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ON THE OPTIMAL SETS IN PÓLYA AND MAKAI TYPE

INEQUALITIES

Vincenzo Amato1,* , Nunzia Gavitone2 and Rossano Sannipoli3

Abstract. In this paper, we examine some shape functionals, introduced by Pólya and Makai, involv-
ing the torsional rigidity and the first Dirichlet–Laplacian eigenvalue for bounded, open and convex
sets of Rn. We establish quantitative bounds, which give us key properties and information on the
behavior of the optimizing sequences. In particular, we consider two kinds of remainder terms that
provide information about the structure of these minimizing sequences, such as information about the
thickness.
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1. Introduction

Let Ω ⊂ Rn, n ≥ 2, be a non-empty, bounded, open and convex set. This paper deals with shape functionals
involving two well known quantities, namely the torsional rigidity, denoted by T (Ω), and the first Dirichlet
eigenvalue of the Laplacian λ(Ω). Their variational characterizations are given by

T (Ω) = max
φ∈H1

0 (Ω)
φ̸≡0

(�
Ω

φdx

)2

�
Ω

|∇φ|2 dx
and λ(Ω) = min

φ∈H1
0 (Ω)

φ̸≡0

�
Ω

|∇φ|2 dx
�
Ω

φ2 dx

.

These functionals are respectively monotonically increasing and decreasing with respect to the set inclusion,
and satisfy the following scaling properties for all t > 0

T (tΩ) = tn+2T (Ω), λ(tΩ) = t−2λ(Ω).
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2 V. AMATO ET AL.

Concerning shape optimization issue, there are two acclaimed inequalities for which the ball is the optimum
when a measure constraint is imposed. Let Ω be any open set in Rn with finite Lebesgue measure and B any
ball. Then, the first one is the de Saint–Venant inequality, conjectured in [1] and proved in [2], stated in the
following scaling invariant way

|Ω|−
n+2
n T (Ω) ≤ |B|−

n+2
n T (B),

where |Ω| is the Lebesgue measure of Ω. The second one is the Faber–Krahn inequality, see [3, 4], for which we
have

|Ω|
2
nλ(Ω) ≥ |B|

2
nλ(B).

Moreover, different inequalities involving both quantities have been established starting from the second half of
the 20th century (see for instance [5–7]).
In this paper, we focus on the following shape functionals:

(i)
T (Ω)P 2(Ω)

|Ω|3
(Pólya torsion functional),

(ii)
λ(Ω)|Ω|2

P 2(Ω)
(Pólya eigenvalue functional),

(iii)
T (Ω)

R2
Ω|Ω|

(Makai functional),

(iv) λ(Ω)R2
Ω (Hersch functional),

(1.1)

where P (Ω) and RΩ denote the perimeter and inradius of Ω, respectively (see Sect. 2 for the precise definitions).
Starting with the Pólya torsion functional, we recall that in [8, 9], Makai and Pólya respectively proved, in

the planar case, that the functional in (i) is bounded from both above and below in the class of convex sets:

1

3
≤ T (Ω)P 2(Ω)

|Ω|3
≤ 2

3
, (1.2)

and showed that the inequalities are sharp, in the sense that the lower bound is asymptotically achieved by a
sequence of thinning rectangles and the upper bound by a sequence of thinning triangles. The lower bound in
(1.2) was generalized to higher dimension in [10], proving it for any open, bounded, and convex sets in Rn and
showing that it is asymptotically achieved by a sequence of flattening cylinders, i.e. a sequence whose height
tends to zero. Further generalizations can be found in [11, 12].
With regards to (ii), the following bounds are known

π2

4n2
≤ λ(Ω)|Ω|2

P 2(Ω)
≤ π2

4
. (1.3)

The upper bound was first proved in [9] in the class of convex planar sets, being sharp for a sequence of thinning
rectangles. Successively, it was generalized to higher dimensions and in the case of the first eigenvalue of the
anisotropic p-Laplace operator by [10]. The lower bound was proved in [8] and in [13] in two and n dimensions,
respectively, and it is sharp on sequences of collapsing pyramids (see [14] for a generalization in the anisotropic
setting).
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Concerning (iii), the following bounds are known

1

n(n+ 2)
≤ T (Ω)

R2
Ω|Ω|

≤ 1

3
. (1.4)

Makai proved (see [8]) the upper bound in the two dimensional setting, also proving the sharpness for sequences
of thinning rectangles. The lower bound was first proved in [7], where the equality holds if and only if Ω is a
disc. Later on, in [15] the authors generalized both inequalities in higher dimension and also for more general
operators. Among their results, they prove that the upper bound in (1.4) is achieved by a suitable sequence of
flattening cylinders.
Finally, for the functional in (iv) we have the following bounds

π2

4
≤ λ(Ω)R2

Ω ≤ λ1(B1). (1.5)

The upper bound is an immediate consequence of monotonicity with respect to the inclusion. The lower bound
is known as Hersch–Protter inequality, since it has been originally proved by Hersch [16] in the two dimensional
case and, later on, generalized in higher dimension by Protter [17].

Further generalizations have been developed for more general spectral functionals, such as the principal
frequencies of the p-Laplacian and related shape functionals. Contributions in this direction include [18, 19].

Besides the lower bound in (1.4) and the upper bound in (1.5), the common thread of all these functionals
is that their bounds are achieved by sequences of particular sets, without admitting an optimal set, i.e. if J(·)
is any of the functionals in (1.1) and Kn is

Kn = {non-empty, bounded, open, and convex subset of Rn} ,

then

∄ Ω̃ ∈ Kn such that inf
Ω∈Kn

J (Ω) = J (Ω̃).

The aim of this paper is to prove quantitative results for the shape functionals in (1.1).
The quantitative results for the functionals defined in (1.1) differ substantially from the classical ones known

in literature, due to the existence of an optimum. Indeed, for such cases, the quantitative analysis becomes more
complex, as there is no optimal set to compare the minimising sequence with.

Quantitative stability problems of this type have been investigated in the literature. For spectral functionals
involving the gap between the first two eigenvalues, both in the Dirichlet and Neumann settings, we refer to the
works [20, 21], where quantitative inequalities are established. Quantitative results for shape functionals related
to the Cheeger constant have been obtained in [22, 23], where stability estimates are derived.

A different but closely related approach is provided by quantitative versions of classical isoperimetric-type
inequalities involving spectral quantities and torsional rigidity. In particular, in [24] the authors study a Pólya-
type functional combining the first Dirichlet eigenvalue, the torsional rigidity, and the measure of the domain,
obtaining quantitative lower bounds and stability results.

It will soon be clear that the remainder terms that we will add to the qualitative inequalities will not fully
characterize the shape of the minimizing sequence, as for instance for the isoperimetric inequality, but they will
allow to give some information and properties of such sequences.

Let us now define the following two remainder terms

α(Ω) :=
wΩ

diam(Ω)
, and β(Ω) :=

P (Ω)RΩ

|Ω|
− 1, (1.6)
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where we denote by wΩ and diam(Ω), the minimal width and the diameter of Ω, respectively (see Sect. 2 for
the exact definitions). We stress that the first remainder term allows to define the class of the so-called thinning
domains (see Sect. 2 for the precise definition), that are sequences of sets for which α(Ω) → 0. Moreover the
remainder term β(Ω) is always between 0 and n− 1, where the lower bound is sharp and which is achieved by
a sequence of flattening cylinders, meanwhile the upper bound is sharp, for instance, on balls (see Prop. 2.8).
First, we emphasize a result connecting the two remainder terms α(Ω) and β(Ω).

Proposition 1.1. Let Ω ∈ Kn. There exists a positive dimensional constant Co(n) such that

β(Ω) ≥ C0(n)α(Ω). (1.7)

The constant C0(n) can be explicitly computed. Moreover, the exponent of α(Ω) is sharp and a reverse inequality
cannot be true, since there are sequences of thinning domains for which the functional β(Ω) is not converging
to zero (for instance a sequence of collapsing pyramids).

This proposition provides information about the nature of the minima of the functional β(Ω): every mini-
mizing sequence for β must consist of thinning domains. The latter shows that the two remainder terms are not
equivalent, in the sense that β(Ω) cannot be bounded from above in terms of α(Ω). This is the reason why we
distinguish the quantitative results for the functionals in (1.1) with respect to α(Ω) and β(Ω).

Finally, we highlight that, when referring to the sharp exponent, we mean that there exists a sequence for
which the functional on the left-hand side divided by the right-hand side converges to a positive constant.
The purpose of this paper is, in a sense, to provide a characterization of the minimizing sequences for the lower
bounds in (1.2) and (1.5) and for the upper bounds in (1.3) and (1.4), by means of quantitative and continuity
results expressed in terms of α(Ω) or β(Ω). More precisely, we aim to establish inequalities that ensure two key
properties: first, if the functional is close to its optimum, then the corresponding shape is close to a slab; and
second, if the set is close to a slab, then the functional is close to its infimum.

An initial step in this direction appears in [11], where two quantitative results are established for the functional
in (i). The first one involves α(Ω): in any dimension and it holds

T (Ω)P 2(Ω)

|Ω|3
− 1

3
≥ K1(n)α(Ω)

n−1, (1.8)

where K1(n) is a positive dimensional constant and Ω ∈ Kn. Inequality (1.8) states that when the functional is
close to its optimal value, the domain Ω must be a thinning domain.

To have more information on the shape of the minimizing sequence, the authors proved in dimension 2 that
there exists a positive constant K2 such that

T (Ω)P 2(Ω)

|Ω|3
− 1

3
≥ K2β(Ω)

3. (1.9)

The first result is the n-dimensional generalization and improvement to the inequality (1.9) regarding the
Pólya torsion functional.

Theorem 1.2. Let Ω ∈ Kn. Then,

n+ 1

3
β(Ω) ≥ T (Ω)P 2(Ω)

|Ω|3
− 1

3
≥ 1

23 · 34n3
β(Ω)3. (1.10)

The second one is about the Pólya eigenvalue functional.
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Theorem 1.3. Let Ω ∈ Kn. Then

π2

2
β(Ω) ≥ π2

4
− λ(Ω)|Ω|2

P 2(Ω)
≥ π2

25 · 34
· 1

n3(2n− 1)
β(Ω)4. (1.11)

The third main results regards the Makai functional.

Theorem 1.4. Let Ω ∈ Kn. Then

2

3
β(Ω) ≥ 1

3
− T (Ω)

R2
Ω|Ω|

>
n+ 1

3n(2n− 1)
β(Ω). (1.12)

Remark 1.5. Some comments on the results are in order:

� The main idea behind the proofs of Theorems 1.2 and 1.3 is to use a suitable test function, following the
approach originally introduced by Pólya, and then to carefully handle the terms that were discarded in
the classical argument. It turns out that the measure and the perimeter of a specific superlevel set of the
distance function, namely ΩP (Ω)/|Ω|, play a crucial role in this analysis. This is the reason why Lemma 3.1
is needed. In the proof of Theorem 1.4, we rely on estimates of the torsion in terms of the L2-norm of the
distance function to the boundary (see Prop. 2.7), together with concavity properties of the perimeter of
the superlevel sets of the distance function.

� Theorems 1.2, 1.3 and 1.4 fully characterize the optimizing sequences of these three functionals in terms of
the functional β(Ω), which is purely geometric. Specifically, these results allow us to assert that a sequence
is minimizing for the Pólya torsion functional, Pólya eigenvalue functional, or Makai functional if and
only if it minimizes β(Ω).

� The optimality of the exponents of β(Ω) in Theorem 1.4 follows directly from the Theorem itself, since
the two exponents are equal. Indeed, for any set for which β tends to 0, the Makai functional also goes to
1
3 with the same order.

As an immediate consequence of Proposition 1.1 and Theorems 1.2, 1.3 and 1.4, we can also bound from below
the three quantities in (1.10), (1.11) and (1.12) in terms of α(Ω), with the same exponents. Therefore, regarding
the Pólya torsion functional, we have an improvement of the inequality (1.8) for n ≥ 5. The authors of [11]
conjectured that the optimal exponent in (1.8) is 1. We state and prove this conjecture, and prove an analogous
result for the Pólya eigenvalue functional. This is the content of the following proposition.

Proposition 1.6. Let Ω ∈ Kn. Then,

T (Ω)P 2(Ω)

|Ω|3
− 1

3
≥ C1(n)α(Ω), (1.13)

and

π2

4
− λ(Ω)|Ω|2

P 2(Ω)
≥ C2(n)α(Ω), (1.14)

where C1(n) and C2(n) are positive constants depending only on the dimension n, and they can be explicitly
computed. In particular, the exponents of α(Ω) are sharp. Moreover, a reverse inequality cannot hold in either
case, since there exist sequences of thinning domains for which the left-hand side does not tend to zero (for
instance, sequences of collapsing pyramids).
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Table 1. Summary of the results.

Lower remainder term Upper remainder term(
wΩ

dΩ

)γ (
P (Ω)RΩ

|Ω|
− 1

)δ (
wΩ

dΩ

)γ (
P (Ω)RΩ

|Ω|
− 1

)δ

T (Ω)P 2(Ω)

|Ω|3
− 1

3

✓
γ = 1
sharp

✓
δ = 3

✗
(collapsing pyramids)

✓
δ = 1
sharp

π2

4
− λ(Ω)|Ω|2

P 2(Ω)

✓
γ = 1
sharp

✓
δ = 4

✗
(collapsing pyramids)

✓
δ = 1
sharp

1

3
− T (Ω)

R2
Ω|Ω|

✓
γ = 1
sharp

✓
δ = 1
sharp

✗
(collapsing pyramids)

✓
δ = 1
sharp

λ(Ω)R2
Ω − π2

4

�
γ = 2

✗
(collapsing pyramids)

�
γ = 2/3

✓
δ = 1

Symbol Legend: ✓: Proved in this paper in any dimension; ✗: Not possible (we indicate the counterexample); �: Known in
literature.

For the sake of completeness, we recall some known-in-literature result and remarks on the Hersch functional
(iv) defined in (1.1). It is known that for any Ω ∈ Kn,

K3( diam(Ω)2Λ)α(Ω)
2
3 ≥ λ(Ω)R2

Ω − π2

4
≥ K4α(Ω)

2, (1.15)

for some positive real constants K3( diam(Ω)2Λ) and K4, where Λ denotes the first eigenvalue of the (m− 1)-
dimensional Dirichlet Laplacian of the projection of Ω onto the hyperplane orthogonal to the direction of the
width (see [24] for further details). The lower bound was proved in [17], while the upper bound is actually hidden
in the proof of [24], Theorem 1.5. In dimension 2, the chain of inequalities (1.15) completely characterizes the
minimizers of the Hersch functional, which are precisely the thinning domains (and vice versa), since in this
case it is possible to prove the boundedness of Λ. An upper bound has also been proved in [22], albeit with a
different approach.

Inequalities (1.15) show that the remainder term β(Ω) cannot be added as a lower bound; indeed, otherwise
one would be able to control β(Ω) from above in terms of α, which is not possible by Proposition 1.1. Nevertheless,
Proposition 1.1 permits its addition above, even though the constant depends on the first Dirichlet eigenvalue
of a (n− 1)-dimensional convex set. To get rid of this problem, we pay a price in terms of exponent, but we can
prove that

Corollary 1.7. Let Ω ∈ Kn. Then,

π2(n+ 1)

4
β(Ω) ≥ λ(Ω)R2

Ω − π2

4
. (1.16)

The proof is just a manipulation of the functional and the use of the lower bound for the Pólya eigenvalue
functional.
For the sake of readability, we summarize the new and known results in the following table.

Plan of the paper: In Section 2 we recall some basic notions and definitions, and we recall some classical
results, focusing in particular on the class of convex sets. In Section 3 we prove Theorems 1.2, 1.3 and 1.4 about
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the estimates involving β(Ω), while in Section 4 we give the proof of Proposition 1.6, regarding the one involving
α(Ω). Eventually, Section 5 is dedicated to the proof of the sharpness of the inequalities proved.

2. Preliminary results

2.1. Notations and basic facts

Throughout this article, | · | will denote the Euclidean norm in Rn, while ( · ) is the standard Euclidean scalar
product for n ≥ 2. For k ∈ [0, n), the k−dimensional Hausdorff measure is denoted by Hk(·). We will denote by
Br(x) the ball centered at the point x ∈ Rn with radius r > 0; moreover, when the ball is centered at the origin
we will write Br, omitting the dependence on x, and when the radius of the ball is 1, we will denote by Sn−1

its boundary.
Since Ω ∈ Kn, its perimeter can be defined by

P (Ω) = Hn−1(∂Ω).

If P (Ω) < ∞, we say that Ω is a set of finite perimeter. Some references for results related to the sets of finite
perimeter and for the coarea formula are, for instance, [25, 26].

We give now the definition of the support function of a convex set and minimal width (or thickness) of a
convex set.

Definition 2.1. Let Ω ∈ Kn. The support function of Ω is defined as

hΩ(y) = sup
x∈Ω

(x · y) , y ∈ Rn.

Definition 2.2. Let Ω ∈ Kn, the width of Ω in the direction y ∈ Sn−1 is defined as

ωΩ(y) = hΩ(y) + hΩ(−y)

and the minimal width of Ω as

wΩ = min{ωΩ(y) | y ∈ Sn−1}.

We will denote by RΩ is the inradius of Ω, i.e.

RΩ = sup{r ∈ R : Br(x) ⊂ Ω, x ∈ Ω}, (2.1)

and by diam(Ω) the diameter of Ω, that is

diam(Ω) = sup
x,y∈Ω

|x− y|.

Definition 2.3. Let Ω ∈ Kn. We say that Ωl is a sequence of thinning domains if

wΩl

diam(Ωl)

l→0−−→ 0.

See [11] for more details and some figures.

We recall in the following the relation between the inradius and the minimal width (see, for instance, [27–29]).
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Proposition 2.4. Let Ω ∈ Kn. Then, the following estimates (that can be found in [27], Eq. (9)):

wΩ

2
≥ RΩ ≥


wΩ

√
n+ 2

2n+ 2
n even

wΩ
1

2
√
n

n odd,

(2.2)

Moreover, we have the following estimate involving the perimeter and the diameter, which follows from [27],
equation (7),

P (Ω) ≤ nωn

(
n

2n+ 2

)n−1
2

diam(Ω)n−1. (2.3)

2.2. Properties of the distance function and inner parallel sets

Let Ω ∈ Kn. We define the distance function from the boundary, and we will denote it by d(·, ∂Ω) : Ω →
[0,+∞[, as follows

d(x, ∂Ω) := inf
y∈∂Ω

|x− y|,

and we call inradius, RΩ, its maximum.
We remark that the distance function is concave, as a consequence of the convexity of Ω. The superlevel sets

of the distance function

Ωt = {x ∈ Ω : d(x, ∂Ω) > t } , t ∈ [0, RΩ]

are called inner parallel sets, and we use the following notations:

µ(t) = |Ωt|, p(t) = P (Ωt) t ∈ [0, RΩ].

By coarea formula, recalling that |∇d| = 1 almost everywhere, we have

µ(t) =

�
{ d>t }

dx =

�
{ d>t }

|∇d|
|∇d|

dx =

� RΩ

t

1

|∇d|

�
{ d=s }

dHn−1 ds =

� RΩ

t

p(s) ds;

hence, the function µ(t) is absolutely continuous, decreasing and its derivative is

µ′(t) = −p(t) a.e. (2.4)

By the Brunn–Minkowski inequality ([30], Thm. 7.4.5) and the concavity of the distance function, the map

t 7→ p(t)
1

n−1

is concave in [0, RΩ], hence absolutely continuous in (0, RΩ). Moreover, there exists its right derivative at 0

and it is negative, since p(t)
1

n−1 is strictly monotone decreasing, hence almost everywhere differentiable. As a

consequence of the monotonicity of p(t)
1

n−1 , also p(t) is strictly monotone decreasing, and then, by (2.4), µ(t)
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is convex. Moreover the concavity allows us to say that (p
1

n−1 (t))′′ ≤ 0. Furthermore, integrating (2.4) from 0
to |Ω| and considering the fact that in convex sets p(t) ≤ P (Ω), we get

µ(t) ≥ |Ω| − P (Ω)t a.e. (2.5)

The well-known Steiner formula for outer parallel sets reads

|Ω+ ρB1| =
n∑

i=0

(
n

i

)
Wi(Ω)ρ

i.

The coefficientWi(Ω), i = 0, . . . , n is known as the i-th quermassintegral of Ω. It is well known thatW0(Ω) = |Ω|,
nW1(Ω) = P (Ω), Wn(Ω) = ωn, where ωn is the measure of the unit ball in dimension n. If Ω is of class C2,
with nonvanishing Gaussian curvature, the quermassintegrals can be connected to the principal curvatures of
the boundary of Ω.

Crucial to mention are the Aleksandrov–Fenchel inequalities

(
Wj(Ω)

ωn

) 1
n−j

≥
(
Wi(Ω)

ωn

) 1
n−i

, 0 ≤ i < j ≤ n− 1,

with equality sign if and only if Ω is a ball. As a consequence of the Alexandrov–Fenchel inequality, we have
the following lemma, proved in [31].

Lemma 2.5. Let Ω ∈ Kn. Then for a.e. s ∈ (0, RΩ) we have

− d

ds
p(s) ≥ (n− 1)W2(s),

and the equality holds if and only if Ω is a ball. Hence, for all s ∈ (0, RΩ) we have

p(s) ≤ P (Ω)− (n− 1)

� s

0

W2(s) ds. (2.6)

In particular, for Ω non-empty bounded, open and convex set of R2, (2.6) reads

p(t) ≤ P (Ω)− 2πt ∀t ∈ [0, RΩ]. (2.7)

equality holding in (2.7) for the stadii (see [32]).
The following lemma is a key ingredient for the quantitative estimates. The first estimate will be crucial

for proving the quantitative bounds involving α(Ω) for the Pólya torsion and eigenvalue functionals, while the
second one will be used to establish the estimates involving β(Ω).

Lemma 2.6. Let Ω ∈ Kn. Then, for all t ∈ (0, RΩ), we have

p(t) ≤ P (Ω)− cn
|Ω| − µ(t)

P
1

n−1 (Ω)
, for cn = (n− 1)ω

1
n−1
n , (2.8)

and

µ(t) ≤ (RΩ − t)p(t) +
(RΩ − t)2

2(n− 1)
p′(t). (2.9)
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Proof. We begin with the proof of (2.8). In the planar case, this inequality is a consequence of (2.7) and (2.5),
with c2 = 2π.

If n ≥ 3, by Lemma 2.5 and the Alexandrov–Frenchel inequalities, we have

p(t) ≤ P (Ω)− (n− 1)

� t

0

W2(s) ds

≤ P (Ω)− cn

� t

0

p
n−2
n−1 (s) ds

≤ P (Ω)− cnP
− 1

n−1 (Ω)

� t

0

−µ′(s) ds

= P (Ω)− cn
|Ω| − µ(t)

P
1

n−1 (Ω)
,

where cn = (n− 1)ω
1

n−1
n .

We now prove (2.9). Since the measure of the inner parallel sets is absolutely continuous and the perimeter
is monotone, we have

µ(t) =

� RΩ

t

p(s) ds =

� RΩ

t

p(s)
1

n−1 p(s)
n−2
n−1 ds ≤ p(t)

n−2
n−1

� RΩ

t

p(s)
1

n−1 ds.

Now, integrating by parts twice, we get

� RΩ

t

p(s)
1

n−1 ds = (RΩ − t)p(t)
1

n−1 +

� RΩ

t

(RΩ − s)(p(s)
1

n−1 )′ ds

= (RΩ − t)p(t)
1

n−1 +
(RΩ − t)2

2
(p(t)

1
n−1 )′ +

1

2

� RΩ

t

(RΩ − s)2(p(s)
1

n−1 )′′ ds.

Since the map t → p(t)
1

n−1 is concave, (p(s)
1

n−1 )′′ ≤ 0 for a.e. s, and we get

� RΩ

t

p(s)
1

n−1 ds ≤ (RΩ − t)p(t)
1

n−1 +
(RΩ − t)2

2(n− 1)
p(t)−

n−2
n−1 p′(t).

Therefore

µ(t) ≤ (RΩ − t)p(t) +
(RΩ − t)2

2(n− 1)
p′(t).

2.3. Upper and lower bounds for the Torsion

Two key ingredients for the proofs of the lower bounds for the Pólya and Makai functionals are specific
estimates below and above of the torsion T (Ω), that we here explain.

Regarding the lower bound, the idea has been known for several decades and can be found in [9]. Here we
rewrite the computations made by Pólya to give a better comprehension of the subject and to make it more
readable for non-expert readers.
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Proposition 2.7. Let Ω ∈ Kn and let us consider the torsion T (Ω) of the set Ω. Then

� RΩ

0

µ2(t)

p(t)
dt ≤ T (Ω) ≤

�
Ω

d(x, ∂Ω)2 dx.

Proof. Let us prove only the lower bound since we will follow the same arguments proposed by Pólya, i.e. the
use of a suitable test function of the distance from the boundary. For the proof of the upper bound we refer to
Makai (see [8]) for the planar case and to [33], Theorem 1.1, for the general case.

Let us consider as a test function for the torsion f(x) = g(d(x, ∂Ω)),where g is suitably chosen. At this point,
coarea formula and an integration by parts allow to write

�
Ω

f(x) dx =

� RΩ

0

g(t)p(t) dt =

� RΩ

0

g′(t)µ(t) dt,

and

�
Ω

|∇f |2 dx =

� RΩ

0

g′2(t)p(t) dt.

In this way, we get

T (Ω) ≥

(�
Ω

f(x) dx

)2

�
Ω

|∇f |2 dx
=

(� RΩ

0

g′(t)µ(t) dt

)2

� RΩ

0

g′2(t)p(t) dt

,

and choosing g′(t) = µ(t)/p(t), we finally have

� RΩ

0

µ2(t)

p(t)
dt ≤ T (Ω).

The integral on the left-hand side of (2.7) is the exact representation of the so-called web torsion (see [7]). See
also [34] for the upper estimate in (2.7) proved in dimension 2, and successively generalized in higher dimensions
in [35].

2.4. Comparison results between the remainder terms

As we already mentioned, our aim is to prove quantitative estimates for the functionals in (1.1), using as
remainder terms the two remainder terms defined in (1.6), that we write here again

α(Ω) :=
wΩ

diam(Ω)
, and β(Ω) :=

P (Ω)RΩ

|Ω|
− 1.

We recall the following estimate, which is proved in [27] in the planar case and is generalized in [14, 36] to all
dimensions.
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Proposition 2.8. Let Ω ∈ Kn. Then,

1 <
P (Ω)RΩ

|Ω|
≤ n. (2.10)

The lower bound is sharp on a sequence of flattening cylinders, while the upper bound is achieved if Ω(1−t)RΩ
= tΩ

for t ∈ (0, 1).

Our first result is a quantitative version of the lower bound in (2.10) in terms of α(Ω).

Proof of Proposition 1.1. If we integrate the estimate (2.8) between 0 and the inradius RΩ, and use the fact
that −µ′(t) = p(t), we obtain

|Ω| =
� RΩ

0

p(t) dt ≤ P (Ω)RΩ − cn

� RΩ

0

|Ω| − µ(t)

P
1

n−1 (Ω)
dt

= P (Ω)RΩ − cn
|Ω|

P
1

n−1 (Ω)

� RΩ

0

(
1− µ(t)

|Ω|

)
dt

≤ P (Ω)RΩ − cn
|Ω|2

P
1

n−1 (Ω)P (Ω)

� RΩ

0

(
1− µ(t)

|Ω|

)
−µ′(t)

|Ω|
dt

= P (Ω)RΩ − cn
2

|Ω|2

P
1

n−1 (Ω)P (Ω)
.

Now, dividing by |Ω| and using estimate (2.10) we have

P (Ω)RΩ

|Ω|
− 1 ≥ cn

2

|Ω|
P

1
n−1 (Ω)P (Ω)

≥ cn
2n

RΩ

P
1

n−1 (Ω)
.

Eventually, considering (2.2) and (2.3), we obtain

β(Ω) =
P (Ω)RΩ

|Ω|
− 1 ≥ C0(n)

wΩ

diam(Ω)
= C0(n)α(Ω),

where

C0(n) =



n− 1

2
5
2n

n
n−1

[
n(n+ 2)

(n+ 1)3

] 1
2

n even

n− 1

2
5
2n

n
n−1

[
1

n+ 1

] 1
2

n odd.

For the optimality of the exponent see Proposition 5.1, while for the counterexample see Remark 5.2.

3. Proofs of the results in terms of β

For the proof of Theorems 1.2 and 1.3, we need first to prove a technical Lemma. We consider a particular
inner parallel set at the level |Ω|/P (Ω). This choice is justified by Proposition 2.8, being this quantity always
less than RΩ and tending to RΩ when β(Ω) → 0. In order to prove the main results, we need to relate the
measure and the perimeter of this inner parallel set with the remainder term β(Ω).
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Lemma 3.1. Let Ω ∈ Kn and let β(Ω) be defined in (1.6). Then,

µ

(
|Ω|

P (Ω)

)
≥ q1(n,Ω)|Ω|, (3.1)

p

(
|Ω|

P (Ω)

)
≤ q2(n,Ω)P (Ω), (3.2)

where

q1(n,Ω) =
β(Ω)

6n
and q2(n,Ω) =

(
1 +

β(Ω)

n

)−1

(3.3)

Proof. We start from inequality (3.1). Let us assume by contradiction that

µ

(
|Ω|

P (Ω)

)
<

|Ω|
6n

(
P (Ω)RΩ

|Ω|
− 1

)
= q1(n,Ω)|Ω|. (3.4)

Let us define

t = sup

{
s ∈

(
0,

|Ω|
P (Ω)

)
: p(s) >

P (Ω)

2

}
.

By the absolute continuity of µ(·) and by (2.4), we know that

µ

(
|Ω|

P (Ω)

)
= µ(t) +

� |Ω|
P (Ω)

t

µ′(s) ds = µ(t)−
� |Ω|

P (Ω)

t

p(s) ds.

Applying inequality (2.5) and using the fact that p(s) ≤ P (Ω)/2 in the interval (t̄, |Ω|
P (Ω) ), we get

µ

(
|Ω|

P (Ω)

)
≥ |Ω| − P (Ω)t− P (Ω)

2

(
|Ω|

P (Ω)
− t

)
=

|Ω|
2

− P (Ω)

2
t.

Previous inequality, combined with (3.4), gives

|Ω|
6n

(
P (Ω)RΩ

|Ω|
− 1

)
>

|Ω|
2

− P (Ω)

2
t,

and rearranging the terms we have the following bounds on t̄

|Ω|
P (Ω)

≥ t >
|Ω|

P (Ω)

(
1− 2

6n

(
P (Ω)RΩ

|Ω|
− 1

))
.
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Now, since µ(0) = |Ω| and (3.4) holds, then the convexity of µ(·) ensures that µ(t) is under the line passing

through the points (0, |Ω|) and ( |Ω|
P (Ω) , q1(n,Ω)|Ω|), for all t ∈ [0, |Ω|

P (Ω) ], that is

µ(t) ≤ |Ω|+ (q1(n,Ω)− 1)P (Ω)t, t ∈
[
0,

|Ω|
P (Ω)

]
.

In particular, since t̄ ∈ [0, |Ω|
P (Ω) ] and using the fact that q1 ≡ q1(n,Ω) ≤ 1, we arrive to

µ(t) ≤ |Ω|+ (q1 − 1)P (Ω)t < |Ω|+ (q1 − 1)|Ω|(1− 2q1) ≤ 3q1|Ω|.

On the other hand, since p(t) ≥ P (Ω)
2 , we have

RΩ − |Ω|
P (Ω)

≤ RΩ − t ≤ n
µ(t)

p(t)
< n

6q1|Ω|
P (Ω)

,

that can be rewritten as follows

P (Ω)RΩ

|Ω|
− 1 < 6n

1

6n

(
P (Ω)RΩ

|Ω|
− 1

)
,

that is a contradiction.
Let us now prove inequality (3.2), using the monotonicity of the perimeter we know that

µ(t) = |Ω| −
� t

0

p(s) ds ≤ |Ω| − p(t)t. (3.5)

Moreover, using the upper bound in Proposition 2.8 for the superlevel set Ωt, we have that

p(t)(RΩ − t)

n
≤ µ(t). (3.6)

So that using (3.5) and (3.6), evaluated at t = |Ω|/P (Ω), we get

1

n
p

(
|Ω|

P (Ω)

)(
RΩ − |Ω|

P (Ω)

)
≤ |Ω| − p

(
|Ω|

P (Ω)

)
|Ω|

P (Ω)
,

that gives

p

(
|Ω|

P (Ω)

)[
1

n

(
P (Ω)RΩ

|Ω|
− 1

)
+ 1

]
≤ P (Ω),

and eventually (3.2).

We are now in position to prove Theorem 1.2.

Proof of Theorem 1.2. Let start from the lower bound. Using Proposition 2.7, we have

T (Ω) ≥
� RΩ

0

µ2(t)

p(t)
dt
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≥ 1

P 2(Ω)

� |Ω|
P (Ω)

0

(|Ω| − P (Ω)t)
2
P (Ω)dt+

1

P 2(Ω)

� RΩ

|Ω|
P (Ω)

µ2(t)(−µ′(t))dt

=
|Ω|3

3P 2(Ω)
+

1

P 2(Ω)
·
µ3

(
|Ω|

P (Ω)

)
3

.

So that, applying Lemma 3.1, we obtain

T (Ω)P 2(Ω)

|Ω|3
− 1

3
≥ 1

3
·
µ3

(
|Ω|

P (Ω)

)
|Ω|3

≥ q1(n,Ω)
3

3
=

1

23 · 34n3

(
P (Ω)RΩ

|Ω|
− 1

)3

,

and this proves the lower bound in (1.10).
For what it concerns the upper bound, we use the Makai inequality

T (Ω) ≤ 1

3
R2

Ω|Ω|.

Then

T (Ω)P 2(Ω)

|Ω|3
− 1

3
≤ 1

3

(
P 2(Ω)R2

Ω

|Ω|2
− 1

)
=

1

3

(
P (Ω)RΩ

|Ω|
+ 1

)(
P (Ω)RΩ

|Ω|
− 1

)
≤ n+ 1

3

(
P (Ω)RΩ

|Ω|
− 1

)
.

For the optimality of the exponent of the upper bound see Proposition 5.1.

For the Pólya eigenvalue functional, we prove Theorem 1.3.

Proof of Theorem 1.3. The first lines of the proof follow the same argument proposed in [9], whose computations
are analogous to the one shown in Subsection 2.3. Let us use as a test function in the variational characterization
of λ(Ω) the function f(x) = g(t), where g depends only on the distance function from the boundary of Ω. Then
by coarea formula we get

λ(Ω) ≤

� RΩ

0

(g′(t))2p(t) dt

� RΩ

0

g2(t)p(t) dt

. (3.7)

The latter, with the change of variables s = π
2
µ(t)
|Ω| , leads to

λ(Ω) ≤ π2

4|Ω|2

� π
2

0

h′(s)2p(t)2 ds

� π
2

0

h(s)2 ds

,
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where h(s) = g(t), with h(π2 ) = 0. Now, we choose t̄ = |Ω|
P (Ω) and we denote by

s̄ =
π

2

µ(t̄)

|Ω|
. (3.8)

Hence, we divide the integral at the numerator in (3.7) at s̄, obtaining

λ(Ω) ≤ π2

4|Ω|2
·

� s̄

0

h′(s)2p(t)2 ds+

� π
2

s̄

h′(s)2p(t)2 ds

� π
2

0

h(s)2 ds

≤ π2

4|Ω|2
·
P (Ω)

� s̄

0

h′(s)2p(t) ds+ P (Ω)2
� π

2

s̄

h′(s)2 ds

� π
2

0

h(s)2 ds

.

Using the monotonicity of the perimeter in the first integral, we have that p(t) ≤ p(|Ω|/P (Ω)) and applying
Lemma 3.1, we have

λ(Ω) ≤ π2

4|Ω|2
·
q2(n,Ω)P (Ω)2

� s̄

0

h′(s)2 ds+ P (Ω)2
� π

2

s̄

h′(s)2 ds

� π
2

0

h(s)2 ds

=
π2P (Ω)2

4|Ω|2
·
(q2(n,Ω)− 1)

� s̄

0

h′(s)2 ds+

� π
2

0

h′(s)2 ds

� π
2

0

h(s)2 ds

.

(3.9)

Now we choose h(s) = cos(s), so that

� π
2

0

h′(s)2 ds =

� π
2

0

h(s)2 ds =
π

4
.

In this way, multiplying (3.9) by |Ω|2/P (Ω)2, we get

π2

4
− λ(Ω)|Ω|2

P (Ω)2
≥ π(1− q2(n,Ω))

� s̄

0

sin2(s) ds.

Using the inequality sin(s) ≥ 2
π s, which is valid for every s ∈ [0, π/2], then

π2

4
− λ(Ω)|Ω|2

P (Ω)2
≥ 4

3π
(1− q2(n,Ω))s̄

3. (3.10)
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Recalling (3.8) and Lemma 3.1, we have that

s̄3 =
π3

8
·
µ
(

|Ω|
P (Ω)

)3
|Ω|3

≥ π3

8 · 63n3

(
P (Ω)RΩ

|Ω|
− 1

)3

. (3.11)

Moreover, by the definition of q2(n,Ω) and equation (2.10), we get

1− q2(n,Ω) = 1− 1

1 + 1
n

(
P (Ω)RΩ

|Ω| − 1
) =

1
n

(
P (Ω)RΩ

|Ω| − 1
)

1 + 1
n

(
P (Ω)RΩ

|Ω| − 1
) ≥ 1

2n− 1

(
P (Ω)RΩ

|Ω|
− 1

)
. (3.12)

Putting (3.11) and (3.12) in (3.10), we have

π2

4
− λ(Ω)|Ω|2

P (Ω)2
≥ π2

25 · 34
· 1

n3(2n− 1)

(
P (Ω)RΩ

|Ω|
− 1

)4

,

which concludes the proof of the lower bound.
Regarding the upper bound, the proof is a direct consequence of the Hersch–Protter inequality. Indeed, using
(1.5) and (2.10), we get

π2

4
− λ(Ω)|Ω|2

P 2(Ω)
≤ π2

4

(
1− |Ω|2

P 2(Ω)R2
Ω

)
=

π2

4

(
1 +

|Ω|
P (Ω)RΩ

)(
1− |Ω|

P (Ω)RΩ

)
≤ π2

2

(
P (Ω)RΩ

|Ω|
− 1

)
.

For the optimality of the exponent of the upper bound see Proposition 5.1.

Eventually we give the proof of Theorem 1.4.

Proof of Theorem 1.4. Let us start by the lower bound. In this case we use the upper bound (2.7)

T (Ω) ≤
�
Ω

d(x, ∂Ω)2 dx.

Applying Coarea Formula, integrating by parts and using estimate (2.9), we get

T (Ω) ≤
� RΩ

0

t2p(t) dt = 2

� RΩ

0

tµ(t) dt ≤ 2

� RΩ

0

t(RΩ − t)p(t) dt+
1

n− 1

� RΩ

0

t(RΩ − t)2p′(t) dt. (3.13)

If we integrate by parts the second integral on the right-hand side of (3.13), we get

� RΩ

0

t(RΩ − t)2p′(t) dt = t(RΩ − t)2p(t)

∣∣∣∣RΩ

0

−
� RΩ

0

[(RΩ − t)2 − 2t(RΩ − t)]p(t) dt

= 2

� RΩ

0

t(RΩ − t)p(t) dt−
� RΩ

0

(RΩ − t)2p(t) dt,

(3.14)
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where we notice that one of the two integrals in (3.14) is equal to the one in (3.13). Therefore

� RΩ

0

t2p(t) dt ≤ 2n

n− 1

� RΩ

0

t(RΩ − t)p(t) dt− 1

n− 1

� RΩ

0

(RΩ − t)2p(t) dt

= 2
n+ 1

n− 1
RΩ

� RΩ

0

tp(t) dt− 2n+ 1

n− 1

� RΩ

0

t2p(t) dt− R2
Ω|Ω|

n− 1
.

Summing up the same terms, we have

� RΩ

0

t2p(t) dt ≤ 2(n+ 1)

3n
RΩ

� RΩ

0

tp(t) dt− R2
Ω|Ω|
3n

. (3.15)

We now estimate the integral on the right-hand side of (3.15). Integrating by parts and using again (2.4) and
(2.9)

� RΩ

0

tp(t) dt =

� RΩ

0

µ(t) dt ≤
� RΩ

0

(RΩ − t)p(t) dt+
1

2(n− 1)

� RΩ

0

(RΩ − t)2p′(t) dt

=
n

n− 1

� RΩ

0

(RΩ − t)p(t) dt− R2
ΩP (Ω)

2(n− 1)

=
n

n− 1
RΩ|Ω| −

n

n− 1

� RΩ

0

tp(t) dt− R2
ΩP (Ω)

2(n− 1)
.

Therefore

� RΩ

0

tp(t) dt ≤ n

2n− 1
RΩ|Ω| −

R2
ΩP (Ω)

2(2n− 1)
. (3.16)

Inserting (3.16) into (3.15), we get

� RΩ

0

t2p(t) dt ≤ 2(n+ 1)

3(2n− 1)
R2

Ω|Ω|+
n+ 1

3n(2n− 1)
R3

ΩP (Ω)− R2
Ω|Ω|
3n

=
R2

Ω|Ω|
3

+
n+ 1

3n(2n− 1)

[
R2

Ω|Ω| −R3
ΩP (Ω)

]
=

R2
Ω|Ω|
3

− n+ 1

3n(2n− 1)
R2

Ω|Ω|β(Ω).

Considering (3.13), dividing by R2
Ω|Ω|, we arrive to the conclusion

1

3
− T (Ω)

R2
Ω|Ω|

≥ n+ 1

3n(2n− 1)
β(Ω).
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Let us now prove the upper bound. If we multiply and divide the functional by P 2(Ω)/|Ω| and use the lower
bound for the Pólya functional, we get

1

3
− T (Ω)

R2
Ω|Ω|

=
1

3
− T (Ω)P 2(Ω)

|Ω|2
· |Ω|2

R2
ΩP

2(Ω)
≤ 1

3

(
1− |Ω|2

R2
ΩP

2(Ω)

)
=

1

3

(
1 +

|Ω|
RΩP (Ω)

)(
1− |Ω|

RΩP (Ω)

)
≤ 2

3

(
P (Ω)RΩ

|Ω|
− 1

)
.

4. Corollaries and other results

Let us prove Proposition 1.6.

Proof of Proposition 1.6. Let us start with the Pólya torsion functional. The lower bound in (2.7) leads to

T (Ω) ≥
� RΩ

0

µ2(t)

p(t)
dt.

At this point, let us split the integral above at the value t defined for some c̃ ∈ (0, 1) as

µ(t) = c̃|Ω|. (4.1)

It certainly exists, since the distance function is a W 1,∞ function with gradient different from 0 a.e.
Hence, by using (2.8) and (4.1), we write

T (Ω) ≥
� t

0

µ2(t)

p(t)
dt+

� RΩ

t

µ2(t)

p(t)
dt

≥ 1

P 2(Ω)

� t

0

µ2(t)(−µ′(t)) dt+
1

P (Ω)

(
P (Ω)− cn

|Ω| − µ(t)

P
1

n−1 (Ω)

) � RΩ

t

µ2(t)(−µ′(t)) dt

=
1

P 2(Ω)
· |Ω|

3 − µ3(t)

3
+

1

P (Ω)

(
P (Ω)− cn

|Ω| − µ(t)

P
1

n−1 (Ω)

) µ3(t)

3

≥ 1

P 2(Ω)
· |Ω|

3 − µ3(t)

3
+

1

P 2(Ω)

(
1 + cn

|Ω| − µ(t)

P
n

n−1 (Ω)

)
µ3(t)

3

=
|Ω|3

3P 2(Ω)
+ cn

(1− c̃)c̃3

P 2+ n
n−1 (Ω)

· |Ω|
4

3
.

Now we choose c̃ in order to maximize (1 − c̃)c̃3. So we find the maximum in (0, 1) of the function f(x) =
(1− x)x3, which gives

c̃ =
3

4
.
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Hence, we have

T (Ω)P 2(Ω)

|Ω|3
≥ 1

3
+

27cn
256

· |Ω|
P (Ω)

· 1

P
1

n−1 (Ω)
≥ 1

3
+

27cn
256n

· RΩ

P
1

n−1 (Ω)
. (4.2)

Combining (4.2) with (2.2) and (2.3), we get the assertion with

C1(n) =



27

256n
3n−2

2(n−1)

√
n+ 2

2n+ 2
n even

27

256n
3n−2

2(n−1)

√
n+ 2

4n
n odd.

For what it concerns the Pólya eigenvalue functional, we start from (3.7). At this point, let us split the
integral above at the value t defined as

µ(t) =
|Ω|
2

.

It certainly exists, since the distance function is a W 1,∞ function with gradient different from 0 a.e. Hence we
write

λ(Ω) ≤

� t

0

(g′(t))2p(t) dt+

� RΩ

t

(g′(t))2p(t) dt

� RΩ

0

g2(t)p(t) dt

.

Now, performing the same change of variable proposed by Pólya

s =
πµ(t)

2|Ω|
,

we get

λ(Ω) ≤ π2

4|Ω|2

� π
2

π
4

h′(s)2p(t)2 ds+

� π
4

0

h′(s)2p(t)2 ds

� π
2

0

h(s)2 ds

, (4.3)

where h(s) = g(t) and h(π2 ) = 0. Since for each s ∈
[
0, π

4

]
we have t ∈ [t, R], in such interval we have by (2.8)

p(t) ≤ P (Ω)− cn
|Ω| − µ(t)

P
1

n−1 (Ω)
≤ P (Ω)− cn

|Ω| − µ(t)

P
1

n−1 (Ω)
= P (Ω)− cn

2
· |Ω|
P

1
n−1 (Ω)

.
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Hence, (4.3) gives

λ(Ω) ≤ π2

4|Ω|2
·
P (Ω)2

� π
2

π
4

h′(s)2 ds+ P (Ω)

(
P (Ω)− cn

2
· |Ω|
P

1
n−1 (Ω)

)� π
4

0

h′(s)2 ds

� π
2

0

h(s)2 ds

,

=
π2P (Ω)2

4|Ω|2


� π

2

0

h′(s)2 ds

� π
2

0

h(s)2 ds

− cn
2

|Ω|
P (Ω)

· 1

P
1

n−1 (Ω)
·

� π
4

0

h′(s)2 ds

� π
2

0

h(s)2 ds

 .

Choosing h(t) = cos(t), we get

� π
2

0

h′(s)2 ds

� π
2

0

h(s)2 ds

= 1,

� π
4

0

h′(s)2 ds

� π
2

0

h(s)2 ds

=
π − 2

8
· 4
π

=
π − 2

2π
. (4.4)

Then equation (4.4) and P (Ω)R ≤ |Ω|n, gives

λ(Ω)|Ω|2

P (Ω)2
≤ π2

4
− π2cn

8n

(
π − 2

2π

)
RΩ

P
1

n−1 (Ω)
. (4.5)

Again, combining (4.5) with (2.2) and (2.3), we get the assertion with

C2(n) =


π2(n− 1)

8n
n

n−1
· (π − 2)

2π

√
n+ 2

n(2n+ 2)
n even

π2(n− 1)

8n
n

n−1
· (π − 2)

2π
·
√
n+ 2

2n
n odd.

About the sharpness of the exponent in both the inequalities (1.13) and (1.14), see Proposition 5.1, while for
the counterexample see Remark 5.2.

Finally we give the proof of Corollary 1.7.

Proof of Corollary 1.7. If we multiply and divide the functional by |Ω|2/P (Ω)2 and use the lower bound for the
Pólya functional, we get

λ(Ω)R2
Ω − π2

4
=

λ(Ω)|Ω|2

P (Ω)2
· P (Ω)2R2

Ω

|Ω|2
− π2

4
≤ π2

4

(
P (Ω)2R2

Ω

|Ω|2
− 1

)
=

π2

4

(
P (Ω)RΩ

|Ω|
+ 1

)(
P (Ω)RΩ

|Ω|
− 1

)
≤ π2(n+ 1)

4

(
P (Ω)RΩ

|Ω|
− 1

)
.
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Table 2. Values of the functional on Ωa.

Set |Ω| P (Ω) RΩ w(Ω) diam(Ω) T (Ω) λ(Ω)

Ωa a 2 +Hn−2
(
∂[0, 1]n−1

)
a a

2 a
√
n− 1 + a2 ≃ a3

12 π2
(
n− 1 + 1

a2

)

5. Sharpness and counterexamples

In this Section, we prove the sharpness of the exponents of the lower bounds in (1.7), (1.13) and (1.14), and
the upper bounds in (1.10) and (1.11). To this aim, we will exhibit a suitable sequence of convex sets for which
the deficit (i.e. the absolute value of the difference between the functional and the optimal constant) divided
by the remainder term converges to a positive constant.

Proposition 5.1. Let Ω ∈ Kn. Then the exponents of the lower bounds in (1.7), (1.13) and (1.14), and of the
upper bounds in (1.10) and (1.11) are sharp.

Proof. Let us consider the following family of thinning parallelepipeds

Ωa = [0, 1]n−1 × [0, a], with a → 0.

By simple computations we can explicit the behavior of the quantities involved in our functionals in terms of
a (see Tab. 2). Let us start with (1.7), (1.13) and (1.14), by considering Ωa by Table 2 we get that there exist
positive constants Q1 and Q2 such that

P (Ωa)RΩa

|Ωa|
− 1 ≤ Q1 a ≤ Q2

wΩa

diam(Ωa)
;

T (Ωa)P
2(Ωa)

|Ωa|3
− 1

3
≤ Q1 a ≤ Q2

wΩa

diam(Ωa)
;

π2

4
− λ(Ωa)|Ωa|2

P 2(Ωa)
≤ Q1 a ≤ Q2

wΩa

diam(Ωa)
.

We now prove the statement for the upper bounds in (1.10) and (1.11). From Table 2 there exists positive
constants Q3 and Q4 such that

T (Ωa)P
2(Ωa)

|Ωa|3
− 1

3
≥ Q3 a ≥ Q4

(
P (Ωa)RΩa

|Ωa|
− 1

)
;

π2

4
− λ(Ωa)|Ωa|2

P 2(Ωa)
≥ Q3 a ≥ Q4

(
P (Ωa)RΩa

|Ωa|
− 1

)
.

Remark 5.2. In what follows we give counterexamples of the non-validity of the reverse inequalities of
Propositions 1.1, 1.6 and Corollary 1.7.

To do that we will consider the the family of collapsing pyramids Cα. Let us consider the (n− 1)-dimensional
square Qn−1 = (−1/2, 1/2)n−1 and a point V ∈ Rn, such that V = (0, ..., α), with α > 0. Then the family of
collapsing pyramids is given by

Cα = convexhull(Qn−1, V ).
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In particular, we summarize the asymptotics of some geometric quantities for the family of pyramids as α go
to 0:

lim
α→0

|Cα|
α

=
1

n
, lim

α→0
P (Cα) = 2, lim

α→0

RCα

α
=

1

2
, lim

α→0

w(Cα)

α
= 1, diam(Cα) =

√
2. (5.1)

1. The asymptotics in (5.1) easily gives

lim
α→0

w(Cα)

diam(Cα)
= 0,

while

lim
α→0

P (Cα)RCα

|Cα|
− 1 = n− 1. (5.2)

This proves that a reverse inequality in Proposition 1.1 is not allowed.
2. About Proposition 1.6 is not necessary to exhibit an explicit counterexamples, since it follows from the

counterexample given in Proposition 1.1. Indeed if there existed a set Ω̃ for which

c̃1(n)α(Ω̃) ≥
T (Ω̃)P 2(Ω̃)

|Ω̃|3
− 1

3
,

for some positive dimensional constant c̃(n), then by Theorem 1.2 we would have

α(Ω̃) ≥ k̃(n)β(Ω̃)3,

for some positive dimensional constant k̃(n). But this is not possible since it would go against
Proposition 1.1. For the same reason inequalities as

c̃2(n)α(Ω̃) ≥
π2

4
− λ(Ω̃)|Ω̃|2

P 2(Ω̃)
or c̃3(n)α(Ω̃) ≥

1

3
− T (Ω̃)

R2
Ω̃
|Ω̃|

cannot hold.
3. Taking into account [37], we have

lim
α→0

λ(Cα)R
2
Cα

=
π

4
,

since the projection on the minimizing supporting hyperplane is Qn−1, its eigenvalue is fixed.
On the contrary, equation (5.2) gives β(Cα) → 0 as α goes to 0. This proves that a reverse inequality in
Corollary 1.7 is not allowed.

6. Conclusion and open problems

To conclude, Theorems 1.2, 1.3, and 1.4 fully characterize the optimizing sequences of the Pólya torsion
functional, the Pólya eigenvalue functional, and the Makai functional in terms of the optimizing sequences
of the purely geometric functional β(Ω). We expect that a more precise description of the profiles of these
optimizing sequences could be obtained starting from the explicit expression of β, but such a characterization
is still missing.



24 V. AMATO ET AL.

We conclude by listing some open problems related to the present work.

� As mentioned above, a first natural direction of research concerns the minimizing sequences of β(Ω). It
seems reasonable to conjecture that such sequences resemble collapsing cylindroids, losing at least one
dimension.

� As shown in (1.2), (1.3), and (1.4), the functionals under consideration are bounded both from above and
from below. In this work, we focused only on one of the two inequalities, namely the one for which the
minimizing sequences behave like collapsing cylindroids.
There are, however, other inequalities of interest, for instance

π2

4n2
<

λ(Ω) |Ω|2

P (Ω)2
.

In this case, the minimizing sequences are given by collapsing pyramids {Cα}, as shown by Brasco in [19].
Since it is easy to check that β(Cα) goes to 3 as the pyramids collapse, the functional β cannot be used to
characterize the minimizing sequences of this inequality. Since on sequences of collapsing pyramids {Cα}
the functional P (Ω)RΩ

|Ω| achieves the value n, a possible direction in proving a quantitative result could be

the following

π2

4n2
− λ(Ω)|Ω|2

P (Ω)2
≥ c(n)

(
n− P (Ω)RΩ

|Ω|

)γ

,

for some dimensional positive constant c and for some positive exponent γ > 0.
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[34] G. Crasta, I. Fragalà and F. Gazzola, A sharp upper bound for the torsional rigidity of rods by means of web
functions. Arch. Ration. Mech. Anal. 164 (2002) 189–211.

[35] G. Crasta, Estimates for the energy of the solutions to elliptic Dirichlet problems on convex domains. Proc. Roy.
Soc. Edinburgh Sect. A 134 (2004) 89–107.

[36] H. Kovař́ık, On the lowest eigenvalue of Laplace operators with mixed boundary conditions. J. Geom. Anal. 24
(2014) 1509–1525.

[37] M. van den Berg, Vincenzo Ferone, Carlo Nitsch and Cristina Trombetti, On a Pólya functional for rhombi, isosceles
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