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STABILITY ESTIMATE FOR THE DISCRETE CALDERÓN

PROBLEM WITH PARTIAL DATA

Xiaomeng Zhao and Ganghua Yuan*

Abstract. In this paper, we focus on the analysis of discrete versions of the Calderón problem with
partial boundary data in dimension d ≥ 3. In particular, we establish logarithmic stability estimates for
the discrete Calderón problem on an arbitrarily small portion of the boundary under suitable a priori
bounds. For this end, we will use CGO solutions and derive a new discrete Carleman estimate and a key
novel unique continuation estimate. Unlike the continuum case, we use a new strategy inspired by [L.
Robbiano, Asymptot. Anal. 10 (1995) 95–115] to prove the key discrete unique continuation estimate
by utilizing the new Carleman estimate with boundary observations for a discrete Laplace operator.
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1. Introduction

In this work, we are interested in a discrete version of the Calderón problem proposed by Calderón [1] in
1980. He asked if it is possible to determine the electrical conductivity of a medium by making voltage and
current measurements at the boundary of the medium. This inverse problem is known as the Calderón problem
and has been the origin of many interesting works. An excellent survey of the history of this problem and its
developments can be found in [2].

To be more precise, let G be a smooth bounded domain of Rd. Let us denote by n = n(x) the outward normal
vector at x ∈ ∂G. Given κ a positive conductivity function, we define the Dirichlet-to-Neumann (DtN) map
associated with the conductivity problem

Λ(κ) : H
1
2 (∂G) → H− 1

2 (∂G), Λ(κ) : g 7→ κ∇u · n, (1.1)

where u is the unique solution to the elliptic problem

div(κ∇u) = 0 in G and u = g on ∂G. (1.2)

The Calderón problem is the following: given Λ(κ), can we retrieve the conductivity κ? Such a question is
considered as the archetype of inverse problems and was originally motivated by oil prospection [1] but has
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application in EIT, in the medical imaging method [3] and in several other inverse problems as detection of
leaks in buried pipes [4].

On the other hand, it is well known that the Liouville transform allows rewriting (1.2) in the following way:

−κ− 1
2 div

(
κ∇(κ−

1
2 v)
)
= −∆v + qv = 0, where q =

∆
√
κ√
κ
. (1.3)

Thus, Calderón’s problem can be considered as: given q a regular potential function, we define the DtN map
in the following way:

Λ(q) : H
1
2 (∂G) → H− 1

2 (∂G), Λ(q) : g 7→ ∇u · n, (1.4)

for a prescribed voltage g on ∂G, where u is the unique solution of the problem

−∆u+ qu = 0 in G and u = g on ∂G. (1.5)

Hence, the Calderón problem consists in recovering the potential q from the DtN map in (1.3).
Focusing on d ≥ 3, there are many references in the continuum case. And there are subcases that consider

measurements on the whole boundary ∂G (full data) (see e.g., [5]) or on a nonempty open subset of ∂G (partial
data) (see e.g., [6–13]). We can see the survey [14] for more references.

The discrete version of these inverse problems are interesting themselves [15]. The discrete version of the
Calderón problem is related to resistor networks, where we have to determine the conductivities for an electrical
network from the knowledge of the electrical potential and current in some nodes. The mathematical model for
this is a weighted graph and a function defined on the vertices, where the weights of the edges are related to
the conductivity of the edges, and the function is the electrical potential. The discrete version of the Calderón
problem has been studied in [16] and [17]. In [16], a discrete stability estimate is obtained by using full boundary
data. For the partial boundary data case, [17] prove a stability result for the discrete Calderón problem in a
cube in Rd, d ≥ 3, when measurements are taken on the boundary except for one side of the cube. In this paper,
we prove a stability result for the discrete Calderón problem with measurements taken just on an arbitrarily
small portion of one side of the cube in Rd, d ≥ 3.

To study the discrete Calderón problems, we first derive a Carleman estimate with boundary observation
and a key novel unique continuation result for the discrete equation. Then, we use the discrete CGO solution
(constructed in [16]) to bound the Fourier transform of the difference of the potentials q1 − q2. This produces
the logarithm in the dependence of the error of the DtN operator on the stability inequality. Since the Carleman
parameter is limited by h, the bound of the Fourier transform is obtained only in a ball limited by h, unlike the
continuum case.

One of the main difficulties we encounter to deduce the stability estimate is how to develop the key unique
continuation estimate for the discrete Calderón problem with homogeneous boundary condition. Due to the
“cusps” of the domain under consideration, we can not use the special weight functions as in [9] or [13] to
derive the discrete Carleman estimate with arbitrary boundary data, which is a key tool to prove the unique
continuation result for the continuum counterpart (see e.g., [9, 13] ). Inspired by [18], we overcome this difficulty
by using a new strategy and deriving discrete Carleman estimate with other kind of weight functions. Of course,
for the discrete unique continuation estimate again, as expected in view of the above discussion, the parameters
in the estimate should be limited in some range depending on the mesh size.

In the study of inverse problems and controllability in the continuum setting, Carleman estimates have been
one of the main tools, and the discrete setting has not been the exception. In recent years, the development
of discrete or semi-discrete Carleman estimates have been used to obtain different results. For instance, the
controllability of spatial discrete parabolic systems [19–24], time discrete parabolic systems [25] and the fully
discrete case [26, 27]. Furthermore, for inverse problems we refer to [28, 29] for the semi-discrete wave equations,
[30] for the two-dimensional semi-discrete damped wave equation, [31] for the two-dimensional semi-discrete
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Schrödinger equation and [32] for the one-dimensional semi-discrete stochastic parabolic equation. For the
discrete Laplacian operator, we refer to [16] and [17]. Moreover, in the study of discrete propagation of smallness
see [33]. The novelty of the discrete Carleman estimate presented in this paper is that it uses a different weight
function and boundary observation.

The novelty of this paper are summarized as follows:
1. Compare with [16] and [17], the inverse problem in this paper just utilizes measurements on an arbitrarily

small portion of one side of the cube in Rd, d ≥ 3, much less than those in [16] and [17].
2. We use a weight function different from that in [16, 17] to derive a new discrete Carleman estimate with

boundary observation.
3. In order to reduce the measurements to an arbitrarily small portions of one side of the cube in Rd, d ≥ 3, we

need to prove a key novel unique continuation estimate for the discrete elliptic equation. The unique continuation
result may have its own interest.

4. In order to prove the key novel unique continuation estimate for the discrete elliptic equation, we use a
strategy inspired by [18] with utilizing the new Carleman estimate derived in this paper. This strategy may be
used to deal with inverse problems for other kind of discrete equations.

In Section 2, we give some preliminaries of the discrete problem and present the main result. In Section 3,
we present discrete calculus results and prove a Carleman estimate which is the basis of the proof of the unique
continuation result, given in Section 4. In Section 5, we prove our main result concerning the stability for the
discrete Calderón problem with partial data. Finally, in appendix, we focus on the technical steps to obtain the
discrete Carleman estimate from Section 3.

2. Some preliminaries and main result

In this section, we introduce notations specific to the discrete problem that will be used throughout this
paper.

Let us consider N ∈ N, and h := 1
N+1 small enough, which represents the size of our mesh. We also define the

Cartesian grid of [0, 1]d as Kh := h[[0, N + 1]]d, where [[0, N + 1]]d := Zd ∩ [0, N + 1]d. We set Ω := (0, 1)d, d ≥
3,Ωh := Ω ∩ Kh and ∂Ωh := ∂Ω ∩ Kh.

2.1. Meshes and operators

For any set of points Wh ⊂ hZd or Wh ⊂ τk(hZd), we define the mesh in the direction ek, with {ek}dk=1 the
usual base of Rd, as

W∗
h,k := τk(Wh) ∪ τ−k(Wh),

where τ±k(Wh) := {x± h
2 ek|x ∈ Wh}. Similarly, we define W∗

h,kj := (W∗
h,k)

∗
j = {x± h

2 ek ±
h
2 ej |x ∈ Wh}. Obvi-

ously, W∗
h,kj = W∗

h,jk. We will write briefly Wh,k when k = j. This enables us to define the boundary points, in
the ek direction, as

∂kWh := Wh,k\Wh.

Moreover, for 1 ≤ k ≤ d, we define

Wh :=

d⋃
j=1
j ̸=k

(τ2j (Wh,k)) ∪ (τ2−j(Wh,k)) and ∂Wh := Wh\Wh.
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For any set of points Wh ⊂ hZd or Wh ⊂ τk(hZd), denote as C(Wh) the set of discrete functions from Wh to
C and define the difference and average operators in the direction ek as

(Dku)(x) :=
τku(x)− τ−ku(x)

h
, x ∈ W∗

h,k,

(Aku)(x) :=
τku(x) + τ−ku(x)

2
, x ∈ W∗

h,k,

where τ±ku(x) := u(x ± h
2 ek). We notice that the discrete operators Ak and Dk are defined from C(Wh) to

C(W∗
h,k).

Moreover, we define the outward normal of the set Wh in the direction ek as nk ∈ C(∂kWh) by

∀x ∈ ∂kWh, nk(x) =

{
1 if τ−k(x) ∈ W∗

h,k and τk(x) /∈ W∗
h,k,

−1 if τ−k(x) /∈ W∗
h,k and τk(x) ∈ W∗

h,k.

Then, we can define ∂+k Wh := {x ∈ ∂kWh, nk(x) = 1} and ∂−k Wh := {x ∈ ∂kWh, nk(x) = −1}. Additionally,
to introduce the boundary condition we also define the trace operator in the direction k, denoted by tkr , for
u ∈ C(W∗

h,k) as

∀x ∈ ∂kWh, t
k
r (u)(x) :=

{
τ−ku(x) nk(x) = 1,

τku(x) nk(x) = −1.

2.2. The discrete Laplace operator

Similar to [16] and [17], we define the operator ∆h from C(Ωh) to C(Ωh) as

∆hu :=

d∑
k=1

Dk(σ
kDku) in Ωh, (2.1)

where σk > 0 and σk ∈ R
(
∪di=1(Ωh)

∗
i ∪ Ωh

)
. Here, R

(
∪di=1(Ωh)

∗
i ∪ Ωh

)
denotes the set of discrete functions

from ∪di=1(Ωh)
∗
i ∪ Ωh to R. In the sequel, we shall use the symbol σk for both the continuous function and its

sampling on the discrete sets.
Given a set Wh, for u ∈ C(Wh), we define its L∞

h (Wh) norm as

∥u∥L∞
h (Wh) := max

x∈Wh

{|u(x)|}.

Then, we introduce the following definition

Definition 2.1.

ϵd(h) :=
∑
k,j

∥Dj(σ
k)∥L∞

h (Ωh,k)
, ϵa(h) :=

∑
k,j

∥Aj(σk)− 1∥L∞
h (Ωh,k)

,

and M(h) :=
∑
k ∥σk∥L∞

h ((Ωh)∗k)
.

Then we consider the following assumption for the mesh parameters.



STABILITY ESTIMATE FOR THE DISCRETE CALDERÓN PROBLEM WITH PARTIAL DATA 5

Assumption 2.2. We suppose that

M0 := sup
h→0

M(h) <∞, ϵd, ϵa < 1.

We note that if ϵa < 1, there exist σ and σ, such that,

0 < σ ≤ Aj(σ
k) ≤ σ in Ωh,k.

Remark 2.3. Assumption 2.2 originates from [16] which is used to assure the existence of CGO solution for
the discrete Schrödinger equation (see also [17]).

And for any potential q we consider the following:

Assumption 2.4. The potential q ∈ C(Ωh) verifies that the system

−∆hu+ qu = 0, in Ωh,

u = g, on ∂Ωh,

has only one solution for any g ∈ C(∂Ωh).

Assumption 2.5. The potential q ∈ C(Ωh) verifies that for the system

−∆hu+ qu = f, in Ωh,

u = 0, on ∂Ωh,

there exists a constant C > 0 independent of h such that

∥u∥H1
h(Ωh) ≤ C∥f∥L2

h(Ωh),

where the norms are defined in Section 2.3.

Remark 2.6. If q ≥ 0, then we can check that Assumption 2.5 holds by using the discrete Poincaré inequality.

Now, let us consider the definition of the discrete normal derivative.

Definition 2.7. We define the normal derivative in ∂Ωh, for any u ∈ C(Ωh),

∂nu :=

d∑
k=1

tkr (σ
kDku)nk, on ∂Ωh.

Moreover, via the discrete normal derivative, we consider the DtN operator.

Definition 2.8. We define the DtN map:

Λh[q](g) := ∂nu, on ∂Ωh,

where u ∈ C(Ωh) is the solution of

−∆hu+ qu = 0, in Ωh,

u = g, on ∂Ωh.
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2.3. Discrete integral and norm

For a finite set Wh ⊂ hZd or Wh ⊂ τk(hZd), we define the discrete integral for u ∈ C(Wh) as∫
Wh

u := hd
∑
x∈Wh

u(x),

and the following L2
h inner product in C(Wh)

(u, v)Wh
:=

∫
Wh

uv, u, v ∈ C(Wh).

We also define the following norms in C(Wh):

∥u∥2L2
h(Wh)

:= (u, u)Wh
, ∥u∥2

H̊1
h(Wh)

:=

d∑
k=1

∫
W∗

h,k

|Dku|2,

∥u∥2H1
h(Wh)

:= ∥u∥2
L2

h(Wh)
+ ∥u∥2

H̊1
h(Wh)

, ∥u∥2
H̊2

h(Wh)
:=

d∑
k=1

d∑
j=1

∫
W∗

h,kj

|DkDju|2,

∥u∥2H2
h(Wh)

:= ∥u∥2H1
h(Wh)

+ ∥u∥2
H̊2

h(Wh)
.

Next, we introduce the discrete integration on the boundary for a subset Γh of ∂Wh as∫
Γh

u := hd−1
∑
x∈Γh

u(x),

where u ∈ C(Γh) and Γh ⊂ ∂Wh. Additionally, we introduce a norm on the boundary:

|f |L2
h(Γh) :=

(
hd−1

∑
x∈Γh

|f(x)|2
)1/2

, for any Γh ⊂ ∂Wh.

Then, as in [16], we also define the Sobolev norms for any trace function g in C(∂Ωh) as

|g|
H

1/2
h (∂Ωh)

:= min
u|∂Ωh

=g
∥u∥H1

h(Ωh),

|g|
H

−1/2
h (∂Ωh)

:= max
|f |

H
1/2
h

(∂Ωh)
=1

∫
∂Ωh

fg.

2.4. Main result

Before stating our result precisely, let us introduce the discrete Hr-norms for r ∈ R. For h > 0, set K̂h =
[[0, N ]]d := Zd ∩ [0, N ]d and define the discrete Fourier transform of a function u ∈ C(Ωh), denoted by F(u) in
C(K̂h) as

F(u)(ξ) := hd
∑
x∈Ωh

u(x)e−2πi(x·ξ), ∀ξ ∈ K̂h.
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Then, we define the Sobolev-discrete norm Hr, for any r ∈ R, by

|u|Hr
h(Ωh) :=

∑
ξ∈K̂h

|F(u)(ξ)|2(1 + |ξ|2)r
1/2

.

In [16], the authors mentioned that with this definition, the celebrated Plancherel formula states that the norm
|u|H0(Ωh) coincides with ∥u∥L2

h(Ωh). Moreover, as in the continuum case, it is classical to show that ∥ · ∥H1
h(Ωh),

∥ · ∥H2
h(Ωh) defined in Section 2.3 and | · |H1

h(Ωh),| · |H2
h(Ωh) are equivalent independently of h respectively.

Now, we present the main result in this paper.

Theorem 2.9. Let M > 0. Let Γ be a non-empty open subset of ∂Ω satisfying Γh := (Γ ∩ ∂Ωh) ⊂ ∂±i Ωh,
1 ≤ i ≤ d. Suppose that Assumption 2.2 is satisfied. Let q1, q2 ∈ C(Ωh) be two potentials satisfying Assumption
2.4, Assumption 2.5 and ∥qj∥L∞

h (Ωh) ≤M, j = 1, 2, q1 = q2 in Oh = O ∩Ωh, where O ⊂ Ω is a neighborhood of
∂Ω . Set

∥Λh[q1]− Λh[q2]∥Lh(Γh) := max
|g|

H1/2(∂Ωh)=1

|(Λh[q1]− Λh[q2])(g)|H−1/2(Γh)
. (2.2)

Then there exists a constant h0 > 0 depending on M , such that for r > 0 there exists a constant C > 0 such
that

|q1 − q2|H−r
h (Ωh)

≤ Cmax
{
ϵ2αd , ϵαa , h

α,
∣∣ln (∥Λh[q1]− Λh[q2]∥Lh(Γh)

)∣∣−2α
}
, (2.3)

for all 0 < h < h0, where α := r
2r+d .

Remark 2.10. The stability estimate (2.3) is influenced by ϵd, ϵa, h and the error in the DtN maps. The term
| ln(error)|−2α on the right-hand side of (2.3) is consistent with the stability estimate for the continuum case
(see e.g., [34]). And the terms ϵ2αd , ϵαa , h

α stem from the discrete setting of the problem.
On the other hand, unlike the stability results for the continuum case, Theorem 2.9 does not yield uniqueness.

Indeed, if Λh[q1] = Λh[q2], then for any r > 0, we have

|q1 − q2|H−r
h (Ωh)

≤ Cmax
{
ϵ2αd , ϵαa , h

α
}
. (2.4)

Consequently, given h > 0, this does not guarantee uniqueness, but rather some kind of asymptotic uniqueness
as h→ 0, since the right-hand side of (2.4) goes to zero as h→ 0.

Remark 2.11. In [16], a discrete stability estimate is obtained by using full boundary data. For the partial
boundary data case, [17] prove a stability result for the Calderón problem for a suitable class of potentials in a
cube in Rd, d ≥ 3, when measurements are taken on the boundary except for one side of the cube. To the best
of our knowledge, our result is the first stability estimate for the discrete Calderón problem with measurements
taken just on arbitrarily small portions of one side of the cube in Rd, d ≥ 3 (see Figure 1).

Remark 2.12. The stability result is in line with the known partial data theory in the continuum case.
Moreover, the proof in principle can be viewed as a translation of a typical continuum proof into the discrete
case. The typical proof uses first unique continuation to pass to the full data case and then employs the theory
in the full data case. For a recent description of the continuum case, with a good overview of the literature, see
Section 6 of [35]. The main differences between the discrete case and the continuum case are as follows:

1. The “Calculus” for discrete case and continuum case are different (see Sect. 3.1).
2. The stabilities between the discrete case and the continuum case are different (see Rem. 2.10).
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17

Figure 1. The pink area denotes the measurement domain.

3. The discrete domain is in a cube with non-smooth boundary, while the continuum counterpart is often a
C2-smooth domain (see e.g., [9, 13]). So the method used to prove the unique continuation result in this paper
is different from the methods used in [9, 13] (see Sect. 4).

Remark 2.13. There are some limitations of the current result. For example, we need the Dirichlet data (i.e.
the input data) on the full boundary to obtain the stability. It is very interesting to prove a stability with the
Dirichlet data just support on an arbitrary portion of the discrete boundary. Another limitation of the result
is that the potential q should be known in a neighborhood of the boundary. To relaxing this assumption will
be very challenging. A more challenging and interesting problem is to prove that the sequence qh (h denotes
the size of the discrete mesh) of the discrete potentials converges (in a suitable topology) towards q when the
discrete DtN map Λh(qh) converges towards Λ(q) as h→ 0 (in a suitable topology) (see e.g., [29]).

3. Discrete carleman estimate

In this section, we establish a discrete Carleman estimate with boundary observation. Before the calculus,
we introduce some formulas which will be used in the following article.

3.1. Discrete calculus formulas

First, we provide the product rule for the average and the difference operators.

Lemma 3.1 ([16], Lem. 2.1). As operators from C(Wh) to C(W∗
h,kj), we have the following identities:

AkAj = AjAk, AkDj = DjAk, DkDj = DjDk.

Moreover, for any u, v ∈ C(Wh), we have the following identities on W∗
h,k:

Dk(uv) = DkuAkv +AkuDkv,

Ak(uv) = AkuAkv +
h2

4
DkuDkv.

As a direct consequence of Lemma 3.1, we have the following Corollary.

Corollary 3.2. For u ∈ C(Wh),

Ak(u
2) = (Aku)

2 +
h2

4
(Dku)

2, Dk(u
2) = 2DkuAku, on W∗

h,k.
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In particular, for all u ∈ C(Wh),

(Aku)
2 ≤ Ak(u

2), (Dku)
2 ≤ 4

h2
Ak(u

2), on W∗
h,k.

Then we state the discrete integration by parts for the difference and average operators.

Lemma 3.3 ([17], Lem. 2.2). Given a mesh Wh defined as above, for any v ∈ C(W∗
h,k), u ∈ C(Wh,k), we have∫

Wh

uDkv = −
∫
W∗

h,k

vDku+

∫
∂kWh

utkr (v)nk, (3.1)∫
Wh

uAkv =

∫
W∗

h,k

vAku− h

2

∫
∂kWh

utkr (v). (3.2)

3.2. Calculus results related to the weight functions

Our Carleman weight function is defined as esφ for s ≥ 1, with φ = e−λψ, λ ≥ 1, where ψ is a continuous
function. In this paper, we shall use the same notation for the sample of the continuous function on the discrete
sets. We suppose that the function ψ satisfies the following properties.

Assumption 3.4. Let Ω̃ be an open and connected bounded neighborhood of Ω in Rd with smooth boundary.

The function ψ is in C∞(Ω̃), i.e. infinitely differentiable function, and satisfies

|∇ψ| > 0 and ψ > 0 in Ω̃.

Remark 3.5. We enlarge the open set Ω to a larger open set Ω̃ as this will guarantee that after performing
some discrete operations in Ω, ψ is still well-defined.

In the sequel, C will denote a generic constant independent of h, whose value may change from line to line.
As usual, we shall denote by O(1) a bounded function and by Oλ(1) a bounded function once λ is fixed. We
denoted by Oλ(sh) the functions that verify ∥Oλ(sh)∥L∞

h (Ωh) ≤ Cλsh for some constant Cλ depending on λ.

We say that α is a multi-index if α = (α1, . . . , αd) ∈ Nd and for y = (y1, . . . , yd) ∈ Rd we write:

|α| = α1 + · · ·+ αd, yα = yα1
1 · · · yαd

d .

Moreover, we denote by ∂ the differential operator in the continuum case. For f = f(x1, . . . , xd) ∈ C |α|(Rd), we
write

∂αf = ∂α1
1 · · · ∂αd

d f,

where we abbreviate ∂αi
xi

as ∂αi
i , i = 1, . . . , d.

We now provide some technical lemmas related to discrete operations performed on the Carleman weight
functions that is of the form esφ with φ = e−λψ, ψ ∈ C∞. For concision, we set r = esφ and ρ = r−1. The positive
parameters s and h will be large and small respectively and we are particularly interested in the dependence on
s, h and λ in the following basic estimates.

We assume s ≥ 1 and λ ≥ 1. We shall use multi-index of the form α = (α1, . . . , αd). The proofs can be found
in [20, 22, 36].

Lemma 3.6 ([20], Lem. 2.7). Let α and β be multi-indices. We have

∂β(r∂αρ) =|α||β|(−sφ)|α|λ|α+β|(−∇ψ)α+β

+ |α||β|(sφ)|α|λ|α+β|−1O(1) + s|α|−1|α|(|α| − 1)Oλ(1)

=Oλ(s
|α|).
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The same expressions hold with r and ρ interchanged and with s changed into −s.

Lemma 3.7 ([20], Cor. 2.8). Let α, β and δ be multi-indices. We have

∂δ(r2(∂αρ)∂βρ) =|α+ β||δ|(−sφ)|α+β|λ|α+β+δ|(−∇ψ)α+β+δ

+ |δ||α+ β|(sφ)|α+β|λ|α+β+δ|−1O(1)

+ s|α+β|−1(|α|(|α| − 1) + |β|(|β| − 1))Oλ(1)

=Oλ(s
|α+β|).

Lemma 3.8 ([20], Prop. 2.9). Let α be a multi-index. Let k, j = 1, . . . , d, provided sh ≤ R, we have

rApkρ = 1 +Oλ,R((sh)2) = Oλ,R(1), p = 1, 2,

rApkDkρ = r∂kρ+ sOλ,R((sh)2) = sOλ,R(1), p = 0, 1,

rDpk
k D

pj
j ρ = r∂pkk ∂

pj
j ρ+ s2Oλ,R((sh)2) = s2Oλ,R(1), pk + pj ≤ 2.

The same estimates hold with ρ and r interchanged.

Lemma 3.9 ([20], Prop. 2.12). Let p ∈ N, k, j = 1, . . . , d, provided sh ≤ R, we have

Dp
k(rD

2
kρ) = s2Oλ,R(1),

Dp
k(rA

2
kρ) = Oλ,R((sh)2).

The same estimates hold with r and ρ interchanged.

Lemma 3.10 ([20], Prop. 2.13). Let α be a multi-index, k, j = 1, . . . , d and pk, p
′
k, pj , p

′
j ∈ N. For pk + pj ≤ 2,

provided sh ≤ R we have

A
p′k
k A

p′j
j D

pk
k D

pj
j (r2AkDkρD

2
jρ) = ∂pkk ∂

pj
j (r2(∂kρ)∂

2
j ρ) + s3Oλ,R((sh)2) = s3Oλ,R(1),

A
p′k
k A

p′j
j D

pk
k D

pj
j (r2AjDjρA

2
kρ) = ∂pkk ∂

pj
j (r∂jρ) + sOλ,R((sh)2) = sOλ,R(1).

3.3. Discrete Carleman estimate

We introduce the following notations related to the coefficients σk, k = 1, . . . , d for any function f ,

∇σf = (
√
σ1∂1f, . . . ,

√
σd∂df)

T , ∆σf =

d∑
k=1

σk∂2kf.

The enlarged neighborhood Ω̃ of Ω introduced in Assumption 3.4 allows us to apply multiple discrete operators
such as Dk and Ak on the weight functions.

We are now in position to state and prove the following discrete Carleman estimate.

Proposition 3.11 (Discrete Carleman estimate). Suppose that Assumption 2.2 is satisfied. Let ψ be a function
verifying Assumption 3.4 and let q ∈ C(Ωh) satisfying ∥q∥L∞

h (Ωh) ≤M . Then there exists a constant λ0 ≥ 1 such
that for each λ ≥ λ0, there exist s0(λ) ≥ 1, 0 < h0 < 1, ε0 > 0 and C = C(ε0, s0, λ,M) independent of h > 0
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such that

s3∥esφu∥2L2
h(Ωh)

+ s

d∑
k=1

∫
Ω∗

h,k

e2sφ|Dku|2

≤ C

(
∥esφ(−∆h + q)u∥2L2

h(Ωh)
+ s

d∑
k=1

∫
∂kΩh

tkr (e
2sφ)|∂nu|2

)
,

(3.3)

for all s ≥ s0(λ), 0 < h ≤ h0, sh ≤ ε0 and u ∈ C(Ω) satisfying u|∂Ωh
= 0.

Remark 3.12. The parameter s is limited by the condition sh ≤ ε0. This restriction on the range of the
Carleman parameter appears in discrete Carleman estimates (see e.g., [16, 20, 22, 28, 29, 36]). This is related
to the fact that the conjugation of discrete operators with the exponential weight behaves as in the continuum
case only for sh small enough, since for instance

esφDk(e
−sφ) ≃ −s∂kφ only for sh small enough.

Remark 3.13. Several recent works have been concerned with discrete and semi-discrete Carleman estimates
for second-order differential operators (see e.g., [16, 17, 20, 22, 28, 29, 36, 37]). The main differences between our
estimate and the existing results are that we choose a different weight function and a more general discretization
for the Laplacian. At the same time, we consider boundary observation.

Proof of Proposition 3.11. We make the change of variable v = ru. Our first task is to obtain an expression for
∆h,φv := r∆h(ρv) with the change of variable proposed. By using Lemma 3.1, we have

∆h,φv =

d∑
k=1

r(Dk(σ
kDkρ)A

2
kv +Ak(σ

kDkρ)DkAkv

+DkAkρAk(σ
kDkv) +A2

kρDk(σ
kDkv)),

(3.4)

and

Ak(σ
kDkv) = Akσ

kAkDkv +
h

4
Dkσ

k(τkDkv − τ−kDkv),

Ak(σ
kDkρ) = Akσ

kAkDkρ+
h2

4
Dkσ

kD2
kρ,

Dk(σ
kDkρ) = Dkσ

kAkDkρ+Akσ
kD2

kρ.

Recalling that, in each term, σk is the sampling of the given continuous coefficient σk on the discrete sets, so
that we can deduce from Assumption 2.2 that ∥Akσk − σk∥∞ ≤ Ch. Then, we set

A1v =
d∑
k=1

rA2
kρDk(σ

kDkv), A2v =
d∑
k=1

σkrD2
kρA

2
kv,

B1v =2

d∑
k=1

σkrAkDkρAkDkv, B2v = −2s(∆σφ)v

(3.5)
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and

g =∆h,φv −
d∑
k=1

h

4
rDkAkρDkσ

k(τkDkv − τ−kDkv)

−
d∑
k=1

h2

4
rD2

kρDkσ
kDkAkv − h

d∑
k=1

O(1)rAkDkρAkDkv

−
d∑
k=1

(
rDkAkρDkσ

k + hO(1)rD2
kρ
)
A2
kv − 2s(∆σφ)v.

As in [38], we set

Av = A1v +A2v, Bv = B1v +B2v.

An explanation for the introduction of this additional term B2v is provided in [39]. Thus, equation (3.4) reads
Av +Bv = g and we have

∥Av∥2L2
h(Ωh)

+ ∥Bv∥2L2
h(Ωh)

+ 2Re(Av,Bv)Ωh
= ∥g∥2L2

h(Ωh)
. (3.6)

We shall need the following estimation of ∥g∥2
L2

h(Ωh)
. The proof can be found in Appendix A.

Lemma 3.14. For sh ≤ R, we have

∥g∥2L2
h(Ωh)

≤ Cλ,R

(
∥∆h,φv∥2L2

h(Ωh)
+ s2∥v∥2L2

h(Ωh)
+ (sh)2∥v∥2

H̊1
h(Ωh)

)
. (3.7)

Now, we shall estimate the inner-product

Re(Av,Bv)Ωh
=

2∑
i,j=1

Re(Aiv,Bjv)Ωh
. (3.8)

To estimate each term of (3.8), we obtain the following results Lemma 3.15-Lemma 3.18. To make the paper
more concise, we put the proofs of Lemma 3.15-Lemma 3.18 to Appendix A.

Lemma 3.15. For sh ≤ R, we have

Re(A1v,B1v)Ωh
≥−

d∑
k=1

∫
Ω∗

h,k

sλ2φσk|∇σψ|2|Dkv|2 + Y1 + Z1,

where

Y1 =

d∑
k=1

∫
∂kΩh

γk1β
k
1σ

kAkσ
ktkr (|Dkv|2)nk − h

d∑
k=1

∫
∂kΩh

tkr (Dk(γ
k
1β

k
1σ

kAkσ
k)|Dkv|2)

− h2

2

d∑
k=1

∫
∂kΩh

D2
k(γ

k
1β

k
1σ

kAkσ
k)tkr (|Dkv|2)nk,
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with γk1 = rA2
kρ, β

k
1 = rAkDkρ and

Z1 =−
d∑
k=1

∫
Ω∗

h,k

(sλφ|O(1)|+ s|Oλ,R(sh)|)|Dkv|2

−
d∑
k=1

∫
Ωh

h2(sλφ|O(1)|+ s|Oλ,R(sh)|)|D2
kv|2

−
d∑
k=1

∫
Ωh

(sλφ|O(1)|+ s|Oλ,R(sh)|)|AkDkv|2

−
d∑

j,k=1
k ̸=j

∫
Ω∗

h,kj

h2(sλφ|O(1)|+ s|Oλ,R(sh)|)|DkDjv|2.

Lemma 3.16. For sh ≤ R, we have

Re(A2v,B1v)Ωh
≥ 3

∫
Ωh

s3λ4φ3|∇σψ|4|v|2 + Y2 + Z2,

where

Y2 =

d∑
k=1

∫
∂kΩh

γk2β
k
1 (σ

k)2tkr (|Akv|2)nk,

with γk2 = rD2
kρ, β

k
1 = rAkDkρ and

Z2 =−
∫
Ωh

(
(sλφ)3|O(1)|+ s2|Oλ,R(1)|+ s3|Oλ,R(sh)|

)
|v|2

−
d∑
k=1

∫
Ωh

s|Oλ,R(sh)||DkAkv|2 −
d∑
k=1

∫
Ω∗

h,k

s|Oλ,R((sh)2)||Dkv|2.

Lemma 3.17. For sh ≤ R, we have

Re(A1v,B2v)Ωh
≥ 2

d∑
k=1

∫
Ω∗

h,k

sλ2φσk|∇σψ|2|Dkv|2 + Z3,

where

Z3 = −
∫
Ωh

s2|Oλ,R(1)||v|2 −
d∑
k=1

∫
Ω∗

h,k

(sλφ|O(1)|+ s|Oλ,R(sh)|)|Dkv|2.

Lemma 3.18. For sh ≤ R, we have

Re(A2v,B2v)Ωh
≥ −2

∫
Ωh

s3λ4φ3|∇σψ|4|v|2 + Z4,
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where

Z4 = −
∫
Ωh

(
(sλφ)3|O(1)|+ s2|Oλ(1)|+ s3|Oλ,R((sh)2)|

)
|v|2 −

d∑
k=1

∫
Ω∗

h,k

s|Oλ,R(sh)||Dkv|2.

Combining the estimates in Lemma 3.14-Lemma 3.18 with (3.6), for sh ≤ R, we have

∫
Ωh

2s3λ4φ3|∇σψ|4|v|2 +
d∑
k=1

∫
Ω∗

h,k

2sλ2φσk|∇σψ|2|Dkv|2 + 2(Y1 + Y2 + Z)

≤Cλ,R
(
∥∆h,φv∥2L2

h(Ωh)
+ s2∥v∥2L2

h(Ωh)
+ (sh)2∥v∥2

H̊1
h(Ωh)

)
,

(3.9)

where Z = Z1 + Z2 + Z3 + Z4.

Lemma 3.19. For sh ≤ R, we have

d∑
k=1

∫
Ω∗

h,k

sλ2φσk|∇σψ|2|Dkv|2 ≥h
2

4d

d∑
j,k=1
j ̸=k

∫
Ω∗

h,kj

sλ2φσk|∇σψ|2|DjDkv|2

+
1

d

d∑
k=1

∫
Ωh

sλ2φσk|∇σψ|2|AkDkv|2

+
h2

4d

d∑
k=1

∫
Ωh

sλ2φσk|∇σψ|2|D2
kv|2 + Y3 + Z5,

where

Y3 =
h2

4

d∑
k=1

∫
∂kΩh

Dk(φσ
k|∇σψ|2)tkr (|Dkv|2)nk,

and

Z5 =−
d∑

j,k=1
j ̸=k

∫
Ω∗

h,kj

h2|Oλ,R(sh)||DjDkv|2 −
d∑
k=1

∫
Ωh

|Oλ,R(sh)||AkDkv|2

−
d∑
k=1

∫
Ωh

h2|Oλ,R(sh)||D2
kv|2 −

d∑
k=1

∫
Ω∗

h,k

|Oλ,R(sh)||Dkv|2.

The proof of Lemma 3.19 can be found in Appendix A.
Combining (3.9) with Lemma 3.19, there exists a constant λ0 ≥ 1 sufficiently large, for λ ≥ λ0, there exist

s0(λ) ≥ 1 sufficiently large, ε0, 0 < h0 < 1 sufficiently small and Ĉλ,ε0,s0 , C̃λ,ε0,s0 > 0, such that for s ≥ s0(λ),
0 < h ≤ h0 and sh ≤ ε0, we have

Ĉλ,ε0,s0

(
s3∥v∥2L2

h(Ωh)
+ s∥v∥2

H̊1
h(Ωh)

)
≤ C̃λ,ε0,s0∥∆h,φv∥2L2

h(Ωh)
− 2(Y1 + Y2)− Y3. (3.10)
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Now we estimate the boundary terms. Since v = 0 on ∂kΩh, we have tkr (Akv) = −h
2 t
k
r (Dkv)nk for all x ∈ ∂kΩh,

which leads to tkr (|Akv|2) = h2

4 t
k
r (|Dkv|2) by virtue of tkr (|Akv|2) = |tkr (Akv)|2. Thus, we have

−2(Y1 + Y2)− Y3 =

d∑
k=1

∫
∂kΩh

(
−2γk1β

k
1σ

kAkσ
ktkr (|Dkv|2)nk + htkr (Dk(γ

k
1β

k
1σ

kAkσ
k))tkr (|Dkv|2)

−h
2

4
Dk(φσ

k|∇σψ|2)tkr (|Dkv|2)nk −
h2

2
γk2β

k
1 (σ

k)2tkr (|Dkv|2)nk

+h2D2
k(γ

k
1β

k
1σ

kAkσ
k)tkr (|Dkv|2)nk

)
,

where γk1 = rA2
kρ,γ

k
2 = rD2

kρ, β
k
1 = rAkDkρ. Similar to Lemma A.1, we have following results.

γk1β
k
1σ

kAkσ
k = sλφ(σk)2∂kψ + sOλ,ε0(sh),

D2
k(γ

k
1β

k
1σ

kAkσ
k) = sOλ,ε0(1), tkr (Dk(γ

k
1β

k
1σ

kAkσ
k)) = sOλ,ε0(1),

Dk(φσ
k|∇σψ|2) = Oλ(1), γk2β

k
1 (σ

k)2 = s3Oλ,ε0(1).

Thus, we have

−2(Y1 + Y2)− Y3 ≤
d∑
k=1

∫
∂kΩh

(
2sλφ(σk)2|∂kψ|+ s|Oλ,ε0(sh)|

+h2|Oλ(1)|+ h|Oλ,ε0(sh)|
)
tkr (|Dkv|2).

(3.11)

Combining (3.10) with (3.11), there exists constant C > 0 such that

s3∥v∥2L2
h(Ωh)

+ s∥v∥2
H̊1

h(Ωh)
≤ C

(
∥∆h,φv∥2L2

h(Ωh)
+ s

d∑
k=1

∫
∂kΩh

tkr (|Dkv|2)

)
, (3.12)

for s ≥ s0(λ), 0 < h ≤ h0 and sh ≤ ε0, Finally, we need to express all the terms in the estimate above in terms
of the original function u. To this end, we need the following Lemma.

Lemma 3.20. For sh ≤ R, we have

d∑
k=1

∫
Ω∗

h,k

r2|Dku|2 ≤ Cλ,R

(
s2∥v∥2L2

h(Ωh)
+ ∥v∥2

H̊1
h(Ωh)

)
, (3.13)

d∑
k=1

∫
∂kΩh

tkr (|Dkv|2) ≤ Cλ,R

d∑
k=1

∫
∂kΩh

tkr (r
2)|∂nu|2. (3.14)

The proof of Lemma 3.20 can be found in Appendix A.
Recalling that q ∈ C(Ωh) satisfying ∥q∥L∞

h (Ωh) ≤M and combining (3.12) with Lemma 3.20, we obtain

s3∥ru∥2L2
h(Ωh)

+ s

d∑
k=1

∫
Ω∗

h,k

r2|Dku|2

≤Cλ,ε0,s0,M

(
∥r(−∆hu+ qu)∥2L2

h(Ωh)
+ s

d∑
k=1

∫
∂kΩh

tkr (r
2)|∂nu|2

)
,

for s ≥ s0(λ), 0 < h ≤ h0 and sh ≤ ε0.
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Thus the proof of Proposition 3.11 is complete.

4. A unique continuation estimate

In this section, we prove a unique continuation result for the discrete Schrödinger equation with homogeneous
boundary condition which will be a crucial step in the proof of the main result. Our argument inspired by the
idea of [18], see also [40] and [41]. By applying the discrete Carleman estimate with full boundary observation,
we show a unique continuation result from boundary data on an arbitrary small part Γh ⊂ ∂±i Ωh, i=1,. . . ,d.

Before presenting the result, we introduce some notations. Let O ⊂ Ω be an arbitrary neighborhood of ∂Ω.
We choose ϱ, ϱ1, ϱ2 > 0 such that

ω(8ϱ) := {x ∈ Ω,dist(x, ∂Ω) < 8ϱ} ⊂ O (4.1)

and

ω(ϱ1, ϱ2) := {x ∈ Ω, ϱ1 < dist(x, ∂Ω) < ϱ2} ⊂ O, ϱ1 < ϱ2 < 8ϱ. (4.2)

We then denote Oh := O ∩ Ωh, ωh(8ϱ) := ω(8ϱ) ∩ Ωh, ωh(ϱ1, ϱ2) := ω(ϱ1, ϱ2) ∩ Ωh (note that these sets are
always non-empty for h small enough).

Let q ∈ C(Ωh) satisfying ∥q∥L∞
h (Ωh) ≤M , f ∈ C(Ωh) satisfying f = 0 in Oh and let u ∈ C(Ωh) be such that

(−∆h + q)u = f, in Ωh,

u = 0, on ∂Ωh.
(4.3)

We are now ready to show the result.

Proposition 4.1 (Unique continuation estimate). Let Γ be a non-empty open subset of ∂Ω satisfying Γh :=
(Γ ∩ ∂Ωh) ⊂ ∂±i Ωh, 1 ≤ i ≤ d. Then there exist constants 0 < h0 < 1, ε̃ > 0, C > 0, α1 > 0 and α2 > 0 such
that for all 0 < h ≤ h0, 0 < hτ ≤ ε̃ and all u ∈ C(Ωh) satisfying (4.3), we have

∥u∥H1
h(ωh(ϱ,3ϱ)) ≤ C

(
e−α1τ∥u∥H1

h(Ωh) + eα2τ |∂nu|L2
h(Γh)

)
. (4.4)

In order to prove Proposition 4.1, we first introduce a cut-off function χ (see Figure 2) satisfying 0 ≤ χ ≤ 1,
χ ∈ C∞(R) and

χ(p) =

{
0, p ≤ 1

2 , p ≥ 8,

1, 3
4 ≤ p ≤ 7.

(4.5)

Figure 2. cut-off function χ(p).
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In addition, for x(1) ∈ Ω, we set B1 := B(x(1), r) = {x ∈ Rd, |x − x(1)| < r} and B1
h := B1 ∩ Ωh. We shall

begin to estimate u in B1
h near the boundary part Γh.

Lemma 4.2. Let u be a solution to (4.3). Then there exist B1
h = B(x(1), r) ∩Ωh and m0 ∈ (0, 1) such that the

following estimate holds:

∥u∥H1
h(B

1
h)

≤ C
(
e−

C2ε0
m0h ∥u∥H1

h(Ωh) + |∂nu|L2
h(Γh)

)m0

∥u∥1−m0

H1
h(Ωh)

, (4.6)

for some positive constants C and C2. Here ε0 is the constant given in Proposition 3.11.

Remark 4.3. Compared with the continuum case, there is one extra term e−
C2ε0
m0h ∥u∥H1

h(Ωh) due to the
restriction sh ≤ ε0 of the discrete Carleman estimate in Proposition 3.11.

Proof of Lemma 4.2. Let us choose δ > 0 and x(0) ∈ Rd\Ω such that

δ <
ϱ

4
, B(x(0), δ) ∩ Ω = ∅, B(x(0), 2δ) ∩ Ω ̸= ∅, B(x(0), 4δ) ∩ ∂Ω ⊂ Γ. (4.7)

That is, x(0) is an outer point of Ω and is near Γ. We define the functions ψ0(x) and φ0(x) by:

ψ0(x) = |x− x(0)|2, φ0(x) = e−
λ0
δ2
ψ0(x),

where λ0 is the constant given in Proposition 3.11. Denote w = χ(ψ0

δ2 )u. Taking into account u = 0 on ∂Ωh and
applying the discrete Carleman estimate (3.3), we obtain

s3∥esφ0w∥2L2
h(Ωh)

+ s

d∑
k=1

∫
Ω∗

h,k

e2sφ0 |Dkw|2

≤C

(
∥esφ0(−∆h + q)w∥2L2

h(Ωh)
+ s

d∑
k=1

∫
∂kΩh

tkr (e
2sφ0)|∂nw|2

)
,

(4.8)

for s0 ≤ s ≤ ε0
h . By (4.5) and (4.7), we have

s3∥esφ0w∥2L2
h(Ωh)

+ s

d∑
k=1

∫
Ω∗

h,k

e2sφ0 |Dkw|2 ≥s3∥esφ0w∥2L2
h(E

1
h)

+ s

d∑
k=1

∫
(E1

h)
∗
k

e2sφ0 |Dkw|2

≥se2se
−4λ0

(
s2∥u∥2L2

h(E
1
h)

+ ∥u∥2
H̊1

h(E
1
h)

)
, (4.9)

where E1
h := {x ∈ Ωh, δ

2 ≤ ψ0(x) ≤ 4δ2}. In view of A2
kχ = χ+ h2

4 D
2
kχ and (4.3), we get

(−∆h + q)w =−
d∑
k=1

[
Dk(σ

kDkχ)A
2
ku+ (DkAku)Ak(σ

kDkχ) + (DkAkχ)Ak(σ
kDku)

]
−

d∑
k=1

(χ+
h2

4
D2
kχ)Dk(σ

kDku) + qχu
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=−
d∑
k=1

[
Dk(σ

kDkχ)A
2
ku+ (DkAku)Ak(σ

kDkχ) + (DkAkχ)Ak(σ
kDku)

]
− h2

4

d∑
k=1

(D2
kχ)Dk(σ

kDku),

(4.10)

for all x ∈ Ωh, where we have used fχ = 0 in Ωh by noting f = 0 in Oh and (4.5). Taking (4.7) into account,
we see that |x− x(0)| > δ for all x ∈ Ωh, so that we obtain from (4.5) and (4.10) that

∥esφ0(−∆h + q)w∥2L2
h(Ωh)

=∥ − esφ0

d∑
k=1

[
Dk(σ

kDkχ)A
2
ku+ (DkAku)Ak(σ

kDkχ)

+(DkAkχ)Ak(σ
kDku)

]
− h2

4
esφ0

d∑
k=1

(D2
kχ)Dk(σ

kDku)∥2L2
h(E

2
h)

≤Ce2se
−6λ0

d∑
k=1

(
∥A2

ku∥2L2
h(Ωh)

+ ∥DkAku∥2L2
h(Ωh)

+ ∥Ak(σkDku)∥2L2
h(Ωh)

)
+ Ce2se

−6λ0∥
d∑
k=1

Dk(σ
kDku)∥2L2

h(E
2
h)
,

where E2
h := {x ∈ Ωh, 6δ

2 ≤ ψ0(x) ≤ 9δ2}. Recalling that f = 0 in Oh ⊃ ωh(8ϱ) ⊃ E2
h, we get

∥
d∑
k=1

Dk(σ
kDku)∥2L2

h(E
2
h)

= ∥qu∥2L2
h(E

2
h)

≤ C∥u∥2L2
h(Ωh)

.

Furthermore, using Corollary 3.2 and (3.2), we have

∥A2
ku∥2L2

h(Ωh)
≤
∫
Ωh

Ak(|Aku|2) =
∫
Ω∗

h,k

|Aku|2 −
h

2

∫
∂kΩh

tkr (|Aku|2)

≤
∫
Ω∗

h,k

|Aku|2 ≤
∫
Ω∗

h,k

Ak(|u|2) =
∫
Ωh

|u|2.

In the last equality, we have used (3.2) by virtue of u = 0 on ∂kΩh. Similarly, we have

∥DkAku∥2L2
h(Ωh)

≤
∫
Ω∗

h,k

|Dku|2, ∥Ak(σkDku)∥2L2
h(Ωh)

≤ C

∫
Ω∗

h,k

|Dku|2.

Then, we get

∥esφ0(−∆h + q)w∥2L2
h(Ωh)

≤ Ce2se
−6λ0 ∥u∥2H1

h(Ωh)
. (4.11)

Taking (4.7) into account, we see that |x − x(0)| > 4δ for all x ∈ ∂Ωh\Γh and |x − x(0)| > δ for all x ∈ Γh, so
that we obtain

s

d∑
k=1

∫
∂kΩh

tkr (e
2sφ0)|∂nw|2 = s

∫
Γh

tkr (e
2sφ0)|∂nw|2
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≤ se2se
−λ0

∫
Γh

|tir(σiDi(χu))ni|2

≤ Cse2se
−λ0

∫
Γh

(
|tir(σiDiχAiu)|2 + |tir(σiAiχDiu)|2

)
≤ Cse2se

−λ0

∫
Γh

(
|tir(σi)tir(Aiu)|2 + |tir(σiDiu)|2

)
≤ Cse2se

−λ0 |∂nu|2L2
h(Γh)

, (4.12)

since Γh ⊂ ∂±i Ωh and tir(Aiv) = −h
2 t
i
r(Div)ni when v = 0 on Γh.

Combining (4.8) with (4.9), (4.11) and (4.12), we obtain

se2se
−4λ0

(
s2∥u∥2L2

h(E
1
h)

+ ∥u∥2
H̊1

h(E
1
h)

)
≤ C

(
se2se

−λ0 |∂nu|2L2
h(Γh)

+ e2se
−6λ0∥u∥2H1

h(Ωh)

)
, (4.13)

where E1
h := {x ∈ Ωh, δ

2 ≤ ψ0(x) ≤ 4δ2}.
We can select r > 0 and x(1) ∈ Ω such that

dist(x(1),Γh) ≥ 4r, B1
h := B(x(1), r) ∩ Ωh ⊂ E1

h. (4.14)

This is possible because the second condition in (4.7) implies the existence of x(1) ∈ Ω such that |x(1) − x(0)| <
2δ. Therefore, for sufficiently small r > 0, condition (4.14) is satisfied. From (4.13), we can obtain that for
s0 ≤ s ≤ ε0

h , there exist constants C1, C2 > 0 such that

∥u∥2H1
h(B

1
h)

≤ C
(
eC1s|∂nu|2L2

h(Γh)
+ e−C2s∥u∥2H1

h(Ωh)

)
. (4.15)

If 1
C1+C2

log
∥u∥2

H1
h
(Ωh)

|∂nu|2
L2
h
(Γh)

∈ [s0,
ε0
h ], then take s = 1

C1+C2
log

∥u∥2

H1
h
(Ωh)

|∂nu|2
L2
h
(Γh)

and we obtain

∥u∥2H1
h(B

1
h)

≤ C|∂nu|2m0

L2
h(Γh)

∥u∥2(1−m0)

H1
h(Ωh)

, m0 =
C2

C1 + C2
. (4.16)

If 1
C1+C2

log
∥u∥2

H1
h
(Ωh)

|∂nu|2
L2
h
(Γh)

≤ s0, then

∥u∥2H1
h(Ωh)

≤ C|∂nu|2L2
h(Γh)

.

Therefore,

∥u∥2H1
h(B

1
h)

≤ ∥u∥2H1
h(Ωh)

= ∥u∥2m0

H1
h(Ωh)

∥u∥2(1−m0)

H1
h(Ωh)

≤ C|∂nu|2m0

L2
h(Γh)

∥u∥2(1−m0)

H1
h(Ωh)

. (4.17)

If 1
C1+C2

log
∥u∥2

H1
h
(Ωh)

|∂nu|2
L2
h
(Γh)

≥ ε0
h , then

|∂nu|2L2
h(Γh)

≤ e−
ε0
h (C1+C2)∥u∥2H1

h(Ωh)
.
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In view of (4.15), we have

∥u∥2H1
h(B

1
h)

≤ C
(
eC1

ε0
h − ε0

h (C1+C2)∥u∥2H1
h(Ωh)

+ e−C2
ε0
h ∥u∥2H1

h(Ωh)

)
≤ Ce−C2

ε0
h ∥u∥2m0

H1
h(Ωh)

∥u∥2(1−m0)

H1
h(Ωh)

. (4.18)

From (4.16)–(4.18), we get (4.6). Thus, we complete the proof of Lemma 4.2.

Next we extend the estimate from B1
h to ωh(ϱ, 3ϱ). To accomplish this, we adapt the techniques developed

in [18] to our discrete case. Let B(x(j), r), 2 ≤ j ≤ N0, be a finite covering of ω(ϱ, 3ϱ), such that Bh(x
(j), r) =

B(x(j), r) ∩ Ωh, 2 ≤ j ≤ N0 is a finite covering of ωh(ϱ, 3ϱ) = ω(ϱ, 3ϱ) ∩ Ωh. We can assume that x(j) satisfies
dist(x(j), ∂O) ≥ 4r. In the sequel, we assume without loss of generality that

B(x(j+1), r) ⊂ B(x(j), 2r), (4.19)

and we set Bj = B(x(j), r), Bjh = B(x(j), r) ∩ Ωh, 2 ≤ j ≤ N0.

Lemma 4.4. Let u be a solution to (4.3). Then there exist m ∈ (0, 1) and C,C4 > 0 such that the following
estimate holds:

∥u∥H1
h(B

j+1
h ) ≤ C

(
e−

C4ε0
mh ∥u∥H1

h(Ωh) + ∥u∥H1
h(B

j
h)

)m
∥u∥1−m

H1
h(Ωh)

, 1 ≤ j ≤ N0 − 1. (4.20)

Here ε0 is the constant given in Proposition 3.11.

Proof. In order to prove (4.20), we define the functions ψj(x) and φj(x) by:

ψj(x) = |x− x(j)|2, φj(x) = e−
λ0
r2
ψj(x),

where λ0 is the constant given in Proposition 3.11. Moreover, we set w = χ(
ψj

r2 )u. Taking (4.5) and

dist(x(j), ∂Ω) ≥ 4r into account, we have w = ∂nw = 0 on ∂Ωh. By applying the discrete Carleman estimate
(3.3), we obtain, for 1 ≤ s0 ≤ s ≤ ε0

h ,

s3∥esφjw∥2L2
h(Ωh)

+ s
d∑
k=1

∫
Ω∗

h,k

e2sφj |Dkw|2 ≤ C∥esφj (−∆h + q)w∥2L2
h(Ωh)

. (4.21)

In a similar way as the proof of (4.8) by (4.13) in Lemma 4.2, we can prove

se2se
−5λ0

(
∥u∥2L2

h(E
4
h)

+ ∥u∥2
H̊1

h(E
4
h)

)
≤ C

(
e2se

−λ0
4 ∥u∥2H1

h(E
5
h)

+ e2se
−6λ0 ∥u∥2H1

h(E
6
h)

)
,

where E4
h := {x ∈ Ωh, r

2 ≤ ψj(x) ≤ 5r2} , E5
h := {x ∈ Ωh,

1
4r

2 ≤ ψj(x) ≤ r2} and E6
h := {x ∈ Ωh, 6r

2 ≤ ψj(x) ≤
9r2}. Let E7

h = {x ∈ Ωh, ψj(x) ≤ 5r2} and E8
h = {x ∈ Ωh, ψj(x) ≤ r2}. Hence, by (4.21) and noting E7

h =
E8
h ∪ E4

h, E
5
h ⊂ E8

h, we obtain

se2se
−5λ0 ∥u∥2H1

h(E
7
h)

≤ se2se
−5λ0

(
∥u∥2H1

h(E
8
h)

+ ∥u∥2H1
h(E

4
h)

)
≤ C

(
se2se

−5λ0∥u∥2H1
h(E

8
h)

+ e2se
−λ0

4 ∥u∥2H1
h(E

5
h)

+ e2se
−6λ0 ∥u∥2H1

h(E
6
h)

)
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≤ C

(
e2se

−λ0
4 ∥u∥2H1

h(E
8
h)

+ e2se
−6λ0∥u∥2H1

h(E
6
h)

)
.

Thus we obtain

∥u∥2H1
h(E

7
h)

≤ C
(
eC3s∥u∥2H1

h(E
8
h)

+ e−C4s∥u∥2H1
h(Ωh)

)
,

for s0 ≤ s ≤ ε0
h and some constants C3, C4 > 0. Similarly, minimizing the right-hand side with respect to s, for

some m ∈ (0, 1), we have

∥u∥H1
h(E

7
h)

≤ C
(
e−

C4ε0
mh ∥u∥H1

h(Ωh) + ∥u∥H1
h(E

8
h)

)m
∥u∥(1−m)

H1
h(Ωh)

.

Since

Bj+1
h ⊂ E7

h, E8
h ⊂ Bjh,

we obtain (4.20). This completes the proof of Lemma 4.4.

Lemma 4.5. Let u be a solution to (4.3). Then there exists constant C > 0 such that

∥u∥H1
h(B

j
h)

≤ C
(
e−

C4ε0
mh ∥u∥H1

h(Ωh) + ∥u∥H1
h(B

1
h)

)mj

∥u∥1−m
j

H1
h(Ωh)

, 2 ≤ j ≤ N0. (4.22)

Here m ∈ (0, 1) is the constant given in Lemma 4.4.

Proof. Put

αj = ∥u∥H1
h(B

j
h)
, A = e−

C4ε0
mh ∥u∥H1

h(Ωh), B = C
1

1−m ∥u∥H1
h(Ωh),

by (4.20) we have

αj+1 ≤ B1−m(αj +A)m, 1 ≤ j ≤ N0 − 1.

Then, applying Lemma 4 in [42], we obtain, for all µ ∈ (0,mj ],

αj ≤ 2
1

1−mB1−µ(α1 +A)µ, 2 ≤ j ≤ N0.

This completes the proof of the lemma.

Proof of Proposition 4.1. By Lemma 4.5 and Young’s inequality, we easily obtain

∥u∥H1
h(B

j
h)

≤ C
(
εp∥u∥H1

h(Ωh) + ε−p
′
(
e−

C4ε0
mh ∥u∥H1

h(Ωh) + ∥u∥H1
h(B

1
h)

))
,

for all ε > 0, 2 ≤ j ≤ N0. Here

p =
1

1−mj
, p′ =

1

mj
.
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Selecting ε = e−
C5
p τ , C5 > 0, τ > 0, we have

∥u∥H1
h(B

j
h)

≤ C
(
e−C5τ∥u∥H1

h(Ωh) + eC6(j)τ−C4ε0
mh ∥u∥H1

h(Ωh) + eC6(j)τ∥u∥H1
h(B

1
h)

)
,

where C6(j) :=
C5p

′

p . Then, for hτ ≤ C4ε0
(C5+C6(j))m

such that C6(j)τ − C4ε0
mh ≤ −C5τ , we get

∥u∥H1
h(B

j
h)

≤ C
(
e−C5τ∥u∥H1

h(Ωh) + eC6(j)τ∥u∥H1
h(B

1
h)

)
. (4.23)

Similarly, we obtain from Lemma 4.2 and Young’s inequality

∥u∥H1
h(B

1
h)

≤ C
(
εp0∥u∥H1

h(Ωh) + ε−p
′
0

(
e−

C2ε0
m0h ∥u∥H1

h(Ωh) + |∂nu|L2
h(Γh)

))
,

for all ε > 0. Here

p0 =
1

1−m0
, p′0 =

1

m0
.

Selecting ε = e−
C5+C6(j)

p0
τ and setting C7(j) =

(C5+C6(j))p
′
0

p0
, we obtain

∥u∥H1
h(B

1
h)

≤ C
(
e−(C5+C6(j))τ∥u∥H1

h(Ωh) + eC7(j)τ−C2ε0
m0h ∥u∥H1

h(Ωh) + eC7(j)τ |∂nu|L2
h(Γh)

)
.

Choosing hτ ≤ C2ε0
(C5+C6(j)+C7(j))m0

such that C7(j)τ − C2ε0
m0h

≤ −(C5 + C6(j))τ , we have

∥u∥H1
h(B

1
h)

≤ C
(
e−(C5+C6(j))τ∥u∥H1

h(Ωh) + eC7(j)τ |∂nu|L2
h(Γh)

)
. (4.24)

By (4.23) and (4.24), we have

∥u∥H1
h(B

j
h)

≤ Ce−C5τ∥u∥H1
h(Ωh) + eC(j)τ |∂nu|L2

h(Γh), (4.25)

for some positive constant C(j) and τ > 0 satisfying hτ ≤ min{ C4ε0
(C5+C6(j))m

, C2ε0
(C5+C6(j)+C7(j))m0

} := εj . Setting

ε̃ := minj∈{2,...,N0} εj , addition of inequalities (4.25) for j ∈ {2, . . . , N0} yields the final inequality (4.4). Thus,
the proof of Proposition 4.1 is complete.

5. Stability estimate for the discrete Calderón problem

In this section, we focus on the proof of Theorem 2.9.
Similar to the continuum case, the proof of the stability estimate is based on the existence of CGO solutions.

The following results state their existence.

Lemma 5.1 ([16], Thm. 4.4). Let M > 0. For all q ∈ C(Ωh) satisfying ∥q∥L∞
h (Ωh) ≤ M and Assumption 2.4,

there exist constants a0 > 0 and c > 0 that depend on M such that ∀η ∈ Cd with η · η = 0, if a := |Imη| verifies
a0 ≤ a ≤ cmin{ϵ−1

d , h−
2
3 }, there exists u ∈ C(Ωh) a solution of

−∆hu+ qu = 0, on Ωh,
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that satisfies

u(x) = eiη·x(1 + r(x)), on Ωh, (5.1)

with

∥r∥H̊1
h(Ωh)

+ a∥r∥L2
h(Ωh)

≤ C(1 + a2ϵa + a4h2). (5.2)

Moreover, the solution u satisfies

∥u∥H1
h(Ωh) ≤ Ceaa2, (5.3)

where C only depends on m, a0 and c.

Remark 5.2. As it mentioned in (4.21) in [16], the solution u = eη·x + eR(η)·xr(x) in [16] can be rewritten as
(5.1) in our paper.

Proof of Theorem 2.9. Let q1 ≥ 0 and q2 ≥ 0 in C(Ωh) be two potentials satisfying Assumption 2.4 and q1 = q2
in Oh = O ∩ Ωh, where O ⊂ Ω is a neighborhood of ∂Ω and ∥q∥L∞

h (Ωh) ≤ M . For all ξ ∈ K̂h = Zd ∩ [0, N ]d

satisfying π|ξ| ≤ a, we set

η1 := −πξ +
√
a2 − π2|ξ|2ζ1 + iaζ2, η2 := −πξ −

√
a2 − π2|ξ|2ζ1 − iaζ2,

where a0 ≤ a ≤ cmin{ϵ−1
d , ϵ−1

a , h−
2
3 } and ζ1, ζ2 ∈ Rd satisfying ξ · ζ1 = ξ · ζ2 = ζ1 · ζ2 = 0, |ζ1| = |ζ2| = 1. It

follows from Lemma 5.1 that there exist r1 and r2, such that u1 := eiη1·x(1 + r1(x)) and u2 := eiη2·x(1 + r2(x))
are solutions of

−∆hu1 + q1u1 = 0 in Ωh,

−∆hu2 + q2u2 = 0 in Ωh,

respectively. Let v ∈ C(Ωh) be the solution to the following problem

(−∆h + q1)v = 0 in Ωh,

v = u2 on ∂Ωh.

Then, by defining u = v − u2 ∈ C(Ωh), we get

(−∆h + q1)u = (q2 − q1)u2 in Ωh,

u = 0 on ∂Ωh.
(5.4)

To proceed, we introduce a cut-off function χ1 ∈ C∞
0 (Ω) (see Figure 3) satisfying 0 ≤ χ1 ≤ 1 and

χ1(x) =

{
0, x ∈ ω( 32ϱ),

1, x ∈ Ω\ω( 52ϱ),
(5.5)
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Figure 3. Pink region: χ1(x) = 0; Blue region: χ1(x) = 1.

where ω( 32ϱ) and ω(
5
2ϱ) are defined in Section 4. If we put ũ = χ1u, it follows from A2

kχ1 = χ1 +
h2

4 D
2
kχ1 and

(5.4) that

(−∆h + q1)ũ =−
d∑
k=1

[
Dk(σ

kDkχ1)A
2
ku+ (DkAku)Ak(σ

kDkχ1) + (DkAkχ1)Ak(σ
kDku)

]
−

d∑
k=1

(χ1 +
h2

4
D2
kχ1)Dk(σ

kDku) + q1χ1u

=−
d∑
k=1

[
Dk(σ

kDkχ1)A
2
ku+ (DkAku)Ak(σ

kDkχ1) + (DkAkχ1)Ak(σ
kDku)

]
− h2

4

d∑
k=1

(D2
kχ1)Dk(σ

kDku) + (q2 − q1)u2,

(5.6)

for all x ∈ Ωh, where we have used χ1(q2 − q1) = q2 − q1 in Ωh by noting q1 = q2 in Oh and (5.5).
Multiplying (5.6) by u1 and integrating over Ωh, we obtain∫

Ωh

(∆h − q1)ũu1 +

∫
Ωh

(q2 − q1)u1u2

=

∫
Ωh

u1

d∑
k=1

[
Dk(σ

kDkχ1)A
2
ku+ (DkAku)Ak(σ

kDkχ1)

+(DkAkχ1)Ak(σ
kDku) +

h2

4
(D2

kχ1)Dk(σ
kDku)

]
.

(5.7)

We begin with the first integral in (5.7). Since tkr (ũ)|∂kΩh
= tkr (Dkũ)|∂kΩh

= 0, k = 1, . . . , d, it follows from (3.1)
that ∫

Ωh

(∆h − q1)ũu1 =

d∑
k=1

∫
Ωh

Dk(σ
kDkũ)u1 −

∫
Ωh

q1ũu1

=−
d∑
k=1

∫
Ω∗

h,k

σkDkũDku1 −
∫
Ωh

q1ũu1

=

d∑
k=1

∫
Ωh

Dk(σ
kDku1)ũ−

∫
Ωh

q1ũu1

=

∫
Ωh

∆hu1ũ−
∫
Ωh

q1u1ũ

=0.
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Thus, we have

∫
Ωh

(q2 − q1)u1u2 =

∫
Ωh

u1

d∑
k=1

[
Dk(σ

kDkχ1)A
2
ku+ (DkAku)Ak(σ

kDkχ1)

+(DkAkχ1)Ak(σ
kDku) +

h2

4
(D2

kχ1)Dk(σ
kDku)

]
.

(5.8)

In order to simplify the notations, we denote the right-hand side of (5.8) as F . Noting that u satisfies the
conditions in Proposition 4.1, we apply (4.4) and (5.5) to get

|F |2 ≤C∥u1∥2L2
h(Ωh)

d∑
k=1

∫
ωh(ϱ,3ϱ)

(
|A2
ku|2 + |DkAku|2 + |Ak(σkDku)|2 +

h2

4
|Dk(σ

kDku)|2
)
,

for 0 < h < h0 < 1. Similar to the discussions in Section 4, we have

∥A2
ku∥2L2

h(ωh(ϱ,3ϱ))
≤ ∥u∥2L2

h(ωh(ϱ,3ϱ))
,

∥DkAku∥2L2
h(ωh(ϱ,3ϱ))

≤ ∥u∥2
H̊1

h(ωh(ϱ,3ϱ))
,

∥Ak(σkDku)∥2L2
h(ωh(ϱ,3ϱ))

≤ C∥u∥2
H̊1

h(ωh(ϱ,3ϱ))
,

h2

4
∥Dk(σ

kDku)∥2L2
h(ωh(ϱ,3ϱ))

≤ C∥u∥2
H̊1

h(ωh(ϱ,3ϱ))
.

In the last inequality, we used h2

4 |Dk(σ
kDku)|2 ≤ Ak(|σkDku|2). Thus, we get

|F | ≤ C∥u1∥L2
h(Ωh)∥u∥H1

h(ωh(ϱ,3ϱ)) (5.9)

Combining (5.9) with (5.8) and (4.4), we obtain∣∣∣∣∫
Ωh

(q2 − q1)u1u2

∣∣∣∣ ≤ C∥u1∥L2
h(Ωh)

(
e−α1τ∥u∥H1

h(Ωh) + eα2τ |∂nu|L2
h(Γh)

)
, (5.10)

where α1, α2 > 0 and 0 < τ ≤ ε̃
h .

Applying Proposition B.1 and noting that u satisfies (5.4), we have

|∂nu|L2
h(Γh) ≤ |∂nu|

1
2

H
− 1

2
h (Γh)

|∂nu|
1
2

H
1
2
h (Γh)

= |(Λh[q1]− Λh[q2])(u2)|
1
2

H
− 1

2
h (Γh)

|∂nu|
1
2

H
1
2
h (Γh)

≤ δ
1
2 |u2|

1
2

H
1
2
h (∂Ωh)

|∂nu|
1
2

H
1
2
h (Γh)

≤ δ
1
2 ∥u2∥

1
2

H1
h(Ωh)

∥u∥
1
2

H2
h(Ωh)

≤ Cδ
1
2 ∥u2∥

1
2

H1
h(Ωh)

∥u2∥
1
2

L2
h(Ωh)

,

where we abbreviate δ := ∥Λh[q1]− Λh[q2]∥Lh(Γh). It follows from (5.3) that

|∂nu|L2
h(Γh) ≤ Cδ

1
2 eaa2,
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and

∥u1∥L2
h(Ωh) ≤ Ceaa2.

Similarly, we apply Assumption 2.5 and (5.3) to get

∥u∥H1
h(Ωh) ≤ C∥(q2 − q1)u2∥L2

h(Ωh) ≤ Ceaa2.

Thus, we have ∣∣∣∣∫
Ωh

(q2 − q1)u1u2

∣∣∣∣ ≤ Ce2aa4
(
e−α1τ + δ

1
2 eα2τ

)
, (5.11)

for all 0 < τ ≤ ε̃
h and α1 > 0, α2 > 0, a0 ≤ a ≤ cmin{ϵ−1

d , ϵ−1
a , h−

2
3 }. Then we choose a constant γ̃ > 0

sufficiently large and set τ = aγ̃ so that

e2aa4e−α1τ ≤ C

a
, and e2aeα2τ ≤ eα3a, (5.12)

for some constants C > 0 and α3 > 0. It is easy to see that 0 < τ ≤ ε̃
h implies that a ≤ ε̃

γ̃h
−1. Furthermore, by

(5.11), (5.12) and noting u1 = eiη1·x(1 + r1(x)), u2 = eiη2·x(1 + r2(x)), we obtain

|Fh(q2 − q1)(ξ)| ≤
C

a
+ Ca4eα3aδ

1
2 +

∣∣∣∣∫
Ωh

(q2 − q1)e
−2πiξ·x(r1 + r2 + r1r2)

∣∣∣∣
≤ C

(
1

a
+ a4eα3aδ

1
2 + ∥r1∥L2

h(Ωh) + ∥r2∥L2
h(Ωh) + ∥r1∥L2

h(Ωh)∥r2∥L2
h(Ωh)

)
. (5.13)

In addition, it follows from (5.2) that ∥r1∥L2
h(Ωh), ∥r2∥L2

h(Ωh) are bounded and

∥r1∥L2
h(Ωh) + ∥r2∥L2

h(Ωh) + ∥r1∥L2
h(Ωh)∥r2∥L2

h(Ωh) ≤ C

(
1

a
+ aεa + a3h2

)
.

We conclude from (5.13) that

|Fh(q2 − q1)(ξ)| ≤ C

(
a4eα3aδ

1
2 +

1

a
+ aεa + a3h2

)
, (5.14)

for α3 > 0 , a0 ≤ a ≤ c̃min{ϵ−1
d , ϵ−1

a , h−
2
3 }, c̃ := min{ ε̃γ̃ , c} and ξ ∈ K̂h satisfying π|ξ| ≤ a.

Setting µ̃ = c̃−1 max{ε
1
2
a , h

1
2 , εd}, we always have 1

µ̃ ≤ c̃min{ϵ−1
d , ϵ−1

a , h−
2
3 } and a simple study shows that,

setting a = 1
µ̃ ,

1

a
+ aεa + a3h2 ≤ Cµ̃.

Therefore, if δ = 0, we set a = 1
µ̃ , then for all ξ ∈ K̂h satisfying π|ξ| ≤ 1

µ̃ , we have

|Fh(q2 − q1)(ξ)| ≤ Cµ̃.
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If δ is small enough, for example, for − ln δ ≥ 2(α3+3)
µ̃ , such that

δ
1
2
1

µ̃4
e

α3
µ̃ ≤ µ̃,

taking a = 1
µ̃ in (5.14), we obtain, for all ξ ∈ K̂h satisfying π|ξ| ≤ 1

µ̃ ,

|Fh(q2 − q1)(ξ)| ≤ Cµ̃.

If − ln δ ∈ (2(α3 + 3)a0,
2(α3+3)

µ̃ ), taking a = − ln δ
2(α3+3) in (5.14), we obtain, for all ξ ∈ K̂h satisfying π|ξ| ≤

− ln δ
2(α3+3) ,

|Fh(q2 − q1)(ξ)| ≤ C

(
δ

3
2(α3+3) | ln δ|4 + 1

| ln δ|
+ | ln δ|εa + | ln δ|3h2

)
≤ C

| ln δ|
,

where we have used µ̃ = c̃−1 max{ε1/2a , h1/2, εd} ≤ 2(α3+3)
| ln δ| .

Combining these cases, we obtain that, if δ ≤ e−2(α3+3)a0 , setting

µ = max{µ̃, 2(α3 + 3)

| ln δ|
},

for all ξ ∈ K̂h satisfying π|ξ| ≤ 1
µ ,

|Fh(q2 − q1)(ξ)| ≤ Cµ. (5.15)

In order to estimate |q1 − q2|H−r
h (Ωh)

, we take ρ ∈ (0, 1
πµ ) to be chosen and use (5.15) to get

|q1 − q2|2H−r
h (Ωh)

=
∑
ξ∈K̂h

|Fh(q2 − q1)(ξ)|2 (1 + |ξ|2)−r

=
∑

|ξ|<ρ,ξ∈K̂h

|Fh(q2 − q1)(ξ)|2 (1 + |ξ|2)−r

+
∑

|ξ|>ρ,ξ∈K̂h

|Fh(q2 − q1)(ξ)|2 (1 + |ξ|2)−r

≤C(ρdµ2 + ρ−2r).

Setting ρ = π−1µ
−2

d+2r , which is indeed smaller than 1
πµ , we have

|q1 − q2|2H−r
h (Ωh)

≤ Cµ
4r

d+2r

≤ Cmax

{
ϵ

4r
d+2r

d , ϵ
2r

d+2r
a , h

2r
d+2r ,

∣∣ln (∥Λh[q1]− Λh[q2]∥Lh(Γh)

)∣∣− 4r
d+2r

}
,

which completes the proof of Theorem 2.9.
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Appendix A. Proofs of intermediate results

A.1 Proof of Lemma 3.14

By Assumption 2.2 and the second equality in Lemma 3.8, we have

∥rDkAkρDkσ
kτkDkv∥2L2

h
(Ωh) ≤

∫
Ωh

|rDkAkρ|2|τkDkv|2 ≤ Cλ,Rs
2

∫
Ωh

|τkDkv|2

= Cλ,Rs
2

∫
τk(Ωh)

|Dkv|2 ≤ Cλ,Rs
2

∫
Ω∗

h,k

|Dkv|2. (A.1)

Similarly, we have

∥rDkAkρDkσ
kτ−kDkv∥2L2

h
(Ωh) ≤ Cλ,Rs

2

∫
Ω∗

h,k

|Dkv|2. (A.2)

By Assumption 2.2, Corollary 3.2 and (3.2), we observe that

∥rD2
kρDkσ

kDkAkv∥2L2
h
(Ωh) ≤

∫
Ωh

|rD2
kρ|2Ak(|Dkv|2)

=

∫
Ω∗

h,k

Ak(|rD2
kρ|2)|Dkv|2 −

h

2

∫
∂kΩh

|rD2
kρ|2tkr (|Dkv|2)

≤
∫
Ω∗

h,k

Ak(|rD2
kρ|2)|Dkv|2,

which, by the third equality in Lemma 3.8, yields

∥rD2
kρDkσ

kDkAkv∥2L2
h
(Ωh) ≤ Cλ,Rs

4

∫
Ω∗

h,k

|Dkv|2. (A.3)

We also find

∥rAkDkρAkDkv∥2L2
h
(Ωh) ≤ Cλ,Rs

2

∫
Ω∗

h,k

|Dkv|2. (A.4)

We note that

∥A2
kv∥2L2

h
(Ωh) ≤

∫
Ωh

Ak(|Akv|2) =
∫
Ω∗

h,k

|Akv|2 −
h

2

∫
∂kΩh

tkr (|Akv|2) ≤
∫
Ω∗

h,k

|Akv|2 ≤
∫
Ωh

|v|2,

by Corollary 3.2, (3.2) and since v|∂Ωh = 0. Then by the second and third equality in Lemma 3.8, we have

∥(rDkAkρDkσ
k + hO(1)rD2

kρ)A
2
kv∥2L2

h
(Ωh) ≤ Cλ,Rs

2(1 + (sh)2)∥v∥2L2
h
(Ωh). (A.5)

Similarly, since ∆σφ is bounded, estimates (A.1)-(A.5) yield the result.

A.2 Proof of Lemma 3.15

From the definitions of A1v and B1v in (3.5) we have

Re(A1v,B1v)Ωh =

d∑
j,k=1

Re

∫
Ωh

2r2A2
kρDk(σ

kDkv)σ
jAjDjρAjDjv
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:=

d∑
j,k=1

Re

∫
Ωh

2γk
1Dk(σ

kDkv)β
j
1σ

jAjDjv

:=

d∑
j,k=1

Ijk,

where γk
1 = rA2

kρ and βj
1 = rAjDjρ.

A.2.1 Computation of Ikk

By Lemma 3.1 and (3.1), we have

Ikk =Re

(∫
Ωh

2γk
1β

k
1σ

kAkσ
kD2

kvDkAkv +

∫
Ωh

2γk
1β

k
1σ

kDkσ
k|AkDkv|2

)
=

∫
Ωh

γk
1β

k
1σ

kAkσ
kDk(|Dkv|2) +

∫
Ωh

2γk
1β

k
1σ

kDkσ
k|AkDkv|2

=−
∫
Ω∗

h,k

Dk(γ
k
1β

k
1σ

kAkσ
k)|Dkv|2 +

∫
∂kΩh

γk
1β

k
1σ

kAkσ
ktkr (|Dkv|2)nk

+

∫
Ωh

2γk
1β

k
1σ

kDkσ
k|AkDkv|2.

(A.6)

The discrete integration by parts with respect to the average operator Ak (3.2) yields

−
∫
Ω∗

h,k

Dk(γ
k
1β

k
1σ

kAkσ
k)|Dkv|2

=

∫
Ω∗

h,k

Dk(γ
k
1β

k
1σ

kAkσ
k)|Dkv|2 − 2

∫
Ωh

Ak(Dk(γ
k
1β

k
1σ

kAkσ
k)|Dkv|2)

− h

2

∫
∂kΩh

tkr (Dk(γ
k
1β

k
1σ

kAkσ
k)|Dkv|2).

(A.7)

A further use of Lemma 3.1 and the discrete integration by parts with respect to the difference operator Dk (3.1) yield

− 2

∫
Ωh

Ak(Dk(γ
k
1β

k
1σ

kAkσ
k)|Dkv|2)

=− 2

∫
Ωh

AkDk(γ
k
1β

k
1σ

kAkσ
k)Ak(|Dkv|2)−

h2

2

∫
Ωh

D2
k(γ

k
1β

k
1σ

kAkσ
k)Dk(|Dkv|2)

=− 2

∫
Ωh

AkDk(γ
k
1β

k
1σ

kAkσ
k)|AkDkv|2 −

h2

2

∫
Ωh

AkDk(γ
k
1β

k
1σ

kAkσ
k)|D2

kv|2

+
h2

2

∫
Ω∗

h,k

D3
k(γ

k
1β

k
1σ

kAkσ
k)Dk|Dkv|2 −

h2

2

∫
∂kΩh

D2
k(γ

k
1β

k
1σ

kAkσ
k)tkr (|Dkv|2)nk.

(A.8)
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Combining (A.6)–(A.8), we have

Ikk =

∫
Ω∗

h,k

Dk(γ
k
1β

k
1σ

kAkσ
k)|Dkv|2 − 2

∫
Ωh

AkDk(γ
k
1β

k
1σ

kAkσ
k)|AkDkv|2

+ 2

∫
Ωh

γk
1β

k
1σ

kDkσ
k|AkDkv|2 −

h2

2

∫
Ωh

AkDk(γ
k
1β

k
1σ

kAkσ
k)|D2

kv|2

+
h2

2

∫
Ω∗

h,k

D3
k(γ

k
1β

k
1σ

kAkσ
k)Dk|Dkv|2 + Y1k,

(A.9)

where

Y1k =− h2

2

∫
∂kΩh

D2
k(γ

k
1β

k
1σ

kAkσ
k)tkr (|Dkv|2)nk − h

2

∫
∂kΩh

tkr (Dk(γ
k
1β

k
1σ

kAkσ
k)|Dkv|2)

+

∫
∂kΩh

γk
1β

k
1σ

kAkσ
ktkr (|Dkv|2)nk.

Lemma A.1. For sh ≤ R, we have

γk
1β

k
1σ

kDkσ
k = sλφO(1) + sOλ,R(sh),

Dk(γ
k
1β

k
1σ

kAkσ
k) = −sλ2φ(σk)2(∂kψ)

2 + sλφO(1) + sOλ,R(sh),

AkDk(γ
k
1β

k
1σ

kAkσ
k) = −sλ2φ(σk)2(∂kψ)

2 + sλφO(1) + sOλ,R(sh),

h2D3
k(γ

k
1β

k
1σ

kAkσ
k) = sλφO(1) + sOλ,R(sh),

where γk
1 = rA2

kρ and βk
1 = rAkDkρ.

Proof. By the second equality in Lemma 3.10 and Lemma 3.6, we have

γk
1β

k
1σ

kDkσ
k = (r∂kρ+ sOλ,R((sh)2))σkDkσ

k

= (sλφ∂kψ + sOλ,R((sh)2))σkDkσ
k.

Then with Assumption 2.2 we obtain the estimate of γk
1β

k
1σ

kDkσ
k since σkDkσ

k = O(1).
Applying Lemma 3.1, we get

Dk(γ
k
1β

k
1σ

kAkσ
k) = Dk(γ

k
1β

k
1 )Ak(σ

kAkσ
k) +Ak(γ

k
1β

k
1 )Dk(σ

kAkσ
k)

= Dk(γ
k
1β

k
1 )((σ

k)2 + hO(1)) +Ak(γ
k
1β

k
1 )O(1),

since ∥Akσ
k − σk∥∞ ≤ Ch and Dk(σ

kAkσ
k) = Dk(σ

k)A2
kσ

k + Akσ
kAkDkσ

k = O(1). Moreover, by the second equality
in Lemma 3.10 and Lemma 3.6, we have

Dk(γ
k
1β

k
1 ) = ∂k(r∂kρ) + sOλ,R((sh)2)) = −sλ2φ(∂kψ)

2 + sλφO(1) + sOλ,R((sh)2)),

Ak(γ
k
1β

k
1 ) = r∂kρ+ sOλ,R((sh)2) = sλφ∂kψ + sOλ,R((sh)2).

Then we get

Dk(γ
k
1β

k
1σ

kAkσ
k) = −sλ2φ(σk)2(∂kψ)

2 + sλφO(1) + sOλ,R(sh).

Similarly, we obtain the third estimate.
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To estimate h2D3
k(γ

k
1β

k
1σ

kAkσ
k), introducing α1 = σkAkσ

k and α2 = γk
1β

k
1 we first write

D3
k(γ

k
1β

k
1σ

kAkσ
k) = D3

kα2A
3
kα1 + 3D2

kAkα2A
2
kDkα1 + 3A2

kDkα2D
2
kAkα1 +A3

kα2D
3
kα1.

We note that we have

A3
kα1 = O(1), A2

kDkα1 = O(1), hD2
kAkα1 = O(1), h2D3

kα1 = O(1),

and, with the second equality in Lemma 3.10,

hD3
kα2 = sOλ,R(1), D2

kAkα2 = sOλ,R(1),

A2
kDkα2 = sOλ,R(1), A3

kα2 = sλφO(1) + sOλ,R((sh)2).

The estimate for h2D3
k(γ

k
1β

k
1σ

kAkσ
k) then follows.

By (A.9) and Lemma A.1, we get

Ikk =−
∫
Ω∗

h,k

sλ2φ(σk)2(∂kψ)
2|Dkv|2 +

∫
Ω∗

h,k

(sλφO(1) + sOλR(sh))|Dkv|2

+ 2

∫
Ωh

sλ2φ(σk)2(∂kψ)
2|AkDkv|2 +

∫
Ωh

(sλφO(1) + sOλR(sh))|AkDkv|2

+
h2

2

∫
Ωh

sλ2φ(σk)2(∂kψ)
2|D2

kv|2 + h2

∫
Ωh

(sλφO(1) + sOλR(sh))|D2
kv|2 + Y1k,

(A.10)

where

Y1k =− h2

2

∫
∂kΩh

D2
k(γ

k
1β

k
1σ

kAkσ
k)tkr (|Dkv|2)nk − h

2

∫
∂kΩh

tkr (Dk(γ
k
1β

k
1σ

kAkσ
k)|Dkv|2)

+

∫
∂kΩh

γk
1β

k
1σ

kAkσ
ktkr (|Dkv|2)nk.

A.2.2 Computation of Ijk, k ̸= j

The discrete integration by parts with respect to the difference operator Dk (3.1) gives

Ijk = −Re

∫
Ω∗

h,k

Dk(2γ
k
1β

j
1σ

jAjDjv)σ
kDkv,

since AjDjv = 0 in ∂kΩh when k ̸= j. Moreover, Ijk can be rewritten as

Ijk = −Re

∫
Ω∗

h,k

Dk(2γ
k
1β

j
1σ

j)AkAjDjvσ
kDkv − Re

∫
Ω∗

h,k

Ak(2γ
k
1β

j
1σ

j)DkAjDjvσ
kDkv

:= I
(1)
jk + I

(2)
jk ,

due to Lemma 3.1. Integrating by parts with respect to the average operator Ak (3.2) for I
(1)
jk gives

I
(1)
jk = −Re

∫
Ωh

Ak(Dk(2γ
k
1β

j
1σ

j)σkDkv)AjDjv

= −Re

(∫
Ωh

Ak(Dk(2γ
k
1β

j
1σ

j)σk)AkDkvAjDjv −
h2

2

∫
Ωh

Dk(Dk(γ
k
1β

j
1σ

j)σk)D2
kvAjDjv

)
,
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where we have used AjDjv = 0 in ∂kΩh for k ̸= j and Lemma 3.1. Similarly, we also have

I
(2)
jk = −Re

∫
Ω∗

h,jk

Aj(Ak(2γ
k
1β

j
1σ

j)σkDkv)DkDjv

= −Re

∫
Ω∗

h,jk

Aj(Ak(2γ
k
1β

j
1σ

j)σk)AjDkvDkDjv −
h2

2

∫
Ω∗

h,jk

Dj(Ak(γ
k
1β

j
1σ

j)σk)|DkDjv|2

=

∫
Ω∗

h,k

DjAj(Ak(γ
k
1β

j
1σ

j)σk)|Dkv|2 −
h2

2

∫
Ω∗

h,jk

Dj(Ak(γ
k
1β

j
1σ

j)σk)|DkDjv|2,

where we have used Dkv = 0 on ∂j(Ω
∗
h,k) for k ̸= j and 2AjDkvDkDjv = Dj(|Dkv|2).

We thus have

Ijk =

∫
Ω∗

h,k

DjAj(Ak(γ
k
1β

j
1σ

j)σk)|Dkv|2 − 2Re

∫
Ωh

Ak(Dk(γ
k
1β

j
1σ

j)σk)AkDkvAjDjv

− h2

2
Re

∫
Ωh

Dk(Dk(γ
k
1β

j
1σ

j)σk)D2
kvAjDjv −

h2

2

∫
Ω∗

h,jk

Dj(Ak(γ
k
1β

j
1σ

j)σk)|DkDjv|2.
(A.11)

Lemma A.2. For sh ≤ R and 1 ≤ j, k ≤ d, we have

DjAj(Ak(γ
k
1β

j
1σ

j)σk) = −sλ2φσjσk(∂jψ)
2 + sλφO(1) + sOλ,R(sh),

Ak(Dk(γ
k
1β

j
1σ

j)σk) = −sλ2φσjσk(∂kψ)(∂jψ) + sλφO(1) + sOλ,R(sh),

hDk(Dk(γ
k
1β

j
1σ

j)σk) = sλφO(1) +Oλ,R(sh),

Dj(Ak(γ
k
1β

j
1σ

j)σk) = −sλ2φσjσk(∂jψ)
2 + sλφO(1) + sOλ,R(sh),

where γk
1 = rA2

kρ and βj
1 = rAjDjρ.

Proof. The estimates all follow from Lemma 3.6 and the second equality in Lemma 3.10, arguing as in the proof of
Lemma A.1.

With (A.11) and Lemma A.2, we obtain

Ijk =−
∫
Ω∗

h,k

sλ2φσjσk(∂jψ)
2|Dkv|2 +

∫
Ω∗

h,k

(sλφO(1) + sOλ,R(sh))|Dkv|2

+ 2Re

(∫
Ωh

sλ2φσjσk(∂kψ)(∂jψ)AkDkvAjDjv +

∫
Ωh

(sλφO(1) + sOλ,R(sh))AkDkvAjDjv

)
+
h2

2

∫
Ω∗

h,jk

sλ2φσjσk(∂jψ)
2|DkDjv|2 + h2

∫
Ω∗

h,jk

(sλφO(1) + sOλ,R(sh))|DkDjv|2

+ hRe

∫
Ωh

(sλφO(1) +Oλ,R(sh))D2
kvAjDjv.

(A.12)

A.2.3 Estimate of Re(A1v,B1v)Ωh

We now collect the terms (A.10) and (A.12) to write

Re(A1v,B1v)Ωh = −
d∑

k=1

∫
Ω∗

h,k

sλ2φσk|∇σψ|2|Dkv|2 + Y1 +

5∑
i=1

Xi,
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where

Y1 =

d∑
k=1

Y1k =

d∑
k=1

∫
∂kΩh

γk
1β

k
1σ

kAkσ
ktkr (|Dkv|2)nk − h

2

d∑
k=1

∫
∂kΩh

tkr (Dk(γ
k
1β

k
1σ

kAkσ
k)|Dkv|2)

− h2

2

d∑
k=1

∫
∂kΩh

D2
k(γ

k
1β

k
1σ

kAkσ
k)tkr (|Dkv|2)nk,

X1 = 2

d∑
k=1

∫
Ωh

sλ2φ(σk)2(∂kψ)
2|AkDkv|2 + 2

d∑
j,k=1
j ̸=k

Re

∫
Ωh

sλ2φσjσk(∂kψ)(∂jψ)AkDkvAjDjv

= 2

∫
Ωh

sλ2φ

∣∣∣∣∣
d∑

k=1

σk(∂kψ)AkDkv

∣∣∣∣∣
2

≥ 0,

X2 =
h2

2

d∑
k=1

∫
Ωh

sλ2φ(σk)2(∂kψ)
2|D2

kv|2 +
h2

2

d∑
j,k=1
j ̸=k

∫
Ω∗

h,jk

sλ2φσjσk(∂jψ)
2|DkDjv|2 ≥ 0,

X3 =

d∑
k=1

∫
Ω∗

h,k

(sλφO(1) + sOλ,R(sh))|Dkv|2 +
d∑

k=1

∫
Ωh

(sλφO(1) + sOλ,R(sh))|AkDkv|2,

X4 =

d∑
j,k=1
j ̸=k

Re

∫
Ωh

(sλφO(1) + sOλ,R(sh))AkDkvAjDjv

and

X5 =

d∑
j,k=1
j ̸=k

∫
Ω∗

h,jk

h2(sλφO(1) + sOλ,R(sh))|DkDjv|2 +
d∑

k=1

∫
Ωh

h2(sλφO(1) + sOλ,R(sh))|D2
kv|2

+

d∑
j,k=1
j ̸=k

Re

∫
Ωh

h(sλφO(1) +Oλ,R(sh))D2
kvAjDjv.

We conclude with Cauchy-Schwarz inequalities that yields

|X4| ≤
d∑

k=1

∫
Ωh

(sλφ|O(1)|+ s|Oλ,R(sh)|)|AkDkv|2,

and

|X5| ≤
d∑

k=1

∫
Ωh

h2(sλφ|O(1)|+ s|Oλ,R(sh)|)|D2
kv|2 +

d∑
k=1

∫
Ωh

(sλφ|O(1)|+ |Oλ,R(sh)|)|AkDkv|2

+

d∑
j,k=1
j ̸=k

∫
Ω∗

h,jk

h2(sλφ|O(1)|+ s|Oλ,R(sh)|)|DkDjv|2.
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Then we complete the proof of Lemma 3.15.

A.3 Proof of Lemma 3.16

From the definitions of A2v and B1v in (3.5) we have

Re(A2v,B1v)Ωh =

d∑
j,k=1

Re

∫
Ωh

2σjr2D2
jρA

2
jvσ

kAkDkρAkDkv

:=

d∑
j,k=1

Re

∫
Ωh

2γj
2β

k
1σ

jσkA2
jvAkDkv

:=

d∑
j,k=1

Jjk,

where γj
2 = rD2

jρ and βk
1 = rAkDkρ.

A.3.1 Computation of Jkk

Since 2A2
kvDkAkv = Dk(|Akv|2), we have

Jkk =

∫
Ωh

γk
2β

k
1 (σ

k)2Dk(|Akv|2)

=−
∫
Ω∗

h,k

Dk(γ
k
2β

k
1 (σ

k)2)|Akv|2 +
∫
∂kΩh

γk
2β

k
1 (σ

k)2tkr (|Akv|2)nk

=−
∫
Ω∗

h,k

Dk(γ
k
2β

k
1 (σ

k)2)Ak(|v|2) +
h2

4

∫
Ω∗

h,k

Dk(γ
k
2β

k
1 (σ

k)2)|Dkv|2

+

∫
∂kΩh

γk
2β

k
1 (σ

k)2tkr (|Akv|2)nk

=−
∫
Ωh

AkDk(γ
k
2β

k
1 (σ

k)2)|v|2 + h2

4

∫
Ω∗

h,k

Dk(γ
k
2β

k
1 (σ

k)2)|Dkv|2

+

∫
∂kΩh

γk
2β

k
1 (σ

k)2tkr (|Akv|2)nk,

where we have used (3.1), (3.2) and the fact that v = 0 on ∂kΩh.

Lemma A.3. For sh ≤ R, we have

AkDk(γ
k
2β

k
1 (σ

k)2) = −3s3λ4φ3(σk)2(∂kψ)
4 + (sλφ)3O(1) + s2Oλ,R(1) + s3Oλ,R((sh)2),

Dk(γ
k
2β

k
1 (σ

k)2) = s3Oλ,R(1),

where γk
2 = rD2

kρ and βk
1 = rAkDkρ.

Proof. The estimates follow from the first equality in Lemma 3.10 and Lemma 3.7 arguing as in the proof of Lemma A.1.

Then we get

Jkk = 3

∫
Ωh

s3λ4φ3(σk)2(∂kψ)
4|v|2 +

∫
Ωh

((sλφ)3O(1) + s2Oλ,R(1) + s3Oλ,R((sh)2))|v|2

+

∫
Ω∗

h,k

sOλ,R((sh)2))|Dkv|2 + Y2k,
(A.13)
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where

Y2k =

∫
∂kΩh

γk
2β

k
1 (σ

k)2tkr (|Akv|2)nk.

A.3.2 Computation of Jjk, j ̸= k

The discrete integration by parts with respect to the average operator Aj (3.2) gives

Jjk = Re

∫
Ω∗

h,j

Aj(2γ
j
2β

k
1σ

jσkAkDkv)Ajv,

since AkDkv = 0 on ∂jΩh when k ̸= j. Moreover, Jjk can be rewritten as

Jjk = Re

∫
Ω∗

h,j

Aj(2γ
j
2β

k
1σ

jσk)AjAkDkvAjv +
h2

2
Re

∫
Ω∗

h,j

Dj(γ
j
2β

k
1σ

jσk)DjAkDkvAjv

:= J
(1)
jk +

h2

2
Re

∫
Ω∗

h,j

Dj(γ
j
2β

k
1σ

jσk)DjAkDkvAjv. (A.14)

due to Lemma 3.1. Further, by (3.2) and Lemma 3.1, we have

J
(1)
jk = Re

∫
Ω∗

h,jk

Ak(Aj(2γ
j
2β

k
1σ

jσk)Ajv)AjDkv

= Re

∫
Ω∗

h,jk

AkAj(2γ
j
2β

k
1σ

jσk)AkAjvAjDkv +
h2

2

∫
Ω∗

h,jk

DkAj(γ
j
2β

k
1σ

jσk)|AjDkv|2

=

∫
Ω∗

h,jk

AkAj(γ
j
2β

k
1σ

jσk)Dk(|Ajv|2) +
h2

2

∫
Ω∗

h,jk

DkAj(γ
j
2β

k
1σ

jσk)|AjDkv|2

:= J
(11)
jk +

h2

2

∫
Ω∗

h,jk

DkAj(γ
j
2β

k
1σ

jσk)|AjDkv|2, (A.15)

where we have used Ajv = 0 on ∂k(Ω
∗
h,j) for k ̸= j. Using (3.1), Lemma 3.1 and (3.2), we obtain

J
(11)
jk = −

∫
Ω∗

h,j

DkAkAj(γ
j
2β

k
1σ

jσk)|Ajv|2

= −
∫
Ω∗

h,j

DkAkAj(γ
j
2β

k
1σ

jσk)Aj(|v|2) +
h2

4

∫
Ω∗

h,j

DkAkAj(γ
j
2β

k
1σ

jσk)|Djv|2

= −
∫
Ωh

DkAkA
2
j (γ

j
2β

k
1σ

jσk)|v|2 + h2

4

∫
Ω∗

h,j

DkAkAj(γ
j
2β

k
1σ

jσk)|Djv|2, (A.16)

by virtue of Ajv = 0 on ∂k(Ω
∗
h,j) for k ̸= j and v = 0 on ∂jΩh.

Combing (A.14)-(A.16), we have

Jjk =−
∫
Ωh

DkAkA
2
j (γ

j
2β

k
1σ

jσk)|v|2 + h2

2

∫
Ω∗

h,jk

DkAj(γ
j
2β

k
1σ

jσk)|AjDkv|2

+
h2

4

∫
Ω∗

h,j

DkAkAj(γ
j
2β

k
1σ

jσk)|Djv|2 +
h2

2
Re

∫
Ω∗

h,j

Dj(γ
j
2β

k
1σ

jσk)DjAkDkvAjv.

(A.17)
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Lemma A.4. For sh ≤ R and 1 ≤ j, k ≤ d, we have

DkAkA
2
j (γ

j
2β

k
1σ

jσk) =− 3s3λ4φ3σjσ
k(∂kψ)

2(∂jψ)
2

+ (sλφ)3O(1) + s2Oλ,R(1) + s3Oλ,R((sh)2),

DkAj(γ
j
2β

k
1σ

jσk) =s3Oλ,R(1),

DkAkAj(γ
j
2β

k
1σ

jσk) =s3Oλ,R(1),

Dj(γ
j
2β

k
1σ

jσk) =s3Oλ,R(1),

where γj
2 = rD2

jρ and βk
1 = rAkDkρ.

Proof. The estimates follow from the first equality in Lemma 3.10 and Lemma 3.7 arguing as in the proof of Lemma A.1.

Using Lemma A.4 and the facts that |AjDkv|2 ≤ Aj(|Dkv|2) and Dkv = 0 on ∂j(Ω
∗
h,k), we get

h2

2

∣∣∣∣∣
∫
Ω∗

h,jk

DkAj(γ
j
2β

k
1σ

jσk)|AjDkv|2
∣∣∣∣∣ ≤

∫
Ω∗

h,jk

s|Oλ,R((sh)2)|Aj(|Dkv|2)

=

∫
Ω∗

h,k

s|Oλ,R((sh)2)||Dkv|2. (A.18)

By Young’s inequality and Lemma A.4 we note that

h2

2

∣∣∣∣∣Re

∫
Ω∗

h,j

Dj(γ
j
2β

k
1σ

jσk)DjAkDkvAjv

∣∣∣∣∣
≤s3(sh)

∫
Ω∗

h,j

|Oλ,R(1)||Ajv|2 + sh2(sh)

∫
Ω∗

h,j

|Oλ,R(1)||DjDkAkv|2

≤s3(sh)
∫
Ω∗

h,j

|Oλ,R(1)|Aj(|v|2) + s(sh)

∫
Ω∗

h,j

|Oλ,R(1)|Aj(|DkAkv|2)

=s3
∫
Ωh

|Oλ,R(sh)||v|2 + s

∫
Ωh

|Oλ,R(sh)|DkAkv|2, (A.19)

since v = 0 on ∂jΩh and DkAkv = 0 on ∂jΩh for k ̸= j and using Corollary 3.2.
In terms of (A.17)-(A.19) and Lemma A.4, we obtain

Jjk ≥3

∫
Ωh

s3λ4φ3σjσ
k(∂kψ)

2(∂jψ)
2|v|2 −

∫
Ωh

s|Oλ,R(sh)||DkAkv|2

−
∫
Ωh

((sλφ)3|O(1)|+ s2|Oλ,R(1)|+ s3|Oλ,R(sh)||v|2

−
∫
Ω∗

h,k

s|Oλ,R((sh)2)||Dkv|2 −
∫
Ω∗

h,j

s|Oλ,R((sh)2)||Djv|2

(A.20)

A.3.3 Estimate of Re(A2v,B1v)Ωh

Combining (A.13) and (A.20), the Lemma follows.
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A.4 Proof of Lemma 3.17

From the definitions of A1v and B2v in (3.5) we have

Re(A1v,B2v)Ωh = −
d∑

k=1

Re

∫
Ωh

2srA2
kρDk(σ

kDkv)(∆σφ)v (A.21)

For concision we now set ωk
1 = rA2

kρ(∆σφ). The discrete integration by parts (3.1) yields

−Re

∫
Ωh

2sωk
1Dk(σ

kDkv)v = Re

∫
Ω∗

h,k

2sDk(ω
k
1v)σ

kDkv

=

∫
Ω∗

h,k

2sAk(ω
k
1 )σ

k|Dkv|2 +Re

∫
Ω∗

h,k

2sDk(ω
k
1 )σ

kAkvDkv, (A.22)

where we have used v = 0 on ∂kΩh and Lemma 3.1.

Lemma A.5. For sh ≤ R, we have

Ak(ω
k
1 ) = λ2φ|∇σψ|2 + λφO(1) +Oλ,R(h+ (sh)2),

Dk(ω
k
1 ) = Oλ,R(1),

where ωk
1 = rA2

kρ(∆σφ).

Proof. Observing that

∆σφ =

d∑
k=1

σk∂2
kφ = −

d∑
k=1

σk∂k(λφ∂kψ) = λ2φ|∇σψ|2 + λφO(1),

by the first equality in Lemma 3.8 and the second equality in Lemma 3.9, we obtain the desired results.

By the discrete integration by parts (3.2) and Young’s inequality, we obtain

∣∣∣∣∣
∫
Ω∗

h,k

sOλ,R(1)σkAkvDkv

∣∣∣∣∣ ≤
∫
Ω∗

h,k

s2|Oλ,R(1)||Akv|2 +
∫
Ω∗

h,k

|Oλ,R(1)||Dkv|2

≤
∫
Ω∗

h,k

s2|Oλ,R(1)|Ak(|v|2) +
∫
Ω∗

h,k

|Oλ,R(1)||Dkv|2

=

∫
Ωh

s2|Oλ,R(1)||v|2 +
∫
Ω∗

k

|Oλ,R(1)||Dkv|2, (A.23)

since |Akv|2 ≤ Ak(|v|2) and v = 0 on ∂kΩh.
Consequently, we obtain the estimate of Re(A1v,B2v)Ωh from (A.21), (A.22), Lemma A.5 and (A.23).
Thus the proof of Lemma 3.17 is complete.

A.5 Proof of Lemma 3.18

From the definitions of A2v and B2v in (3.5) we have

Re(A2v,B2v)Ωh = −
d∑

k=1

Re

∫
Ωh

2sσkrD2
kρA

2
kv(∆σφ)v
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=

d∑
k=1

(
−
∫
Ωh

2sσkrD2
kρ(∆σφ)|v|2 −

h2

2
Re

∫
Ωh

sσkrD2
kρ(∆σφ)vD

2
kv

)

:=

d∑
k=1

(
−
∫
Ωh

2sωk
2 |v|2 −

h2

2
Re

∫
Ωh

sωk
2vD

2
kv

)
:= Q1k +Q2k, (A.24)

where ωk
2 = σkrD2

kρ(∆σφ) and we have used A2
kv = v + h2

4
D2

kv. By using integration by parts (3.1) twice, we can prove

Q2k =
sh2

2
Re

∫
Ω∗

h,k

Dk(ω
k
2v)Dkv

=
sh2

2

∫
Ω∗

h,k

Ak(ω
k
2 )|Dkv|2 +

sh2

4

∫
Ω∗

h,k

Dk(ω
k
2 )Dk(|v|2)

=
sh2

2

∫
Ω∗

h,k

Ak(ω
k
2 )|Dkv|2 −

sh2

4

∫
Ωh

D2
k(ω

k
2 )|v|2, (A.25)

where we have used v = 0 on ∂kΩh and AkvDkv = 1
2
Dk(|v|2).

Similar to Lemma A.5 and Lemma A.1, we have the following Lemma.

Lemma A.6. For sh ≤ R, we have

ωk
2 = s2λ4φ3|∇σψ|2σk(∂kψ)

2 + s2λ3φ3O(1) + sOλ(1) + s2Oλ,R((sh)2),

Ak(ω
k
2 ) = s2Oλ,R(1),

h2D2
k(ω

k
2 ) = sOλ,R(sh),

where ωk
2 = σkrD2

kρ(∆σφ).

Then we get the estimate of Re(A2v,B2v)Ωh from (A.24), (A.25) and Lemma A.6. Thus the proof of Lemma 3.18 is
complete.

A.6 Proof of Lemma 3.19

We set ωk
3 = φσk|∇σψ|2. For k, j = 1, . . . , d with k ̸= j, by (3.2), (3.1) and Lemma 3.1, we have∫
Ω∗

h,k

ωk
3 |Dkv|2 =

∫
Ω∗

h,kj

Aj(ω
k
3 |Dkv|2)

=

∫
Ω∗

h,kj

Aj(ω
k
3 )Aj(|Dkv|2) +

h2

4

∫
Ω∗

h,kj

Dj(ω
k
3 )Dj(|Dkv|2)

=

∫
Ω∗

h,kj

Aj(ω
k
3 )|AjDkv|2 +

h2

4

∫
Ω∗

h,kj

Aj(ω
k
3 )|DjDkv|2 −

h2

4

∫
Ω∗

h,k

D2
j (ω

k
3 )|Dkv|2

≥h
2

4

∫
Ω∗

h,kj

Aj(ω
k
3 )|DjDkv|2 −

h

4

∫
Ω∗

h,k

((τj − τ−j)Dj(ω
k
3 ))|Dkv|2,

since Dkv = 0 on ∂j(Ω
∗
h,k).

On the other hand, for k = 1, . . . , d, by (3.2), (3.1) and Lemma 3.1, we have∫
Ω∗

h,k

ωk
3 |Dkv|2 =

∫
Ωh

Ak(ω
k
3 |Dkv|2) +

h

2

∫
∂kΩh

tkr (ω
k
3 |Dkv|2)
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≥
∫
Ωh

Ak(ω
k
3 )Ak(|Dkv|2) +

h2

4

∫
Ωh

Dk(ω
k
3 )Dk(|Dkv|2)

=

∫
Ωh

Ak(ω
k
3 )|AkDkv|2 +

h2

4

∫
Ωh

Ak(ω
k
3 )|D2

kv|2

− h

4

∫
Ω∗

h,k

((τk − τ−k)Dk(ω
k
3 ))|Dkv|2 +

h2

4

∫
∂kΩh

Dk(ω
k
3 )t

k
r (|Dkv|2)nk.

We thus have

d∑
j,k=1

∫
Ω∗

h,k

ωk
3 |Dkv|2 ≥

d∑
j,k=1
j ̸=k

(
h2

4

∫
Ω∗

h,kj

Aj(ω
k
3 )|DjDkv|2 −

h

4

∫
Ω∗

h,k

((τj − τ−j)Dj(ω
k
3 ))|Dkv|2

)

+
d∑

k=1

(
h2

4

∫
Ωh

Ak(ω
k
3 )|D2

kv|2 −
h

4

∫
Ω∗

h,k

((τk − τ−k)Dk(ω
k
3 ))|Dkv|2

)

+

d∑
k=1

∫
Ωh

Ak(ω
k
3 )|AkDkv|2 + Y3,

(A.26)

where

Y3 =
h2

4

d∑
k=1

∫
∂kΩh

Dk(ω
k
3 )t

k
r (|Dkv|2)nk.

Moreover, for j, k = 1, . . . , d, we have

Aj(ω
k
3 ) = ωk

3 + hOλ,R(1), (τj − τ−j)Dk(ω
k
3 ) = Oλ,R(1), (A.27)

where ωk
3 = φσk|∇σψ|2. From (A.26) and (A.27), the result of Lemma 3.19 follows.

A.7 Proof of Lemma 3.20

We begin proving the first inequality (3.13) of our Lemma. Recalling that v = ru, u = ρv, thanks to Lemma 3.1 and
Young’s inequality, we have

∫
Ω∗

h,k

r2|Dku|2 ≤ 2

(∫
Ω∗

h,k

r2|DkvAkρ|2 +
∫
Ω∗

h,k

r2|AkvDkρ|2
)

:= 2(H1 +H2).

Let us first estimate H2. Using Lemma 3.1, (3.2) and the second equality in Lemma 3.8 we botain

H2 ≤
∫
Ω∗

h,k

|rDkρ|2Ak(|v|2) =
∫
Ωh

Ak(|rDkρ|2)|v|2 ≤ s2
∫
Ωh

|Oλ,R(1)||v|2,

since v = 0 on ∂kΩh. It remains to prove that

H1 ≤
∫
Ω∗

h,k

|Oλ,R(1)||Dkv|2,

which follows from the first equality in Lemma 3.8, and inequality (3.13) is proved.
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To prove the inequality (3.14), we note that

|ρDkv|2 = |ρAkrDku+ ρDkrAku|2 ≤ Cλ,R(|Dku|2 + s2|Aku|2),

due to Lemma 3.1 and the first and second equality Lemma 3.8. Then, by virtue of tkr (|Aku|2) = h2

4
tkr (|Dku|2) and

sh ≤ R, we have

tkr (|Dkv|2) = tkr (r
2|ρDkv|2) ≤ Cλ,Rt

k
r (r

2)tkr (|Dku|2) (A.28)

Moreover, by Definition 2.7, we have

|∂nu|2 = |tkr (σkDku)nk|2 = |tkr (σk)|2|tkr (Dku)|2 ≥ Ctkr (|Dku|2), (A.29)

for x ∈ ∂kΩh, k = 1, . . . , d. Combining (A.28) with (A.29), we get (3.14). Thus the proof of Lemma 3.20 is complete.

Appendix B.

Proposition B.1. Let Assumption 2.4 and Assumption 2.5 hold. Let M > 0, q ∈ C(Ωh) satisfying ∥q∥L∞
h

(Ωh) ≤M and

let u ∈ C(Ωh) satisfying

−∆hu+ qu = f, in Ωh,

u = 0, on ∂Ωh,
(B.1)

where f ∈ C(Ωh) and f = 0 on ∂Ωh. Then there exists constant C > 0 independent of h such that

∥u∥H2
h
(Ωh) ≤ C∥f∥L2

h
(Ωh). (B.2)

Proof. By Assumption 2.5, we have

∥u∥H1
h
(Ωh) ≤ C∥f∥L2

h
(Ωh), (B.3)

for some constant C > 0 independent of h. Accordingly, replacing f by f − qu, we are reduced to the case q = 0, that
we assume from now.

Since Ωh = hZd ∩ (0, 1)d, we first propose to extend u a priori defined on the discrete domain Ωh to Ωext,h =
hZd ∩ (−1, 2)d as follows. For x = (x1, . . . , xd) ∈

(
[0, 1]d−1 × (−1, 2)

)
∩ Ωext,h, we set ũ(x) = −u(x1, . . . , xd−1,−xd) for

xd ∈ (−1, 0) and ũ(x) = −u(x1, . . . , xd−1, 1 − (xd − 1)) for xd ∈ (1, 2). This defines ũ on
(
[0, 1]d−1 × (−1, 2)

)
∩ Ωext,h.

Then, for x = (x1, . . . , xd) ∈
(
[0, 1]d−2 × (−1, 2)× [0, 1]

)
∩ Ωext,h, we set ũ(x) = −u(x1, . . . , xd−2,−xd−1, xd) for xd−1 ∈

(−1, 0) and ũ(x) = −u(x1, . . . , 1− (xd−1 − 1), xd) for xd−1 ∈ (1, 2). This defines ũ on
(
[0, 1]d−2 × (−1, 2)× [0, 1]

)
∩Ωext,h.

By induction, we then extend it for x = (x1, . . . , xd) ∈ Ωext,h by setting ũ = −u(−x1, . . . , xd) for x1 ∈ (−1, 0) and

ũ = −u(1− (x1 − 1), . . . , xd) for x1 ∈ (1, 2). We do a similar extension f̃ of f on Ωext,h taking care of choosing f̃ = 0 on
∂Ωh.

We thus have constructed a solution ũ of

−∆hũ = f̃ , in Ωext,h,

ũ = 0, on ∂Ωext,h.
(B.4)
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We then choose a function χ ∈ C∞
c ((−1, 2)d) such that χ = 1 on [0, 1]d and we multiply (B.4) by −χD2

1ũ, after some
integrations by parts where all the boundary terms vanish due to the choice of χ, we obtain

∫
Ωext,h

χA1σ
1|D2

1ũ|2 +
d∑

k=2

∫
(Ωext,h)∗1

A1(Akχσ
k)|D1Dkũ|2

=−
∫
Ωext,h

χD2
1ũf̃ −

∫
Ωext,h

χD1σ
1D2

1ũA1D1ũ+

d∑
k=2

∫
Ωext,h

Ak(Dkχσ
kDkũ)D

2
1ũ

−
d∑

k=2

∫
(Ωext,h)∗1

D1(Akχσ
k)A1DkũDkD1ũ.

(B.5)

Of course, since χ = 1 on [0, 1]d, the left hand-side of (B.5) is bounded from below by

C

(∫
Ωh

|D2
1u|2 +

d∑
k=2

∫
Ω∗

h,k1

|D1Dku|2
)
.

On the other hand, noting that ũ and f̃ are symmetric extensions of u and f , the right hand-side of (B.5) is bounded
form above by

C

(∫
Ωh

|D2
1u|2

) 1
2

+

d∑
k=2

(∫
Ω∗

h,k1

|D1Dku|2
) 1

2

(∥f∥2L2
h
(Ωh) + ∥u∥H1

h
(Ωh)

)
.

We thus obtain

(∫
Ωh

|D2
1u|2

) 1
2

+

d∑
k=2

(∫
Ω∗

h,k1

|D1Dku|2
) 1

2

≤ C
(
∥f∥2L2

h
(Ωh) + ∥u∥H1

h
(Ωh)

)
. (B.6)

Similarly, we have

(∫
Ωh

|D2
i u|2

) 1
2

+

d∑
k=2

(∫
Ω∗

h,ki

|DiDku|2
) 1

2

≤ C
(
∥f∥2L2

h
(Ωh) + ∥u∥H1

h
(Ωh)

)
, (B.7)

for i = 2, . . . , d. Combining (B.6), (B.7) and (B.3), we obtain the inequality (B.2).
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