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LINEAR-QUADRATIC OPTIMAL CONTROL FOR

NON-EXCHANGEABLE MEAN-FIELD SDES AND APPLICATIONS

TO SYSTEMIC RISK

Anna De Crescenzo1 , Filippo de Feo2 and Huyên Pham3,*

Abstract. We study the linear-quadratic control problem for a class of non-exchangeable mean-field
systems, which model large populations of heterogeneous interacting agents. We explicitly characterize
the optimal control in terms of a new infinite-dimensional system of Riccati equations, for which we
establish existence and uniqueness. To illustrate our results, we apply this framework to a systemic
risk model involving heterogeneous banks, demonstrating the impact of agent heterogeneity on optimal
risk mitigation strategies.
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1. Introduction

The optimal control of McKean–Vlasov equations, a.k.a. mean-field control problems, has been extensively
studied over the past decade, leading to significant advancements in stochastic analysis and partial differential
equations on the Wasserstein space. These problems have found various applications, particularly in model-
ing cooperative equilibria in large populations of interacting agents. For a comprehensive treatment of the
mathematical foundations and key developments in this field, we refer to the seminal books [1, 2].

A particularly important subclass of these problems is the linear-quadratic mean-field (LQ-MF) control
framework, which has been widely studied due to its analytical tractability and broad range of applications [3–
6]. In the classical setting, interactions among agents are assumed to be of symmetric mean-field type, meaning
that agents are homogeneous (or exchangeable). As the number of agents tends to infinity, the problem is
typically formulated in terms of a single representative agent whose controlled dynamics depends on its own
state distribution.

Recently, there has been growing interest in models incorporating heterogeneous and asymmetric interactions,
as seen in complex networks. The theory of graphons [7] has provided a natural framework for modeling such

Keywords and phrases: Mean-field SDE, heterogeneous interaction, graphons, linear quadratic optimal control, Riccati system,
systemic risk.
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2 A. DE CRESCENZO ET AL.

systems and its applications to mean-field SDEs [8–11], to differential games [12], to mean field games [13–
15]. We also refer to [16] for mean-field teams with heterogeneity and quasi-exchangeability. More generally,
the work in [17] introduced a framework for the control of non-exchangeable mean-field systems, where agent
heterogeneity leads to an infinite-dimensional system of mean-field equations indexed by agent labels. One of
the main difficulties in treating heterogeneous dynamics is related to the fact that the dynamics of each agent
depends not only on its own state distribution but also on the entire collection of labeled state distributions. In
particular, this leads to work on a new space of collection of measures and to develop the dynamic programming
approach in this new probabilistic setting.

Contributions. In this work, we introduce the linear-quadratic non-exchangeable mean-field (LQ-NEMF)
control problem, which generalizes the classical LQ-MF framework by incorporating heterogeneous interactions.
In the context of cooperative non-exchangeable games with a finite number N of players, for i ∈ J1, NK, consider
the controlled dynamics

dXi,N
s =

[
βi +AiXi,N

s +
1

NA
i

N∑
j=1

GA(ui, uj)X
j,N
s +Biαi,N

s

]
ds

+
[
γi + CiXi,N

s +
1

NC
i

N∑
j=1

GC(ui, uj)X
j,N
s +Diαi,N

s

]
dW i

s ,

where ui = i/N , GA, GC are functions in L2([0, 1]× [0, 1];Rd×d), measuring the weight of interaction between

the agents, NZ
i =

∑N
j=1GZ(ui, uj) is the degree of interaction for Z = A,C, (W i)i∈J1,NK is a collection of i.i.d.

Brownian motions. The aim is to minimize over the controls (α1,N , . . . , αN,N ) a common cost given by

1

N

N∑
i=1

E
[ ∫ T

0

⟨Xi,N
s , QiXi,N

s ⟩+ ⟨Xi,N
s ,

1

NQ
i

N∑
j=1

GQ(ui, uj)X
j,N
s ⟩+ ⟨αi,N

s , Riαi,N
s ⟩

+ ⟨Xi,N
T , HiXi,N

T ⟩+ ⟨Xi,N
T ,

1

NH
i

N∑
j=1

GH(ui, uj)X
j,N
T ⟩

]
,

with GQ, GH functions in L2([0, 1]× [0, 1];Rd×d), and NZ
i =

∑N
j=1GZ(ui, uj), for Z = Q,H. When the number

of agents N tends to infinity, we formally expect the system to converge to a continuum of players indexed by
u ∈ U = [0, 1] (see for instance [8, 9]). Hence, we are led to consider the following limit problem, with state
equations

dXu
s =

[
βu +AuXu

s +

∫
U

GA(u, v)E[Xv
s ]dv +Buαu

s

]
ds

+
[
γu + CuXu

s +

∫
U

GC(u, v)E[Xv
s ]dv +Duαu

s

]
dWu

s , s ∈ [0, T ].

The goal is to minimize, over all admissible controls (αu)u, a cost functional of the form∫
U

E
[ ∫ T

0

⟨Xu
s , Q

uXu
s ⟩+ ⟨E[Xu

s ],

∫
U

GQ(u, v)E[Xv
s ]dv⟩+ ⟨αu

s , R
uαu

s ⟩

+ ⟨Xu
T , H

uXu
T ⟩+ ⟨E[Xu

T ],

∫
U

GH(u, v)E[Xv
T ]dv⟩

]
du.

(1.1)

Here the heterogeneous interaction between players is modeled by the coefficients GA, GC , GQ, GH ∈ L2(U ×
U ;Rd×d). This setting includes graphon interaction, but we do not assume these coefficients to be symmetric in
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(u, v). We prove well-posedness of the state equation and the cost functional (Thm. 2.2). In line with the results
obtained in [17] for more general control problems, also here the dynamics of each player depends on the whole
collection of expectations {E[Xu]}u∈U , as opposed to the standard LQ MKV control (see for example [6]).

Our goal is to solve the control problem by providing an explicit characterization of the optimal control.
Inspired by the literature on LQ problems (see for example for finite dimensional spaces [18, 19], and for infinite
dimensional spaces [20–23]), we prove a fundamental decomposition of the cost functional (Prop. 3.6), which
expresses it as the sum of a quadratic term in the control and a constant term. This decomposition relies on
a new infinite-dimensional system of two Riccati equations, i.e. (3.1), (3.1), for which we establish existence
and uniqueness. Equation (3.1) is an infinite system on the space L∞(U ;Rd×d) of decoupled standard Riccati
equations and can be solved using standard results. On the other hand, equation (3.1) is a new type of Riccati
equation on the space L2(U × U ;Rd×d), which is intrinsically infinite-dimensional (as it encodes heterogenous
interactions) and it is not covered by the available literature. This marks a fundamental difference with the
standard LQ MKV control, where the two Riccati equations characterizing the problem are standard matrix
Riccati equations that can be solved using the standard theory presented in [18]. The fundamental decomposition
provided in Proposition 3.6 plays a crucial role in solving the Riccati equation (3.1), by finding a suitable a-
priori estimate on its solution (Prop. 4.1), and in deriving the optimal control (Thm. 5.1). These results extend
previous findings in the LQ-MF setting.

To illustrate the practical relevance of our results, in Section 6 we introduce a systemic risk model with a
continuum of heterogeneous banks, indexed by u, extending the one in [24] with homogeneous interactions (i.e.
a standard LQ-MF problem). Indeed, we assume that the log-monetary reserve of each bank follows a dynamics
of the form

dXu
s =

[
k
(
Xu

s −
∫
U

G̃k(u, v)E[Xv
s ] dv

)
+ αu

s

]
ds+ σu dWu

s ,

where each bank can control its rate of borrowing/lending to a central bank via the policy αu and k ≤ 0 is the
rate of mean-reversion in the interaction from borrowing and lending between the banks. The central bank aims
to mitigate systemic risk by minimizing an opportune aggregate cost functional, leading to a non-exchangeable
mean field control problem of the form (1). Applying the theory developed, we solve the control problem.

Outline of the paper. The remainder of this paper is organized as follows. In Section 2, we formally introduce
the LQ-NEMF control problem. Section 3 presents the infinite-dimensional Riccati system associated with LQ-
NEMF and establishes the fundamental relation. The existence and uniqueness of a solution to the Riccati
system are proved in Section 4, while Section 5 details the derivation of the optimal control. In Section 6,
we apply our results to the systemic risk model, demonstrating the impact of agent heterogeneity in financial
networks. In Appendix A we prove well-posedness of the state equation and of the cost functional. In Appendix
B we provide different formulations of our control problem.

Notations. In the following, for each q ∈ N, Sq (resp. Sq+, S
q
>+) is the set of q-dimensional symmetric (resp.

positive semi-definite, positive definite) matrices. Given a vector x ∈ Rd, we denote by xi the i-th component
of vector x. We denote by M⊺ the transpose of a matrix M , and for two vectors x, y, we denote by < x, y > =
x⊺y its Euclidian scalar product. We denote by Cd

[t,T ] the space of continuous functions f : [t, T ] → Rd. Given

a Banach space X, we denote by L(X) the space of linear bounded operators L on X, with norm defined by

∥L∥L = sup∥x∥X ̸=0
∥Lx∥X

∥x∥X
.

Let T > 0 be a finite horizon, (Ω,F ,P) a complete probability space, U := [0, 1] endowed with its Borel
σ-algebra. For every u ∈ U , we consider an R-valued standard Brownian motion Wu and an independent real
random variable Zu having uniform distribution in (0, 1). For simplicity we consider dynamics driven by real-
valued Brownian motions, but all the results can be extended to the case of multi-dimensional Brownian motions.
We assume that {(Wu, Zu) : u ∈ U} is an independent family. For every u ∈ U we denote by (FWu

t )t≥0 the
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natural filtration generated by Wu, by σ(Zu) the σ-algebra generated by Zu and by Fu = (Fu
t )t≥0 the filtration

given by Fu
t = FWu

t ∨ σ(Zu)∨N , t ≥ 0, where N is the family of P-null sets. For a Banach space E, with norm
|.|

E
, we denote by L2(U ;E), resp. L∞(U ;E), the set of elements ϕ = (ϕu)u∈U , s.t. u 7→ ϕu ∈ E is measurable,

and
∫
U
|ϕu|2

E
du < ∞, resp. supu∈U |ϕu|

E
< ∞. We also denote by L2(U ×U ;E), resp. L∞(U ×U ;E) the set of

measurable functions G : U × U → E, s.t. |G|2
L2
U×U

:=
∫
U

∫
U
|G(u, v)|2E dudv < ∞, resp. supu,v∈U×U |G(u, v)|

E

< ∞. For a kernel G ∈ L2(U × U ;Rd×d), we will use Hilbert Schimdt integral operators, denoted by G , i.e.

G ∈ L(L2(U × U ;Rd)), Gf :=

∫
U

G(u, v)fvdv, ∥G∥L ≤ |G|
L2
U×U

, (1.2)

We remark that we will use this notation throughout the paper.
We also introduce the notation

GS(u, v) =
G(u, v) +G(v, u)⊺

2
(1.3)

and we observe that∫
U

⟨yu,
∫
U

G(u, v)yvdv⟩du =

∫
U

⟨yu,
∫
U

GS(u, v)yvdv⟩du, ∀y ∈ L2(U ;Rd), (1.4)

Indeed, we have∫
U

⟨yu,
∫
U

G(u, v)yvdv⟩du =

∫
U

∫
U

⟨yv, G(v, u)yu⟩dvdu =

∫
U

∫
U

⟨yu, G(v, u)⊺yv⟩dvdu,

so that, summing
∫
U
⟨yu,

∫
U
G(u, v)yvdv⟩du on both members of the previous equality and dividing by 2, we

have (1). Observe that GS(u, v) = GS(v, u)⊺.
In the following, we write M > 0 for a constant that might change from line to line.

2. Problem formulation

State equation. We consider a collection of state X = (Xu)u process, indexed by u ∈ U = [0, 1], and
controlled by the collection α = (αu)u, driven by

dXu
s =

[
βu +AuXu

s +
∫
U
GA(u, v)X̄

v
s dv +Buαu

s

]
ds

+
[
γu + CuXu

s +
∫
U
GC(u, v)X̄

v
s dv +Duαu

s

]
dWu

s , s ∈ [t, T ]

Xu
t = ξu, u ∈ U,

(2.1)

where β ∈ L2(U ;Rd), γ ∈ L2(U ;Rd), A ∈ L∞(U ;Rd×d), C ∈ L∞(U ;Rd×d), B ∈ L∞(U ;Rd×m), D ∈
L∞(U ;Rd×m), GA ∈ L2(U × U ;Rd×d), GC ∈ L2(U × U ;Rd×d), and we have used the notation

X̄u
s := E[Xu

s ].

The set I = It of initial conditions contains collections ξ = (ξu)u of Rd-valued random variables such that
ξu is Fu

t -measurable for each u ∈ U , the maps u 7→ E[ξu], u 7→ E[ξu,is ξu,js ] are Borel measurable for all s ∈
[0, T ], i, j ∈ 1, . . . , d, and

∫
U
E[|ξu|2]du <∞.

Given ξ ∈ I, the set A = At(ξ) of admissible controls starting from time t, is defined as follows. For an
arbitrary Borel measurable function α : U × [t, T ]×C([t, T ];R)× (0, 1) → Rm, we define αu

s = α(u, s,Wu
·∧s, Z

u),
s ∈ [t, T ], u ∈ U, whereWu

·∧s is the path r 7→Wu
r∧s, s ∈ [t, T ]. We note that each process (αu

s )s is Fu-predictable.
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We say that α is an admissible control policy (or simply a policy) if u 7→ E[αuξu] is Borel measurable and∫
U

∫ T

t
E[|αu

s |2] dsdu < ∞. Observe that this integral is well defined, since E[|αu
s |2] is measurable in u. Indeed,

we can write E[|αu
s |2] = E[|α(u, s,Wu

·∧s, Z
u)|2] =

∫
C[0,s]×(0,1)

|α(u, s, w(· ∧ s), z)|2WT (dw)dz, where WT denotes

the Wiener measure on C[0,T ].

Remark 2.1. Observe that the fact that the admissible control αu is measurable with respect to the (idiosyn-
cratic) noise (Wu, Zu) (and not to the full filtration generated by the collection (Wu, Zu)u) is in line with
standard mean-field models (see for instance the linear quadratic case in [6]), where the control of the (repre-
sentative) player in the mean-field limit is adapted to the filtration generated by the (representative) Brownian
motion.

We point out that the setting considered here is new as we do not require the measurability of u 7→ Pξu as
in [8, 17]. Next, we show the well-posedness of the system (2).

Theorem 2.2. Let t ∈ [0, T ], ξ ∈ I, and α ∈ A. Then there exists a unique solution X = (Xu)u to the
state equation (2), i.e., a family X = (Xu)u of stochastic processes with values in Rd such that the maps
u 7→ E[Xu

s ], u 7→ E[Xu,i
s Xu,j

s ] are Borel measurable ∀s, i, j, each process Xu is continuous and Fu-adapted and∫
U
E[sups∈[t,T ] |Xu

s |2]du <∞.

Proof. See Appendix A

Remark 2.3. 1. The result extends with straightforward modifications in the proof to the case of time-
dependent coefficients if

sup
t∈[0,T ]

{|βt|L2
U
, |γ|L2

U
, |At|L∞

U
, |Ct|L∞

U
, |Bt|L∞

U
, |Dt|L∞

U
, |GA,t|L2

U×U
, |GC,t|L2

U×U
} <∞

2. The measurability of the maps u 7→ E[Xu
s ], u 7→ E[Xu,i

s Xu,j
s ] ensures (respectively) the well-posedness

of the terms of type
∫
U
GL(u, v)X̄

v
s dv in the state equation (for GL = GA, GC) and the terms of type∫

U
E[⟨Xu

s , L
uXu

s ⟩] in the cost functional (for L = Q,H).

By standard estimates and Gronwall lemma, there exists MT > 0 such that for all ξ, α,

∫
U

E
[

sup
s∈[t,T ]

|Xu
s |2
]
du ≤ MT

(
(T − t)

∫
U

(|βu|2 + |γu|2)du+

∫
U

E[|ξu|2] du+

∫
U

∫ T

t

E[|αu
s |2] dsdu

)
. (2.2)

Functional cost. Given t ∈ [0, T ] and ξ ∈ I, the goal is to minimize, over all α ∈ A, a functional of the form

J(t, ξ, α) :=

∫
U

E
[ ∫ T

t

⟨Xu
s , Q

uXu
s ⟩+ ⟨X̄u

s ,

∫
U

GQ(u, v)X̄
v
s dv⟩+ ⟨αu

s , R
uαu

s ⟩ (2.3)

+ ⟨Xu
T , H

uXu
T ⟩+ ⟨X̄u

T ,

∫
U

GH(u, v)X̄v
Tdv⟩

]
du,

where Q,H ∈ L∞(U ;Sd+), GQ, GH ∈ L2(U × U ;Rd×d), R ∈ L∞(U ;Sm>+) and there exists a c > 0 such that for
almost every u ∈ U

⟨Ruy, y⟩ ≥ c|y|2, ∀y ∈ Rd. (2.4)



6 A. DE CRESCENZO ET AL.

Throughout the whole paper, we assume

∫
U

E⟨Xu, QuXu⟩du+

∫
U

⟨X̄u,

∫
U

GQ(u, v)X̄
vdv⟩du ≥ 0;∫

U

E⟨Xu, HuXu⟩du+

∫
U

⟨X̄u,

∫
U

GH(u, v)X̄vdv⟩du ≥ 0,

(2.5)

for every X such that L(X) ∈ L2(P2(Rd)). Under such assumption, it follows

J(t, ξ, α) ≥ 0, ∀t, ξ, α.

Remark 2.4. Clearly, a sufficient condition which implies (2) is

∫
U

⟨zu,
∫
U

GQ(u, v)z
vdv⟩du ≥ 0,

∫
U

⟨yu,
∫
U

GH(u, v)yvdv⟩du ≥ 0, ∀z ∈ L2(U) (2.6)

(plus that Qu and Hu are non-negative). Define the linear operator

GQ : L2(U ;Rd) → L2(U ;Rd), GQ(z)(u) :=

∫
U

GQ(u, v)z
vdv,

for every z ∈ L2(U ;Rd); analogously, define the linear operator GH associated to GH . Then, (2.4) correspond
to the requirement that GQ,GH are non-negative operators, i.e.

⟨z,GQz⟩L2
U×U

≥ 0, ⟨z,GHz⟩L2
U×U

≥ 0.

However, (2.4) does not need to be satisfied in the centered formulation (see Appendix B.1) for (2) to be true.

From (2), we see that for all t ∈ [0, T ], ξ ∈ I, α ∈ A,

|J(t, ξ, α)| ≤ MT

(
(T − t)

∫
U

(|βu|2 + |γu|2)du+

∫
U

E[|ξu|2] du+

∫
U

∫ T

t

E[|αu
s |2] dsdu

)
. (2.7)

Remark 2.5. Notice that our formulation is different from the one on Hibert spaces in [25] (and for LQ
MFGs [26, 27]), where the goal is to build a theory for abstract McKean–Vlasov SDEs under assumptions of
homogeneity and anonymity. In our case we cannot reformulate our dynamics as a McKean–Vlasov SDE with
values on a Hilbert space. In particular, the standard formulation which uses Wiener processes on Hilbert spaces
(see for example [28]) is not well-suited for our model. This is due to the fact that we consider an uncountable
collection of heterogeneous players, thus an uncountable collection of independent Brownian motions, which
is a different object than the Wiener process on Hilbert space. Furthermore, in our setting we do not have
the measurability of the Brownian motions, and therefore of the state, with respect to the variable u (see for
example [29]). A way to retrieve the measurability of the states with respect to the variable u would be to use
Fubini extensions (see for example [9, 11, 29]). However, even in this situation we would not be able to use the
standard theory for the above reasons.
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3. Infinite dimensional system and fundamental relation

3.1. Derivation of the Riccati equations

As in the literature of linear-quadratic control problems, we start with a quadratic ansatz for the value
function, i.e. we consider

V(t, ξ) : =

∫
U

E[⟨ξu,Ku
t ξ

u⟩]du+

∫
U

∫
U

⟨ξ̄u, K̄t(u, v)ξ̄
v⟩dvdu

+ 2

∫
U

E[⟨Y u
t , ξ

u⟩]du+

∫
U

Λu
t du,

where K ∈ C([0, T ]; Sd), K̄ ∈ C([0, T ];L2(U ×U ;Rd×d)), Y ∈ C([0, T ];L2(U ;Rd)), Λ ∈ C([0, T ];L∞(U ;R)) are
suitable functions to be determined later. The terminal condition is given by

V(T, ξ) :=
∫
U

E[⟨ξu, Huξu⟩]du+

∫
U

∫
U

⟨ξ̄u, GH(u, v)ξ̄v⟩dvdu

=

∫
U

E[⟨ξu, Huξu⟩]du+

∫
U

∫
U

⟨ξ̄u, GS
H(u, v)ξ̄v⟩dvdu,

where in the second equality we have used (1). Then a standard strategy in finite and infinite dimension for
LQ problems is to use this ansatz and Ito’s formula in order to decompose the cost functional J into the sum
of a quadratic term in the control and a constant term, leading to suitable Riccati equations. Following this
strategy, we introduce:

Vt :=

∫
U

E[⟨Xu
t ,K

u
t X

u
t ⟩]du+

∫
U

∫
U

⟨X̄u
t , K̄t(u, v)X̄

v
t ⟩dvdu+ 2

∫
U

E[⟨Y u
t , X

u
t ⟩]du+

∫
U

Λu
t du.

For the sake of simplicity, we provide the following calculations in the case of βu = 0, γu = 0 (recall also Rem.
3.4). Hence, we have

Vt =

∫
U

E[⟨Xu
t ,K

u
t X

u
t ⟩]du+

∫
U

∫
U

⟨X̄u
t , K̄t(u, v)X̄

v
t ⟩dvdu.

Due to the definition of Vt, we can use standard Itô’s formula for a.e. u and then integrate over U. Notice that
in this way, we do not need the notion of derivatives with respect to measures (e.g. see [17]). Proceeding in this
way, we compute (denoting σu

t := γu + CuXu
t +

∫
U
GC(u, v)X̄

v
t dv +Duαu

s ):

d

(
Vt +

∫ t

0

∫
U

E
[
⟨Xu

s , Q
uXu

s ⟩+ ⟨X̄u
s ,

∫
U

GQ(u, v)X̄
v
s dv⟩+ ⟨αu

s , R
uαu

s ⟩
]
duds

)
=

∫
U

E [⟨dXu
t ,K

u
t X

u
t ⟩+ ⟨Xu

t ,d(K
u
t X

u
t )⟩+ ⟨σu

t ,K
u
t σ

u
t ⟩dt] du

+

∫
U

∫
U

[
⟨dX̄u

t , K̄t(u, v)X̄
v
t ⟩+ ⟨X̄u

t , d(K̄t(u, v)X̄
v
t )⟩
]
dudv

+

∫
U

E
[
⟨Xu

t , Q
uXu

t ⟩+
∫
U

⟨X̄u
t , GQ(u, v)X̄

v
t ⟩dv + ⟨αu

t , R
uαu

t ⟩
]
du

=

∫
U

E [⟨dXu
t ,K

u
t X

u
t ⟩+ ⟨Xu

t , dK
u
t X

u
t ⟩+ ⟨Xu

t ,K
u
t dX

u
t ⟩+ ⟨σu

t ,K
u
t σ

u
t ⟩dt] du

+

∫
U

∫
U

[
⟨dX̄u

t , K̄t(u, v)X̄
v
t ⟩+ ⟨X̄u

t , dK̄t(u, v)X̄
v
t ⟩+ ⟨X̄u

t , K̄t(u, v)dX̄
v
t ⟩
]
dudv
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+

∫
U

E
[
⟨Xu

t , Q
uXu

t ⟩+
∫
U

⟨X̄u
t , GQ(u, v)X̄

v
t ⟩dv + ⟨αu

t , R
uαu

t ⟩
]
du

=

∫
U

E
[
⟨AuXu

t +

∫
U

GA(u, v)X̄
v
t dv +Buαu

t ,K
u
t X

u
t ⟩+ ⟨Xu

t , K̇
u
t X

u
t ⟩

+ ⟨Ku
t A

uXu
t +Ku

t

∫
U

GA(u, v)X̄
v
t dv +Ku

t B
uαu

t , X
u
t ⟩

+ ⟨Ku
t (C

uXu
t +

∫
U

GC(u, v)X̄
v
t dv +Duαu

t ), C
uXu

t +

∫
U

GC(u,w)X̄w
t dw +Duαu

t ⟩

+

∫
U

⟨AuX̄u
t +

∫
U

GA(u,w)X̄w
t dw +BuE[αu

t ], K̄t(u, v)X̄
v
t ⟩dv

+

∫
U

⟨X̄u
t ,

˙̄Kt(u, v)X̄
v
t ⟩dv +

∫
U

⟨X̄u
t , K̄t(u, v)

(
AvX̄v

t +

∫
U

G(v, w)X̄w
t dw +BvE[αv

t ]

)
⟩dv

+ ⟨Xu
t , Q

uXu
t ⟩+

∫
U

⟨X̄u
t , GQ(u, v)X̄

v
t ⟩dv + ⟨αu

t , R
uαu

t ⟩
]
dudt.

Next, we want to rewrite the previous expression in a suitable form, based on the following observations:

� via matrix transpositions, we rewrite all terms of the type ⟨(. . .)Xu
t , (. . .)X

u
t ⟩ in the form ⟨(. . .)Xu

t , X
u
t ⟩;

� we can write all the terms depending on X̄ in the form ⟨(. . . )X̄v
t , X̄

u
t ⟩. For example:∫

U

∫
U

∫
U

⟨Ku
t GC(u, v)X̄

v
t , GC(u,w)X̄

w
t ⟩dwdvdu

=

∫
U

∫
U

∫
U

⟨Kw
t GC(w, v)X̄

v
t , GC(w, u)X̄

u
t ⟩dwdvdu

=

∫
U

∫
U

∫
U

⟨GC(w, u)
TKw

t GC(w, v)X̄
v
t , X̄

u
t ⟩dwdvdu;

� we can keep only linear terms in α (and not E[α]) observing that E[ψ⊺

tE[αu
t ]] = E[E[ψ⊺

t ]α
u
t ];

� on the right hand side of the above equation, using (1), we substitute GQ with GS
Q. This step ensures that

the abstract Riccati equation that will be derived satisfies a suitable symmetry property.

Proceeding in this way, we rewrite the previous expression as

d

(
Vt +

∫ t

0

∫
U

E
[
⟨Xu

s , Q
uXu

s ⟩+ ⟨X̄u
s ,

∫
U

GS
Q(u, v)X̄

v
s dv⟩+ ⟨αu

s , R
uαu

s ⟩
]
duds

)
=

∫
U

E
[
⟨(K̇u

t + (Au)TKu
t +Ku

t A
u + (Cu)TKu

t C
u +Qu)Xu

t , X
u
t ⟩
]
du

+

∫
U

∫
U

∫
U

E
[
⟨( ˙̄Kt(u, v) +GA(u, v)K

u
t +GA(v, u)

TKv
t + (Cu)TKu

t GC(u, v)

+ (GC(v, u))
TKv

t C
v +GC(w, u)

TKw
t GC(w, v)

+ (Au)T K̄t(u, v) + K̄t(u, v)A
v + K̄t(u,w)GA(w, v) + (GA(w, u))

T K̄t(w, v)

+GS
Q(u, v))X̄

v
t , X̄

u
t ⟩
]
dwdvdudt

+

∫
U

E
[
2

〈
((Bu)TKu

t + (Du)TKu
t C

u)Xu
t +

∫
U

(
(Bu)T K̄t(u, v)

+ (Du)TKu
t GC(u, v)

)
X̄v

t dv, α
u
t

〉
+ ⟨αu

t ,

(
Ru + (Du)TKu

t D
u

)
αu
t ⟩
]
du
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=

∫
U

E
[
⟨(K̇u

t +Φu
t )X

u
t , X

u
t ⟩
]
dudt+

∫
U

∫
U

E
[
⟨( ˙̄Kt(u, v) + Ψt(u, v))X̄

v
t , X̄

u
t ⟩
]
dvdudt

+

∫
U

E[χt(α
u
t )]dudt,

where for κ ∈ Sd+:

Φu(κ) = (Au)⊺κ+ κA+ (Cu)⊺κCu +Qu

Uu(κ) = (Bu)⊺κ+ (Du)⊺κCu

Ou(κ) = Ru + (Du)⊺κDu,

for κ̄ ∈ L2(U × U ;Rd×d):

Ψ(Kt, κ̄)(u, v) = Ku
t GA(u, v) +GA(v, u)

⊺Kv
t + (Cu)⊺Ku

t GC(u, v)

+ GC(v, u)
⊺Kv

t C
v +

∫
U

GC(w, u)
⊺Kw

t GC(w, v)dw

+ (Au)⊺κ̄(u, v) + κ̄(v, u)⊺Av +

∫
U

κ̄(w, u)⊺GA(w, v)dw

+

∫
U

GA(w, u)
⊺κ̄(w, v)dw +GS

Q(u, v),

V (Kt, κ̄)(u, v) = (Bu)⊺κ̄(u, v) + (Du)⊺Ku
t GC(u, v).

To ease the notation, we set:

Φu
t = Φu(Ku

t ), Uu
t = Uu(Ku

t ), Ou
t = Ou(Ku

t ),

Ψt(u, v) = Ψ(u, v)(Kt, K̄t), Vt(u, v) = V (u, v)(Kt, K̄t), Γu
t = Γu(Kt, Yt),

χt(α
u
t ) := 2⟨Uu

t X
u
t +

∫
U

Vt(u, v)X̄
v
t dv, α

u
t ⟩+ ⟨αu

t , O
u
t α

u
t ⟩.

We now complete the square with respect to α:

∫
U

E [χt(α
u
t )] du =

∫
U

E
[〈
Ou

t

(
αu
t + (Ou

t )
−1Uu

t X
u
t + (Ou

t )
−1

∫
U

Vt(u, v)X̄
v
t dv

)
,

αu
t + (Ou

t )
−1Uu

t X
u
t + (Ou

t )
−1

∫
U

Vt(u, v)X̄
v
t dv

〉
− ⟨Uu

t X
u
t , (O

u
t )

−1Uu
t X

u
t ⟩ −

∫
U

⟨Uu
t X̄

u
t , (O

u
t )

−1Vt(u, v)X̄
v
t ⟩dv

−
∫
U

⟨Vt(v, u)X̄u
t , (O

u
t )

−1Uv
t X̄

v
t ⟩dv −

∫
U

∫
U

⟨Vt(w, v)X̄v
t , (O

w
t )

−1Vt(w, u)X̄
u
t ⟩dwdv

]
du.
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Substituting this in the previous equation, we obtain:

d

(
Vt +

∫ t

0

∫
U

E
[
⟨Xu

s , Q
uXu

s ⟩+ ⟨X̄u
s ,

∫
U

GQ(u, v)X̄
v
s dv⟩+ ⟨αu

s , R
uαu

s ⟩
]
duds

)
=

∫
U

E
[
⟨(K̇u

t +Φu
t − (Uu

t )
T (Ou

t )
−1Uu

t )X
u
t , X

u
t ⟩
]
dudt

+

∫
U

∫
U

E
[
⟨( ˙̄Kt(u, v) + Ψt(u, v)− (Uu

t )
T (Ou

t )
−1Vt(u, v)− Vt(v, u)

T (Ov
t )

−1Uv
t

−
∫
U

Vt(w, u)
T (Ow

t )
−1Vt(w, v))X̄

v
t , X̄

u
t ⟩
]
dvdudt

+

∫
U

E
[
⟨Ou

t (α
u
t + (Ou

t )
−1Uu

t X
u
t + (Ou

t )
−1

∫
U

Vt(u, v)X̄
v
t dv),

αu
t + (Ou

t )
−1Uu

t X
u
t +

∫
U

(Ou
t )

−1Vt(u, v)X̄
v
t dv⟩

]
dudt.

(3.1)

Hence, by considering the following new system of four infinite dimensional equations related to our control
problem: two equations are of Riccati type and two are linear, we will be able state the so called fundamental
relation of the linear quadratic optimal control problem (see Prop. 3.6), i.e. the decomposition of the cost
functional J into the sum of a quadratic term in the control and a constant term, which then yields the optimal
control.

Standard Riccati. We start by introducing the system of Riccati equations:

K̇u
t +Φu(Ku

t )− Uu(Ku
t )

⊺Ou(Ku
t )

−1Uu(Ku
t ) = 0, (3.2)

Ku
T = Hu, for a.e. u ∈ U ;

Notice that for each u ∈ U , the Riccati equation for Ku in (3.1) is standard. We say that a solution to (3.1) is
a function K ∈ C1([0, T ];L∞(U ;Sd+)) such that (3.1) holds for every t ∈ [0, T ].

Remark 3.1. Observe that, for all κ ∈ Sd+, the inverse of Ou(κ) is well defined for almost every u ∈ U with
Ou(κ)−1 ≤M , for some positive constant M independent of u, thanks to (2).

Abstract Riccati. Given a solution K to (3.1) (see next section), we introduce the following abstract Riccati
equation on the Hilbert space L2(U × U ;Rd×d):

˙̄Kt + F (t, K̄t) = 0, K̄T = GS
H , (3.3)

where F : [0, T ]× L2(U × U ;Rd×d) → L2(U × U ;Rd×d) is defined by

F (t, κ̄)(u, v) := Ψ(u, v)(Kt, κ̄)− Uu(Ku
t )

⊺Ou(Ku
t )

−1V (u, v)(Kt, κ̄)

− V (v, u)(Kt, κ̄)
⊺Ov(Kv

t )
−1Uv(Kv

t )

−
∫
U

V (w, u)(Kt, κ̄)
⊺Ow(Kw

t )−1V (w, v)(Kt, κ̄)dw, (3.4)

for κ̄ ∈ L2(U × U ;Rd×d), t ∈ [0, T ], for a.e. u, v ∈ U and we have used notation (1). A solution to (3.1) is a
function K̄ ∈ C1([0, T ];L2(U × U ;Rd×d)) such that (3.1) holds for every t ∈ [0, T ]. Note that (3.1) is not an
operator-valued Riccati equation as the ones typically considered in the classical literature on Hilbert spaces
[20–22].
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Remark 3.2. Notice that the function F in (3.1) satisfies the following properties:

(i) |F(t, κ̄)|L ≤ MT (1 + |κ̄|L + |κ̄|2L), t ∈ [0, T ], κ̄ ∈ L2(U × U ;Rd×d), where F(t, κ̄), κ̄ denote the integral
operator associated to the kernel F (t, κ̄), κ̄, respectively (recall notation (1)).

(ii) F is continuous on [0, T ]× L2(U × U ;Rd×d);
(iii) For all t ∈ [0, T ], the map F (t, ·) : L2(U × U ;Rd×d) → L2(U × U ;Rd×d) is locally Lipschitz continuous,

uniformly in t. Moreover, the stronger following condition holds: there exists MT > 0 such that ∀t ∈
[0, T ], κ̄, κ̄′ ∈ L2(U × U ;Rd×d), it holds

|F (t, κ̄)− F (t, κ̄′)|L2
U×U

≤M(1 + |κ̄|L + |κ̄′|L)|κ̄− κ̄′|L2
U×U

.

(iv) F (t, κ̄)(v, u)⊺ = F (t, κ̄⊺)(u, v), for all t ∈ [0, T ], κ̄ ∈ L2(U × U ;Rd×d), (u, v) ∈ U × U .

All these properties follow from the L2-regularity of all the coefficients, the regularity of Ku
t , and the fact that

for the quadratic term in κ̄, i.e.
∫
U
κ̄(u,w)κ̄(w, v)dw, we have the following estimates. In particular to prove

(i), by defining the operator associated to the quadratic term in κ̄, we have

(Tκ̄f)(u) : =

∫
U

(∫
U

κ̄(u,w)κ̄(w, v)dw

)
f(v)dv

=

∫
U

κ̄(u,w)

∫
U

κ̄(w, v)f(v)dvdw = (κ̄ ◦ κ̄)(f)(u), f ∈ L2(U ;Rd).

Then (i) follows from the estimate

|Tκ̄|L ≤ ∥κ̄∥2L.

Instead (iii) follows from the fact that for the quadratic term in κ̄, we have an estimate of the type

∣∣∣∣∫
U

κ̄1(·, w)κ̄2(w, ·)dw
∣∣∣∣
L2(U×U ;Rd×d)

=

∫
U

∫
U

∣∣∣∣∫
U

κ̄1(u,w)κ̄2(w, v)dw

∣∣∣∣2 dudv
≤ ∥κ̄1∥L

∫
U

∫
U

|κ̄2(u, v)|2dudv = ∥κ̄1∥L|κ̄2|L2
U×U

,

for all κ̄1, κ̄2 ∈ L2(U × U ;Rd×d), from which we derive an estimate of the form∣∣∣∣∫
U

κ̄(·, w)κ̄(w, ·)− κ̄′(·, w)κ̄′(w, ·)dw
∣∣∣∣
L2

U×U

≤
∣∣∣∣∫

U

κ̄(·, w)[κ̄(w, ·)− κ̄′(w, ·)]dw
∣∣∣∣
L2

U×U

+

∣∣∣∣∫
U

[κ̄(·, w)− κ̄′(·, w)]κ̄′(w, ·)dw
∣∣∣∣
L2

U×U

≤ (∥κ̄∥L + ∥κ̄′∥L) |κ̄′ − κ̄|L2
U×U

For point (iv), we show the property for the term Ψ, the other terms can be treated in an analogous way.
Let us consider

Ψ(Kt, κ̄)(v, u)
⊺ = GA(v, u)

⊺(Kv
t )

⊺ + (Ku
t )

⊺GA(u, v) + GC(v, u)
⊺(Kv

t )
⊺Cv

+ (Cu)⊺(Ku
t )

⊺GC(u, v) +

∫
U

GC(w, u)
⊺(Kw

t )⊺GC(w, v)dw
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+ κ̄(u, v)Av + (Au)⊺κ̄(v, u)⊺ +

∫
U

GA(w, u)
⊺κ̄(w, v)dw

+

∫
U

κ̄(w, u)⊺GA(w, v)dw +GS
Q(v, u)

⊺

= GA(v, u)
⊺Kv

t +Ku
t GA(u, v) + GC(v, u)

⊺Kv
t C

v

+ (Cu)⊺Ku
t GC(u, v) +

∫
U

GC(w, u)
⊺Kw

t GC(w, v)dw

+ (Au)⊺κ̄(v, u)⊺ + κ̄(u, v)Av +

∫
U

κ̄(w, u)⊺GA(w, v)dw

+

∫
U

GA(w, u)
⊺κ̄(w, v)dw +GS

Q(u, v)

= Ψ(Kt, κ
⊺)(u, v)

where we have used the fact that Ku ∈ Sd for all u ∈ U in the second equality.

Remark 3.3. (i) From [30] with Remark 3.2, we know that a solution to (3.1) (when it exists, see next
section) is unique.

(ii) We notice that, if K̄t is a solution to (3.1), then it satisfies

K̄t(v, u)
⊺ = K̄t(u, v), ∀t ∈ [0, T ], (u, v) ∈ U × U.

Indeed exchanging u and v in (3.1), taking the transpose, we have that

0 = ( ˙̄Kt(v, u) + F (t, K̄t)(v, u))
⊺ = ˙̄K⊺

t (v, u) + F (t, K̄t)
⊺(v, u) = ˙̄K⊺

t (v, u) + F (t, K̄⊺

t )(u, v),

where we have used Remark 3.2 (iv). Then we have that K̄t(v, u)
⊺ satisfies the same equation (3.1). Then

the claim follows from uniqueness of solutions to (3.1).

Linear equations. Given K, K̄ solution to (3.1), (3.1), let us introduce the terminal value problem on
L2(U ;Rd):

Ẏt + F̃ (t, Yt) = 0, YT = 0, (3.5)

where F̃ : [0, T ]× L2(U ;Rd) → L2(U ;Rd) is defined by

F̃u(t, y) = (Au)⊺yu +

∫
U

GA(v, u)
⊺yvdv + 2Ku

t β
u + 2(Cu)⊺Ku

t γ
u

+ 2

∫
U

GC(v, u)
⊺Kv

t γ
vdv + 2

∫
U

K̄t(u, v)β
vdv

− Uu(Ku
t )

⊺Ou(Ku
t )

−1Γu(Kt, y)−
∫
U

V (v, u)(Kt, K̄t)
⊺Ov(Kv

t )
−1Γu(Kt, y)dv,

for all t ∈ [0, T ], y ∈ L2(U,Rd), for a.e. u ∈ U , with

Γu(Kt, y) = (Du)⊺Ku
t γ

u + (Bu)⊺yu.

Equation (3.1) is a standard linear ordinary differential equation (ODE) on the Hilbert space L2(U ;Rd), and
admits a unique solution Y ∈ C1([0, T ];L2(U ;Rd)), see details in the next section. Finally, we introduce the
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linear equation

Λ̇u
t + ⟨Ku

t γ
u, γu⟩+ ⟨Y u

t , β
u⟩ − ⟨Γu

t (Kt, Yt), O
u(Ku

t )
−1Γu

t (Kt, Yt)⟩ = 0, (3.6)

Λu
T = 0, for a.e. u ∈ U,

which admits a unique solution Λ ∈ C1([0, T ];L∞(U ;R)).

Remark 3.4. If β = γ = 0, the solutions to the linear equations (3.1) and (3.1) are Y ≡ Λ ≡ 0.

Remark 3.5. (i) The system of equations (3.1)–(3.1)–(3.1)–(3.1) has a triangular form, i.e. the equation for
K is independent of K̄, Y,Λ; the equation for K̄ depends on K but it is independent of Y,Λ; the equation
for Y depends on K, K̄ but it is independent of Λ; finally, the equation for Λ depends on K, K̄, Y .

(ii) Equations (3.1)–(3.1)–(3.1)–(3.1) are infinite dimensional; however, (3.1)–(3.1) are decoupled in u.
(iii) The Riccati equations (3.1), (3.1) are independent of β, γ.

The next Section 4 is devoted to the existence (and uniqueness) of a solution to the system of equations
(3.1)–(3.1)–(3.1)–(3.1).

We end this section by stating the so-called fundamental relation of the optimal control problem. Such result
states that we can decompose the functional J(t, ξ, α) into a constant part (not depending on the control) and
a quadratic non-negative part, and therefore will be crucial to solve the optimal control problem (see Sect. 5).

Proposition 3.6 (Fundamental relation). Let K, K̄, Y,Λ be solution to the system (3.1), (3.1), (3.1), (3.1).
Then, given t ∈ [0, T ], ξ ∈ I, for all α ∈ A we have

J(t, ξ, α) = V(t, ξ) +
∫ T

t

∫
U

E
[〈

Ou
s

(
αu
s + (Ou

s )
−1(Uu

s X
u
s +

∫
U

Vs(u, v)X̄
v
s dv + Γu

s

))
,

αu
s + (Ou

s )
−1(Uu

s X
u
s +

∫
U

Vs(u, v)X̄
v
s dv + Γu

s

)〉]
ds, (3.7)

where V : [0, T ]× I → R is defined by

V(t, ξ) :=
∫
U

E[⟨ξu,Ku
t ξ

u⟩]du+

∫
U

∫
U

⟨ξ̄u, K̄t(u, v)ξ̄
v⟩dvdu (3.8)

+ 2

∫
U

E[⟨Y u
t , ξ

u⟩]du+

∫
U

Λu
t du.

Proof. Recalling the form of V in (3.6) (with Y u = Λu = 0), integrating (3.1) over [t, T ], and using (3.1), (3.1),
we have ∫ T

t

∫
U

E
[
⟨Ou

s (α
u
s + (Ou

s )
−1Uu

s X
u
s + (Ou

s )
−1

∫
U

Vs(u, v)X̄
v
s dv),

αu
s + (Ou

s )
−1Uu

s X
u
s + (Ou

s )
−1

∫
U

Vs(u, v)X̄
v
s dv⟩

]
duds

= VT − Vt +

∫ T

t

∫
U

E
[
⟨Xu

s , Q
uXu

s ⟩+ ⟨X̄u
s ,

∫
U

GQ(u, v)X̄
v
s dv⟩+ ⟨αu

s , R
uαu

s ⟩
]
duds

=

∫
U

E [⟨Xu
T , H

uXu
T ⟩] du+

∫
U

∫
U

⟨X̄u
T , G

S
H(u, v)X̄v

T ⟩dvdu− V(t, ξ)

+

∫ T

t

∫
U

E
[
⟨Xu

s , Q
uXu

s ⟩+ ⟨X̄u
s ,

∫
U

GS
Q(u, v)X̄

v
s dv⟩+ ⟨αu

s , R
uαu

s ⟩
]
duds
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=

∫
U

E [⟨Xu
T , H

uXu
T ⟩] du+

∫
U

∫
U

⟨X̄u
T , GH(u, v)X̄v

T ⟩dvdu− V(t, ξ)

+

∫ T

t

∫
U

E
[
⟨Xu

s , Q
uXu

s ⟩+ ⟨X̄u
s ,

∫
U

GQ(u, v)X̄
v
s dv⟩+ ⟨αu

s , R
uαu

s ⟩
]
duds

= J(t, ξ, α)− V(t, ξ),

where we have used the equality Vt = V(t, ξ) and (1). The statement of the proposition follows.

4. Solution of the infinite dimensional differential system

In this section, we solve the system of infinite-dimensional equations (3.1)–(3.1)–(3.1)–(3.1). Since such system
has a triangular form (see Rem. 3.5) we will solve the system by proceeding with one equation at a time, starting
with (3.1) and ending with (3.1).

4.1. Standard Riccati equation

To ensure existence and uniqueness of a solution of (3.1), we can rely on the classical theory. Indeed, for a.e.
u ∈ U , equation (3.1) is a strong Riccati equation. We recall that our coefficients are L∞ functions of u, hence
they are defined up to a null set. However, we can still look at the Riccati equation for (a.e.) u ∈ I fixed. Indeed,
let us fix a choice of representatives Ã, B̃, . . . of the coefficients A,B, . . . , defined out of a null set Ñ , which is
the same for all the representatives. Then, for all u ∈ Ñ c we can consider the associated strong Riccati equation
and find a unique solution K̃u. If we consider a different choice of representatives Â, B̂, . . . defined out of a null
set N̂ , then Ãu = Âu, B̃u = B̂u, . . . for all u ∈ Ñ c ∩ N̂u, and Ñ c ∩ N̂ c is a set of measure 1. The uniqueness of
the solution ensures that K̃u = K̂u for all u ∈ Ñ c ∩ N̂ c, thus, K̃ and K̂ belong to the same equivalence class in
L∞.

Thus, using for example [18], Theorem 7.2, we have that for a.e. u ∈ U , there exists a unique solution
Ku ∈ C1([0, T ];Sd+), which is associated to the standard linear quadratic stochastic control problem with GA =
GC = GQ = GH ≡ 0, i.e.

V u(t, x) := inf
α∈A

E

[∫ T

t

fu(X̃s, αs)ds+ gu(X̃T )

]
,

with dynamics

dX̃s = bu(X̃s, αs)ds+ σu(X̃s, αs)dW
u
s , X̃0 = x,

where bu(x, a) := Aux+Bua, σu(x, a) := Cux+Dua, fu(x, a) := ⟨x,Qux⟩+ ⟨a,Rua⟩, gu(x) := ⟨x,Hux⟩. In this
case, V u(t, x) = ⟨x,Ku

t x⟩, with |Ku
t | ≤ CT,r where r > 0 is such that |Au|, |Bu|, |Cu|, |Du|, |Qu|, |Ru|, |Hu| ≤ r.

Therefore, as our coefficients are bounded with respect to u ∈ U , there exists MT > 0 such that

|Ku
t | ≤MT ∀t ∈ [0, T ]. (4.1)

Following the proof of [18], Theorem 7.2, we recall that, for each u ∈ U , Ku is obtained as the limit of a sequence
of functions (Ki)u which are solutions of linear ODEs. Explicitly, K0 := Hu, and for all i ≥ 1 Ki is defined as
the solution of the linear equation

(K̇i
t)

u + (Ki
t)

u(Âi−1
t )u + ((Âi−1

t )⊺)u(Ki
t)

u + ((Ĉi−1
t )⊺)u(Ki

t)
u(Ĉi−1

t )u + (Q̂i−1
t )u = 0,

(Ki
T )

u = Hu,
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where

(Âi−1
t )u = Au −Bu(Ψ̂i−1

t )u, (Ĉi−1
t )u = Cu −Du(Ψ̂i−1

t )u,

(Q̂i−1
t )u = ((Ψ̂i−1

t )⊺)uRu(Ψ̂i−1
t )u +Qu

(Ψ̂i−1
t )u = (Ru + (D⊺)u(Ki−1

t )uDu)−1((B⊺)u(Ki−1
t )u + (D⊺)u(Ki−1

t )uCu)

We have that, for each i ∈ N, (u, t) 7→ (Ki
t)

u is measurable. This can be done by exploiting the standard Picard
iteration to obtain solutions of linear ODEs and by arguing that Ki is the limit of measurable functions. Indeed,
we have that:

(Ki
t)

u = lim
n→∞

(Ki,n
t )u, for almost every u ∈ U, for all t ∈ [0, T ],

where

(Ki,n
t )u :=

∫ T

t

[
(Ki,n−1

s )u(Âi−1
s )u + ((Âi−1

s )⊺)u(Ki,n−1
s )u + ((Ĉi−1

s )⊺)u(Ki,n−1
s )u(Ĉi−1

s )u + (Q̂i−1
s )u]ds

and (Ki,0
t )u := Ku

T for all t ∈ [0, T ]. Therefore, since supt∈[0,T ] |K
i,u
t −Ku

t | → 0 as i tends to infinity, we can

conclude that (u, t) 7→ Ku
t is measurable. By (4.1), we conclude that K ∈ L∞(U,Sd+). To show that K ∈

C([0, T ];L∞(U ;Sd+)), i.e. K is continuous in t, we need to show that ess sup
u∈U

|Ku
t1 − Ku

t2 | → 0 as t1 → t2.

Therefore, let us consider

|Ku
t1 −Ku

t2 | =
∣∣∣∣∫ t2

t1

(
Φu(Ku

s )− Uu(Ku
s )

⊺Ou(Ku
s )

−1Uu(Ku
s )
)
ds

∣∣∣∣ ≤M |t1 − t2|,

where M is a positive constant. The last inequality can be obtained thanks to (4.1), to the boundedness of all
the coefficients involved, and to Remark 3.1. Finally, we show that K̇ ∈ C([0, T ];L∞(U ;Sd+)) by observing that

K̇u
t is given by (3.1) and therefore is the sum and product of functions in C([0, T ];L∞(U ;Sd+))
Therefore, we can conclude that K ∈ C1([0, T ];L∞(U ;Sd+)), so that it is a solution to (3.1).

4.2. Solution of the infinite dimensional Riccati equation

In order to solve the infinite dimensional Riccati equation (3.1), we start by proving an a priori estimate on
its solutions. As observed in Remark 3.5, equation (3.1) is independent of βu, γu; therefore, in this subsection,
without loss of generality, we assume

βu = γu = 0, for a.e. u ∈ U.

This will be useful in deriving the a priori estimate in Proposition 4.1.

Proposition 4.1 (A priori estimate). Let T0 ∈ [0, T ] and K̄t be a solution of the abstract Riccati equation (3.1)
on (T0, T ]. Then there exists MT > 0 (independent of K̄t) such that

∥K̄t∥L ≤MT ∀t ∈ (T0, T ]. (4.2)

Proof. First, we observe that K̄t is a self-adjoint operator, thanks to Remark 3.3. Indeed:

⟨z, K̄t(y)⟩L2 =

∫
U

∫
U

(zu)T K̄t(u, v)y
vdvdu =

∫
U

∫
U

(zv)T K̄t(v, u)y
udvdu
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=

∫
U

∫
U

(zv)T K̄t(u, v)
T yudvdu = ⟨K̄t(z), y⟩L2 .

We recall that the norm of self-adjoint operators can be expressed in the following way:

∥K̄t∥2L) = sup
∥f∥L2 ̸=0

⟨K̄t(z), z⟩L2

∥z∥2L2

(4.3)

Now, we estimate the right-hand-side.

� Considering (3.6), and noticing that both the square term there and
∫
U
E [⟨ξu,Ku

t ξ
u⟩] du are non-negative,

it holds J(t, ξ, α) ≥
∫
U

∫
U
⟨ξ̄u, K̄t(u, v)ξ̄

v⟩dvdu, ∀α. Observe that, when β = γ = 0, the solutions to the
linear equations (3.1), (3.1) are Y = Λ = 0. Taking α = 0 and using (2) (with β = γ = 0), yield

MT

∫
U

E
[
|ξu|2

]
du ≥ J(t, ξ, 0) ≥

∫
U

∫
U

⟨ξ̄u, K̄t(u, v)ξ̄
v⟩dvdu.

� Denoting αu
s := −(Ou

s )
−1Uu

s X
u
s − (Ou

s )
−1

∫
U
Vs(u, v)X̄

v
s dv, where X

u
s is the unique solution to the closed

loop equation (5), from (3.6) we have∫
U

E [⟨ξu,Ku
t ξ

u⟩] du+

∫
U

∫
U

⟨ξ̄u, K̄t(u, v)ξ̄
v⟩dvdu = J(t, ξ, α) ≥ 0,

from which we obtain, taking into account also (4.1),∫
U

∫
U

⟨ξ̄u, K̄t(u, v)ξ̄
v⟩dvdu ≥ −

∫
U

E [⟨ξu,Ku
t ξ

u⟩] du ≥ −MT

∫
U

E
[
|ξu|2

]
du.

Therefore it holds ∣∣∣∣∫
U

∫
U

⟨ξ̄u, K̄t(u, v)ξ̄
v⟩dvdu

∣∣∣∣ ≤MT

∫
U

E
[
|ξu|2

]
du.

Hence, taking deterministic random variables ξu = zu, we are able to bound (4.2), so that (4.1) follows. Hence,
we have proved the statement of the proposition.

We now solve the abstract Riccati equation (3.1).

Proposition 4.2. The abstract Riccati equation (3.1) has a unique solution K̄t on [0, T ].

Proof. Inspired by the proof of [21], Proposition 5.8, we proceed as follows. Let δ, r > 0. Consider the Banach
space C

(
[T − δ, T ];L2(U × U ;Rd×d)

)
with norm |k̄|2C = supt∈[T−δ,T ] |k̄t|2L2

U×U
and consider

B(r) :=

{
k̄ ∈ C

(
[T − δ, T ];L2(U × U ;Rd×d)

)
: sup
t∈[T−δ,T ]

|k̄t|L ≤ r

}
,

where k̄t is the integral operator associated to k̄t (recall notation (1)). We notice that B(r) is a closed convex
subset of C

(
[T − δ, T ];L2(U × U ;Rd×d)

)
. As convexity is immediate, we prove that it is closed. Indeed, let
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k̄n ∈ B(r), k̄ ∈ C
(
[T − δ, T ];L2(U × U ;Rd×d)

)
such that |k̄n − k̄|C → 0. Then we have k̄ ∈ B(r) since (with

usual notations for k̄n)

sup
t∈[T−δ,T ]

|k̄t|L ≤ sup
t∈[T−δ,T ]

|k̄t − k̄n
t |L + sup

t∈[T−δ,T ]

|k̄n
t |L ≤ |k̄ − k̄n|C + r

n→∞−−−−→ r.

The claim follows.
On B(r) we construct a map (recall (3.1))

A : B(r) → B(r), (AK̄)t = K̄T +

∫ T

t

F
(
s, K̄s

)
ds, t ∈ [T − δ, T ].

We show first that A is well defined for opportune choices of the parameters. Indeed, denoting (AK̄) the integral
operator associated to AK̄ (recall notation (1)) and using Remark 3.2 (i), for M = MT > 0 (independent of
δ, r), we have

|(AK̄)t|L ≤M

∫ T

T−δ

(1 + |K̄s|L + |K̄s|2L)ds+ |K̄T |L

≤Mδ(1 + r + r2) + |K̄T |L, t ∈ [T − δ, T ].

Therefore, taking first r > |K̄T |L and then δ such that Mδ(1 + r + r2) + |K̄T |L ≤ r, we have the claim.
Finally we show thatA is a contraction onB(r). Indeed, using Remark 3.2 (iii), forM =MT > 0 (independent

of δ, r) we have

sup
t∈[T−δ,T ]

|(AK̄ ′)t − (AK̄)t|L2 ≤M

∫ T

T−δ

(1 + |K̄s|L + |K̄′
s|L)|K̄ ′

s − K̄s|L2
U×U

ds

≤ δM(1 + 2r) sup
t∈[T−δ,T ]

|K̄ ′
t − K̄t|L2

U×U
.

Then choosing δ such that δM(1 + 2r) < 1 (together with the previous condition Mδ(1 + r + r2) + |K̄T |L ≤ r)
we have the claim.

This provides existence and uniqueness of the solution K̄t on [T − δ, T ]. Observing that δ depends on K̄T

only through |K̄T |L for which we have the a-priori estimate (4.1), we can iterate the argument backward in
time and get global existence an uniqueness on [0, T ].

4.3. Solution of the linear equations

Applying [30], Corollary 3.8, we get existence and uniqueness of the solution of (3.1). Equation (3.1) can be
solved u by u, and the classical theory for differential equations grants existence and uniqueness.

5. Optimal feedback controls

In this section, we prove a verification theorem. In view of the fundamental relation, this suggests that the
optimal control satisfies the following feedback form

αu
s = −(Ou

s )
−1

(
Uu
s X

u
s +

∫
U

Vs(u, v)X̄
v
s dv + Γu

s

)
, (5.1)
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and to consider the following closed loop equation (by substituting such α in the state dynamics (2)):

dXu
s =

[ (
Au −Bu(Ou

s )
−1Uu

s

)
Xu

s +

∫
U

(
GA(u, v)−Bu(Ou

s )
−1Vs(u, v)

)
X̄v

s dv −Bu(Ou
s )

−1Γu
s

]
ds

+
[ (

Cu −Du(Ou
s )

−1Uu
s

)
Xu

s +

∫
U

(
GC(u, v)−Du(Ou

s )
−1Vs(u, v)

)
X̄v

s dv −Du(Ou
s )

−1Γu
s

]
dWu

s ,

Xu
t = ξu, u ∈ U.

(5.2)

Since (5) is linear mean-field SDE with coefficients which are continuous in time and bounded, by Remark 2.3,
it admits a unique solution, denoted X̂u

s on [t, T ]. The next result shows the optimality of the control in (5).

Theorem 5.1. Let Ku
t be the unique solution of the standard Riccati equation (3.1) on [0, T ], K̄t be the unique

solution of the abstract Riccati equation (3.1) on [0, T ], Y,Λ be the unique solutions of the linear equations (3.1),
(3.1), respectively, on [0, T ]. Then:

1. The unique optimal control is given by the feedback control

α̂u
s : = −(Ou

s )
−1

(
Uu
s X

u
s +

∫
U

Vs(u, v)X̄
v
s dv + Γu

s

)
, (5.3)

for every s ∈ [0, T ], where Xu
s is the unique solution to the closed loop equation (5);

2. The value function V (t, ξ) := inf
α∈A

J(t, ξ, α) is given by V (t, ξ) = V(t, ξ) (recall (3.6)).

Proof. Observe that α̂ ∈ A (this follows from the proof of Thm. 2.2 in Appendix A). By the fundamental
relation (3.6), we have

� J(t, ξ, α) ≥ V(t, ξ), for all α ∈ A;
� we have equality, i.e., J(t, ξ, α) = V(t, ξ), if and only if a control α satisfies (1). Hence, by uniqueness of
solutions to the closed loop equation (5), we have equality if and only if α = α̂.

This implies the statement of the theorem.

Remark 5.2. Observe that in the homogeneous case, i.e. when GA, GC , GQ, GI , GH are constant in (u, v), we
retrieve the results for the classical LQ mean-field control (see for example [3]–[6]).

6. Application to systemic risk with heterogeneous banks

In this section, we introduce and solve a systemic risk problem with heterogeneous banks, extending the
model proposed in [24] with homogeneous interaction, i.e., in a standard linear-quadratic McKean–Vlasov
control problem. See also [31], for the mean field game case, with homogeneity within groups and heterogeneity
between groups.

In what follows, all the quantities involved are real-valued. Consider a model of interbank borrowing and
lending of N heterogenous banks, with the log-monetary reserve of each bank i given by

dXi
s =

[ k
Ni

N∑
j=1

G(ui, uj)(X
i
t −Xj

t ) + αi
s

]
ds+ σi dW i

s , Xi
t = ξi.

Here, k ≤ 0, G is a graphon i.e. a bounded, symmetric, measurable function from U ×U into R, measuring the
rate of borrowing/lending between bank i and bank j, Ni =

∑N
j=1G(ui, uj), with ui = i/N , and σi > 0 is the

volatility coefficient of the bank reserve. All banks can control their rate of borrowing/lending to a central bank
with the collection of policies α = (αi)Ni=1.
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Taking heuristically the limit for N → ∞, we are led to study a continuum of heterogeneous banks, indexed
by u ∈ U , where the log-monetary reserve of each bank u ∈ U is governed by

dXu
s =

[
k
(
Xu

s −
∫
U

G̃k(u, v) X̄
v
s dv

)
+ αu

s

]
ds+ σu dWu

s , Xu
t = ξu,

where G̃k is a graphon i.e. a bounded, symmetric, measurable function from U×U into R, σu > 0, and α = (αu)u
is the collection of policies.

The aim of the central bank is to mitigate systemic risk by minimizing over all α an aggregate cost functional
of the form ∫

U

E
[ ∫ T

t

(
ηu(Xu

s −
∫
U

G̃η(u, v) X̄
v
s dv

)2
+ (αu

s )
2
)
ds+ ru

(
Xu

T −
∫
U

G̃r(u, v) X̄
v
T dv

)2]
du,

where ηu > 0, ru > 0 are positive parameters for penalizing departure from the weighted average, and the term
(αu

s )
2 represents the cost of borrowing/lending from the central bank.

We have shown in Appendix B.1, how to rewrite the above functional in the form (2). Here, we have

J(t, ξ, α) =

∫
U

E
[ ∫ T

t

(
ηu(Xu

s )
2 + X̄u

s

∫
U

Gη(u, v)X̄
v
s dv + (αu

s )
2

)
ds

+ ru(Xu
T )

2 + X̄u
T

∫
U

Gr(u, v)X̄
v
Tdv

]
du,

whereGη(u, v) :=
∫
U
ηwG̃η(w, v)G̃η(w, u)dw− (ηu+ηv)G̃η(u, v),Gr(u, v) :=

∫
U
rwG̃r(w, v)G̃r(w, u)dw − (ru+

rv)G̃r(u, v). Hence, we can apply Theorem 5.1 to solve the optimal control problem. In particular, the value
function is in the quadratic form

V (t, ξ) =

∫
U

E
[
Ku

t (ξ
u)2⟩

]
du+

∫
U

∫
U

ξ̄uK̄t(u, v)ξ̄
vdvdu.

The Riccati equation for Ku is the following

K̇u
t + 2kKu

t + ηu − (Ku
t )

2 = 0, Ku
T = ru,

which can be explicitly solved as

Ku
t =

−ηu
(
e(δ

u,+−δu,−)(T−t) − 1
)
− ru

(
δu,+e(δ

u,+−δu,−)(T−t) − δu,−
)

(
δu,−e(δu,+−δu,−)(T−t) − δu,+

)
− ru

(
e(δu,+−δu,−)(T−t) − 1

) ,

where δu,± := −k ±
√
k2 + ηu.

The abstract Riccati equation for K̄(u, v) is written as

˙̄Kt(u, v)− kG̃k(u, v)K
u
t − kG̃k(u, v)K

v
t + 2kK̄t(u, v)

−
∫
U

K̄t(u,w)kG̃k(w, v)dw −
∫
U

G̃k(u,w)kK̄t(w, v)dw

+Gη(u, v)− K̄t(u, v) (K
u
t +Kv

t )

−
∫
U

K̄t(u,w)K̄t(w, v)dw = 0

K̄T (u, v) = Gr(u, v)
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The linear equation for Y is:

Ẏ u
t + kY u

t −
∫
U

kG̃k(u, v)Y
v
t dv −Ku

t Y
u
t −

∫
U

K̄t(u, v)Y
v
t dv = 0,

with Y u
T = 0; thus Y u

t = 0 for all t ∈ [0, T ], while the linear equation for Λ is

(σu)2Ku
t + Λ̇u

t = 0, Λu
T = 0,

which leads to Λu
t = (σu)2

∫ T

t
Ku

s ds.

Finally, the optimal control is

α̂u
s = −Ku

sX
u
s −

∫
U

K̄s(u, v)X̄
v
s dv = −Ku

s

(
Xu

s +

∫
U

K̄s(u, v)

Ku
s

X̄v
s dv

)
.

Remark 6.1. If we set all the coefficients of the problem to be independent of u, and G̃k(u, v) = G̃η(u, v) =

G̃r(u, v) = 1, we retrieve the optimal control of the standard systemic risk model. In this case, we check that
K̄t(u, v) = −Ku

t satisfies the abstract Riccati equation. Indeed, the abstract Riccati equation becomes:

˙̄Kt(u, v)− kKt − kKt + (k + k)K̄t(u, v)−
∫
U

K̄t(u,w)kdw −
∫
U

kK̄t(w, v)dw

+ η − (η + η)− (Kt +Kt)K̄t(u, v)−
∫
U

K̄t(u,w)K̄t(w, v)dw

= ˙̄Kt(u, v)− 2kKt + 2kK̄t(u, v)−
∫
U

K̄t(u,w)kdw −
∫
U

kK̄t(w, v)dw

− η − 2KtK̄t(u, v)−
∫
U

K̄t(u,w)K̄t(w, v)dw = 0,

K̄T (u, v) = −r.

It is easy to see that K̄t(u, v) := −Kt satisfies the above equation (that actually reduces to the standard Riccati
equation for K). Therefore the optimal control for the problem is α̂s = −Ks(Xs − X̄s).

Remark 6.2. The classical example of systemic risk (see [32]) includes also mixed terms of the form αsXs and
αsX̄s. In this heterogeneous framework one might consider a cost functional of the form

∫
U

E
[ ∫ T

t

(
ηu(Xu

s −
∫
U

G̃η(u, v) X̄
v
s dv

)2
+ quαu

s

(
Xu

s −
∫
U

Gq(u, v)X̄
v
s dv

)
+ (αu

s )
2
)
ds

+ ru
(
Xu

T −
∫
U

G̃r(u, v) X̄
v
T dv

)2]
du,

where qu > 0 is a positive parameter for the incentive to borrowing (αu
t > 0) or lending (αu

t < 0), and Gq is

possibly different from G̃η, G̃r, G̃k. The computations carried out throughout this paper can be easily extended
to the case including mixed terms. In the systemic risk example, in particular, the optimal control would be
given by

α̂u
s = −(Ku

s +
qu

2
)(Xu

s −
∫
U

Gq(u, v)X̄
v
s dv)−

∫
U

(K̄s(u, v) +Ku
sGq(u, v))X̄

v
s dv,
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where K̄ is solution of the infinite-dimensional Riccati equation:

˙̄Kt(u, v)− kG̃k(u, v)K
u
t − kG̃k(u, v)K

v
t + 2kK̄t(u, v) (6.1)

−
∫
U

K̄t(u,w)kG̃k(w, v)dw −
∫
U

G̃k(u,w)kK̄t(w, v)dw

+Gη(u, v)− K̄t(u, v)

(
Ku

t +Kv
t +

qu + qv

2

)
+Ku

t

qu

2
Gq(u, v)

+Kv
t

qv

2
Gq(v, u) +

(qu)2

4
Gq(u, v) +

(qv)2

4
Gq(v, u)

−
∫
U

(
K̄t(u,w)K̄t(w, v)−

qw

2
Gq(w, u)K̄t(w, v)

− qw

2
Gq(w, v)K̄t(u,w) +

(qw)2

4
Gq(w, u)Gq(w, v)

)
dw = 0

K̄T (u, v) = Gr(u, v)

However, we refrain from the study of a more general model that includes mixed terms. The main challenge
in this setting lies in establishing the existence and uniqueness of a solution K̄ of equation (6.2). Indeed, the
proof of Proposition 4.1 does not apply to the case with mixed terms as the cost functional J would no longer
be positive. We believe that, with additional effort and more refined techniques, it is possible to extend the a
priori estimate in Proposition 4.1 to this general framework, but we leave it for further study.
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Appendix A. Proof of Theorem 2.2

We define the map Ψ : L2(U ;Cd
[t,T ]) → L2(U ;Cd

[t,T ]), Ψ(Y ) = E[XY ], where XY : u 7→ XY,u and, for all u ∈ U , XY,u

is the solution of the standard SDE
dXY,u

s =
[
βu +AuXY,u

s +
∫
U
GA(u, v)Y

v
s dv +Buαu

s

]
ds

+
[
γu + CuXY,u

s +
∫
U
GC(u, v)Y

v
s dv +Duαu

s

]
dWu

s , s ∈ [t, T ]

XY,u
t = ξu.

(A.1)

We will prove that Ψ has a unique fixed point Ȳ , which concludes the proof.

Step 1. We start by showing that the map Ψ is well defined. We fix Y ∈ L2(U,Cd
[t,T ]) and we consider the dynamics

(A) for XY = (XY,u)u. Standard results ensure existence and uniqueness of a solution XY for a.e. u. From the standard
Picard iteration, we have that for a.e. u ∈ U fixed,

E

[
sup

s∈[t,T ]

|XY,u
s −XY,n,u

s |2
]

n→∞−−−−→ 0, (A.2)

where XY,u,0
s = ξu ∀s and

XY,u,n
s = ξu +

∫ s

t

[βu +AuXY,u,n−1
r +

∫
U

GA(u, v)Y
v
r dv +Buαu

r ]dr

+

∫ s

t

[γu + CuXY,u,n−1
r +

∫
U

GC(u, v)Y
v
r dv +Duαu

r ]dW
u
r , ∀n.

By induction, we have that u 7→ E[XY,u,n
s ] is a Borel measurable map for all n, s. Indeed, for n = 0, u 7→ E[ξu] is

measurable by hypothesis. For n ≥ 1 we have that:

E[XY,u,n
s ] = E [ξu] +

∫ s

t

[βu +AuE
[
XY,u,n−1

r

]
+

∫
U

GA(u, v)Y
v
r dv +BuE [αu

r ] dr,

so that the measurability of E
[
XY,u,n−1

s

]
implies the measurability of E

[
XY,u,n

s

]
.

As for u 7→ E[XY,u,n,i
r XY,u,n,j

s ], we have that

E[XY,n,u,i
s XY,n,u,j

r ] =E
[
ξu,i

(
ξu,j +

∫ s

t

[
βu,j + (AuXY,n−1,u

q )j + (

∫
U

GA(u, v)Y
v
q dv)j + (Buαu

q )
j

]
dq

)
+ ξu,j

(
ξu,i +

∫ r

t

[
βu,i + (AuXY,n−1,u

q )i + (

∫
U

GA(u, v)Y
v
q dv)i + (Buαu

q )
i

]
dq

)
∫ s∧r

t

(
γu,i + (CuXY,u,n−1

q )i + (

∫
U

GC(u, v)Y
v
q dv)i + (Duαu

q )
i

)

mailto:subscribers@edpsciences.org
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(
γu,j + (CuXY,u,n−1

q )j + (

∫
U

GC(u, v)Y
v
q dv)j + (Duαu

q )
j

)
dq

]
,

and again by induction and using the fact that u 7→ E[ξu,iαu,j
s ] is measurable for all i, j, s, that u 7→ E[XY,n,u,i

r XY,n,u,j
s ]

is Borel measurable for all i, j, n, r, s. Therefore, by (A), we have that u 7→ E[XY,u
s ] and u 7→ E[XY,u,i

r XY,u,j
s ] are Borel

measurable maps for all i, j, s, r. Finally we show that E[XY ] ∈ L2(U ;Cd
[t,T ]). To prove this, we need to show that∫

U
sups∈[t,T ] |E[XY,u

s ]|2du < ∞, but we can actually show that the stronger condition
∫
U
E[sups∈[t,T ] |XY,u

s |2]du < ∞
holds. Indeed, by using Gronwall inequality we obtain

∫
U

E[ sup
s∈[t,T ]

|XY,u
s |2]du ≤ MT

∫
U

(
E[|ξu|2] +

∫ T

t

(
|βu|2 +

∣∣∣∣∫
U

GA(u, v)Y
v
r dv

∣∣∣∣2 + |Bu|2E[|αu
r |2]

)
dr

)
du,

where MT is a positive constant. To see that the right-hand side is finite, using (1), we observe that∫ T

t

∫
U

∣∣∫
U
GA(u, v)Y

v
r dv

∣∣2 dudr ≤ ∥GA∥2L2

∫ T

t

∫
U
|Y v

r |2dvdr < ∞.

Step 2. We will now prove that Ψ has a unique fixed point Ȳ , which concludes the proof. Given Y,Z ∈ L2(U ;Cd
[t,T ]),

r ∈ [t, T ], we have by standard estimates

sup
s∈[t,r]

∣∣∣E [XY,u
s −XZ,u

s

]∣∣∣2 ≤ M

∫ r

t

(
sup

q∈[t,s]

∣∣∣E[XY,u
q −XZ,u

q ]
∣∣∣2 + ∫

U

|GA(u, v)|2dv
∫
U

sup
q∈[t,s]

|Y u
q − Zu

q |2du

)
ds

where M > 0 does not depend on u, thanks to the boundedness of the coefficients. Therefore, by Gronwall inequality

sup
s∈[t,r]

|E[XY,u
s −XZ,u

s ]|2 ≤ M

∫
U

|GA(u, v)|2dv
∫ r

t

∫
U

sup
q∈[t,s]

|Y u
q − Zu

q |2duds.

Therefore, taking r = T , we have that

∥Ψ(Y )−Ψ(Z)∥2L2(U ;Cd
[t,T ]

) =

∫
U

sup
s∈[t,T ]

|E[XY,u
s −XZ,u

s ]|2du ≤ M∥GA∥2L2(T − t)

∫
U

sup
q∈[t,T ]

|Y u
q − Zu

q |2du

= M∥GA∥2L2(T − t)∥Y − Z∥2L2(U ;Cd
[t,T ]

).

By standard arguments, we can conclude that Ψ has a unique fixed point.

Appendix B. Alternative formulations of the problem

We provide here two alternative formulations of the problem, that can easily be rewritten in the form of
Section 1.

B.1 Centered formulation

Suppose you want to minimize, over all α ∈ A, a cost functional of the form

J̃(t, ξ, α) :=

∫
U

E
[ ∫ T

t

〈
Qu

(
Xu

s −
∫
U

G̃Q(u, v) X̄
v
s dv

)
, Xu

s −
∫
U

G̃Q(u, v) X̄
v
s dv

〉
+ ⟨Ruαu

s , α
u
s ⟩

+

〈
Hu

(
Xu

T −
∫
U

G̃H(u, v) X̄v
T dv

)
, Xu

T −
∫
U

G̃H(u, v) X̄v
T dv

〉]
du,

where Q,H ∈ L∞(U ; Sd
+), R ∈ L∞(U ; Sm

>+), G̃Q, G̃H ∈ L2(U × U ;Rd×d), and such that

G̃Q(u, v) = G̃Q(v, u)
⊺, G̃H(u, v) = G̃H(v, u)⊺.
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Notice that J̃(t, ξ, α) ≥ 0. An example of a functional of this form is described in Section 6 in the context of systemic
risk models.

Let us check that J̃ can be rewritten in the form (2). We start with the following preliminary observations.

Remark B.1. 1. The following equality holds (recall that Qu, Hu are symmetric)∫
U

〈
Qu

∫
U

G̃Q(u, v) y
v dv,

∫
U

G̃Q(u, v) y
v dv

〉
du

=

∫
U

∫
U

∫
U

〈
QuG̃Q(u, v)y

v, G̃Q(u,w)yw
〉
dvdwdu

=

∫
U

∫
U

∫
U

〈
QwG̃Q(w, v)yv, G̃Q(w, u)X̄u

s

〉
dvdudw

=

∫
U

〈
yu,

∫
U

∫
U

G̃Q(w, u)TQwG̃Q(w, v)dwyvdv

〉
du

=

∫
U

〈
yu,

∫
U

∫
U

G̃Q(u,w)QwG̃Q(w, v)dwyvdv

〉
du,

(and an analogous equality holds for the term in Hu).
2. We observe that ∫

U

⟨yu, Qu

∫
U

G̃Q(u, v)y
vdv⟩du =

∫
U

⟨yu,

∫
U

G̃Q(u, v)
Qu +Qv

2
yvdv⟩du,

(and similarly for the term in Hu). Indeed, we have (recall that Q is symmetric)

∫
U

⟨yu, Qu

∫
U

G̃Q(u, v)y
vdv⟩du =

∫
U

∫
U

⟨yu, QuG̃Q(u, v)y
v⟩dvdu

=

∫
U

∫
U

⟨yv, QvG̃Q(v, u)y
u⟩dvdu =

∫
U

⟨yu,

∫
U

G̃Q(u, v)Q
vyvdv⟩du,

so that, summing
∫
U
⟨yu, Qu

∫
U
G̃Q(u, v)y

vdv⟩du on both members of the previous equality, we have the claim.
3. Using the previous points, we have

0 ≤
∫
U

E
[〈

Qu

(
Xu −

∫
U

G̃Q(u, v) X̄
v dv

)
, Xu −

∫
U

G̃Q(u, v) X̄
v dv

〉]
=

∫
U

E[⟨QuXu, Xu⟩]du+

∫
U

〈
X̄u,

∫
U

(∫
U

G̃Q(u,w)QwG̃Q(w, v)dw − 2QuG̃Q(u, v)

)
X̄vdv

〉
du

=

∫
U

E[⟨Xu, QuXu⟩]du+

∫
U

⟨X̄u,

∫
U

GQ(u, v)X̄
vdv⟩du,

where we have set GQ(u, v) :=
∫
U
G̃Q(u,w)QwG̃Q(w, v)dw− (Qu +Qv)G̃Q(u, v). An analogous property holds for

the term in H, by setting GH(u, v) :=
∫
U
G̃H(u,w)HwG̃H(w, v)dw − (Hu +Hv)G̃H(u, v). Hence, condition (2) is

satisfied.

Developing the square in J̃ and using the previous remark, we have

J̃(t, ξ, α) =

∫
U

E
[ ∫ T

t

(
⟨QuXu

s , X
u
s ⟩+

〈
X̄u

s ,

∫
U

GQ(u, v)X̄
v
s dv

〉
+ ⟨Ruαu

s , α
u
s ⟩
)
ds+ ⟨HuXu

T , X
u
T ⟩
]
du+

〈
X̄u

T ,

∫
U

GH(u, v)X̄v
Tdv

〉
.



26 A. DE CRESCENZO ET AL.

B.2 Symmetric formulation

Suppose you want to minimize, over all α ∈ A, a cost functional of the form

J̃(t, ξ, α) :=

∫
U

E
[ ∫ T

t

⟨Xu
s , Q

uXu
s ⟩+ ⟨

∫
U

G̃Q(u, v)X̄
v
s dv, Q̄

u

∫
U

G̃Q(u, v)X̄
v
s dv⟩+ ⟨αu

s , R
uαu

s ⟩

+ ⟨Xu
T , H

uXu
T ⟩+ ⟨

∫
U

G̃H(u, v)X̄v
Tdv, H̄

u

∫
U

G̃H(u, v)X̄v
Tdv⟩

]
du,

where Q,H ∈ L∞(U ; Sd
+), R ∈ L∞(U ; Sm

>+), G̃Q, G̃H ∈ L2(U × U ;Rd×d).
In a similar way to the centered case, using Remark B.1, J̃ can be rewritten into the form (2) with GQ(u, v) :=∫

U
G̃Q(u,w)QwG̃Q(w, v)dw, GH(u, v) :=

∫
U
G̃H(u,w)HwG̃H(w, v)dw.
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