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STABILITY ESTIMATE FOR THE DISCRETE CALDERON
PROBLEM WITH PARTIAL DATA

XIAOMENG ZHAO® AND GANGHUA YUAN®

Abstract. In this paper, we focus on the analysis of discrete versions of the Calderén problem with
partial boundary data in dimension d > 3. In particular, we establish logarithmic stability estimates for
the discrete Calderén problem on an arbitrarily small portion of the boundary under suitable a priori
bounds. For this end, we will use CGO solutions and derive a new discrete Carleman estimate and a key
novel unique continuation estimate. Unlike the continuum case, we use a new strategy inspired by [L.
Robbiano, Asymptot. Anal. 10 (1995) 95-115] to prove the key discrete unique continuation estimate
by utilizing the new Carleman estimate with boundary observations for a discrete Laplace operator.
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1. INTRODUCTION

In this work, we are interested in a discrete version of the Calderén problem proposed by Calderén [1] in
1980. He asked if it is possible to determine the electrical conductivity of a medium by making voltage and
current measurements at the boundary of the medium. This inverse problem is known as the Calderén problem
and has been the origin of many interesting works. An excellent survey of the history of this problem and its
developments can be found in [2].

To be more precise, let G be a smooth bounded domain of R?. Let us denote by n = n(z) the outward normal
vector at x € 0G. Given k a positive conductivity function, we define the Dirichlet-to-Neumann (DtN) map
associated with the conductivity problem

A(k) : H2(0G) — H™2(0G), A(k):g— kVu-n, (1.1)
where u is the unique solution to the elliptic problem
div(kVu) =0in G and wu =g on 0G. (1.2)

The Calderén problem is the following: given A(k), can we retrieve the conductivity k7 Such a question is
considered as the archetype of inverse problems and was originally motivated by oil prospection [1] but has
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application in EIT, in the medical imaging method [3] and in several other inverse problems as detection of
leaks in buried pipes [4].
On the other hand, it is well known that the Liouville transform allows rewriting (1.2) in the following way:

Ak
V-
Thus, Calderén’s problem can be considered as: given ¢ a regular potential function, we define the DtN map

in the following way:

—k~2div (KV(H*%U)) =—-Av+qu=0, whereq= (1.3)

Ag): H2(9G) — H(9G), Alg): g Vu-n, (1.4)
for a prescribed voltage g on 0G, where u is the unique solution of the problem
—Au+qu=0inG and u=gon JG. (1.5)

Hence, the Calderén problem consists in recovering the potential ¢ from the DtN map in (1.3).

Focusing on d > 3, there are many references in the continuum case. And there are subcases that consider
measurements on the whole boundary 90G (full data) (see e.g., [5]) or on a nonempty open subset of G (partial
data) (see e.g., [6-13]). We can see the survey [14] for more references.

The discrete version of these inverse problems are interesting themselves [15]. The discrete version of the
Calder6n problem is related to resistor networks, where we have to determine the conductivities for an electrical
network from the knowledge of the electrical potential and current in some nodes. The mathematical model for
this is a weighted graph and a function defined on the vertices, where the weights of the edges are related to
the conductivity of the edges, and the function is the electrical potential. The discrete version of the Calderén
problem has been studied in [16] and [17]. In [16], a discrete stability estimate is obtained by using full boundary
data. For the partial boundary data case, [17] prove a stability result for the discrete Calderén problem in a
cube in R?, d > 3, when measurements are taken on the boundary except for one side of the cube. In this paper,
we prove a stability result for the discrete Calderén problem with measurements taken just on an arbitrarily
small portion of one side of the cube in R%, d > 3.

To study the discrete Calderén problems, we first derive a Carleman estimate with boundary observation
and a key novel unique continuation result for the discrete equation. Then, we use the discrete CGO solution
(constructed in [16]) to bound the Fourier transform of the difference of the potentials g; — ¢o. This produces
the logarithm in the dependence of the error of the DtN operator on the stability inequality. Since the Carleman
parameter is limited by h, the bound of the Fourier transform is obtained only in a ball limited by A, unlike the
continuum case.

One of the main difficulties we encounter to deduce the stability estimate is how to develop the key unique
continuation estimate for the discrete Calderén problem with homogeneous boundary condition. Due to the
“cusps” of the domain under consideration, we can not use the special weight functions as in [9] or [13] to
derive the discrete Carleman estimate with arbitrary boundary data, which is a key tool to prove the unique
continuation result for the continuum counterpart (see e.g., [9, 13] ). Inspired by [18], we overcome this difficulty
by using a new strategy and deriving discrete Carleman estimate with other kind of weight functions. Of course,
for the discrete unique continuation estimate again, as expected in view of the above discussion, the parameters
in the estimate should be limited in some range depending on the mesh size.

In the study of inverse problems and controllability in the continuum setting, Carleman estimates have been
one of the main tools, and the discrete setting has not been the exception. In recent years, the development
of discrete or semi-discrete Carleman estimates have been used to obtain different results. For instance, the
controllability of spatial discrete parabolic systems [19-24], time discrete parabolic systems [25] and the fully
discrete case [26, 27]. Furthermore, for inverse problems we refer to [28, 29] for the semi-discrete wave equations,
[30] for the two-dimensional semi-discrete damped wave equation, [31] for the two-dimensional semi-discrete
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Schrodinger equation and [32] for the one-dimensional semi-discrete stochastic parabolic equation. For the
discrete Laplacian operator, we refer to [16] and [17]. Moreover, in the study of discrete propagation of smallness
see [33]. The novelty of the discrete Carleman estimate presented in this paper is that it uses a different weight
function and boundary observation.

The novelty of this paper are summarized as follows:

1. Compare with [16] and [17], the inverse problem in this paper just utilizes measurements on an arbitrarily
small portion of one side of the cube in R%, d > 3, much less than those in [16] and [17].

2. We use a weight function different from that in [16, 17] to derive a new discrete Carleman estimate with
boundary observation.

3. In order to reduce the measurements to an arbitrarily small portions of one side of the cube in R%,d > 3, we
need to prove a key novel unique continuation estimate for the discrete elliptic equation. The unique continuation
result may have its own interest.

4. In order to prove the key novel unique continuation estimate for the discrete elliptic equation, we use a
strategy inspired by [18] with utilizing the new Carleman estimate derived in this paper. This strategy may be
used to deal with inverse problems for other kind of discrete equations.

In Section 2, we give some preliminaries of the discrete problem and present the main result. In Section 3,
we present discrete calculus results and prove a Carleman estimate which is the basis of the proof of the unique
continuation result, given in Section 4. In Section 5, we prove our main result concerning the stability for the
discrete Calderén problem with partial data. Finally, in appendix, we focus on the technical steps to obtain the
discrete Carleman estimate from Section 3.

2. SOME PRELIMINARIES AND MAIN RESULT

In this section, we introduce notations specific to the discrete problem that will be used throughout this

paper.
Let us consider N € N, and h := ﬁ small enough, which represents the size of our mesh. We also define the

Cartesian grid of [0,1]¢ as K, := h[[0, N + 1]]¢, where [[0, N + 1]]¢ := Z¢ N [0, N + 1]¢. We set  := (0,1)%,d >
3,0, :=QN Ky, and 99y, := 90N Ky,.

2.1. Meshes and operators

For any set of points Wy, C hZ® or Wy, C Tk(th)7 we define the mesh in the direction ey, with {ek}gzl the
usual base of R%, as

W;zk,k = Tk(Wh) U Tfk(Wh),

where 74, (Wy) == {2 £ Lex|zr € W, }. Similarly, we define Wi = OWh ) ={z+ bep+ Lejlz € Wy} Obvi-
ously, Wy , =W i We will write briefly Wh,k when k = j. This enables us to define the boundary points, in
the ey direction, as

8kWh = Wh,k\Wh.

Moreover, for 1 < k < d, we define

d
Wi = @G Whi) U (72;Whi)) and  OWp, := Wi\Wh.



4 X. ZHAO AND G. YUAN

For any set of points Wj, C hZ4 or W, C 7(hZ?), denote as C(W},) the set of discrete functions from W, to
C and define the difference and average operators in the direction e as

(D)) i= BT gy

(A (z) = 224 ET—’“““), T € Wiy,

where 7ypu(z) := u(z + %ej,). We notice that the discrete operators Aj, and Dy, are defined from C(W,,) to
COVi 1)-
Moreover, we define the outward normal of the set Wy, in the direction ey as ni € C(OxWn) b

L if rg(2) € Wi, and 7 (2) € Wy 4,

Vo € OpWh, =
T € OpWh, ni(z) {_1 if 7p(z) ¢ Wy, and 73,(x) € Wy ..

Then, we can define 8+Wh = {x € O W, ni(x) = 1} and O, Wy, := { € 0pWh,ni(xz) = —1}. Additionally,
to introduce the boundary condition we also define the trace operator in the direction k, denoted by ¢, for
u€CWy ) as

T_pu(z) nelx) =1,

Var € 0Vt (u) () = {Tku(x) ny(z) = —1.

2.2. The discrete Laplace operator
Similar to [16] and [17], we define the operator Ay, from C(Q,) to C(2,) as

Ahu = ZDk Dku in Qh, (21)

where ¢% > 0 and 0% € R (UL, (Q4); U,). Here, R (UL (Q),); UQy) denotes the set of discrete functions
from U, (Qp)F UQy, to R. In the sequel, we shall use the symbol o* for both the continuous function and its

sampling on the discrete sets.
Given a set W, for u € C(W},), we define its Ly° (W) norm as

lell e oy += max {Ju(z)[}-

Then, we introduce the following definition

Definition 2.1.

Z |D;(o ||L°° Q) €a(h) = Z ”Aj(gk) - 1||L§i°(§h,k)’
k’j

and M(h) == 32, HUkHLgé((m);)-

Then we consider the following assumption for the mesh parameters.
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Assumption 2.2. We suppose that

My :=sup M(h) < 00, €4,€q <1.
h—0

We note that if ¢, < 1, there exist ¢ and @, such that,

O<0’<Aj(0’k)§5 in Qp k.

- — )

Remark 2.3. Assumption 2.2 originates from [16] which is used to assure the existence of CGO solution for
the discrete Schrodinger equation (see also [17]).

And for any potential ¢ we consider the following:

Assumption 2.4. The potential g € C(Qy,) verifies that the system

—Apu+qu =0, in Qp,
u=g, on JdQy,

has only one solution for any g € C(9p,).

Assumption 2.5. The potential ¢ € C(£;,) verifies that for the system

—Apu+qu=f, in Q,
u=0, on dQy,

there exists a constant C' > 0 independent of h such that

lull ) < Cllfllzz @n)>

where the norms are defined in Section 2.3.
Remark 2.6. If ¢ > 0, then we can check that Assumption 2.5 holds by using the discrete Poincaré inequality.
Now, let us consider the definition of the discrete normal derivative.

Definition 2.7. We define the normal derivative in 92, for any u € C(Q4),
d
Opu = th(Jkau)nk, on 0Q,.
k=1

Moreover, via the discrete normal derivative, we consider the DtN operator.

Definition 2.8. We define the DtN map:
Anlql(g) := Onu, on OQp,
where u € C(Qy,) is the solution of

—Apu+qu =0, in Q,
u=g, on Q.
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2.3. Discrete integral and norm

For a finite set W, C hZ? or W), C 7 (hZ?), we define the discrete integral for u € C(W,) as

/Wh u:= h? Z u(x),

TEWY,

and the following L? inner product in C(W,)
(u, v)w, == / ut, u,v € C(Wp).
Wh

We also define the following norms in C(W,):

ullZs oy = (s ) [l ) = Z / R

=1j= Wi, Jkj

||u||H2(Wh ”u”Hl(Wh) + HU”Hz(W )

Next, we introduce the discrete integration on the boundary for a subset 'y, of OW), as

/ w = hat Z u(x
Ty

zely

where u € C(T'},) and Ty, C OWj,. Additionally, we introduce a norm on the boundary:

1/2
|flez @y, = (hd_l Z |f(ac)|2> , forany Ty, C OW,.

zely,

Then, as in [16], we also define the Sobolev norms for any trace function g in C(92;,) as
|g|H}1L/2(8Qh) = u\gin:g HU’HH}L(Q}L)’
lgl . —1/2,. max fg.
H, o) m 1172 00, =L o,
2.4. Main result

Before stating our result precisely, let us introduce the discrete H"-norms for » € R. For h > 0, set K, =
[0, N]]¢ := Z4 N [0, N]* and define the discrete Fourier transform of a function u € C(), denoted by F(u) in
C(Ky) as

Fw)(©) :=h" Y u(a)e > @0 v e Ky

T€EQy



STABILITY ESTIMATE FOR THE DISCRETE CALDERON PROBLEM WITH PARTIAL DATA 7

Then, we define the Sobolev-discrete norm H", for any r € R, by

1/2

ulay ) = | D IF@) P+ €2

€eky,

In [16], the authors mentioned that with this definition, the celebrated Plancherel formula states that the norm
[ulmo(e,) coincides with [[ul| 12 (). Moreover, as in the continuum case, it is classical to show that || - [z @),
|+ |72 (q,,) defined in Section 9.3 and | [ ()| * |m2(0,) are equivalent independently of h respectively.

NOW we present the main result in this paper.

Theorem 2.9. Let M > 0. Let T’ be a non-empty open subset of OQ satisfying Ty := (T NOQy) C (“)iiQh,
1 < <d. Suppose that Assumption 2.2 is satisfied. Let q1, g2 € C(2) be two potentials satisfying Assumption
2.4, Assumption 2.5 and ||¢;l|Le0,) < M,j=1,2, q1 = g2 in Op = O N Qp, where O C Q is a neighborhood of
09 . Set

[Anla1] = Anlgollle, oy = - max |(Anlgi] = Anla2])(9) ]2,y - (2.2)

|9|Hl/2(69h):1

Then there exists a constant hg > 0 depending on M, such that for r > 0 there exists a constant C > 0 such
that

|Q1 - (I2|H;T(Qh) < Cmax {Ed s €a> R, |1n ( |Ah[Q1] Ah[(D}HLh(Fh)) |*204} ) (23)

for all 0 < h < ho, where v := 5.0
Remark 2.10. The stability estimate (2.3) is influenced by €4, €4, h and the error in the DtN maps. The term
|In(error)|=2* on the right-hand side of (2.3) is consistent with the stability estimate for the continuum case
(see e.g., [34]). And the terms €2, €%, h® stem from the discrete setting of the problem.

On the other hand, unlike the stability results for the continuum case, Theorem 2.9 does not yield uniqueness.
Indeed, if Ap[g1] = Anlge], then for any r > 0, we have

lg1 — q2|H;r(Qh) < C'max {630" €, ha} . (2.4)

Consequently, given h > 0, this does not guarantee uniqueness, but rather some kind of asymptotic uniqueness
as h — 0, since the right-hand side of (2.4) goes to zero as h — 0.

Remark 2.11. In [16], a discrete stability estimate is obtained by using full boundary data. For the partial
boundary data case, [17] prove a stability result for the Calderén problem for a suitable class of potentials in a
cube in R? d > 3, when measurements are taken on the boundary except for one side of the cube. To the best
of our knowledge, our result is the first stability estimate for the discrete Calderén problem with measurements
taken just on arbitrarily small portions of one side of the cube in R%,d > 3 (see Figure 1).

Remark 2.12. The stability result is in line with the known partial data theory in the continuum case.
Moreover, the proof in principle can be viewed as a translation of a typical continuum proof into the discrete
case. The typical proof uses first unique continuation to pass to the full data case and then employs the theory
in the full data case. For a recent description of the continuum case, with a good overview of the literature, see
Section 6 of [35]. The main differences between the discrete case and the continuum case are as follows:

1. The “Calculus” for discrete case and continuum case are different (see Sect. 3.1).

2. The stabilities between the discrete case and the continuum case are different (see Rem. 2.10).
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(a) the measurement domain in [17] (b) the measurement domain in this paper

FIGURE 1. The pink area denotes the measurement domain.

3. The discrete domain is in a cube with non-smooth boundary, while the continuum counterpart is often a
C?-smooth domain (see e.g., [9, 13]). So the method used to prove the unique continuation result in this paper
is different from the methods used in [9, 13] (see Sect. 4).

Remark 2.13. There are some limitations of the current result. For example, we need the Dirichlet data (i.e.
the input data) on the full boundary to obtain the stability. It is very interesting to prove a stability with the
Dirichlet data just support on an arbitrary portion of the discrete boundary. Another limitation of the result
is that the potential ¢ should be known in a neighborhood of the boundary. To relaxing this assumption will
be very challenging. A more challenging and interesting problem is to prove that the sequence g, (h denotes
the size of the discrete mesh) of the discrete potentials converges (in a suitable topology) towards ¢ when the
discrete DtN map Ay (gpn) converges towards A(g) as h — 0 (in a suitable topology) (see e.g., [29]).

3. DISCRETE CARLEMAN ESTIMATE

In this section, we establish a discrete Carleman estimate with boundary observation. Before the calculus,
we introduce some formulas which will be used in the following article.

3.1. Discrete calculus formulas

First, we provide the product rule for the average and the difference operators.

Lemma 3.1 ([16], Lem. 2.1). As operators from C(W},) to COWV; k;), we have the following identities:
AgAj = AjA,, ApDj =D;A,, DypDj = D;Dy.
Moreover, for any u,v € C(W3), we have the following identities on Wi k-

Dy (uv) = DyuAgv + AguDyv,
h2
Ap(uv) = AguArv + ZDkuDkv.
As a direct consequence of Lemma 3.1, we have the following Corollary.

Corollary 3.2. For u € C(W,),

h2
Ak(uz) = (Aku)Q + Z(Dku)2, Dk(UZ) = 2DkuAku, on W;:,k
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In particular, for all u € C(Wy,),
4 *
(Apu)? < Ap(u?),  (Dpu)® < ﬁAk(uz)a on Wi, .
Then we state the discrete integration by parts for the difference and average operators.

Lemma 3.3 ([17], Lem. 2.2). Given a mesh Wi, defined as above, for any v € C(Wj ), u € C(Wh i), we have

/ uDyv = —/
Wh, w
/ uApv :/

Wi, w

3.2. Calculus results related to the weight functions

vDgu + / uth (v)ny, (3.1)
Ok Wh

P
h,k

vAgu — ﬁ/ utk (v). (3.2)
2 Joywa

*
h,k

Our Carleman weight function is defined as e*® for s > 1, with ¢ = e, A > 1, where ¢ is a continuous
function. In this paper, we shall use the same notation for the sample of the continuous function on the discrete
sets. We suppose that the function 1 satisfies the following properties.

Assumption 3.4. Let ﬁl)e an open and connected bounded neighborhood of € in R? with smooth boundary.

The function 1 is in C°°()), i.e. infinitely differentiable function, and satisfies

|V > 0 and 1 > 0 in €.
Remark 3.5. We enlarge the open set (2 to a larger open set Q as this will guarantee that after performing
some discrete operations in €2, 1 is still well-defined.

In the sequel, C will denote a generic constant independent of h, whose value may change from line to line.
As usual, we shall denote by O(1) a bounded function and by Ox(1) a bounded function once A is fixed. We
denoted by Ox(sh) the functions that verify [[Ox(sh)||Lx(q,) < Cash for some constant C depending on A.

We say that « is a multi-index if a = (aq,...,aq) € N? and for y = (y1,...,94) € R? we write:
|a‘:a1+...+ad’ ya:ytlxlygd

Moreover, we denote by 0 the differential operator in the continuum case. For f = f(z1,...,z4) € CI*I(R?), we
write

O = O+ 03,

where we abbreviate 057 as 0;, i =1,...,d.

We now provide some technical lemmas related to discrete operations performed on the Carleman weight
functions that is of the form % with ¢ = e™*¥, 1) € C'™°. For concision, we set 7 = e*? and p = r~'. The positive
parameters s and h will be large and small respectively and we are particularly interested in the dependence on
s,h and A in the following basic estimates.

We assume s > 1 and A > 1. We shall use multi-index of the form a = (aq,...,a4). The proofs can be found
in [20, 22, 36].

Lemma 3.6 ([20], Lem. 2.7). Let a and 8 be multi-indices. We have
0°(r0° p) =la () A1 (- g+

+[al|Bl(s) *INHTO(1) + sl Hal (Ja] = 1)0A(1)
ZOA(S‘al).
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The same expressions hold with r and p interchanged and with s changed into —s.

Lemma 3.7 ([20], Cor. 2.8). Let o, 5 and § be multi-indices. We have

86(r2(3ap)aﬂp) =|a+ ﬁ||6|(—Stp)la+ﬁ|)\‘a+ﬁ+5|(—V¢)°‘+ﬁ+5
+[8|a+ Bl () PN+ O(1)
+ s (Jal(Jaf = 1) + 18](18] — 1)0a(1)
=0y (slotPh.

Lemma 3.8 ([20], Prop. 2.9). Let a be a multi-index. Let k,j =1,...,d, provided sh <R, we have

rdip =1+ O\r((sh)*) = Orr(1), p=12,
rAY Dip = rkp + sOxr((sh)?) = sOxr(1), p=0,1,
rDY DY p = ropc 0% p+ sOar((sh)?) = s°Oxr(1), pr+pj <2.
The same estimates hold with p and r interchanged.

Lemma 3.9 ([20], Prop. 2.12). Letp € N, k,j =1,...,d, provided sh <R, we have

Dy(rDip) = s°Oxr(1),
Dy(rAZp) = Oxr((sh)?).
The same estimates hold with r and p interchanged.

Lemma 3.10 ([20], Prop. 2.13). Let a be a multi-indez, k,j =1,...,d and px,py,p;,p; € N. For py +p; <2,
provided sh < R we have

APF AT DPF DY (2 A Dy pD3p) = 00 0% (1 (9kp)03p) + s°Ox ((sh)?) = s*Ox = (1),
Ai"AijDi’“D? (r?A;DjpA3p) = 35’“8;” (r0jp) + sOx = ((sh)?) = sOx = (1).

3.3. Discrete Carleman estimate

We introduce the following notations related to the coefficients 0%,k = 1,...,d for any function f,

d
Vof = (Voloif, ... .No@0af), A.f=>> o d}f.
k=1

The enlarged neighborhood Q of Q introduced in Assumption 3.4 allows us to apply multiple discrete operators
such as Dy and Ay on the weight functions.
We are now in position to state and prove the following discrete Carleman estimate.

Proposition 3.11 (Discrete Carleman estimate). Suppose that Assumption 2.2 is satisfied. Let 1) be a function
verifying Assumption 3.4 and let ¢ € C(Qy,) satisfying ||q||L’0LO(Qh) < M. Then there exists a constant \g > 1 such
that for each X\ > Xg, there exist so(A) > 1, 0 < hg < 1, g9 > 0 and C = C(eo, S0, A\, M) independent of h > 0
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such that

d
S3||eswu||i%(ﬂh) +SZ/ e2stp‘Dku‘2
k=1"2%k (3 3)

d
<0 (et e, 530 [ ol ).
' k=1 Okln

for all s > so(N\), 0 < h < hg, sh <eo and u € C(Q) satisfying ulaq, = 0.

Remark 3.12. The parameter s is limited by the condition sh < £y. This restriction on the range of the
Carleman parameter appears in discrete Carleman estimates (see e.g., [16, 20, 22, 28, 29, 36]). This is related
to the fact that the conjugation of discrete operators with the exponential weight behaves as in the continuum
case only for sh small enough, since for instance

e’?Dy(e7%%) ~ —sdrp only for sh small enough.

Remark 3.13. Several recent works have been concerned with discrete and semi-discrete Carleman estimates
for second-order differential operators (see e.g., [16, 17, 20, 22, 28, 29, 36, 37]). The main differences between our
estimate and the existing results are that we choose a different weight function and a more general discretization
for the Laplacian. At the same time, we consider boundary observation.

Proof of Proposition 3.11. We make the change of variable v = ru. Our first task is to obtain an expression for
Ap v = rAp(pv) with the change of variable proposed. By using Lemma 3.1, we have

d
Ap 0 = Z r(Di(c®Dyp)A2v + Ay (c*Dyp) Dy Ao

k=1 (3.4)

+ DkAkpAk(O'ka’U) + AipDk(O'ka’U)),
and

h
Ak(O'ka”U) = AkakAkav + ZDka(Tka’U — T,kaU),

h2
Ak(O'kap) = AkaAkap + IDkUszp,
Dy, (O'kap) = DkO'kAkap + AkO'kD]%p.

Recalling that, in each term, o is the sampling of the given continuous coefficient o* on the discrete sets, so
that we can deduce from Assumption 2.2 that ||Ayo* — 0%||oc < Ch. Then, we set

d d
Ao = Z rA2pDy (0" Dyv), Aqv = Z ofrDipAiv,
k=1 k=1
. (3.5)

Biv =2 Z o"rALDypAy Dy, Bov = —25(Asp)v
k=1
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and

d
g :Ah’@v — Z %TDkAkaka(TkaU — T_ka”U)
k=1
d B2 d
- Z ITD%pDkUkaAkU —h Z O(l)TAkapAkaU
k=1 k=1
d
- Z (erAkakak + hO(1)rDjp) Ajv — 25(Agp)v.
k=1

As in [38], we set
Av = Awv+ Asv, Bv = Biv+ Byv.

An explanation for the introduction of this additional term Byv is provided in [39]. Thus, equation (3.4) reads
Av + Bv = g and we have

||Av||%i(§2h) + ||Bv||2L;"L(Q,L) + 2Re(Av, Bv)g, = HgHig(my (3.6)
We shall need the following estimation of ”9”2L?L(Qh)‘ The proof can be found in Appendix A.
Lemma 3.14. For sh <R, we have
19132 (o) < Car (I18n60132 (0, + 210132 ) + (P03 ) - (3.7)
Now, we shall estimate the inner-product
2
Re(Av, Bv)g, = »_ Re(4;v, Bjv)g,. (3.8)

ij=1

To estimate each term of (3.8), we obtain the following results Lemma 3.15-Lemma 3.18. To make the paper
more concise, we put the proofs of Lemma 3.15-Lemma 3.18 to Appendix A.

Lemma 3.15. For sh <R, we have
d
Re(A1v, Biv)q, > — Z/ sA2a® |V o1h 2| Dol + Y1 + 74,
k=1 ;;,k
where
d
N Bro* Aoty (| Dyvl*)ny, — hZ/ tr(De (7 By " Apo™)| Dyol?)
k=1"0k{ln

d
=
1;3

h? &
-3 > DR (Y By a* Ao )ty (| Dyol*)ny.,
k=1 Ok{ln

(5973



STABILITY ESTIMATE FOR THE DISCRETE CALDERON PROBLEM WITH PARTIAL DATA

with vf = rA2p, ¥ = rAiDyp and

d
=37 [ Xelo()] + s{0s a(sh)) | Drof
k=1"2

d
—Z/ B2 (sAG|O(1)] + 5[0y n(sh) ) | DFl?
Qp

d

> / (sXelOW)| + 51O r(sh) )| A4 Do

h

¥ / 2(sXplO(D)] + 5|0 r (sh) ) Dy Dyo .
g k=1
k#j

Lemma 3.16. For sh <R, we have
Re(Ayv, Biv)g, >3 / SN V| of? + Yo + Za,
Qp

where
¥ = Z / BB ()2 (A P,
Bth
with 7% = rD2p, BF = rAxDip and
Zy=— / ((s20)*|0(1)] + 520 = (1)] + 52O = (sB)]) [o]?
Qp
d d
=30 [ sosmmDeAw =3 [ sOsr((sh?)IDwol
k=17n k=17 1
Lemma 3.17. For sh <R, we have
Re(A1v, Bav)a, > 22 / N2oH |V 02| Dol + Zs,
where
d
Zy=— / L0yl =3 / (sMplO(1)] + 5|0 = (sh))| Dio?.
Qp k=1 Q;*L,k
Lemma 3.18. For sh <R, we have

Re(Asv, Byv)a, > —2 / SNV, Yol + Za,
Qp

13
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where
Zy = —/ ((sA@)?|O(1)| + s*|0A(1)] + s*|OA = ((sh)?)]) [v]* — Z/ s|Oxw (sh)|| Dyl
Qp

Combining the estimates in Lemma 3.14-Lemma 3.18 with (3.6), for sh < R, we have

d
/ 253\ 3| V| |v)? + Z/ 25X200*|V 02| Dyo|? 4 2(Yy + Yz + Z)
Qp, I
<Cxr (I\Ah eVl (@ T 57 IIUHLzmhﬁ(sh) 1ol o, ))
where Z = Z1 + Zy + Z3 + Zy.

Lemma 3.19. For sh <R, we have

2
Z [ ot T RDu 2 —d / N2tV 6D, Dy

h kj

1
& / sX2pa® |V 41b 2| Ap Do

h

h2 ¢
—Z sA\2a® |V o || DRv]* + Y3 + Zs,
dk:l Q2
where
h2 ¢
Yy = / Dl Vo0 ) Do

and

Zs = Z/ h2|om sh)||D; Dyl — Z/ 1Ox = (sh) || Ax Dyl

J k=1
i#k

d d
=30 [ wlosm(mIDRE =Y [ josm(sIDol,
k=1"n k=172 .k

The proof of Lemma 3.19 can be found in Appendix A.

Combining (3.9) with Lemma 3.19, there exists a constant Ao > 1 sufficiently large, for A > Ao, there exist

s0(A\) > 1 sufficiently large, €9,0 < hg < 1 sufficiently small and CA 0,50 Ch 20,50 > 0, such that for s > sg(A),
O < h < hg and sh < g, we have

Cooso (%1013 ) + 51015 1) < oo 1Bn.o0122 ) — 2(¥3 + Y2) = Vi (3.10)
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Now we estimate the boundary terms. Since v = 0 on 9)€2y,, we have tF(A,v) = —%tfi (Dgv)ny for all z € 9y,
which leads to t*(|Axv|?) = h;t’j(\Dkv\z) by virtue of t¥(|Axv|?) = [tk(Axv)|?. Thus, we have

—2(Y1 +Y2) — V3 = Z/ (—29F B o* Ao ™tE (| Do *)ng + itk (Di(vf BY o™ Apo®))tE (| Divl?)
2/ 97%

h2
—ZDk(WTk|Va¢|2)tff(|Dw|2)nk *72 5 BT (o) 5 (| Divl*) e

+h2Di (71 B o Ao ™)t (| Dol )
where vF = rA2p~y5 =rD2p, BF = r Ay Dip. Similar to Lemma A.1, we have following results.
VR BY " Apo® = shp(0")20k1 + 5O o, (sh),
DR(1Bro" Aro®) = s0xe,(1), 7 (Dr(1 810" Aro™)) = 505.0(1),
Di(po®|V,9|?) = Oa(1), 15 81 (0%)? = 5°0x 2 (1).

Thus, we have

d
—2V1+Ys) - V3 < / 25Ap(0™)2|Ok)| + 8|0 oo (5P
(Y1 +Y2) = Y3 ; 6ks1h( (07)710k3b] + 5|Ox g0 (sh)| (3.11)
+h2[Ox(1)] + h|Ox e, (sh)]) t5(| Do)

Combining (3.10) with (3.11), there exists constant C' > 0 such that
d
QMin+$ﬂ%mMSCQMWﬂ%mm“?;@mﬁW%WO, (3.12)

for s > s0(A), 0 < h < hg and sh < ¢, Finally, we need to express all the terms in the estimate above in terms
of the original function w. To this end, we need the following Lemma.

Lemma 3.20. For sh <R, we have

d

Z/*ﬂMWS@RGW%mmHM@MQ, (313)
k=1

d
Z/ ﬁWM|<@RZ/ %) Ol (3.14)
=1 o X

The proof of Lemma 3.20 can be found in Appendix A.
Recalling that ¢ € C(€2),) satisfying ||g|[Le(,) < M and combining (3.12) with Lemma 3.20, we obtain

d
S3||ru|‘%%(9h) + SZ/ 7»2|Dku|2
' k=17 %

d
<Cx 0,50, ||T(_Ahu+qu)“%g(nh)+SZ/ t’f(r2)|8nu|2 )
' k=1" 9k

for s > s0(N), 0 < h < hg and sh < gg.
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Thus the proof of Proposition 3.11 is complete. [

4. A UNIQUE CONTINUATION ESTIMATE

In this section, we prove a unique continuation result for the discrete Schrodinger equation with homogeneous
boundary condition which will be a crucial step in the proof of the main result. Our argument inspired by the
idea of [18], see also [40] and [41]. By applying the discrete Carleman estimate with full boundary observation,
we show a unique continuation result from boundary data on an arbitrary small part I';, C 8?9;“ i=1,...,d

Before presenting the result, we introduce some notations. Let O C  be an arbitrary neighborhood of 0.
We choose p, 01, 02 > 0 such that

w(80) = {x € Q,dist(z,00) < 8o} C O (4.1)

and
w(o1,02) :={x € Q, 01 < dist(x,00) < g2} C O, 01 < g2 < 8p. (4.2)
We then denote Op := O N Qp, wp(80) := w(80) N U,y wp(01,02) := w(o1,02) NN (note that these sets are

always non-empty for h small enough). -
Let g € C(S2) satistying ||q||=(q,) < M, f € C(Q) satisfying f =0 in Oy, and let u € C(2) be such that

(7Ah+Q)u: f7 in Qh;

4.3
u=0, on dQ,. (43)

We are now ready to show the result.

Proposition 4.1 (Unique continuation estimate). Let I' be a non-empty open subset of OQ satisfying Ty, :=
(T'noQy) C 8?9;1, 1 <4 <d. Then there exist constants 0 < hg <1, >0, C >0, a1 >0 and az > 0 such
that for all0 < h < hg, 0 < ht <€ and all u € C(y,) satisfying (4.3), we have

el entoson < € (¢ ullrg ) + € Ontlzz ) ) - (4.4)

In order to prove Proposition 4.1, we first introduce a cut-off function x (see Figure 2) satisfying 0 < y <1,
x € C>*(R) and

0, p<3,p=>38,
_ <3P 45
x(p) {17 1<t (4.5)
1.0 A
= 0.5
0.0 1 B — T T T T T T T
0 1 % 1 2 8 4 5 6 7 8
p

FIGURE 2. cut-off function x(p).
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In addition, for (V) € Q, we set B! := B(zW),r) = {x € R%, |z — 2| < r} and B} := B' N Q. We shall
begin to estimate u in B}L near the boundary part I'y,.

Lemma 4.2. Let u be a solution to (4.3). Then there exist B} = B(z™M,r) N Qy, and mg € (0,1) such that the
following estimate holds:

_ Caeq mo _
el 3y < € (78 ull gy ) + 10ntlzzrny) Il (4.6)

for some positive constants C' and Cy. Here g is the constant given in Proposition 3.11.

Coe
Remark 4.3. Compared with the continuum case, there is one extra term e moh [ull 71 (q2,) due to the
restriction sh < gg of the discrete Carleman estimate in Proposition 3.11.

Proof of Lemma 4.2. Let us choose § > 0 and z(9) € R4\Q such that
5 < g BE,5)n0=0, B@x©,25nQ#0, B=©,45)noQ c T. (4.7)
That is, 2(°) is an outer point of Q and is near T'. We define the functions v (z) and @ (z) by:
Yo(@) = o = 2O, pola) = e F0E,

where )¢ is the constant given in Proposition 3.11. Denote w = X(%)u. Taking into account u = 0 on 9 and
applying the discrete Carleman estimate (3.3), we obtain

d
el +sX [ D
k=17

) (4.8)

<C (”eS‘PO(_Ah + q)wH%Q () + s Z/ tﬁ(e2s¢o)anw2> 7

h
k=17 Ok&n
for sp < s < 2. By (4.5) and (4.7), we have
d d
et wlliy ) “Z/ [ Dywl* 25 e wliy gy *52/ O IDi?

k=17 1 k=1" Bk

2se” 40 (2012 2
2502 (2ul2g () + Nl o ) - (4.9)

where E} = {z € Qp,6? < ¢p(z) < 46%}. In view of AZx = x + h;DiX and (4.3), we get

(—An+qw ==Y [Dp(c"Dpx)Afu+ (D Aru) Ax (0¥ Dix) + (D Arx)Ar (0" Dyu))|

bl
=

h2
- (x+ ID%X)Dk(UkaU) + qxu

E
Il
—
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[Di (0" Diex)Aju + (D Aru) Ak (0" Dix) + (D Agx) A (0¥ Dyu)|
(4.10)

||
o
M% &M&

d
Z Dix)Dy(o *Dyu),

for all z € Qp,, where we have used fx = 0 in Qj by noting f = 0 in O, and (4.5). Taking (4.7) into account,
we see that |z — z(9)| > § for all # € Qy,, so that we obtain from (4.5) and (4.10) that

d
e (= A + Qwl T g,y =l = e D [Dr(0" Dix) AR + (D Agu) Ar (0" Dix)
k=1
k h? e K 2
+(DrApx) A (0" Du)| — i ;(DkX)Dk(U Dru)llzz g2
=1

d
se6A
<0 " N (143l 0, + 1DeAvul o, + 146" D) 25 0, )
k=1

—6X0

d
+ 0™ | Y Di(o" Dru) 72 sy

k=1
where E? := {z € Qp,66% < ¢o(x) < 9§?}. Recalling that f =0 in Op, D wy(80) D EZ, we get

d

[ ZDk(Ukau)H%g(Eg) = llqullz g2y < Cllull?z q,)-
k=1

Furthermore, using Corollary 3.2 and (3.2), we have

h
A0l < [ A= [ awl =5 [t Aw?)
Qp, QF O,

h,k

< / Aul? < / Au(luf?) = / uf?.
Z,k Qi‘k Qpn

In the last equality, we have used (3.2) by virtue of uw = 0 on 95, Similarly, we have
Dk ARullZ2 (g, < /Q [Dyuf®, || Ak(o" D) |72 q,) < C/Q* | Dyul®.
h,k h,k
Then, we get

—6X0

[e3%° (— A, + q)w”iﬁ(ﬂh) < Ce*s® ||uH§I}1(Qh). (4.11)

Taking (4.7) into account, we see that |z — 29| > 45 for all x € d9Q\I'}, and |z — 29| > § for all z € T, so
that we obtain

SZ/ (€2°%0)[ D] —s/ £ (&%) |Opw|?

Bth Fh
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<5 [ (o' Dyl
T'n

< Cse?e " / (It;(o" DixAsu)|? + |t;.(0" Asx D)%)

'y

—A . . . . .

< s [ (it o) () + 18 ' Daw) )

Tn
< Cse® Ol ), (4.12)

since I'j, C anh and ti(A;v) = ht’ *(D;jv)n; when v =0 on T'p,.
Combining (4.8) with (4.9), (4. 11) and (4.12), we obtain

se” 4N s> so—6X
25t ( 2ulZs gy + Il o) ) <C <se2 " Onul3a ) + e HUII?{,{mh)) , (4.13)
where E} = {z € Qp, 6% < ¢o(z) < 46%}.
We can select 7 > 0 and z(!) € Q such that
dist(zV,Ty) > 4r, Bi:=B@=W,r)nQ, C E}. (4.14)

This is possible because the second condition in (4.7) implies the existence of z(*) € Q such that |2 — 20| <
20. Therefore for sufficiently small r > 0, condition (4.14) is satisfied. From (4.13), we can obtain that for
so < s < &2, there exist constants C7,Cy > 0 such that

C s —Cys
HUH%QL(B}I) <C (e 1g|anu|2L%(Fh) te 2€||71J||%F1,11(52h)) : (4.15)
If L iy [s0, 2], then tak tog @ e obtai
o , en take s = 0 and we obtain
Ci+0s 198 To, la e 50, s 108 Putls o)
2 Qmo 2(1—m0) _ 02
HUHH}L(B,EJ < C|anu|L§L(r,L)HUHH}L(Q}L) y Mo = 701 0y (4.16)
If ——1o Il 2O < g0 then
i+, 08 1o, u|L2(F : 0
2 2
”uHH}L(Qh) < C|anu|Li(Fh)'
Therefore,
2 2 _ 2 2(1—mo) 2 2(1—myo)
alis sty < gy = Il 2 ) < ClomalZ, Nl . (4.17)
lull
1 Hy () €
If Ci1+C> log [0n U|L2(r ) 2 T, then

> — 50 (CL4Ca) || |12
‘anu‘Li(Fh,) <e H@ Q)HUHH}I(Qh)'
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In view of (4.15), we have

i_i _ o
ull2 iy < € (7 <01+C2>||u||H1(Qh>+e % ull3 @)
m. 2(1—m
< Ce O fulZme, ul 21 ). (4.18)

From (4.16)—(4.18), we get (4.6). Thus, we complete the proof of Lemma 4.2.
O

Next we extend the estimate from B} to wp (e, 30). To accomplish this, we adapt the techniques developed
n [18] to our discrete case. Let B(z(),r),2 < j < Ny, be a finite covering of w(p, 30), such that By (z),r) =
Bz, r)NQy,2 < j < Np is a finite covering of wy,(0,30) = w(o,30) N Q. We can assume that 20) satisfies
dist(z(), 90) > 4r. In the sequel, we assume without loss of generality that

B(zUTY ) c Bz, 2r), (4.19)

and we set B/ = B(z),r), B} = B(zY),r) N Qy, 2 <5 < N,.

Lemma 4.4. Let u be a solution to (4.3). Then there exist m € (0,1) and C,Cy > 0 such that the following
estimate holds:

_Caso .
lull gy g1y < C (e il g g, + ”“HH%L(BD) |\u||H1(Q yo 1< < No—1 (4.20)

Here g is the constant given in Proposition 3.11.

Proof. In order to prove (4.20), we define the functions v;(x) and ¢;(x) by:
wj(l‘) = |.1j — x(j)‘Q’ @j(x) _ e—%)l/)j(x),

where )¢ is the constant given in Proposition 3.11. Moreover, we set w = X( $)u. Taking (4.5) and

dist(x(), 9Q) > 4r into account, we have w = d,w = 0 on 9Qy,. By applying the discrete Carleman estimate
(3.3), we obtain, for 1 < sp < s <

d
SSHES%w”%ﬁ(Qh) + SZ/* GQSW‘DMUP < C|le*?i(—Ay + q)w”%i(ﬂh)' (4.21)

In a similar way as the proof of (4.8) by (4.13) in Lemma 4.2, we can prove

A

—5X _ 20
se2se 0 (Hu”ii(Eﬁ) —+ ||UH%I}1L(E;§)> S C (eZSe 4 HUH%I;(E?L) +e25e

—6X0

Il )

where B} 1= {z € Q1% < ¢;(z) < 5r?} , Ej = {z € Qp, 1r? < ¢;(2) < r?}and B} = {z € Q),,6r2 < ¢;(z) <
9r2}. Let Ef = {Jc € U, vj(x) < 5r?} and E} = {x € Qp,¢;(z) < r?}. Hence, by (4.21) and noting E] =
E}UE}, E} C E}, we obtain

—5X
se?* O”“”i]i(E,Z) < se? (HUHHl )t ”uHHl(E )
A

—5X — 6
sc(se%e "l gy + €2 ullg gy + € °||u||H1(Es>)
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20 —6x
<0 (7 fully oy + e Nl e )

Thus we obtain
C —C.
s g7 < C (9 fullys s, + ¢~ Nuldy o)) -

for s9 < s < 52 and some constants C3,Cy > 0. Similarly, minimizing the right-hand side with respect to s, for
some m € (0,1), we have

_Caeq m 1—m
el gy < € (& Jull gy + Nz ) Il

Since
j+1 7 8 j
BT C Ej, E, C B},

we obtain (4.20). This completes the proof of Lemma 4.4.

O
Lemma 4.5. Let u be a solution to (4.3). Then there exists constant C > 0 such that
_Casq m’ 1—mJ .
lull g 3y < € (e i (ull ) + \\U||H;(B;)) el 2 <3< No (4.22)
Here m € (0,1) is the constant given in Lemma 4.4.
Proof. Put
_Caeo _1
Qj = HUHH?L(BZ)’ A=e " ullgr,), B=C""|ulm(a,)
by (4.20) we have
Q511 SBlim(Oéj+A)m, 1§]§N071
Then, applying Lemma 4 in [42], we obtain, for all u € (0, m7],
a; < 27w B (ay + AF, 2< < Ny,
This completes the proof of the lemma. O

Proof of Proposition 4.1. By Lemma 4.5 and Young’s inequality, we easily obtain

—p [ —Ca%0
gy 3 < € (P lullmpcony + &7 (75 ull iy + Nl ) )

for all e > 0,2 < j < Ny. Here
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. _Cs.
Selecting e = e~ »

, C5 > 0,7 >0, we have
—-C Co(j)r— a0 Co(j
gy gy < © (& ullmgany + O™ 5 ullmy @ + €9l gy o) )

Csp’ .
pp . Then, for ht < (CSJ%W such that Cg(j)T — % < —CsT, we get

where Cs(j) =
gy gy < € (¢ uallmgany + O ullmy sy ) - (4.23)
Similarly, we obtain from Lemma 4.2 and Young’s inequality

. _Caeo
||“||H}L(B}1) <C (5p°||u||H,§,(Q,,) +e7Po (e moh ||U\|H;(Qh) + |anu|Li(Fh))) ;

for all € > 0. Here

1 , 1
Po 1_ m(), Po = mo
O5+C6 () -
Selecting € = e~ o " and setting C7(j) = (Q‘Jrcp%, we obtain

—(Cs )T Cr(j)r— G250 T
llull 1 (51 SC(e (oGO | 11 ) + €70 T | 1, + €70 |anu|Lg(m>-

Choosing hr < such that Cr(j)T — €250 < —(C5 4 C5(j))7, we have

moh

0280
(C5+C%(3)+C7(4))mo
HUHH}I(B;L) <C (e—(Cs+Cs(j))T||u||H’11(Qh) + eC7(j)T‘8nu‘Lfb(Fh)) ) (424)

By (4.23) and (4.24), we have

C@

HUHH;L(B;;) < CefcM”UHH}L(Qh) +e )T|anu|Li(Fh)v (4.25)

f~0r some positive constant C(j) and 7 > 0 satisfying A7 < min{ (C5+Cc‘*,§€j))m7 (05+C6(?fj‘)c'7(j))mn} = ¢;. Setting
€ 1= minje(o,.. Ny} €5, addition of inequalities (4.25) for j € {2,..., No} yields the final inequality (4.4). Thus,
the proof of Proposition 4.1 is complete.

O

5. STABILITY ESTIMATE FOR THE DISCRETE CALDERON PROBLEM

In this section, we focus on the proof of Theorem 2.9.
Similar to the continuum case, the proof of the stability estimate is based on the existence of CGO solutions.
The following results state their existence.

Lemma 5.1 ([16], Thm. 4.4). Let M > 0. For all ¢ € C(Qp,) satisfying ||q||Lx(q,) < M and Assumption 2.4,
there exist constants ag > 0 and ¢ > 0 that depend on M such that ¥n € C* with n-n =0, if a := |Imn| verifies
ap < a < cmin{e;?, h=3}, there exists u € C(Q) a solution of

—Apu+qu=0, on Q,
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that satisfies

u(z) = (1 +r(x)), on Qy, (5.1)
with
17l 73 () + allrll2 @,y < O+ a?eq + a*h?). (5.2)
Moreover, the solution u satisfies
[ull 7 () < Ce®a?, (5.3)

where C' only depends on m,aqg and c.

Remark 5.2. As it mentioned in (4.21) in [16], the solution u = e7® + ™M *p(z) in [16] can be rewritten as
(5.1) in our paper.

Proof of Theorem 2.9. Let g1 > 0 and g2 > 0 in C(£2;,) be two potentials satisfying Assumptiop 2.4 and q1 = q2
in O, = O Ny, where O C Q is a neighborhood of 9Q and ||q||L=(q,) < M. For all £ € Ky = Z4n[o, N)d
satisfying w|¢| < a, we set

m = —m€ +\/a? — 722G +iale,  mp = —wE — a? — m2|€]2¢ —iads,

where ag < a < cmin{egl,egl,hfg} and (1,( € R satisfying € -1 =€¢-G =G -G =0,G] =& =11t
follows from Lemma 5.1 that there exist 7; and 72, such that u; := e *(1 + ri(z)) and ug := e2%(1 + ro(z))
are solutions of

—Apur +qrur =0 in Oy,
— AhUQ + [PXI 0 in Qh,

respectively. Let v € C(Q4) be the solution to the following problem

(—Ap+q)v=0 in Qy,

v=1us on 0.
Then, by defining u = v — uy € C(Qy,), we get

(=An+q)u= (g2 — q)uz in Qp,

5.4
u=0 on 00. (54)

To proceed, we introduce a cut-off function x; € C5°(£2) (see Figure 3) satisfying 0 < x; < 1 and

0, zew(3p),
xi(z) = {1’ e Dw(Zo) (5.5)
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FIGURE 3. Pink region: x1(z) = 0; Blue region: x1(z) = 1.

where w(%g) and w(%g) are defined in Section 4. If we put u = x1u, it follows from A%x1 = X1 + 4 D wx1 and
(5.4) that

d
(—An+q)i ==Y [Di(0" Dpx1) Aju + (Di Aru) Ax (0 Dixa) + (D Arxa) Ax(0" Dyu)]
k=1
d h2
(xa + 1 —Djx1) D (0" Dyu) + qixau

~
Il

1

[Dk(O' Dkxl)Aku+ (DkAku)Ak(U Dle) (DkAkxl)Ak(Jka.u)]

H
=
M? i a
Il

d
Z Dix1)Dy(0* Dyu) + (g2 — q1)ua,
=1

for all x € Qj, where we have used x1(g2 — ¢1) = g2 — ¢1 in Qp, by noting ¢; = ¢ in Op, and (5.5).
Multiplying (5.6) by u; and integrating over {2, we obtain

/ (D — qu)iiu + / (a2 — a)urus
Qn Qn

d
:/Q u1 Y [Di(0" Dixa) Aju + (Di Agu) Ag (0" Dixa) (5.7)
h k=1

h2
+(DrArx1)Ar (0" Dyu) + 4(D2X1)Dk(0kaU)} .

We begin with the first integral in (5.7). Since t¥(u)|s,q, = tF(Dit)|s.q, = 0,k = 1,...,d, it follows from (3.1)

that
d

/Qh(Ah —q)uuy = ;::

17

d
= — Z/ o DpiiDyuq —/ qruu
Q* Qpn

d
:Z Dy(o Dkul)uf/ g1
Qp

Qp

Dk(O’kaﬂ)lu - / qruuy
Qp

/AhUw—/ QUL
Qp

=0.
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Thus, we have

d

/ (g2 — q1)urug :/ U1Z Di(0* Dix1)Aju + (D Agu) Ak (0¥ Dix1)
n n k=1 (5.8)

h2
—|—(DkAkX1)A;€(O'kaU) + (D,%Xl)Dk(O'kau):| .

4

In order to simplify the notations, we denote the right-hand side of (5.8) as F. Noting that u satisfies the
conditions in Proposition 4.1, we apply (4.4) and (5.5) to get

h2
(1430 + DeAwl? + 140 D) + 21 Du(* D)

PP <Clln g [

k=1"Y%h (0,30)

for 0 < h < hg < 1. Similar to the discussions in Section 4, we have

1 4%ulZ nteen < T2 o cosen:

1Dk ARUIZ2 (w0 0.300) < 1Ml (0 (0.300)
14k (0" Dkt 122 (0,301 < Clll 0 0130))
flle< DrIZz (w030 S Clellsy 0300

In the last inequality, we used %2|Dk(akau)|2 < Ai(|o*Dyul?). Thus, we get

| < Cllullza ey 1l 13 o (e300 (5.9)
Combining (5.9) with (5.8) and (4.4), we obtain
/Q} (@2 — q1)uruz| < Clluilzz g, (e_alT”uHH}L(Qh) + eaﬂ\&zuhg(rh)) ; (5.10)

where a1, >0and 0 < 7 <
Applying Proposition B.1 and noting that u satisfies (5.4), we have

2‘\"\2

Nl

Opul®, = |(Anlar] — Anlga]) ()] ERTEN

1

2

|8nu‘Lﬁ(Fh) < |8nu| 1 1 -1 1
(Tw) HZ(Ty) H, 2 (Th) H2Z (Ty)

\~:|

1 1 1
<92 ||u2||?{}1L(Qh)||u||]2{’21(Qh)
h

<obul?y ol
( 197 H;2 (Th)

1
< 8 fusll s g 02l

where we abbreviate ¢ := ||Axn[q1] — Anlg2]ll 2, (r,)- It follows from (5.3) that

\&m\Li(Fh) S C(S%GaCLQ,
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and
[urll L2 (@, < Cea.
Similarly, we apply Assumption 2.5 and (5.3) to get
lullmz @,y < Cll(gz — a1)usl 2 q,) < Cea.

Thus, we have

< Ce*at (e‘a” + ﬁe“ﬂ) , (5.11)

/ (g2 — q1)uruz
Qp

for all 0 <7< £ and a1 > 0,9 > 0,00 < a < cmin{6;17e
sufficiently large and set 7 = a7y so that

-1

. ,h_%}. Then we choose a constant 5 > 0

>y

C
e2gte™ T < = and 2% < %39, (5.12)
a
for some constants C' > 0 and ag > 0. It is easy to see that 0 < 7 <

(5.11), (5.12) and noting ug = €™ *(1 4 r1(z)), uz = e*(1 + ro(z)

% implies that a < %h’l. Furthermore, by
)

we obtain

c ,
|Finlg2 — q1)(§)] < —+ Cae§2 +

/ (42— @)e ™5 (ry + 1y + ri72)
Qh,

1 1
<0 (5 +aem st + o + o + ool ) 613)
In addition, it follows from (5.2) that [|r1]|z2(q,), [[72llL2 (,) are bounded and
1 372
Ir1llzz @) + Ir2llzz ) + IT1llzz @i lir2llzz @) < € o + agq +a’h” ).
We conclude from (5.13) that
4 azast | 1 372
[Frlaz = a1)(€)] < O a’e™67 + — +acq +a’h” ), (5.14)
for a3 >0, a9 <a< Emin{egl,egl,hfg}, ¢:= min{%,c} and € € K, satisfying 7/¢| < a.
1
Setting /i = ¢! max{e2,h?,e4}, we always have % < emin{e; ", €, 1, h=3} and a simple study shows that,
sott] — 1
setting a = i
— 4+ aeq +a’h” < Chu.
a
Therefore, if § = 0, we set a = %, then for all £ € K, satisfying 7|€] < %, we have

|Fn(g2 — q1)(§)] < Ch.
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If § is small enough, for example, for —Ind > w, such that

1
e

=12

§i —e® <[,

taking a = % in (5.14), we obtain, for all £ € K}, satisfying €] < %,

|Fn(g2 — q1)(&)] < Ch.

If —Ind € (2(ag + 3)ao, W), taking a = 2@;1%) in (5.14), we obtain, for all £ € K, satisfying n|¢| <
—Ind
as+3)

3 1
Fulae — 1)) < C (6 ol + 4 [, + |1n5|3h2>

[1n 4|
C
< .
~ |Ind]
where we have used 1 = ¢! max{&?,ll/27 W2, eq} < Q(ﬁﬁ)'

Combining these cases, we obtain that, if § < e~2(@3+3)a0 getting

~ 2(az+3
n= max{u, |13H($|)}’

for all £ € K, satisfying 7¢| < %,

[ Frlgz — q1)(€)] < Cp. (5.15)

In order to estimate |¢; — q2|H’:r(Qh), we take p € (0, #) to be chosen and use (5.15) to get

=@l gy = S 1Bl — a)©F 1+ )

geky,

= > |Fle-a)@QPa+EH
|€]<p,6€Kn

+ Y P —a)@P A+
|€1>p.6€Kn

<C(p"? +p~7").
Setting p = 71 uﬁgv', which is indeed smaller than $7 we have

_4r
‘Ch - qzﬁl?(gw < Cua+ar

T 2 or __4r
< o {5, 07 i (Inlo] = Al ler)| 7 |

which completes the proof of Theorem 2.9. O
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APPENDIX A. PROOFS OF INTERMEDIATE RESULTS
A.1 Proof of Lemma 3.14

By Assumption 2.2 and the second equality in Lemma 3.8, we have

||7"DkAkPDkC"kaDkUHQLi(Qh) g/ |TDkAkp‘2|TkaU|2 < C)MRSQ/ |7'ka1}|2
Qp,

Qp,
= C)\,RS2/ |Dk1}|2 S CA,RSQ/ |Dk’l)‘2. (Al)
7K () ok
Similarly, we have
HTDkAkPDkUkakaU||2Li((zh) < CA,RSQ/* |Dk1}‘2. (A.Q)

By Assumption 2.2, Corollary 3.2 and (3.2), we observe that
”TDI%/’DkUkaAkUHii(Qh) SA |7”D,%p|2Ak(|Dk1)|2)
h
h
— [ ArDiP Dl - [ Dl (Dil)
o R eT

< / Aw(rD3pl?)| Dev?,
Qe

which, by the third equality in Lemma 3.8, yields

HTkaDkO' DkAkU||L2(Q y = < Chrs / |D;€v\2. (A.3)
We also find
||TAkapAkaUHL2 () < C)\ RS / ‘Dk’l)|2. (A4)
ik

We note that

h

2 2 2 2 k 2 2 2

[AEolEg a0 < [ Al = [ Al =5 [ At < [ el < [ Bl
Qn o e Qr Qn

h h,k

by Corollary 3.2, (3.2) and since v|aq, = 0. Then by the second and third equality in Lemma 3.8, we have
|(r D ArpDro™ + hO(1)rDiip) Aiv||Z2 (q,) < Cars™ (L + (sh)*)[vll72 q,)- (A.5)
Similarly, since A,y is bounded, estimates (A.1)-(A.5) yield the result.

A.2 Proof of Lemma 3.15
From the definitions of A;v and Byv in (3.5) we have

Re(A1v, B1v)a Z Re/ 2r? A7 pDy, (6" Dyv)o? A;DjpA; Do
3,k=1 Qp
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d
= Y Re [ 2tDi(o"Dio)sio’A;D0

Gk=1 Qn

d
= Z Ijk,

J,k=1

where 4f = rA2p and 8 = rA;D;p.

A.2.1 Computation of Ik

By Lemma 3.1 and (3.1), we have

I, =Re (/ 27fﬁfakAkakDikaAk@+/
Qh

QVfoakaak \Akav|2)
Qp,

= [ atBtot Aot DD + [ ok bho Duot | A Dl
Qp Qp
—— [ DuttBlo" At IDwl + [ abBiot At (Dol

Q k Ok,

+/ Q’Yfﬁfa'kaO'k|AkaU|2.
Qp,
The discrete integration by parts with respect to the average operator Ay (3.2) yields

- Dy (vt B o* Awa®) | Diwl?

Q5 k

= Di(7rBro" Axa®)| Div|? =2 | Ax(Di(vi Bio" Ako™)| Divl?)
Qz,k Qp

_h

5 (De (A B o Aro™) | Divl?).
2 O,

31

A further use of Lemma 3.1 and the discrete integration by parts with respect to the difference operator Dy, (3.1) yield

-2 Ak(Dk(’yfﬁ{cO’kAka)‘Dka)
Qp

h2
=—2 [ ArDp(vFBYo" Aro®) Ar(|Drol?) — ?/ Di (vt BYo* Ayo®) Dy, (| Do)
Qp, Qp,
hQ
2—2/ Ap Dy (i BYo* Aka™)| A Div|* — 7/ A Dy (v1 Bt o* Ara™)| Div|?
Qp, Qp,
h2 3 k ok _k k 2 h2 2 k ok _k ky k 2
+7 Dy (W' Bio" Aro”) Dy | Dyo|” — by Di(viBro" Aro” )ty (| Drv|" ).
Q5 k O

(A.8)
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Combining (A.6)—(A.8), we have

I = / Di(vfBYo* Ao®)| Diol* =2 | AxDi (71 B0 Axo™)| Ax Dyol?
2k

Qp
h2
’ 2/ 71 Bio" Duo® A Do’ — 5 / ArDy (3 B " Ayo®)| DR wf? (A.9)
2n Qp
h2
+ = Dg(’YfﬁkaAkUk)DHDkUF + Yik,
2 Jag,
where
h? A
Yio=—'y [ DiGEBt A (D~ [ e DuGh st A Do)
6th ath

+/ Y BY " Akt (| D[ ).
8x,

Lemma A.1. For sh <R, we have

V¥ BY " Dio® = sApO(1) 4+ sOx = (sh),
Dr(vF BT o* Aro™) = —sA%p(6*)? (k1) + sApO(1) + sOx = (sh),
ArDi(7rBro" Aka®) = —sA2p(0*)?(0k1)? + sAO(1) + sOx = (sh),

r2D; (’yfﬁfokAkak) = sApO(1) + sOx r(sh),

where ¥¥ = rA2p and BY = rAyDyp.

Proof. By the second equality in Lemma 3.10 and Lemma 3.6, we have

'yfﬂfakaak = (rokp + SOA,R((sh)Q))UkaalC
= (sApdkt + sOA = ((sh)?))o" Dyo".

Then with Assumption 2.2 we obtain the estimate of v¥8¥c* Do since o* Dyo* = o(1).
Applying Lemma 3.1, we get

Di(vf B¥o* Apa®) = Di(vF BF) A (0" Aro™) + A (¥ 8Y) Di(0" Aro™)
= Di(7181)((0*) + hO(1)) + Ak(v1BT)O(1),

since ||Ak<7]C — <7k||Oo < Ch and Dk(UkAkak) = Dk(ak)Aiak + Apo® ArDro" = O(1). Moreover, by the second equality
in Lemma 3.10 and Lemma 3.6, we have

Dy(7¥BY) = Ok (rdip) + sOx = ((sh)?)) = —sXp(0r1)* + sApO(1) + sOx = ((sh)?)),
Ar(Y¥BY) = r0kp + sOx. = ((sh)?) = sA@dkth + sOx = ((sh)?).

Then we get
Di(vBY 0" Aro™) = —sX2p(c%)? (Br1h)? + sApO(1) + sOx = (sh).

Similarly, we obtain the third estimate.
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To estimate h2D} (v¥BFo* Aro®), introducing a1 = 0¥ Apo* and as = ¥ BF we first write
Di(yiBio" Axo™) = Diias Ajar + 3D Aras AR Do + 3A; Dyaa DY Ayon + Ao D
We note that we have
Aa; = O(1), AiDpay =O(1), hDiAar =O0(1), h’Diay =O(1),
and, with the second equality in Lemma 3.10,

hDiOzg = SO,\‘R(l), DiAkOZQ = SOA,R(1)7
ApDras = sOxr(1), Ajas = sApO(1) + s0x = ((sh)?).

The estimate for h?Dj (yF8f 0" Aro®) then follows.
By (A.9) and Lemma A.1, we get

Bi== [ s\l @Dl + [ (53p0(1) + sOsm(sh) Do’
Q k Q k
+ 2/ s)\zap(ak)Q(ﬁkw)2|Akav|2 + / (sApO(1) + SO)\R(Sh))‘AkaU|2
Qp Qp,
h2
+ [ 00 2@ IR 4 [ (A00(1) + 5O (sm)IDR + Yar,

Qp Qp
where
h
Yig=— = Di(vfBY o* Ara® )i (| Dev*yne — / tr (Di (1 BT 0" Ara®) | Div|?)
2 8. 2 0,

+/ vy Bro* Awa ™ty (| Dev[*)nk.
8L,

A.2.2 Computation of Ljk, k # j
The discrete integration by parts with respect to the difference operator Dy (3.1) gives

Ijk = —Re Dy (2y1 Blo? A;D;0)0" Dyo,

*
Qh,k

since A;D;v = 0 in OxQ), when k # j. Moreover, I;; can be rewritten as

Ijk = 7Re/ Dk(waﬁ{aj)AkAijﬁakav — Re Ak(Q’}/f,B{O'j)DkAjD]‘WUkaU
Q5 i

QL

NI N
=100+ 11,

due to Lemma 3.1. Integrating by parts with respect to the average operator Ay (3.2) for I](.,lc) gives

Iy} = —Re [ A(Dw(24fBl0?)o" Dv)A; DT

Qp

h2

= —Re ( Ak(Dk(2’yi€ﬁ{0j)0k)Aka’UAij5 - — Dk(Dk(’yfﬁ{Jj)O’k)ngAijﬁ> s
Qp

2 Qp

33

(A.10)
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where we have used A;D;v = 0 in 9xQ, for k # j and Lemma 3.1. Similarly, we also have

17 = 7Re/* A (Ap(27F BI07)o* Dyv) Dy DT

h,jk
o R o

= —Re/ Aj(Ak(Q’y{C {UJ)Jk)AjDkUDij’U - — Dj(Ak(’y{cﬁ{UJ)Uk)‘DijvP
QrF 2 QF
h,jk h,jk

o h? o
— [ DiaatBle oMol - [ DG Bl DDy,
Q& bk

where we have used Dyv = 0 on 0;(€2j, ;) for k # j and 2A4; DyvDyD;v = D;(|Dyvl|?).
We thus have

I :/ DA, (Av(yE B 07) 0" ) Diof? — 2Re | Aw(Du(rFBi07)0*) AxDrvA; Dy
. o (A.11)
o h? o ’
— = Re [ Dyp(Di(viBio?)o")DivA;D;v — 7/ D;(Ax(vi B’ )o")| DDy,

2
2 hik

Lemma A.2. For sh <R and 1< j, k <d, we have

D Aj(Ax(y1Blo”)o") = —sA 0o’ 6" (9;) + sApO(1) + sOxw (sh),
Ap(Di(7iBlo?)a") = —sX%p0” 0" (1) (9;9) + sApO(1) + sOx = (sh),
hDy(Dy, (71 Bl07)o*) = sApO(1) + Oxw (sh),
D;(Ar(vrBlo7)o") = —sXpa’ 0™ (0;1)° + sApO(1) + sOx = (sh),

where ¥¥ = rA2p and B{ =1rA;Djp.

Proof. The estimates all follow from Lemma 3.6 and the second equality in Lemma 3.10, arguing as in the proof of
Lemma A.1. O

With (A.11) and Lemma A.2, we obtain

e |
Q

+ 2Re (/ PN (5, %) (3j1/J)AkavA]~Dj@+/
1

Qp
h2
£
2 Q

+ hRe / (sApO(1) + Ox = (sh))DivA; Dyv.
Qp,

s)\zapajak(ajw)2|Dkv|2 + / (sApO(1) + sO,\’R(sh))|Dkv\2

* *
R,k Q5 k

(S)\LPO(I) + SO)\,R(Sh))Aka’UAijﬁ)
| (A.12)
X o’ o* (8;9)? | D Djv|* + h2/ (sApO(1) + sOx = (sh))| Dr.Djv|?

* *
h,jk Qh,jk

A.2.3 Estimate of Re(A1v, Biv)q,
We now collect the terms (A.10) and (A.12) to write

d 5
Re(A1v, Biv)a, = — Z/ s\ 0" Vo[ Dv]* + Vi + ) X,
k=17

=1
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where
Ya ZY1k —Z/ 'yfﬂl kAkO'ktkﬂDk’U‘ ’I”Lk — 72/ Dk ’ylﬂ Akdk)|DkU|2)
IR o1 0,2
Z/ DR (L o* Aoyt (| Do)
8.,
X, _22/ sA2o(0")? (k)| Ak Drv|* + 2 Z Re/ X 0’ o* (8r1p)(0j40) A DrvA; D5
Qp,
Jak?fkl "
d 2
:2/ s\ > 0" (k1) Ak Dyo| >0,
L, k=1
_th 2 o ky\2 222h2d 2 3 kig \2 2
Xo=> " s\p(e™)(0k0)*|DR0)* + 5 D s 2o’ o"(8;9)%| Dy Djv|* > 0,
2 Q 2 Qr
o= h j, k=1 h,jk
ke
d d
X3 :Z/ (s)\goO(l)+sOA7R(sh))|Dkv|2+Z/ (sApO(1) + sOx = (sh))| A Dxv)|?,
k=1" k
d
Xi= Y Re / (sAO(1) + 5O 1 (sh)) Ax D A; D;
e— Q
gy "
and

Z /S h? (sApO(1) 4 sOx r (sh))| Dy Djvl|* +Z/ h? (sApO(1) 4 sOx = (sh))| Drv|*

h,jk 2

+ Z Re/ (sApO(1) + Ox = (sh))DivA; D;u.
Gok=1 Qp
J#k

We conclude with Cauchy-Schwarz inequalities that yields
d
X1 <32 [ (Al + sl0s r(sh))|ADol
k

and

/ B2 (sAplO(1)] + 5[0, (sh) ) | Di Dy 2.

d
h*(sAp|O(1)] + |0z (sh)])| Divl? +Z/ (sAplO(1)] + |Ox, (sh)])| A Dyl
-1/

35
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Then we complete the proof of Lemma 3.15.

A.3 Proof of Lemma 3.16

From the definitions of A2v and Biv in (3.5) we have

Re(Azv, B1v)q, = Z Re/ UjTQD?pAgvakAkapAkD;ﬁ
7,k=1

Z Re/ 272 1U]akA?vAkaﬂ

7,k=1

= Z ij7

J,k=1
where 73 = rD?p and Bf = rAyDip.

A.3.1 Computation of Jik
Since 2A43vDy, Ay = Dy, (|Axv|?), we have

Ton = / 7E B (%) Di (| Axvl?)
Qp,

— [ DLEBE ) Al + / Ak BE ()2 (| Ao 2
Q k K2y,
2

— [ DB A + T [ DeokBl D

*
Q5 k

+ / B (%245 (| Ao Py
0L

=— Aka(’Yéﬂf( |’U\ + 7/ Dy, ’Yzﬂl )2)|Dkv|2
Qp,

4 / Ak BE ()2 (| Ak P,
EXo

where we have used (3.1), (3.2) and the fact that v = 0 on 9xQp.

Lemma A.3. For sh <R, we have

ArDi (5 B (0)?) = =35°A%0° (6%)2(0k)* + (sAp)?O(1) + s*0x = (1) + 5°Ox = ((sh)?),
Di(75 8t (0*)?) = s°Oa = (1),

where v§ = rD2p and B¥ = rAxDip.

Proof. The estimates follow from the first equality in Lemma 3.10 and Lemma 3.7 arguing as in the proof of Lemma A.1.
O
Then we get

Jik = 3 /Q s A% (") (0kw) o] + /Q ((sAp)>0(1) + 5°Oa = (1) + s°Ox = ((sh)?))[v]?

(A.13)
+ / 5Ox = ((sh)%)) [ Divf? + Yar,
Q)
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where
k ok kN2 ,k 2
Yor = / 25 B (")t (| Ao )
O p

A.3.2 Computation of Jjk, j # k
The discrete integration by parts with respect to the average operator A; (3.2) gives

ij = Re/ (2"}/25 0' Aka’U)A v,

h,j

since Ax D0 = 0 on 9;Q), when k # j. Moreover, J;, can be rewritten as

. . 2 . .
Jir = Re Aj (27%550]Uk)AjAka§Aj’U + %Re/ D; (’yéﬁ’fajok)DjAkaﬂAjv
Qi,j Q;;J
y b k_j K
= J](k) + EReA* Dj(’)/Qﬂl O']O' )DjAkaEA]'U.
h,j

due to Lemma 3.1. Further, by (3.2) and Lemma 3.1, we have

J(l) Re/ Ak(A; (24 BT 07 %) Ajv) A; Dio

h,jk
— k_j_k _ b k_j k 2
= Re AkAj(Q’}/QﬂlO' o )AkAijjDkar— DkA ( [‘310' o )|A]Dkv|
Qr 2 Jar
h,ik h,ik
h? . .
- / A ORBED(A ) + o [ D (28t o)A, D
;]k ,;LJ’C
an o h? Jpk i _k 2
=Jj + 5 | Dedi(npro’e)|A; Diul”,
h,jk

where we have used Ajv =0 on 9k (}, ;) for k # j. Using (3.1), Lemma 3.1 and (3.2), we obtain

T = - Dy A A;(viBio’ o* )| Ajul?
Q;(L,j
k _j _k k _j _k 2
=~ [ DeAcA; (B0 Ay (o) / Dy AxA; (1407 ") Dyl
Qz,j
2 ki kv g2 B ki k 2
=— | DRARAI(YBro’a®)|v| T Dy A A; (Bt o’ a®)| Djvl?,
Qp Q;

by virtue of Ajv =0 on 0x(€, ;) for k # j and v = 0 on 9;Qp,.
Combing (A.14)-(A.16), we have

n2
Tu== [ DA + 5 [ Dt )4 Dl
Qp Rk
h? . . h? ) . -~
+ — Dy ARA; (W%ﬂfajak)|Djv|2 + —Re Dj(fyéﬁfajak)DjAkavAjv.
vsJ V]
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(A.14)

(A.15)

(A.16)

(A.17)
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Lemma A.4. For sh <R and 1 < j, k <d, we have

D ApAj (3107 0") = = 35° A’ 0" (0u9h)* (0;9)°

+(s29)°0(1) + 5*0x (1) + 5°Ox = ((sh)*),
D A;(viBro’ o) =s*Ox = (1),
DirAvA;(vBio’o*) =s*0a = (1),
D;(vBto’o") =s*0x = (1),

where ) = rDjzp and B = rApDip.

Proof. The estimates follow from the first equality in Lemma 3.10 and Lemma 3.7 arguing as in the proof of Lemma A.1.

O

Using Lemma A.4 and the facts that |4;Dyv|*> < A;(|Dyv|*) and Dyv = 0 on 9;(2, ), we get

h2
2

/ Dy A (Bt 07 o*)|A; Do)
Q

*
h,jk

<[ slOuR(smIA (Do)

h,jk

:/W s|Oxr ((sh)?)]| Div]?. (A.18)

h,k

By Young’s inequality and Lemma A.4 we note that

h2
2

Re/ D;(v3BYo7 o™\ D;j AL Dy A v
Q}*lj

<5 (sh) / 1Ox.= (1)1 A;0]% + sh?(sh) / 10, (1)]|D; Dy Aro]?

h,j h,j

<5 (o) [ 10AR (Aol +ssh) |

h h
3/
=s
Q

since v = 0 on 0;Q; and Dy Arv = 0 on 9;Q, for k # j and using Corollary 3.2.
In terms of (A.17)-(A.19) and Lemma A.4, we obtain

|O/\,R(1)|Aj(|DkAk’U|2)
¥

|OA,R(sh)||v\2+s/ 0x.2 ()| D Agv]?, (A.19)
Qp,

h

Jjk 23/ s’ X o0 (0k)?(0;9) vl —/ 5|0x= (sh)||Dx Agol?
Qp

Qp

- /Q ((sA)*|0(1)] + 5%|0Ox = (1)] + 5°|Ox . (sh) || (A.20)

- / 510x = ((s)®)] [ Dio]?* — / 510x= ((sh)D)]| Dyo]?
QF QF

h,k h,j

A.3.3 Estimate of Re(Azv, Biv)q,
Combining (A.13) and (A.20), the Lemma follows.
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A.4 Proof of Lemma 3.17

From the definitions of A;v and Bav in (3.5) we have

d
Re(A1v, Bav)g, = —ZRe/ QSTAipDk(O'ka’U)(Ag@)U
k=1 Qp

For concision we now set wf = rAZp(Asp). The discrete integration by parts (3.1) yields

—Re/ QSwaDk(akav)ﬂzRe/ 25Dy, (wiw)o" Dyv
on Q

*
h,k

:/ 25 Ay (wF)o® | Dyo|® + Re/ 25Dy (wi)o® A Dy,
Q

* *
h,k Qh,k

where we have used 7 = 0 on 9%, and Lemma 3.1.

Lemma A.5. For sh <R, we have

Ap(w?) = AoVt + ApO(1) + O = (h + (sh)?),
Di(w?) = Oar(1),

where w¥ = rAZp(Ay ).

Proof. Observing that

d d
Nop =Y 0 0fp == o u(Mpdkh) = N0 Vou|* + ApO(1),

k=1 k=1

by the first equality in Lemma 3.8 and the second equality in Lemma 3.9, we obtain the desired results.

By the discrete integration by parts (3.2) and Young’s inequality, we obtain

/ SONR(I)O”CAICWDICU S/ 32|O/\7R(1)\|Akv\2+/ |O)\,R(1)||Dk'l}|2
Q * *

;kz,k' h,k Qh,k
< / 2105 = (D] Ak (j0]?) + / 10x.% (1)| [ Dio]?
h.k h.k

- / 210a = (D)|of* + / Ox.= (1| Dy,
Q Q;

since |Arv|? < Agx(|v|*) and v = 0 on Q.

Consequently, we obtain the estimate of Re(A1v, Bav)g, from (A.21), (A.22), Lemma A.5 and (A.23).

Thus the proof of Lemma 3.17 is complete.

A.5 Proof of Lemma 3.18

From the definitions of Asv and Bav in (3.5) we have

d
Re(Azv, Bov)gq, = —ZRe/ QSUkrDEpsz(Aacp)ﬁ
k=1 Qp
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(A.21)

(A.22)

(A.23)
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d 2
h
= E (—/ 250" rDEp(As ) |v|* — 7Re/ SUk’I‘Dip(Agtp)ﬁDi’U>
2h Qn

k=1

d 2
= Z <—/ 25w§|v\2 — —Re/ swéiDiv)
k=1 Qp, 2 Qp
= Quk + Qax, (A.24)

where w5 = o"rDip(A, ) and we have used Ajv = v + h;D,%v. By using integration by parts (3.1) twice, we can prove

sh? ko
Q2r = —Re Dy (wyv)Dyv
2 Jo
ok
h? h?
— Ag(wh)| Div]? + u Dy (w5) D (|v]?)
2 Jor 4 Jor
h,k h,k
h? h?
= [ Aol - 5 [ DR, (4.25)
o Q
hok h

where we have used v = 0 on 9, and ARVDv = %Dk(|v|2).
Similar to Lemma A.5 and Lemma A.1, we have the following Lemma.

Lemma A.6. For sh <R, we have

wh = A3 V2ot (1) + $° X203 O(1) + 5O (1) + 52O = ((sh)?),
Ak(wg) = SQOA)R(l),
R DR (wh) = sOx=(sh),

where w§ = c"rDEp(As ).

Then we get the estimate of Re(A2v, Bav)q, from (A.24), (A.25) and Lemma A.6. Thus the proof of Lemma 3.18 is
complete.

A.6 Proof of Lemma 3.19
We set wh = pa®| V|2 For k,j =1,...,d with k # j, by (3.2), (3.1) and Lemma 3.1, we have

J

W Dyf? = / A; (k| Dif?)

;(L,k Qh,kj
k 2 h2 k 2
= Aj(ws) A5 (IDkol") + Dj(wz)Dj(|Drv|)
2,167 Qikj
k 2 h2 k 2 h2 2 k 2
= Aj(ws)|A;j Dyl o Aj(ws)|DjDivl” — T Dj (w3 )| Drvl
bk QF k) Q7 k
h? Ny 2 _h , D (wk 2
> [ Aiws)IDiDiol” = - (75 = 7-5)Dj(ws))| Dol
hokj hok

since Dyv = 0 on 9;(, 1)
On the other hand, for k =1,...,d, by (3.2), (3.1) and Lemma 3.1, we have

h
Wi |Dyo|® = A (ws|Drol?) + = ¥ (w¥ | Drv|?)
2 Jo,a,

QL Qp
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h2
> [ Ap(w5)Ak(|Drvl?) + T Di(w3) D (| Drv]?)
Qp Qp

h2
= [ Ap(wh)|AxDyv|? + T Ay (w5)| Div[?
Qp, Qp,
h? kv, k 2
- ((Tk = T—&) Die (w§)) | Drv)* + — Dy (w3)tr (| Dvl")nk
4 #« 4 o,

h,k

We thus have

d 2
2:/ WK IDyof? > g;(ﬁ[; jwﬁame—ZA*«n—ramwﬁw%ﬁ>
J#k

Jrk=1 h.kj h,k
L n? h
+Z<4/Awwmm—4 «kwwmm>mm) (4.26)
Q o
k=1 h h,k
d
+ Z/ Ag(w3)| Ak Drv|” + Y,
k=17
where
h? &
nzqz/ Di(w§)5 (I Dev )
k=1" %S
Moreover, for j,k =1,...,d, we have
Aj(wh) = w§ + hOxr(1), (15— 7—;)Di(wh) = Oxr(1), (A.27)

where w§ = wo*|V,1|?. From (A.26) and (A.27), the result of Lemma 3.19 follows.

A.7 Proof of Lemma 3.20
We begin proving the first inequality (3.13) of our Lemma. Recalling that v = ru, u = pv, thanks to Lemma 3.1 and

Young’s inequality, we have
/ TQ\Dku|2 <2 / 7“2|D;€UA;Cp|2 +/ 7“2|A;€1)D;Cp|2
bk o o

h.,k h,k

= 2(H1 —+ Hg).

Let us first estimate H>. Using Lemma 3.1, (3.2) and the second equality in Lemma 3.8 we botain

f&g/‘IH%mAMv /<Mh@wHWI<s/ 1Ox= (L)[[02,
* .

Q5 k

since v = 0 on 0x€2;,. It remains to prove that

ms/'ﬂkmmwm%
Q

*
hok

which follows from the first equality in Lemma 3.8, and inequality (3.13) is proved.
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To prove the inequality (3.14), we note that
|pDyv|* = |pArrDyu + pDyrAgul® < Cx = (|Drul® + 5% Agul®),

due to Lemma 3.1 and the first and second equality Lemma 3.8. Then, by virtue of t*(|Azul?) = %tﬁﬂDkuP) and
sh <R, we have

(D) = (2 pDav]?) < Ot (1)t (| Deul?) (A.:28)
Moreover, by Definition 2.7, we have
|Onu|* = |t7(o" Dru)ni|* = |t7:(o") [t (Dru)[* > Ct7 (| Dyul®), (A.29)

for z € 0k, k=1,...,d. Combining (A.28) with (A.29), we get (3.14). Thus the proof of Lemma 3.20 is complete.

APPENDIX B.

Proposition B.1. Let Assumption 2.4 and Assumption 2.5 hold. Let M > 0, g € C(Q) satisfying ||qHLZO(Qh) <M and
let u € C(Q) satisfying

—Apu+qu=f, in Qp,

(B.1)
u=0, on JdQy,
where f € C(Qp) and f =0 on OQy. Then there exists constant C' > 0 independent of h such that
Hu”H}QL(Qh) < CHfHL;"l(Qh)' (B.2)
Proof. By Assumption 2.5, we have
HUHH;L(Qh) < CHfHL’;‘L(Qh): (B.3)

for some constant C' > 0 independent of h. Accordingly, replacing f by f — qu, we are reduced to the case ¢ = 0, that
we assume from now.

Since Q5 = hZ%nN (0, l)d, we first propose to extend u a priori defined on the discrete domain Q5 to Qexe,n =
hZ4 N (—1,2)d as follows. For x = (z1,...,xq) € ([07 1]‘1*1 x (—1, 2)) N Qext,n, we set u(z) = —u(z1,...,xa-1,—xaq) for
zq4 € (—1,0) and @(z) = —u(21,...,2a-1,1 — (zg — 1)) for z4 € (1,2). This defines @ on ([0,1]"" x (=1,2)) N Qext.n-
Then, for z = (z1,...,24) € ([O, 11972 x (=1,2) x [0, 1]) N Qext,n, wWe set u(x) = —u(r1,...,Td—2, —Td—1,%q) for xq_1 €
(=1,0) and u(z) = —u(z1,...,1— (x4—1 — 1), 2a) for z4_1 € (1,2). This defines & on ([0,1]*"2 x (—1,2) x [0,1]) N Qext, n-
By induction, we then extend it for x = (z1,...,24) € Qext,n by setting & = —u(—z1,...,xq) for z1 € (—1,0) and
u=—u(l—(x1—1),...,2q) for z1 € (1,2). We do a similar extension fof f on Qexe,n taking care of choosing f: 0 on
Q.

We thus have constructed a solution @ of

_Aha - f7 in Qext,hv

~ (B.4)
u=0, on 0Qexth-
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We then choose a function x € C°((—1,2)%) such that x = 1 on [0,1]¢ and we multiply (B.4) by —xD?, after some

integrations by parts where all the boundary terms vanish due to the choice of x, we obtain

d
/ xAio' | DU + Z/ A1 (Axxo™)| D1 D)
Qezt,h k=27 (Qezt,n)i

d
:_/ XD%af—/ XDlalDfﬂAlDlﬂ-i-Z/ Ay (Dpxo® D) Diu
Qext,h Qemt,h k=2 2

ext,h
d
— / D1 (Apxo™) AL DyuDy D1l

k=2 (Qezt,n)]

Of course, since x =1 on [0, 1]d, the left hand-side of (B.5) is bounded from below by

d
C </ |D%u|2 =+ Z/ D1Dku|2> .
Qp, k=27 % k1

(B.5)

On the other hand, noting that @ and fare symmetric extensions of v and f, the right hand-side of (B.5) is bounded

form above by

d

1 3
2
c( ([ wrr) +Z</ * |DlDw2> (17123 @) + Il g ) -
Qp k=2 \Y 2} k1

We thus obtain

Nl

1 d
2
([ ot +§j</ﬂ * |D1Dku2) < & (11130 + Iullngcan) -
h =2 hokl

k

Similarly, we have

=

d

() 2 (]

for i = 2,...,d. Combining (B.6), (B.7) and (B.3), we obtain the inequality (B.2).

|DkaU|2> <C (Hf“i%(ﬂh) + HuHH}ll(Qh)) )

*
h,ki

(B.7)
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