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GLOBAL NULL CONTROLLABILITY OF STOCHASTIC
SEMILINEAR COMPLEX GINZBURG-LANDAU EQUATIONS

SEN ZHANG!'®, HANG GA0*® AND GANGHUA YUANZ*

Abstract. In this paper, we study the null controllability of forward and backward stochastic semi-
linear complex Ginzburg-Landau equations with global Lipschitz nonlinear terms. For this purpose,
by deriving an improved global Carleman estimates for linear systems, we obtain the controllability
results for the stochastic linear systems with a L?-valued source term. Based on it, together with a
Banach fixed point argument, the desired null controllability of semilinear systems is derived.
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1. INTRODUCTION AND MAIN RESULTS

The Ginzburg-Landau equation is an important nonlinear mathematical physics equation, which was pro-
posed initially by Ginzburg and Landau in [1] to serve as a phenomenological description of superconductivity.
Now, it is used to describe many other physical phenomena, such as superfluidity, Bose-Einstein condensa-
tion, liquid crystals and strings in field theory, nonlinear waves, and second-order phase transition (see e.g.,
[2, 3]). For more physical background and applications, we refer to [2, 4, 5] and the references therein. In
practice, systems are usually affected by uncertainty. When considering the random influence, stochastic com-
plex Ginzburg-Landau equations arise naturally. In many situations, stochastic partial differential equations
(SPDEs) are more realistic than deterministic ones. Recently, stochastic complex Ginzburg-Landau equations
have been extensively studied (see e.g., [6-8]). In this paper, we will study the controllability of stochastic
semilinear complex Ginzburg—Landau equations.

Let G be a nonempty bounded domain in R™ (n is a positive integer) with a boundary I' of class C* and
T >0.Put Q:=(0,7) x G and ¥ := (0,T) x I'. Assume Gy to be a given nonempty open subset of G and

denote by x¢, the characteristic function of the set Gy. For simplicity, we will use the notation y; := %, where
x; is the jth coordinate of a generic point x = (z1, 22, ..., 2,) in R™. Similarly, we use the notation z;, v;, etc.

for the partial derivatives of z, v with respect to x;. Moreover, for any complex number ¢, we denote by ¢, Rec,
and Imc its complex conjugate, real part, and imaginary part, respectively.

Let (Q,F,F,P) with F = {F;};>0 be a complete filtered probability space on which a one-dimensional
standard Brownian motion {B(t)};>o is defined and F is the natural filtration generated by B(-), augmented
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by all the P null sets in F. Let H be a Banach space. Denote by L2 (Q H) the space of all Fi-measurable
random variables ¢ such that E|¢|% < oo; denote by L2(0,T; H) the space consisting of all H-valued F-adapted
processes X (+) such that E(| X (-)[3. O’T;H)) < 00; by Lg°(0,T; H) the space consisting of all H-valued F-adapted

bounded processes X (+); and by L2(Q; C([0,T]; H)) the space consisting of all H-valued F-adapted continuous
processes X (-) such that IE(|X(~)|ZC(07T;H)) < oo. Similarly, one can define LZ(Q; C*([0,T]; H)) for any positive
integer k. All of these spaces are Banach spaces with canonical norms.

Consider the following controlled forward stochastic complex Ginzburg—Landau equation:

dy — (a+1ib) Y (@’ y)rdt = [f(w, t,2,y) + xa,h)dt + [g(w, t,2,y) + HIAB(t) inQ,

drk=1 (1.1)
y=0 on X,

y(0) = yo in G,

and controlled backward stochastic complex Ginzburg-Landau equation:

dy + (a — ib) Z (a?%y;)kdt = [Y(w,t,2,y,Y) + xg,h]dt + YAB(t) in Q,

gk=1 (1.2)
y=20 on X,

y(T) =yr in G,

where i denotes the imaginary unit, and a > 0, b € R. In (1.1) (resp., (1.2)), yo (yr) is a given initial value
(resp., terminal value). In both cases, y is the state variable. In (1.1), the control variable consists of the pair
(h, H); while in (1.2), the control variable is only h. Unless otherwise stated, we assume that all functions
mentioned in this paper are complex-valued. We also assume that the functions a’*, f, g and Y satisfy the
following assumptions:

(Hy). /¥ (x) € C?(G;R) and a’* = a" (j,k =1,2,...,n). There is some constant sy > 0

such that Z a* ()7 ER > s0l€|? for any (x,€) = (z,&L,...,6") € G x C™.
k=

(Hz). f(-,-,-,y) and g(-,-,-,y) are F-adapted, L*-valued stochastic processes
for each y € L*(G;C).
(H3). V (w,t,2) € 2 x Q, f(w,t,z,0)=0.
(Hy). 36>0, V (w,t,2,01,a) € Ax Q xR?, |f(w,t,x,a1) — f(w,t,,a2)| < klay — as].

(

T

5). 3k >0,V (w,t,z,a1,a2) € Ax Q xR?, |g(w,t,x,a1) — g(w,t,2,a)| < k1lar — asl.

(Hg). Y(-,-,-,4,Y) are F-adapted, L?-valued stochastic processes for each y,Y € L*(G).
(H7). V (w,t,2) € A x Q, T(w,t,2,0,0) =0.
(Hg). 3 ko >0, V (w,t,2,a1,a2,b1,b2) € Q2 x Q x RY,

[T (w,t,z,a1,b1) — V(w, t,x,a9,bs)| < ka(lar — az| + |b1 — ba]).

H
H
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Remark 1.1. With the assumptions (H;)-(Hs) and yo € L% (Q; L*(G;C)), (h,H) € L§(0,T; L*(Go; C)) x
L3(0,T; L*(G; C)), it is known (see e.g., [9],Thm. 3.24) that system (1.1) admits a unique solution

y € Hr := Li(; C([0,T]; L*(G; C))) N L (0, T; Hy (G5 €)).

With the assumptions (Hy), (He)-(Hs) and yr € L% (€ L*(G;C)), h € LE(0,T; L*(Go; C)), it is known (see
e.g., [9],Thm. 4.11) that system (1.2) admits a unique solution

(y,Y) € Hr x L2(0,T; L*(G; C)).

The main purpose of this paper is to study the null controllability of the semilinear stochastic complex
Ginzburg-Landau equations (1.1) and (1.2), respectively. System (1.1) (resp., (1.2)) is said to be globally null
controllable if for any yo € L%, (Q; L*(G;C)) (resp., yr € L%, (9 L*(G;C))) , there exists a control (h,H) €
L2(0,T; L*(Go; C)) x L&(0,T; L*(G;C)) (resp., h € L2(0,T; LE(GO; C))) such that the corresponding solution y
of (1.1) (resp., (1.2)) satisfies y(T,-) =0 in G, P-a.s. (resp., y(0,-) =0 in G, P-a.s.)

The controllability of deterministic nonlinear partial differential equations (PDEs) has been studied by many
authors and the results are relatively rich, such as nonlinear parabolic equation (see e.g., [10-14]), Ginzburg—
Landau equation (see e.g., [15, 16]). It can be seen from these results that the authors usually use the following
strategies to study controllability problems. First, linearize the nonlinear system and study the controllability of
the linearized system. Then the controllability problem of nonlinear systems is solved by using appropriate fixed
point methods, usually Schauder or Kakutani fixed point methods. At this point, the property of compactness
plays a crucial role, for example, the compact embedding result of the Aubin—Lions lemma is used commonly.

Compared with deterministic PDEs, although the controllability problems of SPDEs have not been widely
studied, some progress has been made in recent years. We refer to [8, 17-25] for some known results in this
respect. Reference [17, 21, 24] showed the null controllability and approximate controllability for the stochastic
parabolic equations. In [8, 18], the null controllability for the stochastic complex Ginzburg-Landau equation
was obtained. In [22], the exact controllability for stochastic Schrédinger equation was established. References
[20] and [25] showed the exact controllability for a refined stochastic wave equation and a refined stochastic
beam equation, respectively. In [19] and [23], the null controllability for the stochastic fourth order parabolic
type equations were discussed.

It is worth mentioning that the above works mainly focus on the controllability of linear SPDEs systems,
while there is little literature on the controllability of nonlinear stochastic systems. This is due to the lack
of compactness embedding for the function spaces related to SPDEs (see [24], Rem. 2.5 or [9]), which makes
some classical strategies in deterministic setting (see e.g., [13]) fail to establish null controllability for semilinear
systems at the stochastic level. As far as we know, the known results in this direction seem to be only [26-29],
in which the author established the null controllability of semilinear stochastic parabolic equations. However,
to our best knowledge, nothing is known about the controllability of nonlinear stochastic complex Ginzburg—
Landau equations. In this paper, we study the null controllability problems for stochastic semilinear complex
Ginzburg-Landau equations (1.1) and (1.2).

The main results in this paper read as follows.

Theorem 1.2. Let assumptions (Hy)-(Hs) be satisfied. Then system (1.1) is globally null controllable.
Theorem 1.3. Let assumptions (Hy), (Hg)-(Hsg) be satisfied. Then system (1.2) is globally null controllable.

Our strategy for proving Theorem 1.2 is as follows. To overcome the lack of compactness mentioned above,
we borrow some ideas from [27, 30]. First, using the weighted identity method, we obtain a new global Carleman
estimate for the backward stochastic complex Ginzburg-Landau equation with a L2?-valued source by introducing
a suitable singular weighted function. Next, by combining the new Carleman estimate and a duality technique
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introduced in [30], we establish the null controllability for a linear system of the form

dy — (a+1ib) ¥ (a’*y;)rdt = (F + xg,h)dt + HAB(t) in Q,
j,k=1

y=20 on X,

y(0) = yo in G,

where the source F' is in some suitable functional space. At last, we need to prove that a nonlinear mapping
F — f(w,t,x,y) is strictly contractive in a suitable functional space. Through a Banach fixed point method
which does not rely on any compactness argument, we can obtain the null controllability for (1.1). The strategy
to prove Theorem 1.3 is very close to that of Theorem 1.2, but one major difference can be found. For this case,
it is not necessary to prove a Carleman estimate for the forward stochastic Ginzburg—Landau equation. Actually,
it suffices to use the deterministic Carleman estimate and also employ the duality technique introduced by [30].

In this paper, the dual technique is mainly used to establish the null controllability of a linear system with
a source term (see Thm. 2.6 for linear forward stochastic system and Thm. 3.3 for linear backward stochastic
system). Moreover, the duality method is also used to derive Carleman estimates. Compared with the weighted
identity method, there are some advantages for using the duality method to establish Carleman estimate. First,
when some assumption on the regularity for coefficients in the equation are relaxed, a Carleman estimate can
still be obtained by using the duality method. Second, a Carleman estimate can be obtained with the drift term
taking values in negative order Sobolev space by using the duality method. Therefore, one may be able to use
these new Carleman estimates to consider new controllability problems (see e.g., [8, 28-31]).

Now, we give some remarks in order.

Remark 1.4. The reason why assumption (Hs) is added to Theorem 1.2 is to ensure the well-posedness of
system (1.1). We do not use assumption (Hs) in the proof of Theorem 1.2. In fact, we claim that the null
controllability of equation (1.1) can be reduced to the null controllability of the following system without the g
in the diffusion term

dy — (a+1b) Y (a’*y;)xdt = [f(w,t,2,y) + xa,hldt + HAB(t) in Q,
k=1 (1.3)
y=20 on X,

y(0) = yo in G.

Indeed, assume that one can find two controls h € LZ(0,T; L?(Go;C)) and H € LZ(0,T; L*(G;C)) such that
the corresponding solution y of (1.3) satisfies y(7,-) = 0 in G, P-a.s. Since the control H is distributed in the
whole domain G, the state y still satisfies equation (1.1) with the controls h* = h and

H*=H - g(w,t,z,y) € LE(0,T; L*(G; C)),

which is well defined by (Hs). Moreover, we still have the controllability property for equation (1.1), i.e. y(7,-) =
0 in G, P-a.s. This is why we can drop the Lipschitz condition (Hs) on ¢ in the proof of Theorem 1.2.

Remark 1.5. From the following, it can be found that since 0 < T" < 1 is assumed, we actually obtain that
the system (1.1) and (1.2) are globally null controllable at any small time. Although we focus on the proof of
null controllability at small time for simplicity, the null controllability in the case of T' > 1 can also be obtained
by the same method.

Remark 1.6. From Theorem 1.2 and Theorem 1.3, we can obtain the null controllability for semilinear
stochastic parabolic equations, which implies that the results in this paper include the results in [27].
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Remark 1.7. Theorem 1.2 requires an extra control H € L2(0,T; L?(G;C)) on the diffusion term. It would
be quite interesting to establish the null controllability for (1.1) by only one control force or the control H
acting only on a sub-domain of G. As far as we know, the results in this direction seem to be only [21] and
[26]. However, the random coefficients in the system considered in [21] and [26] have some restrictive conditions.
For forward SPDEs with general coefficients, it still seems to be a challenging open problem to establish null
controllability with only one control, even for general linear SPDEs (see e.g., [8, 19, 24]).

Remark 1.8. Theorem 1.2 and Theorem 1.3 provide a partial positive answer to the open question provided in
[8], Remark 1.10. However, the global controllability for system (1.1) and (1.2) with more general nonlinearities
f(), g(-) and Y(-), such as the super-linear nonlinearity considered for deterministic Ginzburg-Landau equation
(see e.g., [15]) or parabolic-type PDEs (see e.g., [12, 13]), is still an interesting but challenging problem.

As mentioned above, we prove Theorem 1.2 and Theorem 1.3 by Carleman estimates. In the past few years,
the Carleman estimates for SPDEs have received much attention. Although there are numerous results for
the global Carleman estimate for deterministic Ginzburg-Landau equation and parabolic-type equation (e.g.,
[14, 15, 32]), the Carleman estimates for the stochastic counterpart are much less. In this respect, we refer to
[8, 18, 19, 21, 23, 24, 30, 31, 33-38] for some known results. In [8, 18], authors studied Carleman estimats for
stochastic complex Ginzburg-Landau equations. The references [21, 24, 30, 31, 33-37] are devoted to stochastic
second order parabolic equations. The references [19, 23, 38] are concerned with stochastic fourth order parabolic
equations.

The remainder of the paper is organized as follows. In Section 2, we present the proof of Theorem 1.2. In
particular, we give a new Carleman estimate for the backward stochastic complex Ginzburg-Landau equation.
In Section 3, we present the proof of Theorem 1.3.

2. CONTROLLABILITY OF A SEMILINEAR FORWARD STOCHASTIC COMPLEX
GINZBURG-LANDAU EQUATION

2.1. A new Carleman estimate for a backward stochastic complex Ginzburg—Landau
equation

In this part, we first establish the Carleman estimate for the following backward linear stochastic complex
Ginzburg—Landau equation with a source Z in drift term:

dz + (a—ib) Y (a’"z)rdt = Edt + ZdB(t) in Q,

k=1 (2.1)
z=0 on X,
2(T) = zr in G,

where @ > 0, b € R and coefficients a’* satisfy the assumption (H;). With the above assumptions for the
coefficients and zp € L% (Q; L*(G;C)), E € Lg(0,T; L*(Go; C)), the system (2.1) admits a unique solution
(2,Z) € Hr x LE(0,T; L*(G; C)) (see e.g., [9], Thm. 4.11). We refer to [8] for some known Carleman estimates
for the equation (2.1).

At first, we introduce an identity for a stochastic parabolic operator with complex principal parts, which
plays a key role in proving the Carleman estimates for complex Ginzburg-Landau equations. Set

n
Lz:=dz+ (a—1b) Z a’* zj)kdt.
J,k=1
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Lemma 2.1 ([8], Lem. 2.1). Suppose that ¢ € C3(Q;R) and ® € C*(Q;C). Let z be an H2(G;C)-valued
continuous semimartingle. Set 0 =e’ andv =0z. Then for a.e. (z,t) € Q, it holds that

2Re(OLLz) =2|IPdt +dM + > V¥ + Blo[*dt + > D/*vvdt
k=1 Gk=1

-2 Z[Re(anﬁvj) — Im(bF7vw;)]dt + Z aa?* dv;dvy,

a . PR (2.2)
+ (6 — aA)dvds — 2b > o’ Im(dvdv;)
k=1
+2 [b Z (a7*4},) ;Tm(vdD) 4 Re(‘bvdv)] ,
k=1
where
A:Z[ajéfk—(ajké Z vj)k + Av,
k=1 k=1 (2.3)

Iy =ah+2ib > "o + (2 — ),
j,k=1

24 p?) Z (Aa’™*0;), — aA; — 2aARe® — 20AIm®
J,k=1

—|—2Re( ) 2|q)| +€tt7

M =aAlv|* + Z a?*[—av Ty, + 260, Tm(Tv)] — 44 |v|?,
jk=

VF =24 Z a?*Re(v;dv) — 2b Z a?*0;Tm(vdw) — 2A(a® 4 b°) Z a?*l;|v|dt

j=1 j=1 j=1

—2a Z a?*Re(T,;Pv)dt + QbZ a* Tm[v; (T — 0;)o)dt
j=1 j=1

+2(a® + b%) Z [aT*a? P U T — a?*¥ @ik i (0T + Tjrvg)]de,
3rd’ k=1
DI* —aal® + 2bIm®a’® + 2aRe®a’*
+ 2(@2 -+ b2) Z [Cljk/ (ajlkéj/)k./ —+ ak/k(aj,jéj/) (ajkaj K’ g )k’]
i k=1

B = Z ajk(2£k$ — 2ékgt — 6]@),
k=1

and FI = Z(ajk@k —2a7%0,, — a{kfk - 2ajkfk®).
k=1



GLOBAL NULL CONTROLLABILITY OF STOCHASTIC SEMILINEAR COMPLEX GINZBURG-LANDAU EQUATIONS 7

To state our Carleman estimates for (2.1), we first introduce the weight function. To begin with, we introduce
some auxiliary functions. Let G’ be any given nonempty open subset of G satisfying G’ CC Go. It can be seen
from [14] that there exists a function 3 € C*(G) such that

0<pB(z)<1l Vxegd,

B(z) =0 Vze€ oG, (2.4)
inf {|VB(z)|} > ap > 0.

G\G’

Without loss of generality, in what follows we assume that 0 < 7' < 1. For some constant m > 1 and ¢ > 2, we
define the following weight function depending on the time variable:

4t\°
y(t) =1+ <1—T> , t €[0,7/4),
V(t) = t€[T/4,T/2),
~(t) is increasing on [T/2,3T/4), (2.5)
1
1) = e €[37/4,T),
(T 1)
() € C*([0,T)).
Set
aa) i= et OMHBE) — e OmEO) - o(t ) = y(talw),  E(t @) = (et I, (2.6)
where p is a positive parameter with ;1 > 1 and o is chosen as
o = ApZetEm=4) (2.7
for some parameter A > 1. We finally set the weight
0 := e, where £(t,2) := \p(t, x). (2.8)

It can be seen from the (2.8) that, compared with the classical weight function (see, e.g. [24]), the main difference
here is that the weight does not degenerate as t — 0.

In the following, for any k& € N, we denote by O(u*) a function of order p* for sufficiently large u, and by
(9”()\’“) a function of order \* for fixed u and sufficiently large A. Moreover, we use C' to denote a generic
positive constant that depends only on G, Gy, T, m, sg and «ag, but is independent of a and b. It may change
from line to line. If it is necessary, the dependence of a constant C' on some parameters, say “m, 7o, -+, 7%,
will be written by C(71, 72, , k).

Now, we state the results of the Carleman estimate.

Theorem 2.2. There exist three positive constants A1 = A1(a, b, so, ag), p1 = pi(a,b, so,ap) and C, such that
for any E € L§(0,T; L*(G;C)) and rp € L%, (Q; L*(G;C)), any solution (z,Z) € Hr x Lg(0,T; L*(G;C)) of
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(2.1) satisfies

T/4
E/ 02(0))\2u3e2"(6m“)|z(0)\2dx+E/ /02/\2uzf|¢||fyt\|z|2dxdt
G 0 G

+IE/ 92)\3,u4§3|z|2dxdt+]E/ 02 A€\ V 22 dadt (2.9)
Q Q

T
<0y {E/ A2u2§362|2\2dxdt+E/ 02|E\2dxdt+E/ / 02\3 13| 2| dadt |
Q Q 0 JGo

for all A\ > Ay and p > p1, where Cy = C1(a,b) is given by

C(a®+b%+1)

C1= min{a?, 1}

(2.10)

Remark 2.3. This type of Carleman estimate was first considered in [39] to deal with the local trajectory
controllability for the incompressible Navier—Stokes equations. Later, references [27] and [28] developed the
ideas in [39] to study the global null controllability of stochastic semilinear parabolic equations.

Remark 2.4. Since the weight function (¢) does not blow up as ¢t — 07, it prevents 6 from vanishing at ¢ = 0.
Compared with the classical proof of the Carleman estimate for the linear stochastic complex Ginzburg-Landau
equation (see e.g., [18], Thm. 3.1 and [8], Thm. 2.2), this change brings additional difficulties and enable us to
include the term E [, 62 (0)\2p3e2(6m+1)|2(0)|2dz on the left-hand side of (2.9).

Remark 2.5. At first glance, Carleman estimate (2.9) looks very similar to the global Carleman estimate for
backward stochastic parabolic equations in [27]. Furthermore, one can find that the idea behind the proofs in
this paper and [27] are analogous. Nevertheless, since the diffusion coefficients a/* and complex-valued functions
are involved in this paper, the specific proofs have some differences and additional difficulties. We have to use
an identity (2.2) of linear stochastic complex Ginzburg-Landau operators instead of the identity introduced
in [27]. This means that we need more calculations and estimates than [27] to derive the desired Carleman
estimate (2.9). So, one cannot simply mimic the proofs in [27] to obtain Theorem 2.2. Indeed, even in the
deterministic setting, the proof of the global Carleman estimate for parabolic operator with complex principal
parts is much more complicated than real-valued cases (see e.g., [15]). When (2.1) degenerates to a real linear
backward stochastic parabolic equation (a = 1 and b = 0) and the coefficient matrix (a’*),«, degenerates to
the identity matrix, the Carleman estimate in Theorem 2.2 is the same as the one in [27].

Proof of Theorem 2.2: By a density argument, it suffices to prove Theorem 2.2 with (z,2) €
LA(Q;C([0,T]; H*(G;C))) x L&(0,T; HY(G;C)) (see e.g., [19, 23]). For readability, we divide the proof into
several steps.

Step 1. We apply Lemma 2.1 with 6=6,0="rand set

n

©=2(a+ib) > (7). (2.11)

jk=1
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Integrating (2.2) in @, taking mathematical expectation on both sides, we conclude that

E/ Re(0, Lz)dx
Q
fE/ deerE/ B|v|2dxdt+]E/ Z D’ Uj’l)kdl'dtme/ ZRe aE’vv;)
J,k=1
—Im(ijvﬁj)}dxdt+]E/ ka dx+E/ Z aa’*dv;dv,dz (2.12)
Q k=1 Q j k=1 ’

E / (t; — aA)dvdvdx — 2bE / > /"t Im(dvdp;)da
Q

@ j k=1
n 10
+2E / [b > (@?%4y,) ;Tm(vdo) +Re(<I>vdv)]dx+2E / | Pdzdt =: Y ;.
QL jr=1 i=1

In addition, it is easy to check that for any j,k=1,--- ,n,
U= MiEBj,  Lig = MiPEB; B + AuéBik, L = Ipay,

which are useful in the remainder of the proof.
Step 2. In this step, let us estimate every term on the right side of (2.12).

Estimate for Ji. From the definitions of v = 0z and ¢, we easily see that lim;_,7_ £(¢,-) = —oco and thus the
term at t = T vanishes. By expression of M, we have

n

M|E = —M(0) = —aA(0)[v(0)* — Z a?*[—av;Ty, + 260, Tm(TRv)]|  + £:(0)]v(0)[% (2.13)
jk=1 t=0

For the first term on the right-hand side of (2.13), using the explicit expression of A in (2.3) and the fact
~v(0) = 2, we can obtain

A= (NP0 BBy, — MiPEa?* BBy — Auall By — Au€a?* Bjr,)

j,k=1

N (2.14)
=N Y al* BB + OV,
J,k=1
which imply that
—aA(0) = — NPT S GIH(0)5,6, + O]
7,k=1 (215)
> Ca)\Q/LQQQH(GimJ'_B).
For the second one, by assumption (H;) on the functions a’*, we have
a Z attv; vk > aso|Vo(0)[%. (2.16)
=0

7,k=1
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And, for any €; > 0, using Young inequality, we obtain

‘2b Z a?* ¢, Tm(vyv)

—~ Cv?
= ’2b)\u£ E a?* B Im(Tyv) | < e1|Vu)? + ——N2p2€2|v)2.
| €1
J,k=1

k=1

Choosing €; = #3¢ in (2.17), we get

n ) b2
2 Y ot Imw)| | < %Wv(O)F 1+ O\, 2626m48) )12,
a

J,k=1

t=0
From (2.16) and (2.18), we get

. b2
— > /¥ [—av;Bx + 2b0;Tm(v40)] :

n
J,k=1

t=0

For the third one, from the explicit expression of the function «(t) in (2.5), we get

4 a7
%(t):—a(l—) vt € [0,T/4].
Using (2.7) and the above expression, we have

4
((0,2) = = SN e Va(z)
_ % A2 2 (6m—A) [, u(6m+6) _ opu(6m+5(@))]

> CO)\2M362N(6m+1)

for all 4 > 1 and some constant ¢y > 0. Set

2, 32
Ky = Ko(a,b) := max {QC(Ger), 1}.

Coa

as m
> 70|Vv(0)|2 — =Nt 0)[.

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

By (2.15), (2.19), (2.21) and (2.13), there exists .= p«(a,b) = Ky, such that for all ;1 > p., it holds that

as

Mg > =

|VU(0)‘2 + 01A2M3€2#(6m+1)|v(0)|2 > 01A2M382#(6m+1)|?](0)|2
for some constant ¢; > 0. From (2.22), we can easily get
T :z]E/ M|Fdz > 01A2u362“(6m+1)1[§/ |v(0)|*dz.
el G

Estimate for J5. To abridge the notation, in what follows, we set

U= Z a* B, Br.

jk=1

(2.22)

(2.23)
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By the definition of B in Lemma 2.1 and (2.11), we have that

n

B =2(a?+v?) Z Aa*0;) — aA; — 20ARe® — 2bATm®
7,k=1

+ QRQ((I’gt) — 2‘(I)| + Ett

n

=2(a® +b%) Y Apa?™l; +2(a® +07)A Y (a¥Fe)),

J,k=1 j,k=1
n n
—4a®A Y (@) — A D (R
j,k=1 j,k=1

2 n
(ajkzj)k] —ad;+4a > (a7 )ply + by
k=1

Apa®®l; — A (aﬂ'kej)k]
1 j,k=1

—8(a® +b?) [

1

\ﬁMﬁ

J

Mz

= 2(a® 4+ v?) {

J,

k
2 n 5
(a® +b?) [ (a%¢;) ] —aA;+4a > (PRl + by =Y I

11

7,k=1 j=1
Next, we estimate I; (j =1,...,5). Using (2.14), we have
Ay = 202328, 0 + OV €2 + O\ €. (2.24)
Further, using (2.24) and (2.14), we obtain respectively that
> Agaltl; = 23U + 0Nt + O(N) e (2.25)
k=1
and
A (@R = NptP U + OBt + O(N) e, (2.26)
k=1

By (2.25) and (2.26), I; simplifies to

I = 2(a% + PN A3 02 4 (a2 + b2)[O(N3) 33 + O\ ute?],
which imply that

IE/QIl|v|2dxdt >2(a2+b2)E/Q)\3u4§3|\II|2|v2dmdt

_C(a®+ )R / (N353 4+ A2ude?) o 2dadt,
Q

(2.27)
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For I, we easily have
Iy = (a® +b)O(N)u'€?,
which imply that

E/ﬁwﬁmazfaf+ﬁm/Am%%ﬁma. (2.28)
Q Q

Further, we estimate the third and the fourth terms together. Using (2.14), we have

Ay =Y (Np*Ea7% B B — MiP€a?® B; By, — Mukal)' By — Au&a?™ By )
j,k=1

—OAZU2EE — AuPET + O\ (2.29)
:% (2222620 + O(\)p3e].
In addition, we get
(7" )ubs =N €@ + O ) = 2 [N2€0W + O(N)utg]. (2.30)
G k=1
By (2.29) and (2.30), we obtain that
Li+I =W, (2.31)

where

W= % [2aA02€20 + aO(Mp2€] — 2 [4aN212E(—9) ¥ + aO(N?)ué (— )]

gt
v
Further, we estimate the W. From the definition of +, it is clear that W vanishes on (T'/4,7/2). On (T/2,T),

we use the fact that there exists C' > 0 such that |y,| < C|v|?. Therefore, there exists a constant C' > 0 only
depending on G, G’ such that

|W| < CaX?pP€®,  (t,x) € (T/2,T) x G, (2.32)

where we have used that |pvy| < u€2. On (0,7T/4), noting the facts that pu& < |p|, 7 <0, ¢ <0 and v € [1,2],
it holds that

w2 4a2hegole - calliuglol, o) € 0.7/0) xG. (2.33)

t
~y
By (2.31), (2.32) and (2.33), we get

T/4
E/(I3+I4)\v|2dxdt 24aIE/ / M/\2/12§\I/|<,0|\v|2dxdt
@ o Je (2.34)

T/4
- C’aIE/ / W;()\/f + N2 )€l [v]Pdadt — CaE/ N33 v2dadt.
0 G Q
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Further, we estimate I5. Using the definition of ~(t), it is not difficult to see that |yy| < CA2ute2(6m=4)
thus

5| = |0is] = [Myerer| < CN3pPe?rEm=—Denm+6) < 03 2¢3 € (0,T/4), (2.35)

where we have used that pe™" < 1 for all 1 > 1. Noting that estimates |v;¢| < C+® and |¢y| < pé?, we obtain
1 = = 2| < e, e @ (2.36)

Since {4 vanishes for ¢ € (T'/4,T/2), from (2.35) and (2.36), we deduce that
E/QI5|U|2dxdt > —C’E/Q)\3u2£3|v|2dxdt. (2.37)

By (2.27), (2.28), (2.34) and (2.37), we obtain that

5
Ja ::IE/ B|v|2dxdt:Z]E/ I|v*dzdt
Q = e

T/4
Z4a]E/ /M/\2,u2§\1/|<p”1}|2dxdt
0 G 7

T/4
— C’aE/ / M()\/VL2 + N2 )€l [v]2dadt (2.38)
0 G 7

+ 2(a® + bQ)E/ N 232 v 2dadt
Q

—C(a® + bQ)E/ (N3u3€3 + N2 pte?)|v)?dadt.
Q

Estimate for Js. By the definition of D% in Lemma 2.1 and (2.11), we find that
D% = aal® + 2bIm®a’* + 2aRe®a’*
+ 2(042 + bz) Z [a‘jk/ ((Lj/kgj/)k./ + ak/k(aj/jﬁj/)k/ — (ajkajlklfj/)k/]
jk'=1
= 2(a® + 1) F \2EW + A(a® + V)M D ol 0l M By B + (a® + DO(NpE.
k=1
Hence, it holds that
J3 = IE/ Z Djkvjikdxdt > 2(a2 —|—b2)E/ AN2ET Z a]kvjikdxdt
Q k=1 Q jk=1 (2.39)

2
dxdt — C(a® + b*)E / M| Vol 2dzdt.
Q

n
> o By

jik=1

+ 4(a® + bz)E/Q M€




14 S. ZHANG ET AL.

Estimate for Jy. First, notice that for any j =1,2,... n,
Im(bF7v5;) = Re(ibFivv;).
By the definitions of £ and F7 in Lemma 2.1 and (2.11), we find that

-2 zn:[Re(aEfmj) — Im(bFIv;)] = —2 Z Re[(aE? — ibFi)vv,]

j=1 j=1

=—4 Z a’* 6, Re(a + ib) ®vv;] + 2 Z a’*Re|(a + ib) ®xTv;]
J,k=1 j,k=1

+4) " aa?* 0 Re(vv;) — 2 Y Relib(2a7% 0 + af*tx)ov;]
J,k=1 j,k=1

= —8(a® +b%) Z ajkék(aj/kléj/)k,Re(@vj) +4 Z aa’* 0,0 Re(Tv;)
J.k,j’ k=1 j,k=1
—4b Z ajkﬁktRe(iﬁvj) + (a® + DH)ON) 3€ ||| Vo] + [B|ON) € |v|| V]
jk=1

n

=—4(@®+0°) ) {[ajkgk(aj/k/éj')k'v|2]j - [ajkfk(aj/k/fj')kf]j|v|2}

Jok,g" k=1

+2 Z (aa?® .0, |v]*); — 2 Z (aa?®.0,) ;|v|* — 4b Z a?* 0y Re(ivv;)

jk=1 k=1 jk=1

+(a® + D)0\ €[l [ Vo] + [BON) ][ Vo]

n

=-2> {Q(az +0%) > (@ ol - aajk€k€t|v|2}
Jrk=1 3’k =1 J

+(a? + )OO ) [vf* + (a® + b*) O[] Vo] + [BON) g [l Vo]

-2 Z (aa?* 0y ty);|v)* — 4b Z a?* 4y Re(ivv;).

k=1 J,k=1

Further, we estimate the last two terms of the above expression. First, we have
n

—2 Z (aa?*t0,); = an%)Puzf\Ilga — 2a%A2u2§2\P+a(9()\2)uf%gﬁ.
k=1

On (0,7'/4), since the second term of the above expression is positive, it holds that

n

-2 Z (aa?*0yty); > —2ahﬁ;|/\2u2§\11|<p|+a(’)()\2)u§?cp, (t,z) € (0,T/4) x G.

k=1

(2.40)

(2.41)
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On (T/2,T), noting |v¢| < C|v|? and |yp| < ué?, we have

—2 ) (aa?*ty);| < CaNpPe®, (t,x) € (T/2,T) x G. (2.42)

‘ n
J,k=1

Since obviously it vanishes for ¢ € (T'/4,T/2), we can put estimates (2.41) and (2.42) together to deduce that

i Jk E E 2 > T/4 _ |,yt| 2 2 \I/ O )\2 |'Yt|
(aa?" lily)|v]dt 20= 7 N e p[+aO (AN ) e~ || | [v[*dt
0 k= 0

. (2.43)
—C’a/ N3¢ v)Adt.
0
Next, we have
—4b Z a0 Re(itv;) = f4b|%|)\u§Re [l< Z a?* Byv; > ]
Jk=1 j,k=1
On (T/2,T), due to || < Cy?, we obtain
n ] n )
‘ —4b Y a*lRe(iv0;)| < CIAE?| D a?* Brv;[v]. (2.44)
J,k=1 k=1
On (0,7/4), by (2.20), it holds that
'4b Z a* 0 Re(itv;)| <C|bIA2pdgerEm—4) Z a?® Bvi| v
k=1 k=1 (2.45)
<CPINE?| > " Bruj||u],

Jik=1

where we also have used pPe~2* < I for all 1 > 1. Similarly, it also vanishes for ¢ € (T/4,T/2), using (2.44)
and (2.45), we have

T
/ —4b Z a?* 4 Re(ivv;)dt > C’|b|/ N pug? Z a?* Brv; ||v|dt. (2.46)
0

J,k=1 J,k=1
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By (2.40), (2.43), (2.46) and v = 0 on X, we have

Ja = E/ -2 Z[Re(an@vj) — Im(bF7vv;)|dadt
Q =1

T 1yl y2 2 2 e 1] \2 2
> — 2aE =AY p||lv|*dadt—CalE —— X u&|o||v|*dzdt
0 G 7 0 G 7

(2.47)
—C(a® +b* +a+ b))E / (Wpte? + NP + N p?e®) ol *dadt
Q
n ) 2
—C(a2+b2+|b\)E/ u2|Vv|2dxdt—O|b|]E/ A D> a Bro;| dadt.
Q Q jk=1
Estimate for Js. Noting that v=0o0n X and 8 =0 on X, for any j = 1,...,n, we obtain
ov op
vi =g vie Bi=5 v
where v = (v1,...,v,) denotes the unit outer normal vector on I'. By the definition of V* in Lemma 2.1, for
any k =1,...,n, it holds that
VE s =2(a® + %) Z [a?*a? ¥ Ljv; T3 — a?* a7 Kl (v + Tjop)]dt
4.4 k=1 2
n
0 8
= +b2 Z A f 5 Y jk JkVJVj/l/k/dt
.5 k=1 2
Therefore, we find that
Js:=E Zdex— /ZVkada
Q
h=t ) . (2.48)
2(a” + b*)E / A 5* az Z ajkaj/k/ujuj/uk/ukda > 0.

3,3" k" k=1
Estimate for Js, Jr and Js. By the first equation of (2.1), condition (H;) and the fact v = 0z, we have

J6 = E/ Z aa?*dv;dvydz

]kl

= E/ Z aa0%d(L;z + z;)d(0,Z + Zx)dx
]k 1

v

asOE/ 02|V Z + VILZ|*dxdt
Q

v

1
§asoE/ 92|VZ|2dxdt—Ca]E/ N u2€20%| Z)? dadt.
Q Q
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Similar to the previous analysis of ¢; and (2.14), we have

| T+ = ’E/ (4 — aA)dvdvdz| < E A|0?|Z|*dxdt
Q

Yy
v

< CE/ A2u2§362|2\2dxdt+CaE/ N u2e20% Z|*dadt.
Q Q
Further, we have

Js:=—=26E [ > a/*Im(dvdv;)de
Q j k=1

=— 2bE/ Z a’* B A€ Im|dzd (4;Z + z;)]da
jk} 1
> — C’|b\E/ 02 (N2 Z) + \ué| Z||V Z|)daedt
Q
2
> — lasoE/ 02|V Z|*dxdt — C—b]E/ 022?122\ Z |2 dadt.
2 Q a Jq

Therefore, it holds that

2 b2
Jo + T+ T > —CIE/ N p2e30% Z)?dadt — ME/ 226202z dadt.
Q a Q

Estimate for Jy. First, noting that the fact Im(c) = Re(ic) for any ¢ € C, we obtain that

b Z (a*0x) ;Tm(vdD) + 2Re(Pvdv)
jik=1
=2 Z (a?"0x) jRe[(2a — ib)vdv]
jik=1

=2a Z (a?"0y) ;(vdD + Bdv) + ib Z (a%4},);(vdT — Bdw)

Jik=1 J k=1
_ - (@i 2| _ - Gkp N 11204 - 3Kp N o dm
= Z a’ly) v 2a Z (@) jelv|“dt — 2a Z (a’"0y) jdvdv
7,k=1 7,k=1 7,k=1

n

+ib (a?%01,); (vdT — Bdw).
g k=1
It is easy to check that

2a Z a]kﬂk

7,k=1

k=1
> — Carp?e ™8|y (0) 2.

{ — APt OO Y T 0l 5By + aO(N) e O [(0)

(2.49)

(2.50)

(2.51)
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Further, we have

~2a 3 (a*6)50 = —Qa%[\ll)\/ff + Ok, (2.52)

k=1

Combining with (2.52), similar to the analysis for W in Estimate for Ja, we obtain

n

— 2aE Z (a"0x) j¢|v|*dadt
Q;’/’Tl (2.53)
> — C’aIE/ / M)\u2§|gp\|v|2dxdt - CCLE/ M2€2 v Adadt.
0 G 7 Q
Further, we have
—2a Y () ;dods = aO(N)p?E6%| Z dt. (2.54)
k=1
Integtating (2.50) on @, taking mathematical expectation on both sides and noting (2.51), (2.53) and (2.54),
we conclude that
Jo = E/ 2b Z (a?*0x);Im(vdD) + 2Re(Pvdv)dx
Q@ k=1

T/4
ZfCaE/ AuQe“(6m+ﬁ)|v(O)|2dxfCa]E/ / m)\u2§\<p||v|2dxdt
fCaE/ /\u2§2|v|2dxdthaE/ M\2€0% Z|*dadt
Q Q

+ IE/ ib Z (a?"0y) j(vdD — Bdv)dz.
Q

jk=1

Next, we estimate the last term of (2.55). By the same analysis as (2.23) and (2.24) in [8], replacing ¢, ¢, f,
z,yand Y in [8] by S, &, E, v, z and Z respectively, we obtain that

E/ ib Z (a*0x) ;(vdD — Bdv)da
Q

J,k=1

z—CE/ 92|E\2dxdt—(]|ab|E/ N[ Voldedt
Q Q

+ (—a2+b2)E/ )\3p4§3|\P|2|v|2dxdt—Cb2E/ (N2pte? + X333 v| 2 dadt
Q Q

n
> o B

jk=1

n 2
— 20°FE / A\2Ew Z a?* v dxdt — (a® + b*)E / M€ dzdt
Q Q

jk=1

_C(a? 4 52)1@/ IV [Vo[2 + A58 0[] dadt,
Q
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which imply that

E / ib > (a?*4y);(vdv — vdv)da
Q k=1

> — C’E/ 02|=2dxdt + (b? —a2)E/ N 23| 2 v 2daedt
< ? . , (2.56)
Z ajkﬁjvk dxdt

jk=1

— 2b°E / MEEY Y a?*uvidadt — (a® + 57)E / pYIRIS
Q

jk=1

— C(a® +b%) {E/ (N2pte? 4+ N p3e3)|v)?dadt + E/ (A + u2)|w|2dxdt] .
Q Q
By (2.55) and (2.56), we have

T/4
Jo > — C{aE/ Ap2et6m+8) 1 (0) 2 dx + aE/ / M)\/fﬂ(pﬂv\zdxdt
G 0 G 7
+ (a® +b* + a)E / A2t + N33 ju?dadt + aF / M6 Z 2 dadt
Q Q

+ (a® + bz)E/ (Aué +u2)|Vv|2da:dt+]E/ 02|E|2da:dt]
Q Q (2.57)

+ (b —aQ)E/ /\3M4§3|\Il|2|v\2dxdt72b2E/ M2ET Z a?* v ddt
Q Q

j,k=1

n

> @B

Jik=1

2

—(a®* +V)E / PYTRIS dzdt.
Q

Step 3: Towards the Carleman estimate. Combining (2.23), (2.38), (2.39), (2.47), (2.48), (2.49), (2.57)
with (2.12), we obtain that

2K / Re(01,Lz)dx > 2K / |11 |2dzdt + ¢, E / A28t 6mED)4,(0)2de
Q Q <
2t [ [ Dycuipofdadt + (@2 + 3B [ A€ 0 loPdad
2 [ Teuiplofandt + a2 + 3 | X0l
0

2
dxdt

+2a2E/ AMEEY Y a?*umpdadt + 3(a? +b2)E/ PYIRIS
Q

jk=1

n

> o By

jk=1

T/4
-C {a]E/ A2+ 14,(0)|2da + aIE/ / m()x,uz + N2 €| [v]2dadt (2.58)
G 0 a7

(@ + 1P+ a+ [)E / (N3 + AZute)ofPdedt
Q

n

> o By

k=1

2

+(a2+b2+|b\)E/(/\u£+u2)|Vv|2da:dt+|b|E/ A dxdt
Q Q

(a2+b2) 2 2429272 2|22
+E/ A2u2§392|2\2dxdt+TE/ OISl VA dxdt—i—IE/ 62|12 dxdt}
Q Q Q
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By (2.1), we easily have

ZE/ Re (01, Lz)dx gE/ \11|2da:dt+1E/ 6?|Z)?dzdt. (2.59)
Q Q Q

And, if gt > pys(a,b) :=1n a2+b2, it holds that

a

(a? + b?)
TE/ N u2e20?| Z|*dadt gJE/ N2 p2€302| Z)? dadt. (2.60)
Q Q

By (H1), (2.4), (2.59) and (2.60), we can easily show that (2.58) imply that

E/ |11\2dxdt+c11E/ A2p3e2r6mED)4,(0)2de
Q G

T/4
+2asoa(2)E/ /G"Fy;)\2M2§<p||v|2dxdt+(a2_|_3b2)3(2)a3E/Q)\3M4€3|U|2dxdt
0

2
dadt

n

> o By

+ QaQSgagE/ M| Vo) ?dadt + 3(a® + bz)E/ A€
Q Q k=1

T/4
< C[aE/ Ap2et6m 1) 14,(0)2dz + a]E/ / M(A/ﬁ + N2 p)€l|[v]2dadt
G 0 G 7
+(@®+b*+a+ |b\)E/ (N3 ue® + N2 pte?)|v)?dadt
Q

n 2
Z ajkﬂj vi| dadt

jk=1

T
+IE/ A2u2£392|Z|2dazdt+E/ 92|E|2dazdt+a2E/ / M| V| dzdt
Q Q 0 G’

+(a2+b2+\b|)]E/(Au§+u2)\Vv|2d:rdt+|b|]E/ AE
Q Q

T/4 T
v [ [ Pegopasacs @42 [ [ aoutepasa)
0 leZmel 0 G’

Hence, we set

2 4C(a® + b2 b)) 2C(a®+b*+ b
K1 EKl(a,b,So,Oéo) = rnax{ ¢ C(a * +a+| |) O(a + +‘ |),1},

soad’ (a2 +b?)sdad a?stal

2Ca Clb
Ky = Ks(a,b, s, ap) := max {Cl,Kl(a,b), a24|r|b?}’
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and obtain that there exist constants pg = po(a, b, so, ag) = max{Ka, i, px } and Ag = Ao(a, b, so, ag) = K1,
such that for all p > po and A > Ao, it holds that

T/4
E/ )\2u3e2u(67n+1)|v(0)|2dx+aE/ /)\2M2€|Qp||’)’t”7)|2d(l}dt
G 0 G
+(a2+b2)E/ A3u4§3|v|2dxdt+a2E/ M2V dzdt
Q Q
T/4
< C[E/ A2u2§362|2\2dxdt+E/ 92|5\2dxdt+aE/ / N2 ol vel|v) > dadt
Q Q 0 G’
T T
+ (a2+b2)]E/ / )\3u4§3|v|2d:ﬂdt+a2]E/ / )\u2§|Vv2dxdt}
0 ’ 0 !
By the definition of v, this implies that
) T/4
IE/ 92(0))\2u362*‘(6m“)|z(0)|2dz+a]E/ /92>\2p2§|<p|\%|\z|2dxdt
G 0 G
+(a2+b2)]E/ 02)\3M4§3|z\2dxdt+a2E/ 02 \p2E|V 2|2 dadt
Q Q
< C[E/ A2p2§392\Z\2dxdt+E/ 62|22 dxdt (2.61)
Q Q
T T
+ (a2—|—b2)IE/ / 92/\3u4§3|z|2dxdt+a2E/ / O? A\ |V 2 2dadt
0 G’ 0 G’
T/4
vas [ [ enueiedllan]
0 G’

Step 4: Last arrangements and conclusion. We choose a real-valued function ¢ € C§°(Gy) such that ( =1
in G' and gle € L*°(Gy). By the It6 formula, we calculate

d(€0%C|2|*) = €0°C2dz + £07CZdz + (60°) |2t + €6°C|d=|*.

and thus, using the equation (2.1) and ¢ € C§°(Gy), integrating it over @ and taking the mathematical
expectation, we have

20E /Q £0°¢C

+E/ E(O,x)ﬂz(O,x)((m)\z(O@)Pdm+E/ €6%¢| Z)?ddt (2.62)
G Q

Z ajkzjzkdzdtHE/ (€62)¢C|2|*dxdt

jk=1 Q

=—2E /Q Re[(a —ib)Z > a’*2;(£6°¢)x]dzdt — 2E /Q £0*CRe(2E)dxdt.

jk=1

We readily see that the last two terms on the left-hand side of (2.62) are positive, so they can be dropped.
Also, notice that using the properties of ¢ and (H;), the first term gives the local terms containing |Vz|?. For
the second term on the left-hand side of (2.62), similar to step 2 above, we can analyze it on different time
intervals. In summary, multiplying both sides of (2.62) by aAu?, by the properties of ¢, Young inequality and
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simple calculation, we have

T/4 T
a]E/ / 92A2u2§|<p|\'yt||z|2dxdt+a2E/ / 02 \p2E|V 2 Pdadt
0 G’ 0 G’
T
< C(a? +b2)E/ / 02)\3u4§3|z|2dxdt+C’E/ 02|=2dxdt (2.63)
0 JGo Q
+ C(a? +b2)IE/ 62)\2u4§2|z|2da:dt+0a2ﬂ3/ 0212 |V 2|2 dxdt.
Q Q
Combining (2.61) with (2.63), we obtain

T/4
]E/ 92(0)/\2,u362“(6m+1)|z(0)|2dx—|—aE/ /02A2u2§|(p\|%||z|2dzdt
el 0 el

+ (a® +b2)E/ 02)\3u4§3\z|2dxdt+a2E/ 02 A€V 22 dadt

? @ (2.64)

SC{E/ )\2u2€392|Z|2dxdt+E/ 92|E|2dxdt+a2E/ 02 1%|V 2|2 dxdt
Q Q Q

T
+ (a? +b2)E/ 0> N2t e? 2|2 dadt + (a® +b2)]E/ 02 N3 ute| 2|2 dadt | .
Q 0 Go

Finally, from (2.64), we can see that there exist constants pq = u1(a,b, so, @) = po and Ay = A1(a, b, s, ap) =
max{\g, 2C} such that (2.9) holds for all ;x> p1, A > Ay. Thus, the proof of Theorem 2.2 is complete. O

2.2. The proof of Theorem 1.2

In this section, we will give the proof of Theorem 1.2. Applying Theorem 2.2, we first establish a controllability
result for a linear forward stochastic complex Ginzburg—Landau equation with one source term and two controls,
that is,

dy — (a+1ib) ¥ (a’*y;)rdt = (F + xg,h)dt + HAB(t) in Q,

b= (2.65)
y=20 on X,
y(0) = o in G,

where y = y(t,2) denotes the state variable associated to the initial state yo € L%, (€; L?(G;C)), the control
pair (h, H) € L2(0,T; L*(Go; C)) x L(0,T; L?(G; C)). Observe that given the aforementioned regularity on the
controls and source term, one can easily show that system (2.65) admits a unique solution y € Hr (see e.g., [9],
Thm. 3.24).

We define the space

Py = {F € L(0,T; L*(G; C))' <IE3/ 9_2A_3/,L_4§_3|F|2dxdt> < -l—oo},
Q

which is a Banach space equipped with the canonical norm denoted by || - ||.#, .-

Theorem 2.6. Assume that F € .#y . For any yo € L%, (Q; L*(G;C)), there is a control pair (h,H) such that
the associated solution § to the controlled system (2.65) satisfies §(T) =0 in G, P-a.s. Moreover, one can find
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three positive constants C = C(G, Gy, T, m, s, &g, a,b), A2 = Aa(a,b) and pa = ua(a,b), such that

T
IE/ 9_2|Q|2dxdt+]E/ / e ST VIR ET
Q 0 Go
+IE/ 07222 2¢ 3| H 2 daedt (2.66)
Q
<& [ At o 0 s + P13, ),
a K

for all X > Ao and p > ps.

Proof of Theorem 2.6: We borrow some ideas from [30]. The main steps are as follows. First, we construct a
family of optimal control problems for equation (2.65). Next, we establish a uniform estimate for these optimal
solutions. Finally, by taking the limit, one can obtain the estimate (2.66) and the desired null controllability
result. We also divide the proof into three parts.

Step 1. For any € > 0, consider the following weight function

4\ °
1+(1T> , t€0,T/4),

1, te[T/4,T/2+¢),
~y(t —¢), telT/2+¢,T],

Ye(t) =

where o is the same as in (2.7). Using the new weight function ~.(t), we set
oo (t, ) =y (H)a(z), 6. :=e e,

With this notation, we introduce the functional

1 1 [
J.(h, H) :szE/ 02 |y|?dadt + fIE/ 02N "3 =173 h)2dadt
2 Jg 2 Jo Ja,
1 1
+ f]E/ 02N 223 | H 2 dadt + —IE/ ly(T)|*dx
2 Q 2e a
and consider the following optimal control problem:

min J.(h, H)
(h,H)e# (2.67)

subject to equation (2.65),
where
o ={(h ) € BHO.T (G ©) x IRO.T 2G5 0)

T
E/ 02N~ 73 | hPdadt < +oo, E/ 02N 223 H P daedt < +oo}.
0 JGo Q
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Similar to [40], it is easy to check that for any € > 0, (2.67) admits a unique optimal pair solution that we
denote by (he, H.). Moreover, by the standard variational method (see [40, 41]), it follows that

he = —XG,0*N3ut&3r., H. = —0*°X*p?¢R. in Q, P-a.s., (2.68)

where the pair (r, R.) verifies the backward stochastic equation

dr. + (a —ib) Z al® re)kdt = —ngysdt—i-deB(t) in Q,
7,k=1

r. =0 on %, (2.69)

(1) = —y(T) in G,

where gy is the solution of (2.65) with the controls h = h, and H = H..
Step 2. We now establish a uniform estimate for the optimal solutions {(ye, he, He)}eso. By Ito’s formula,

(2.65) and (2.69), it follows that

E /G ye(T)P=(T)da

=E /G Y=(0)r=(0)dz + E/Q {(a + ib)j’%_:l(aj’“ygj)k +(F + Xgohs)}redxdt

n

+ E/ |: - (CL + lb) Z (ajkﬁj)k - 9;2%} ysdl'dt + E/ H€Ed$dt
Q@ jk=1 @

This, together with (2.68) and the last equality of (2.69), imply that

T
E / >N ute|r Pdadt + E / 02N e | R, dadt
0 Go Q

(2.70)
1
+]E/ 0;2|y5|2dxdt+7]E/ |ys(T)|2da::IE/ yoﬁ(O)derE/ Frzdxdt.
Q € G G

Q

Applying the Carleman estimate in Theorem 2.2 to equation (2.69) with = = —-2y., 2 = r. and Z = R,, we
get

E/ N2 32 6m+D 92 (0) |1 (0 )|2dx+]E/ N pte302|r. |2dadt

G Q
T

<C (E/ ; >\3u4§302|r5|2dzdt+IE/QHQ|9€2y€dedt (2.71)
0 0

E / A2u2£392|R8|2dmdt> .
Q
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In view of (2.71), we use the Young inequality on the right-hand side of (2.70) to obtain
T
E/ 02Nt e re |Pdadt + E/ 02N E3| R, | dadt
0 JGo Q
1
4 ]E/ 02|y, [2dadt + g1E/ 1y (T)2dz

@ “ (2.72)

S p|:E/ )\ZMBQQH(6m+1)02(O)|7"5(0)|2d$+E/ )\3,u4§302|7"5|2dxdt:|
G Q

+C, [E/ A2 3e200mED =2 (0) |y |2 da + E/ A_3ﬂ_4§_39_2|F|2dxdt]
G Q

for any p > 0. Noting that 6202 < 1 for any (¢,x) € Q and using (2.71) and (2.72) with sufficiently small p > 0,
we obtain that

T
E / 2Nt |r Pdadt + E / 02N p2E3| R, dadt
0 JGo Q
1
—HET/ 0;2|y5|2dxdt+fﬂ4}/ 1y (T) |2
Q € Ja
§C|:E/ )\_2/,1/_36_2“(67"—"_1)9_2(0)|y0|2d.'L'+E/ )\_3/11_45_39_2|F|2d$dt .
G Q
Noting that (2.68), we get
T
E / 02N~ 73 b Pdadt + B / 072Ny 2¢ 73| H, Pdadt
0 JGo Q
1
-HE/ 9;2\y5|2dmdt+f]E/ |y (T)|*da (2.73)
Q € Ja

S C|:E/ )\72,[},73672#1(67”4»1)672(0)|’y0|2d17+]E/ )\73u74£73972|F|2dIdt )
el Q

Step 3. By (2.73), it is easy to check that there exists (h, H,#) such that

he = h  weakly in L*(Q x (0,T); L*(Go; C)),
H. — H weakly in L*(Q x (0,T); L*(G;C)), (2.74)
ye — 9  weakly in L*(Q x (0,7); L*(G;C)).

It is easy to show that § is the solution to (2.65) associated to (h, H). Moreover, by (2.73), we get that §(T) = 0

in G, P-a.s.. Also, from the weak convergence (2.74), Fatou’s lemma and the uniform estimate (2.73), we obtain
(2.66). Thus, the proof of Theorem 2.6 is complete. O

Based on Theorem 2.6, let us prove Theorem 1.2.
Proof of Theorem 1.2: According to Theorem 2.6, for any given I’ € .} ,,, we know that there exists a control

pair (h, H) € L2(0,T; L*(Go; C)) x L2(0,T; L*(G; C)), such that the corresponding solution y € Hr to the con-
trolled system (2.65) satisfies y(T') = 0 in G, P-a.s. Hence, let us consider a nonlinearity f satisfying assumptions
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(H2)-(H4) and define the nonlinear map,
E:F e D, flwt,zy) € L

where y is the trajectory of (2.65) associated to the data yo and F. In the following, to simplify the notation,
we simply write f(y).

Next, we will show that & is a contraction mapping from .#) ,, into . ;. First, we check that the mapping
& is well defined. In fact, for any F' € ., ,, using (H2)-(H4) and (2.66), we have

I6FI%,, = [ 673 %491 (y)Pdods
' Q
< ,%ZJE/ 02N 33 |yl Adadt
Q

< /<c2)\*3,u*4IE/ 072 |y|>dxdt
Q

< C>\73u74 <]E/ /\72H73e*2#(6m+1)9*2(0)|y0|2dx =+ HF”z‘y’)\ “>
o ,

< A (czﬁyonifz(c) n ch@A,H) < oo,

for any sufficiently large parameters A > Ay and p > po, where Co = Co(G, Go, T, m, so, g, a, b, A\, ) > 0, and
C = C(G, Gy, T, m, s, ap,a,b) > 0. This proves that & is well defined.

Next, we check that the mapping & is strictly contractive. Let y;, y2 be the solutions of the controlled system
(2.65) with respect to the source terms Fy, Fy € /), respectively. Then applying (2.66) in Theorem 2.6 for
the equation associated to F''= Fy — Fy, y(0) = yo — yo = 0, and using assumption (Hy), we have

|EF: — EF| s, =E /Q 0N f (1) — flyn) Pdadt

SKQE/ 072N g1 — ol *dadt
Q
<CR*A 34|\ Fy - F2||2§7’A,;n

for any sufficiently large parameters A > Ay and p > ps, where C' = C(G, Gy, T, m, sg, &g, a,b) > 0. Thus, if
necessary, we can increase the value of A and p such that Ck2A~3u~* < 1, which implies that the mapping &
is strictly contractive.

Further, by the Banach fixed point theorem, it follows that & has a unique fixed point F € A, u- Moreover,
it holds that F = f(w,t,z,y), where y is the solution for the equation (2.65) associated to F = F, which
means that y is the solution to equation (1.3). Applying Theorem 2.6, we know that there exists a control pair
(h,H) € L2(0,T; L*(Go; C)) x L&(0,T; L?(G;C)), such that y to the controlled system (1.3) satisfies y(T') = 0
in G, P-a.s. According to Remark 1.4, the proof of Theorem 1.2 is complete. O

3. CONTROLLABILITY OF A SEMILINEAR BACKWARD STOCHASTIC COMPLEX
GINZBURG-LANDAU EQUATION
Similar to the proof of Theorem 1.2, the key to the proof of Theorem 1.3 is to obtain the controllability

results of the following linear backward systems with source terms. However, unlike the previous section, we
will not need to prove the Carleman estimate for the corresponding adjoint system (i.e., the forward equation).
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Although this is possible, we can simplify the problem by establishing a Carleman estimate for a random
Ginzburg-Landau equation, which can be obtained by the deterministic Carleman estimate.

3.1. A new Carleman estimate for a random complex Ginzburg—Landau equation

In this section, we first derive a new Carleman estimate for the following deterministic Ginzburg—Landau
equation with source term two:

n

g — (a +ib) Z (ajkqj)k =w inQ,

dik=1 (3.1)
q= 0 on E,

q(0) = qo in G,

where a > 0, b € R, coefficients a’* satisfy the assumption (H;) and w € L?(0,T; L?(G;C)). For this, we need
to introduce some new auxiliary functions, which are the mirrored version of (2.5) and (2.6). In more detail,
also set 0 < T < 1, we define the function 4(¢) as

1

V) = o t €[0,7/4),
3(t) is decreasing on [T/4,T/2),

F(t) =1, t €[T/2,3T/4),
() =1+ (1 - LL(TT_ﬂ)J, t €[37/4,T),
(1) € C2([0, 7)),

where m > 1 and o > 2 is defined in (2.7). Observe that 4(t) is the mirrored version of v(¢) in (2.7) with respect
to T'/2. With this new function, we set

g(t,x) = F(t)a(z), &)= ()P,

where « is defined in (2.6) and p is also a positive parameter with p > 1. We finally set the weight function

0 := ¢, where ((t,x) == \p(t, z).
We have the Carleman estimate for the deterministic Ginzburg-Landau equation (3.1).

Theorem 3.1. There exist three positive constants A3 = As(a, b, so, o), ps = ps(a,b, so,ap) and C, such that
for any w € L?(0,T; L*(G;C)) and qo € L*(G), any solution q of (3.1) satisfies

/ N2p3e2EmD G2 (7 |g(T) [2dz + / N2EG?| Vg2 dadt

G Q
~e ~, T ~
+ [ 2otEFaPdader [ [ 022851 5o dod (3.2)
Q 3T/4JG

T
< Cl(/ /\3u4§~392|q|2dxdt+/ 92|w2dxdt),
0 Go Q

for all A > A3 and p > ps, where Cy is defined in (2.10).
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By using an argument similar to Theorem 2.2, one can establish the Carleman estimate (3.2) in Theorem 3.1.
We omit the proof here.

Next, let us consider the forward complex Ginzburg-Landau equation given by

dg — (a +1ib) Z ajk ;)edt = widt + wedB(t)  in Q,

k=1 (3.3)
q=0 on 3,

q(0) = qo in G,

where w; € L*(0,T; L*(G;C)), j = 1,2, and qo € L%, (9 L?(G;C)). Notice that when w, = 0, equation (3.3)
becomes a random Ginzburg—Landau equatlon Therefore using Theorem 3.1, we conclude the following global
Carleman estimate for random Ginzburg—Landau equations.

Theorem 3.2. Assume that we = 0, then there exist three positive constants Ay = Ay(a,b, so, ), pa =
pa(a, b, 50, ) and C, such that for any w, € Lg(0,T; L*(G;C)) and qo € L%, (Q; L*(G; C)), any solution g € Hr
of (3.3) satisfies

E / 22y 3e2u6m+1) G2 (7Y o(T) 2dz + E / N2EF|Vg[2dadt
G Q
~e ~, T ~
+B [ Nt 8FlPdodr+ B [ [ N85l dodt (3.4
Q 3T/4JG
T ~ey ~ ~,
< <]E/ )\3,u4§392|q|2d:cdt+]E/ 92w|2dxdt>,
0 JGo Q
for all X\ > Ay and p > pg, where Cy is defined in (2.10).

3.2. The proof of Theorem 1.3

In this section, we will give the proof of Theorem 1.3. Inspired by the duality technique in [30], by applying
Theorem 3.2, we first establish a controllability result for the following linear backward stochastic complex
Ginzburg-Landau equation.

n

dy + (a—ib) Y (@’ y,)rdt = (F + xg,h)dt + YdB(t) inQ,

y=0 on X,

y(T) = yr in G,
where yr € L% (€ L*(G;C)) and F € L§(0,T; L*(G;C)) are given and h € L§(0,T; L?(Go;C) is a control.
Observing that given the aforementioned regularity on the controls and source term, one can easily show that

system (3.5) admits a unique solution (y,Y) € Hr x L2(0,T; L*(G;C)) (see e.g., [9], Thm. 4.11).
We define the space

Dy, = {FGL]F(O T; L*(G;C)) ’( /9 A3 R dxdt) <+oo}7

which is a Banach space equipped with the canonical norm denoted by || - || 2, -
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Theorem 3.3. Assume that F € 25 ,. For any yr € L% (9 L*(G;C)), there is a control h such that the
associated solution (§,Y) € Hy x L(0,T; L?(G; C)) to the controlled system (3.5) satisfies §(0) = 0 in G, P-a.s.

Moreover, one can find three positive constants C = C(G, Go, T, m, sg, g, a,b), As = As(a,b) and pus = ps(a,b),
such that

E / 07N PPV Pdadt + B / T A TR BT
Q Q
~ T ~ ~ ~
+E / 6722 dzdt + E / 072N 0 h 2 dadt (3.6)
Q 0 Go
<o [ o2 mn a1, ).
e "

for all X\ > X5 and p > ps.

Proof of Theorem 3.3. We divide the proof into three parts.
Step 1. For any € > 0, consider the following weight function

y(t +¢), t€l0,T/2-¢),
- tE[l/2—e,3T/4),
Fe(t) = 1+(1_4<T—t>)” t €[37/4,T) h
: 7 Kl

where o is the same as in (2.7). In this way, 3:(t) < ~(t) for t € [0, T]. Using the new weight function 4. (t), we
set

Pe(t,z) i = A (D)a(x), 0. = e . (3.8)

With this notation, we introduce the functional
1 9 12 1 4 G—2y—3, —4F-3|52 1 2
J-(h) ::§E 0= 7|yl dxdt + §E 07 AT u= 0 b *dedt + 2—E ly(0)|“dx
Q 0 Go € G

and consider the following optimal control problem:

min J.(h
{he.}f (h) (3.9)

subject to equation (3.5),

where
T ~ ~
H = {h € L0, T; LQ(GO;C))’E/ O 2\"3 4¢3 h)?dadt < —l—oo}.
0 Go

Similar to [40], it is easy to check that for any € > 0, (3.9) admits a unique optimal solution that we denote by
he. Moreover, by the standard variational method (see [40, 41]), it follows that

he = XGUé2/\3,U4§~3ps in @, P-a.s., (3.10)
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where the p. verifies the forward random equation

n

dpe — (a + ib) Z (a?*pj)pdt = 0 2y.dt  in Q,
jik=1

=0 on 5. (3.11)

1 .
pe(0) = gys(o) in G,

where y. is the solution of (3.5) with the controls h = k..
Step 2. We now establish a uniform estimate for the optimal solutions {(y., Yz, he) }eso. By Itd’s formula, (3.5)
and (3.11), it follows that

E /G e (T)p(T)dx

G Q _],k:l

+E/ [ a — ib) Z ajkpgj E —|—9 yg} yedadt.
Q J,k=1

This, together with (3.10) and the last equality of (3.11), imply that
T - - ~ 1
E/ 92)\3M4§3|p5|2dxdt+E/ 02y |*dadt + 7]E/ |y (0)]2dx
0o Jao Q € Ja

(3.12)
=E / yrp=(T)dz — E / Fpzdzdt.
G Q

Now, applying the Carleman estimate (3.4) in Theorem 3.2 to equation (3.11) with @ = -2y, and q = p., we

have
E/ A2u3e2“(6m+1)§2(T)|p5(T)\2dx—HE/ Mi2E6%| V. [2dadt
G Q
+E [ A8 . Pdad (3.13)
Q

T
<0y (E/ / A3u4§392|p5|2dzdt+E/ 02|0€2y€|2dxdt>.
0 JGo Q

In view of (3.13), we use the Young inequality on the right-hand side of (3.12) to obtain
T - _ 1
E/ / 02)\3u4§3|p5|2dxdt+]E/ ng\ys|2dmdt+f]E/ |y (0)|*da
Go
<p|: / N2 B2 (6m+1) g2 () |p_(T)| dx+E/ N teR0% p.|? dxdt} (3.14)

+Cp|:]E/ A2 —3 —2/L(6m+1 ( )|yT| dl‘—l—E/ A3 —45 39 2|F|2d.’I}dt:|
G
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for any p > 0. Noting that 0~2H~;2 <1 for any (t,x) € @ and using (3.13) and (3.14) with sufficiently small p > 0,
we obtain that

T
~ = ~ 1
JE/ 92A3u4§3|p5|2dxdt+E/ 9;2|y5|2dxdt+7E/ |y (0)|*d
o JaGo Q € Ja
<C’{E/ QM_3 _2“(6m+1)9~_2(T)|yT|2dx+E/ )\—3M—4£—39~—2|F|2dxdt}
G Q
Noting that (3.10), we get

T - - ~ 1
E/ 9*2x3m45*3|h5|2dxdt+1E/ 02|y |*dzdt + 4@/ |y-(0)?dz
Go Q = e (3.15)

SC[E/ )\_2ﬂ_38_2u(6"L+1)§_2(T)|yT|2de’+E/ -3 —4£ 39 2|F| d.’I}dt:|
G

Now, we will add a weighted integral of the process Y on the left-hand side of (3.15). To do that, using Ito’s
formula and equation (3.5) with h = h., we have

d(O72A 262y [?) =(022 N 7267 2) Jye [Pdt + 072N 7262 |V, [2dt
+ 072N 726 2y dyz + 072N 2 gy

Integrating the above equality in @), taking mathematical expectation on both sides, we conclude that

E /G G2 (T)N262(T) jyr Pz — E /G 62 (0)A2E2(0)y. (0) da

- E/(9;2/\_25_2)t|y8|2dxdt+1[§/ 672N 2672V, |2 dadt
Q Q
oy S _ _ (3.16)
+E /Q G222y —(a+i0) 3 (@9, )k + (F + xaohe))dadt
J,k=1

+E / 072N~ (a—1b) Y (aFye )k + (F + xaohe)dadt.
Q jok=1

Using 5*2(0) = 0, the weight é;l does not blow up at ¢t = 0, we obtain from (3.16) that
IE/ (072272672) |y 2 dzdt + ]E/ 67222672y, dadt
Q

—|—2aIE/ 0 I\~ 25 2 Z a’ ygkygjdxdt

7,k=1
=E / O 2(T)N26~2(T) |yr|?da (3.17)
G
72IE/ [a+1b ye Y al* (02N )kysj}dxdt
Q jik=1

T
—2E / 6722726 2Re(y.F)dzdt — 2E / 07227267 2Re(yche )dadt.
Q Go
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Let us analyze some terms in (3.17). First, using (H;), we have

QGE/ O72\"22 Z a’ ygkygjda:dt>2asoE/ 072 X"267 2| Vy. 2 dadt. (3.18)

7,k=1

Then, by the definition of 4., f. in (3.7) and (3.8), one can easily obtain that

_ _ 3T /4 B
E / (=20"262),|y. Pdwdt > —CE / / =22 uly. Pdadt. (3.19)
Q 0 G

Further, using Young inequality and Cauchy inequality, we estimate the last three terms of (3.17). For the first
one, we have

‘21[*]/ {a—i-lb Ye Z a?* (072N 72 )kysj}dxdt‘
Q

G k=1 (3.20)
Sp]E/ 072 X727 Vy. 2 dadt + C’,,E/ 07212 |y |2 dadt
Q Q

for any p > 0, where we have used |(672A72672),| < CO2X~1u&~1. For the second one, we obtain

‘2]E/ 0722726 *Re(y.F )dxdt‘

(3.21)
< IEI/ g72N\"1 £_1|y5|2dxdt+E/ 0722732 3| F 2 dadt,
Q
where we have used -2 < 62, For the third one, we get
T ~ ~ [—
‘ZE/ 9;2A_2§_2Re(y5hg)dxdt‘
0 JGo
i T i i (3.22)
gE/ 0212 |y |*dadt +IE/ / 072N 264 he|2dadt.
Q 0 Go
Combining (3.18)—(3.22) with (3.17) and taking p > 0 small enough, we conclude that
E/ 072\ "2u 22|V Pdadt +E/ 072\ "2 262 | Vy, |2 dadt
< C’]E/ 0~ 2(T)N "2~ 2|yp|? da:—i—CE/ 02|y |*dzdt (3.23)

+CE/ O 2N3 23| F)? dxdt—i—C]E/ 672N 7323 | he P dadt,
Q



GLOBAL NULL CONTROLLABILITY OF STOCHASTIC SEMILINEAR COMPLEX GINZBURG-LANDAU EQUATIONS 33

where we have used 62 < 672, £€2(T) <1 and A™'¢~! < 1. Using (3.15) and (3.23), we have
E/ §;2x2u*2£*2|ys|2dxdt+la/ 072222 2| Vy Pdadt
Q Q
+E/ =2 ye]? dxdt+IE/ / 02N 313 he|Pdadt + ]E/ |y (0)[*da (3.24)
Go

<c[ /9 TN 20 2|yr |da:—|—IE/)\ B30 F)? dxdt]

Step 3. By (3.24), it is easy to check that there exists (h,9,Y) such that

he — h  weakly in L?(Q x (0,T); L*(Go; C)),
y. — 9 weakly in L*(Q x (0,T); Hi(G;C)), (3.25)
Y. =Y weakly in L?(Q x (0,T); L*(G; C)).

We can easily check that (7, Y) is the solution to (3.5) associated to h. Moreover, by (3.24), we get that §(0) = 0
in G, P-a.s.. Also, from the weak convergence (3.25), Fatou’s lemma and the uniform estimate (3.24), we obtain
(3.6). Thus, the proof of Theorem 3.3 is complete. O

Proof of Theorem 1.3: The proof of Theorem 1.3 is similar to the proof of Theorem 1.2. The main difference
is that we should apply the Theorem 3.3 instead of the Theorem 2.6. So we omit the details of the proof of
Theorem 1.3. O
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