topic, we refer readers to [52–55].

Remark 4.4. The proof of this lemma borrows ideas from the proof of Lemma 3.2 in [23], with some notable
differences. Their proof relies on the commutativity of the operators (xj +2i(t− T )∂xj

)k and i∂t +∆. However,
in the presence of a potential term, it remains unclear how to construct similar commutators to obtain an
estimate like (4.20). Using the identity (1.7), we can deduce the estimate (4.20), and this method can also be
applied to prove Lemma 3.2 in [23]. It would be interesting to determine whether this quantitative estimate
holds for a general potential V . However, this is a challenging question, as both approaches may fail in this
setting. To the best of our knowledge, no such quantitative estimates exist for a general potential V .

Proof of Theorem 1.6. When u0 = 0, (1.21) holds clearly for all ε ∈ (0, 1). We now fix u0 ∈ C∞
0 (R+)\{0}.

For convenience, we define

A2 :=

∫
R+

eλx|u0(x)|2dx+ ∥u0∥2H4([ν]+3)(R+) +

∫
R+

1

x4([ν]+3)
|u0|2dx, B2 :=

∫
B

|u(x, T ;u0)|2dx,

A3 :=

∫
R+

eλx|u0(x)|2dx.

The proof of (1.21) is divided into several steps.

Step 1. There exists C0 = C0(ν) > 1 such that∫
R+

|u0(x)|2dx ≤ C1(x0, b, λ, T )
A2√

ln
(
ln A2

B2
+ e
) , (4.26)

where

C1(x0, b, λ, T ) :=

(
T +

1

T

)[ν]+3

(1 + T )4([ν]+3)eC
1+

x0+ b
2
+1

(λT )∧ b
2

0 . (4.27)

By the conservation law for the Schrödinger equation, and the Hölder inequality, we have∫
R+

|u0(x)|2dx =

∫
R+

|u(x, T ;u0)|2dx

≤
(∫

R+

(1 + x)2ν+2+2|u(x, T ;u0)|2dx
)1/2(∫

R+

(1 + x)−(2ν+2)−2|u(x, T ;u0)|2dx
)1/2

≤
(∫

R+

(1 + x)2([ν]+3)|u(x, T ;u0)|2dx
)1/2(∫

R+

(1 + x)−(2ν+2)−2|u(x, T ;u0)|2dx
)1/2

.

(4.28)

Next, the proof of (4.26) is organized in two parts.
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Part 1.1. There exists a constant C2(ν) > 1 such that∫
R+

(1 + x)−(2ν+2)−2|u(x, T ;u0)|2dx ≤ C3(x0, b, λ, T )
1

ln(ln A2

B2
+ e)

A2, (4.29)

where

C3(x0, b, λ, T ) := eC
1+

x0+ b
2
+1

(λT )∧ b
2

2 . (4.30)

By Theorem 1.3 (with (x0, x1,
a
2 ,

b
2 ) replaced by (k − 1

2 , x0,
1
2 ,

b
2 ) for k ∈ N+), we find that

∫
R+

(1 + x)−(2ν+2)−2|u(x, T ;u0)|2dx ≤
∞∑
k=1

∫
k−1≤x<k

k−(2ν+2)−2|u(x, T ;u0)|2dx

≤ C((λT ) ∧ b)−(2ν+2)
∞∑
k=1

k−2Bθ
1+

x0+k+ b
2

(λT )∧ b
2

2 A1−θ
1+

x0+k+ b
2

(λT )∧ b
2

3

≤ C((λT ) ∧ b)−(2ν+2)


∞∑
k=1

k−2

(
B2

A2

)θ
1+

x0+k+ b
2

(λT )∧ b
2

A2

(4.31)

for some C > 0 and θ ∈ (0, 1) depending only on ν. Since u0 ̸= 0, by the definitions of A2 and B2, and by the
conservation law for the Schrödinger equation, we obtain B2 < A2. Then by (4.8) in Lemma 4.1 with

(x, θ, ε, α) = ((B2/A2)
θ
1+

x0+ b
2

(λT )∧ b
2 , θ

1

(λT )∧ b
2 , 1, θ

−1−
x0+ b

2

(λT )∧ b
2 ),

to get

∞∑
k=1

k−2

(
B2

A2

)θ
1+

x0+k+ b
2

(λT )∧ b
2

≤ 4θ
−1−

x0+ b
2

(λT )∧ b
2 e1+eθ

1+
x0+ b

2
−1

(λT )∧ b
2 1

ln
(∣∣∣ln B2

A2

∣∣∣+ e
) . (4.32)

Therefore,

∫
R+

(1 + x)−(2ν+2)−2|u(x, T ;u0)|2dx ≤ 4C((λT ) ∧ b

2
)−(2ν+2)θ

−1−
x0+ b

2

(λT )∧ b
2 e1+eθ

1+
x0+ b

2
−1

(λT )∧ b
2 A2

ln
(∣∣∣ln B2

A2

∣∣∣+ e
)

≤ 4C([2ν + 2] + 1)!e
1

(λT )∧ b
2 eθ

−1−
x0+ b

2
(λT )∧ b

2 e1+eθ
1+

x0+ b
2
−1

(λT )∧ b
2 A2

ln
(∣∣∣ln B2

A2

∣∣∣+ e
)

≤ 4C([2ν + 2] + 1)!e · e(θ
−1+e+1)θ

−2
x0+ b

2
+1

(λT )∧ b
2 A2

ln
(∣∣∣ln B2

A2

∣∣∣+ e
) .

(4.33)
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The first inequality in (4.33) follows from (4.31) and (4.32), while the last two inequalities rely on the facts that

θ ∈ (0, 1) and

(
(λT ) ∧ b

2

)−(2ν+2)

≤ ([2ν + 2] + 1)!e
1

(λT )∧ b
2 ≤ ([2ν + 2] + 1)!eθ

−2 1

(λT )∧ b
2 .

Since θ ∈ (0, 1), (4.29) follows from (4.33), as also do (4.30), so we get Part 1.1.

Part 1.2. There exists a positive constant C4(ν) such that

∫
R+

(1 + x)2([ν]+3)|u(x, T ;u0)|2dx ≤ C4

(
T +

1

T

)2([ν]+3)

(1 + T )8([ν]+3)

(
1 +

(
(λT ) ∧ b

2

)−1
)8([ν]+3)

A2.

(4.34)

By Lemma 4.2 (with k = [ν] + 3), we find that

∫
R+

x2([ν]+3)|u(x, T ;u0)|2dx ≤ C41

(
T +

1

T

)2([ν]+3) (
∥u0∥2H4([ν]+3)(R+) +

∫
R+

x8([ν]+3)|u0|2dx+

∫
R+

1

x4([ν]+3)
|u0|2dx

)

for some C41 > 0 depending only on ν. It follows that

∫
R+

(1 + x)2([ν]+3)|u(x, T ;u0)|2dx ≤
∫
R+

22([ν]+3)
(
1 + x2([ν]+3)

)
|u(x, T ;u0)|2dx

≤ C42

(
T +

1

T

)2([ν]+3)
(∫

R+

|u(x, T ;u0)|2dx+ ∥u0∥2H4([ν]+3)(R+)

+

∫
R+

x8([ν]+3)|u0|2dx+

∫
R+

1

x4([ν]+3)
|u0|2dx

)
, (4.35)

for some constant C42 > 0 depending only on ν. Since

(λx)8([ν]+3) ≤ (8([ν] + 3))!eλx, x ∈ R+,

and

max{1, λ−8([ν]+3)} = max{1, (λT )−8([ν]+3)T 8([ν]+3)}

≤ (1 + T )8([ν]+3) max

{
1,

(
(λT ) ∧ b

2

)−8([ν]+3)
}

≤ (1 + T )8([ν]+3)

(
1 +

(
(λT ) ∧ b

2

)−1
)8([ν]+3)

,

this, along with (4.35), yields that
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R+(1 + x)2([ν]+3)|u(x, T ;u0)|2dx

≤ C43

(
T +

1

T

)2([ν]+3)(
∥u0∥2H4([ν]+3)(R+) +

∫
R+

λ−8([ν]+3)eλx|u0|2dx+

∫
R+

1

x4([ν]+3)
|u0|2dx

)
≤ C43

(
T +

1

T

)2([ν]+3)

max{1, λ−8([ν]+3)}A2

≤ C43

(
T +

1

T

)2([ν]+3)

(1 + T )8([ν]+3)

(
1 +

(
(λT ) ∧ b

2

)−1
)8([ν]+3)

A2

(4.36)

for some C43 > 0 depending only on ν. Hence, we get Part 1.2.

Now, by (4.29) and (4.34), we get∫
R+

|u0(x)|2dx

≤
(∫

R+

(1 + x)2([ν]+3)|u(x, T ;u0)|2dx
)1/2(∫

R+

(1 + x)−(2ν+2)−2|u(x, T ;u0)|2dx
)1/2

≤
√
C4

(
T +

1

T

)[ν]+3

(1 + T )4([ν]+3)

(
1 +

(
(λT ) ∧ b

2

)−1
)4([ν]+3)√

C3(x0, b, λ, T )
A2√

ln
(
ln A2

B2
+ e
)

≤
√
C4

(
T +

1

T

)[ν]+3

(1 + T )4([ν]+3) (4([ν] + 3))!e1+((λT )∧ b
2 )

−1√
C3(x0, b, λ, T )

A2√
ln
(
ln A2

B2
+ e
) .

(4.37)

The last inequality in (4.37) follows from the fact that x4([ν]+3) ≤ (4([ν] + 3))!ex for all x > 0. Consequently,
(4.26) follows directly from (4.37) and (4.30).

Step 2. (1.21) holds for the above-mentioned u0 and each ε ∈ (0, 1).
It suffices to show that for each ε ∈ (0, 1),

A :=

∫
R+

|u0(x)|2dx ≤ C1(εA2 + εee
ε−2

B2), (4.38)

where C1 = C1(x0, b, λ, T ) is given by (4.27). In fact, if A ≤ C1εA2, (4.38) is obvious. So we only consider the
case: A > C1εA2. In this case, two observations are given in order: First, since C1 > 1(see (4.27)), we deduce
from the definitions of A and A2 that

0 < ε <
A

C1A2
< 1. (4.39)

Since the function x 7→ xee
x−2

is decreasing on (0,1), we see from (4.39) that

A

C1A2
ee
( A

C1A2
)
−2

≤ εee
ε−2

. (4.40)
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Second, since x 7→ e−eee
x−2

is decreasing on (0,1) and because its inverse is: x 7→ 1√
ln(ln x+e)

on (1,∞), it follows

from (4.26) that

A2

B2
≤ e−eee

( A
C1A2

)
−2

. (4.41)

Now we infer from (4.40) and (4.41) that

A = C1
A

C1A2

A2

B2
B2 ≤ C1

(
A

C1A2
e−eee

( A
C1A2

)−2
)
B2 ≤ C1εe

−eee
ε−2

B2 ≤ C1εe
eε

−2

B2.

As ε ∈ (0, 1) was arbitrary, we obtain (4.38). This ends the proof of (1.21).

5. The sharpness of the main results

The purpose of this section is to show the optimality of the inequalities established in Theorem 1.1 and
Theorem 1.2.

5.1. The sharpness of Theorem 1.1

To show the sharpness of Theorem 1.1, we establish the following theorem.

Theorem 5.1. (i) For every ν ≥ 0, let A = [a1, a2] ⊂ R+, B = [b1, b2] ⊂ R+, a = a2 − a1, b = b2 − b1, and
a, b, T > 0. Then one can find a sequence {uk}k∈N+ ⊂ L2(R+) with∫

R+

|uk(x)|2dx = 1 (5.1)

such that

lim
k→∞

∫
Ac

|uk(x)|2dx = lim
k→∞

∫
B

|u(x, T ;uk)|2dx = 0. (5.2)

(ii) For every ν ≥ 0, let A = [a1, a2] ⊂ R+, B = [b1, b2] ⊂ R+, a = a2 − a1, b = b2 − b1, and a, b, S1, S2 > 0.
Then one can find a sequence {uk}k∈N+ ⊂ L2(R+) with∫

R+

|uk(x)|2dx = 1 (5.3)

such that

lim
k→∞

∫
Ac

|u(x, S1;uk)|2dx = lim
k→∞

∫ S2

0

∫
B

|u(x, t;uk)|2dxdt = 0. (5.4)

(iii) For every ν ≥ 0, each A ⊂ R+ with |Ac| > 0, and each T > 0, there is no constant C > 0 such that for
all u0 ∈ L2(R+), ∫

R+

|u0(x)|2dx ≤ C

∫
A

|u(x, T ;u0)|2dx. (5.5)
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Proof. (i) Let x0 and x1 be the centers of A and B, respectively. Choose

g ∈ C∞
0 (R+) such that ∥g∥L2(R+) = 1. (5.6)

For each k ∈ N+, we set

gk(x) := k
1
2 g(k(x− x0)), supp gk ⊂ [x0,∞). (5.7)

We define a sequence {uk} ⊂ L2(R+) as follows:

uk(x) := e−ix2/4T gk(x), x ∈ R+, k ∈ N+. (5.8)

Two observations are in order: First, by (5.7) and (5.8),

lim
k→∞

∫
Ac

|uk(x)|2dx = lim
k→∞

∫ ∞

ak
2

|g(x)|2dx = 0;

second, from (5.6)–(5.8), we observe that

∫
R+

|uk(x)|2 dx =

∫
R+

|gk(x)|2 dx =

∫
R+

|g(x)|2 dx = 1, for all k ∈ N+.

Next, it suffices to prove
∫
B
|u(x, T ;uk)|2dx goes to zero as k → ∞. By (2.5), we see that for each k ∈ N+,

u(x, T ;uk) := (2T )−
1
2 e−

i
2 (ν+1)πeix

2/4TFν(gk)(x/2T ), x ∈ R+. (5.9)

Meanwhile, from (5.7), it follows that a.e. x ∈ R+,

Fν(gk(y))(x) =

∫ ∞

0

√
xyJν(xy)gk(y)dy

=

∫ ∞

x0

√
xyJν(xy)k

1
2 g(k(y − x0))dy

=

∫ ∞

0

√
x(x0 + y′)Jν(x(x0 + y′))k

1
2 g(ky′)dy′

= k−
1
2

∫ ∞

0

√
x
(
x0 +

y

k

)
Jν

(
x
(
x0 +

y

k

))
g(y)dy.
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This, together with (5.9) and (5.6), as well as the fact that |Jν(x)| ≤ Cν for all x ∈ R+, where Cν is a constant
depending only on ν (see [47], pp. 578–580), shows that

∫
B

|u(x, T ;uk)|2dx ≤ |B| sup
x∈B

|u(x, T ;uk)|2

≤ |B|C2
ν

(2T )−
1
2 k−

1
2

∫ ∞

0

√
x1 +

b
2

2T

(
x0 +

y

k

)
|g(y)|dy

2

≤ |B|C2
ν

(2T )−
1
2 k−

1
2

∫ ∞

0

√
x1 +

b
2

2T
x0|g(y)|dy +

∫ ∞

0

√
x1 +

b
2

2T

y

k
|g(y)|dy

2

≤ 2|B|C2
ν (2T )

−1

k−1

∫ ∞

0

√
x1 +

b
2

2T
x0|g(y)|dy

2

+ k−2

∫ ∞

0

√
x1 +

b
2

2T
y|g(y)|dy

2
 ,

which implies that

lim
k→∞

∫
B

|u(x, T ;uk)|2dx = 0.

Now, from the above proof, we get (5.1) and (5.2).
(ii) Let g and gk, with k ∈ N+, satisfy (5.6) and (5.7), respectively. Since the Schrödinger equation is time-

reversible, we can find a sequence {uk} ⊂ L2(R+) such that

vk(x) := u(x, S1;uk) = gk(x), x ∈ R+, k ∈ N+. (5.10)

By (5.10), (5.6) and (5.7), we have the following two observations: First, we notice that

lim
k→∞

∫
Ac

|vk(x)|2dx = lim
k→∞

∫
[0, ak

2 ]c
|g(x)|2dx = 0. (5.11)

Second, we have ∫
R+

|vk(x)|2dx =

∫
R+

|gk(x)|2dx = 1 for all k ∈ N+. (5.12)

Then by (2.5) and (5.10), for each k ∈ N+,

u(x, t; vk) =
1

2it

∫ ∞

0

√
xyJν

(xy
2t

)
e−

x2+y2

4it e
−iνπ

2 gk(y)dy, (x, t) ∈ R+ × (R\{0}). (5.13)

In a similar way to (i), we can get

lim
k→∞

∫
B

|u(x, t; vk)|2dx = 0. (5.14)
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At the same time, by the conservation law for the Schrödinger equation and (5.12), we obtain that for all k ∈ N+

and t ∈ R\{0}, ∫
B

|u(x, t; vk)|2dx ≤
∫
R+

|u(x, t; vk)|2dx =

∫
R+

|vk(x)|2dx = 1.

Hence by (5.14), we can apply the Lebesgue dominated convergence theorem to get

lim
k→∞

∫ S2−S1

−S1

∫
B

|u(x, t; vk)|2dxdt = 0. (5.15)

Recalling from (5.10) that vk(x) = u(x, S1;uk), x ∈ R+, and combining (5.11), (5.12), and (5.15), we conclude
that the sequence {uk} satisfies both (5.3) and (5.4). This completes the proof of (ii).

(iii) For a contradiction, suppose that (iii) is not true. Then there exist A0 ⊂ R+ with |Ac
0| > 0 and C1, T > 0

such that ∫
R+

|u0(x)|2dx ≤ C1

∫
A0

|u(x, T ;u0)|2dx for all u0 ∈ L2(R+). (5.16)

we define

uT,f (x) := e−ix2/4T f(x), x ∈ R+, (5.17)

for each f ∈ L2(R+).
By (5.17), (5.16) and (2.5), it follows that∫

R+

|Fν(f)(x)|2dx =

∫
R+

|f(x)|2dx =

∫
R+

|uT,f (x)|2dx

≤ C1

∫
A0

|u(x, T ;uT,f )|2dx = C1

∫
A0/2T

|Fν(f)(x)|2dx,

for every f ∈ L2(R+). Since |Ac
0| > 0, by taking f ∈ L2(R+)\{0} with suppFν(f) ⊂ Ac

0/2T in the above
inequality, we are led to a contradiction.

5.2. The sharpness of Theorem 1.2

Next, we establish Theorem 5.3 below, which demonstrates the sharpness of Theorem 1.2. Before that, we
need a lemma, whose proof borrows some ideas from [56], Proposition 3.4.

Lemma 5.2. Let A ⊂ R+ be a measurable set such that dist(0, A) > 0. For each ν ≥ 0, there exist constants
C0 > 0 and N0 > 0 such that for all N ≥ N0, there exists a function f ∈ L2(R+) with suppFν(f) ⊂ [0, N ]
satisfying

∥f∥L2(R+) ≥ eC0N∥f∥L2(A).

Proof. Let

d0 := dist(0, A) > 0. (5.18)
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We consider the function ϕs(x) = xν+
1
2 e−sx2

defined for s > 0 and x ∈ R+, whose Hankel transform is given by
(see [44], p. 29)

Fν(ϕs)(y) =
yν+

1
2

(2s)ν+1
e−

y2

4s , s > 0, y ∈ R+. (5.19)

We define f ∈ L2(R+) by its Hankel transform as follows:

Fν(f)(y) = χ(0,N ](y)
yν+

1
2(

N
2

)ν+1 e
− y2

N , y ∈ R+, N > 0.

We first give an estimate of the L2-norm of f over the whole domain R+; we have

∥f∥L2(R+) ≥ 2ν−1Γ(ν + 1)N−(ν+1), (5.20)

In fact, by using the unitarity of Fν and performing the following change of variables t = 2y2

N , we obtain that

∥f∥2L2(R+) = ∥Fν(f)∥2L2(R+) =

∫ N

0

(
yν+

1
2(

N
2

)ν+1

)2

e−
2y2

N dy =
2ν

Nν+1

∫ 2N

0

tνe−tdt

=
2ν

Nν+1

(∫ ∞

0

tνe−tdt−
∫ ∞

2N

tνe−tdt

)
≥ 2ν

Nν+1

(∫ ∞

0

tνe−tdt− e−N

∫ ∞

2N

tνe−t/2dt

)
≥ 2ν

Nν+1

(∫ ∞

0

tνe−tdt− e−N

∫ ∞

0

tνe−t/2dt

)
=

2νΓ(ν + 1)

Nν+1
(1− 2ν+1e−N ).

By choosing N sufficiently large such that 2ν+1e−N < 1/2, we obtain (5.20).
We now aim to estimate the L2-norm of f over the subset A. To this end, we use the inverse Hankel transform,

which yields

f(x) =

∫ ∞

0

√
xyJν(xy)Fνf(y)dy

=

∫ N

0

√
xyJν(xy)

yν+
1
2(

N
2

)ν+1 e
− y2

N dy

=

∫ ∞

0

√
xyJν(xy)

yν+
1
2(

N
2

)ν+1 e
− y2

N dy −
∫ ∞

N

√
xyJν(xy)

yν+
1
2(

N
2

)ν+1 e
− y2

N dy

= ϕs=N
4
(x)−R(x).

(5.21)

For the first term in (5.21), by (5.18) and some computations similar to the estimate of ∥f∥2L2(R+), we get

∥ϕs=N
4
∥2L2(A) ≤

∫
x>d0

(
ϕs=N

4
(x)
)2

dx =

∫
x>d0

(xν+
1
2 e−

N
4 x2

)2dx ≤ 22ν+1Γ(ν + 1)e−
N
4 d2

0N−(ν+1).
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For the second term in (5.21), we apply the unitarity of the Hankel transform together with some computations
to obtain

∥R∥2L2(A) ≤ ∥R∥2L2(R+) =

∫ ∞

N

(
xν+

1
2(

N
2

)ν+1

)2

e−
2x2

N dx ≤ 22ν+1Γ(ν + 1)e−NN−(ν+1).

Setting C1 = min{1, d20/4}, we thus obtain

∥f∥L2(A) ≤ 22ν+1Γ(ν + 1)e−C1NN−(ν+1). (5.22)

We conclude the proof with (5.20), (5.22) and by choosing C0 such that 0 < C0 < C1.

Theorem 5.3. (i) For every ν ≥ 0, let A = [a1, a2] ⊂ R+, a = a2 − a1, and a, λ, T > 0, β ≥ 1. Then one
can find a sequence {uk}k∈N+ ⊂ C∞

0 (R+) and M > 0 such that∫
R+

eλx
β

|uk(x)|2dx ≤M and

∫
R+

|uk(x)|2dx = 1 (5.23)

and

lim
k→∞

∫
A

|u(x, T ;uk)|2dx = 0. (5.24)

(ii) For every ν ≥ 0, let λ, b, T > 0 and α(s), s ∈ R+, be an increasing function with lims→∞ α(s)/s = 0. Then
for each γ ∈ (0, 1), there is no positive constant C such that for all u0 ∈ C∞

0 (R+),

∫
R+

|u0(x)|2dx ≤ C

(∫
(0,b]c

|u(x, T ;u0)|2dx

)γ (∫
R+

eλα(x)|u0(x)|2dx
)1−γ

. (5.25)

Proof. (i) Suppose x0 be the center of A. Let g and gk, with k ∈ N+, satisfy (5.6) and (5.7), respectively. As a
same way to the proof of Theorem 5.1(i), we define a sequence {uk} ⊂ C∞

0 (R+) as follows:

uk(x) := e−ix2/4T gk(x), x ∈ R+, k ∈ N+. (5.26)

We can get ∫
R+

|uk(x)|2dx = 1 for all k ∈ N+

and

lim
k→∞

∫
A

|u(x, T ;uk)|2dx = 0.

Meanwhile, from (5.6), (5.7) and (5.26), we find that for each k ∈ N+,∫
R+

eλx
β

|uk(x)|2dx =

∫
R+

eλx
β

|gk(x)|2dx =

∫ ∞

x0

eλx
β

|k 1
2 g(k(x− x0))|2dx

=

∫
R+

eλ(
x
k+x0)

β

|g(x)|2dx ≤
∫
R+

eλ(x+x0)
β

|g(x)|2dx <∞.
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Hence, this ends the proof of (i).
(ii) To derive a contradiction, we assume that the conclusion is not true. Then there exist b̄, λ̄, T̄ , C̄ > 0,
γ̄ ∈ (0, 1), and an increasing function ᾱ(s) on (0,∞) with lims→∞ ᾱ(s)/s = 0 such that for each v0 ∈ C∞

0 (R+),

∫
R+

|v0(x)|2dx ≤ C̄

(∫
(0,b̄]c

|u(x, T̄ ; v0)|2dx

)γ̄ (∫
R+

eλ̄ᾱ(x)|v0(x)|2dx
)1−γ̄

. (5.27)

For any fixed g ∈ L2(R+) with Fν(g) ∈ C∞
0 (R+), we define v0,g ∈ C∞

0 (R+) via

Fν(g)(x) = (2T̄ )
1
2 e−

i
2 (ν+1)πeiT̄ x2

v0,g(2T̄ x), x ∈ R+. (5.28)

From (3.33), (3.35) (with (T, u0) = (T̄ , v0,g)) and (5.28), we find that

g(x) = e−ix2/4T̄u(x, T̄ ; v0,g), x ∈ R+. (5.29)

By (5.29), the conservation law (for the Schrödinger equation), (5.27) and (5.28), we get that

∫
R+

|g(x)|2dx =

∫
R+

|u(x, T̄ ; v0,g)|2dx =

∫
R+

|v0,g(x)|2dx

≤ C̄

(∫
(0,b̄]c

|u(x, T̄ ; v0,g)|2dx

)γ̄ (∫
R+

eλ̄ᾱ(x)|v0,g(x)|2dx
)1−γ̄

= C̄

(∫
(0,b̄]c

|g(x)|2dx

)γ̄ (∫
R+

eλ̄ᾱ(2T̄ x)|Fνg(x)|2dx
)1−γ̄

.

From this, using a standard density argument, we obtain that for each g ∈ L2(R+) with suppFν(g) compact,

∫
R+

|g(x)|2dx ≤ C̄

(∫
(0,b̄]c

|g(x)|2dx

)γ̄ (∫
R+

eλ̄ᾱ(2T̄ x)|Fνg(x)|2dx
)1−γ̄

.

Since ᾱ(·) is increasing and because the Hankel transform is an isometry, the above implies that for each N ≥ 1
and each g ∈ L2(R+) with suppFν(g) ⊂ [0, N ],

∫
R+

|g(x)|2dx ≤ C̄

(∫
(0,b̄]c

|g(x)|2dx

)γ̄ (∫
R+

eλ̄ᾱ(2T̄ x)|Fνg(x)|2dx
)1−γ̄

= C̄e(1−γ̄)λ̄ᾱ(2T̄N)

(∫
(0,b̄]c

|g(x)|2dx

)γ̄ (∫
R+

|Fνg(x)|2dx
)1−γ̄

.

(5.30)

So (5.30) implies that for N ≥ 1 and each g ∈ L2(R+) with suppFν(g) ⊂ [0, N ],

∫
R+

|g(x)|2dx ≤ C̄
1
γ̄ e

1−γ̄
γ̄ λ̄ᾱ(2T̄N)

∫
(0,b̄]c

|g(x)|2dx. (5.31)



44 H. XU ET AL.

In addition, according to Lemma 5.2, there are C0, N0 > 0 such that for each N ≥ N0 there is fN ∈ L2(R+)\{0}
with suppFν(fN ) ⊂ [0, N ] such that

eC0N

∫
(0,b̄]c

|fN (x)|2dx ≤
∫
R+

|fN (x)|2dx. (5.32)

By (5.31) and (5.32), we get that for each N ≥ N0,

eC0N ≤ C̄
1
γ̄ e

1−γ̄
γ̄ λ̄ᾱ(2T̄N),

from which it follows that

0 <
γ̄C0

2(1− γ̄)λ̄T̄
≤ lim

N→∞

ᾱ(2T̄N)

2T̄N
.

This contradicts lims→∞
ᾱ(s)
s = 0. Hence, the conclusion (ii) is true.

6. Applications

We now turn to the applications. We mainly consider the applications of Theorem 1.1–1.6 to different kinds
of controllability for the Schrödinger equations. Based on the abstract result [23], Lemma 5.1, which establishes
the equivalence between observability and controllability, we derive the following results. From the perspective
of controllability type, Theorem 6.1 and Theorem 6.7 concern exact controllability (see Rem. 6.2 for the detailed
explanations); Theorem 6.8 concerns nonstandard exact controllability (see Rem. 6.9); Theorems 6.3 and 6.12
give two kinds of nonstandard approximate controllability (see Rem. 6.4 and Rem. 6.13); Thm. 6.5 and Theorem
6.10 yield two kinds of nonstandard approximate null controllability (see Rem. 6.6 and Rem. 6.11).

6.1. Applications of Theorems 1.1–1.3 to controllability

We first combine Theorem 1.1 with Lemma 5.1 in [23] to establish the following exact controllability result.

Theorem 6.1. Let A,B be two measurable sets in R+ with finite measure. Let 0 ≤ t1 < t2 ≤ T . Consider the
following impulse controlled Schrödinger equation:{

i∂tu(x, t)−Hνu(x, t) = δ{t=t1}χAc(x)f1(x) + δ{t=t2}χBc(x)f2(x), x ∈ R+, t ∈ (0, T ),

u(x, 0) = u0(x) ∈ L2(R+).
(6.1)

Denote by u1(·, ·, u0, f1, f2) the solution to the equation (6.1). Then for any u0, uT ∈ L2(R+), there exists a
pair of controls (f1, f2) ∈ L2(R+)× L2(R+) such that

u1(x, T, u0, f1, f2) = uT (x), x ∈ R+, (6.2)

and

∥f1∥2L2(R+) + ∥f2∥2L2(R+) ≤ C∥uT − e−iHνTu0∥2L2(R+), (6.3)

where the constant C = C(ν,A,B, t2 − t1) is given by Theorem 1.1.
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Proof. We sketch the proof here. Consider the following dual equation{
i∂tψ(x, t)−Hνψ(x, t) = 0, x ∈ R+, t ∈ (0, T ),

ψ(x, T ) = g(x) ∈ L2(R+).
(6.4)

Write ψ(·, ·, T, g) for the solution to (6.4). Then Theorem 1.1 implies that∫
R+

|g|2dx ≤ C

(∫
Ac

|ψ(x, t1, T, g)|2dx+

∫
Bc

|ψ(x, t2, T, g)|2dx
)
. (6.5)

Next, we use [23], Lemma 5.1 and (6.5) to prove (6.2) and (6.3). For this purpose, we let

X := L2(R+) = X∗, Y := L2(R+)× L2(R+) = Y ∗, Z := L2(R+) = Z∗

and define the state transformation operator R : Z → X and the observation operator O : Z → Y as follows:

Rg := g, Og := (χAc(·)ψ(·, t1, T, g), χBc(·)ψ(·, t2, T, g)) for g ∈ Z. (6.6)

From (6.5) and (6.6), we find that for each g ∈ L2(R+),

∥Rg∥2L2(R+) ≤ C∥Og∥2L2(R+)×L2(R+) +
1

k
∥g∥2L2(R+), k ∈ N+. (6.7)

By Lemma 5.1 in [23], there is a pair (f1k, f2k) ∈ L2(R+) × L2(R+), k ∈ N+ such that the following dual
inequality holds

1

C
∥(f1k, f2k)∥2L2(R+)×L2(R+) + k∥R∗g −O∗(f1k, f2k)∥2L2(R+) ≤ ∥g∥2L2(R+), k ∈ N+, (6.8)

where

R∗g = g; O∗(f1k, f2k) = u1(·, T, 0, f1k, f2k). (6.9)

Define

g(x) = uT (x)− e−iHνTu0(x), x ∈ R+. (6.10)

Then (6.2) and (6.3) are followed by choosing a weakly convergent subsequence in (6.8) and a limiting procedure.

Remark 6.2. The above theorem can be understood as follows: For any u0, uT ∈ L2(R+), there exists a pair of
controls (f1, f2) ∈ L2(R+)×L2(R+) steering the solution of (6.1) from u0 at time 0 to uT at time T . Moreover,
a bound of the norm of this pair of controls is explicitly given.

Similarly, by combining Theorems 1.2–1.3 with Lemma 5.1 in [23], we obtain the following controllability
results. Before stating the main results, we define, for each λ > 0,

Xλ :=

{
f ∈ L2(R+) :

∫
R+

eλx|f(x)|2 dx <∞
}
,
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with the norm ∥·∥Xλ
given by

∥f∥Xλ
:=

(∫
R+

eλx|f(x)|2 dx
)1/2

, f ∈ Xλ.

One can directly check that the dual space of Xλ is

X∗
λ = C∞

0 (R+)
∥·∥X∗

λ ,

with the norm ∥·∥X∗
λ
given by

∥g∥X∗
λ
:=

(∫
R+

e−λx|g(x)|2 dx
)1/2

, g ∈ X∗
λ.

Theorem 6.3. Let b, λ > 0 and T > s ≥ 0. Consider the following impulse controlled Schrödinger equation:{
i∂tu(x, t)−Hνu(x, t) = δ{t=s}χ(0,b]c(x)f(x, t), x ∈ R+, t ∈ (0, T ),

u(x, 0) = u0(x) ∈ L2(R+).
(6.11)

Denote by u2(·, ·, u0, f) the solution to the equation (6.11). Then for any ε > 0 and u0, uT ∈ L2(R+), there
exists a control f ∈ L2(R+) such that

ε
1−q
q

∫
R+

|f(x)|2dx+ ε−1∥u2(·, T, u0, f)− uT (·)∥2X∗
λ
≤ C

(
1 +

b2ν+2

(λ(T − s))2ν+2

)∫
R+

|uT (x)− e−iHνTu0(x)|2dx,

(6.12)

where q := θ1+
b

λ(T−s) ∈ (0, 1), C and θ are given by Theorem 1.2 (i).

Remark 6.4. The above theorem can be understood as follows: For any u0, uT ∈ L2(R+) and ε > 0, there

exists a control f ∈ L2(R+) steering the solution of (6.11) from u0 at time 0 to the target B
X∗

λ
ε (uT ) at time T .

(Here, B
X∗

λ
ε (uT ) denotes the closed ball in X∗

λ, centered at uT and of radius ε.) Moreover, a bound of the norm
of this control is explicitly given.

Theorem 6.5. Given any interval A = [a1, a2] ⊂ R+, B = [b1, b2] ⊂ R+, a = a2 − a1, b = b2 − b1, and
a, b, λ, T > 0. Consider the following impulse controlled Schrödinger equation:{

i∂tu(x, t)−Hνu(x, t) = δ{t=0}χB(x)f(x, t), x ∈ R+, t ∈ (0, T ),

u(x, 0) = u0(x) ∈ L2(R+).
(6.13)

Denote by u3(·, ·, u0, f) the solution to the equation (6.13). Then for any ε > 0 and u0 ∈ L̃2(A;C), there exists
a control f ∈ L2(R+) such that

ε
1−θp

θp

∫
R+

|f(x)|2dx+ ε−1∥u3(·, T, u0, f)∥2X∗
λ
≤ C(a2ν+2

2 − a2ν+2
1 )((λT ) ∧ b)−(2ν+2)

∫
A

|u0(x)|2dx, (6.14)

where C, θ and p are given by Theorem 1.3, L̃2(A) := {g ∈ L2(R+) : g = 0 on Ac}.

Remark 6.6. The above theorem can be understood as follows: For any u0 ∈ L̃2(A;C) and ε > 0, there exists a

control f ∈ L2(R+) steering the solution of (6.13) from u0 at time 0 to the target B
X∗

λ
ε (0) at time T . Moreover,

a bound of the norm of this control is explicitly given.
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6.2. Applications of Theorems 1.4–1.6 to controllability

First, as a consequence of the classical HUMmethod (see, for example, [17]), the inequality (1.17) is equivalent
to the following standard exact controllability result for the Schrödinger equation.

Theorem 6.7. Let b > 0. Then for any T > 0 and any (u0, uT ) ∈ L2(R+) × L2(R+), there exists a control
f ∈ L2(R+ × (0, T )) such that the unique solution of the Schrödinger equation

i∂tu(x, t)−Hνu(x, t) = χ(0,b]c(x)f(x, t) (6.15)

with initial data u(x, 0) = u0(x) satisfies u(x, T ) = uT (x).

This theorem states that for any u0, uT ∈ L2(R+), there exists a control f ∈ L2(R+ × (0, T )) steering the
solution of (6.15) from u0 at time 0 to uT at time T . Next, as presented in Subsection 6.1, we will combine
Lemma 5.1 from [23] with the results of Theorem 1.4 (ii), Theorem 1.5, and Theorem 1.6, respectively, to obtain
various non-standard controllability results.

Theorem 6.8. Let b,N > 0 and 0 ≤ s < T. Consider the following impulse controlled Schrödinger equation:{
i∂tu(x, t)−Hνu(x, t) = δ{t=s}χ(0,b]c(x)f(x, t), x ∈ R+, t ∈ (0, T ),

u(x, 0) = u0(x) ∈ L2(R+).
(6.16)

Denote by u4(·, ·, u0, f) the solution to the equation (6.16). Then for any u0, uT ∈ L2(R+), there exists a control
f ∈ L2(R+) such that

u4(x, T, u0, f) = uT (x), x ∈ (0, N ] (6.17)

and

∥f∥2L2(R+) ≤ eC(1+ bN
T−s )∥uT − e−iHνTu0∥2L2(R+), (6.18)

where the constant C = C(ν) is given by Theorem 1.4(ii).

Remark 6.9. The above theorem can be understood as follows: For any u0, uT ∈ L2(R+) and N > 0, there
exists a control f ∈ L2(R+) steering the solution of (6.16) from u0 at time 0 to uT at time T over the interval
(0, N ]. Moreover, a bound of the norm of this control is explicitly given.

Theorem 6.10. Given any interval B = [b1, b2] ⊂ R+, b = b2 − b1, b, λ1, λ2, T > 0. Consider the following
impulse controlled Schrödinger equation:{

i∂tu(x, t)−Hνu(x, t) = δ{t=0}χB(x)f(x, t), x ∈ R+, t ∈ (0, T ),

u(x, 0) = u0(x) ∈ L2(R+).
(6.19)

Denote by u5(·, ·, u0, f) the solution to the equation (6.19). Then for any ε ∈ (0, 1) and u0 ∈ Xλ2 , there exists
a control f ∈ L2(R+) such that

1

ε
e−( 1

ε )
1+ C

λ2((λ1T )∧ b
2
)
∫
R+

|f(x)|2dx+
1

ε
∥u5(·, T, u0, f)∥2X∗

λ1

≤ C(x0, b, λ1, λ2, T )∥u0∥2Xλ2
, (6.20)

where C(x0, b, λ1, λ2, T ) and C are given by Theorem 1.5.
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Remark 6.11. The above theorem can be understood as follows: For each u0 ∈ Xλ2
and ε > 0, there exists a

control f ∈ L2(R+) steering the solution of (6.19) from u0 at time 0 to the target B
X∗

λ1
ε (0) at time T . Moreover,

a bound of the norm of this control is explicitly given.

Finally, we are going to show the last theorem. Before stating the main result, we introduce a functional
space. For each λ > 0, we denote Rλ for the completion of C∞

0 (R+) in the norm

∥f∥Rλ
:=

(∫
R+

eλx|f(x)|2dx+ ∥f∥2H4([ν]+3)(R+) +

∫
R+

1

x4([ν]+3)
|f(x)|2dx

)1/2

, f ∈ C∞
0 (R+).

Write R∗
λ for the dual space of Rλ with respect to the pivot space L2(R+).

Theorem 6.12. Given any interval B = [b1, b2] ⊂ R+, b = b2 − b1, b, λ > 0 and T > s ≥ 0. Consider the
following impulse controlled Schrödinger equation:{

i∂tu(x, t)−Hνu(x, t) = δ{t=s}χB(x)f(x, t), x ∈ R+, t ∈ (0, T ),

u(x, 0) = u0(x) ∈ L2(R+).
(6.21)

Denote by u6(·, ·, u0, f) the solution to the equation (6.21). Then for any ε ∈ (0, 1) and u0, uT ∈ L2(R+), there
exists a control f ∈ L2(R+) such that

ε−1e−eε
−2
∫
R+

|f(x)|2dx+ ε−1∥u6(·, T, u0, f)− uT (·)∥2R∗
λ
≤ C(x0, b, λ, T − s)∥uT − e−iHνTu0∥2L2(R+), (6.22)

where C(x0, b, λ, T − s) is given by Theorem 1.6.

Remark 6.13. The above theorem can be understood as follows: For any u0, uT ∈ L2(R+) and ε > 0, there

exists a control f ∈ L2(R+) steering the solution of (6.21) from u0 at time 0 to the target B
R∗

λ
ε (uT ) at time T .

(Here, B
R∗

λ
ε (uT ) denotes the closed ball in R∗

λ, centered at uT and of radius ε.) Moreover, a bound of the norm
of this control is explicitly given.
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[4] H. Kalf, U.W. Schmincke, J. Walter and R. Wüst, On the spectral theory of Schrödinger and Dirac operators with
strongly singular potentials, in Spectral Theory and Differential Equations. Lect. Notes in Math. Vol. 448. Springer,
Berlin (2006) 182–226.

[5] J.L. Vazquez and E. Zuazua, The Hardy inequality and the asymptotic behavior of the heat equation with an
inverse-square potential. J. Funct. Anal. 173 (2000) 103–153.



OBSERVABILITY AND UNIQUE CONTINUATION INEQUALITIES FOR THE SCHRÖDINGER EQUATIONS 49
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