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NO-GAP SECOND-ORDER CONDITIONS FOR MINIMIZATION
PROBLEMS IN SPACES OF MEASURES

GERD WACHSMUTH'® AND DANIEL WALTER>*

Abstract. Over the last years, minimization problems over spaces of measures have received increased
interest due to their relevance in the context of inverse problems, optimal control and machine learning.
A fundamental role in their numerical analysis is played by the assumption that the optimal dual state
admits finitely many global extrema and satisfies a second-order sufficient optimality condition in each
one of them. In this work, we show the full equivalence of these structural assumptions to a no-gap
second-order condition involving the second subderivative of the Radon norm as well as to a local
quadratic growth property of the objective functional with respect to the bounded Lipschitz norm.

Mathematics Subject Classification. 46E27, 49K27, 49J52, 49J53.

Received March 18, 2025. Accepted February 2, 2026.

1. INTRODUCTION

In this paper, second-order necessary and sufficient optimality conditions for sparse minimization problems
of the form

min J(u) = L(Ku) + o|ju|| m (P)

u

are studied. Here, ||-|| o1 denotes the canonical norm on the space of Radon measures M(Q2) on a compact spatial
domain Q, a > 0, L: Y — R is a smooth, but not necessarily convex, loss function on a Hilbert space Y of
observations and K: M(2) — Y is a linear and continuous control-to-observation operator given by

Ku = / Ko)du(z)  Vue M(Q) (1.1)
Q

for some sufficiently smooth k: Q0 — Y. Problems of this or similar form appear in a variety of challenging settings
in the context of inverse problems [1, 2], such as source identification in acoustics [3, 4] or microscopy [5, 6],
optimal control [7-9], or the training of shallow neural networks [10], and optimal sensor placement [11, 12].
This is largely attributed to the observation that the appearance of the nonsmooth Radon norm in the objective
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functional promotes sparse minimizers, i.e., solutions given as a finite linear combination of Dirac measures
N
U=y X6s with z; €9, A € R\ {0}, (1.2)
=1

where 6z, € M(f) is the Dirac measure in the point Z;, i.e., [, ¢ ddz, = ¢(Z;) holds for all continuous func-
tions ¢ on ). From an analytic perspective, the sparsity promoting property of the Radon norm follows, e.g.,
by convex representer theorems, if the image of K is finite dimensional, [13, 14], or it can be deduced from the
first-order necessary optimality condition for the Jordan decomposition & = 44 — 4,

suppis C {z € Q| p(x) = ta} aswellas |p(z)] <a on (1.3)

provided that the dual variable p = —(k(-),VL(Ku))y € C(2) admits finitely many extrema, see [15],
Proposition 3.8.

Up to now, previous works have focused on convex loss functions L. In this context, given a sparse control «,
represented as in (1.2), with associated dual variable p satisfying

suppi = {z € Q| |p(z)| = a} = {:Ej};\’:l C int(Q), (1.4)
we call p non-degenerate if we have
dim(span{k(z;),...,k(Zy)}) =N and sgn(\;)V?p(z;) <p —01d Vj=1,...,N, (1.5)

where 6 > 0 and “<p” denotes the Loewner order. Non-degeneracy plays a fundamental role in the analysis of
convex sparse minimization problems allowing, e.g., a fine analysis of the asymptotic regularization properties
of the Radon norm [16], the derivation of sharp a priori error estimates for discretizations of (P), or the proof
of fast convergence rates for problem-tailored numerical solution algorithms [15, 17, 18].

1.1. Contribution

Given a sparse measures 4, i.e. a measure in the form (1.2), which satisfies the first-order necessary optimality
condition (1.3) together with its associated dual variable p, we investigate no-gap second-order conditions for
general, not necessarily convex sparse minimization problems of the form (P). By the latter, we understand a
condition on suitable second-order derivatives at # which is equivalent to a local quadratic growth behavior of
the objective functional J around #. For this purpose, an equivalent “lifted” version of Problem (P) onto C*(9)*,
the topological dual space of the continuous differentiable functions, is considered,

in L
pemin, (K(h)) + G(h),

involving suitable extensions K: C1(2)* — Y as well as G: C1(Q)* — (—o0, 0] which satisfy

KGmu) = Ku, Glipu) = allullp Yu e M(Q) and G(h) =oco Yhe CHQ)*\ M(Q),
where 1 denotes the compact embedding of M(€2) into C1(2)*. Our abstract main result, Theorem 5.17, clari-
fies the connection between structural properties of the dual variable p, in particular its curvature around supp ,

the second order condition

(Kh, V2L(Ka)Kh)y + G (i, p;h) >0 Yh € CH(Q)*\ {0},
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involving the weak* second subderivative G” (1p, p;-): CH(Q)* — [—00, 0] of G at 1% for P, as well as local
quadratic growth of the objective functional in the vicinity of 4 w.r.t. the bounded Lipschitz norm

ullBL = sup /wdu where [¢[Lip = max{|[¢]lc, lip(¢)},
lellLip<1J/Q

and lip(¢) denotes the Lipschitz constant. While we emphasize that Theorem 5.17 covers nonconvex loss func-
tions L and contains no restriction to settings in which p only admits a finite number of global extrema, our
general analysis reveals non-degeneracy in the sense of (1.5) as a special case. Indeed, Corollary 5.19 shows
the equivalence of the following statements under the assumption that L is strongly convex and that the strict
complementarity condition (1.4) holds.

1. The dual variable p is non-degenerate, i.e., it satisfies (1.5).
2. There holds

(Kh, V2L(Ka)Kh)y + G" (1pt, p;h) >0 Yhe CHQ)*\ {0}, (1.6)
and
for all (t,) C (0,00), (hx) C CH(Q)* with t; \, 0, hy — 0 and Akl (c1y- = 1, we have

likn_1>ior;f<;2€(G(ZMﬂ + i) = Glwi) -0 hk») >0

where (-, -) denotes the duality pairing between C*(Q) and C*(Q)*.
3. There exist v > 0 and € > 0 such that there holds

J(w) = J(@) 2 yu—alf,  Vue M(Q) lu—aulpr <e. (1.7)

A main ingredient of our derivation of Theorem 5.17 is an explicit formula for G” (1p4@, p; -) which we obtain as
a byproduct of showing the weak* twice epi-differentiable of G. Moreover, we also conclude that the sparsity
of @ is a fundamental requirement for our results: Indeed quadratic growth w.r.t. the bounded Lipschitz norm
around a measure % can only hold if @ is a finite sum of Dirac measures, see Lemma 5.24. Given the prevalence
and utility of regularity conditions in the spirit of non-degeneracy outlined above, we believe that our thorough
characterization in terms of, both, no-gap second order conditions as well as quadratic growth will facilitate
future work and will allow to extend previous results to more complex settings, e.g., to nonconvex problems.
Moreover, proving the connection to second-order conditions based on second subderivatives allows for the
application of a variety of tools established for abstract minimization problems. For example, [19] provides
abstract stability and sensitivity results for perturbed minimization problems under the assumption of no-gap
SSCs.

1.2. Related work

The present work is mainly influenced by prior work on no-gap second-order conditions utilizing the notion of
second subderivatives. This is a well-known concept in finite-dimensional variational analysis, see the classical
treatment in [20], Definition 13.3 as well as the recent contribution [21]. In the infinite-dimensional setting, this
derivative has been used in [22] to characterize the directional differentiability of projections. More recently, [23],
second subderivatives have been utilized to derive second-order conditions for infinite-dimensional constrained
minimization problems. Subsequently, this approach has been further developed in the contributions [24, 25].

In the present work, we follow an implicit approach to computing G” (1p@, P; -) in order to avoid the necessity
of working on the dual space C1(€2)*. More in detail, we first prove the strong-strong twice epi-differentiability
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of the preadjoint of G, which is now a functional over C'(Q), and derive a candidate for G” (1, p;-) via
arguments from convex duality. Conceptually, this is closest related to the exposition in [25] where the authors
consider a similar treatment for integral functionals defined on L!'(f2). Finally, we also mention [19] where
the authors address the differentiability of parameter-to-solution maps associated to parameter-dependent
variational inequalities by using second subderivatives.

The notion of non-degeneracy of certain dual variables for convex, sparse minimization problems was possibly
first coined in the seminal paper [16] where it was used to address the recovery properties of Radon norm
variational regularization in inverse problems. Similar applications can be found in, e.g. [26-28]. Subsequently,
these structural assumptions have also become a central pillar for the analysis of finite element discretizations
of PDE-constrained optimal control problems with sparse controls, see, e.g. [29], as well as the derivation of
fast convergence results for numerical algorithms such as generalized conditional gradient or exchange type
methods [15, 18], or over-parametrized gradient descent [17]. In this context, we also point out that [17],
Proposition 3.2 deduces local quadratic growth w.r.t. the bounded Lipschitz norm. As outlined above, for
strongly convex loss functions L, our general result provides the equivalence of non-degeneracy, quadratic growth
and no-gap SSCs, thus complementing these earlier results.

If Y is finite dimensional and L is convex, we also note that Problem (P) can be interpreted as the Fenchel
dual of a semi-infinite, state-constrained problem. From this perspective, u corresponds to the Lagrange mul-
tiplier for the state constraint imposed on the optimal state p. Moreover, (1.4) can be interpreted as a strict
complementarity condition. In this context, assumptions on the curvature of p in the vicinity of supp @, have
been utilized, e.g., for the derivation of approximation error estimates [30].

1.3. Outline

After introducing the necessary notation in Section 2, we collect some basic but important results on both,
sparse minimization problems and second-order conditions based on second subderivatives, in Sections 3 and 4,
respectively. Subsequently, the latter are applied to Problem (P). Our main abstract result, Theorem 5.17, as
well as tangible conclusions based upon it are stated in Section 5. The following sections, Sections 6 and 7, are
dedicated to its technical proof. Finally, Appendix A contains some required auxiliary results used throughout
the paper.

2. NOTATION

Let d be a positive integer. In the following, let @ C R? be compact and assume that Q equals the closure
of its interior. By B(£2) we denote the Borel o-algebra of Q. We further introduce the space of signed Radon
measures M () on  which we identify with the topological dual space of C(€2) where the latter is equipped
with the maximum norm

lplle = max{|p(z)| |z € Q} Vo € C(Q).

The corresponding duality pairing is given by

(p,u) = / pdu VYo e C(Q),u e M(Q).
Q
We equip M(Q) with the canonical dual norm

[ullae = max{{p,u) | [pllc <1} Vue M(Q)

making it a Banach space. A measure u € M() is called positive, abbreviated by u > 0, if we have {p,u) > 0
for all ¢ € C(Q) with ¢(x) > 0 for all z € Q. The cone of positive measures is denoted by M(Q)*.
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For a function ¢: Q — R, we define its Lipschitz constant

lip(p) = up{w

T1,T2 EQ,JJl 75332} (2.1)

In particular, ¢ is Lipschitz continuous if and only if lip(¢) < co.
The space C1(£2) consists of all functions ¢ € C () which are continuously differentiable on int(£2) such that
V¢ can be continuously extended from int(€2) to Q. Under the canonical norm

leller = max{llelle, [Volloa}  where  [lgfloa =sup{lp(z)| |z € Q} ¥y € CH(Q),

the space C'(Q) becomes a Banach space, see [31], Section 1.6. Here, || is the Euclidean norm on R
For all z € R? and r > 0, we denote by

By(z):={y € R ||z —y| <7}

the closed ball around x with radius r.
Finally, we abbreviate Av? := v Av for A € R¥? and v € R?. Similarly, if b: X x X — R is a bilinear
mapping, we abbreviate bh? := b[h, h]. This will be used, in particular, for second derivatives.

3. MINIMIZATION PROBLEMS IN SPACES OF MEASURES

In this section, we collect some preliminary results on minimization problems of the form (P). Where possible,
proofs are omitted for the sake of brevity.

Assumption 3.1. Throughout the paper, we assume that:

A1 The space of observations Y is a separable Hilbert space with norm ||-[|ly = 1/(-,")y-

A2 The functional L: Y — R is of class C.

A3 The kernel k: Q — Y satisfies k € C*7(€;Y) for some 0 < v < 1.

A4 The set  C R? is compact, it equals the closure of its interior int(2) and int(Q2) is uniformly locally
quasiconvex, see Definition 5.1.

First, we note that the regularity of k implies weak*-to-strong continuity of the integral operator K.

Lemma 3.2. Let Assumption 3.1 hold. Then the operator K: M(Q) = Y as defined in (1.1) is linear and
sequentially weak*-to-strong continuous. Moreover, we have K = (K,)* where the preadjoint K.: Y — C() is
given by

[Kyl(z) = (k(z),y)y VYyeY, zeQ.

Proof. Note that K, is linear and bounded since k(x) € C(€;Y). Moreover, we observe
(Kwy,u) = /Q(k(ac%y)y du(z) = (y,/ﬂk(a:) du(x)) = (y, Ku)y
Y

for all y € Y and u € M(Q). Thus, we have (K,)* = K. In particular, K is linear and bounded as well as
sequentially weak*-to-weak continuous. Let (ug) C M(£2) be a weak* convergent sequence with limit 4. Then,
we have

[ Kur 3 = (K Kup, ur).
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We readily verify that K, Kus, converges weakly to K, Ku in C(£2). Moreover, since k € C%7(Q;Y), the sequence
(K. Kuy) is uniformly bounded in C%7(£2). Hence, due to Arzela—Ascoli theorem, we conclude K, Kuy — K. K
in C(Q) and, finally,

lim ||Kug||3 = lim (K. Kug,ug) = (K. Ka,a) = | Kal3

k—o0 k—o0
Together with Kup — Ku in Y, this shows the strong convergence Kur — Ku in Y. Consequently, K is
weak*-to-strong continuous. O

In what follows, we denote by ad||u|| pm the convex subdifferential of a||-|| p at u € M (). Next, we summarize
necessary and sufficient first-order optimality conditions for minimizers of Problem (P).

Proposition 3.3. Given u € M(Q), define
p=—-K.,VL(Ku) = —(k(-), VL(Ka))y € C*(Q).

If the measure @ is a minimizer of (P), then the following equivalent conditions hold.

1. We have p € ad| @l m-
2. There holds |p(z)| < « for all x € 2 as well as (P, @) = a||Tl|m.
3. The Jordan decomposition & = U4 — tU— satisfies

suppti+ C {x € Q| p(x) = xa} aswellas |p|<a on
If L is convexr and if these conditions hold, then @ is a minimizer of (P).

4. NO-GAP SECOND-ORDER CONDITIONS FOR ABSTRACT MINIMIZATION
PROBLEMS

Next, we summarize tangible results on no-gap second-order conditions for nonsmooth minimization problems.
Subsequently, these will be specialized to the problem at hand. More in detail, we consider

gél)r{l [F(z)+ G(x)]. (4.1)

We start by fixing the setting.
Assumption 4.1. The following assumptions are made throughout this section.

1. There holds X = Z* for a separable Banach space Z.

2. The functional G: X — (—o0, 00] and the point € dom(G) are given.

3. Associated with the functional F': dom(G) — R, there exist F'(Z) € Z and a bounded bilinear form
F’(Z): X x X — R such that

i F(Z + tghy) — F(Z) — . F'(2)hi, — $t2F" (2)h3
1m =

0 4.2

holds for all sequences (t3) C (0,00), (hx) C X satisfying t; \, 0, hy = h € X and Z + t;hy, € dom(G).

Loosely speaking, the “smooth” part F' of the objective admits a second-order Taylor expansion around Z.
The bilinear form F”(Z) can be interpreted as its Hessian. Regarding the potentially nonsmooth term G, we
rely on the notion of the weak™ second subderivative.
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Definition 4.2. Let 2 € dom(G) and p € Z be given. The weak* second subderivative
G//(.%,p; ) X = [_007 OO}

of G at x for p is given by

trhy) — —tr{p, h *
G"(x,p; h) := inf< lim inf Gla + teh) ZG(x) k(P k) tr 0, hy = h¢.
k— o0 tk/2
The functional G is called strictly twice epi-differentiable at = for p if for every h € X and every sequence (t) C
(0, 00) with ¢ N\, 0 there exists a sequence (hy) C X with

G pih) = lim ST tee) = G@) = Liep, hie)

Jim 272 o e = by lhellx = (7] x

We use the following result, see [24], Theorem 2.20.

Theorem 4.3. Let Assumption 4.1 hold and assume that h — F"(z)h? is sequentially weak* continuous. Then
the following assertions are equivalent.

(i) There exist € > 0 and v > 0 satisfying the second-order growth condition
(F+G)(x) - (F+G)(7) = %llz —zk  VreX|r-zlx<e

(i) We have the sufficient second-order condition
F"(z)h? +G"(z,—F'(z);h) >0  VYhe X\ {0} (SSC)
as well as the non-degeneracy condition

for all (ty) C (0,00), (hx) C X with t; \, 0, h, = 0 and ||hx||x = 1, we have
(NDC)

lim imf(l2 (G(Z + tyhy) — G(2)) + (F'(Z), hi/tr) + 1F”(x)hi) > 0.
k—o0 tk: 2

We point out that this equivalence still holds under slightly weaker assumptions, see, e.g., the stated reference
for more details. From a practical perspective and for particular examples, it is desirable to link the abstract
conditions (SSC) and (NDC) to tangible structural properties of the problem under consideration. The following
auxiliary results will prove useful in this regard. Loosely speaking, these allow to circumvent the necessity to work
on the potentially complicated dual space X by studying related properties of suitable pre-conjugates H: Z —
(=00, 0], H* = G. For this purpose, we require the following strong analogue of Definition 4.2 for H.

Definition 4.4. Let p € Z and = € X be given. The strong second subderivative
H"(p,x;): Z — [~00,00]

of H at p for x € X is given by

H"(p z;2) = inf{liminf H(p +tgzr) — H(p) — trlzk, @)

t 0 —zin Z ;.
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Accordingly, the functional H is called strongly-strongly twice epi-differentiable at p for x if for every z € Z
and every sequence (t) C (0,00) with ¢ N\, 0, there exists a sequence (z) C Z with

HY (s 2) = lim 2P+ k) = H(p) = (21, 2)

k—o0 t%/Q ’ b

We start by recalling that the convex conjugate of H” (p, z;-) provides a lower bound on G”(z, p;-), see [25],
Lemma 4.4.

Lemma 4.5. Assume that H: Z — (—o00,00] is proper, convez, lower semicontinuous and satisfies H* = G.
Moreover, let x € dom(G) and p € Z with p € dG(z) be given. If H is strongly-strongly twice epi-differentiable
at p for x, then there holds

%G”(x,p; h) > (;H”(p,x; )) (h) Vh e X.

Second, we provide a sufficient condition for (NDC) involving H. Note that this generalizes [25], Lemma 4.9.

Lemma 4.6. Assume that H: Z — (—o0,00] is proper, convez, lower semicontinuous and satisfies H* = G.
Moreover, let p € Z with p € OG(Z) as well as m € N be given. Fiz some linearly independent (1,...,(m € Z
and define Hy: Z — (—00, 0] via

Hy (Zl 6i<i> = ;263 + <§; ,Bici,a:>

on span{Ci,...,Cm} and Hy(z) = oo outside of this linear hull. Let H = H @ Hy denote the infimal convolution
and suppose that

A
H(p) <H@)+{p-pa)+5lp-0l7  YeZlp—plz<n (4.3)

holds for some A,n > 0. Then

m

_ _ _ 1 2 1 \2 -
G(z) ZG(w)+<p,x*x>+ﬁ\|x*x\bc*5;\<C¢,x*fc>l Ve e X, [lo — ] x <nA. (4.4)

If further X > h — F"(Z)h? € R is sequentially weak* lower semicontinuous and p = —F'(Z), then (NDC)
holds.

Proof. We have (H @ Hs)* = G + Hj, see [32], Exercise 4.5.7. The conjugate of Hj is

Hj(x) = sup{<2ffi<i,z> - (; > B+ <Zﬂi<i,f>> | B; € R} = %Zl«i,x - )%
1=1 1=1 =1 =1

Thus, we have 0 € 9H; () and p € (G + H3)(Z) = OH*(Z). Now, the Fenchel-Young identity gives

H(p) = (p,7) — (G + H3)(T) = (P, T) — G(T) = H(D).



NO-GAP SECOND-ORDER CONDITIONS FOR MINIMIZATION PROBLEMS IN SPACES OF MEASURES 9

Hence, we can replace H(p) in (4.3) by H(p). Next, we follow the proof of [25], Lemma 4.9 which yields
~ ~ 1
H'(z) 2 H*(2) + (P& — ) + 5pllo — % Vee X |z —z[x <nA.

The identity H* = G + Hj implies (4.4). Finally, let sequences (z) C (0,00), (h) C X with t; \, 0, hy = 0 in
X and ||hg||x = 1 be given. Then, we utilize (4.4) to get

L. G(i’ -l-tkhk) — G(i’) — <]77 tkhk> 1, 5 L. 1 1 & 9 1
hknig.ff< 2 + 5@k ) 2 iminf| o8 — 5 Zi:1|<4u hie)| 2\’
where we used hy, — 0 and the assumed property of F”/(z). This shows that (NDC) is satisfied. O

5. NO-GAP SECOND-ORDER CONDITIONS IN SPACES OF MEASURES

In the remainder of the paper, we will use the auxiliary results of Section 4 to investigate the abstract
conditions (SSC) and (NDC) for a suitable interpretation of Problem (P) and an appropriate choice of the
variable space. In this section, before formalizing our results, we therefore introduce an equivalent lifting of
Problem (P) to X = C'(Q)*, the dual space of the continuous differentiable functions on 2.

5.1. Uniform local Quasiconvexity

In what follows, we recall the notion of “uniform local quasiconvexity” appearing in Assumption 3.1 and
discuss its consequences.

Definition 5.1. We say that a set D C R? is uniformly locally quasiconvex with constants 7 > 0 and C' > 1
if for any z,y € D with |y — x| < r there exists a curve v € C([0, 1]; D) with v(0) = x, (1) = y and Lipschitz
constant at most Cly — x|.

Remark 5.2. Typically, it is required that the curve v € C([0,1]; D) from Definition 5.1 is rectifiable and of
length at most Cly — x| (instead of being Lipschitz continuous), see [33], p. 1223. However, one can perform an
arc-length reparametrization to ensure Lipschitz continuity of ~.

It is clear that convex sets are uniformly locally quasiconvex. Further, the next result shows that Definition 5.1
is a rather weak requirement.

Lemma 5.3. Let D C R be open and bounded. Further, we require that D is a Lipschitz set in the sense that
for every point p € D, there exists r > 0 and a bijection l,,: B,(p) — B1(0) such that l, and lzjl are Lipschitz,
I,(DN B,(p)) ={z € B1(0) | z, >0} =: B (0) and 1,(0D N B,.(p)) = {z € B1(0) | 2, = 0}.

Then, D is uniformly locally quasiconvez.

The proof of Lemma 5.3 can be found in Appendix A. We give two important consequences of Definition 5.1.
For the proofs, we again refer to Appendix A. The first lemma shows that functions from C'(2) are Lipschitz
continuous.

Lemma 5.4. Let int(Q2) be uniformly locally quasiconvex with constants v > 0 and C > 1. Then, every ¢ €
CY(Q) is Lipschitz continuous and

. 2 _
in(e) < max{ 2ol ClVellos | < max(2r,CHiler
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The second lemma shows that we have a uniform Taylor expansion.

Lemma 5.5. Assume that int(Q) is uniformly locally quasiconvex and let p € C1 () be given. For any € > 0,
there exists & > 0 such that

lo(y) — () = Ve(@) " (y—z)| <ely—z|  Vo,yeQ|y—= <.

Remark 5.6. In case that Q C R? is a domain, [33], Theorem 7 suggests that the assertions of Lemmas 5.4
and 5.5 hold if and only if 2 is uniformly locally quasiconvex. For compact sets 2 C R%, we have seen that it is
sufficient that int(£2) is uniformly locally quasiconvex. It is a natural question whether it is also necessary in this
context. This is indeed not the case: Consider Q = [—1,0]2 U [0, 1]%. Clearly, int(2) = (—1,0)2 U (0,1)? is not
uniformly locally quasiconvex. However, we can apply Lemmas 5.4 and 5.5 on [—1,0]? and [0, 1)? separately and,
consequently, the desired properties hold on 2. On the contrary, we provide another example in Appendix A,
Example A.1, showing that both conclusions, Lemmas 5.4 and 5.5, can fail in the absence of local uniform
quasiconvexity.

5.2. A primer on the dual space of C'(£2) and the relation to the bounded Lipschitz
norm

We start by giving a precise characterization of the space C*(Q)* and of its canonical dual norm. For this
purpose, note that

CH(Q) = C = {(p.V¢) | ¢ € CYQ)} C C(Q) x C(URY),
where the product space on the right-hand side is equipped with the norm
(¢, ®)lloxos = max{llellc, [¢llca} V(e ¢) € C(Q) x C(4RY).

Note that the mapping C1(2) 3 ¢ — (¢, Vi) € C() x C(2;R?) is an isometry. One readily verifies that the
dual space of C(Q) x C(;R?) is given by M(2) x M(Q;R?) with associated duality pairing

(pu) +(9,0) Vg, 9) € C(Q) x C(URY), (u,v) € M(2) x M(;R?)
and norm
[1(w, ) e x meesray = lullae + 1ol aa = llullac+ (o]l
where |v] € M(Q) is the variation of the vector-valued measure v (w.r.t. the Euclidean norm on its image
space R?).
The subset C' is complete since it is isometrically isomorphic to the complete space C'(Q). Thus, C is a
closed subspace of C(2) x C(Q;R?). Consequently, its dual space can be characterized using the annihilator
O+ = {(p,v) € M(Q) x M(GRT) [ (0, 1) +(Vep,v) =0 V(p, V) € C}.
Lemma 5.7 ([34], Proposition 11.10). There holds
(M(Q) x M(Q;RY))/C+ = CH(Q)*. (5.1)
The isometric isomorphism is given by

(M(Q) x M(RY)/CF 3 (u,v) + CH = (CHQ) 3 v (pu) + (Vip, ) € CHQ)™
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Consequently, we identify the elements of C1(Q)* with equivalence classes
[u,v] = (u,v) + C* = {(u,v) + (n,v) | (n,v) € C+} € (M(Q) x M(Q;RY))/C+
of measures (u,v) € M(Q) x M(€;R%) which act on functions ¢ € C*(Q) via the duality pairing

(p; [u, o) = (p,u) + (Vip, v).

In what follows, we will always employ the identification (5.1), i.e., bounded functionals on C(§2) are always
identified with the corresponding equivalence classes. Consequently, the norm on C'(Q)* is given by the quotient
norm

Ilw, vl ery- = sup (o, [u, o) = inf{{lu+ pllag+ llv + vl aga | (u,0) € CH

llellor <t

In the subsequent sections, we frequently encounter elements of the form [u, 0] with u € M(Q) = C(Q)*. Note
that [u, 0] is the restriction of the functional u: C(f2) — R to the domain C*(£2). In what follows, we give a
simpler representation of the dual norm for such elements [u,0]. For this purpose, we denote by Lip(£2) the
space of Lipschitz continuous functions on {2 which we equip with the canonical norm

lelleip = max{llellc; lip(p) },

where we used the Lipschitz constant lip(p) of ¢ defined in (2.1). Naturally, every u € M(Q) defines a linear
function on Lip(§2). The associated dual norm

ulls. = sup (g, u) (5.2)
llellnip <1

will be referred to as the bounded Lipschitz norm. Due to our standing assumption that int({2) is uniformly
locally quasiconvex, the space () is embedded into the Lipschitz functions, see Lemma 5.4, and we obtain
the equivalence of the bounded Lipschitz norm with the natural norm of C*(2).

Lemma 5.8. The norms ||[-,0]|/(c1)+ and ||-||sL are equivalent on M(S2).

Proof. From Lemma 5.4 and the definition of ||-||Lip we have

lelluip < Lleler Vo e CHQ)

for some constant L > 0. This yields

1w, Olllcry- = sup (, [w,0I) = sup (p,u) < sup (p,u) = Lfu|pL.
lellr <1 lellgr <1 lelluip<L

For the reverse estimate, let ¢ € Lip(Q2) with ||¢||Lip < 1 be given. Using classical arguments, ¢ can be extended
to all of R? while preserving its Lipschitz constant. Now, let € > 0 be given and denote by ®. a mollifier supported

on B.(0) C R% Then, ¢ := ®. x ¢ satisfies v € C*(Q), ||[¢]lcr < 1and ||tp —¢||c < e. For an arbitrary u € M(Q),
we get

(o) <ellulla + (b, u) = ellula + (&, [u, 0]) < elluflaa+ llullcr)-

Taking the limit € ™, 0 and the supremum w.r.t. o, this shows |lullpL < [Jul|(c1)-. O
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Moreover, we require the notion of the Wasserstein-1 distance between positive measures of the same mass.

Definition 5.9. Given two measures pu, v € M(Q) with u,v > 0 and p(Q) = v(£2), we define the Wasserstein-1
distance between p and v as

Wi(p,v) = min{/gmlw —yldy(z,y) ’ v € I(p, V)},

where the minimum is taken over all couplings v € II(u, v) C M(Q x Q) between p and v, i.e., there holds v > 0
as well as

(B x Q) =pu(B) and ~(Qx B)=v(B)
for all Borel sets B € B().

The well known Kantorovich duality yields

Wi(p,v) = SUP{/Q Yd(p—v)

lip() < 1}.

Using this, we can derive an optimal transport based representation of the bounded Lipschitz norm.

Lemma 5.10. Fiz u € M(Q) and let uy,us € M(Q)" be such that u = uy — ua. Then, we have

el = min = W (s, v) + flun = pllae + Jluz = vl (5.3)
1(Q)=v ()
In particular, there holds
lellpr = min = (W, v) + fJus = pllag + [l = viial,
w(Q)=r(2)

where w = uy — u_ denotes the Jordan decomposition of u.

Proof. The formula (5.3) will be proven by Fenchel duality. We define the sets

D = {(1,92,%3) € X |lip(¢1) < 1, [[Y2lle <1, [[¥s]lc < 1},
Y = 0(9)27 M = {(5017902) ey | v1 <0, o2 < O}v

as well as the mappings A: X =Y, f: X — (—oo0,00] and g: Y — (—o0, 0] via

A(¢17¢2ﬂ/)3) = ( 1= ?/12, —¢1 - 7/]3)7 g(@lv@Z) = IM(‘plaQDQ)v
J(W1,2,03) = Ip(P1,v2,93) + (Y2, u1) + (¥3, u2).

The functionals f and g are convex and lower semicontinuous and A is linear and bounded. The set A dom(f)
contains the constant function (—1, —1) and this is a continuity point of g. Hence, Fenchel duality gives

nf f(1/11,¢27¢3)+9(A(1/)171/)2a7/13)) =— min f*(—A*(,U,,l/))—‘rg*(,U,,I/) = j2a

J1= i
(P1,92,93)€EX (p,v)EY ™
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see [32], Theorem 4.4.3. It remains to compute j; and ja. For j; we get
1= inf 1,%2,%3) + g(A(Y1, 2,3
B= o, nEFn )+ g(A( Ve, v))

= inf{(v2, u1) + (3, u2) | (V1,%2,93) € D, —1p3 < 1y < 4o}
= inf{(¢1,u1) + (=1, u2) | (1,91, —¢1) € D},

where we used that uy,us > 0. Now, (11,91, —¢1) € D is equivalent to ||1)1||Lip < 1 and, thus,
j1 = —|lul[BL.
To evaluate jo, we first compute

g (n,v) = Sup{<(p1,,u> + (p2,v) | (p1,02) € M} = Ip(p,v),

where we abbreviate P = M(Q)* x M(Q)*. Moreover,

[ (=A (p,v)) = f*(v —p,p,v)
= SUP{WMV - /’(‘> + <’(/}27/’L> + <’L/)3?V> - f(¢1a¢27¢3) | (1/J171/12,1P3) € X}
= sup{(¢1, v — p) + (2, pp — u1) + (Y3, v — ua) | (¥1,%2,13) € D}
_IWil ) + flua = pllv + fluz = vllae i p(2) = v(9)
00 if u(Q) # v(Q)

for all (u,v) € P. Consequently,

go = —mind f*(=A"(u,v)) | (wv) € Ph=— min - [Wi(p,v) +[lur — pllae + Jluz = viladl.
n(Q)=(Q)
This finishes the proof of (5.3). O

A different proof for (5.3) can be obtained by using the ideas from [35], Proposition 24.
Example 5.11. Let u = §,, — 0, with z1,22 € Q and x1 # x3 be given. Then there holds ||ul|r = 2 but

lullL = min{2, |21 — 2o},

see [35], Example 22. Similarly, we can check that for z € Q, h € R\ {0} with x £ h € Q and u = 26, — 6,45 —
dx—p, we have ||u||pm =4 but

[ullBr, = 2min{2, |A]}.
Remark 5.12. In the case that the diameter of € is small enough and «(€2) = 0, we even have
JullBL = Wi (u4, u-).

Indeed, let ¢ € C(Q) with lip(y)) < 1 be given such that Wi (uy,u_) = [, % du. Note that the existence of v
follows from the Arzela-Ascoli theorem. W.l.o.g., we can assume |¢| < diam(§2)/2. Consequently,

Wige) = Wiusou) > [wdp=v=w = [ a—u)~ [ vaw-u)
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diam(2)
2~ (= ur v+l = u ).
This shows that the choice p = uy and v = u_ in (5.3) is optimal whenever diam(2) < 2.

5.3. A lifted setting
In the following, let the canonical injection of M(Q) into C'*(Q)* be denoted by

I: M(Q) — CHQ)* where ITu = [u,0].

Note that the continuity of this injection follows from the definitions. Moreover, we define the lifted penalty
term and forward operator by

G: CHQ)* = [0,00] with G([u,v]) == {:(I)ﬂIIM jlzee M(): [u, o] = Tla (5.4)
as well as
K:CUQ* > Y with K([u,0]) = /Q k(z) du(z) + /Q Dh(z) dv(z) (5.5)

where the second integral has to be understood as

dv
/Q Dk(z) do(x) = /Q DE() 517 () dlol (@)

The properties of G and K will be investigated in Lemmas 5.14 and 5.15 below.
The range of II is not (weak*) closed. Thus, it might not be possible to separate elements [u,v] € C*()* \
Ran(II) from Ran(II) by a continuous linear functional. However, we can utilize the following characterization.

Lemma 5.13. An element [u,v] € C1(2)* belongs to the range of 11 if and only if is bounded by ||-|c, i-e.,
there exists C' > 0 such that we have

{e: [u.v) < Cllgllc Yo € CHQ).

Proof. 1t is clear that “=” holds. In order to prove “<”, let [u,v] be bounded by |-||c. Thus, this linear
functional is a bounded functional on the dense subspace C1(2) of the normed space C(£). Hence, it can be
uniquely extended to a functional @ € C'(2)* = M(Q), i.e., we have

«va [[U,Uﬂ >> = <507ﬂ’>c = <<907 [[71»0]] >> VQD € Cl(Q)
This proves [u,v] = IIa. O
Next, we show that G is a nice functional.

Lemma 5.14. The function G from (5.4) is proper, conver and weak* lower semi-continuous on C*(Q)*. Its
preconjugate H: C*(Q) — [0, 00] is given by

0 if o €B,,

Yo € CHQ) : H(<p){oo clse

where B, := {¢p € C(Q) | ||[¢|lc < a}.
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Proof. We first show H* = G. The claimed properties of G then follow immediately. Note that

H([u, v]) = sup{(p, [u, v]) | ¢ € Ba}-

We argue by a distinction of cases. First, if v = 0, we immediately get H*([u,0]) = a|ju||pm due to the density of
B, NC () in B, C C(R2). This shows that H* and G coincide on the range of II. In case that [u,v] ¢ Ran(II),
we can utilize Lemma 5.13 and obtain that for every n € N, there exists ¢,, € C1(Q2) with

[{pn, [w, V) = nllenllc.
Since taw,, /|| ¢nllc € Ba, this implies H*([u, v]) > n. Thus, we conclude H*([u, v]) = G([u, v]) = oo if [u,v] &
Ran(II). O
Similarly, the operator K has nice properties since it possesses a preadjoint.

Lemma 5.15. The operator K from (5.5) is well defined and sequentially weak*-to-strong continuous
from CH(2)* to Y. Moreover, there holds KK = (KC.)* where K,: Y — C1(Q) satisfies K.y = K.y.

Proof. The proof follows by the same argument as Lemma 3.2 noting that k € C*7(Q;Y). For the sake of
brevity, further details are omitted. O

Now we consider the lifted minimization problem

min T (fuel) = LK ol) + G, ()

The next proposition establishes its equivalence to Problem (P).

Proposition 5.16. An equivalence class [u,v] is a minimizer of Problem (P) if and only if there holds [u,v] =
Iu for a solution u of Problem (P).

Proof. This follows immediately noting that dom(7) = Ran(II). O

5.4. The main result

We recall that we assume Assumption 3.1 throughout the paper. In the following, we assume the existence
of a stationary point

N
w=Y Xz, where X\;#0,Z; €int(Q) Vj=1,...,N (5.6)
j=1

of (P), i.e., the associated dual variable p = —K,VL(Ku) satisfies p € C1(Q) N ad||u|| . Moreover, we define
the sets A as well as 7, and Z_ by

A =suppu = {:Ej};-v:l, I, ={x € Q| px) =+a}\ A (5.7)

Finally, set s; = sgn(p(z;)) for every ; € A. The following theorem provides a tangible no-gap second-order
condition for Problem (P) at @ as well as its equivalence to the quadratic growth of J w.r.t. ||-||gr, in the vicinity
of u. We emphasize that we do not assume that the sets Z. are finite, in particular, our setting is more general
than the usual requirement (1.4), which is equivalent to Z = (.

Theorem 5.17. Consider a measure @ of the form (5.6) and assume that p = —K,VL(Ku) € C*(Q) N ad||i|| pm
is two times continuously differentiable around all Z; € A. Then the following statements are equivalent.
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(B1) There exists 6 > 0 with
5;V2p(z;) <p —01d  Vz, € A (5.8)
Moreover,
n 2 N
V2L(Ka) (/c |[u7 Zl Vjai,j]D — Zl uv%(xj)vf} >0 (5.9)
j= j=

holds for all (1, V) € (C x (R)N) \ {0}, where the critical cone C C M(R) is given by

N
Ci=19> Nba, + 7y — - | AeRN, fiy € M(TL)T, Ao € M(T)T 3. (5.10)

j=1
(B2) There exist v > 0 and € > 0 such that there holds
J() = J(@) = yllu— g, Yue M(Q), u—alpL <e. (5.11)

Remark 5.18. At this point, we emphasize that Theorem 5.17 as well as the conclusions made from it in the
following, also remain valid, mutatis mutandis, if we restrict minimization in equation (P) to M(Q)". In this
case, we have s; =1 for all z; € A and set Z_ = (.

The proof of this result is quite involved. The implication “(B2)=-(B1)” is given in Lemma 5.23. The reverse
implication is given in Sections 6 and 7, see also the comment after Lemma 5.23.
In case that L is convex, the condition (5.9) simplifies.

Corollary 5.19. In addition to the assumptions of Theorem 5.17, we assume that L is conver. Consider the
following statements.

(C1) Condition (5.8) holds for some 6 > 0 and
(Kp, VPL(Ku)Kp)y >0 Vupec\ {0} (5.12)

is satisfied, where the critical cone C is defined in (5.10).
(C2) There exist v > 0 and € > 0 such that the quadratic growth condition (5.11) holds.
(C3) Condition (5.8) holds for some 8 > 0 and the matriz

_ s N
((k(z0), VPL(K@)k(z))y);
is positive definite.
(C4) Condition (5.8) holds for some 6 > 0 and dim(span{k(Z1),...,k(Zn)}) = N.

Then, (C1) and (C2) are equivalent. In case that sets Ty and I_ are empty, i.e., if |p(x)| < a holds for all
x € Q\ A, we get the equivalence of (C1)—(C3). If, additionally, L is strongly convez, we get the equivalence of

(C1)~(C4).

The equivalence of (C1), (C3) and (C4) (under the respective assumptions) are easy to check. It thus remains
to check the equivalence of (C1) and (C2), and this will be verified by showing that (C1) is equivalent to
condition (B1) from Theorem 5.17, see Lemma 6.7 below. Note that (C4) corresponds to the non-degeneracy of
P, see (1.5).
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Remark 5.20. In order to prove Theorem 5.17, we use the lifted setting and work in the space C*(Q)*. This
is also apparent from the condition (5.9). In the convex setting of Corollary 5.19, however, this is no longer the
case and its characterizations can be stated purely in the measure space M(Q), see (5.12).

In order to prove Theorem 5.17, we are going to apply the theory from Section 4. To this end, we first verify
the Taylor formula (4.2).

Lemma 5.21. The functional F([u,v]) = L(K([u,v])) satisfies (4.2) with the choices
F'([u, 0D [, v] = (VL(Ku), K[u, v])y = (=, [u, v]),
F"([a,0])[u, v]* = V2L(Ka@)(K[u, v])?
for arbitrary u € M(Q) and associated p = —K,VL(Ku) € C*().

Proof. This is clear as L is assumed to be twice continuously Fréchet differentiable and K is linear and bounded.
O

We first point out the following consequence of the abstract result in Theorem 4.3.

Corollary 5.22. Let a measure u € M(Q) be given and set p = —K,VL(Ku). Then the following statements
are equivalent.

1. There holds the second-order condition
(Kh, V2L(Ka)Kh)y + G"([a,0],p; h) > 0 vh € CH(Q)*\ {0} (SSC-M)
and the non-degeneracy condition
for all (t) C (0,00), (hi) C CH(Q)* with tx \, 0, hy, = 0 and ||hy||(c1y- = 1, we have

it (G ([a.0] + ) — G([0.0) — - (puf) ) >0

k k

(NDC-M)

2. There exist v > 0 and € > 0 such that there holds
J(w) = J(@) = yllu— g, Yue M(Q), u—alpL <e.
Proof. Due to Lemma 5.21, Assumption 4.1 is satisfied. By definition, there holds
F"([a,0])h* = (Kh, VPL(Ku)Kh)y = (Kh, V?L(K([(g,0)]))Kh)y .
Moreover, due to Lemma 5.15, the mapping
h— (KCh, V2L(Ku4)Kh)y

is sequentially weak*-continuous in C*(£2)*. This shows that the second assumption of Theorem 4.3 is satisfied
and this also allows to drop the last term

1
§(th, VZL(KE)K:hk)y
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which would appear in the NDC. Consequently, see Theorem 4.3, (SSC-M) and (NDC-M) are equivalent to
I ([u,v]) = T ([a,00) > 7 [u = @ v]fcr).  VIu,0] € CHY", [[[u—a,v]ller)- <e

for some 4 > 0 and & > 0. The claimed statement now follows from dom(J) = Ran(II) as well as Lemma 5.8. [

Thus, it suffices to show that (SSC-M) together with (NDC-M) are equivalent to (B1). Since this is rather
technical, it will be split into several parts. In this section, we show that (SSC-M) and (NDC-M) imply (B1).

Lemma 5.23. Let @ and p satisfy the assumptions of Theorem 5.17 and assume that (SSC-M) and (NDC-M)
hold. Then (B1) is satisfied.

Proof. We start by showing that (NDC-M) implies the definiteness of the Hessian at all Z; € A. For this purpose,
we construct a suitable sequence (hy) C C*(Q)* with |hg|[(c1)- =1, k € N, as well as hy, —=* 0 in C'(Q)* and
insert it into (NDC-M). More in detail, let (;) C (0, 00) denote an arbitrary sequence with ¢ \, 0 and fix z; € A
as well as v € R?, |v| = 1. Define

~ - (527—t.5\7v_259’c,-+5:@»+t.Xv)
hi =y, where pp = A 1= (02 2751: i)

where A; # 0 denotes coefficient associated to dz,. For k large enough, we have (t/A;)[v| < 1. Thus, Exam-
ple 5.11 yields ||ux|/BL = 1. Now, Lemma 5.8 implies 1 < [|A|/(c1)- < L for some L > 0, since hy = Ilug.
Consequently, o) := ||}~lk||($1)* satisfies oy, € [L™1,1] and we set

hk = O'kilk.

For arbitrary ¢ € C*(), we can use a Taylor expansion at Z; to obtain

=0.

Tim (i, i) = Tim 5 (e(xj — (te/Aj)v) — 2%02(;“3') + ©(Z; + (te/2j)v))

Consequently, b, —* 0 and hy —* 0 in C1(Q)*.
Finally, observe that there holds

G([u,0] + trhr) — G([u,0]) =0

for all £ € N large enough. Since p is assumed to be twice differentiable at Z;, we can perform a second-order
Taylor expansion to get

< (P = (te/Xg)v) = 2p(3)) + P(; + (ti/X)v))

k—oo T k—o0 Qt%
V2p(x;)v? o VEB(E)v?
= ? = Sgn(?(%))Tj‘

Summarizing the previous observations, (NDC-M) implies

257 Vo2
— sgn(p(a,) LI i i ot <t12 (G([3,0] + tehe) — G([a,0])) — %({p, hk>)> >0,

2|5\J‘ k—o0 A
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Since v € R? with |v| = 1 was arbitrary, this shows that the Hessian is definite at z; € A.
Next, we prove that (SSC-M) implies the definiteness of V2L(K#) in the sense of (5.12). We do not argue
by contradiction. Let a measure

M:Z)\j5zj + [y — fi- € C\ {0}
jeA

be given and denote by h = IIu the corresponding equivalence class. Then there holds h # 0 and

G([a, 0] + trh) — G([u,0]) — te{p, h)
/2

0 < G"([u,0],p; h) < liminf
k—o0

for an arbitrary but fixed sequence (t;) C (0, 00) with ¢, \, 0. Now, for k large enough, we conclude

G([u,0] + txh) — G([u, 0]) — ti(p, h)
= [aldy + A =l — e Asp(2;)] + atpllfis o+ atel|fi- || — te (D, iy — )
jeEA
=0

noting that p(z;) = s;a, A; # 0 and |\;| = s;A; for all 7; € A as well as
(P, 1i4) = alliellm, (B A=) = —alli-|lm
by construction of Z.. Consequently, (SSC-M) implies
(Kh,V2L(Ku)Kh)y = (Kh, V2L(K@)Kh)y + G ([a,0],p; k) > 0

for this particular choice of h, finishing the proof. O

It remains to prove (B1) = (SSC-M) + (NDC-M). For the sake of readability this will be done in two steps.
In Section 6, we compute the weak* second subderivative of G and this enables us to prove that (B1) implies
(SSC-M), see Lemma 6.7. As a byproduct, we also show the equivalence of (B1) and (C1), see Lemma 6.7. The
implication of (NDC-M) by (B1) is addressed in Section 7.

We close this section with a final observation. Note that Theorem 5.17 assumes the structure (5.6) of 4. The
next lemma shows that (5.6) is “almost” necessary for (NDC-M) and, consequently, for the quadratic growth
condition (B2). In fact, whenever @ is not a finite sum of Dirac measures, these conditions (NDC-M) and (B2)
cannot be true.

Lemma 5.24. Let u € M(Q) and p € C(Q) Nad||al|sm be given. If (NDC-M) holds, then all points in supp(@)
are isolated. In particular,

N

Jj=1

for some N € N, S\J- €R and z; € Q.

Proof. We prove the contraposition. We suppose that x € supp(u) is not isolated. W.l.o.g., we assume z €
supp(@4.). The case x € supp(z—) can be handled analogously.

From p € ad||||m, we get p(z) = a. Due to the continuity of p, supp(@—) has a positive distance § > 0
from z.
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Since x is not an isolated point of supp(@), there exists a sequence (zx) C supp(@) \ {z} with x — z. We

set sy := |z} — x| and, w.l.o.g., we assume (zy — 7)/sp — v € R? and s < s5_1/2. Next, we choose
T = sg/k, A = Sk/sk—1 € 10,1/2],
Hk = UB,, (z4)> mi = || pklla >0,
hie = (1= Ae)0a + Akl ) — ik t = [|h|BL, hy, = hy /.
We want to give estimates for ¢;. For deriving a lower bound, we use the definition (5.2) with ¢(-) == |- — x|

Note that ||¢||Lip = 1. Together with |zr_1 — x| > sx—1 — s > s we arrive at
. . 1 1
tk = [[hkllBL > (@, hi) > (1 = M| — 2p] + Ap|wp—1 — 2p| —7)mp > | 1 — T ) Sk > oSk

for all k > 2. For the upper bound, we use (5.3) with y = (hy)4, v = (hi)_. Together with Definition 5.9 and
the coupling v = (u ® v)/my, we arrive at

ty < Wi(p,v) < / ly — 2[dy(y,2) < (1= Ae)(|2 — zx| + 7)) + A1 — 20| + 78)) M4
QxQ

In particular, ¢ 0.
By construction of hy, we get

G([u + tghy,0]) = G([a + hx, 0]) = G([u, 0])
and from z, xp_1 € supp(i4), we get p(z) = p(zr—1) = « and, consequently,
(p, [, 0]) = 0.

In order to check that (NDC-M) does not hold, it remains to check that [hy, 0] = 0 in C*(Q)*. Let ¢ € C*(Q)
be arbitrary. We have

(1 =)o) + Ap(zp—1))mp — fBTk (o) ¥ Ltk
tr .

«907 Hhka 0]] >> =

From the Lipschitz continuity of ¢, see Lemma 5.4, we get the estimate

< remil||lLip-

o(xg)my, —/ o du
Brk (xk)

Consequently,

TEME
T .
k

(1= Ap)p(x) + App(zr—1))my — p(zk)my
tk

o, T O1)] < \

Due to the choice of r; and the lower bound on ¢, the last term goes to zero and, for brevity, we will replace
it by o(1). Together with the lower bound for ¢, we get

(1= Xp)p(x) + Apo(zp—1) — o(xp)
Sk

2 +o(1).

Lo, T 0)] < |
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Owing to Lemma 5.5, we get
-
lo(xr) — (@) — V() (zr — 2)| < mlak — x| = nesk

for some sequence (nx) C [0, 00) with n, N\, 0. Consequently,

Vo(x) " A (zp—1 — 2) — (x — 2)) ‘ n AeTk—15k—1 + Nk Sk +o(1).

Sk

50 D, 0D < |

Sk
Now, we insert A\, = sp/s—1 and get

L1 — X T — T
bl b +Me—1 + 1k +o(1) = 0.

e, [ 011 < V()|
Sk—1 Sk

This shows [hx, 0] — 0. Consequently, (NDC-M) is violated. O

6. STRUCTURAL ASSUMPTIONS IMPLY SSC

In this section, we prove that the structural assumption (B1) implies the second-order condition (SSC-M).
To this end, we explicitly characterize the weak* second subderivative of G at [a, 0] for p,

Gmenm_mﬁmmﬁ“WW+mm>CMQWW@m»

tk \( 07 hk = h}7
k— o0 t%/Q

*

in all directions h € C*(2)*. For this purpose, and to avoid working with the weak* topology on C!(Q)*, we
argue similarly to [25] and start by showing that the preconjugate H, see Lemma 5.14, is twice strong-strong
epi-subdifferentiable. A candidate for G” ([, 0], p; k) is then found by applying Lemma 4.5.

6.1. Twice strong-strong epi-differentiability of H

We recall that the functional H on C(2) is the indicator function of {¢ € CY(Q) | |dllc < a}, see
Lemma 5.14. We start by proving an auxiliary result concerning the tangent cone of this set.

Lemma 6.1. We set S = {¢ € C1(Q) | ||¢]lc < a}. For every p € S, the tangent cone of S at p (in the sense
of convex analysis) is given by

Tsp)={2€C' () |2<00n{p=0a}, 2>0o0n{p=—a}}.

Proof. The inclusion “C” is clear and we just have to check “O”. Thus, let z from the right-hand side be given.
For t > 0 we define the optimal values

dy =max{+z(z) | z € Q, p(r) = +a}, diy = max{t™ ' (£p(z) — a) £ 2(z) | z € Q}.

By assumption, there holds d+ < 0. We readily verify Ji7t — d and thus dy ;== max{0, Jtt} —0ast— 0. By
construction, we further have

tHEp(w) —a) £ 2(z) <dsy < diy Vo € Q.
Rearranging, this implies

t(p(x) +tz(z) Ftdey) < a Va € Q. (6.1)
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Due to the continuity of p, the sets {p < —a/2} = {—p > a/2} and {p > «a/2} have a positive distance. Thus,

we can find ¢4 € C1(Q) with disjoint support, 0 < ¢+ <1 and ¢+ =1 on {£p > «o/2}.
Now, we consider

§ = —dypoyr +d_yo_. (6.2)

The convergence of ¢; towards 0 in C'(Q) follows immediately and it remains to check p +t(z + &) € S for
t > 0 small enough. For = € {p > «/2}, we have

(p+t(z+&))(x) =plz) +tz(z) —tdy s <«

due to (6.1). For « & {p > a/2}, we get

(p+t(z+&))(z) <

| Q

+tz+ & e L a

for ¢ > 0 small enough. Similarly, we can handle the lower bound and this finishes the proof. O]

It is interesting to note that tangent cone in C*(£2) does not see the derivative of the direction z on the sets
{p = +a}.
In order to prepare the computation of the strong second subderivative of H, we give an auxiliary lemma.

Lemma 6.2. We assume that i € M(S) is of the form (5.6). Further, p € C*(Q) Nad||t|| s is given such that
(5.8) holds, where A is defined in (5.7).
Then, there exists ro > 0 such that the following holds.

(1) The balls By (Z;), j =1,...,N, are pairwise disjoint and subsets of 2.
(2) Forall j € {1,...,N} we have

! _ 0 _ _
5 <s;p(z) <a— i‘x — z;]? Vo € By, (Z;). (6.3)

Proof. Tt is clear that (1) holds for ry > 0 small enough. In order to verify (2) we can combine a Taylor expansion

plx) = p(x;) + Vp(E;) " (v — 75) + %Wﬁ(ﬂ?j)(z —7;)* + of|z — 7;]?)

with p(Z;) = s;c, VD(Z;) =0 and (5.8). O

Now we are in position to give a precise characterization of H”(p, [, 0]; 2).

Proposition 6.3. Under the assumptions of Lemma 6.2, the functional H is strongly-strongly twice epi-
differentiable at p for [u,0] with

H"(p,[1,0],2) = = > _ NV?p(z;) ' Va(;)* + Iz(2)  VzeCY(Q) (6.4)

=1
where

Z={2€C"(Q)|2<00nTy, z>00nI_, 2(z;)=0Vj=1,...,N}.
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Proof. Note that p € B,, and thus H(p) = 0. For abbreviation, given t; > 0 and z; € C(9), set

Dt =) e T+ t020) — o 19,00 _ H+ tazi) — b g Ayza(®)
ks Rk) = ti/2 = ti/2 .

Thus,

H"(p,[u,0];2) = inf{likm inf D(ty, zx)
— 00

tk\,(), zk%z} VZECl(Q)

The proof is divided into several steps.
Step 1: We start by showing that H”(p, [4,0]; 2) = oo if z € Z. For this purpose, we first note that

Z=Ts(p)N{z€C'(Q) |2(z;)=0Vj=1,...,N},

cf. Lemma 6.1. In case z ¢ Ts(p), for all sequences (t) C (0,00) and (zx) C C*(Q) with ¢, \, 0 and 2z, — z in
C1(Q), we have p +tyz, € S for all k large enough. Consequently, H(p + t1,2;) = oo for all k large enough and,
therefore, H” (p, [4,0]; 2) = oo for all z & Ts(p).

Now, for z € Ts(p) \ Z there exists an index 7 € {1,..., N} with z(Z;) # 0. This implies sgn(p(Z5))z(Z7) < 0
and, thus, A\;z(Z;) < 0. Moreover, \;2(Z;) < 0 for all j € {1,...,N}. For all sequences (t) C (0,00) and
(z1) C CH(Q) with ¢, \, 0 and 2z — 2z in C1(Q), we have

N =~ _ < _
Zj=12)\jzk(xj) > lim inf _/\7227’“("177) —
tk/2 k—o0 tk/2

lim inf D(¢x, z) > liminf —
k—o0 k—o00

Thus, H" (p, [u,0]; z) = co.

Summarizing the previous observations, we conclude H" (p, [4,0];2) = o0 if 2z & Z.

Step 2: Next, we will show that H”(p, [4, 0]; 2) can be bounded from below by the right-hand side of (6.4)
for all z € Z. Let sequences (t5) C (0,00) and (zx) C C1(Q) with t; N\, 0 and 2, — 2z in C1(Q) be given. We
have to show that liminfy_,o. D(tx, zx) can be bounded from below by the right-hand side of (6.4). It is clear
that we only have to consider sequences with

D+ trzr € By Vk € N

in the following. We have

Ny 7 N
— > i Aitez(Z o
lim inf D(tg, z) = lim inf 23_12 tez(2;) > 2 E hminfﬂ,
hoeo k=00 tk/2 =1 k—o0

For all j € {1,..., N} we define the perturbation
&k = —thQﬁ(fj)_1Vzk(:fj).

Note that |£; x| = O(tx) as k — oo. Since Z; € int(2) there holds Z; + &, € Q for k sufficiently large. Using
the feasibility p + tizx € By, we get

a 2 s;(p(Z; + &ik) + trzn(T + &Gik)) (6.6)
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for all sufficiently large k. By Taylor expansions of p and zj, respectively, at Z;, we get
P(T5 + k) + tezi(Z5 + EGik)
= p(Z;) + thzw(Z;) + VD(E;) " & + e Var(Z5) Tk + %VQﬁ(fj)EJQ‘,k + o(t})
= sjo + trz(T;) — %V%(@)*Vzk(:zjf + o(t3).
Plugging this into (6.6), we arrive at

Ajji’“(%) > —%Z\jVQ]a(azj)—lvzk(fj)Q +o(1).
k
By combining this estimate with (6.5) and using zx — z in C1(Q) yields the desired result.

Step 3: Finally, given z € Z as well as an arbitrary sequence (tx) C (0,00) with ¢ \, 0, we construct a
sequence (z;) C C1() with 2, — z and which achieves the right-hand side of (6.4).

By using the & from (6.2) (with ¢t = t;), we get p+ tx(z + &) € B,. However, we have to modify this
function in the neighborhoods of Z; in order to make the value of A;zj(Z;), which appears in D(t, zi), as large
as possible.

Let 79 > 0 from Lemma 6.2 be given. We define 7, := /4tx||z||c/0. In the sequel, k is large enough, such that
ri < ro. Now, we consider an arbitrary j € {1,..., N} with p(Z;) = ¢, i.e., s; = 1. Combining the definition of
ri with (6.3), we get

6
(p+t2)(@) Sa—ri+tilzllo =a Vo€ By(3;)\ Br,(2))- (6.7)
For all x € B,, (Z;) we have the Taylor estimates

_ o . _ 1o _ Ek _
plx) < p(z;) + Vp(z;) " (v — T5) + §V2p($j)(fb“ — ;) + - &= 2
2(z) < 2(T5) + Va(z;) " (x — 25) + exlz — 7]
with g \, 0. Multiplying the second inequality by ¢; and adding the first inequality, we obtain
_ 1o _ _ _ _ € _
(p+tr2)(z) — a < SVP(T;) (2 — 7)) + txV2(35) " (& — T;) +exti|r — T + §k|$ -z

Using Young’s inequality and (5.8), we get

1 €
(p+tk2) (@) — a < SVIp() (2 — 7;)" + 8 Va(3;) " (x - 75) + fti +exlr — a5/
1—2¢,/6
< LB 05 0 - 7)) + V() (@ - ) +

for all z € By, (%;). For k large enough, 1 — 2¢;/6 > 0. Since V?p(Z;) is negative definite, all vectors a,b € R?
obey the inequality 2a"b < —V?p(Z;)a® — V?p(z;) b2 Thus,

2 Ek ~
_ PV ) SRR v o R P | )2y Sk oy o
P+tez)(z) —a< 31— 2€k/9)v D(Z;)" " Vz(Z;)° + 5 t ti&ik
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for all # € B,, (Z;). Note that &, < 0. Together with (6.7) we infer
Vo € B,y (Z;):  (P+tr(z+ &) (x) < a.
For k large enough, we also get a lower bound from (6.3) and this results in
Vo € By (Z;) 1 |(P+tr(z+ ) (@) < o
For j € {1,...,N} with s; = —1, we can argue similarly and obtain the same estimate, with an appropriately

defined & ..
In order to glue these estimates together, let (¢;).; € C*(€2) denote Urysohn functions with

p;(xz) €0,1] VxeQ, pj(x) =1 Vx e B, »(z;), pi(x) =0 VzeQ\B,(z)

forall j=1,...,N. We set

N
Zk =2+ &+ Z‘Pj(éj,k —&k)-

j=1

Note that p+t,(z+ &) € B, already implies that [p+t,2;| < a outside of the balls B, (Z;). For j € {1,..., N},
we get on the set By, (Z;)

P+tezn = (1— @)+ te(z + &) + @i (B + te(z + k) € [~a,al.

Consequently, p +tpzi € By, i.e., H(p+trzx) = 0. Further, zx — 2z in C(Q) is clear since £, — 0 and éjk — 0.
Finally,

Hence, (21,) C C*() is the desired recovery sequence. O

We remark that expressions similar to (6.4) arise when one studies second-order tangent sets (w.r.t. the norm
of C(Q)) to the set of non-negative functions in C(2), see [36], Example 4.152. This is quite surprising, since
we have worked in C1(€2) in order to arrive at (6.4).

6.2. Twice weak* epi-differentiability of G

Now, we are in position to characterize the weak* second subderivative of G. For this purpose, we exploit
the derived representation of H”(p, [u,0];-) as well as Lemma 4.5.

Proposition 6.4. Under the assumptions of Lemma 6.2, we have

>/\‘ —

N
G//([[ﬂ,()]],ﬁ, [[:Uv V]]) > - Z lv2ﬁ(i‘j)vj2 (6.8)
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whenever there holds

(Vi,e;) € RYxR), j=1,...,N,

N N
[, v] = Ci0z; + pg +p—, Y Vidz, for some 3
Z:I ’ Z:) ’ py € M(Zy) " ue € M(T2)".

Otherwise G" ([u, 0], p, [, v]) = 0.

Proof. We utilize Proposition 6.3 and Lemma 4.5. In order to compute the conjugate, observe that H” (p, [, 0]; -)
can be rewritten as a composition,

N
SH (0, [, 01:2) = — 3 A, V20(a,) " Va(,)” + T2(2) = g(42),
j=1

where we define
A: CHQ) — (Rd X R)N x C(Iy) x C(I2), Az= (Vz(z1),2(Z1),...,V2(Zn), 2(ZN), 217, , 27 )

as well as g: (R? x R)N x C(Z4) x C(Z-) = (—o0, 0] by
gV,c1y.. ., VN en, we,w_) = Z {—QJV%(@)IVJQ 4 ]{0}(Cj)] + I<o(wy) + Iso(w-).

Jj=1

where

We claim that there holds
domg — Ran A = (R x R)" x C(T,) x C(Z_). (6.9)
Indeed, consider an arbitrary element
U=(Vi,c1,...,Viv,en w,ws) € (RTx R)Y x O(Z,) x C(Z.)
and let 7 > 0 be small enough such that the sets (Oj)j-vjf, where
0;=B.(7;), j=1,...,N, Ons1=T4, Onin=1T_,

N+2

are pairwise disjoint. Furthermore, let (w)fﬁf denote a family of Urysohn functions subordinate to (O;);=}

Define

® = (V1,0,V2,0,..., VN, 0,w1 — [lur[lc, wa + [[wz]c) € domyg
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as well as
= cioj — lwillcens + wellcpno.

We readily verify ¥ = & — A(z), hence (6.9) holds. In particular, this implies 0 € int(dom g — Ran A). Thus, the
conjugate of g o A is given by the infimal postcomposition, cf. [37], Theorem 15.27%, i.e.,

1 ~ ~ *
(38 0.0.01.9) @)
:inf{g*(vlvélw' VN70N7N+7 |A ‘/lacla"'aVNaéNaﬂ-i-aﬂ—):[:uvy]]}a
where we again adapt the convention of inf ) = co. We readily verify

N N
A*(V1>El7"'7VN7EN7/7'+7/7‘*): Zéjéij +ﬁ++ﬂ*az‘7j6ij . (610)
j=1

j=1
This immediately implies G”([u, 0], D, [, ¥]) = oo if [u, v] is not of the form

N

N
[y, v] = 201636] +Hy +p Z

Jj=1

for some (V;,¢;) € R x R and figz € M(Zy). Next, we observe that the function g is given by a sum of
independent terms. Consequently, we can compute the conjugate by summing the conjugates of the summands.
This yields

N
g (Vi,e1,. o, VN, en iy, i Z P(E)VE 4 Iso(is) + T<o(fi-).

One can check that Ran A is dense, consequently, the adjoint A* is injective. The claimed statement follows. [

Now, in order to show the twice weak™ epi-differentiability of G, we need to construct a suitable recovery
sequence which achieves equality in (6.8). We start with a lemma in which we consider the contribution at a
single point.

Lemma 6.5. Let the assumptions of Lemma 6.2 be satisfied. Let (V,c) € R? x R and j € {1,...,N} be given.
We define

H:/J,, l/]] = [[Céjj 5 V(Sij]]

For an arbitrary sequence (tx) C (0,00) with tr \, 0, we define

)5i’j+(tk/(ﬂj+tkc))v — 0z,

pk = Oz, + (A\j + txe
tx

TThis reference only deals with Hilbert spaces, but the proof can be applied to Banach spaces as well.
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or k large enough such that \; + tic # 0. Then there holds
J

[[:U'kvo]] —* [[M’ Vﬂ in Cl (Q)*
as well as

 G([Agbs, + trp 0]) = G([N6s, 0]) = trp Lo O1) 1y
Jim, 22 =5, v P@vs

(6.11)

Proof. In the sequel, k is large enough such that ¢ < I\;|/le| and Z; + £,V € Q. In particular, \; + txc has the

same sign as A; and, consequently, is not zero. For abbreviation, we set
tr = ti/(Aj +tgc) = 0.
In order to show the weak* convergence, let ¢ € C*(£2) be arbitrary. Then we have
(. [, O1) = co(z)) + (0(Z; + t6V) — () [tk

Due to ¢ € C1(Q), we arrive at

Tim (o, e, O1) = epl@5) + VT Viplay) = o, [ 1),
Next, we show (6.11) in case V = 0. We have
G [Nz, +trpe, 0]) = G([Njdz,,0]) — te{B, [ O1) @l + tie| — ol X;| — trsjac

2/2 - @72 =0

where we used
I\ + teel = s;(N\j +tee) = |Nj| + sjtee as well as p(Z;) = s;a.
Finally, if V # 0, we have
trin = =Xz, + (Aj + tr€)0p v Ajdz; + tepie = (Aj + thC)05, 17, v
Thus, we arrive at

G([Asds, + b, 0]) — G([Nyds,,0]) — x5, [ues O1)

t2/2
_ oAy el — ol + Np(E;) — (A + te)B(E; + BV)
t2/2
_ N top(Es) = (N +te)p(z; +6:V) 2 p(E;) = plE; + V)
ti/Q ()\j + tre) fi

1
— 7Tv2ﬁ(fj)v2>
Aj

where we used a second-order Taylor expansion of p at Z; together with Vj(Z;) = 0 in the last step. This

finishes the proof.

O
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Theorem 6.6. We assume that i € M(RQ) is of the form (5.6). Further, p € C*(Q) N ad||u||p is given such

that (5.8) holds, where A is defined in (5.7).
Then, the functional G is twice weakly* epi-differentiable at [u,0] for p. We have

(6.12)

y\‘ —_
%\

&[0 lnr) ==X 5

whenever there holds

(Vi,e5) € RYxR), j=1,...,N,

6.13
py € M(Z) T pe e M(Z2)™. A

N N
[w,v] = Z cjlz, + pp + p—, Z Vijoz, for some

Otherwise G''([u, 0], p, [u, v]) =

Proof. From Proposition 6.4 we already know that the second subderivative is oo if [u,v] is not as in (6.13)
and that “>” in (6.12) holds. It remains to construct a recovery sequence for [u,v] as in (6.13). To this end,
let a sequence (t) C (0,00) with ¢ N\, 0 be given. In view of Lemma 6.5, we define

N N
— 65 yioW Ca V,—(S*.
= D pa ot g ¢=Z[Cjéfj+<Aj+tkcj) AR |y + e

j=1 j=1

for k large enough. From Lemma 6.5 we get [, 0] — [, v]. Moreover, for k large enough, we have

N

G [+ tapn, 0]) =Y G([Xj0z, + trstin, 0]) + trG(ps) + trG(no),
j=1
N

6({n.01) = 3 G ([,

2

(B T, O1) = D 4D, [rjin O1) + v (Z4) + el (Z-))-

Jj=1

Note that G(u4) = p+(Z4) and G(u—) = |u—(Z-)|. Consequently, summing over (6.11) yields

This proves the claim. O

Now, we can finally prove that (B1) implies (SSC-M).

Lemma 6.7. Let the assumptions of Theorem 5.17 be satisfied. Then, (B1) implies (SSC-M). In case that L
is convex, (B1) is equivalent to (C1).

Proof. According to Theorem 6.6, it suffices to show that

(Kh, V2L(Kua)Kh)y + G"([u,0],p;h) > 0 (6.14)
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for all h = Ju,v] # 0 as in (6.13). Together with the expression (6.12) for the second subderivative, this is
precisely condition (5.9).

It remains to consider the situation with a convex L. We have to prove the equivalence of (5.9) and (5.12).
It is clear that (5.9) implies (5.12).

Now, let (5.12) be satisfied. For an h = [u, Z;\;l Vjdz,] # 0 with g € C and V € (R, we note that

J

N
(Kh, V2L(Ku)Kh)y + G ([u,0],p; h) > (Kh, VPL(Kua)Kh)y — Z [;v“'p(xj)x/?]

j=1

N
> (Kh, V’L(Ku©)Kh)y + 60 _|V;|*.

j=1

Due to the convexity of L, the first addend on the right-hand side is nonnegative. Thus, if there exists j €
{1,..., N} with V; # 0, the right-hand side is positive. Otherwise, V; = 0 for all j € {1,..., N}. Hence, we can
apply (5.12) and, again, obtain the positivity of the right-hand side. This shows that (5.9) holds. O

7. STRUCTURAL ASSUMPTIONS IMPLY NDC

It remains to show that the structural assumption (B1) implies the non-degeneracy condition (NDC-M) as
stated in the next result.

Lemma 7.1. Let the assumptions of Theorem 5.17 be satisfied. Then, (B1) implies (NDC-M).

We give two fundamentally different proofs for this fact, one based on the transport-based representation of
the bounded Lipschitz norm, see Lemma 5.10, and another utilizing the abstract result of Lemma 4.6.

7.1. Proof of Lemma 7.1 based on Lemma 5.10

In the following, let assumption (B1) hold but assume that (NDC-M) does not. W.lo.g., and recalling
the definition of the lifted functional G, (5.4), the latter implies that there exists sequences (t5) C (0,00),
(ug) C M(Q) with

tk 0, [px, 0] =" 0, ||[per, O l[(cry = 1, and

u-+t — U — tr(D u—+t —(p,u+t 7.1

lim alla + trpkl| m 024||U||M k(D k) ~ lim alla + kﬂk”Mz (D, 0+ trpn) _o (7.1)
k—o0 tk k—o0 tk

We want to lead this to a contradiction. For this purpose, let rqg > 0 denote the radius from Lemma 6.2. The
following lemma is a direct consequence of Lemma 6.2, the definition of 71 as well as the continuity of p.

Lemma 7.2. Let Assumption (B1) hold and denote by ro > 0 the radius from Lemma 6.2. Then there ezists a
compact set T such that:

(1) The sets By (%), j=1,...,N, and I are pairwise disjoint.
(2) There holds

N
(ZyuZI_)Cc1z1 as well as pz)| <a—0c VeeQ\ |ZU U B, (7.2)
j=1

for some o > 0.
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We define by
pz = pk(-NI),  pikj = pr(- N By (T5)),

the restrictions of uy to Z and B, (Z;), j =1,..., N, respectively, as well as

N
fi =k — ez — Y kg and = g — i ({25})05,
j=1

Furthermore, we denote by ,utji the positive and negative part of ut ;» respectively, i.e., there holds

1, 1,— 1+ 1,—
piy =ty =iy sl = el + g
and recall that s; = sgn(p(z;)), j = 1,..., N. Finally, we abbreviate
N N
- _ < _ 1,—s; _ o 1,-s,
D = 3" [alhy + s ()] — 55005 + tugas s (1)) DS = [alliy™ e+ 5, o,y ™)]
j=1

j=1

as well as
N
_ ~ _ o~ 1,s; _1,s;
D = allurzllm — (b, e z), Df = alljiellm — (b, ), DE= [04||/~Lk,fj||M — 5;(D, /%,f)] :
i=1

The following estimates are immediate.

Lemma 7.3. Let Assumption (B1) hold and let (i), (tx) satisfy (7.1). Then there holds

5
ti 2 (allu 4 trpkllvm — (B 0+ trpr)) = 6. 2DY + 1 ZDf

1=2
as well as
N N
. N _ 1,—s;
D} > =20 min{s;(A; + tepn;({2;})), 0} > 0, DY > lm m =0,
i=1 i=1
0 N
~ — J_,S]‘
DE > i > 0, DE= 13" [y - ol a2 0
12 ) :

Proof. We derive the lower bound

5
te (@@ + topnllan — (5,3 + topn)) > 6,205 + 60y DE
1=2



32 G. WACHSMUTH AND D. WALTER

noting that there holds

N

liawllae = Naellae+ [Iuk,j({ffj)}\ i e+ iy s | + izl s
j=1

The lower estimates on Df follow immediately noting that

N N
€1, L,—s; ~ _ . -
=3 [y o+ 41l ] = @Sl s DY = allielloe — (e = ol
j:

j=1
as well as
al 1,s; 1 57 al 1 sJ 9 2 1 8
= [allicy e = 3 Borsc )| = 3 el lon = Bl > 5 Z o) — ol du
j=1 j=1
due to Lemma 6.2. O

Using this auxiliary lemma, we argue that, for increasing k, py strongly approximates the surrogate sequence

N
4, 1L
Z [ Sk JSJ 613 + SiH,j P’

in M(9).
Proposition 7.4. Let assumption (B1) hold and let (uy), (tg) satisfy (7.1). Then there holds

hm Il

[mm{s]( o+ g ({2,1), 01+ ey aa] | =0 (7.3)

Jj=1

as well as
al 1,
Jim |3 s (G51) 44 | =0 (7.4)

In particular, we have
Jim ([T = B, Ol ey + M Ol ey = 1] =
and the sequence (Z] 1||M;€ ;7 ||M) s unbounded.
Proof. We immediately conclude
N

. ~ . N _ 1,—s;
Jim |l [mingsg O + e (£21),01 + iy ™ ] | =0
j=1
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from the lower bounds on D¥, D& and D} in Lemma 7.3, respectively. Moreover, due to (7.1) as well as
Lemma 7.3, we have

lim Df = lim [oflpzllm — (B, pz)] = 0.
k—o00 k—o0

Let {p;}7_, U{pz} C C'(€) denote a family of smooth Urysohn functions subordinate to By, (z;),j = 1,..., N,
and Z. Then we have

0= klim (poz, [1r, O] ) = lim [(p, ur,z) + Pz, fir)] = lim (P, px.1)-
—00 k— o0 k—oo
and consequently limy_, ||tk ]| m = 0. Similarly, observe that
. . _ L,s; 1,—s; ~
0= lim s;(y, T, O1) = Jim [0 (1251) + ey () = e (@) + 555, )
for all j =1,...,N. Using (7.3), we conclude (7.4). The statements
Jim Ik = Bk, Ol ey + Wz, O] cry= — 1] =0

immediately follow from (7.3) and (7.4), respectively, ||[ux,0]||(c1)« = 1, as well as noting that

N
~ . L—s; _ L.s;
Mk — Pk = M + Uz + Z {*Sj/‘k,j Y (e ({75)) + Sj/ik,js] (Q))fsazj]
j=1

and thus

N
I o~ < 1 ~ { L.-
|1 Mw_ﬂ&WMMHWﬂM+;H%J

Sj = J—’Sj
e+ lrae g (£51) + 30057 ()] | =0

Finally, assume that Z;V:1||ui;J||M is bounded. In view of (7.3) and (7.4), we then conclude that ()
is bounded in M(Q). Thus we have u; —* 0 in M(Q). By a compactness argument, this contra-
dicts ||[[,uka0ﬂ||(01)* =1. O]

Thus, w.l.o.g, we restrict ourselves to sequences (uy) with Zj\;lﬂué?HM > 0 in the following. The next

corollary shows that the latter grows at most at a rate of t,:l.

Corollary 7.5. Let Assumption (B1) hold and let (uy), (tx) satisfy (7.1). For all k € N large enough as well
as all j € {1,..., N}, there holds

I\ +1/2

_ L,s; —1/x
i > —sjuk,i({Z;}) aswell as |lpy 7 |m < 12+t (1N +1/2).

In particular, this implies
N

N

1,s; _ N
> Nl S N2+ 657 DN+ N/2
j=1

Jj=1
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Proof. According to (7.3) and (7.4), there holds

lptge 7 v = w7 () < sy ({251 + g ()] = s s ({25}) < 1/2 = s 5({75})

as well as

57N + trpe s ({T53)) = [N+ st ({T53) = —1/2
for all k € N large enough. Rearranging yields the desired results. O

Finally, we argue that the lower bound on D in Lemma 7.3 decreases at most at a linear rate.

Corollary 7.6. Let Assumption (B1) hold and let (ur), (tr) satisfy (7.1). Moreover, let ¢; > 0 be such that

lullBL = exlllw: Olll vy Vi€ M(Q).

For all k € N large enough, there holds

C]_ 1, 1
S o <Z [l

Proof. Note that the positive and negative part of the surrogate jiy are given by

Z/‘k SUFZNLSJ 0z Z”k MZM??

By construction, there holds ||z [|m = ||7i; [|m and the canonical product measure

’Yk*ZNk’éJ ®5m7 JrZ(sz] ®ML ,85

satisfies
(B x Q) =1 (B) aswellas 7,(Q x B) = [i; (B) (7.5)

for all B € B(f2) as well as

vkl mexa) = ZH% "la > 0. (7.6)

Hence ~j is an admissible transport plan between /7;: and i, . By Jensen’s inequality as well as the definition
of the bounded Lipschitz norm, we further conclude

2
Ls7 _ _ ~
Z / 7y —aP ity = [ el anies) > nliase (/ Q|y—x|dvk) > el e I I
X

The claimed statement now follows by definition of ¢; as well as limy oo || [fi, 0] [|(c1)+ = 1 and (7.6). O
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Combining Corollaries 7.5 and 7.6, we are now prepared for the proof of Lemma 7.1.

Proof of Lemma 7.1. Assume that (NDC-M) does not hold, i.e., there are sequences (ui) and (tx) satisfy-
ing (7.1). By Lemma 7.3, this also implies

N
. -1 = 2 9, Lis;
;lg%tk E /|x]fx| dpy ;7 =0.
j=1"9

However, following Corollaries 7.5 and 7.6, we also have
N N
. -1 _ 1,s; . N
hkrgloréftk jil /Q|a:j - 1‘|2dﬂk7jf > hkrggfcl/Q txN/2 + jE:1|)\j\ +N/2| >0

yielding a contradiction. O

7.2. Proof of Lemma 7.1 based on Lemma 4.6

We give a second proof of Lemma 7.1 which is based on Lemma 4.6.

Proof of Lemma 7.1. In order to apply Lemma 4.6, we verify that the structural assumptions imply (4.3). Let
ro > 0 from Lemma 6.2 be given. Let ()L, € C*(Q) denote Urysohn functions with

@;(z) €10,1] Vze, pj(z) =1 Va e B, (T;), pj(x) =0 VreQ\B,(z;)

forall j =1,...,N. We further set pn41 = (1 — Zjvzl cpj)cflﬁ and syt = 1.
We set 1 := min{a/8,0r¢/16} > 0. Let p € C1(Q) with |[p — p||c1 < 1 be arbitrary. We define

Bn+1 = |lp = pllc, Bj = sup{s;p(z) |z € By, 2(Zj)} —a  Vj=1,...,N.
Let us check that p:=p — ;\f:+11 5iBjp; € By. For v € B, /2(%5), j € {1,..., N}, we have
()| = |p(x) — 5;8;] = s;p(x) = B < a.
For x € B, (Z;) \ B,,/2(%;), j € {1,..., N}, we have
()| = Ip(x) = 5;850j(x) = Brnr1on+1(2)] = s5p(x) = B0 (2) — s5llp — pllo (1 — ¢;(x))a™ p(x)
_ _ 0 (70\?2 _
< sip(@) < 5;p(@) + p—plle < a—5(2) +Ip—slle <o,

4\ 2

where we used (6.3). Finally, for z € '\ Uf;l B, (Z;) we have

1p(2)| = [p(x) — Byr1a” ' p(2)| < |lp = Plle + [p(z)|]1 — Byria™!
<lp=plc+ell = |lp—pllca™| =a.

This shows p =p — Z;V:tl sjBipj € By = dom(H).
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Now, let H and H, be as in Lemma 4.6 with K == N + 1, 7 == [@,0] and ¢; :== ¢;. Thus,

_ N+1 N+1 N+1 N+l
H(p) < H(Z’ -y 53‘53‘%’) + Ho (Z Saﬂj%‘) = H, <Z Sjﬂj%) = Z B2+ Zﬂgp\ I,

Jj=1 j=1 j=1

where we used (¢;, [4,0]) = (p;,a) = A, for all j =1,...,N and (N1, [4,0]) = (pn+1,a) = 0. Moreover,

N B N B
(p—pu) =Y (p(x;) — as))A; = Y _(s;p(;) — @) As].

Jj=1 j=1
Hence,
. 1 N+l N N
H(P)*H(ﬁ)*@*pyﬂ)S? 83 + Z Zsjpzj —a) |\
j=1 Jj=1 j=1
| N1 N )
=5 D2 B+ D (B = sip(x;) + @)l

~

Il
-
<.

Il
-

For the first addend, we can directly use |3;| < ||p — p||c. For the second addend, we consider

Bj — sip(Tj) + o= sup{s;p(z) | € By (75)} — s;p(T;)
= sup{s;(p(z) — p(z;)) | v € By, (25)}-

For any x € B,,(Z;) we use (6.3) to obtain

sj(p(x) — p(Z;)) = s; (/01 Vp(z; +t(x — 7;)) " (z — Z;) dt)
<llp—pllctlz — z;] + s, (/01 Vp(z; + tx — ;) (z — z;) dt)

= llp = pller |z = z;] + s5(p(2) — p(z;))

_ 8 B 1
Sllp—pllmlx—%—\—*\x—%l Sgl\p Pl

By collecting the inequalities from above, we obtain that (4.3) is satisfied for some A > 0. Thus, the proof is
finalized by the invocation of Lemma 4.6. O
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APPENDIX A. UNIFORM LOCAL QUASICONVEXITY

In this appendix, we give the proofs of the technical lemmas from Section 5.1.

Proof of Lemma 5.8. Since 9D is compact, we find n € N, (p;)i=; C D and associated radii (r;)j—; C (0,00) (as in the
assumption) such that 0D C |J;_, Uy, 2(pi). The set D\ U, Uy, /2(p:) is compact and does not intersect D. Thus

z €D\ U Ur,2(pi), p € aD}

i=1

ro = inf{|az —p|

is positive. We set r := min{ro,r1/2,...,r,/2}. Moreover, let L > 0 be a common Lipschitz constant for [,, and Z;L,l,
ic{l,...,n}. We define C := L%

We check that D is uniformly locally quasiconvex with parameters r and C. To this end, let z,y € D with |z —y| < r
be given.

Case 1: z € B,,/2(p:) for some i € {1,...,n}. Due to |z —y| < r < r;/2, we have z,y € By, (p;). Consequently,
lp; (%), 1p, (y) € Bf (0) can be joined by a line segment in B (0) of length |I,, (z) — I, (y)| < L|z — y|. Under the map ",
this becomes a Lipschitz curve in D of length at most L?|x — y| joining « and y, as desired.

Case 2: € B,,/2(p:) for all ¢ € {1,...,n}. In this case, x € D\ U,_, U,,/2(p:) and y € U,(x). As U(z) does not
intersect D, we can simply join x and y by a line segment of length |z — y|. O

Now, we discuss the consequences of int(2) being uniformly locally quasiconvex. Let v € C(]0, 1]; int(£2)) be a Lipschitz
continuous curve as in Definition 5.1. Moreover, let ¢ € C*(Q) be given. Then, ¢ o~y is absolutely continuous and its
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derivative at t is given by V(y(t)) T4/ (t) for almost all ¢ € [0, 1]. Consequently,

90(7(1))*s0(v(0)):/0 Vo(y(t) '+ (t) dt. (A1)

This identity will be crucial in the next two proofs.
The next proof is similar to a part of the proof of [33], Theorem 7. We recall that the Lipschitz constant lip(-) was
defined in (2.1).

Proof of Lemma 5.4. Let z,y € int(Q) with |y — x| > r be given. Then,

2
lo(y) —e(@)] < 2)lelle < Zllellcly - 2.

On the other hand, if z,y € int(Q) satisfy |y — x|, we find v € C([0, 1];int(2)) with v(0) = z, v(1) = y and the Lipschitz
constant of v is bounded by C|y — z|. Owing to (A.1), we have

lo(y) — p(z)] =

1
[ o)™ O] < CIV oy - ol
0
This shows
2 .
o(0) = (@) < max{ 2llple. Ol ¥ellca by —| ¥y € ini(0).

Since ¢ is continuous and since 2 is assumed to be the closure of int(2), a limiting argument shows that the same
inequality holds for all x,y € Q. O

Next, we address the uniform Taylor expansion.

Proof of Lemma 5.5. Let € > 0 be arbitrary. Let 7 > 0 and C > 1 be the constants from Definition 5.1. Since V is
uniformly continuous, there exists D > 0 such that

5
IVe(@) =VeW)l < 5 Vo,yeQly—a < D.
We set 6 := min{D/C,r}/2. Now, let z,y € int(Q2) with |y — 2| < 2§ be given. Since int(€2) is uniformly locally quasi-
convex, there exists v € C([0, 1];int(£2)) with v(0) = z, v(1) = y and Lipschitz constant at most C|y — z|. Note that
Cly — z| < D. Consequently, the range of v belongs to int(2) N Bp(z). Using (A.1), we get

e(y) — p(z) — V() (y — w)’ = /O (Vo(v(t) — V() T (t) dt| < ely — a|.

This inequality holds for all z,y € int(Q2) with |y — z| < 26. Using a limiting argument yields the claim. O

Finally, we provide a counterexample which shows that the conclusions of Lemmas 5.4 and 5.5 may fail if int(Q?) is
not uniformly locally quasiconvex.

Example A.1. We define

© /1 9 12
U:U(Sinvzgin)cR and Q:(le:{O}UU|:37,37n:|CR
o1 n=1

Note that U is the interior of 2, i.e., Q is the closure of its interior, as required. Further, let c¢: [0,1] — [0,1] be the
(continuous) Cantor function and f its restriction to €, i.e., f(0) = 0 and f(z) = 1/2" for all x € [1/3",2/3"]. Obviously,
f is continuous.
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On each connected subset of U, the function f is constant. Consequently, f is differentiable on U with derivative 0.
Since the derivative can be continuously extended to 2, we have f € C*(Q).
However, f is not Lipschitz continuous on €2 since

Similarly, the Taylor expansion
fy) = fFO)+ f(0)y—0)+o(ly) asQ3y—0
fails.

_ Note that € is not connected. However, it is quite easy to modify the example to obtain copngctedness. We set
Q= Q x [~1,0] U [0, 1)* which is the closure of U := U x (—1,0] U (0,1)?. We define the function f: Q — R via

~ - 0 if zo > 0,
)= {f(rl)rg if z2 < 0.

It is straightforward to check that f et (Q), but it fails to be Lipschitz continuous and the Taylor expansion fails at
(0,-1) € Q.
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