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REFLECTED STOCHASTIC RECURSIVE CONTROL PROBLEMS

WITH JUMPS: DYNAMIC PROGRAMMING AND STOCHASTIC

VERIFICATION THEOREMS

Lu Liu and Qingmeng Wei*

Abstract. This paper mainly investigates reflected stochastic recursive control problems governed by
jump-diffusion dynamics. The system’s state evolution is described by a stochastic differential equation
driven by both Brownian motion and Poisson random measures, while the recursive cost functional is
formulated via the solution process Y of a reflected backward stochastic differential equation driven by
the same dual stochastic sources. By establishing the dynamic programming principle, we provide the
probabilistic interpretation of an obstacle problem for partial integro-differential equations of Hamilton-
Jacobi-Bellman type in the viscosity solution sense through our control problem’s value function.
Furthermore, the value function is proved to inherit the semi-concavity and joint Lipschitz continuity
in state and time coordinates, which play key roles in deriving stochastic verification theorems of control
problem within the framework of viscosity solutions. We remark that some restrictions in previous study
are eliminated, such as the frozen of the reflected processes in time and state, and the independence
of the driver from diffusion variables.
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1. Introduction

Reflected backward stochastic differential equations (RBSDEs), as a pivotal extension of classical backward
stochastic differential equations (BSDEs), were first systematically studied by El Karoui et al. [1]. Distinguished
from standard BSDEs, RBSDE incorporates an additional non-decreasing process that enforces the solution
path Y to maintain above (or below) a prescribed barrier in a kind of minimal way. This structure innova-
tion has promoted RBSDEs as a powerful mathematical tool in various fields, such as options pricing [2, 3],
mixed stochastic game problems [3, 4], obstacle problems for partial differential equations (PDEs) [2, 5–7] and
so on.

In response to the inherent discontinuities observed in financial markets (such as abrupt price jumps, liquidity
shocks), the theoretical framework of RBSDEs has been extended to incorporate both Brownian motion and
Poisson random measures, termed as RBSDEs with jumps. Such an advancement is particularly critical not
only in mathematical theory but also in applications. The work by Hamadène, Ouknine [8] established the
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existence and uniqueness of solutions for such systems when the obstacle process has only inaccessible jumps.
Essaky [9] further generalized these results to the case when the obstacle process has predictable jumps through
a penalization method. In the aspect of application, some researches has been done to link these stochastic
systems to obstacle problems for partial integro-differential equations (PIDEs). Matoussi et al. [10] presented
a probabilistic interpretation for weak Sobolev solutions for semilinear parabolic PIDEs with obstacles. In the
viscosity solution sense, Sylla [11] gave a probabilistic interpretation for PIDEs via the solution of RBSDEs with
jumps. Zhang, Liu [12] employed the solutions to reflected forward-backward stochastic differential equations
(FBSDEs) to establish a nonlinear Feynman-Kac representation for mild supersolutions of PIDEs. However,
despite these contributions, the study of obstacle problems specifically for PIDEs of HJB type rising from
stochastic control problems remains largely unexplored.

Motivated by this, we investigate a class of stochastic recursive optimal control problems with jump-diffusion
dynamics. Precisely, the system’s state evolution is governed by a stochastic differential equation driven by
both Brownian motion and Poisson random measures (SDE with jumps), while the recursive cost functional
is defined through the solution process Y of a reflected backward stochastic differential equation driven by
the same dual stochastic sources (RBSDE with jumps). The approach of dynamic programming principle is
employed here to link the value function with the unique viscosity solution to an obstacle problem for PIDE of
HJB type. Throughout the study, a sequence of penalized control problems is introduced to approximate the
original control problem. Subsequently, more properties of the value function are explored. We demonstrate the
value function inherits the semi-concavity and joint Lipschitz continuity in state and time coordinates under
some additional conditions. These properties are indispensable and key, which is revealed in the research of
stochastic verification theorems of our control problem, especially in the framework of viscosity solutions. The
following is about the main contributions and novelties of this work.

The first is the study of the regular properties (including the semi-concavity and joint Lipschitz continuity
in state and time coordinates) of the value function. The study of the semi-concavity is very complex and
needs the meticulous deduction. Seeing more clearly from the study of semi-concavity, we are involved in the
comparison and estimates of three different time-state configurations of the value function, while encountered
with the difficulties caused by jump diffusion. The conventional transformation technique from [13, 14], effective
in pure Brownian motion settings, is insufficient when we confront with the jump diffusion. Our resolution lies
in an ingenious adaptation of a kind of time-stretching transformations of the jump noise introduced by [15],
which we call as the Kulik’s transformation, refer to [16, 17], etc. However, this powerful tool comes with a
price, which necessitates a technical assumption ν(E) < ∞ in Section 4. We point out such condition is not
necessary in other parts.

Furthermore, this work makes a significant breakthrough in relaxing the critical constraints imposed by the
existing studies for RBSDEs. While prior studies like [13] required either the reflected process to be frozen in time
and state or the driver coefficient to be independent from diffusion variables (see Conditions (H6), (H7) therein).
By recasting the problem into a sequence of penalized control problems, we focus on the study of the semi-
concavity of the penalized value functions, which allows the residual terms in the inequality characterization of
the semi-concavity. Crucially, these residual terms exhibit asymptotic decay as the penalized system converges to
the original control problem, thereby preserving essential regularity properties without relying on prior restrictive
assumptions. The appearance and rigorous characterization of the residual terms within the semi-concavity
inequalities are the key innovations in the research.

The paper is organized as follows. Section 2 introduces the Wiener-Poisson space and presents the prelimi-
naries about RBSDEs with jumps. Section 3 formulates stochastic control problems involving reflected FBSDEs
with jumps. Moreover, by employing a dynamic programming approach, the value function is connected with
the corresponding obstacle problem of PIDE of HJB type. Section 4 investigates more regularity properties of
the value functions, focusing on the semi-concavity and joint Lipschitz continuity in (t, x). The concluding
Section 5 develops the stochastic verification theorems in both classical solution and viscosity solution
frameworks.
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2. Preliminaries

Let the triple (Ω,F ,P) be the completed product of the two probability spaces (Ω1,F1,P1) and (Ω2,F2,P2),
i.e., Ω := Ω1 × Ω2, F := F1 ⊗ F2, P := P1 ⊗ P2 with F being completed with respect to P. The detailed
information of spaces (Ω1,F1,P1) and (Ω2,F2,P2) are as follows.

� (Ω1,F1,P1) is a classical Wiener space, i.e., Ω1 = C0(R;Rd), F1 is the completed Borel σ-field on Ω1, P1

is the Wiener measure. Under P1, the canonical processes Bs(ω) = ω1(s) and B−s(ω) = ω1(−s), s ∈ R+,
ω1 ∈ Ω1 are two independent d-dimensional Brownian motions. Denote FB = {FB

s }s⩾0 is the natural
filtration generated by the Brownian motion B(·), i.e., FB

s := σ
{
Br, r ⩽ s

}
∨ NP1 , with NP1 being the

collection of P1-null sets.
� (Ω2,F2,P2) is a Poisson space. Precisely, Ω2 is the set of all point functions p : Dp → E, with Dp being a
countable subset of R and E := Rl\{0} being equipped with its Borel σ-field B(E). We identify the point
function p with N(p, ·), where N is the counting measure defined on R× E, i.e.,

N(p, (s, t]×A) := ♯
{
r ∈ Dp ∩ (s, t] | p(r) ∈ A

}
, A ∈ B(E), s, t ∈ R, s < t.

Here ♯ represents the cardinal number of the set. F2 denotes the smallest σ-field on Ω2 such that the
coordinate mapping p → N

(
p, (s, t] × A

)
, A ∈ B(E), s, t ∈ R, s < t is measurable. P2 is the proba-

bility on (Ω2,F2) such that the coordinate measure N(p,dtde) is a Poisson random measure with the
compensator N̂(dtde) := dtν(de), where ν is supposed to be a σ-finite measure on (E,B(E)) satisfy-

ing

∫
E

(1 ∧ |e|2)ν(de) < ∞. Then, for any A ∈ B(E) with ν(A) < ∞, the process
{
Ñ
(
(s, t] × A

)}
t⩾s

:={
(N − N̂)

(
(s, t]×A

)}
t⩾s

is a martingale. By setting

ḞN
t := σ

{
N
(
(s, r]×A

)
,−∞ < s ⩽ r ⩽ t, A ∈ B(E)

}
, t ⩾ 0,

we get the filtration FN := (FN
t )t⩾0 with FN

t :=
( ⋂

r>t

ḞN
r

)
∨NP2

.

Based on the above, the filtration on (Ω,F ,P) is introduced as F := {Ft}t⩾0 with Ft := FB
t ⊗ FN

t augmented
by all P-null sets.

For any t ∈ [0, T ], p ⩾ 1 and Euclidean space Rk (k ⩾ 1), we introduce the following spaces,

L2
Ft
(Ω;Rk) :=

{
ξ : Ω → Rk | ξ is Ft-measurable, E|ξ|2 <∞

}
;

S2
F(t, T ;Rk) :=

{
ϕ : Ω× [t, T ] → Rk | ϕ(·) is F-adapted, càdlàg, and E

[
sup

s∈[t,T ]

|ϕs|2
]
<∞

}
;

M2
F(t, T ;Rk) :=

{
ϕ : Ω× [t, T ] → Rk | ϕ(·) is F-progressively measurable, and E

[ ∫ T

t

|ϕ(s)|2ds
]
<∞

}
;

K2
F(t, T ;R) :=

{
K : Ω× [t, T ]× E → R | K(·) is Pt,T

1 ⊗ B(E)-measurable,

and ∥K(·)∥2K2
F(t,T ;R) = E

[ ∫ T

t

∫
E

|Ks(e)|2ν(de)ds
]
<∞

}
;

Lp
ν(E;R) :=

{
K : E → R | K(·) is B(E)-measurable, and ∥K(·)∥pν,p =

∫
E

|K(e)|pν(de) <∞
}
;

A2
F(t, T ;R) :=

{
ϕ : Ω× [t, T ] → R | ϕ(·) is F-adapted, càdlàg and increasing, ϕ(t) = 0, E

[
|ϕ(T )|2

]
<∞

}
.
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For any t ∈ [0, T ], we put

S 2
F [t, T ] := S2

F(t, T ;R)×M2
F(t, T ;Rd)×K2

F(t, T ;R)×A2
F(t, T ;R).

2.1. Reflected backward stochastic differential equations with jumps

In this part, we recall some known results about RBSDEs with jumps. Consider

(i) (Y,Z, V,A) ∈ S 2
F [0, T ];

(ii) Ys = ξ +

∫ T

s

f
(
r, Yr, Zr,

∫
E

l(e)Vr(e)ν(de)
)
dr − (AT −As)

−
∫ T

s

ZrdBr −
∫ T

s

∫
E

Vr(e)Ñ(dr, de), s ∈ [0, T ];

(iii) Ys ⩽ Ss, a.e. s ∈ [0, T ];

(iv)

∫ T

0

(Ss− − Ys−)dAs = 0.

(2.1)

In the above, f , ξ and S is the driver coefficient, the terminal condition and the obstacle term of (2.1), resp.
We sometimes use the triple (f, ξ, S) to represent (2.1). The condition on (f, ξ, S) is given as follows.

(A1) (i) f : Ω × [0, T ] × R × Rd × R → R is P0,T -measurable for every fixed (y, z, v) ∈ R × Rd × R, and
f(·, 0, 0, 0) ∈ M2

F(0, T ;R);
(ii) f is Lipschitz continuous in (y, z, v) ∈ R×Rd ×R, uniformly with respect to (ω, s) ∈ Ω× [0, T ], P-a.s.;
(iii) ξ ∈ L2

FT
(Ω;R), S is a real-valued F-progressively measurable, càdlàg stochastic process satisfying

E
[

sup
s∈[0,T ]

|Ss|2
]
<∞, and ξ ⩽ ST , P-a.s.;

(iv) there exists some constant κ > 0 such that 0 ⩽ l(e) ⩽ κ(1 ∧ |e|);
(A2) v → f(t, y, z, v) is non-decreasing, for all (t, y, z) ∈ [0, T ]× R× Rd.

Now we present some results about the wellposedness of RBSDE with jumps, which can be refer to [9, 18].
Notice that the obstacle in (2.1) is the upper one, so we need to adapt the lower obstacle case studied in [9, 18]
to our case. Such a transformation between the two cases is natural and easy, so that we shall not repeat it here
and present the results directly.

First, for each n ∈ N, we introduce the following BSDE with jumps,

Y n
s = ξ +

∫ T

s

f
(
r, Y n

r , Z
n
r ,

∫
E

l(e)V n
r (e)ν(de)

)
dr − (An

T −An
s )−

∫ T

s

Zn
r dBr

−
∫ T

s

∫
E

V n
r (e)Ñ(dr, de), s ∈ [0, T ],

(2.2)

where An
s :=

∫ s

0

n
(
Sr −Y n

r

)−
dr. From [9], we know (2.2) is the penalized equation of RBSDE with jumps (2.1).

Clearly, for each n ∈ N, the condition (A1) guarantees the uniquely existence of (Y n, Zn, V n) ∈ S2
F(t, T ;R)×

M2
F(t, T ;Rd) × K2

F(t, T ;R) satisfying (2.2), refer to [19, 20]. With the help of Theorems 4.2 and 5.1 in [9], we
have the following approximation result from (2.2) to (2.1), and thereby the wellposedness of (2.1).

Lemma 2.1. Assume (A1) and (A2) hold. Then the following two results hold.

1Pt,T denotes the σ-field of F-predictable subsets of Ω× [t, T ].
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(i) The sequence {(Y n, Zn, V n, An)}n⩾0 has a limit (Y, Z, V,A) such that Y n converges decreasingly to
Y ∈ S2

F(0, T ;R), and (Z, V,A) is the weak limit of (Zn, V n, An) in M2
F(0, T ;Rd)×K2

F(0, T ;R)×A2
F(0, T ;R).

(ii) The limit (Y,Z, V,A) ∈ S 2
F [0, T ] is the unique solution of RBSDE with jumps (2.1).

Next, we present the estimate and the continuous dependence of the solutions of RBSDEs with jumps.

Lemma 2.2. Assume (A1) holds.
(i) Let (Y,Z, V,K) ∈ S 2

F [0, T ] be the solution of RBSDE with jumps (2.1), then there exists a constant C > 0
such that

EFt

[
sup

s∈[t,T ]

|Ys|2 +
∫ T

t

(|Zs|2 + ∥Vs(·)∥2ν,2)ds+ sup
s∈[t,T ]

|As|2
]

⩽ CEFt

[
|ξ|2 +

(∫ T

t

|f(s, 0, 0, 0)|2ds
)
+ sup

s∈[t,T ]

|Ss|2
]
, P-a.s.

(ii) For any given data (g′, ξ′, S′) satisfying (A1), denote (Y ′, Z ′, V ′, A′) by the solution of (2.1) with
(g′, ξ′, S′). Then there exists some constant C > 0 such that

EFt
[
sup

s∈[t,T ]

|Ŷs|2 +
∫ T

t

(|Ẑs|2 + ∥V̂s(·)∥2ν,2)ds+ |ÂT − Ât|2
]

⩽ CEFt

[
|ξ̂|2 +

(∫ T

t

∣∣f̂(s, Ys, Zs,

∫
E

l(e)Vs(e)ν(de)
)∣∣2ds)]+ C

(
EFt

[
sup

s∈[t,T ]

|Ŝs|2
]) 1

2

Ψ
1
2

t,T , P-a.s.,

where ξ̂ := ξ − ξ′, (Ŷ , Ẑ, V̂ , Â) := (Y − Y ′, Z − Z ′, V − V ′, A−A′), Ŝ := S − S′, f̂ := f − f ′ and

Ψt,T := EFt

[
|ξ|2 + |ξ′|2 +

∫ T

t

|f(s, 0, 0, 0)|2ds+
∫ T

t

|f ′(s, 0, 0, 0)|2ds+ sup
s∈[t,T ]

|Ss|2 + sup
s∈[t,T ]

|S′
s|2

]
.

Note that, (i) can be referred to Proposition 2.2 in [9]. Moreover, the detail of (ii) is similar to (i), so we omit
here.

For the later study, we also need the comparison theorem of (2.1).

Lemma 2.3. (Comparison Theorem) Let (fi, ξi, S
i), i = 1, 2 satisfy (A1) and (A2), and (Y i, Zi, V i, Ai), i =

1, 2 be the unique solution of RBSDE with jumps (2.1) associated with (fi, ξi, S
i), i = 1, 2, resp. Then Y 1

s ⩽ Y 2
s ,

P-a.s., s ∈ [0, T ], whenever ξ1 ⩽ ξ2, f1(s, y, z, v) ⩽ f2(s, y, z, v), S
1
s ⩽ S2

s , s ∈ [0, T ], (y, z, v) ∈ R×Rd ×R, P-a.s.

Note that the comparison theorem in [9] (Thm. 5.2) is with the same obstacle process. Our Lemma 2.3
generalizes it to the case with different barriers by observing

f1n(s, y, z, v) := f1(s, y, z, v)− n(S1
s − y)−, f2n(s, y, z, v) := f2(s, y, z, v)− n(S2

s − y)−.

3. Reflected stochastic recursive control problems with jumps

3.1. Formulation of the control problem

Let U ⊂ Rm be compact. For t ∈ [0, T ], the admissible control u(·) on [t, T ] is introduced as the U -valued,
F-predictable stochastic process. We denote by Ut,T all the admissible controls on [t, T ].
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The state process is described by the following controlled SDE with jumps,dXs = b(s,Xs, us)ds+ σ(s,Xs, us)dBs +

∫
E

γ(s,Xs−, us, e)Ñ(ds,de), s ∈ [t, T ],

Xt = xt,

(3.1)

where (t, xt) ∈ [0, T ]× L2
Ft
(Ω;Rn) is the initial pair, u(·) ∈ Ut,T , and the above involved coefficients b : [0, T ]×

Rn × U → Rn, σ : [0, T ]× Rn × U → Rn×d, γ : [0, T ]× Rn × U × E → Rn are assumed to satisfy the following
condition.

(H1) (i) For all x ∈ Rn, e ∈ E, b(·, x, ·), σ(·, x, ·) and γ(·, x, ·, e) are continuous in (r, u) ∈ [0, T ]× U ;
(ii) b, σ are Lipschitz continuous in x ∈ Rn, uniformly with respect to (r, u) ∈ [0, T ]×U . And there exists
a map ℓ(·) ∈ L2

ν(E;R) such that for all (r, u) ∈ [0, T ]× U , x0, x1 ∈ Rn, e ∈ E,

|γ(r, x0, u, e)− γ(r, x1, u, e)| ⩽ ℓ(e)|x0 − x1|.

From the classical theory of SDE with jumps, we get the following results (refer to [20–23]).

Lemma 3.1. Under (H1), for any (t, xt) ∈ [0, T ]× L2
Ft
(Ω;Rn), u(·) ∈ Ut,T , the SDE with jumps (3.1) admits

the unique solution X ≡ Xt,xt;u ∈ S2
F(t, T ;Rn). Moreover, for any p ⩾ 2, there exists some constant C > 0 such

that, for t ∈ [0, T ], xt, x
′
t ∈ L2

Ft
(Ω;Rn) and u(·) ∈ Ut,T , the following estimates hold, P-a.s.,

(i) EFt

[
sup

r∈[t,T ]

|Xt,xt;u
r |p

]
⩽ C(1 + |xt|p),

(ii) EFt

[
|Xt,xt;u

s − xt|p
]
⩽ C(s− t)(1 + |xt|p),

(iii) EFt

[
sup

r∈[t,T ]

|Xt,xt;u
r −X

t,x′
t;u

r |2
]
⩽ C|xt − x′t|2.

Next, with the state Xt,xt;u from (3.1), we consider the following RBSDE with jumps,

(i) (Y,Z, V,A) ∈ S 2
F [t, T ];

(ii) Ys= Φ(Xt,xt;u
T ) +

∫ T

s

f
(
r,Xt,xt;u

r , Yr, Zr,

∫
E

l(e)Vr(e)ν(de), ur
)
dr − (AT −As)

−
∫ T

s

ZrdBr −
∫ T

s

∫
E

Vr(e)Ñ(dr, de), s ∈ [t, T ];

(iii) Ys ⩽ h(s,Xt,xt;u
s ), a.e. s ∈ [t, T ];

(iv)

∫ T

t

(
h(s,Xt,xt;u

s )− Ys
)
dAs = 0,

(3.2)

where the driver f : [0, T ]× Rn × R× Rd × R× U → R, the terminal Φ : Rn → R and the obstacle h : [0, T ]×
Rn → R are assumed to satisfy

(H2) (i) for all (x, y, z, v) ∈ Rn × R × Rd × R, f(·, x, y, z, v, ·) is continuous in (r, u) ∈ [0, T ] × U , h(·, x) is
continuous in r ∈ [0, T ];
(ii) f, h,Φ is Lipschitz continuous in (x, y, z, v) ∈ Rn × R × Rd × R, uniformly with respect to (r, u) ∈
[0, T ]× U ;
(iii) there exists some constant κ > 0 such that 0 ⩽ l(e) ⩽ κ(1 ∧ |e|);
(iv) for all x ∈ Rn, Φ(x) ⩽ h(T, x).
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(C) v → f(t, x, y, z, v) is non-decreasing, for all (t, x, y, z) ∈ [0, T ]× Rn × R× Rd.

We note that the obstacle process in (3.2) is h(·, Xt,xt;u
· ), which obviously satisfies (A1)-(iii). Hence, under

(H1) and (H2), for any (t, xt) ∈ [0, T ] × L2
Ft
(Ω;Rn), u(·) ∈ Ut,T , Lemma 2.1 can be applied here to guaran-

tee (3.2) to admit the unique solution (Y,Z, V,A) ≡ (Y t,xt;u, Zt,xt;u, V t,xt;u, At,xt;u) ∈ S 2
F [t, T ]. Moreover, we

observe that the increasing process A is not only càdlàg but in fact continuous. This follows from the fact
that the solution X of (3.1) exhibits only inaccessible jumps and the function h is continuous. As a result, the
obstacle process h(·, X·) inherits only inaccessible jumps, which implies the continuity of A as stated. Therefore,
the jumping times of Y are also inaccessible.

Under (H1), (H2) and (C), by adopting the technique of Proposition 6.1 in [7] and using Lemma 3.1, the
following estimates hold, for t ∈ [0, T ], xt, x

′
t ∈ L2

Ft
(Ω;Rn) and u(·) ∈ Ut,T , P-a.s.,

(i) EFt

[
sup

r∈[t,T ]

|Y t,xt;u
r |2 +

∫ T

t

(
|Zt,xt;u

r |2 + ∥V t,xt;u
r (·)∥2ν,2

)
dr + sup

r∈[t,T ]

|At,xt;u
r |2

]
⩽ C(1 + |xt|2);

(ii) EFt

[
sup

r∈[t,T ]

|Y t,xt;u
r − Y

t,x′
t;u

r |2
]
⩽ C|xt − x′t|2.

(3.3)

With the above preparation, for any initial pair (t, x) ∈ [0, T ] × Rn and the admissible control u(·) ∈ Ut,T ,
we define the cost functional of the control problem as follows,

J(t, x;u(·)) := Y t,x;u
t ,

which is of recursive form.
Notice that it is classical in the theory of BSDEs that, for (t, xt) ∈ [0, T ] × L2

Ft
(Ω;Rn) and u(·) ∈ Ut,T ,

J(t, xt;u(·)) = J(t, x;u(·))|x=xt = Y t,xt;u
t holds, P-a.s., for which we refer to [5–7], etc.

Now, we formulate the following reflected stochastic recursive control problem with jumps which is
parameterized by the initial pair (t, x) ∈ [0, T ]× Rn.

Problem (C)t,x For any (t, x) ∈ [0, T ]× Rn, find ū(·) ∈ Ut,T such that

J(t, x; ū(·)) = essinf
u(·)∈Ut,T

J(t, x;u(·)) :=W (t, x). (3.4)

The control ū(·) satisfying (3.4) is called as an optimal control of Problem (C)t,x, the corresponding X̄ = Xt,x;ū

is the corresponding optimal state process, and W : [0, T ]×Rn → R is said to be the value function of Problem
(C)t,x.

Note that, as the essential infimum of the Ft-measurable cost functional J(t, x;u(·)) over a family of control
processes, for all (t, x) ∈ [0, T ]×Rn, W (t, x) is an Ft-measurable random variable. However, we can prove it to
be deterministic under our conditions, similar to Proposition 3.3 in [24], and Proposition 3.1 in [7], etc.

Proposition 3.2. For all (t, x) ∈ [0, T ] × Rn, the value function W (t, x) is a deterministic function, i.e.,
E[W (t, x)] =W (t, x), P-a.s.

From the definition of the value function and the estimates in (3.3), we get the following result directly.

Proposition 3.3. Under the conditions (H1), (H2) and (C), W (·, ·) is of linear growth and Lipschitz
continuous in x ∈ Rn, i.e., for all t ∈ [0, T ], x, x′ ∈ Rn,

|W (t, x)| ⩽ C(1 + |x|), |W (t, x)−W (t, x′)| ⩽ C|x− x′|.

To study the dynamic programming principle (DPP, for short) of Problem (C)t,x, we need to generalize the
notation of the stochastic backward semigroup introduced initially by Peng [25] to our framework.
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Definition 3.4. Given the initial data (t, x) ∈ [0, T ]×Rn, δ ∈ [0, T − t], u(·) ∈ Ut,t+δ and a real-valued random
variable η ∈ L2

Ft+δ
(Ω;Rn), we define the backward stochastic semigroup Gt,x;u

s,t+δ[·] as

Gt,x;u
s,t+δ[η] := Ỹ t,x;u

s , s ∈ [t, t+ δ],

where (Ỹ t,x;u, Z̃t,x;u, Ṽ t,x;u, Ãt,x;u) is the solution of the following RBSDE with jumps on [t, t+ δ]:

(i) (Ỹ t,x;u, Z̃t,x;u, Ṽ t,x;u, Ãt,x;u) ∈ S 2
F [t, t+ δ];

(ii) Ỹ t,x;u
s = η +

∫ t+δ

s

f
(
r,Xt,x;u

r , Ỹ t,x;u
r , Z̃t,x;u

r ,

∫
E

l(e)Ṽ t,x;u
r (e)ν(de), ur

)
dr − (Ãt,x;u

t+δ − Ãt,x;u
s )

−
∫ t+δ

s

Z̃t,x;u
r dBr −

∫ t+δ

s

∫
E

Ṽ t,x;u
r (e)Ñ(dr, de), s ∈ [t, t+ δ];

(iii) Ỹ t,x;u
s ⩽ h(s,Xt,x;u

s ), a.e. s ∈ [t, t+ δ];

(iv)

∫ t+δ

t

(
h(r,Xt,x;u

r )− Ỹ t,x;u
r

)
dÃt,x;u

r = 0.

Note that for RBSDE with jumps (3.2), we have the following

J(t, x;u(·)) = Y t,x;u
t = Gt,x;u

t,T

[
Φ(Xt,x;u

T )
]
= Gt,x;u

t,t+δ

[
Y t,x;u
t+δ

]
= Gt,x;u

t,t+δ

[
J
(
t+ δ,Xt,x;u

t+δ ;u(·)
)]
.

With the help of backward stochastic semigroup, we obtain the dynamic programming principle of Problem
(C)t,x as follows.

Proposition 3.5. (DPP) Under (H1), (H2) and (C), for any 0 ⩽ t < t+ δ ⩽ T, x ∈ Rn,

W (t, x) = essinf
u∈Ut,t+δ

Gt,x;u
t,t+δ

[
W (t+ δ,Xt,x;u

t+δ )
]
. (3.5)

Due to the lack of the continuity of the coefficients in control variable, the method in [25] can not be
used here. However, we can adopt the approach introduced in [5, 24] to prove (3.5). The detail is similar to
Theorem 3.1 in [5], so that we skip it here.

Thanks to the DPP, we can also get the continuity of W (·, ·) in t ∈ [0, T ] as follows.

Proposition 3.6. Under (H1), (H2) and (C), the value function W (·, ·) is continuous in t ∈ [0, T ].

For the proof, we may refer to Theorem 3.2 in [7].

3.2. The Obstacle problems of partial integral-differential equations of HJB type

In this subsection, we aim to associate Problem (C)t,x with a kind of partial differential equations. To
simplified the notations, we first put

LuΨ(t, x) := Ψx(t, x).b(t, x, u) +
1

2
tr
(
σσ⊤(t, x, u)Ψxx(t, x)

)
,

BuΨ(t, x) :=

∫
E

[
Ψ
(
t, x+ γ(t, x, u, e)

)
−Ψ(t, x)−Ψx(t, x).γ(t, x, u, e)

]
ν(de),

CuΨ(t, x) :=

∫
E

l(e)
[
Ψ
(
t, x+ γ(t, x, u, e)

)
−Ψ(t, x)

]
ν(de),

H(t, x, (Ψ,Ψx,Ψxx)(t, x), u) := LuΨ(t, x) + BuΨ(t, x)

+f
(
t, x,Ψ(t, x),Ψx(t, x).σ(t, x, u), CuΨ(t, x), u

)
,
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where (t, x, u) ∈ [0, T ]×Rn ×U and Ψ ∈ C1,2([0, T ]×Rn;R). Then we consider the following obstacle problem
for PIDE of HJB type,

max
{
W (t, x)− h(t, x),−∂W

∂t
(t, x)− inf

u∈U
H
(
t, x, (W,Wx,Wxx)(t, x), u

)}
= 0, (t, x) ∈ [0, T ]× Rn,

W (T, x) = Φ(x), x ∈ Rn.

(3.6)

For convenience, we call (3.6) as PIDE. The aim is to associate the value function W (·, ·) (in (3.4)) with (3.6).
Under our condition, W (·, ·) is not necessarily smooth, which pushes us to resort to a kind of weak solution,
i.e., viscosity solution, introduced firstly by Crandall, Lions [26]; we also refer to Crandall, Ishii, and Lions [27].
We first generalize the notion of the viscosity solution to adapt to PIDE (3.6).

Definition 3.7. Let W ∈ C
(
[0, T ]× Rn;R

)
.

(i) We call W (·, ·) as a viscosity subsolution of (3.6) if W (T, x) ⩽ Φ(x), for all x ∈ Rn, and if for all functions
φ ∈ C3

l,b

(
[0, T ]× Rn

)
and any sufficiently small δ > 0,

max
{
W (t, x)− h(t, x),−∂φ

∂t
(t, x)− inf

u∈U

{
Luφ(t, x) + Bδ,u(W,φ)(t, x)

+f
(
t, x,W (t, x), φx(t, x).σ(t, x, u), Cδ,u(W,φ)(t, x), u

)}}
⩽ 0,

holds at any local maximum point (t, x) of W − φ, where

Bδ,u(W,φ)(t, x) :=

∫
Eδ

[
φ(t, x+ γ(t, x, u, e))− φ(t, x)− φx(t, x).γ(t, x, u, e)

]
ν(de)

+

∫
Ec

δ

[
W (t, x+ γ(t, x, u, e))−W (t, x)− φx(t, x).γ(t, x, u, e)

]
ν(de),

Cδ,u(W,φ)(t, x) :=

∫
Eδ

l(e)
[
φ(t, x+ γ(t, x, u, e))− φ(t, x)

]
ν(de)

+

∫
Ec

δ

l(e)
[
W (t, x+ γ(t, x, u, e))−W (t, x)

]
ν(de),

with Eδ := {e ∈ E | |e| < δ}.
(ii) We call W (·, ·) as a viscosity supersolution of equation (3.6) if W (T, x) ⩾ Φ(x), for all x ∈ Rn, and if for

all functions φ ∈ C3
l,b

(
[0, T ]×Rn

)
, sufficiently small δ > 0 and the local minimizer (t, x) ∈ [0, T )×Rn ofW −φ,

max
{
W (t, x)− h(t, x),−∂φ

∂t
(t, x)− inf

u∈U

{
Luφ(t, x) + Bδ,u(W,φ)(t, x)

+f
(
t, x,W (t, x), φx(t, x).σ(t, x, u), Cδ,u(W,φ)(t, x), u

)}}
⩾ 0.

(3.7)

(iii) If W (·, ·) is both a viscosity subsolution and a viscosity supersolution of (3.6), it is called as a viscosity
solution of PIDE (3.6).

Remark 3.8. We point out that, due to the linear growth of the value function W (·, ·) in Proposition 3.3,
the local maximum (resp. minimum) of W − φ in Definition 3.7-(i) (resp. Def. 3.7-(ii)) can be replaced by a
global one in the proof of Theorem 3.12. Moreover, Bδ,u(W,φ)(t, x) and Cδ,u(W,φ)(t, x) in Definition 3.7 can
be replaced by Buφ(t, x) and Cuφ(t, x), resp. Such an observation can be referred to [21, 22], etc.
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To prove the value function W (·, ·) in (3.4) to be a viscosity solution of (3.6), we introduce the penalized
equations of RBSDE with jumps (3.2). Precisely, for each n ∈ N,

Y n,t,x;u
s = Φ(Xt,x;u

T ) +

∫ T

s

f
(
r,Xt,x;u

r , Y n,t,x;u
r , Zn,t,x;u

r ,

∫
E

l(e)V n,t,x;u
r (e)ν(de), ur

)
dr

−(An,t,x;u
T −An,t,x;u

s )−
∫ T

s

Zn,t,x;u
r dBr −

∫ T

s

∫
E

V n,t,x;u
r (e)Ñ(dr, de), s ∈ [t, T ],

(3.8)

where An,t,x;u
s :=

∫ s

t

n
(
h(r,Xt,x;u

r ) − Y n,t,x;u
r

)−
dr and Xt,x;u satisfies (3.1) with xt = x ∈ Rn. It is obvious

that, for each n ∈ N, (3.8) admits the unique solution (Y n,t,x;u, Zn,t,x;u, V n,t,x;u) ∈ S2
F(t, T ;R)×M2

F(t, T ;Rd)×
K2

ν(t, T ;R). Moreover, we have the following approximation result from Lemma 2.1.

Lemma 3.9. Assume (H1), (H2) and (C) hold. The sequence {(Y n,t,x;u, Zn,t,x;u, V n,t,x;u, An,t,x;u)}n∈N has
a limit (Y t,x;u, Zt,x;u, V t,x;u, At,x;u), which is indeed the solution of RBSDE with jumps (3.2). Moreover, the
convergence of Y n,t,x;u to Y t,x;u in S2

F(t, T ;R) is decreasingly.

With (3.1) and (3.8), we formulate a sequence of control problems as follows. For each n ∈ N, we introduce
the cost functional

Jn(t, x;u(·)) := Y n,t,x;u
t , (t, x) ∈ [0, T ]× Rn, u(·) ∈ Ut,T ,

and the value function

Wn(t, x) = essinf
u(·)∈Ut,T

Jn(t, x;u(·)), (t, x) ∈ [0, T ]× Rn. (3.9)

According to Theorems 4.1 and 5.1 in [22], for each n ∈ N, Wn(·, ·) is the unique viscosity solution of the
following HJB equation,−

∂Wn

∂t
(t, x)− inf

u∈U
Hn

(
t, x, (Wn,Wn

x ,W
n
xx)(t, x), u

)
= 0, (t, x) ∈ [0, T ]× Rn,

Wn(T, x) = Φ(x), x ∈ Rn,

(3.10)

where

Hn(t, x, (Wn,Wn
x ,W

n
xx)(t, x), u) = H(t, x, (Wn,Wn

x ,W
n
xx)(t, x), u)− n

(
h(t, x)−Wn(t, x)

)−
.

Notice that the uniqueness holds in the following space:

Θ =
{
φ ∈ C

(
[0, T ]× Rn;R

)
| ∃Ã > 0 such that

lim
|x|→∞

φ(t, x) exp
{
− Ã

[
log((|x|2 + 1)

1
2 )
]2}

= 0, uniformly in t ∈ [0, T ]
}
.

The above space is characterized by a growth condition, which is weaker than polynomial growth. Actually, this
growth condition, introduced by Barles et al. [21] to prove the uniqueness of the viscosity solution for a class of
PIDEs associated with FBSDEs with jumps, was shown to be optimal, meaning it generally cannot be relaxed.

From Lemma 3.9 and the definition of Wn(·, ·), we give the following result without the proof. The readers
may refer to Lemma 4.3 and Remark 4.4 in [6].
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Lemma 3.10. For all (t, x) ∈ [0, T ]× Rn, n ∈ N,

W 1(t, x) ⩾ · · · ⩾Wn(t, x) ⩾Wn+1(t, x) ⩾ · · · ⩾W (t, x).

Moreover, for all (t, x) ∈ [0, T ]× Rn, lim
n→∞

Wn(t, x) =W (t, x), which is also uniform on compact sets.

Going further, the following result is true, referring to Lemma 4.6 in [6].

Lemma 3.11. For all (t, x) ∈ [0, T ]× Rn with (tn, xn) → (t, x) as n→ ∞, and φ ∈ C3
l,b([0, T ]× Rn), we have

lim
n→∞

inf
u∈U

H(tn, xn, (W
n, φx, φxx)(tn, xn), u) = inf

u∈U
H(t, x, (W,φx, φxx)(t, x), u).

With the above approximation results, we get the first main result of this work.

Theorem 3.12. Under (H1), (H2) and (C), the value function W (·, ·) introduced in (3.4) is the unique
viscosity solution of (3.6) in Θ.

The above results can be established using standard techniques found in [6, 24, 28], with appropriate mod-
ifications to account for the integral operator and the obstacle term in PIDE (3.6). However, due to space
constraints, we omit the detailed proofs here. Interested readers may refer to the complete proofs provided in
the arXiv version of this paper.

4. More properties of the value function

Based on the previous study, we further explore more properties of the value function W (·, ·) under some
additional conditions, such as the semi-concavity and the joint Lipschitz continuity. The importance of these
issues will be revealed in the study of stochastic verification theorem in Section 5.

The research of these issues will involve the comparison between stochastic systems with differential initial
times and initial states, which is very complex. To make the study more directly, we first try to transform these
systems to operate on the same time interval. The appearance of Brownian motion and Poisson random measure
at the same time increases the difficulty. A kind of time-stretching transformations of the jump noise, called as
Kulik’s transformation, turns out to be a key tool in our research. For the initial literatures about the Kulik’s
transformation, we can refer to [15–17]. We first recall some known results about the Kulik’s transformation in
the following.

For any t0, t1 ∈ [0, T ), λ ∈ [0, 1], we introduce tλ := (1− λ)t0 + λt1 and the following transformation

τλi (s) := tλ +
T − tλ
T − ti

(s− ti), s ∈ [ti, T ], i = 0, 1. (4.1)

Obviously, for i = 0, 1, τλi maps [ti, T ] to [tλ, T ], and τ̇
λ
i =

d

ds
τλi (s) =

T − tλ
T − ti

.

In the following, we also use the inverse time changes ϱλi of τλi , that is,

ϱλi (s) = ti +
T − ti
T − tλ

(s− tλ),

which maps [tλ, T ] to [ti, T ], i = 0, 1.
For the above time changes, we have the following results by the directly computation. It can also be referred

to [13, 17].
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Lemma 4.1. For any δ ∈ (0, T ), there exists a constant Cδ > 0 only depending on δ and T , such that, for all
s ∈ [tλ, T − δ],

|ϱλ1 (s)− ϱλ0 (s)|+
∣∣∣ 1
τ̇λ1

− 1

τ̇λ0

∣∣∣+ ∣∣∣ 1√
τ̇λ1

− 1√
τ̇λ0

∣∣∣ ⩽ Cδ|t1 − t0|,

λ
∣∣∣1− 1√

τ̇λ1

∣∣∣+ (1− λ)
∣∣∣1− 1√

τ̇λ0

∣∣∣ ⩽ 1

2δ
λ(1− λ)|t1 − t0|,∣∣∣λ(1− 1√

τ̇λ1

)
+ (1− λ)

(
1− 1√

τ̇λ0

)∣∣∣ ⩽ 1

8δ2
λ(1− λ)|t1 − t0|2,

λ
(
1− 1

τ̇λ1

)
= −(1− λ)

(
1− 1

τ̇λ0

)
=
λ(1− λ)

T − tλ
(t1 − t0),

λϱλ1 (s) + (1− λ)ϱλ0 (s) = s, s ∈ [tλ, T ].

Denote Bλ
s := Bs−Btλ , s ∈ [tλ, T ] and N

λ by the restriction of N from [0, T ]×E to [tλ, T ]×E. The filtration
generated by Bλ and Nλ is denoted by Fλ = {Fλ

s }s∈[tλ,T ]. Then, for i = 0, 1, s ∈ [ti, T ], A ∈ B(E), we introduce

Bi
s :=

1√
τ̇λi
Bλ

τλ
i (s), Ni(p, (ti, s]×A) := τλi (N

λ)(p, (ti, s]×A) = Nλ
(
p, (tλ, τ

λ
i (s)]×A

)
,

gτi := exp
{
− ln

(T − tλ
T − ti

)
τλi (N

λ)([ti, T ]× E) + (ti − tλ)ν(E)
}
, Qτλ

i
:= gτλ

i
P.

(4.2)

Note that, for i = 0, 1, Qτλ
i
is a new probability measure, which depends strongly on the following additional

condition on the measure ν.

(H3) ν(E) <∞.

Thus, from now on, (H3) is assumed.
According to [15–17], for i = 0, 1, {Bi

s}s∈[ti,T ] is a Brownian motion under the probability measures P and
Qτi , and the point process Ni defined on [ti, T ] × E is a Poisson random measure under Qτi , which has the
same distribution as Nλ under P. Moreover, its compensator is still ν(de)ds. The compensated Poisson random
measure for Ni under Qτi is introduced as follows,

Ñi(ds,de) := Ni(ds,de)− ν(de)ds.

Moreover, for i = 0, 1, Bi and Ni are independent under P and Qτi . In this case, we denote Fi = {F i
s}s∈[ti,T ]

by the filtration generated by Bi and Ni, i.e.,

F i
s = σ

{
Bi
r,Ni([ti, r]×A) : r ∈ [ti, s], A ∈ B(E)

}
∨NQτi

, s ∈ [ti, T ].

For convenience, for λ ∈ [0, 1] and i = 0, 1, we set Uλ
tλ,T

(resp., U i
ti,T

) as the set of all U -valued, Fλ (resp.,

Fi)-predictable stochastic processes on [tλ, T ] (resp., [ti, T ]). Then, for any uλ(·) ∈ Uλ
tλ,T

, we have ui(·) :=

uλ
(
τλi (·)

)
∈ U i

ti,T
, i = 0, 1.

4.1. The semi-concavity of W (·, ·) in (t, x)

Let us recall the definition of semi-concavity as follows.

Definition 4.2. A function φ : Rn → R is said to be semi-concave, if there exists a constant C ⩾ 0 such that
φ(x)− C|x|2 is concave in x ∈ Rn.
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According to Definition 4.3 in [14] or Definition 1.1 in [13], the semi-concavity of φ is equivalent to the
following inequality, for some constant C > 0,

λφ(x) + (1− λ)φ(x′) ⩽ φ
(
λx+ (1− λ)x′

)
+ Cλ(1− λ)|x− x′|2, ∀x, x′ ∈ Rn, λ ∈ [0, 1].

Now we study the semi-concavity of the value function. For this, some additional assumptions are needed.

(H4) (i) b, σ, f and h are Lipschitz continuous with respect to t ∈ [0, T ]; for all t, t′ ∈ [0, T ] and (x, u, e) ∈
Rn × U × E, |γ(t, x, u, e)− γ(t′, x, u, e)| ⩽ C(1 ∧ |e|)|t− t′|;
(ii) b, σ, f, h and Φ are bounded in (x, y, z) ∈ Rn × R × Rd; for all x ∈ Rn and e ∈ E, |γ(t, x, u, e)| ⩽
C(1 ∧ |e|);
(iii) b, σ, γ are differentiable in t and x, and


|bx(t, x, u)− bx(t

′, x′, u)|+ |σx(t, x, u)− σx(t
′, x′, u)| ⩽ C

(
|t− t′|+ |x− x′|

)
,

|bt(t, x, u)− bt(t
′, x′, u)|+ |σt(t, x, u)− σt(t

′, x′, u)| ⩽ C
(
|t− t′|+ |x− x′|

)
,

|γx(t, x, u, e)− γx(t
′, x′, u, e)|+ |γt(t, x, u, e)− γt(t

′, x′, u, e)| ⩽ C(1 ∧ |e|)
(
|t− t′|+ |x− x′|

)
,

where C is a nonnegative constant;
(H5) f is semi-concave in (t, x, y, z, v) ∈ [0, T ] × Rn × R × Rd × R, uniformly with respect to u ∈ U ; Φ is

semi-concave in x ∈ Rn.

Remark 4.3. In the following, for p ⩾ 2,

∫
E

(1 ∧ |e|)pν(de) <∞ is needed, which holds naturally under (H3).

For convenience, we always denote ℓ(e) = C(1 ∧ |e|), e ∈ E in the following, even with different C.

Theorem 4.4. Assume that the conditions (H1)–(H5) and (C) hold. For all δ > 0, the value function W (·, ·)
is semi-concave on [0, T − δ]×Rn, that is, there exists some constant Cδ > 0 such that for any (t0, x0), (t1, x1) ∈
[0, T − δ]× Rn, and λ ∈ [0, 1],

λW (t1, x1) + (1− λ)W (t0, x0) ⩽W (tλ, xλ) + Cδλ(1− λ)
(
|t0 − t1|2 + |x0 − x1|2

)
,

where (tλ, xλ) := λ(t1, x1) + (1− λ)(t0, x0).

Indeed, combined with the property of W (·, ·) in Lemma 3.10, Theorem 4.4 can be proved clearly if the
following result is true.

Proposition 4.5. Let (H1)-(H5) and (C) hold. Then, for all δ > 0, there exists some constant Cδ > 0 such
that for any (t0, x0), (t1, x1) ∈ [0, T − δ]× Rn and λ ∈ [0, 1],

λWn(t1, x1) + (1− λ)Wn(t0, x0) ⩽Wn(tλ, xλ) + Cδλ(1− λ)
(
|t0 − t1|2 + |x0 − x1|2

)
+ A n,

with lim
n→∞

A n = 0.

The proof of Proposition 4.5 is very complex and occupies an extensive length. Therefore, we first make the
following abbreviations,

φλ,u := φtλ,xλ;u, φi,u := φti,xi;u, where φ = X,Y, Z, V,A, i = 0, 1, resp.; X u := λX1,u + (1− λ)X0,u;

(Yu,Zu,Vu,Au) := (λY 1,u + (1− λ)Y 0,u, λZ1,u + (1− λ)Z0,u, λV 1,u + (1− λ)V 0,u, λA1,u + (1− λ)A0,u).
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For the above processes, we can recognize the equations satisfied by them as follows. For λ ∈ [0, 1] and uλ(·) ∈
Uλ
tλ,T

,

dXλ,uλ

s = b(s,Xλ,uλ

s , uλs )ds+ σ(s,Xλ,uλ

s , uλs )dB
λ
s +

∫
E

γ(s,Xλ,uλ

s− , uλs , e)Ñ
λ(ds,de), s ∈ [tλ, T ],

Xλ,uλ

tλ
= xλ, (tλ, xλ) ∈ [0, T − δ]× Rn,

(4.3)

and 

(i) (Y λ,uλ

, Zλ,uλ

, V λ,uλ

, Aλ,uλ

) ∈ S 2
Fλ [tλ, T ];

(ii) Y λ,uλ

s = Φ(Xλ,uλ

T ) +

∫ T

s

f
(
r,Xλ,uλ

r , Y λ,uλ

r , Zλ,uλ

r ,

∫
E

l(e)V λ,uλ

r (e)ν(de), uλr
)
dr

−(Aλ,uλ

T −Aλ,uλ

s )−
∫ T

s

Zλ,uλ

r dBλ
r −

∫ T

s

∫
E

V λ,uλ

r (e)Ñλ(dr, de), s ∈ [tλ, T ];

(iii) Y λ,uλ

s ⩽ h(s,Xλ,uλ

s ), a.e. s ∈ [tλ, T ];

(iv)

∫ T

t

(
h(s,Xλ,uλ

s )− Y λ,uλ

s

)
dAλ,uλ

s = 0.

(4.4)

For i = 0, 1 and ui(·) ∈ U i
ti,T

,

dXi,ui

s = b(s,Xi,ui

s , uis)ds+ σ(s,Xi,ui

s , uis)dBi
s +

∫
E

γ(s,Xi,ui

s− , uis, e)Ñi(ds,de), s ∈ [ti, T ],

Xi,ui

ti = xi, (ti, xi) ∈ [0, T − δ]× Rn,

(4.5)

and 

(i) (Y i,ui

, Zi,ui

, V i,ui

, Ai,ui

) ∈ S 2
Fi [ti, T ];

(ii) Y i,ui

s = Φ(Xi,ui

T ) +

∫ T

s

f
(
r,Xi,ui

r , Y i,ui

r , Zi,ui

r ,

∫
E

l(e)V i,ui

r (e)ν(de), uir
)
dr

−(Ai,ui

T −Ai,ui

s )−
∫ T

s

Zi,ui

r dBi
r −

∫ T

s

∫
E

V i,ui

r (e)Ñi(dr, de), s ∈ [ti, T ];

(iii) Y i,ui

s ⩽ h(s,Xi,ui

s ), a.e. s ∈ [ti, T ];

(iv)

∫ T

t

(
h(s,Xi,ui

s )− Y i,ui

s

)
dAi,ui

s = 0.

(4.6)

Under our conditions, the above equations are all well-posed. Moreover, for RBSDE with jumps (4.4) and
(4.6), their penalized equations are as follows, for n ∈ N, λ ∈ [0, 1],


dY n,λ,uλ

s = −f
(
s,Xλ,uλ

s , Y n,λ,uλ

s , Zn,λ,uλ

s ,

∫
E

l(e)V n,λ,uλ

s (e)ν(de), uλs
)
ds+ dAn,λ,uλ

s + Zn,λ,uλ

s dBλ
s

+

∫
E

V n,λ,uλ

s (e)Ñλ(ds,de), s ∈ [tλ, T ],

Y n,λ,uλ

T = Φ(Xλ,uλ

T );

(4.7)
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and for i = 0, 1,


dY n,i,ui

s = −f
(
s,Xi,ui

s , Y n,i,ui

s , Zn,i,ui

s ,

∫
E

l(e)V n,i,ui

s (e)ν(de), uis
)
ds+ dAn,i,ui

s + Zn,i,ui

s dBi
s

+

∫
E

V n,i,ui

s (e)Ñi(ds,de), s ∈ [ti, T ],

Y n,i,ui

T = Φ(Xi,ui

T ),

(4.8)

where An,λ,uλ

· := n

∫ ·

tλ

(
h(r,Xλ,uλ

r )− Y n,λ,uλ

r

)−
dr and An,i,ui

· := n

∫ ·

ti

(
h(r,Xi,ui

r )− Y n,i,ui

r

)−
dr. Moreover, the

wellposedness of the above equations is obvious.
Recall the definition of Wn(·, ·) (in (3.9)), to prove Proposition 4.5, we need to prove formally

λY n,1,u1

t1 + (1− λ)Y n,0,u0

t0 − Y n,λ,uλ

tλ
⩽ Cδλ(1− λ)

(
|t1 − t0|2 + |x1 − x0|2

)
+ A n, (4.9)

with lim
n→∞

A n = 0. Note that, the processes involved in (4.9) are fixed with three different times, so that the

direct proof of (4.9) is infeasible. Therefore, for i = 0, 1, by introducing

X̃i,uλ

s := Xi,uλ

ϱλ
i (s)

, φ̃n,i,uλ

s := φn,i,ui

ϱλ
i (s)

, φ = Y, V,A, resp., and Z̃n,i,uλ

s :=
1√
τ̇λi
Zn,i,ui

ϱλ
i (s)

, s ∈ [tλ, T ], P-a.s.,

and applying the inverse time change to SDE (4.5) and BSDE (4.8), we get (note (4.2))



dX̃i,uλ

s =
1

τ̇λi
b
(
ϱλi (s), X̃

i,uλ

s , uλs
)
ds+

1√
τ̇λi
σ
(
ϱλi (s), X̃

i,uλ

s , uλs
)
dBλ

s

+

∫
E

γ
(
ϱλi (s), X̃

i,uλ

s− , uλs , e
)(
Ñλ(ds,de) + (1− 1

τ̇λi
)ν(de)ds

)
, s ∈ [tλ, T ],

X̃i,uλ

tλ
= xi, (tλ, xi) ∈ [0, T − δ]× Rn,

(4.10)

and 
dỸ n,i,uλ

s =− 1

τ̇λi
f
(
ϱλi (s), X̃

i,uλ

s , Ỹ n,i,uλ

s ,
√
τ̇λi Z̃

n,i,uλ

s ,

∫
E

l(e)Ṽ n,i,uλ

s (e)ν(de), uλs
)
ds+ dÃn,i,uλ

s

+Z̃n,i,uλ

s dBλ
s +

∫
E

Ṽ n,i,uλ

s (e)
(
Ñλ(ds,de) + (1− 1

τ̇λi
)ν(de)ds

)
, s ∈ [tλ, T ],

Ỹ n,i,uλ

T = Φ(X̃i,uλ

T ),

(4.11)

where uλs = ui
ϱi
i(s)

and Ãn,i,uλ

s =
n

τ̇λi

∫ s

tλ

(
h(ϱλi (r), X̃

i,uλ

r )− Ỹ n,i,uλ

r

)−
dr.

By the above transformation, (4.9) turns out to be equivalent to

λỸ n,1,uλ

tλ
+ (1− λ)Ỹ n,0,uλ

tλ
− Y n,λ,uλ

tλ
⩽ Cδλ(1− λ)

(
|t1 − t0|2 + |x1 − x0|2

)
+ A n. (4.12)
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Figure 1. The auxiliary Lemmas.

Once (4.12) is true, Proposition 4.5 can be proved as follows. Note that, for any n ⩾ 1, (t0, x0), (t1, x1), (tλ, xλ) ∈
[0, T − δ]× Rn,

Wn(ti, xi) = essinf
ui(·)∈Ui

ti,T

Jn(ti, xi;u
i(·)) = essinf

uλ(·)∈Uλ
tλ,T

Ỹ n,i,uλ

tλ
, i = 0, 1,

Wn(tλ, xλ) = essinf
uλ(·)∈Uλ

tλ,T

Jn(tλ, xλ;u
λ(·)) = essinf

uλ(·)∈Uλ
tλ,T

Y n,λ,uλ

tλ
.

(4.13)

Then, for any ε > 0, there exists some uλ,ε(·) ∈ Uλ
tλ,T

such that

λWn(t1, x1) + (1− λ)Wn(t0, x0) ⩽ λỸ n,1,uλ,ε

tλ
+ (1− λ)Ỹ n,0,uλ,ε

tλ

⩽ Y n,λ,uλ,ε

tλ
+ Cδλ(1− λ)

(
|t1 − t0|2 + |x1 − x0|2

)
+ A n

⩽ ε+Wn(tλ, xλ) + Cδλ(1− λ)
(
|t1 − t0|2 + |x1 − x0|2

)
+ A n.

(4.14)

Due to the arbitrariness of ε > 0, we complete the proof of Proposition 4.5.

From now on, we focus on the study of (4.12). The proof of (4.12) is complicated and needs some techniques.
To make it clear, we make a flow chart to present the logical relationship of the auxiliary Lemmas.

Besides the above, we point out that the study of |X̃1,uλ − X̃0,uλ |, |λX̃1,uλ

+ (1 − λ)X̃0,uλ − Xλ,uλ | in
Lemmas 4.8, 4.9 and the penalized equations (4.8) in Lemmas 4.6, 4.7 are all the basis of the above inferences.

Now we study some properties of the penalized equations (4.8).

Lemma 4.6. Under the conditions (H1), (H2) and (H4)-(ii), for all n ⩾ 1 and i = 1, 2,

|Y n,i,ui

s | ⩽ C, ∀s ∈ [ti, T ], P-a.s.
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Furthermore, for any p ⩾ 1, there exists some constant Cp > 0 such that

EFi
s

[( ∫ T

s

|Zn,i,ui

r |2dr
)p

+
(∫ T

s

∥V n,i,ui

r (·)∥2ν,2dr
)p

+
(
An,i,ui

T −An,i,ui

s

)2p]
⩽ Cp, ∀s ∈ [ti, T ], P-a.s.,

where the constant Cp depends on p as well as the bounds of f , h and Φ.

Proof. Firstly, similar to the proof of Theorem 4.2 in [9], we know the existence of some constant C > 0
independent of n such that

EFi
s

[
sup

s∈[ti,T ]

|Y n,i,ui

s |2 +
∫ T

s

(
|Zn,i,ui

r |2 + ∥V n,i,ui

r (·)∥2ν,2
)
dr +

(
An,i,ui

T −An,i,ui

s

)2]
⩽ C, P-a.s. (4.15)

Especially, we get, for all n ⩾ 1, i = 1, 2 and s ∈ [ti, T ],

|Y n,i,ui

s | ⩽ C, P-a.s.

Next, according to (4.15) and the boundedness of f , for (4.8), we obtain

An,i,ui

T −An,i,ui

s = Φ(Xi,ui

T )− Y n,i,ui

s +

∫ T

s

f
(
r,Xi,ui

r , Y n,i,ui

r , Zn,i,ui

r ,

∫
E

l(e)V n,i,ui

r (e)ν(de), uir
)
dr

−
∫ T

s

Zn,i,ui

r dBi
r −

∫ T

s

∫
E

V n,i,ui

r (e)Ñi(dr, de)

⩽ C +
∣∣∣ ∫ T

s

Zn,i,ui

r dBi
r

∣∣∣+ ∣∣∣ ∫ T

s

∫
E

V n,i,ui

r (e)Ñi(dr, de)
∣∣∣.

Thereby, for all p ⩾ 1, from the Burkholder-Davis-Gundy inequality,

EFi
s

[(
An,i,ui

T −An,i,ui

s

)2p]
⩽ Cp + CpEFi

s

[( ∫ T

s

|Zn,i,ui

r |2dr
)p

+
(∫ T

s

∫
E

|V n,i,ui

r (e)|2Ni(dr, de)
)p]

, P-a.s.
(4.16)

Applying Itô’s formula to |Y n,i,ui

s |2, we have

|Y n,i,ui

s |2 +
∫ T

s

|Zn,i,ui

r |2dr +
∫ T

s

∫
E

|V n,i,ui

r (e)|2Ni(dr, de)

= |Φ(Xi,ui

T )|2 + 2

∫ T

s

Y n,i,ui

r f
(
r,Xi,ui

r , Y n,i,ui

r , Zn,i,ui

r ,

∫
E

l(e)V n,i,ui

r (e)ν(de), uir
)
dr

−2

∫ T

s

Y n,i,ui

r dAn,i,ui

r − 2

∫ T

s

Y n,i,ui

r Zn,i,ui

r dBi
r − 2

∫ T

s

∫
E

Y n,i,ui

r V n,i,ui

r (e)Ñi(dr, de), P-a.s.

(4.17)
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Then, from the inequalities (4.15) and (4.17), for all p ⩾ 1,

EFi
s

[( ∫ T

s

|Zn,i,ui

r |2dr
)2p

+
(∫ T

s

∫
E

|V n,i,ui

r (e)|2Ni(dr, de)
)2p]

⩽ EFi
s

[( ∫ T

s

|Zn,i,ui

r |2dr +
∫ T

s

∫
E

|V n,i,ui

r (e)|2Ni(dr, de)
)2p]

⩽ Cp + CpEFi
s

[(
An,i,ui

T −An,i,ui

s

)2p

+
∣∣∣ ∫ T

s

Y n,i,ui

r Zn,i,ui

r dBi
r

∣∣∣2p + ∣∣∣ ∫ T

s

∫
E

Y n,i,ui

r V n,i,ui

r (e)Ñi(dr, de)
∣∣∣2p]

⩽ Cp + CpEFi
s

[(
An,i,ui

T −An,i,ui

s

)2p

+
(∫ T

s

|Zn,i,ui

r |2dr
)p

+
(∫ T

s

∫
E

|V n,i,ui

r (e)|2Ni(dr, de)
)p]

, P-a.s.

Further, combined with (4.16), we have

EFi
s

[(
An,i,ui

T −An,i,ui

s

)4p

+
(∫ T

s

|Zn,i,ui

r |2dr
)2p

+
(∫ T

s

∫
E

|V n,i,ui

r (e)|2Ni(dr, de)
)2p]

⩽ Cp + CpEFi
s

[( ∫ T

s

|Zn,i,ui

r |2dr
)2p

+
(∫ T

s

∫
E

|V n,i,ui

r (e)|2Ni(dr, de)
)2p]

⩽ Cp + CpEFi
s

[(
An,i,ui

T −An,i,ui

s

)2p

+
(∫ T

s

|Zn,i,ui

r |2dr
)p

+
(∫ T

s

∫
E

|V n,i,ui

r (e)|2Ni(dr, de)
)p]

, P-a.s.

Consequently, due to (4.15), for all integers of the form p = 2k with k = 0, 1, 2, · · · ,

EFi
s

[( ∫ T

s

|Zn,i,ui

r |2dr
)p

+
(∫ T

s

∫
E

|V n,i,ui

r (e)|2Ni(dr, de)
)p

+
(
An,i,ui

T −An,i,ui

s

)2p]
⩽ Cp, P-a.s.

Hence, for any p ⩾ 1, the above conclusion is valid.
Finally, using Lemma 3.1 in [23], for all p ⩾ 1,

EFi
s

[( ∫ T

s

|Zn,i,ui

r |2dr
)p

+
(∫ T

s

∥V n,i,ui

r (·)∥2ν,2dr
)p

+
(
An,i,ui

T −An,i,ui

s

)2p]
⩽ CEFi

s

[( ∫ T

s

|Zn,i,ui

r |2dr
)p

+
(∫ T

s

∫
E

|V n,i,ui

r (e)|2Ni(dr, de)
)p

+
(
An,i,ui

T −An,i,ui

s

)2p]
⩽ Cp, P-a.s.

Similar to Lemma 6.1 in [1], the following result holds. For the readers’ convenience, we sketch the proof.

Lemma 4.7. Under (H1), (H2), (H4)-(ii) and (C), for any p ⩾ 2, P-a.s.,

(i) lim
n→∞

EFi
s

[
sup

r∈[s,T ]

|(h(r,Xi,ui

r )− Y n,i,ui

r )−|p
]
= 0, s ∈ [ti, T ],

(ii) lim
n→∞

EFλ
s

[∣∣∣ ∫ T

s

(h(ρλi (r), X̃
i,uλ

r )− Ỹ n,i,uλ

r )−dÃn,j,uλ

r

∣∣∣ p
2
]
= 0, i, j = 0, 1, s ∈ [tλ, T ].

Proof. It is obvious that, for all s ∈ [ti, T ], {Y n,i,ui

s } is decreasing in n, thereby Y n,i,ui

s ⩽ Y 0,i,ui

s , P-a.s. Next we

shall prove Y n,i,ui

s ⩽ h(s,Xi,ui

s ), s ∈ [ti, T ], P-a.s. By the comparison theorem of BSDE with jumps, we know
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Y n,i,ui

s ⩽ Yn,i,ui

s , where


dYn,i,ui

s = −
[
f
(
s,Xi,ui

s ,Yn,i,ui

s ,Zn,i,ui

s ,

∫
E

l(e)Vn,i,ui

s (e)ν(de), uis
)
− n

(
Yn,i,ui

s − h(s,Xi,ui

s )
)]
ds

+Zn,i,ui

s dBi
s +

∫
E

Vn,i,ui

s (e)Ñi(ds,de), s ∈ [ti, T ],

Yn,i,ui

T = Φ(Xi,ui

T ).

Let ϑ be a stopping time such that s ⩽ ϑ ⩽ T , then

Yn,i,ui

ϑ = EFi
ϑ

[
e−n(T−ϑ)Φ(Xi,ui

T ) +

∫ T

ϑ

e−n(r−ϑ)f
(
r,Xi,ui

r ,Yn,i,ui

r ,Zn,i,ui

r ,

∫
E

l(e)Vn,i,ui

r (e)ν(de), uir
)
dr

+

∫ T

ϑ

ne−n(r−ϑ)h(r,Xi,ui

r )dr
]
.

As n→ ∞, it is easy to check that,

e−n(T−ϑ)Φ(Xi,ui

T ) +

∫ T

ϑ

ne−n(r−ϑ)h(r,Xi,ui

r )dr → Φ(Xi,ui

T )I{ϑ=T} + h(ϑ,Xi,ui

ϑ )I{ϑ<T},

P-a.s. and in L2 sense. Furthermore, due to f is bounded, we also have

EFi
ϑ

[ ∫ T

ϑ

e−n(r−ϑ)f
(
r,Xi,ui

r ,Yn,i,ui

r ,Zn,i,ui

r ,

∫
E

l(e)Vn,i,ui

r (e)ν(de), uir
)
dr

]
→ 0,

in L2 sense. Consequently, we get Yn,i,ui

ϑ → Φ(Xi,ui

T )I{ϑ=T} + h(ϑ,Xi,ui

ϑ )I{ϑ<T} in mean square and Y n,i,ui

· ⩽

h(·, Xi,ui

· ). Combined with the section theorem in Dellacherie and Meyer [29], we have Y n,i,ui

s ⩽ h(s,Xi,ui

s ),

s ∈ [ti, T ], P-a.s. Therefore, (h(s,Xi,ui

s )− Y n,i,ui

s )− ↓ 0, s ∈ [ti, T ], P-a.s., as n→ ∞.
Denote pΛ be the predictable projection of any process Λ. Based on the aforementioned results, the predictable

projection of Y n,i,ui

· possesses the following properties:

pY n,i,ui

↓ pY i,ui

in S2
F(ti, T ;R), pY n,i,ui

s ⩽ ph(s,Xi,ui

s ), s ∈ [ti, T ], P-a.s. (4.18)

Note that the jumping times of both Y n,i,ui

· and h(·, Xi,ui

· ) are inaccessible. Then, for all s ∈ [ti, T ], we obtain
pY n,i,ui

s = Y n,i,ui

s− and ph(s,Xi,ui

s ) = h(s,Xi,ui

s− ), P-a.s. Combined with (4.18),
(
h(s,Xi,ui

s− )− Y n,i,ui

s−
)− ↓ 0, s ∈

[ti, T ], P-a.s., as n→ ∞.
Furthermore, based on the continuity and monotonicity of power functions, for any p ⩾ 2, we have

∣∣(h(s,Xi,ui

s )− Y n,i,ui

s

)−∣∣p ↓ 0,
∣∣(h(s,Xi,ui

s− )− Y n,i,ui

s−
)−∣∣p ↓ 0, s ∈ [ti, T ], P-a.s., as n→ ∞.

From the Dini’s Theorem for càdlàg processes (see p. 202 in [30]), we know such a convergence is uniform in t.
Further, using the dominated convergence theorem, we conclude that (i) holds.



20 L. LIU AND Q. WEI

Now, let’s prove the second result. For any p ⩾ 2 and i, j = 0, 1,

EFλ
s

[∣∣∣ ∫ T

s

(h(ρλi (r), X̃
i,uλ

r )− Ỹ n,i,uλ

r )−dÃn,j,uλ

r

∣∣∣ p
2
]

⩽ EFλ
s

[
sup

r∈[s,T ]

∣∣∣(h(ρλi (r), X̃i,uλ

r )− Ỹ n,i,uλ

r )−
∣∣∣ p
2 ·

∣∣∣Ãn,j,uλ

T − Ãn,j,uλ

s

∣∣∣ p
2
]

⩽
(
EFλ

s

[
sup

r∈[s,T ]

∣∣∣(h(ρλi (r), X̃i,uλ

r )− Ỹ n,i,uλ

r )−
∣∣∣p]) 1

2
(
EFλ

s

[
Ãn,j,uλ

T − Ãn,j,uλ

s

∣∣∣p]) 1
2

→ 0, as n→ ∞,

where the last inequality have used (i) and Lemma 4.6.

Now we estimate the difference of X̃0,uλ

· and X̃1,uλ

· .

Lemma 4.8. Suppose (H1)–(H3) and (H4)-(i), (ii) hold. Then, for all p ⩾ 1 and s ∈ [tλ, T ], we have

EFλ
s

[
sup

τ∈[s,T ]

|X̃1,uλ

τ − X̃0,uλ

τ |p +
∫ T

s

|X̃1,uλ

r − X̃0,uλ

r |pdr
]
⩽ CT,p,δ

(
|t1 − t0|p + |X̃1,uλ

s − X̃0,uλ

s |p
)
, P-a.s.

Proof. From (4.10), we know



d(X̃1,uλ

s − X̃0,uλ

s ) =
( 1

τ̇λ1
b
(
ϱλ1 (s), X̃

1,uλ

s , uλs
)
− 1

τ̇λ0
b
(
ϱλ0 (s), X̃

0,uλ

s , uλs
))

ds

+
( 1√

τ̇λ1
σ
(
ϱλ1 (s), X̃

1,uλ

s , uλs
)
− 1√

τ̇λ0
σ
(
ϱλ0 (s), X̃

0,uλ

s , uλs
))

dBλ
s

+

∫
E

(
γ
(
ϱλ1 (s), X̃

1,uλ

s− , uλs , e
)
− γ

(
ϱλ0 (s), X̃

0,uλ

s− , uλs , e
))
Ñλ(ds,de)

+

∫
E

(
γ
(
ϱλ1 (s), X̃

1,uλ

s− , uλs , e
)
(1− 1

τ̇λ1
)− γ

(
ϱλ0 (s), X̃

0,uλ

s− , uλs , e
)
(1− 1

τ̇λ0
)
)
ν(de)ds, s ∈ [tλ, T ],

X̃1,uλ

tλ
− X̃0,uλ

tλ
= x1 − x0.

From Lemma 4.1, the boundedness and Lipschitz continuity of b, σ, γ, for any p ⩾ 1, we have

EFλ
s

[
sup

τ∈[s,T ]

∣∣∣ ∫ τ

s

( 1

τ̇λ1
b
(
ϱλ1 (r), X̃

1,uλ

r , uλr
)
− 1

τ̇λ0
b
(
ϱλ0 (r), X̃

0,uλ

r , uλr
))

dr
∣∣∣p]

⩽ CT,pEFλ
s

[∫ T

s

∣∣∣( 1

τ̇λ1
− 1

τ̇λ0

)
b
(
ϱλ1 (r), X̃

1,uλ

r , uλr
)
+

1

τ̇λ0

(
b
(
ϱλ1 (r), X̃

1,uλ

r , uλr
)
−b

(
ϱλ0 (r), X̃

0,uλ

r , uλr
))∣∣∣pdr]

⩽ CT,p,δEFλ
s

[ ∫ T

s

(
|t1 − t0|p + |X̃1,uλ

r − X̃0,uλ

r |p
)
dr

]
.

(4.19)
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Using the Burkholder-Davis-Gundy inequality, we get

EFλ
s

[
sup

τ∈[s,T ]

∣∣∣ ∫ τ

s

( 1√
τ̇λ1
σ
(
ϱλ1 (r), X̃

1,uλ

r , uλr
)
− 1√

τ̇λ0
σ
(
ϱλ0 (r), X̃

0,uλ

r , uλr
))

dBλ
r

∣∣∣p]

⩽


CT,p,δEFλ

t

[( ∫ T

s

(
|t1 − t0|2 + |X̃1,uλ

r − X̃0,uλ

r |2
)
dr

) p
2
]
, 1 ⩽ p < 2,

CT,p,δEFt

[ ∫ T

s

(
|t1 − t0|p + |X̃1,uλ

r − X̃0,uλ

r |p
)
dr

]
, p ⩾ 2,

and

EFλ
s

[
sup

t∈[s,T ]

∣∣∣ ∫ t

s

∫
E

(
γ
(
ϱλ1 (r), X̃

1,uλ

r− , uλr , e
)
− γ

(
ϱλ0 (r), X̃

0,uλ

r− , uλr , e
))
Ñλ(dr, de)

∣∣∣p]

⩽



CT,pEFλ
s

[( ∫ T

s

∫
E

|γ
(
ϱλ1 (r), X̃

1,uλ

r− , uλr , e
)
− γ

(
ϱλ0 (r), X̃

0,uλ

r− , uλr , e
)
|2ν(de)dr

) p
2
]
, 1 ⩽ p < 2,

CT,pEFλ
s

[( ∫ T

s

∫
E

|γ
(
ϱλ1 (r), X̃

1,uλ

r− , uλr , e
)
− γ

(
ϱλ0 (r), X̃

0,uλ

r− , uλr , e
)
|2ν(de)dr

) p
2

+

∫ T

s

∫
E

|γ
(
ϱλ1 (r), X̃

1,uλ

r− , uλr , e
)
− γ

(
ϱλ0 (r), X̃

0,uλ

r− , uλr , e
)
|pν(de)dr

]
,

p ⩾ 2,

⩽


CT,p,δ

(
EFλ

s

[ ∫ T

s

(
|t1 − t0|2 + |X̃1,uλ

r − X̃0,uλ

r |2
)
dr

]) p
2

, 1 ⩽ p < 2,

CT,p,δEFλ
s

[ ∫ T

s

(
|t1 − t0|p + |X̃1,uλ

r − X̃0,uλ

r |p
)
dr

]
, p ⩾ 2,

and

EFλ
s

[
sup

τ∈[s,T ]

∣∣∣ ∫ τ

s

∫
E

(
γ
(
ϱλ1 (r), X̃

1,uλ

r , uλr , e
)
(1− 1

τ̇λ1
)− γ

(
ϱλ0 (r), X̃

0,uλ

r , uλr , e
)
(1− 1

τ̇λ0
)
)
ν(de)dr

∣∣∣p]
⩽ EFλ

s

[( ∫ T

s

∫
E

∣∣∣( 1

τ̇λ0
− 1

τ̇λ1

)
γ
(
ϱλ1 (r), X̃

1,uλ

r , uλr , e
)

+(1− 1

τ̇λ0
)
(
γ
(
ϱλ1 (r), X̃

1,uλ

r , uλr , e
)
− γ

(
ϱλ0 (r), X̃

0,uλ

r , uλr , e
))∣∣∣ν(de)dr)p]

⩽ CT,p,δEFλ
s

[ ∫ T

s

(
|t1 − t0|p + |X̃1,uλ

r − X̃0,uλ

r |p
)
dr

]
.

(4.20)
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Then, for all τ ∈ [s, T ] and p ⩾ 1, we have

EFλ
s

[
|X̃1,uλ

τ − X̃0,uλ

τ |p
]

⩽ CT,p,δ

(
|X̃1,uλ

s − X̃0,uλ

s |p + |t1 − t0|p + EFλ
s

[ ∫ T

s

|X̃1,uλ

r − X̃0,uλ

r |pdr
])

+CT,p,δEFλ
s

[( ∫ T

s

|X̃1,uλ

r − X̃0,uλ

r |2dr
) p

2

I{1⩽p<2}

]
⩽ CT,p,δ

(
|X̃1,uλ

s − X̃0,uλ

s |p + |t1 − t0|p + EFλ
s

[ ∫ T

s

|X̃1,uλ

r − X̃0,uλ

r |pdr
])

+CT,p,δ

(
EFλ

s

[ ∫ T

s

|X̃1,uλ

r − X̃0,uλ

r |2dr
]) p

2

I{1⩽p<2}.

Therefore, for p ⩾ 2, using Gronwall’s inequality, we get

sup
τ∈[s,T ]

EFλ
s

[
|X̃1,uλ

τ − X̃0,uλ

τ |p
]
⩽ CT,p,δ

(
|X̃1,uλ

s − X̃0,uλ

s |p + |t1 − t0|p
)
. (4.21)

For 1 ⩽ p < 2, τ ∈ [s, T ] using (4.21) with p = 2, we have

EFλ
s

[
|X̃1,uλ

τ − X̃0,uλ

τ |p
]
⩽ CT,p,δ

(
|X̃1,uλ

s − X̃0,uλ

s |p + |t1 − t0|p + EFλ
s

[ ∫ T

s

|X̃1,uλ

r − X̃0,uλ

r |pdr
])
.

Using Gronwall’s inequality again, (4.21) also holds for 1 ⩽ p < 2.
Finally, from (4.19)–(4.20) and using (4.21) with p ⩾ 1,

EFλ
s

[
sup

τ∈[s,T ]

|X̃1,uλ

τ − X̃0,uλ

τ |p
]

⩽ CT,p,δ

(
|X̃1,uλ

s − X̃0,uλ

s |p + |t1 − t0|p + EFλ
s

[ ∫ T

s

|X̃1,uλ

r − X̃0,uλ

r |pdr
])

+CT,p,δ

(
EFλ

s

[ ∫ T

s

|X̃1,uλ

r − X̃0,uλ

r |2dr
]) p

2

I{1⩽p<2}

⩽ CT,p,δ

(
|X̃1,uλ

s − X̃0,uλ

s |p + |t1 − t0|p
)
,

holds for p ⩾ 1. The desired result is proved.

Next, we denote by X̃ uλ

· the convex combination of X̃0,uλ

· and X̃1,uλ

· , i.e., X̃ uλ

s := λX̃1,uλ

s + (1 − λ)X̃0,uλ

s ,

s ∈ [tλ, T ]. The estimate of |X̃ uλ

· −Xλ,uλ

· | is given as follows.
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Lemma 4.9. Suppose (H1)–(H4) hold, for all p ⩾ 1 and s ∈ [tλ, T ], we have, P-a.s.,

EFλ
s

[
sup

τ∈[s,T ]

|X̃ uλ

τ −Xλ,uλ

τ |p
]
⩽CT,p,δ

(
|t1− t0|p+ |X̃ uλ

s −Xλ,uλ

s |p
)
+CT,p,δλ

p(1−λ)p
(
|t1− t0|2p+ |X̃1,uλ

s −X̃0,uλ

s |2p
)
.

Proof. First, X̃ uλ

· −Xλ,uλ

· satisfies the following equation

X̃ uλ

s −Xλ,uλ

s = λX̃1,uλ

s + (1− λ)X̃0,uλ

s −Xλ,uλ

s

=

∫ s

tλ

(
Jb(r) + b(r, X̃ uλ

r , uλr )− b(r,Xλ,uλ

r , uλr )
)
dr +

∫ s

tλ

(
Jσ(r) + σ(r, X̃ uλ

r , uλr )− σ(r,Xλ,uλ

r , uλr )
)
dBλ

r

+

∫ s

tλ

∫
E

(
Jγ(r, e) + γ(r, X̃ uλ

r− , u
λ
r , e)− γ(r,Xλ,uλ

r− , uλr , e)
)
Ñλ(dr, de)

+

∫ s

tλ

∫
E

(
λ(1− 1

τ̇λ1
)γ
(
ϱλ1 (r), X̃

1,uλ

r , uλr , e
)
+ (1− λ)(1− 1

τ̇λ0
)γ
(
ϱλ0 (r), X̃

0,uλ

r , uλr , e
))
ν(de)dr,

where s ∈ [tλ, T ] and

Jb(r) :=
λ

τ̇λ1
b
(
ϱλ1 (r), X̃

1,uλ

r , uλr
)
+

1− λ

τ̇λ0
b
(
ϱλ0 (r), X̃

0,uλ

r , uλr
)
− b(r, X̃ uλ

r , uλr ),

Jσ(r) :=
λ√
τ̇λ1
σ
(
ϱλ1 (r), X̃

1,uλ

r , uλr
)
+

1− λ√
τ̇λ0

σ
(
ϱλ0 (r), X̃

0,uλ

r , uλr
)
− σ(r, X̃ uλ

r , uλr ),

Jγ(r, e) := λγ
(
ϱλ1 (r), X̃

1,uλ

r− , uλr , e
)
+ (1− λ)γ

(
ϱλ0 (r), X̃

0
r−, u

λ
r , e

)
− γ(r, X̃ λ,uλ

r− , uλr , e), r ∈ [tλ, T ], e ∈ E.

From Lemma 4.1, for any X1, X0 ∈ Rn and u ∈ U , we have (set Xλ := λX1 + (1− λ)X0)

∣∣∣ λ
τ̇λ1
b
(
ϱλ1 (r), X1, u

)
+

1− λ

τ̇λ0
b
(
ϱλ0 (r), X0, u

)
− b(r,Xλ, u)

∣∣∣
⩽

∣∣∣λb(ϱλ1 (r), X1, u
)
+ (1− λ)b

(
ϱλ0 (r), X0, u

)
− b(r,Xλ, u)

∣∣∣
+
∣∣∣( 1

τ̇λ1
− 1)λb

(
ϱλ1 (r), X1, u

)
+ (

1

τ̇λ0
− 1)(1− λ)b

(
ϱλ0 (r), X0, u

)∣∣∣
⩽ Cλ(1− λ)|ϱλ1 (r)− ϱλ0 (r)| ·

∫ 1

0

|bs
(
r + η(1− λ)(ϱλ1 (r)− ϱλ0 (r)), Xλ + η(1− λ)(X1 −X0), u

)
−bs

(
r − ηλ(ϱλ1 (r)− ϱλ0 (r)), Xλ − ηλ(X1 −X0), u

)∣∣dη
+Cλ(1− λ)|X1 −X0| ·

∫ 1

0

|bx
(
r + η(1− λ)(ϱλ1 (r)− ϱλ0 (r)), Xλ + η(1− λ)(X1 −X0), u

)
−bx

(
r − ηλ(ϱλ1 (r)− ϱλ0 (r)), Xλ − ηλ(X1 −X0), u

)∣∣dη
+
λ(1− λ)

T − tλ
|t1 − t0|

(
|ϱλ1 (r)− ϱλ0 (r)|+ |X1 −X0|

)
⩽ Cλ(1− λ)

(
|t1 − t0|2 + |X1 −X0|2

)
.

Therefore,

|Jb(r)| ⩽ Cλ(1− λ)
(
|t1 − t0|2 + |X̃1,uλ

r − X̃0,uλ

r |2
)
, r ∈ [tλ, T ]. (4.22)
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Similarly, using Lemma 4.1-(i), (ii) and (iii), we also obtain

|Jσ(r)| ⩽ Cλ(1− λ)
(
|t1 − t0|2 + |X̃1,uλ

r − X̃0,uλ

r |2
)
,

|Jγ(r, e)| ⩽ Cℓ(e)λ(1− λ)
(
|t1 − t0|2 + |X̃1,uλ

r − X̃0,uλ

r |2
)
, r ∈ [tλ, T ], e ∈ E.

(4.23)

Based on the above estimates, using the methods used in (4.19)–(4.20), for p ⩾ 1, we get

EFλ
s

[
sup

τ∈[s,T ]

∣∣∣ ∫ τ

s

(
Jb(r) + b(r, X̃ uλ

r , uλr )− b(r,Xλ,uλ

r , uλr )
)
dr

∣∣∣p]
⩽ CT,p,δEFλ

s

[ ∫ T

s

(
|Jb(r)|p + |X̃ uλ

r −Xλ,uλ

r |p
)
dr

]
,

and

EFλ
s

[
sup

τ∈[s,T ]

∣∣∣ ∫ τ

s

(
Jσ(r) + σ(r, X̃ uλ

r , uλr )− σ(r,Xλ,uλ

r , uλr )
)
dBλ

r

∣∣∣p]

⩽


CT,p,δ

(
EFλ

s

[ ∫ T

s

(
|Jσ(r)|2 + |X̃ uλ

r −Xλ,uλ

r |2
)
dr

]) p
2

, 1 ⩽ p < 2,

CT,p,δEFλ
s

[ ∫ T

s

(
|Jσ(r)|p + |X̃ uλ

r −Xλ,uλ

r |p
)
dr

]
, p ⩾ 2,

and

EFλ
s

[
sup

τ∈[s,T ]

∣∣∣ ∫ τ

s

∫
E

(
Jγ(r, e) + γ(r, X̃ uλ

r− , u
λ
r , e)− γ(r,Xλ,uλ

r− , uλr , e)
)
Ñλ(dr, de)

∣∣∣p]

⩽



CT,p,δ

(
EFλ

s

[ ∫ T

s

∫
E

(
|Jγ(r, e)|2 + ℓ2(e)|X̃ uλ

r −Xλ,uλ

r |2
)
ν(de)dr

]) p
2

, 1 ⩽ p < 2,

CT,p,δEFλ
s

[( ∫ T

s

∫
E

(
|Jγ(r, e)|2 + ℓ2(e)|X̃ uλ

r −Xλ,uλ

r |2
)
ν(de)dr

) p
2

+

∫ T

s

∫
E

(
|Jγ(r, e)|p + ℓp(e)|X̃ uλ

r −Xλ,uλ

r |p
)
ν(de)dr

]
,

p ⩾ 2,

and

EFλ
s

[
sup

τ∈[s,T ]

∣∣∣ ∫ τ

s

∫
E

(
λ(1− 1

τ̇λ1
)γ
(
ϱλ1 (r), X̃

1,uλ

r , uλr , e
)
+ (1− λ)(1− 1

τ̇λ0
)γ
(
ϱλ0 (r), X̃

0,uλ

r , uλr , e
))
ν(de)dr

∣∣∣p]
⩽ CT,p,δλ

p(1− λ)pEFλ
s

[∣∣∣ ∫ s

t

∫
E

ℓ(e)
(
|t1 − t0|+ |X̃1,uλ

r− − X̃0,uλ

r− |
)
ν(de)dr

∣∣∣p]
⩽ CT,p,δλ

p(1− λ)pEFλ
s

[ ∫ s

t

(
|t1 − t0|p + |X̃1,uλ

r − X̃0,uλ

r |p
)
dr

]
.
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Similar to the proof of Lemma 4.8, for p ⩾ 1, we obtain

EFλ
s

[
sup

τ∈[s,T ]

|X̃ uλ

τ −Xλ,uλ

τ |p
]

⩽ Cp|X̃ uλ

s −Xλ,uλ

s |p + CT,p,δEFλ
s

[ ∫ T

s

(
|Jb(r)|p + |Jσ(r)|p +

∫
E

|Jγ(r, e)|pν(de)
)
dr

]
+CT,p,δ

(
EFλ

s

[ ∫ T

s

(
|Jσ(r)|2 +

∫
E

|Jγ(r, e)|2ν(de)
)
dr

]) p
2

+CT,p,δλ
p(1− λ)pEFλ

s

[ ∫ s

t

(
|t1 − t0|p + |X̃1,uλ

r − X̃0,uλ

r |p
)
dr

]
⩽ CT,p,δ

(
|t1 − t0|p + |X̃ uλ

s −Xλ,uλ

s |p
)
+ CT,p,δλ

p(1− λ)p
(
|t1 − t0|2p + |X̃1,uλ

s − X̃0,uλ

s |2p
)
,

where we have used (4.22), (4.23) and Lemma 4.8.

For convenience, we denote

∆s := Cδ sup
r∈[tλ,s]

(
|t1 − t0|+ |X̃1,uλ

r − X̃0,uλ

r |
)
. (4.24)

Without loss of generality, we also assume t0 ⩽ t1. Otherwise, the following study is made for Ỹ n,1,uλ

· .

Lemma 4.10. Suppose (H1), (H2), (H4)-(i), (ii) and (C) hold, for any s ∈ [tλ, T ], we have

Ỹ n,0,uλ

s ⩽ Y
n,0,uλ

s , P-a.s.,

where 

dY
n,0,uλ

s =−
[ 1
τ̇λ1
f
(
ϱλ1 (s), X̃

1,uλ

s , Y
n,0,uλ

s −∆s,
√
τ̇λ1 Z

n,0,uλ

s ,

∫
E

l(e)V
n,0,uλ

s (e)ν(de), uλs

)
− n

τ̇λ1

(
h(ϱλ1 (s), X̃

1,uλ

s ) + ∆s − Y
n,0,uλ

s

)−
− (1− 1

τ̇λ1
)

∫
E

V
n,0,uλ

s (e)ν(de)

+Cδ|t1 − t0| ·
(∣∣∣Zn,0,uλ

s

∣∣∣+ ∣∣∣ ∫
E

V
n,0,uλ

s (e)ν(de)
∣∣∣)+∆s

]
ds

+Z
n,0,uλ

s dBλ
s +

∫
E

V
n,0,uλ

s (e)Ñλ(ds,de), s ∈ [tλ, T ],

Y
n,0,uλ

T = Φ(X̃1,uλ

T ) + ∆T .

(4.25)

Proof. For all s ∈ [tλ, T ], (y, z, v) ∈ R× Rd × L2
ν(E;R), we have

1

τ̇λ0
f
(
ϱλ0 (s), X̃

0,uλ

s , y,
√
τ̇λ0 z,

∫
E

l(e)v(e)ν(de), uλs

)
− (1− 1

τ̇λ0
)

∫
E

v(e)ν(de)

⩽
1

τ̇λ1
f
(
ϱλ1 (s), X̃

1,uλ

s , y −∆s,
√
τ̇λ1 z,

∫
E

l(e)v(e)ν(de), uλs

)
− (1− 1

τ̇λ1
)

∫
E

v(e)ν(de)

+Cδ|t1 − t0| ·
(
|z|+

∣∣∣ ∫
E

v(e)ν(de)
∣∣∣)+∆s,
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where we have used the Lipschitz continuity of f and Lemma 4.1. Furthermore,

1

τ̇λ0

(
h(ϱλ0 (s), X̃

0,uλ

s )− y
)
− 1

τ̇λ1

(
h(ϱλ1 (s), X̃

1,uλ

s )− y
)

=
( 1

τ̇λ0
− 1

τ̇λ1

)(
h(ϱλ0 (s), X̃

0,uλ

s )− y
)
+

1

τ̇λ1

(
h(ϱλ0 (s), X̃

0,uλ

s )− h(ϱλ1 (s), X̃
1,uλ

s )
)
⩽ ∆s(1 + |y|).

Note the boundedness of Ỹ n,0,uλ

s obtained in Lemma 4.6, we know

n

τ̇λ1

(
h(ϱλ1 (s), X̃

1,uλ

s ) + ∆s − Ỹ n,0,uλ

s

)−
⩽

n

τ̇λ0

(
h(ϱλ0 (s), X̃

0,uλ

s )− Ỹ n,0,uλ

s

)−
.

Moreover, Φ(X̃0,uλ

T ) ⩽ Φ(X̃1,uλ

T ) + C|X̃1,uλ

T − X̃0,uλ

T | ⩽ Φ(X̃1,uλ

T ) + ∆T .
Finally, t0 ⩽ t1 guarantees us to apply the comparison theorem of BSDE with jumps to (4.25) and (4.11)

with i = 0, we get

Ỹ n,0,uλ

s ⩽ Y
n,0,uλ

s , ∀s ∈ [tλ, T ], P-a.s.

Remark 4.11. The process {∆s}s∈[t0,T ] defined in (4.24) is an Fλ-adapted, continuous increasing process, and
from Lemma 4.8, for all p ⩾ 1,

EFλ
s

[
∆p

T −∆p
s

]
⩽ Cp,δ

(
|t0 − t1|p + |X̃1,uλ

s − X̃0,uλ

s |p
)
, P-a.s. (4.26)

Lemma 4.12. Let (H1)–(H3), (H4)-(i), (ii) and (C) hold. Then

−C ⩽ Ỹ n,0,uλ

s ⩽ Y
n,0,uλ

s ⩽ Cδ + Cδ∆s, s ∈ [tλ, T ], n ⩾ 1, P-a.s.

Moreover,

EFλ
s

[ ∫ T

s

(
|Zn,0,uλ

r |2 + ∥V n,0,uλ

r (·)∥2ν,2
)
dr

]
⩽ Cδ(1 + ∆2

s), s ∈ [tλ, T ], n ⩾ 1, P-a.s.

Proof. By Lemmas 4.6 and 4.10, for all s ∈ [tλ, T ], n ⩾ 1, P-a.s., we have

−C ⩽ Ỹ n,0,uλ

s ⩽ Y
n,0,uλ

s .

Now, let us consider another BSDE with jumps as follows,
dY 0,uλ

s = −
[
C1 + Cδ|t1 − t0| ·

(∣∣∣Z 0,uλ

s

∣∣∣+ ∣∣∣ ∫
E

V 0,uλ

s (e)ν(de)
∣∣∣)+∆s

]
ds+ Z 0,uλ

s dBλ
s

+

∫
E

V 0,uλ

s (e)Ñλ(ds,de), s ∈ [tλ, T ],

Y 0,uλ

T = Φ(X̃1,uλ

T ) + C1∆T .
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From the boundedness of f as well as Lemma 4.1, we have, P-a.s.,

1

τ̇λ1
f
(
ϱλ1 (s), X̃

1,uλ

s , Y
n,0,uλ

s −∆s,
√
τ̇λ1 Z

n,0,uλ

s ,

∫
E

l(e)V
n,0,uλ

s (e)ν(de), uλs

)
− (1− 1

τ̇λ1
)

∫
E

V
n,0,uλ

s (e)ν(de)

− n

τ̇λ1

(
h(ϱλ1 (s), X̃

1,uλ

s ) + ∆s − Y
n,0,uλ

s

)−
+ Cδ|t1 − t0| ·

(∣∣∣Zn,0,uλ

s

∣∣∣+ ∣∣∣ ∫
E

V
n,0,uλ

s (e)ν(de)
∣∣∣)+∆s

⩽ C1 + Cδ|t1 − t0| ·
(∣∣∣Zn,0,uλ

s

∣∣∣+ ∣∣∣ ∫
E

V
n,0,uλ

s (e)ν(de)
∣∣∣)+∆s.

Therefore, using the comparison theorem, we get

Y
n,0,uλ

s ⩽ Y 0,uλ

s , s ∈ [tλ, T ], n ⩾ 1, P-a.s.

Next, we want to prove Y 0,uλ

s ⩽ Cδ + Cδ∆s, s ∈ [tλ, T ], n ⩾ 1, P-a.s. For some constant β, by applying

Itô’s formula to eβs|Y 0,uλ

s |2, we obtain, for all s ∈ [tλ, T ], P-a.s.,

eβs|Y 0,uλ

s |2 + EFλ
s

[ ∫ T

s

eβr
(
β|Y 0,uλ

r |2 + |Z 0,uλ

r |2 + ∥V 0,uλ

r (·)∥2ν,2
)
dr

]
= EFλ

s

[
eβT |Φ(X̃1,uλ

T ) + C1∆T |2
]
+ 2C1EFλ

s

[ ∫ T

s

eβrY 0,uλ

r dr
]
+ 2EFλ

s

[ ∫ T

s

eβrY 0,uλ

r ∆rdr
]

+2Cδ|t1 − t0| · EFλ
s

[ ∫ T

s

eβrY 0,uλ

r

(
|Z 0,uλ

s |+
∣∣∣ ∫

E

V 0,uλ

s (e)ν(de)
∣∣∣)dr].

⩽ Cδ

(
1 + ∆2

s

)
+ CEFλ

s

[ ∫ T

s

eβr|Y 0,uλ

r |2dr
]
+

1

2
E
[ ∫ T

s

eβr
(
|Z 0,uλ

r |2 + ∥V 0,uλ

r (·)∥2ν,2
)
dr

]
.

By choosing a sufficiently large β, we obtain

|Y 0,uλ

s |2 + EFλ
s

[ ∫ T

s

(
|Y 0,uλ

r |2 + |Z 0,uλ

r |2 + ∥V 0,uλ

r (·)∥2ν,2
)
dr

]
⩽ Cδ(1 + ∆2

s), P-a.s.

In particular, |Y 0,uλ

s | ⩽ Cδ(1 + ∆s), s ∈ [tλ, T ], P-a.s. Therefore,

−C ⩽ Y
n,0,uλ

s ⩽ Y 0,uλ

s ⩽ Cδ(1 + ∆s), P-a.s.
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Now, we proceed to establish the second result. Let Ch be the bound of h, applying Itô’s formula to (Y
n,0,uλ

s +
Ch −∆s)

2, we obtain

(
Y

n,0,uλ

s + Ch −∆s

)2
+ EFλ

s

[ ∫ T

s

(
|Zn,0,uλ

r |2 + ∥V n,0,uλ

r (·)∥2ν,2
)
dr

]
= EFλ

s

[
(Φ(X̃1,uλ

T ) + Ch)
2
]
− 2n

τ̇λ1
E
[ ∫ T

s

(Y
n,0,uλ

r + Ch −∆r)
(
h(ϱλ1 (r), X̃

1,uλ

r ) + ∆r − Y
n,0,uλ

r

)−
dr

]
+

2

τ̇λ1
EFλ

s

[ ∫ T

s

(Y
n,0,uλ

r + Ch−∆r) f
(
ϱλ1 (r), X̃

1,uλ

r , Y
n,0,uλ

r −∆r,
√
τ̇λ1 Z

n,0,uλ

r ,

∫
E

l(e)V
n,0,uλ

r (e)ν(de), uλr

)
dr

]
+2Cδ|t1 − t0| · EFλ

s

[ ∫ T

s

(Y
n,0,uλ

r + Ch −∆r)
(
|Zn,0,uλ

r |+
∣∣∣ ∫

E

V
n,0,uλ

r (e)ν(de)
∣∣∣)dr]

+2EFλ
s

[ ∫ T

s

(Y
n,0,uλ

r + Ch −∆r)∆rdr
]
+ 2EFλ

s

[ ∫ T

s

(Y
n,0,uλ

r + Ch −∆r)d∆r

]
+2(1− 1

τ̇λ1
)EFλ

s

[ ∫ T

s

∫
E

(Y
n,0,uλ

r + Ch −∆r)V
n,0,uλ

r (e)ν(de)dr
]
.

Further, according to the results of (i), (4.26), Cauchy inequality and the fact

(Y
n,0,uλ

s + Ch −∆s)
(
h(ϱλ1 (s), X̃

1,uλ

s ) + ∆s − Y
n,0,uλ

s

)−
⩾ 0, n ⩾ 1, s ∈ [tλ, T ], P-a.s.,

we have, for all s ∈ [tλ, T ], P-a.s.,

(
Y

n,0,uλ

s + Ch −∆s

)2
+ EFλ

s

[ ∫ T

s

(
|Zn,0,uλ

r |2 + ∥V n,0,uλ

r (·)∥2ν,2
)
dr

]
⩽ Cδ(1 + ∆2

s) + 2EFλ
s

[ ∫ T

s

(Y
n,0,uλ

r + Ch −∆r)d∆r

]
+

1

2
EFλ

s

[ ∫ T

s

(
|Zn,0,uλ

r |2 + ∥V n,0,uλ

r (·)∥2ν,2
)
dr

]
.

Thus,

(
Y

n,0,uλ

s + Ch −∆s

)2
+ EFλ

s

[ ∫ T

s

(
|Zn,0,uλ

r |2 + ∥V n,0,uλ

r (·)∥2ν,2
)
dr

]
⩽ Cδ(1 + ∆2

s) + 2EFλ
s

[ ∫ T

s

(Y
n,0,uλ

r + Ch −∆r)d∆r

]
, s ∈ [tλ, T ], P-a.s.

(4.27)

Notice that, for any 1 < p < 2 and q > 2 satisfying
1

p
+

1

q
= 1,

EFλ
s

[ ∫ T

s

(Y
n,0,uλ

r + Ch −∆r)d∆r

]
⩽ EFλ

s

[
sup

r∈[s,T ]

|Y n,0,uλ

r + Ch −∆r|(∆T −∆s)
]

⩽
(
EFλ

s

[
sup

r∈[s,T ]

|Y n,0,uλ

r + Ch −∆r|p
]) 1

p
(
EFλ

s

[
∆q

T

]) 1
q

⩽ ε
(
EFλ

s

[
sup

r∈[s,T ]

|Y n,0,uλ

r + Ch −∆r|p
]) 2

p

+ Cε∆
2
s

⩽ εM
2
p

s,t + Cε∆
2
s,

(4.28)
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where ε will be given in detail later, and Ms,t := EFλ
s

[
sup

r∈[t,T ]

|Y n,0,uλ

r +Ch −∆r|p
]
, tλ ⩽ t ⩽ s ⩽ T . We remark

that (Ms,t)s⩾t is an Fλ-martingale, and
2

p
> 1. So from Doob’s martingale inequality,

EFλ
t

[
sup

s∈[t,T ]

M
2
p

s,t

]
⩽

( 2

2− p

) 2
p
(
EFλ

t

[
M

2
2−p

T,t

]) 2−p
p

⩽
( 2

2− p

) 2
pEFλ

t

[
M

2
p

T,t

]
⩽

( 2

2− p

) 2
pEFλ

t

[
sup

s∈[t,T ]

|Y n,0,uλ

s + Ch −∆s|2
]
.

(4.29)

Now, we go back to the inequality (4.27). Combined with (4.28) and (4.29), we obtain

EFλ
t

[
sup

s∈[t,T ]

(
Y

n,0,uλ

s + Ch −∆s

)2]
⩽ Cδ(1 + ∆2

t ) + 2ε
( 2

2− p

) 2
pEFλ

t

[
sup

s∈[t,T ]

|Y n,0,uλ

s + Ch −∆s|2
]
.

By choosing a suitable ε > 0 such that 2ε
( 2

2− p

) 2
p

< 1, we get

EFλ
t

[
sup

s∈[t,T ]

(
Y

n,0,uλ

s + Ch −∆s

)2]
⩽ Cδ(1 + ∆2

t ).

Thereby,

EFλ
s

[ ∫ T

s

(
|Zn,0,uλ

r |2 + ∥V n,0,uλ

r (·)∥2ν,2
)
dr

]
⩽ Cδ(1 + ∆2

s) + 2EFλ
s

[
sup

r∈[s,T ]

|Y n,0,uλ

r + Ch −∆r|2
]
⩽ Cδ(1 + ∆2

s), s ∈ [tλ, T ], P-a.s.

For all s ∈ [tλ, T ] and n ⩾ 1, we define Yn,0,uλ

s := Y
n,0,uλ

s −∆s. Then, from (4.25), we get

dYn,0,uλ

s =−
[ 1
τ̇λ1
f
(
ϱλ1 (s), X̃

1,uλ

s ,Yn,0,uλ

s ,
√
τ̇λ1 Z

n,0,uλ

s ,

∫
E

l(e)V
n,0,uλ

s (e)ν(de), uλs

)
− n

τ̇λ1

(
h(ϱλ1 (s), X̃

1,uλ

s )− Yn,0,uλ

s

)− − (1− 1

τ̇λ1
)

∫
E

V
n,0,uλ

s (e)ν(de)

+Cδ|t1 − t0| ·
(∣∣∣Zn,0,uλ

s

∣∣∣+ ∣∣∣ ∫
E

V
n,0,uλ

s (e)ν(de)
∣∣∣)+∆s

]
ds− d∆s

+Z
n,0,uλ

s dBλ
s +

∫
E

V
n,0,uλ

s (e)Ñλ(ds,de), s ∈ [tλ, T ],

Yn,0,uλ

T = Φ(X̃1,uλ

T ).

(4.30)

Notice that the penalization term of the above BSDE (4.30) is the same as BSDE (4.11) with i = 1, and they
are driven by the same Brownian motion and Poisson random measure in [tλ, T ]. Thereafter, according to the
standard estimates and Doob’s martingale inequality, we give an estimate between them as follows.
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Lemma 4.13. Assume that (H1)–(H3), (H4)-(i), (ii) hold. Then, there exists some constant Cδ, such that,
for all n ⩾ 1 and s ∈ [tλ, T ], P-a.s.,

EFλ
s

[
sup

r∈[s,T ]

|Yn,0,uλ

r − Ỹ n,1,uλ

r |2 +
∫ T

s

(
|Zn,0,uλ

r − Z̃n,1,uλ

r |2 + ∥V n,0,uλ

r (·)− Ṽ n,1,uλ

r (·)∥2ν,2
)
dr

]
⩽ Cδ∆

2
s.

Proof. Setting
(
∆Y·,∆Z·,∆V·(·)

)
:=

(
Yn,0,uλ

· − Ỹ n,1,uλ

· , Z
n,0,uλ

· − Z̃n,1,uλ

· , V
n,0,uλ

· (·)− Ṽ n,1,uλ

· (·)
)
, by (4.11) and

(4.30), we have



d∆Ys=−
[ 1
τ̇λ1
f
(
ϱλ1 (s), X̃

1,uλ

s ,Yn,0,uλ

s ,
√
τ̇λ1 Z

n,0,uλ

s ,

∫
E

l(e)V
n,0,uλ

s (e)ν(de), uλs

)
− 1

τ̇λ1
f
(
ϱλ1 (s), X̃

1,uλ

s , Ỹ n,1,uλ

s ,
√
τ̇λ1 Z̃

n,1,uλ

s ,

∫
E

l(e)Ṽ n,1,uλ

s (e)ν(de), uλs

)
+
n

τ̇λi

(
h(ϱλ1 (s), X̃

1,uλ

s )− Ỹ n,1,uλ

s

)− − n

τ̇λ1

(
h(ϱλ1 (s), X̃

1,uλ

s )− Yn,0,uλ

s

)−
+Cδ|t1 − t0| ·

(∣∣∣Zn,0,uλ

s

∣∣∣+ ∣∣∣ ∫
E

V
n,0,uλ

s (e)ν(de)
∣∣∣)+∆s − (1− 1

τ̇λ1
)

∫
E

∆Vs(e)ν(de)
]
ds

−d∆s +∆ZsdB
λ
s +

∫
E

∆Vs(e)Ñ
λ(ds,de), s ∈ [tλ, T ],

∆YT = 0.

(4.31)

For some constant α > 0, applying Itô’s formula to eαs|∆Ys|2, we get

eαs|∆Ys|2 + EFλ
s

[ ∫ T

s

(
αeαr|∆Yr|2 + eαr|∆Zr|2

)
dr

]
+ EFλ

s

[ ∫ T

s

∫
E

eαr|∆Vr(e)|2Nλ(dr, de)
]

=
2

τ̇λ1
EFλ

s

[ ∫ T

s

eαr∆Yr

(
f
(
ϱλ1 (r), X̃

1,uλ

r ,Yn,0,uλ

r ,
√
τ̇λ1 Z

n,0,uλ

r ,

∫
E

l(e)V
n,0,uλ

r (e)ν(de), uλr
)

−f
(
ϱλ1 (r), X̃

1,uλ

r , Ỹ n,1,uλ

r ,
√
τ̇λ1 Z̃

n,1,uλ

r ,

∫
E

l(e)Ṽ n,1,uλ

r (e)ν(de), uλr
))

dr
]

+
2n

τ̇λ1
EFλ

s

[ ∫ T

s

eαr∆Yr

((
h(ϱλ1 (r), X̃

1,uλ

r )− Ỹ n,1,uλ

r

)− −
(
h(ϱλ1 (r), X̃

1,uλ

r )− Yn,0,uλ

r

)−)
dr

]
+2Cδ|t1 − t0| · EFλ

s

[ ∫ T

s

eαr∆Yr

(∣∣∣Zn,0,uλ

r

∣∣∣+ ∣∣∣ ∫
E

V
n,0,uλ

r (e)ν(de)
∣∣∣)dr]+ 2EFλ

s

[ ∫ T

s

eαr∆Yr∆rdr
]

−2(1− 1

τ̇λ1
)EFλ

s

[ ∫ T

s

∫
E

eαr∆Yr∆Vr(e)ν(de)dr
]
+ 2EFλ

s

[ ∫ T

s

eαr∆Yrd∆r

]
⩽

(
11C2

δ + 2
)
EFλ

s

[ ∫ T

s

eαr|∆Yr|2dr
]
+

1

2
EFλ

s

[ ∫ T

s

eαr
(
|∆Zr|2 + ∥∆Vr(·)∥2ν,2

)
dr

]
+Cδ|t1 − t0|2EFλ

s

[ ∫ T

s

(
|Zn,0,uλ

r |2 + ∥ V n,0,uλ

r (·)∥2ν,2
)
dr

]
+ 2EFλ

s

[ ∫ T

s

eαr∆Yrd∆r

]
,

where we have used ∆Yr

((
h(ϱλ1 (r), X̃

1,uλ

r )− Ỹ n,1,uλ

r

)− −
(
h(ϱλ1 (r), X̃

1,uλ

r )−Yn,0,uλ

r

)−)
⩽ 0, r ∈ [tλ, T ], P-a.s.
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For α large enough, using Lemma 4.12 and Lemma 3.1 in [23], we get

EFλ
s

[
|∆Ys|2 +

∫ T

s

(
|∆Yr|2 + |∆Zs|2 + ∥∆Vr(·)∥2ν,2

)
dr ] ⩽ Cδ∆

2
s + 2EFλ

s

[ ∫ T

s

eαr∆Yrd∆r

]
.

The term EFλ
s

[ ∫ T

s

eαr∆Yrd∆r

]
can be dealt with by employing the technique in the proof of Lemma 4.12-(ii)

(refer to (4.28), (4.29)). Then the desired result can be proved.

Based on the above preparations, we have the following estimates.

Lemma 4.14. Assume the conditions of Lemma 4.12 hold, then

|Ỹ n,1,uλ

s − Ỹ n,0,uλ

s | ⩽ Cδ∆s, P-a.s.

Proof. For all n ⩾ 1 and s ∈ [tλ, T ], based on Lemma 4.12 and Lemma 4.13, we have

Ỹ n,0,uλ

s − Ỹ n,1,uλ

s ⩽ Y
n,0,uλ

s − Ỹ n,1,uλ

s = Yn,0,uλ

s +∆s − Ỹ n,1,uλ

s ⩽ Cδ∆s, n ⩾ 1, s ∈ [tλ, T ], P-a.s.

Moreover, due to the symmetry, by the same argument, we also get

Ỹ n,0,uλ

s − Ỹ n,1,uλ

s ⩾ −Cδ∆s, n ⩾ 1, s ∈ [tλ, T ], P-a.s.

Thus, |Ỹ n,1,uλ

s − Ỹ n,0,uλ

s | ⩽ Cδ∆s, for all n ⩾ 1, s ∈ [tλ, T ], P-a.s.

Lemma 4.15. Assume (H1)–(H3), (H4)-(i), (ii) and (C).
(i) Setting

Dn
s :=

∫ T

s

(h(ϱλ0 (r), X̃
0,uλ

r )− Ỹ n,0,uλ

r )−dÃn,1,uλ

r +

∫ T

s

(h(ϱλ1 (r), X̃
1,uλ

r )− Ỹ n,1,uλ

r )−dÃn,0,uλ

r , (4.32)

for any p ⩾ 2, we have, lim
n→∞

EFλ
s [(Dn

s )
p
2 ] = 0, s ∈ [tλ, T ], P-a.s.

(ii) For any p ⩾ 2 and s ∈ [tλ, T ], P-a.s.,

EFλ
s

[( ∫ T

s

(
|Z̃n,1,uλ

r − Z̃n,0,uλ

r |2 + ∥Ṽ n,1,uλ

r (·)− Ṽ n,0,uλ

r (·)∥2ν,2
)
dr

) p
2

+ |ÂT − Âs|p
]
⩽ Cδ∆

p
s + CEFλ

s [(Dn
s )

p
2 ].

Proof. The first result can be directly proved by using Lemma 4.7-(ii). Now we focus on the second one. For all

n ⩾ 1, s ∈ [tλ, T ], setting X̂s := X̃1,uλ

s − X̃0,uλ

s and φ̂s := φ̃n,1,uλ

s − φ̃n,0,uλ

s with φ = Y, Z, V,A. From equation
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(4.11), we have



dŶs = −
{ 1

τ̇λ1
f
(
ϱλ1 (s), X̃

1,uλ

s , Ỹ n,1,uλ

s ,
√
τ̇λ1 Z̃

n,1,uλ

s ,

∫
E

l(e)Ṽ n,1,uλ

s (e)ν(de), uλs

)
− 1

τ̇λ0
f
(
ϱλ0 (s), X̃

0,uλ

s , Ỹ n,0,uλ

s ,
√
τ̇λ0 Z̃

n,0,uλ

s ,

∫
E

l(e)Ṽ n,0,uλ

s (e)ν(de), uλs

)
−
∫
E

(
V̂s(e)−

1

τ̇λ1
Ṽ n,1,uλ

s (e) +
1

τ̇λ0
Ṽ n,0,uλ

s (e)
)
ν(de)

}
ds+ dÂs

+ẐsdB
λ
s +

∫
E

V̂s(e)Ñ
λ(ds,de), s ∈ [tλ, T ],

ŶT = Φ(X̃1,uλ

T )− Φ(X̃0,uλ

T ).

(4.33)

Step 1. We prove the stated result holds with p = 2. For this, applying Itô’s formula to |Ŷs|2, we have

|Ŷs|2 +
∫ T

s

|Ẑr|2dr +
∫ T

s

∫
E

|V̂r(e)|2Nλ(dr, de)

= |Φ(X̃1,uλ

T )− Φ(X̃0,uλ

T )|2 + 2

∫ T

s

Ŷr
(
I1r − I2r

)
dr − 2

∫ T

s

ŶrdÂr −
∫ T

s

2ŶrẐrdB
λ
r

−
∫ T

s

∫
E

2ŶrV̂r(e)Ñ
λ(dr, de),

(4.34)

where

I1r :=
1

τ̇λ1
f
(
ϱλ1 (r), X̃

1,uλ

r , Ỹ n,1,uλ

r ,
√
τ̇λ1 Z̃

n,1,uλ

r ,

∫
E

l(e)Ṽ n,1,uλ

r (e)ν(de), uλr

)
− 1

τ̇λ0
f
(
ϱλ0 (r), X̃

0,uλ

r , Ỹ n,0,uλ

r ,
√
τ̇λ0 Z̃

n,0,uλ

r ,

∫
E

l(e)Ṽ n,0,uλ

r (e)ν(de), uλr

)
,

I2r :=

∫
E

(
V̂r(e)−

1

τ̇λ1
Ṽ n,1,uλ

r (e) +
1

τ̇λ0
Ṽ n,0,uλ

r (e)
)
ν(de).

Then, according to Lemma 4.14, we have

|I1r | ⩽ |t1 − t0|+ |ϱλ1 (r)− ϱλ0 (r)|+ |X̂r|+ |Ŷr|+
∣∣∣√τ̇λ1 −

√
τ̇λ0

∣∣∣ · |Z̃n,1,uλ

r |+
∣∣∣√τ̇λ0

∣∣∣ · |Ẑr|

+∥l(·)∥ν,2 · ∥V̂r(·)∥ν,2
⩽ C

(
∆r + |t1 − t0| · |Z̃n,1,uλ

r |+ |Ẑr|+ ∥V̂r(·)∥ν,2
)
,

(4.35)

and

|I2r | ⩽ C

∫
E

(∣∣∣1− 1

τ̇λ0

∣∣∣ · |V̂r(e)|+ |t1 − t0| · |Ṽ n,1,uλ

r (e)|
)
ν(de). (4.36)
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Moreover,

−
∫ T

s

ŶrdÂr = −
∫ T

s

(Ỹ n,1,uλ

r − Ỹ n,0,uλ

r )d(Ãn,1,uλ

r − Ãn,0,uλ

r )

⩽
∫ T

s

(
h(ϱλ1 (r), X̃

1,uλ

r )− Ỹ n,1,uλ

r

)−
dÃn,0,uλ

r +

∫ T

s

(h(ϱλ0 (r), X̃
0,uλ

r )− Ỹ n,0,uλ

r )−dÃn,1,uλ

r

−
∫ T

s

(
h(ϱλ1 (r), X̃

1,uλ

r )− h(ϱλ0 (r), X̃
0,uλ

r )
)
d(Ãn,1,uλ

r − Ãn,0,uλ

r )

⩽ Dn
s + C∆T |ÂT − Âs|.

Based on the above estimates, we return to (4.34) and obtain

|Ŷs|2 +
∫ T

s

|Ẑr|2dr +
∫ T

s

∫
E

|V̂r(e)|2Nλ(dr, de)

⩽ C|X̂T |2 + Cδ

∫ T

s

∆r

(
∆r + |t1 − t0| · |Z̃n,1,uλ

r |+ |Ẑr|+ ∥V̂r(·)∥ν,2
)
dr

+Cδ

∫ T

s

∫
E

∆r

(
|1− 1

τ̇λ0
| · |V̂r(e)|+ |t1 − t0| · |Ṽ n,1,uλ

r (e)|
)
ν(de)dr + C∆T |ÂT − Âs|+ 2Dn

s

−
∫ T

s

2ŶrẐrdB
λ
r −

∫ T

s

∫
E

2ŶrV̂r(e)Ñ
λ(dr, de)

⩽ Cδ,ε∆
2
T + Cδ|t1 − t0|2

∫ T

s

(
|Z̃n,1,uλ

r |2 + ∥Ṽ n,1,uλ

r (·)∥2ν,2
)
dr + ε

∫ T

s

(
|Ẑr|2 + ∥V̂r(·)∥2ν,2

)
dr

+C∆T |ÂT − Âs|+ 2Dn
s −

∫ T

s

2ŶrẐrdB
λ
r −

∫ T

s

∫
E

2ŶrV̂r(e)Ñ
λ(dr, de).

(4.37)

Then, choosing ε ∈ (0, 1), we have

|Ŷs|2 +
∫ T

s

|Ẑr|2dr +
∫ T

s

∥V̂r(·)∥2ν,2dr

⩽ Cδ∆
2
T + Cδ|t1 − t0|2

∫ T

s

(
|Z̃n,1,uλ

r |2 + ∥Ṽ n,1,uλ

r (·)∥2ν,2
)
dr + C∆T |ÂT − Âs|+ CDn

s

−C
∫ T

s

ŶrẐrdB
λ
r − C

∫ T

s

∫
E

ŶrV̂r(e)Ñ
λ(dr, de)− C

∫ T

s

∫
E

|V̂r(e)|2Ñλ(dr, de).

Therefore, according to Lemma 4.6, for any ε > 0,

|Ŷs|2 + EFλ
s

[ ∫ T

s

(
|Ẑr|2 + ∥V̂r(·)∥2ν,2

)
dr

]
⩽ Cδ,ε∆

2
s + CEFλ

s [Dn
s ] + εEFλ

s [|ÂT − Âs|2], P-a.s. (4.38)
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Now we deal with EFλ
s [|ÂT − Âs|2], from equation (4.33), (4.35) and (4.36),

EFλ
s

[∣∣ÂT − Âs

∣∣2]
⩽ C|Ŷs|2 + CEFλ

s

[
|Φ(X̃1,uλ

T )− Φ(X̃0,uλ

T )|2
]
+ EFλ

s

[ ∫ T

s

(
|Ẑr|2 + ∥V̂r(·)∥2ν,2

)
dr

]
+CEFλ

s

[( ∫ T

s

(
I1r − I2r

)
dr

)2]
⩽ C∆2

s + CEFλ
s

[ ∫ T

s

(
|Ẑr|2 + ∥V̂r(·)∥2ν,2

)
dr

]
, P-a.s.

(4.39)

Combined with (4.38), choosing ε small enough,

EFλ
s

[∣∣ÂT − Âs

∣∣2] ⩽ Cδ∆
2
s, P-a.s.

Thus,

|Ŷs|2 + EFλ
s

[ ∫ T

s

(
|Ẑr|2 + ∥V̂r(·)∥2ν,2

)
dr

]
⩽ Cδ∆

2
s + CEFλ

s [Dn
s ], P-a.s.

Step 2. Now we focus on the case p > 2. From (4.37), for p > 2,

EFλ
s

[
|Ŷs|2 +

(∫ T

s

|Ẑr|2dr
) p

2

+
(∫ T

s

∫
E

|V̂r(e)|2Nλ(dr, de)
) p

2
]

⩽ EFλ
s

[(
|Ŷs|2 +

∫ T

s

|Ẑr|2dr +
∫ T

s

∫
E

|V̂r(e)|2Nλ(dr, de)
) p

2
]

⩽ Cδ∆
p
s + Cδ|t1 − t0|p · EFλ

s

[( ∫ T

s

(
|Z̃n,1,uλ

r |2 + ∥Ṽ n,1,uλ

r (·)∥2ν,2
)
dr

) p
2
]
+ CEFλ

s

[
∆

p
2

T |ÂT − Âs|
p
2

]
+CEFλ

s [|Dn
s |

p
2 ] + CEFλ

s

[( ∫ T

s

|Ŷr|2|Ẑr|2dr
) p

4
]
+ CEFλ

s

[( ∫ T

s

∫
E

|Ŷr|2|V̂r(e)|2Nλ(dr, de)
) p

4
]

+Cϵ
p
2EFλ

s

[( ∫ T

s

(
|Ẑr|2 + ∥V̂r(·)∥2ν,2

)
dr

) p
2
]

⩽ Cδ∆
p
s + CEFλ

s

[
∆

p
2

T |ÂT − Âs|
p
2

]
+ Cϵ

p
2EFλ

s

[( ∫ T

s

(
|Ẑr|2 + ∥V̂r(·)∥2ν,2

)
dr

) p
2
]

+CEFλ
s [|Dn

s |
p
2 ] + CEFλ

s

[
∆

p
2

T

(∫ T

s

|Ẑr|2dr
) p

4
]
+ CEFλ

s

[
∆

p
2

T

(∫ T

s

∫
E

|V̂r(e)|2Nλ(dr, de)
) p

4
]

⩽ Cδ∆
p
s + CEFλ

s

[
∆

p
2

T |ÂT − Âs|
p
2

]
+ CEFλ

s [|Dn
s |

p
2 ] + Cϵ

p
2EFλ

s

[( ∫ T

s

|Ẑr|2dr
) p

2
]

+Cϵ
p
2EFλ

s

[( ∫ T

s

∫
E

|V̂r(e)|2Nλ(dr, de)
) p

2
]
,

where we have used Lemma 3.1 in [23], Lemma 4.6, Lemma 4.14 and (4.26).
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Thus, by choosing ϵ small enough, we get

EFλ
s

[
|Ŷs|2 +

(∫ T

s

|Ẑr|2dr
) p

2

+
(∫ T

s

∫
E

|V̂r(e)|2Nλ(dr, de)
) p

2
]

⩽ Cδ∆
p
s + CEFλ

s

[
∆

p
2

T |ÂT − Âs|
p
2

]
+ CEFλ

s [|Dn
s |

p
2 ]

⩽ Cδ∆
p
s + CεEFλ

s

[
|ÂT − Âs|p

]
+ CEFλ

s [|Dn
s |

p
2 ].

Further, similar to the proof of (4.39), we get

EFλ
s

[( ∫ T

s

|Ẑr|2ds
) p

2

+
(∫ T

s

∫
E

|V̂r(e)|2Nλ(ds,de)
) p

2

+
∣∣ÂT − Âs

∣∣p] ⩽ Cδ∆
p
s + CEFλ

s [|Dn
s |

p
2 ].

Finally, combined with Lemma 3.1 in [23], the desired result is proved.

Recalling the notation X̃ uλ

· = λX̃1,uλ

· + (1− λ)X̃0,uλ

· , we also put

(
Ỹn,uλ

· , Z̃n,uλ

· , Ṽn,uλ

· (·)
)
=

(
λỸ n,1,uλ

· + (1− λ)Ỹ n,0,uλ

· , λZ̃n,1,uλ

· + (1− λ)Z̃n,0,uλ

· , λṼ n,1,uλ

· (·) + (1− λ)Ṽ n,0,uλ

· (·)
)
.

Lemma 4.16. Suppose (H1)–(H5) and (C) hold, for all n ⩾ 1, we have

Ỹn,uλ

s ⩽ Yn,uλ

s , s ∈ [tλ, T ], P-a.s.,

where



dYn,uλ

s = −
[
f
(
s,Xλ,uλ

s ,Yn,uλ

s −∆s,Z
n,uλ

s ,

∫
E

l(e)Vn,uλ

s (e)ν(de), uλs
)
−n

(
h(s,Xλ,uλ

s )−Yn,uλ

s +∆s

)−
+C∆s + Cδλ(1− λ)

(
|Ẑs|2 + ∥V̂s(·)∥2ν,2 + |t0 − t1|2|Z̃n,0,uλ

s |2
)]

ds

+Zn,uλ

s dBλ
s +

∫
E

Vn,uλ

s (e)Ñλ(ds,de), s ∈ [tλ, T ],

Yn,uλ

T = Φ(Xλ,uλ

T ) + ∆T ,
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with ∆s = C∆̃s + Cδλ(1− λ)∆2
s, ∆̃s := sup

r∈[tλ,s]

|X̃ uλ

r −Xλ,uλ

r |, ∀s ∈ [tλ, T ].

Proof. Using the semi-concavity and Lipschitz continuity of f ,

λf
(
ϱλ1 (s), X̃

1,uλ

s , Ỹ n,1,uλ

s ,
√
τ̇λ1 Z̃

n,1,uλ

s ,

∫
E

l(e)Ṽ n,1,uλ

s (e)ν(de), uλs
)

+(1− λ)f
(
ϱλ0 (s), X̃

0,uλ

s , Ỹ n,0,uλ

s ,
√
τ̇λ0 Z̃

n,0,uλ

s ,

∫
E

l(e)Ṽ n,0,uλ

s (e)ν(de), uλs
)

⩽ f
(
s, X̃ uλ

s , Ỹn,uλ

s , λ
√
τ̇λ1 Z̃

n,1,uλ

s + (1− λ)
√
τ̇λ0 Z̃

n,0,uλ

s ,

∫
E

l(e)Ṽn,uλ

s (e)ν(de), uλs
)

+Cδλ(1− λ)
(
|ϱλ1 (s)−ϱλ0 (s)|2 + |X̂s|2 + |Ŷs|2 +

∣∣∣√τ̇λ1 Z̃
n,1,uλ

s −
√
τ̇λ0 Z̃

n,0,uλ

s

∣∣∣2 + ∣∣∣ ∫
E

l(e)V̂s(e)ν(de)
∣∣∣2)

⩽ f
(
s,Xλ,uλ

s , Ỹn,uλ

s , Z̃n,uλ

s ,

∫
E

l(e)Ṽn,uλ

s (e)ν(de), uλs
)
+ C

∣∣∣λ√τ̇λ1 Z̃
n,1,uλ

s + (1− λ)
√
τ̇λ0 Z̃

n,0,uλ

s − Z̃n,uλ

s

∣∣∣
+Cδλ(1− λ)

(
|ϱλ1 (s)−ϱλ0 (s)|2 + |X̂s|2 + |Ŷs|2 +

∣∣∣√τ̇λ1 Z̃
n,1,uλ

s −
√
τ̇λ0 Z̃

n,0,uλ

s

∣∣∣2 + ∣∣∣ ∫
E

l(e)V̂s(e)ν(de)
∣∣∣2)

+C|X̃ uλ

s −Xλ,uλ

s |

⩽ f(s,Xλ,uλ

s , Ỹn,uλ

s , Z̃n,uλ

s ,

∫
E

l(e)Ṽn,uλ

s (e)ν(de), uλs ) + C∆s

+Cδλ(1− λ)
(
|Ẑs|2 + ∥V̂s(·)∥2ν,2 + |t0 − t1|2|Z̃n,0,uλ

s |2
)
,

where
(
X̂·, Ŷ·, Ẑ·, V̂·(·)

)
are the ones introduced in the proof of Lemma 4.15.

From the Lipschitz continuity of f , we obtain

(
1

τ̇λ1
− 1)λf

(
ϱλ1 (s), X̃

1,uλ

s , Ỹ n,1,uλ

s ,
√
τ̇λ1 Z̃

n,1,uλ

s ,

∫
E

l(e)Ṽ n,1,uλ

s (e)ν(de), uλs

)
+(

1

τ̇λ0
− 1)(1− λ)f

(
ϱλ0 (s), X̃

0,uλ

s , Ỹ n,0,uλ

s ,
√
τ̇λ0 Z̃

n,0,uλ

s ,

∫
E

l(e)Ṽ n,0,uλ

s (e)ν(de), uλs

)
⩽ Cδλ(1− λ)|t0 − t1|

(
|ϱλ1 (s)−ϱλ0 (s)|+ |X̂s|+ |Ŷs|+ |

√
τ̇λ1 Z̃

n,1,uλ

s −
√
τ̇λ0 Z̃

n,0,uλ

s |+ |
∫
E

V̂s(e)l(e)ν(de)|
)

⩽ Cδλ(1− λ)
(
∆2

s + |Ẑs|2 + ∥V̂s(·)∥2ν,2 + |t0 − t1|2|Z̃n,0,uλ

s |2
)
,

Moreover,

−
∫
E

(
λ(1− 1

τ̇λ1
)Ṽ n,1,uλ

s (e) + (1− λ)(1− 1

τ̇λ0
)Ṽ n,0,uλ

s (e)
)
ν(de) ⩽ Cδλ(1− λ)

(
∆2

s + ∥V̂s(·)∥2ν,2
)
.
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Thus, by adding the terms in the left sides of the above inequalities, we get

λ

τ̇λ1
f
(
ϱλ1 (s), X̃

1,uλ

s , Ỹ n,1,uλ

s ,
√
τ̇λ1 Z̃

n,1,uλ

s ,

∫
E

l(e)Ṽ n,1,uλ

s (e)ν(de), uλs

)
+
1− λ

τ̇λ0
f
(
ϱλ0 (s), X̃

0,uλ

s , Ỹ n,0,uλ

s ,
√
τ̇λ0 Z̃

n,0,uλ

s ,

∫
E

l(e)Ṽ n,0,uλ

s (e)ν(de), uλs

)
−
∫
E

(
λ(1− 1

τ̇λ1
)Ṽ n,1,uλ

s (e) + (1− λ)(1− 1

τ̇λ0
)Ṽ n,0,uλ

s (e)
)
ν(de)

⩽ f(s,Xλ,uλ

s , Ỹn,uλ

s , Z̃n,uλ

s ,

∫
E

l(e)Ṽn,uλ

s (e)ν(de), uλs ) + C∆s

+Cδλ(1− λ)
(
∆2

s + |Ẑs|2 + ∥V̂s(·)∥2ν,2 + |t0 − t1|2|Z̃n,0,uλ

s |2
)

⩽ f(s,Xλ,uλ

s , Ỹn,uλ

s −∆s, Z̃n,uλ

s ,

∫
E

l(e)Ṽn,uλ

s (e)ν(de), uλs ) + C∆s

+Cδλ(1− λ)
(
|Ẑs|2 + ∥V̂s(·)∥2ν,2 + |t0 − t1|2|Z̃n,0,uλ

s |2
)
.

(4.40)

Similarly, based on the semi-concavity and Lipschitz continuity of h and Φ, we obtain

− λ

τ̇λ1
n
(
h(ϱλ1 (s), X̃

1,uλ

s )− Ỹ n,1,uλ

s

)− − 1− λ

τ̇λ0
n
(
h(ϱλ0 (s), X̃

0,uλ

s )− Ỹ n,0,uλ

s

)−
⩽ −n

( λ

τ̇λ1

(
h(ϱλ1 (s), X̃

1,uλ

s )− Ỹ n,1,uλ

s

)
+

1− λ

τ̇λ0

(
h(ϱλ0 (s), X̃

0,uλ

s )− Ỹ n,0,uλ

s

))−

= −n
(
− Ỹn,uλ

s − λ(1− λ)
t0 − t1
T − tλ

Ŷs + λ(1− λ)
t0 − t1
T − tλ

(
h(ϱλ1 (s), X̃

1,uλ

s )− h(ϱλ0 (s), X̃
0,uλ

s )
)

+λh(ϱλ1 (s), X̃
1,uλ

s ) + (1− λ)h(ϱλ0 (s), X̃
0,uλ

s )
)−

⩽ −n
(
h(s,Xλ,uλ

s )− Ỹn,uλ

s +∆s

)−
,

(4.41)

and

λΦ(X̃1,uλ

T ) + (1− λ)Φ(X̃0,uλ

T ) ⩽ Φ(X̃ uλ

T ) + Cδλ(1− λ)|X̃1,uλ

T − X̃0,uλ

T |2 ⩽ Φ(Xλ,uλ

T ) + C∆T .
(4.42)

Finally, based on the above inequalities (4.40)-(4.42), we can apply the comparison theorem to get the desired
result.

The last auxiliary process is introduced as follows.

Ỹ n,uλ

s := Yn,uλ

s −∆s, s ∈ [tλ, T ], P-a.s.

Then,

dỸ n,uλ

s = −
[
f
(
s,Xλ,uλ

s , Ỹ n,uλ

s ,Zn,uλ

s ,

∫
E

l(e)Vn,uλ

s (e)ν(de), uλs
)
−n

(
h(s,Xλ,uλ

s )−Ỹ n,uλ

s

)−
+C∆s + Cδλ(1− λ)

(
|Ẑs|2 + ∥V̂s(·)∥2ν,2 + |t0 − t1|2|Z̃n,0,uλ

s |2
)]

ds− d∆s

+Zn,uλ

s dBλ
s +

∫
E

Vn,uλ

s (e)Ñλ(ds,de), s ∈ [tλ, T ],

Yn,uλ

T = Φ(Xλ,uλ

T ).

(4.43)
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Note that the penalization term of the above BSDE (4.43) is the same as BSDE (4.7), and they are driven by
the same Brownian motion and Poisson random measure in [tλ, T ]. Similar to the proof of Lemmas 4.12 and
4.13, we give an estimate between them as follows.

Lemma 4.17. Assume the conditions (H1)-(H4) and (C) hold. Then, there exists some constant Cδ ⩾ 0 such
that, for all n ⩾ 1 and s ∈ [tλ, T ], P-a.s.,

EFλ
s

[
sup

r∈[s,T ]

|Ỹ n,uλ

r − Y n,λ,uλ

r |2 +
∫ T

s

(
|Zn,uλ

r − Zn,λ,uλ

r |2 + ∥Vn,uλ

r (·)− V n,λ,uλ

r (·)∥2ν,2
)
dr

]
⩽ C∆

2

s + EFλ
s
[
|Dn

s |2
]
,

where Dn
· is defined in (4.32).

Proof. For all s ∈ [tλ, T ], denote
(
Y n

s ,Z
n
s ,V

n
s

)
:=

(
Ỹ n,uλ

s − Y n,λ,uλ

s ,Zn,uλ

s − Zn,λ,uλ

s ,Vn,uλ

s − V n,λ,uλ

s

)
. Then,



dY n
s = −

[
f
(
s,Xλ,uλ

s , Ỹ n,uλ

s ,Zn,uλ

s ,

∫
E

l(e)Vn,uλ

s (e)ν(de), uλs
)
−n

(
h(s,X uλ

s )−Ỹ n,uλ

s

)−
+ C∆s +Dn

s

−f
(
s,Xλ,uλ

s , Y n,λ,uλ

s , Zn,λ,uλ

s ,

∫
E

l(e)V n,λ,uλ

s (e)ν(de), uλs
)
+ n

(
h(s,Xλ,uλ

s )−Y n,λ,uλ

s

)−]
ds

−d∆s + Z n
s dBλ

s +

∫
E

Vs(e)Ñ
λ(ds,de), s ∈ [tλ, T ],

Y n
T = 0,

where Dn
s := Cδλ(1− λ)

(
|Ẑs|2 + ∥V̂s(·)∥2ν,2 + |t0 − t1|2|Z̃n,0,uλ

s |2
)
, s ∈ [tλ, T ].

For some constant α > 0, we apply Itô’s formula to eαs|Y n
s |2,

eαs|Y n
s |2 +

∫ T

s

αeαr|Y n
r |2dr +

∫ T

s

eαr|Z n
r |2dr +

∫ T

s

∫
E

eαr|V n
r (e)|2Nλ(dr, de)

= 2

∫ T

s

eαrY n
r

[
I3r + n

(
h(r,Xλ,uλ

r )− Y n,λ,uλ

r

)−−n
(
h(r,X uλ

r )−Ỹ n,uλ

r

)−
+ C∆r +Dn

r

]
dr

+2

∫ T

s

eαrY n
r d∆r − 2

∫ T

s

eαrY n
r Z n

r dBλ
r − 2

∫ T

s

∫
E

eαrY n
r V n

r (e)Ñλ(dr, de),

with

I3r :=f
(
r,Xλ,uλ

r , Ỹ n,uλ

r ,Zn,uλ

r ,

∫
E

l(e)Vn,uλ

r (e)ν(de),uλr
)
− f

(
r,Xλ,uλ

r , Y n,λ,uλ

r , Zn,λ,uλ

r ,

∫
E

l(e)V n,λ,uλ

r (e)ν(de),uλr
)
.
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Then, based on the continuity of f ,

eαs|Y n
s |2 + EFλ

s

[ ∫ T

s

(
αeαr|Y n

r |2 + eαr|Z n
r |2 +

∫
E

eαr|V n
r (e)|2ν(de)

)
dr

]
⩽ CEFλ

s

[ ∫ T

s

eαrY n
r

(
|Y n

r |+ |Z n
r |+

∣∣∣ ∫
E

l(e)V n
r (e)ν(de)

∣∣∣)dr]+ 2EFλ
s

[ ∫ T

s

eαrY n
r

(
C∆r +Dn

r

)
dr

]
+2EFλ

s

[ ∫ T

s

eαrY n
r d∆r

]
⩽ CEFλ

s

[ ∫ T

s

eαr|Y n
r |2dr

]
+ CEFλ

s
[
|∆T |2

]
+ CEFλ

s
[
|Dn

s |2
]
+ 2EFλ

s

[ ∫ T

s

eαrY n
r d∆r

]
+
1

2
EFλ

s

[ ∫ T

s

(
eαr|Z n

r |2 +
∫
E

eαr|V n
r (e)|2ν(de)

)
dr

]
,

where we haved used Lemmas 4.6 and 4.15.
Taking α large enough, we get

|Y n
s |2 + EFλ

s

[ ∫ T

s

(
|Z n

r |2 + ∥V n
r (·)∥2ν,2

)
dr

]
⩽ CEFλ

s

[ ∫ T

s

Y n
r d∆r

]
+ CEFλ

s
[
|∆T |2

]
+ CEFλ

s
[
|Dn

s |2
]
.

Following the techniques used in (4.28) and (4.29), we can tackle with EFλ
s

[ ∫ T

s

Y n
r d∆r

]
similarty to get

EFλ
s

[
sup

s∈[t,T ]

|Y n
s |2

]
⩽ C∆

2

s + CEFλ
s
[
|Dn

s |2
]
,

and

EFλ
s

[ ∫ T

s

(
|Z n

r |2 + ∥V n
r (·)∥2ν,2

)
dr

]
⩽ C∆

2

s + EFλ
s
[
|Dn

s |2
]
.

Based on the above preparations, we give the proof of (4.12).
For any (t0, x0), (t1, x1) ∈ [0, T − δ]× R, and λ ∈ [0, 1], according to the Lemma 4.16, we have

λỸ n,1,uλ

tλ
+ (1− λ)Ỹ n,0,uλ

tλ
− Y n,λ,uλ

tλ
= Ỹn,uλ

tλ
− Y n,λ,uλ

tλ
⩽ Yn,uλ

tλ
− Y n,λ,uλ

tλ
.

Furthermore, from the definition of Yn,uλ

· and Lemma 4.17,

Yn,uλ

tλ
− Y n,λ,uλ

tλ
⩽ Ỹ n,uλ

tλ
+∆tλ − Y n,λ,uλ

tλ
⩽ C∆tλ +

(
E
[
|Dn

tλ
|2
]) 1

2

,

that is,

λỸ n,1,uλ

tλ
+ (1− λ)Ỹ n,0,uλ

tλ
− Y n,λ,uλ

tλ
⩽ Cδλ(1− λ)

(
|t1 − t0|2 + |x1 − x0|2

)
+

(
E
[
|Dn

tλ
|2
]) 1

2

. (4.44)

Then the desired (4.12) is proved.
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According to (4.13) and (4.14), Proposition 4.5 is proved. For Theorem 4.4, we only need to take the limit
n→ ∞ in Proposition 4.5.

4.2. The Lipschitz continuity of W (·, ·) in (t, x)

In this part, we study the Lipschitz continuity of W (·, ·) with respect to (t, x). For this, the transformation
introduced in the previous part will be used again.

Taking λ = 0, i = 1 in Subsection 4.1, we get a transformation τ01 (s) from (4.1), which is the only one used

in the following. So we denote τ(·) := τλ1 (·). Obviously, τ maps [t1, T ] to [t0, T ], and τ̇ =
d

ds
τ(s) =

T − t0
T − t1

.

The rest settings are similar to Subsection 4.1 (keeping in mind that λ = 0). Then, the meanings of
B1
s, N1

s, Ñ1
s, gτ , F

1, F 1
s , Ut0,T , Ut1,T are recognized.

In this framework, some results can degenerate into the following ones. The first one is from Lemma 4.1. We
also refer to [17, 22].

Lemma 4.18. There exists the constant Cδ > 0 only depending on δ, such that

|ϱ(s)− s|+ |1
τ̇
− 1|+ | 1√

τ̇
− 1| ⩽ Cδ|t0 − t1|, s ∈ [t0, T ].

According to Lemma 4.9, we have

Lemma 4.19. Suppose (H1)–(H3) and (H4)-(i),(ii) hold, for all p ⩾ 1 and s ∈ [t0, T ], we have, P-a.s.,

EF0
s

[
sup

τ∈[s,T ]

|X0,u0

τ − X̃1,u0

τ |p
]
⩽ CT,p,δ

(
|t0 − t1|p + |X0,u0

s − X̃1,u0

s |p
)
, P-a.s.

From Lemma 4.14, we have

Lemma 4.20. Under the conditions (H1)–(H3), (H4)-(i), (ii) and (C),

|Ỹ n,1,u0

s − Y n,0,u0

s | ⩽ Cδ∆s, ∀s ∈ [t0, T ], P-a.s.

Proposition 4.21. Assume that (H1)–(H3) and (H4)-(i), (ii) hold. Then, for all δ > 0, there exists a constant
CT,p,δ > 0 only depending on δ, the bounds and Lipschitz constants of σ, b and γ, such that for any t0, t1 ∈
[0, T − δ], x0, x1 ∈ Rn,

|Wn(t0, x0)−Wn(t1, x1)| ⩽ Cδ

(
|t0 − t1|+ |x0 − x1|

)
.

Proof. For all n ⩾ 1 and (t0, x0), (t1, x1) ∈ [0, T − δ]× Rn, we recall

Wn(t0, x0) = essinf
u0(·)∈U0

t0,T

Jn(t0, x0;u
0(·)) = essinf

u0(·)∈U0
t0,T

Y n,0,u0

t0 ,

Wn(t1, x1) = essinf
u1(·)∈U1

t1,T

Jn(t1, x1;u
1(·)) = essinf

u0(·)∈U0
t0,T

Ỹ n,1,u0

t0 .

Then, for any ε > 0, there exists some u1,ε(·) ∈ U1
t1,T

such that

Wn(t1, x1) > Y
n,1,u1,ε

s
t1 − ε = Ỹ

n,1,u0,ε
s

t0 − ε,

where u0,εs = u1,εϱ(s) ∈ U0
t0,T

.



REFLECTED STOCHASTIC RECURSIVE CONTROL PROBLEMS WITH JUMPS: DYNAMIC PROGRAMMING 41

Therefore, using Lemma 4.20,

Wn(t0, x0)−Wn(t1, x1) ⩽ Y n,0,u0,ε

t0 − Ỹ n,1,u0,ε

t0 + ε ⩽ Cδ∆t0 + ε = Cδ(|t0 − t1|+ |x0 − x1|) + ε.

Due to the symmetry, for any ε > 0,

|Wn(t0, x0)−Wn(t1, x1)| ⩽ Cδ(|t0 − t1|+ |x0 − x1|) + ε.

By the arbitrariness of ε, the desired result holds.

Letting n→ ∞ in Proposition 4.21 and using Lemma 3.10, we get the following result.

Theorem 4.22. Assume (H1)–(H3), (H4)-(i), (ii) and (C) hold. Then, for all δ > 0, there exists a constant
Cδ > 0, such that for any t0, t1 ∈ [0, T − δ], x0, x1 ∈ Rn,

|W (t0, x0)−W (t1, x1)| ⩽ Cδ

(
|t0 − t1|+ |x0 − x1|

)
.

That is to say, the value function W (·, ·) is Lipschitz continuous on [0, T − δ]× Rn, for all δ > 0.

5. Stochastic verification theorems

In this section, we focus on the research of stochastic verification theorems of Problem (C)t,x. The study will
be carried out in two cases: classical solutions and viscosity solutions.

5.1. The classical solution case

We begin with the case when PIDE (3.6) admits the classical solution. In our framework, we try to construct
an optimal feedback control of Problem (C)t,x from the classical solution of PIDE (3.6). To begin with, we
introduce the following definition of admissible feedback control laws.

Definition 5.1. Let t ∈ [0, T ]. A measurable mapping u : [t, T ]×Rn → U is said to be an admissible feedback
control law, if for all x ∈ Rn, the following equation

dXt,x;u
s =b

(
s,Xt,x;u

s ,u(s,Xt,x;u
s )

)
ds+σ

(
s,Xt,x;u

s ,u(s,Xt,x;u
s )

)
dBs

+

∫
E

γ
(
s,Xt,x;u

s− ,u(s,Xt,x;u
s− ), e

)
Ñ(ds,de),

Xt,x;u
t = x, (t, x) ∈ [0, T ]× Rn,

(5.1)

admit a unique strong solution Xt,x;u
· ∈ S2

F(t, T ;Rn), and u(·, Xt,x;u
· ) ∈ Ut,T . The set of all such admissible

feedback control laws on [t, T ] is denoted by Ut,T .

For convenience, we introduce the mapping ψ : [0, T ]× Rn × R× Rn × Sn → U such that

ψ(r, x, y, p, P ) ∈ argminH(r, x, y, p, P, ·) ≡
{
ū ∈ U | H(r, x, y, p, P, ū) = min

u∈U
H(r, x, y, p, P, u)

}
.

Now we present the first main result of this subsection.

Theorem 5.2. Assume (H1), (H2) and (C). Let W(·, ·) ∈ C1,2([0, T ]× Rn) be the classical solution of PIDE
(3.6). Then

(i) for any (t, x) ∈ [0, T ]× Rn and u(·) ∈ Ut,T , we have W(t, x) ⩽ J(t, x;u(·));
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(ii) for any (t, x) ∈ [0, T ]× Rn, defining ū : [t, T ]× Rn → U as

ū(s, y) = ψ
(
s, y, (W,Wx,Wxx)(s, y)

)
, (s, y) ∈ [t, T ]× Rn, (5.2)

if ū(·, ·) ∈ Ut,T , then ū
(
·,X·

)
is an optimal control of Problem (C)t,x, where X· = Xt,x;ū

· satisfies (5.1) with
ū(·, ·). Moreover, W(·, ·) is in fact the value function W (·, ·), i.e.,

W(t, x) = J
(
t, x; ū(·,X·)

)
=W (t, x), (t, x) ∈ [0, T ]× Rn.

Proof. (i) For any (t, x) ∈ [0, T ]× Rn, u(·) ∈ Ut,T , denote X· = Xt,x;u
· . Applying Itô’s formula to W(·, X·), we

have, for any s ∈ [t, T ], P-a.s.,

W
(
s,Xs

)
= Φ(XT )−

∫ T

s

[∂W
∂r

(
r,Xr

)
+H

(
r,Xr,

(
W,Wx,Wxx

)
(r,Xr), ur

)]
dr

+

∫ T

s

[
f
(
r,Xr,W(r,Xr),Wx(r,Xr).σ(r,Xr, ur), CuW(r,Xr), ur

)]
dr

−
∫ T

s

Wx(r,Xr).σ
(
r,Xr, ur

)
dBr −

∫ T

s

∫
E

(
W(r,Xr− + γ(r,Xr, ur, e))−W(r,Xr−)

)
Ñ(dr, de).

(5.3)
On the other hand, for any (t, x) ∈ [0, T ] × Rn, n ∈ N, we consider the following penalized BSDE with

jumps,

nYs = Φ
(
XT

)
+

∫ T

s

f
(
r,Xr,

nYr,
nZr,

∫
E

l(e) nVr(e)ν(de), ur
)
dr − n

∫ T

s

(
h(r,Xr)− nYr

)−
dr

−
∫ T

s

nZrdBr −
∫ T

s

∫
E

nVr(e)Ñ(dr, de), s ∈ [t, T ].

(5.4)

By the fact that W(·, ·) being the classical solution of (3.6), we get the following two cases,
Case (a). at any point (t, x) ∈ [0, T ]× Rn such that (W− h)(t, x) = 0,

−∂W
∂t

(t, x)− inf
u∈U

H
(
t, x, (W,Wx,Wxx)(t, x), u

)
⩽ 0;

Case (b). at any point (t, x) ∈ [0, T ]× Rn such that (W− h)(t, x) < 0,

−∂W
∂t

(t, x)− inf
u∈U

H
(
t, x, (W,Wx,Wxx)(t, x), u

)
= 0.

No matter (a) or (b), for any r ∈ [t, T ] and u(·) ∈ Ut,T , n ∈ N, we have

f
(
r,Xr,W

(
r,Xr

)
,Wx

(
r,Xr

)
.σ(r,Xr, ur), CuW(r,Xr), ur

)
−∂W
∂r

(
r,Xr

)
−H

(
r,Xr, (W,Wx,Wxx)(r,Xr), ur

)
⩽ f

(
r,Xr,W

(
r,Xr

)
,Wx

(
r,Xr

)
.σ(r,Xr, ur), CuW(r,Xr), ur

)
−∂W
∂r

(
r,Xr

)
− inf

u∈U
H
(
r,Xr, (W,Wx,Wxx)(r,Xr), u

)
⩽ f

(
r,Xr,W

(
r,Xr

)
,Wx

(
r,Xr

)
.σ(r,Xr, ur), CuW(r,Xr), ur

)
− n

(
h(r,Xr)−W(r,Xr)

)−
.

(5.5)
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Therefore, by using the comparison theorem to them, for all n ∈ N, we get

W
(
s,Xs

)
⩽ nYs, s ∈ [t, T ], P-a.s. (5.6)

Notice that Lemma 2.1, letting n→ ∞ in (5.6), we get

W(s,Xs) ⩽ Y t,x,u
s , s ∈ [t, T ], P-a.s.

Here Y t,x,u
· is the first component of the solution of RBSDE with jumps (3.2).

Especially, when s = t,

W(t, x) ⩽ Y t,x,u
t = J(t, x;u(·)), for any u(·) ∈ Ut,T . (5.7)

(ii) Let X ∈ S2
F(t, T ;Rn) be the solutions of SDE with jumps (5.1) with u(·, ·) replaced by ū(·, ·) ∈ Ut,T

introduced in (5.2). And the following RBSDE with jumps

(i) (Y,Z,V,A) ∈ S 2
F [t, T ];

(ii) Ys = Φ(XT ) +

∫ T

s

f
(
r,Xr,Yr,Zr,

∫
E

l(e)Vr(e)ν(de), ū(r,Xr)
)
dr − (AT − As)−

∫ T

s

ZrdBr

−
∫ T

s

∫
E

Vr(e)Ñ(dr, de), s ∈ [t, T ];

(iii) Ys ⩽ h(s,Xs), a.e. s ∈ [t, T ];

(iv)

∫ T

t

(
h(s,Xs)− Ys

)
dAs = 0,

(5.8)

admits the unique F-adapted solution (Y,Z,V,A). Note that ū(·, ·) ∈ Ut,T implies ū(·,X·) ∈ Ut,T .
Based on Lemma 3.9, (5.8) also has the penalized equation as follows.

nYs = Φ(XT ) +

∫ T

s

f
(
r,Xr,

nYr,
nZr,

∫
E

l(e) nVr(e)ν(de), ū(r,Xr)
)
dr −

∫ T

s

n
(
h(r,Xr)− nYr

)−
dr

−
∫ T

s

nZrdBr −
∫ T

s

∫
E

nVr(e)Ñ(dr, de), s ∈ [t, T ], n ∈ N.

In Case (a), for (t, x) ∈ [0, T ] × Rn such that W(t, x) = h(t, x), combined with the obstacle condition in
RBSDE with jumps (5.8), we get

W(t, x) = h(t, x) ⩾ Yt = J
(
t, x; ū(·,X·)

)
, (t, x) ∈ [0, T ]× Rn.

In Case (b), applying Itô’s formula to W(s,Xs) on [t, T ], we have

W
(
s,Xs

)
= Φ

(
XT

)
−
∫ T

s

(∂W
∂r

(
r,Xr

)
+H

(
r,Xr, (W,Wx,Wxx)(r,Xr

)
, ū(r,Xr)

))
dr

+

∫ T

s

f
(
r,Xr,W

(
r,Xr

)
,Wx

(
r,Xr

)
.σ
(
r,Xr, ū(r,Xr)

)
, CūW(r,Xr), ū(r,Xr)

)
dr

−
∫ T

s

Wx

(
r,Xr

)
.σ
(
r,Xr, ū(r,Xr)

)
dBr −

∫ T

s

∫
E

(
W
(
r,Xr− + γ(r,Xr−, ur, e)

)
−W(r,Xr−)

)
Ñ(dr, de).
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Under (5.2) and Case (b), we follow a procedure analogous to part (i). Then, employing the comparison theorem
for BSDE with jumps, we get, for all n ∈ N, W

(
t, x

)
⩾ nYt. Similarly to (i), letting n→ ∞ and s = t, we have

W
(
t, x

)
⩾ Yt.

Finally, combined with (5.7), for any (t, x) ∈ [0, T ]× Rn, we get

W(t, x) = J
(
t, x; ū(·,X·)

)
= essinf

u(·)∈Ut,T

J
(
t, x;u(·)

)
=W (t, x).

That is, the classical solution W(·, ·) of PIDE (3.6) is indeed the value function W (·, ·) of Problem (C)t,x, and
ū(·,X·) is the optimal control of Problem (C)t,x.

Remark 5.3. We make some explanations on the collection Ut,T of the admissible feedback control laws. Let
us first give a relatively direct condition

(H7) (i) For every (r, x, y, z, v) ∈ [0, T ]×Rn ×R×Rd ×R, b(r, x, ·), σ(r, x, ·) are Lipschitz continuous in u ∈ U .
And, for any u1, u2 ∈ U , |γ(r, x, u1, e)− γ(r, x, u2, e)| ⩽ ℓ(e)|u1 − u2|.
(ii) u(·, ·) ∈ L, where L is the class of measurable mappings u : [0, T ] × Rn → U satisfying the two
properties: (a) for every fixed x ∈ Rn, u(·, x) is continuous in r ∈ [0, T ]; (b) for every r ∈ [0, T ], u(r, ·) is
Lipschitz continuous in x ∈ Rn.

If (H1), (H2) and (H7) hold, it is easy to check that u(·, ·) ∈ Ut,T . These are essentially the Lipschitz conditions
on the coefficients, which may be hard for us to seek such u(·, ·) ∈ L. However, as the development of the theory
of SDEs with discontinuous coefficients (such as the singular or the irregular coefficients), there are many
researches devoted to seeking a strong solution of SDE with jumps under weak assumptions, such as [31–33],
etc. Therefore, with the help of these studies, some appropriately mild conditions may be posed to ensure Ut,T

to be non-empty. We just keep in mind that the constructed u(·, ·) must lie in Ut,T when dealing with the
specific (or computable) control problems.

5.2. The viscosity solution case

We now look at the case when the solution of PIDE is not necessarily smooth, i.e., viscosity solution. In
order to give a clear statement of the main result, we rewrite (3.6) as follows.


max

{
W (t, x)− h(t, x),−∂W

∂t
(t, x)− inf

u∈U
H
(
t, x, (W,Wx,Wxx)(t, x),BuW (t, x), CuW (t, x), u

)}
= 0,

(t, x) ∈ [0, T ]× Rn,

W (T, x) = Φ(x), x ∈ Rn.

Here, for all (t, x, u) ∈ [0, T ]× Rn × U and Ψ ∈ C1,2([0, T ]× Rn;R),

H
(
t, x,Ψ(t, x),Ψx(t, x),Ψxx(t, x),BuΨ(t, x), CuΨ(t, x), u

)
= H

(
t, x, (Ψ,Ψx,Ψxx)(t, x), u

)
:= LuΨ(t, x) + BuΨ(t, x) + f

(
t, x,Ψ(t, x),Ψx(t, x).σ(t, x, u), CuΨ(t, x), u

)
.

First, it is necessary to introduce the definition of second-order right parabolic superdifferentials (refer
to [34]).
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Definition 5.4. Let (t, x) ∈ [0, T ]× Rn and w ∈ C([0, T ]× Rn;R), the second-order parabolic superdifferential
of w at (t, x) is defined as

D1,2,+
t+,x w(t, x) :=

{
(q, p, P ) ∈ R× Rn × Sn

∣∣∣ lim
s→t+,y→x

1

|s− t|+ |y − x|2
[
w(s, y)− w(t, x)

−q(s− t)− ⟨ p, y − x ⟩−1

2
(y − x)⊤P (y − x)

]
⩽ 0

}
.

The following is about the �characterization of D1,2,+
t+,x w(t, x).

Lemma 5.5. Let w ∈ C([0, T ] × Rn) and (t0, x0) ∈ [0, T ) × Rn be given. Then, (q, p, P ) ∈ D1,2,+
t+,x w(t0, x0) if

and only if there exists a function φ ∈ C1,2([0, T ]×Rn) such that, for any (t, x) ∈ [t0, T ]×Rn, (t, x) ̸= (t0, x0),
φ(t, x) > w(t, x), and (

φ(t0, x0), φt(t0, x0), φx(t0, x0), φxx(t0, x0)
)
=

(
w(t0, x0), q, p, P

)
.

Moreover, if for some k ⩾ 1, (t, x) ∈ [0, T ]× Rn,

|w(t, x)| ⩽ C(1 + |x|k), (5.9)

then we can choose φ such that φ, φt, φx, φxx also satisfy (5.9) with different constants C.

Next, similar to [35], we gather the functions φ in Lemma 5.5 as follows.

I(q, p, P ;w)(t, x) =
{
φ ∈ C1,2([0, T ]× Rn) | w − φ attains a strict maximum over [0, T ]× Rn at (t, x)

and
(
φ(t, x), φt(t, x), φx(t, x), φxx(t, x)

)
=

(
w(t, x), q, p, P

)}
.

The following result can be found in [14, 36].

Lemma 5.6. Given g ∈ C([0, T ]). Let’s extend g to (−∞,+∞) by setting g(t) =


g(0), t < 0

g(t), t ∈ [0, T ].

g(T ), t > T

Suppose

that for all δ ∈ (0, T ), there is a function ρ(·) ∈ L1(0, T − δ;R) and some h2 > 0, such that

g(t+ h)− g(t)

h
⩽ ρ(t), a.e., t ∈ [0, T − δ), h ⩽ h2,

then,

g(β)− g(α) ⩽
∫ β

α

lim
h→0+

g(t+ h)− g(t)

h
dt, 0 ⩽ α < β ⩽ T − δ.

Now, we give the stochastic verification theorem within the framework of viscosity solutions.

Theorem 5.7. Assume that the conditions (H1)-(H3) and (C) hold. Let W (·, ·) ∈ C1([0, T ] × Rn) be the
viscosity solution of the PIDE (3.6). For any δ > 0, assume that W (·, ·) is semi-concave in x ∈ Rn and Lipschitz
continuous in t ∈ [0, T − δ], uniformly in x. For an initial pair (t, x) ∈ [0, T ] × Rn, let (ū(·), Xt,x,ū

· ) be an
admissible pair and (Y t,x,ū

· , Zt,x,ū
· , V t,x,ū

· , At,x,ū
· ) solve RBSDE with jumps (3.2) under the control process
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ū(·) ∈ Ut,T . Suppose there exists a triple
(
q̄, p̄, P̄

)
∈ M2

F(t, T ;R) ×M2
F(t, T ;Rn) ×M2

F(t, T ;Sn) such that the
following conditions hold,



(i)
(
q̄(s), p̄(s), P̄ (s)

)
∈ D1,2,+

t+,x W
(
s,Xt,x,ū

s

)
, a.e. s ∈ [t, T ], P-a.s.;

(ii) p̄(s).σ
(
s,Xt,x,ū

s , ūs
)
= Zt,x,ū

s , a.e. s ∈ [t, T ], P-a.s.;
(iii) W

(
s,Xt,x,ū

s− + γ(s,Xt,x,ū
s− , ūs, e)

)
−W (s,Xt,x,ū

s− ) = V t,x,ū
s (e), e ∈ E, a.e., s ∈ [t, T ], P-a.s.;

(iv) For some φ(·, ·) ∈ I(q̄, p̄, P̄ ;W )
(
s,Xt,x,ū

s

)
,

E
[ ∫ T

t

(
q̄(s)+H

(
s,Xt,x,ū

s , Y t,x,ū
s , p̄(s), P̄ (s),Būφ(s,Xt,x,ū

s ), Cūφ(s,Xt,x,ū
s ), ūs

))
ds

]
⩽0.

Then, ū(·) is an optimal control of Problem (C)t,x.

Proof. Firstly, from the uniqueness of the viscosity solution of (3.6) (Thm. 3.12), we know, for any (t, x) ∈
[0, T ]× Rn and u(·) ∈ Ut,T

W (t, x) ⩽ J(t, x;u(·)). (5.10)

For any fixed t0 ∈ [t, T ] satisfied (i) and given ω0 = (ω′
0, p

′
0) ∈ Ω, we construct a new probability space(

Ω,F ,P(· | F t
t0)(ω0)

)
equipped with a new filtration {F t0

s }t0⩽s⩽T . Here, for any ς, ς ′ ∈ [t, T ] satisfied ς ⩽ ς ′,

define F ς
ς′ as F

B,ς
ς′ ⊗F ς

ς′ augmented by all the P-null sets in F , where

FB,ς
ς′ := σ{Br : ς ⩽ r ⩽ ς ′} ∨ NP1

, Fµ,ς
ς′ :=

( ⋂
s>ς′

σ{N((τ, r]×∆), ς ⩽ τ ⩽ r ⩽ s,∆ ∈ B(E)}
)
∨NP2

.

We define, for any A ∈ F and ω ∈ Ω, P(A | F t
t0)(ω) := E[1A | F t

t0 ](ω). Since the underlying probability space is
standard Borel, this yields a regular conditional probability. That is, for each ω, P(· | F t

t0)(ω) is a probability
measure, and for each A ∈ F , P(A | F t

t0)(·) is a version of the conditional expectation.
In this new probability space, for the fixed ω0, the regular conditional probability P(· | F t

t0)(ω0) serves as the
probability measure on the new space. The corresponding expectation Et,t0 is related to the expectation E of
the initial probability space as follows,

Et,t0 [·] = E
[
· | F t

t0(ω0)
]
(ω0).

Furthermore, it is easy to check that {Bs}s⩾t0 is still a standard Brownian motion with Bt0 = Bt0(ω
′
0) almost

surely, and µ is a Poisson random measure restricted to [t0, T ] with N((t, t0],∆) = N(p′0, (t, t0]×∆), ∆ ∈ B(E).
And, the control process ū(·) is adapted to the new filtration. For ω0, the process Xt,x,ū

· is a solution of (3.1)
on [t0, T ] in

(
Ω,F ,P(· | F t

t0)(ω0)
)
with the initial condition Xt,x,ū

t0 = Xt,x,ū
t0 (ω0).

From now on, we keep in mind that (t0, ω0) is fixed. From
(
q̄(t0), p̄(t0), P̄ (t0)

)
∈ D1,2,+

t+,x W
(
t0, X

t,x,ū
t0

)
and

Lemma 5.5, we know there exists a function φ̄(t0, ω0, ·, ·) ∈ I(q̄, p̄, P̄ ;W )
(
t0, X

t,x,ū
t0

)
. Furthermore, the linear

growth of W (·, ·) in Proposition 3.3 implies us φ̄, φ̄t, φ̄x, φ̄xx are also linear growth in x, i.e.,

|φ̄(t0, ω0, t, x)|+ |φ̄t(t0, ω0, t, x)|+ |φ̄x(t0, ω0, t, x)|+ |φ̄xx(t0, ω0, t, x)| ⩽ C(1+ |x|), (t, x) ∈ [0, T ]×Rn. (5.11)



REFLECTED STOCHASTIC RECURSIVE CONTROL PROBLEMS WITH JUMPS: DYNAMIC PROGRAMMING 47

Obviously, φ̄ is deterministic on the space
(
Ω,F ,P(· | F t

t0)(ω0)
)
. Then, for any h > 0, applying Itô’s formula

to φ̄
(
·, Xt,x,ū

·
)
on [t0, t0 + h], we obtain

φ̄
(
t0 + h,Xt,x,ū

t0+h

)
− φ̄

(
t0, X

t,x,ū
t0

)
=

∫ t0+h

t0

(
φ̄t

(
r,Xt,x,ū

r

)
+ Lūφ̄(r,Xt,x,ū

r ) + Būφ̄(r,Xt,x,ū
r )

)
dr +

∫ t0+h

t0

φ̄x

(
r,Xt,x,ū

r

)
.σ
(
r,Xt,x,ū

r , ūr
)
dBr

+

∫ t0+h

t0

∫
E

(
φ̄
(
r,Xt,x,ū

r− + γ(r,Xt,x,ū
r− , ūr, e)

)
− φ̄(r,Xt,x,ū

r− )
)
Ñ(dr, de).

Taking the expectation Et,t0 [·], we get

Et,t0

[
W

(
t0 + h,Xt,x,ū

t0+h

)
−W

(
t0, X

t,x,ū
t0

)]
⩽ Et,t0

[
φ̄
(
t0 + h,Xt,x,ū

t0+h

)
− φ̄

(
t0, X

t,x,ū
t0+h

)]
= Et,t0

[ ∫ t0+h

t0

(
φ̄t

(
r,Xt,x,ū

r

)
+ Lūφ̄(r,Xt,x,ū

r ) + Būφ̄(r,Xt,x,ū
r )

)
dr

]
.

(5.12)

Next, we will estimate lim
h→0+

1

h
Et,t0

[
W

(
t0 + h, X̄t0+h

)
−W

(
t0, X̄t0

)]
. Before that, we make the following

preparations. For all h ∈ (0, T − t0), according to (5.11) and Lemma 3.1,

∫ t0+h

t0

∣∣∣Et,t0 [Lūφ̄(r,Xt,x,ū
r )]

∣∣∣dr
⩽ Et,t0

[ ∫ t0+h

t0

∣∣φ̄x

(
r,Xt,x,ū

r

)
.b
(
r,Xt,x,ū

r , ūr
)
+

1

2
tr
(
σσ⊤(r,Xt,x,ū

r , ūr)φ̄xx(r,X
t,x,ū
r )

∣∣∣dr]
⩽ CEt,t0

[ ∫ t0+h

t0

(
1 + |Xt,x,ū

r |+ |Xt,x,ū
r |2 + |Xt,x,ū

r |3
)
dr

]
< +∞,

and∫ t0+h

t0

∣∣∣Et,t0 [Būφ̄(r,Xt,x,ū
r )]

∣∣∣dr
⩽ Et,t0

[∫ t0+h

t0

∣∣∣ ∫
E

∫ 1

0

〈
(1−θ)φ̄xx

(
r,Xt,x,ū

r +θγ(r,Xt,x,ū
r , ūr, e)

)
γ(r,Xt,x,ū

r , ūr, e), γ(r,X
t,x,ū
r , ūr, e)

〉
dθν(de)

∣∣∣dr]
⩽ C

∫ t0+h

t0

∣∣∣Et,t0

[ ∫
E

ℓ2(e)(ℓ(e) + 1)(1 + |Xt,x,ū
r |2 + |Xt,x,ū

r |3)ν(de)
]∣∣∣dr < +∞.

Then, from the Lebesgue differentiation theorem, we get

lim
h→0+

1

h
Et,t0

[
W

(
t0 + h,Xt,x,ū

t0+h

)
−W

(
t0, X

t,x,ū
t0

)]
⩽ lim

h→0+

1

h
Et,t0

[∫ t0+h

t0

(
φ̄t

(
r,Xt,x,ū

r

)
+ Lūφ̄(r,Xt,x,ū

r ) + Būφ̄(r,Xt,x,ū
r )

)
dr
]

= φ̄t

(
t0, X

t,x,ū
t0

)
+ Lūφ̄(t0, X

t,x,ū
t0 ) + Būφ̄(t0, X

t,x,ū
t0 )

= q̄(t0) + p̄(t0).b
(
t0, X

t,x,ū
t0 , ūt0

)
+

1

2
tr
(
σσ⊤(t0, X

t,x,ū
t0 , ūt0)P̄ (t0)

)
+ Būφ̄(t0, X

t,x,ū
t0 ).

(5.13)
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Next, we claim that, for all δ ∈ (0, T ) and the previous t0 lying in [t, T − δ), for any h > 0 with t0+h ⩽ T − δ,

(a)
1

h
Et,t0

[
W

(
t0 + h,Xt,x,ū

t0+h

)
−W

(
t0, X

t,x,ū
t0

)]
⩽ C(1 + |Xt,x,ū

t0 |2), P-a.s.;

(b)
1

h
E
[
W

(
t0 + h,Xt,x,ū

t0+h

)
−W

(
t0, X

t,x,ū
t0

)]
⩽ C(1 + |x|2).

(5.14)

In fact, from Theorems 4.22 and 4.4 as well as
(
q̄(t0), p̄(t0), P̄ (t0)

)
∈ D1,2,+

t+,x W (t0, X
t,x;ū
t0 ), we know, for all

δ ∈ (0, T ), for any h ∈ (0, T − t0 − δ],

W
(
t0 + h,Xt,x,ū

t0+h

)
−W

(
t0, X

t,x,ū
t0

)
⩽ I + II + III,

with 
I := C

(
1 + |Xt,x,ū

t0+h|
)
h,

II :=
〈
p̄(t0), X

t,x,ū
t0+h −Xt,x,ū

t0

〉
,

III := C|Xt,x,ū
t0+h −Xt,x,ū

t0 |2.

Using (5.11), we have |q̄(t0)|+ |p̄(t0)|+ |P̄ (t0)| ⩽ C(1 + |Xt,x,ū
t0 |). Furthermore, combine with Lemma 3.1, we

get

Et,t0

[
I
]
⩽ Ch+ Ch

(
Et,t0

[
sup

r∈[t0,t0+h]

|Xt,x,ū
r |2

]) 1
2

⩽ Ch(1 + |Xt,x,ū
t0 |),

Et,t0

[
II
]
⩽ Et,t0

[〈
p̄(t0),

∫ t0+h

t0

b
(
r,Xt,x,ū

r , ūr
)
dr

〉]
⩽

(
Et,t0

[
|p̄(t0)|2

]) 1
2
(
Et,t0

[∣∣∣ ∫ t0+h

t0

b
(
r,Xt,x,ū

r , ūr
)
dr

∣∣∣2]) 1
2

⩽ Ch(1 + |Xt,x,ū
t0 |2),

and

Et,t0

[
III

]
= CEt,t0

[
|Xt,x,ū

t0+h −Xt,x,ū
t0 |2

]
⩽ CEt,t0

[( ∫ t0+h

t0

b
(
r,Xt,x,ū

r , ūr
)
dr

)2]
+ CEt,t0

[( ∫ t0+h

t0

σ
(
r,Xt,x,ū

r , ūr
)
dBr

)2]
+CEt,t0

[( ∫ t0+h

t0

∫
E

γ
(
r,Xt,x,ū

r , ūr, e
)
Ñ(dr, de)

)2]
⩽ Ch(1 + |Xt,x,ū

t0 |2).

Therefore,

1

h
Et,t0

[
W

(
t0 + h,Xt,x,ū

t0+h

)
−W

(
t0, X

t,x,ū
t0

)]
⩽

1

h
Et,t0

[
I + II + III

]
⩽ C(1 + |Xt,x,ū

t0 |+ |Xt,x,ū
t0 |2).

All the above constants C can be different and do not depend on t0. Furthermore, by taking the expectation
on the both sides of the above inequality, we get (5.14)-(b).
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Taking expectation on the both sides of (5.13), and applying Fatou’s Lemma (needing (5.14)-(a)), we have

lim
h→0+

1

h
E
[
W

(
t0 + h,Xt,x,ū

t0+h

)
−W

(
t0, X

t,x,ū
t0

)]
= lim

h→0+

1

h
E
[
Et,t0

[
W

(
t0 + h,Xt,x,ū

t0+h

)
−W

(
t0, X

t,x,ū
t0

)]]
⩽ E

[
lim

h→0+

1

h
Et,t0

[
W

(
t0 + h,Xt,x,ū

t0+h

)
−W

(
t0, X

t,x,ū
t0

)]]
= E

[
q̄(t0) + p̄(t0).b

(
t0, X

t,x,ū
t0 , ūt0

)
+

1

2
tr
(
σσ⊤(t0, X

t,x,ū
t0 , ūt0)P̄ (t0)

)
+ Būφ̄(t0, X

t,x,ū
t0 )

]
.

Due to the set of such points t0 being of full measure in [t, T − δ], by applying Lemma 5.6 (needing (5.14)-(b)),
for any u(·) ∈ Ut,T , we have

E
[
W

(
T − δ,Xt,x,ū

T−δ

)
−W (t, x)

]
=

∫ T−δ

t

E
[
q̄(s) + p̄(s).b

(
s,Xt,x,ū

s , ūs
)
+

1

2
tr
(
σσ⊤(s,Xt,x,ū

s , ūs)P̄ (s)
)
+ Būφ̄(s,Xt,x,ū

s )
]
ds.

According to Lebesgue dominated convergence theorem and the continuity properties of W (·, ·) and Xt,x;ū
· ,

letting δ → 0 in the above, we get

E
[
W

(
T,Xt,x,ū

T

)
−W (t, x)

]
= E

[
Φ
(
Xt,x,ū

T

)
−W (t, x)

]
⩽

∫ T

t

E
[
q̄(s) + p̄(s).b

(
s,Xt,x,ū

s , ūs
)
+

1

2
tr
(
σσ⊤(s,Xt,x,ū

s , ūs)P̄ (s)
)
+ Būφ̄(s,Xt,x,ū

s )
]
ds

⩽ −E
[ ∫ T

t

f
(
s,Xt,x,ū

s , Y t,x,ū
s , p̄(s).σ(s,Xt,x;ū

s , ūs), CūW (s,Xt,x,ū
s ), ūs

)
ds

]
⩽ −E

[ ∫ T

t

f
(
s,Xt,x,ū

s , Y t,x,ū
s , Zt,x,ū

s ,

∫
E

l(e)V t,x,ū
s (e)ν(de), ūs

)
ds−At,x,ū

T

]
,

where we have used the conditions (ii), (iii), (iv) and At,x,ū
· ∈ A2

F(t, T ;R).
Thus, for any (t, x) ∈ [0, T ]× Rn,

W (t, x) ⩾ E
[
Φ
(
Xt,x;ū

T

)
+

∫ T

t

f
(
s,Xt,x,ū

s , Y t,x,ū
s , Zt,x,ū

s ,

∫
E

l(e)V t,x,ū
s (e)ν(de), ūs

)
ds−At,x,ū

T

]
= J

(
t, x; ū(·)

)
.

Combined with (5.10), we get W (t, x) = J
(
t, x; ū(·)

)
, which means ū(·) is an optimal control of

Problem (C)t,x.

Now, we shall construct the feedback optimal control of Problem (C)t,x from the viscosity solution of PIDE
(3.6).

Lemma 5.8. Assume (H1) and (H2) hold. Then the value function W (·, ·) defined by (3.4) is the only
function in Θ, which satisfies the following: for any (t, x) ∈ [0, T ] × Rn, (q, p, P ) ∈ D1,2,+

t+,x W (t, x) and φ ∈
I(q, p, P ;W )(t, x)

max
{
W (t, x)− h(t, x),−q − inf

u∈U
H
(
t, x,W (t, x), p, P,Buφ(t, x), Cuφ(t, x), u

)}
⩽ 0. (5.15)
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Proof. From Lemma 3.12, we know the value functionW (·, ·) ∈ Θ is the unique viscosity solution of (3.6). Then,
based on Lemma 5.5, we can obtain some test function φ ∈ I(q, p, P ;W )(t, x). From the Definition 3.7-(i), we
have

max
{
W (t, x)− h(t, x),−∂φ

∂t
(t, x)− inf

u∈U
H
(
t, x,W (t, x), φx(t, x), φxx(t, x),Buφ(t, x), Cuφ(t, x), u

)}
⩽ 0.

And thus, (5.15) holds. Further, the uniqueness comes from the uniqueness of the viscosity solution of (3.6) in
Θ.

Theorem 5.9. Assume that the conditions (H1)–(H3) and (C) hold. Let W (·, ·) ∈ C1([0, T ] × Rn) be the
viscosity solution of the PIDE (3.6). For any δ > 0, assume that W (·, ·) is semi-concave in x ∈ Rn and Lipschitz
continuous in t ∈ [0, T − δ], uniformly in x. Then, for each (t, x) ∈ [0, T ]× Rn,

inf
(q,p,P,φ,u)∈D1,2,+

t+,x W (t,x)×I(q,p,P ;W )(t,x)×U

[
q +H

(
t, x,W (t, x), p, P,Buφ(t, x), Cuφ(t, x), u

)]
⩾W (t, x)− h(t, x).

Furthermore, if u(·, ·) ∈ Ut,T and for all (t, x) ∈ [0, T ] × Rn, q, p, P are measurable functions satisfying

(q(t, x),p(t, x),P(t, x)) ∈ D1,2,+
t+,x W (t, x), and

(i) p(s,Xt,x,u
s ).σ

(
s,Xt,x,u

s ,u(s,Xt,x,u
s )

)
= Zt,x,u

s , a.e. s ∈ [t, T ], P-a.s.;
(ii) W

(
s,Xt,x,u

s + γ(s,Xt,x,u
s ,u(s,Xt,x,u

s ), e)
)
−W (s,Xt,x,u

s ) = V t,x,u
s (e), e ∈ E;

(iii) E
[ ∫ T

t

(
q(s,Xt,x,u

s )+H
(
s,Xt,x,u

s , Y t,x,u
s ,Ξ(s,Xt,x,u

s ),Buφ(s,Xt,x,u
s ), Cuφ(s,Xt,x,ū

s ),u(s,Xt,x,u
s )

))
ds

]
⩽ 0, with some φ(·, ·) ∈ I(q,p,P;W )

(
s,Xt,x,u

s

)
,

(5.16)
where Ξ(·, Xt,x;u

· ) =
(
p(·, Xt,x;u(·)),P(·, Xt,x;u(·))

)
andXt,x;u

· ,
(
Y t,x;u
· , Zt,x;u

· , V t,x;u
· (·), At,x;u

·
)
satisfy (5.1) and

(5.8) with u(·, Xt,x;u
· ) ∈ Ut,T , respectively. Then, u(·, ·) is an optimal feedback control law of Problem (C)t,x.

Proof. The first result can be directly obtained from the uniqueness of the viscosity solution of PIDE (3.6) and
Lemma 5.8.

Subsequently, for any (t, x) ∈ [0, T ]× Rn, set

ū(s) := u(s,Xt,x;u
s ), q̄(s) := q(s,Xt,x;u

s ), p̄(s) := p(s,Xt,x;u
s ), P̄ (s) := P(s,Xt,x;u

s ), s ∈ [t, T ],

then, they satisfy (i), (ii) and (iii) in Theorem 5.7. So ū(·) is an optimal control, i.e., u(·, ·) is an optimal feedback
control law.

Remark 5.10. In Theorems 5.7 and 5.9, we now consistently use the space C1([0, T ]× Rn), which is natural
for the verification framework. This choice is justified since the value function W (·, ·) has been shown to possess
linear growth, and hence lies in C1([0, T ]×Rn) ⊆ Θ. Uniqueness in Θ thus implies uniqueness in C1([0, T ]×Rn)
ensuring a consistent transition between the two settings.

Now, we have a look at the procedures of finding the optimal feedback control law. From Theorem 5.9, we
can get the candidate of optimal feedback control law by minimizing

q +H
(
t, x,W (t, x), p, P,Buφ(t, x), Cuφ(t, x), u

)
over D1,2,+

t+,x W (t, x)× I(q, p, P ;W )(t, x)× U . Further, to ensure the candidate to be the true optimal feedback
control law, we need to make sure the candidate u(·, ·) belongs to Ut,T and (5.16) is vaild under (q,p,P) ∈
D1,2,+

t+,x W (t, x) and φ ∈ I(q,p,P;W )(t, x).
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Finally, we provide a concrete example to illustrate the applicability of the verification theorem within the
viscosity solution framework for determining whether a given admissible control is optimal. For simplicity, we
consider the one-dimensional case.

Example 5.11. Let the control domain be U = [−4,−2], and denote by Ut,T be the set of all admissible controls
on [t, T ], consisting of U -valued, F-predictable stochastic processes. For any initial pair (t, x) ∈ [0, T ] × R,
consider the controlled system,dXs = Xsusds+XsdBs +

∫
E

(1 ∧ |e|)Xs−Ñ(ds,de), s ∈ [t, T ],

Xt = x,

(5.17)

and the following RBSDE with jumps,

Ys = −|XT | −
∫ T

t

(
Yr + Zr

)
dr − (AT −As) +

∫ T

t

ZrdBr +

∫ T

t

Vr(e)Ñ(ds,de), s ∈ [t, T ],

Ys ⩽ −1

2
|Xs|, a.e. s ∈ [t, T ],∫ T

t

(
− 1

2
|Xr| − Yr

)
dAr = 0.

(5.18)

It is clear that both systems (5.17) and (5.18) are well-posed. Then for any (t, x) ∈ [0, T ]×R and u(·) ∈ Ut,T , we
define the cost functional as J(t, x;u(·)) := Yt. Our control problem (denoted by Problem (C)t,x) is to minimize
J(t, x;u(·)) over u(·) ∈ Ut,T , and the corresponding value function is denoted by W (·, ·).

Next, we introduce the following PIDE of HJB type,
max

{
W (t, x) +

1

2
|x|,− ∂

∂t
W (t, x)− inf

u∈[−4,−2]

(1
2
x2Wxx(t, x) + xuWx(t, x) +W (t, x) + xWx(t, x)

+

∫
E

[
W

(
t, x+(1 ∧ |e|)x

)
−W (t, x)− (1 ∧ |e|)xWx(t, x)

]
ν(de)

)}
= 0, (t, x) ∈ [0, T ]× R,

W (T, x) = −|x|, x ∈ R.

(5.19)

We first claim that

W (t, x) = −|x|, (t, x) ∈ [0, T ]× R, (5.20)

is a viscosity solution of PIDE (5.19) in the sense of Definition 3.7.
Indeed, for any t ∈ [0, T ], x ̸= 0, W (t, x) is differentiable, with

Wt(t, x) = 0, Wx(t, x) =

{
−1, (t, x) ∈ [0, T ]× R+,
1, (t, x) ∈ [0, T ]× R−,

Wxx(t, x) = 0.

Substituting these derivatives into PIDE (5.19) shows that the equation is satisfied identically. Therefore, for
x ̸= 0, W (·, ·) in (5.20) is a classical solution of (5.19), and hence also a viscosity solution.

When t ∈ [0, T ], x = 0, we now verify thatW (·, ·) is a viscosity solution of (5.19). Note first that the terminal
condition W (T, x) = −|x| holds for all x ∈ R.

To show the subsolution property, fix any t ∈ [0, T ], let φ(·, ·) ∈ C3
l,b([0, T ]×R;R) be such thatW −φ attains

its local maximum at (t, 0). Without loss of generality, we may assume that this local maximum is 0 (otherwise,
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we can translate the function φ). For any such test functions φ(·, ·), we have

∂

∂t
φ(t, 0) = lim

∆t→0

φ(t+∆t, 0)− φ(t, 0)

∆t
⩾ lim

∆t→0

W (t+∆t, 0)−W (t, 0)

∆t
= 0, t ∈ [0, T ].

Then,

max
{
W (t, x) +

1

2
|x|,− ∂

∂t
φ(t, x)− inf

u∈[−4,−2]

(1
2
x2φxx(t, x) + xuφx(t, x) +W (t, x) + xφx(t, x)

+

∫
E

[
W

(
t, x+(1 ∧ |e|)x

)
−W (t, x)− (1 ∧ |e|)xφx(t, x)

]
ν(de)

)}∣∣∣
x=0

= max
{
0,− ∂

∂t
φ(t, 0)

}
= 0.

This shows that W (·, ·) is a viscosity subsolution of (5.19) at (t, 0) in the sense of Definition 3.7-(i).

To establish the supersolution property, we consider test functions for which W −φ attains a local minimum

at (t, 0). Following analogous reasoning, we obtain
∂

∂t
φ(t, 0) ⩽ 0. Evaluating the HJB operator, we get

max
{
W (t, x) +

1

2
|x|,− ∂

∂t
φ(t, x)− inf

u∈[−4,−2]

(1
2
x2φxx(t, x) + xuφx(t, x) +W (t, x) + xφx(t, x)

+

∫
E

[
W

(
t, x+(1 ∧ |e|)x

)
−W (t, x)− (1 ∧ |e|)xφx(t, x)

]
ν(de)

)}∣∣∣
x=0

= max
{
0,− ∂

∂t
φ(t, 0)

}
⩾ 0.

This confirms thatW (·, ·) is a viscosity supersolution of (5.19) at (t, 0) according to Definition 3.7-(ii). Therefore,
from all the above discussions, W (·, ·) in (5.20) is verified to be a viscosity solution of (5.19). Combining both
cases, we conclude that W (·, ·) in (5.20) is a viscosity solution of (5.19) on [0, T ]× R.

Moreover, it is straightforward to check that W (·, ·) ∈ C1([0, T ]×R), is semi-concave in x ∈ R and Lipschitz
continuous in t ∈ [0, T ].

Having established that W is a viscosity solution, we next verify that the admissible control ū(·) ≡ −2 is
optimal for Problem (C)0,0 by checking the conditions in Theorem 5.7. Note that the corresponding trajectory

X̄· = Xt,0;ū
· ≡ 0. In this case,

D1,2,+
t+,x W

(
s, X̄s

)
= [0,+∞)× [−1, 1]× [0,+∞), s ∈ [0, T ].

Taking
(
q̄(s), p̄(s), P̄ (s)

)
= (0, 1, 1) ∈ D1,2,+

t+,x W
(
s, X̄(s)

)
, s ∈ [0, T ], we can readily verify that

p̄(s).X̄s = 0 = Z̄s, a.e. s ∈ [t, T ], P-a.s.;
W

(
s, X̄s− + (1 ∧ |e|)X̄s−

)
−W (s, X̄s−) = 0 = V̄s(e), e ∈ E, a.e., s ∈ [t, T ], P-a.s.

Moreover, for any φ(·, ·) ∈ I(q̄, p̄, P̄ ;W )
(
s,Xt,x,ū

s

)
, we have Būφ(s, X̄s) = Cūφ(s, X̄s) = 0, and consequently,

E
[ ∫ T

t

(
q̄(s)+H

(
s, X̄s, Ȳs, p̄(s), P̄ (s),Būφ(s, X̄s), Cūφ(s, X̄s), ūs

))
ds

]
⩽ 0.
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This verifies conditions (i)-(iv) of Theorem 5.7. We also note that under the control ū(·), the solution (Ȳ , Z̄, V̄ , Ā)
of (5.18) is (0, 0, 0, 0). Therefore, by Theorem 5.7, we conclude that (X̄, ū(·)) is indeed an optimal pair for
Problem (C)0,0.
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