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REFLECTED STOCHASTIC RECURSIVE CONTROL PROBLEMS
WITH JUMPS: DYNAMIC PROGRAMMING AND STOCHASTIC
VERIFICATION THEOREMS

Lu Liu® AND QINGMENG WET"

Abstract. This paper mainly investigates reflected stochastic recursive control problems governed by
jump-diffusion dynamics. The system’s state evolution is described by a stochastic differential equation
driven by both Brownian motion and Poisson random measures, while the recursive cost functional is
formulated via the solution process Y of a reflected backward stochastic differential equation driven by
the same dual stochastic sources. By establishing the dynamic programming principle, we provide the
probabilistic interpretation of an obstacle problem for partial integro-differential equations of Hamilton-
Jacobi-Bellman type in the viscosity solution sense through our control problem’s value function.
Furthermore, the value function is proved to inherit the semi-concavity and joint Lipschitz continuity
in state and time coordinates, which play key roles in deriving stochastic verification theorems of control
problem within the framework of viscosity solutions. We remark that some restrictions in previous study
are eliminated, such as the frozen of the reflected processes in time and state, and the independence
of the driver from diffusion variables.
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1. INTRODUCTION

Reflected backward stochastic differential equations (RBSDESs), as a pivotal extension of classical backward
stochastic differential equations (BSDEs), were first systematically studied by El Karoui et al. [1]. Distinguished
from standard BSDEs, RBSDE incorporates an additional non-decreasing process that enforces the solution
path Y to maintain above (or below) a prescribed barrier in a kind of minimal way. This structure innova-
tion has promoted RBSDEs as a powerful mathematical tool in various fields, such as options pricing [2, 3],
mixed stochastic game problems [3, 4], obstacle problems for partial differential equations (PDEs) [2, 5-7] and
SO on.

In response to the inherent discontinuities observed in financial markets (such as abrupt price jumps, liquidity
shocks), the theoretical framework of RBSDEs has been extended to incorporate both Brownian motion and
Poisson random measures, termed as RBSDEs with jumps. Such an advancement is particularly critical not
only in mathematical theory but also in applications. The work by Hamadéne, Ouknine [8] established the
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existence and uniqueness of solutions for such systems when the obstacle process has only inaccessible jumps.
Essaky [9] further generalized these results to the case when the obstacle process has predictable jumps through
a penalization method. In the aspect of application, some researches has been done to link these stochastic
systems to obstacle problems for partial integro-differential equations (PIDEs). Matoussi et al. [10] presented
a probabilistic interpretation for weak Sobolev solutions for semilinear parabolic PIDEs with obstacles. In the
viscosity solution sense, Sylla [11] gave a probabilistic interpretation for PIDEs wvia the solution of RBSDESs with
jumps. Zhang, Liu [12] employed the solutions to reflected forward-backward stochastic differential equations
(FBSDESs) to establish a nonlinear Feynman-Kac representation for mild supersolutions of PIDEs. However,
despite these contributions, the study of obstacle problems specifically for PIDEs of HJB type rising from
stochastic control problems remains largely unexplored.

Motivated by this, we investigate a class of stochastic recursive optimal control problems with jump-diffusion
dynamics. Precisely, the system’s state evolution is governed by a stochastic differential equation driven by
both Brownian motion and Poisson random measures (SDE with jumps), while the recursive cost functional
is defined through the solution process Y of a reflected backward stochastic differential equation driven by
the same dual stochastic sources (RBSDE with jumps). The approach of dynamic programming principle is
employed here to link the value function with the unique viscosity solution to an obstacle problem for PIDE of
HJB type. Throughout the study, a sequence of penalized control problems is introduced to approximate the
original control problem. Subsequently, more properties of the value function are explored. We demonstrate the
value function inherits the semi-concavity and joint Lipschitz continuity in state and time coordinates under
some additional conditions. These properties are indispensable and key, which is revealed in the research of
stochastic verification theorems of our control problem, especially in the framework of viscosity solutions. The
following is about the main contributions and novelties of this work.

The first is the study of the regular properties (including the semi-concavity and joint Lipschitz continuity
in state and time coordinates) of the value function. The study of the semi-concavity is very complex and
needs the meticulous deduction. Seeing more clearly from the study of semi-concavity, we are involved in the
comparison and estimates of three different time-state configurations of the value function, while encountered
with the difficulties caused by jump diffusion. The conventional transformation technique from [13, 14], effective
in pure Brownian motion settings, is insufficient when we confront with the jump diffusion. Our resolution lies
in an ingenious adaptation of a kind of time-stretching transformations of the jump noise introduced by [15],
which we call as the Kulik’s transformation, refer to [16, 17], etc. However, this powerful tool comes with a
price, which necessitates a technical assumption v(E) < oo in Section 4. We point out such condition is not
necessary in other parts.

Furthermore, this work makes a significant breakthrough in relaxing the critical constraints imposed by the
existing studies for RBSDEs. While prior studies like [13] required either the reflected process to be frozen in time
and state or the driver coefficient to be independent from diffusion variables (see Conditions (H6), (H7) therein).
By recasting the problem into a sequence of penalized control problems, we focus on the study of the semi-
concavity of the penalized value functions, which allows the residual terms in the inequality characterization of
the semi-concavity. Crucially, these residual terms exhibit asymptotic decay as the penalized system converges to
the original control problem, thereby preserving essential regularity properties without relying on prior restrictive
assumptions. The appearance and rigorous characterization of the residual terms within the semi-concavity
inequalities are the key innovations in the research.

The paper is organized as follows. Section 2 introduces the Wiener-Poisson space and presents the prelimi-
naries about RBSDEs with jumps. Section 3 formulates stochastic control problems involving reflected FBSDEs
with jumps. Moreover, by employing a dynamic programming approach, the value function is connected with
the corresponding obstacle problem of PIDE of HJB type. Section 4 investigates more regularity properties of
the value functions, focusing on the semi-concavity and joint Lipschitz continuity in (¢,z). The concluding
Section 5 develops the stochastic verification theorems in both classical solution and viscosity solution
frameworks.
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2. PRELIMINARIES

Let the triple (2, F,P) be the completed product of the two probability spaces (Q1, F1,P1) and (Qq, Fa,Ps),
e, Q:= Q) xQy, F:=F QF, P:=P, ® Py with F being completed with respect to P. The detailed
information of spaces (21, F1,P1) and (s, Fa,P2) are as follows.

e (O, F;,Py)) is a classical Wiener space, i.e., Q; = Co(R; RY), F; is the completed Borel o-field on Q, Py
is the Wiener measure. Under Pq, the canonical processes Bs(w) = wi(s) and B_s(w) = wi(—s), s € Ry,
w1 € Q are two independent d-dimensional Brownian motions. Denote FZ = {FP},5( is the natural
filtration generated by the Brownian motion B(-), i.e., FZ := o{B,,r < s} V Np,, with Np, being the
collection of P;-null sets.

o (Q9, F2,Ps) is a Poisson space. Precisely, (s is the set of all point functions p : D, — E, with D, being a
countable subset of R and E := R/\{0} being equipped with its Borel o-field B(E). We identify the point
function p with N(p, ), where N is the counting measure defined on R x E, i.e.,

N(p, (s,f] x A) :={r e DN (s,t] | p(r) € A}, Ac B(E), s,teR, s<t.

Here § represents the cardinal number of the set. F5 denotes the smallest o-field on 5 such that the
coordinate mapping p — N(p7 (s,t] x A), A € B(E), s,t € R, s <t is measurable. Py is the proba-
bility on (£22, F2) such that the coordinate measure N(p,dtde) is a Poisson random measure with the
compensator N (dtde) := dtv(de), where v is supposed to be a o-finite measure on (E,B(E)) satisfy-

ing / (1 A le|*)v(de) < oo. Then, for any A € B(E) with v(A) < oo, the process {N((s,t] X A)}t>q =
E >
{(N = N)((s,1] x A)}t>s is a martingale. By setting

FN =0{N((s,r] x A),—co < s <r<t,AcB(E)}, t >0,
t

we get the filtration FN := (FV);>0 with FY := ( m ]—",N) V Np,.
r>t

Based on the above, the filtration on (2, F,P) is introduced as F := {F; };>0 with F; := FP @ F augmented
by all P-null sets.
For any ¢ € [0,7], p > 1 and Euclidean space R¥ (k > 1), we introduce the following spaces,

L%, (4 RF) .= {f : Q — R¥ | ¢ is Fi-measurable, E|¢|* < oo};

S2(t, T;R*) = {¢ . x [t,T] — R¥ | ¢(-) is F-adapted, cadlag, and IE[ sup. |¢S|2} < oo};
selt,

T
ME(t, T;R) := {QS cQx [t,T] — R* | ¢(-) is F-progressively measurable, and ]E[/ |¢(s)|2ds] < oo};
t

K2(t, T;R) = {K CQx[t,T] x E— R | K(-) is Pyr' ® B(E)-measurable,
T
and [ K ()2, rp) :E[/ / |Ks(e)|2u(de)ds} < oo};
t E
LP(E;R) = {K . E — R | K(-) is B(E)-measurable, and |[K()|2, = / 1K (e)[Pv(de) < oo};
E

A2(t, T;R) := {d) :Qx [t,T] = R | ¢(-) is F-adapted, cadlag and increasing, ¢(t) = 0, E[|¢>(T)|2] < oo}.
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For any ¢ € [0,T], we put
SR, T) = SE(t, T;R) x Ma(t, T;RY) x Ka(t, T;R) x AR (t, T;R)

2.1. Reflected backward stochastic differential equations with jumps

In this part, we recall some known results about RBSDEs with jumps. Consider
(i) (Y, 2,V,A) € SZ[0,T);

(i) Y=+ [ 102 [ teVieae)ar (47 - A

_/5 ZrdBy //V N(dr,de), s € [0,T]; (2.1)

(iii) Y, < S, ae. s€[0,T];

T
() [ (5.~ vy =0,

In the above, f, £ and S is the driver coefficient, the terminal condition and the obstacle term of (2.1), resp.
We sometimes use the triple (f,&,S) to represent (2.1). The condition on (f, ¢, S) is given as follows.

(A1) (i) f:Qx[0,T] xR xR xR — R is Py r-measurable for every fixed (y,z,v) € R x R? x R, and
10,0, 0) € M]%‘(O’ T R);
(ii) f is Lipschitz continuous in (y, z,v) € R x R% x R, uniformly with respect to (w,s) € 2 x [0, T], P-a.s.;
(iii) € € L% - (Q;R), S is a real-valued F-progressively measurable, cadlag stochastic process satisfying
IE[ sup |SS|2] < 0o, and £ < S7, P-a.s.;

s€[0,T]

(iv) there exists some constant x > 0 such that 0 < I(e) < &(1 A le|);

(As) v — f(t,y, z,v) is non-decreasing, for all (t,y,z) € [0,T] x R x R

Now we present some results about the wellposedness of RBSDE with jumps, which can be refer to [9, 18].
Notice that the obstacle in (2.1) is the upper one, so we need to adapt the lower obstacle case studied in [9, 18]
to our case. Such a transformation between the two cases is natural and easy, so that we shall not repeat it here
and present the results directly.

First, for each n € N, we introduce the following BSDE with jumps,

T
Y;‘:§+/ flr Y Z"/l )V (e ))dr—(A?—A?)—/ Z;'dB,
/ / V(e dr de), se€][0,T],

where A7 := / n(S, —Y") dr. From [9], we know (2.2) is the penalized equation of RBSDE with jumps (2.1).
0

Clearly, for each n € N, the condition (A1) guarantees the uniquely existence of (Y, 2" V") € S2(t,T;R) x
ME(t, T;RY) x K2(t, T; R) satisfying (2.2), refer to [19, 20]. With the help of Theorems 4.2 and 5.1 in [9], we
have the following approximation result from (2.2) to (2.1), and thereby the wellposedness of (2.1).

(2.2)

Lemma 2.1. Assume (A;) and (As) hold. Then the following two results hold.

I'Pt,T denotes the o-field of F-predictable subsets of Q x [t, T].
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(i) The sequence {(Y™,Z™, V"™, A™)}p>0 has a limit (Y,Z,V,A) such that Y™ converges decreasingly to
Y € 82(0,T;R), and (Z,V, A) is the weak Iimit of (Z", V™, A") in M2(0,T;R?Y) x K2(0,T;R) x A2(0,T;R).
(ii) The Iimit (Y, Z,V, A) € #2[0,T] is the unique solution of RBSDE with jumps (2.1).

Next, we present the estimate and the continuous dependence of the solutions of RBSDEs with jumps.

Lemma 2.2. Assume (A;) holds.
(i) Let (Y, Z,V,K) € #2[0,T] be the solution of RBSDE with jumps (2.1), then there exists a constant C' > 0
such that

T
B7 [ sup [P+ [ (2P +[VORods + sup A7)
s€(t,T) t set,T]

< CETt [|§|2 + (/T |f(s,0,0,0)|2ds) + sup |SS|2}, P-a.s.
t

s€t,T]

(ii) For any given data (¢',¢',S’) satisfying (A:), denote (Y',Z', V' A") by the solution of (2.1) with
(¢',¢,5"). Then there exists some constant C > 0 such that

T
B[ sup [T+ [ 2+ 10012 ds + 1 Ar — 4]
selt, t

< CETt {|§|2 + (/tT ’f(s,l/s, Zs,/]El(e)%(e)V(de))|2ds)] + C’(]E}-t ngpﬂ@sﬂ);\?é% P-a.s.,

-~

where € :=¢— ¢, (Y, ZV,A) =Y -Y',Z-2' V-V A-—A),8:=8-8, f:=f—f and

T T
Wir = BRI P+ [ 176 0.0.0Pds+ [ 17(5.0,0,0Pds+ sup [S.7 4 sup [0].
t t s€t,T] sE€t,T]

Note that, (i) can be referred to Proposition 2.2 in [9]. Moreover, the detail of (ii) is similar to (i), so we omit
here.
For the later study, we also need the comparison theorem of (2.1).

Lemma 2.3. (Comparison Theorem) Let (fi, &, S%), i = 1,2 satisfy (A1) and (Az), and (Y, Z¢, Vi AY), i =
1,2 be the unique solution of RBSDE with jumps (2.1) associated with (f;,&;,S%), i = 1,2, resp. Then Y} < Y2,
P-a.s., s € [0, T], whenever &; < &, fi(s,y,2,v) < fa(s,y, 2,v), SE < 82,5 € [0,T), (y,2,v) € R xR x R, P-a.s.

Note that the comparison theorem in [9] (Thm. 5.2) is with the same obstacle process. Our Lemma 2.3
generalizes it to the case with different barriers by observing

fi(syy,Z,'U> = fl(S,waaU) - n(Ssl - Z/)_» fg(s,y,z,v) = f2(87y7z7v) - n(SSQ - y)_

3. REFLECTED STOCHASTIC RECURSIVE CONTROL PROBLEMS WITH JUMPS

3.1. Formulation of the control problem

Let U C R™ be compact. For ¢ € [0,T], the admissible control u(-) on [t,T] is introduced as the U-valued,
F-predictable stochastic process. We denote by U; 1 all the admissible controls on [¢,T.
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The state process is described by the following controlled SDE with jumps,

dX, = b(s, Xs,us)ds + o(s, Xs, us)dBs +/ v(s, Xs—, us, e)N(ds,de), s € [t,T], (3.1)
5 .
X = x4,

where (t,2¢) € [0,T] x L%, (Q;R") is the initial pair, u(-) € Uy 1, and the above involved coefficients b : [0, 7] x
R x U = R" ¢:[0,T] x R" x U = R"™? ~:[0,T] x R" x U x E — R™ are assumed to satisfy the following
condition.

(H;) (i) For all 2z € R", e € E, b(-,z,-), o(-,z,-) and v(-,z, -, €) are continuous in (r,u) € [0,T] x U;
(ii) b, o are Lipschitz continuous in z € R™, uniformly with respect to (r,u) € [0, 7] x U. And there exists
a map £(-) € L2(E;R) such that for all (r,u) € [0,T] x U, 29,71 € R", e € E,

|’}/(7", Zo, U, 6) - ’Y(Ta L1, U, 6)‘ < £(6)|x0 - LE1|.

From the classical theory of SDE with jumps, we get the following results (refer to [20-23]).

Lemma 3.1. Under (H,), for any (t,z) € [0,T] x L%, (Q;R"), u(-) € Uy, 7, the SDE with jumps (3.1) admits
the unique solution X = X"*+% € S2(t, T;R™). Moreover, for any p > 2, there exists some constant C > 0 such
that, for t € [0,T], z;,x} € L%, (% R™) and u(-) € Uy 1, the following estimates hold, P-a.s.,

(1) E7 [ sup |X[we

| <o+ fu),
relt,T)

(i) B [1X070 — 7| < Cs = (1 + fa]?),

(i) B | sup. | Xpe = XpT | < Clay — a2,
relt,

Next, with the state X»%¢% from (3.1), we consider the following RBSDE with jumps,
(i) (Y,2,V,A) € [, T);
T
(ii) Vo= ®(X5"") + / fr XEm0m, Y, Zr,/ l(e)Vy(e)v(de),u,)dr — (Ap — Ay)
s E
T T R
—/ Z.dB, — / / Vi(e)N(dr,de), s e [t,T]; (3:2)
s s E
(iii) Y < h(s, XL™"), ae. s € [t,T);

T
(iv) / (h(s, X1™5) — Y,)dA, = 0,
t

where the driver f:[0,7] x R® x R x RY x R x U — R, the terminal ® : R® — R and the obstacle h : [0, 7] x
R™ — R are assumed to satisfy

(Hy) (i) for all (z,y,z,v) € R® x R x R? x R, f(-,z,y,2,v,-) is continuous in (r,u) € [0,T] x U, h(-,x) is
continuous in r € [0,7T);
(ii) f,h,® is Lipschitz continuous in (z,y,z,v) € R” x R x R? x R, uniformly with respect to (r,u) €
[0,T] x U;

(iil) there exists some constant x > 0 such that 0 < I(e) < k(1 A |e]);
(iv) for all z € R", ®(x) < h(T, x).
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(C) v — f(t,x,y,z,v) is non-decreasing, for all (t,z,y,z) € [0,T] x R® x R x R9.

We note that the obstacle process in (3.2) is h(-, X"***), which obviously satisfies (A;)-(iii). Hence, under
(H;) and (H,), for any (¢,;) € [0,T] x L%, (;R"™), u(-) € Uy p, Lemma 2.1 can be applied here to guaran-
tee (3.2) to admit the unique solution (Y, Z,V, A) = (Yh#eu, zhziu yhrou fAtziuw) ¢ 21t T]. Moreover, we
observe that the increasing process A is not only cadlag but in fact continuous. This follows from the fact
that the solution X of (3.1) exhibits only inaccessible jumps and the function h is continuous. As a result, the
obstacle process h(-, X.) inherits only inaccessible jumps, which implies the continuity of A as stated. Therefore,
the jumping times of Y are also inaccessible.

Under (H;), (Hz) and (C), by adopting the technique of Proposition 6.1 in [7] and using Lemma 3.1, the

following estimates hold, for ¢ € [0,T], z;,x} € L%, (Q;R") and u(-) € Uy, 7, P-a.s.,

T
) B [ sup (1ot [ (2 VIO )+ sup [AER] < O+ o
relt,T] t r€[t,T] (3.3)

(i) B [ sup [~ Y R] < Clay — a2
relt,

With the above preparation, for any initial pair (¢,z) € [0,7] x R™ and the admissible control u(-) € Uz p,
we define the cost functional of the control problem as follows,

J(t, z; u()) = Y;tt@;u’

which is of recursive form.
Notice that it is classical in the theory of BSDEs that, for (t,z;) € [0,T] x L% (€;R™) and u(-) € Uy,
J(t,zeu(-)) = J(t, 23 u(-)) | o=, = Y,"""" holds, P-a.s., for which we refer to [5-7], etc.

Now, we formulate the following reflected stochastic recursive control problem with jumps which is
parameterized by the initial pair (¢,z) € [0,7] x R™.

Problem (C);, For any (t,z) € [0,T] x R™, find u(-) € U; v such that

Jtzsa() = essind J(tau()) = W(tz), (3.4)

The control u(-) satisfying (3.4) is called as an optimal control of Problem (C); , the corresponding X = X%
is the corresponding optimal state process, and W : [0, 7] x R™ — R is said to be the value function of Problem
(C)t,x-

Note that, as the essential infimum of the F;-measurable cost functional J(¢,z; u(-)) over a family of control
processes, for all (¢,z) € [0,T] x R™, W (¢, z) is an F;-measurable random variable. However, we can prove it to
be deterministic under our conditions, similar to Proposition 3.3 in [24], and Proposition 3.1 in [7], etc.

Proposition 3.2. For all (¢t,x) € [0,T] x R™, the value function W (t,z) is a deterministic function, i.e.,
E[W(t,x)] = W(t,z), P-a.s.

From the definition of the value function and the estimates in (3.3), we get the following result directly.
Proposition 3.3. Under the conditions (H;), (Hz) and (C), W(-,-) is of linear growth and Lipschitz
continuous in x € R™, i.e., for all t € [0,T], z,2’ € R",

W (t,z)] < C(1+|z|), [W(t,z) — W(t,2")| < Clz — /|

To study the dynamic programming principle (DPP, for short) of Problem (C); ,, we need to generalize the
notation of the stochastic backward semigroup introduced initially by Peng [25] to our framework.
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Definition 3.4. Given the initial data (t,z) € [0,T] x R, § € [0, T — ], ( ) € Up1+5 and a real-valued random
variable n € Lft+5 (€ R™), we define the backward stochastzc semigroup G Tl as

Gz”ffé[n] =YEE s e[t t+ 4],
where (Yt@u Zbwu ytwu Abzivy is the solution of the following RBSDE with jumps on [t,t + 0]:
(i) (Y/t,z;u7Zt,at;u’f/t,x;u’;lt,z;u) c yﬁ[t,t—&- 0:
) Ty [ g g,z / LT (eplde), ur)dr — (A" — A=)

t+6 46
—/ ZLMAB, — / / VETU(e)N(dr,de), s € [t,t+6];
(iif) Y2% < h(s, X5, a.e. s € [t,t 4 0];

t+0 _ 3
(iv)/ (h(?”, Xﬁ’z;“) - Yrt,x;u)dAfn,z;u -0
t

Note that for RBSDE with jumps (3.2), we have the following
J(t wu() =Y = Gt [0(Xg")] = Gy VY] = Gl [T (6 + 0, X5 5 u ()]
With the help of backward stochastic semigroup, we obtain the dynamic programming principle of Problem

(C)¢,» as follows.

Proposition 3.5. (DPP) Under (H;), (Hz) and (C), for any 0 <t <t+d < T, z € R",

W(t,z) = essinf G s W+, Xff(;u)] (3.5)

UEUs 45

Due to the lack of the continuity of the coefficients in control variable, the method in [25] can not be
used here. However, we can adopt the approach introduced in [5, 24] to prove (3.5). The detail is similar to
Theorem 3.1 in [5], so that we skip it here.

Thanks to the DPP, we can also get the continuity of W (-,-) in ¢ € [0,T)] as follows.

Proposition 3.6. Under (H;), (Hz) and (C), the value function W (-, ) is continuous in t € [0, T].

For the proof, we may refer to Theorem 3.2 in [7].

3.2. The Obstacle problems of partial integral-differential equations of HJB type

In this subsection, we aim to associate Problem (C);, with a kind of partial differential equations. To
simplified the notations, we first put

LYV (t,z) = W, (t,x).b(t,z,u) + ;tr (00 (t,z,u) U,y (t,2)),
:/ (t,z+~(t z,u,e)) — U(t,x) — Vu(t, ) (t, x,u,e)]v(de),
U(t,x) := U (t,x+y(t,z,u,e)) — U(t,z)|v(de),
H(¢t, z ,x) u) = LYU(t, z) + BYU(¢t,x)

(
+f(t, x, U(t,x), U, (t,x).0(t,z,u),C*"V(t, ), u),
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where (¢, z,u) € [0,T] x R* x U and ¥ € C12([0,T] x R™; R). Then we consider the following obstacle problem
for PIDE of HJB type,

max {W(t,x) —h(t, ), —%—Vf(t,x)—gggH(t,x, (W, W, Waa)(t, ), u)} =0, (o) € 0T xR g0

W(T,z) =®(z), zeR™

For convenience, we call (3.6) as PIDE. The aim is to associate the value function W(-,-) (in (3.4)) with (3.6).
Under our condition, W(-,-) is not necessarily smooth, which pushes us to resort to a kind of weak solution,
i.e., viscosity solution, introduced firstly by Crandall, Lions [26]; we also refer to Crandall, Ishii, and Lions [27].
We first generalize the notion of the viscosity solution to adapt to PIDE (3.6).

Definition 3.7. Let W € C([0,T] x R™;R).
(i) We call W (-, ) as a viscosity subsolution of (3.6) if W(T,z) < ®(z), for all x € R", and if for all functions
pE Cl?jb([O,T] X R") and any sufficiently small § > 0,

88 (t, —mf{ﬁ o(t, x) + B(W, ¢)(t, z)
+f(t,z, W(t, ), @z (t,x).0(t,z,u),Co (W, @)(t,x),u)}} <0,

max {W(t, x) — h(t, z),

holds at any local maximum point (¢t,xz) of W — ¢, where

Bé,“(W7 o)(t,x) == /E [gp(t,x +(t z,u,e)) — ot x) — o (t,x) .yt 2, u, e)]u(de)

+ / . [W(t,l’ +(t,z,ue)) = W(t,z) — pu(t,x).y(t, 2, u, e)] v(de),

)

CoU W, @)(t ) := /E l(e) [tz +(t, 2, u,e)) — o(t, z)|v(de)
+ / . We)[W(t,x+(t,z,u,€)) — W(t,z)]v(de),

)

with E5 := {e € E | |e| < ¢}.
(ii) We call W(-,-) as a viscosity supersolution of equation (3.6) if W(T',z) > ®(x), for all x € R", and if for
all functions ¢ € C},([0,T] x R™), sufficiently small § > 0 and the local minimizer (t,z) € [0,T) x R™ of W — ¢,

max {W(t,x) — h(t,x), —%—f(t, x)— 1irelfU{AC“go(t,ac) + BS (W, ) (t, z)

(b, Wt 2), a8, 2). (8,2, ), € (W, ) (8, 2), ) L} > 0.

(3.7)

(iii) If W (-, -) is both a viscosity subsolution and a viscosity supersolution of (3.6), it is called as a viscosity
solution of PIDE (3.6).

Remark 3.8. We point out that, due to the linear growth of the value function W(-,-) in Proposition 3.3,
the local maximum (resp. minimum) of W — ¢ in Definition 3.7-(i) (resp. Def. 3.7-(ii)) can be replaced by a
global one in the proof of Theorem 3.12. Moreover, B%*(W, ¢)(t,x) and C**“(W, )(t,z) in Definition 3.7 can
be replaced by B*¢(t,z) and C*¢(t, ), resp. Such an observation can be referred to [21, 22], etc.
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To prove the value function W (-,-) in (3.4) to be a viscosity solution of (3.6), we introduce the penalized
equations of RBSDE with jumps (3.2). Precisely, for each n € N,

T
st’t@;u _ (I)(X%,z;u) +/ f(?", ijw;u,an’t’a:"”,Zf’t’w;u,/ l(e)‘/;,n’tmu(e)l/(de),ur)d’l"
s (3.8)

E
T T
— (AR Aty / ZMEdB, — / /E Vbt () N(dr, de), s € [t, T,

s
where A0 = / n(h(r, XL%") — Y55 "dr and X5** satisfies (3.1) with 2, = 2 € R". It is obvious
¢

that, for each n € N, (3.8) admits the unique solution (Y™h®iu zZntaiu yntzu)y ¢ S2(¢ T R) x ME(t, T; R?) x
K2(t, T;R). Moreover, we have the following approximation result from Lemma 2.1.

Lemma 3.9. Assume (H;), (Hz) and (C) hold. The sequence {(Y™%:u Zmbtau Yt gmtriu)l o has
a limit (Y% zbwu ybtoiw ALew) - which is indeed the solution of RBSDE with jumps (3.2). Moreover, the
convergence of Y™H%U to YH®U jn S2(¢, T; R) is decreasingly.

With (3.1) and (3.8), we formulate a sequence of control problems as follows. For each n € N, we introduce
the cost functional

Jn(t7x5 u()) = Ytn’t@;u’ (tvx) € [OvT] X an u() € ut,Ta
and the value function

Wn™(t,z) = essinf J,(¢,z;u(-), (¢,x)€[0,T] x R". (3.9)
u(-)EUy, T

According to Theorems 4.1 and 5.1 in [22], for each n € N, W™(-,-) is the unique viscosity solution of the
following HJB equation,

81;; (t,x)— ig{,Hn(t"T’ (W™ W2 We)(tx),u) =0, (t,z)€[0,T]xR",

WHT,z) = @(z), =eR",

(3.10)

where
H" (¢, x, (W™, W2 W2 (t,x),u) =H(t,z, (W, W W) (t,x),u) — n(h(t,x) — W"(t,x))_.

Notice that the uniqueness holds in the following space:

6= {go € C([0,7] x R™;R) | 34 > 0 such that

lim (¢, x) exp{ - Z[log((|x|2 + 1)%)}2} =0, uniformly in ¢t € [O,T]}.

|z|— 00

The above space is characterized by a growth condition, which is weaker than polynomial growth. Actually, this
growth condition, introduced by Barles et al. [21] to prove the uniqueness of the viscosity solution for a class of
PIDESs associated with FBSDEs with jumps, was shown to be optimal, meaning it generally cannot be relaxed.

From Lemma 3.9 and the definition of W™(-,-), we give the following result without the proof. The readers
may refer to Lemma 4.3 and Remark 4.4 in [6].
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Lemma 3.10. For all (t,z) € [0,T] x R", n € N,
Wht,z) > - > W"(t,z) > W (t,z) > - > W(t, ).

Moreover, for all (t,z) € [0,T] x R"™, lim W"(t,z) = W (t, ), which is also uniform on compact sets.
n—oo

Going further, the following result is true, referring to Lemma 4.6 in [6].

Lemma 3.11. For all (t,x) € [0,T] x R"™ with (t,,x,) = (t,x) as n — oo, and ¢ € C},([0,T] x R™), we have

lim inf H(t,, zn, (W™, @0, Quz) (tn, Tn), u) = inf H(t, z, (W, pu, @) (t, x), uw).

n—oo uelU uelU

With the above approximation results, we get the first main result of this work.

Theorem 3.12. Under (H;), (Hz) and (C), the value function W(-,-) introduced in (3.4) is the unique
viscosity solution of (3.6) in ©.

The above results can be established using standard techniques found in [6, 24, 28], with appropriate mod-
ifications to account for the integral operator and the obstacle term in PIDE (3.6). However, due to space
constraints, we omit the detailed proofs here. Interested readers may refer to the complete proofs provided in
the arXiv version of this paper.

4. MORE PROPERTIES OF THE VALUE FUNCTION

Based on the previous study, we further explore more properties of the value function W(-,-) under some
additional conditions, such as the semi-concavity and the joint Lipschitz continuity. The importance of these
issues will be revealed in the study of stochastic verification theorem in Section 5.

The research of these issues will involve the comparison between stochastic systems with differential initial
times and initial states, which is very complex. To make the study more directly, we first try to transform these
systems to operate on the same time interval. The appearance of Brownian motion and Poisson random measure
at the same time increases the difficulty. A kind of time-stretching transformations of the jump noise, called as
Kulik’s transformation, turns out to be a key tool in our research. For the initial literatures about the Kulik’s
transformation, we can refer to [15-17]. We first recall some known results about the Kulik’s transformation in
the following.

For any to,t; € [0,T), A € [0,1], we introduce ¢y := (1 — X)to + At1 and the following transformation

T—1
TMs) =ty + - tﬁ (s—t;), s€ltyT), i=0,1. (4.1)
d T—t
Obviously, for i = 0,1, 7 maps [t;,T] to [ty,T], and 7 = gTi}‘(s) =7 t)-\'

In the following, we also use the inverse time changes o7 of 7, that is,

T—1t;
A i

A =t +—=——(s—1t\),
‘Q’L(S) T t)\(s >\)

which maps [tx, T] to [t;, T], i =0, 1.
For the above time changes, we have the following results by the directly computation. It can also be referred
to [13, 17].
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Lemma 4.1. For any § € (0,T), there exists a constant Cs > 0 only depending on 6 and T, such that, for all
S € [t)\, T— 5],

11 1 1
A A
01(8) —0p(s +‘—. - = ‘+‘———‘<Cat — tol,
‘1() O( )| 2\ 7_6\ \/j \/7_70)\ |1 0‘
1 1
)\’17 o+ a- ’1 — <5 A= Nt = tol,
\/TT V75

’/\( ) (1 \/L)’ 8(152/\(1—)\)|t1—t0|27
( 11/\) ( ) —tx tl—t0)7

01 (s) + (1 = Nag (s) = s, [tx, T].

Denote B := B, — By, , s € [tx, T] and N* by the restriction of N from [0, 7] x E to [t, T] x E. The filtration
generated by B* and N* is denoted by F* = {]:s)\}SE[tA,T]' Then, fori = 0,1, s € [t;, T], A € B(F), we introduce

)\
To
s €

Bi .= 7B>\A(s)7 Ni(p, (t;, 8] x A) := 7N (p, (t;, 5] x A) = Nk(p, (tx, 7 (5)] X A)

VR T 42

gr, 1= exp{ —1In (?:Z‘)TZ?‘(NA)([U,T] x E) + (t; — t)\)u(E)}, QT? =g P

Note that, for i = 0,1, Q,» is a new probability measure, which depends strongly on the following additional
condition on the measure v.

(H3) v(F) < 0.
Thus, from now on, (Hjz) is assumed.

According to [15-17], for i = 0,1, {Bi}se[ti,T] is a Brownian motion under the probability measures P and
Q-,, and the point process N¢ defined on [t;, T] x E is a Poisson random measure under Q,,, which has the

same distribution as N* under P. Moreover, its compensator is still #(de)ds. The compensated Poisson random
measure for N* under Q,, is introduced as follows,

N'(ds, de) := N'(ds, de) — v(de)ds.

Moreover, for i = 0,1, B* and N* are independent under P and Q,. In this case, we denote F* = {F },cp, 11
by the filtration generated by B? and N?, i.e.,

ﬁjza{Bi,Ni([ti,r] x A): 1€ [ti, 8], AGB(E)}\/J\/@W s € [ti, 1)

For convenience, for A € [0,1] and ¢ = 0, 1, we set L{t)‘MT (resp., L{tihT) as the set of all U-valued, F* (resp.,
F?)-predictable stochastic processes on [ty,T] (resp., [t;,T]). Then, for any u*(-) € L{tAA,T, we have ui(-) 1=
() U 4, i =0,1.

4.1. The semi-concavity of W (.,-) in (¢, x)
Let us recall the definition of semi-concavity as follows.

Definition 4.2. A function ¢ : R™ — R is said to be semi-concave, if there exists a constant C' > 0 such that
o(z) — Clx|? is concave in z € R™.
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According to Definition 4.3 in [14] or Definition 1.1 in [13], the semi-concavity of ¢ is equivalent to the
following inequality, for some constant C' > 0,

Ap(@) + (1= Np(') <Az + (1= N)z') + CAL = M|z —2/]?, Vz,2’ €R", A€ [0,1].

Now we study the semi-concavity of the value function. For this, some additional assumptions are needed.

(Hy) (i) b, o, f and h are Lipschitz continuous with respect to t € [0,T]; for all ¢,¢' € [0,7] and (z,u,e) €
R" x U x Ea |7(t,x,u,e) - ’Y(tlvmvua 6)‘ < C(l A |6|)‘t - t/‘;
(ii) b, o, f, h and ® are bounded in (z,y,2) € R" x R x R%; for all z € R" and e € E, |y(t,z,u,e)| <
C(LAel]);
(iii) b, o, ~ are differentiable in ¢ and z, and

by (t, ., u) — by (', 2", u)| + |0 (t, @, u) — 0 (', 2", u)| < C(|t = '] + | — 2']),
‘bt(t,ft,’u) - bt(t/7xlvu)| + ‘O’t(t,LE,U) - Ut(t/ I’/ ’U,)| X (lt - t ‘ + |‘T - 'rl|)5
Vot u,e) — Yo (', 2 u, e)| + [t 2, u,e) — v (', 2/ u,e)] < CANAe)) ([t — |+ |z — 2']),
where C' is a nonnegative constant;
(Hs) f is semi-concave in (t,z,y,z,v) € [0,T] x R* x R x R? x R, uniformly with respect to u € U; ® is
semi-concave in x € R”.
Remark 4.3. In the following, for p > 2, / (1A le])Pr(de) < oo is needed, which holds naturally under (Hs).

B
For convenience, we always denote £(e) = C(1 A |e]), e € E in the following, even with different C.

Theorem 4.4. Assume that the conditions (H1)—(Hs) and (C) hold. For all 6 > 0, the value function W (-,-)
is semi-concave on [0, T — 0] x R™, that is, there exists some constant Cs > 0 such that for any (tg, zo), (t1,21) €
[0,7 — 6] x R™, and X € [0, 1],

/\W(tl,l‘l) + (1 — /\)W(to,l‘o) W(t)\, Z‘)\) + 05/\(1 — )(lto — t1|2 + |$0 — l‘1|2)7

where (tx,zx) := A(t1,21) + (1 — X)(to, zo).

Indeed, combined with the property of W(:,:) in Lemma 3.10, Theorem 4.4 can be proved clearly if the
following result is true.

Proposition 4.5. Let (H;)-(Hs) and (C) hold. Then, for all 6 > 0, there exists some constant Cs > 0 such
that for any (to, xo), (t1,21) € [0,T — ] x R™ and X € [0,1],

AW™(ty, 1) + (L= W™ (to, z0) < W™ (tx, 22) + CsA(L — M) ([to — t1|* + |zo — 21|%) + ",
with lim /™ =0
n—oo

The proof of Proposition 4.5 is very complex and occupies an extensive length. Therefore, we first make the
following abbreviations,

Au X, AU

M= Pt = ptTiE where ¢ = XY, Z,V, A, i =0,1, tesp.; XY :=AXD" 4+ (1-N)XY
(y“,Z“, V“,A“) =AY 4 (1= YO AZEY 4 (1= N 20 AV 4 (1= VO A (1 — \)A%Y).
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For the above processes, we can recognize the equations satisfied by them as follows. For A € [0,1] and u*(-) €

A
ut)\,T7

dX X = b(s, X2 ud)ds + o (s, X2 u)dB) + / (s, X2 ud, )N (ds,de), s € [t T,
E

Xt/\;ﬂ =z, (tx,zx) €[0,T—0] xR",
and

(i) (Y20, z0 At Aty e g2 T

S

(iii) Y2 < (s, X2, ae. s € [t T);

T

(iv) / (A(s, X20") = Y2 )dAd" = 0.
t

For i = 0,1 and v'(-) € U} r,

dX;""i = b(s,X;’“i,ui)ds + o(s, Xﬁ’“i,ui)dBi + /
E

X =y, (tw) €0, — 0] x R,

and

() (Y, zibw' vt Ay e S200, T);

— (AR — AP — / Z dBL —

(i) V' < h(s, X2, ae. s € [t;, T);

T ) ) )
(iv) / (h(s, X2") — Y )dAL™ = 0.
t

T
(ii) Y;)‘M = @(X%’“k) +/ f(r, Xﬁ"“A,Y,T\’“A,Zﬁ"“A,/ l(e)V,,A’“A (e)v(de),u})dr
s E

T T
— (AN —Agﬂf)—/ Zjv"*dBj—/ /EW’“*(e)NA(dr,de), s € [ta, T);
S

y(s, Xl e)Ni(ds, de), s € [t:, 7],

(i) viv = o)+ [ X v 2 e e, u)ar
s E

T S
/ / W“ (e)N*(dr,de), s € [t;,T];
S E

(4.6)

Under our conditions, the above equations are all well-posed. Moreover, for RBSDE with jumps (4.4) and

(4.6), their penalized equations are as follows, for n € N, A

vy = *f(s,X?’“X,Yg”’A’“X,Z?’A’“A,/ )V (e)v(de), ud)ds + AP 4 21N dB)

E
+ / VA () RN (ds,de), s € [0, T,
E

qurﬂl,)\,uA _ (I)(X,I):’HA )’

€ [0,1],

(4.7)
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and for i =0, 1,

Ay’ = —f (s, X2 Y Zmi / () Vo (e)v(de), ul)ds + dAH 4 Ziw qBi
E

+ / Vi (Ni(ds, de), s € [, T], (4.8)
E

v = e,

where A" = n/ (h(r, Xﬁ”“k) — Yrm)"“x)fdr and A" = n/ (h(r, Xﬁ“) — an’i’“i)fdr. Moreover, the
tx ti
wellposedness of the above equations is obvious.

Recall the definition of W™ (-,-) (in (3.9)), to prove Proposition 4.5, we need to prove formally
1 0 A
AV PB4 (1= NY® — YA < CsA(L = M) (It — tol® + a1 — zo]?) + &, (4.9)

with lim /™ = 0. Note that, the processes involved in (4.9) are fixed with three different times, so that the

n—roo

direct proof of (4.9) is infeasible. Therefore, for ¢ = 0, 1, by introducing

~ . X DN - DN PR ~ TEPN 1
XD = X0 gt = cpz_;l(’?) , =Y,V A, resp., and Z""" = ——
3¢

0} (s)’ Zm0N s € [ta, T], P-aus.,

\/? 0} (s)”

and applying the inverse time change to SDE (4.5) and BSDE (4.8), we get (note (4.2))

~ . X
dxi =

b(Q’.\(s),f(;’“A,ug\)ds + ! )\U(g;\(s),Xg’“A7u;\)st’l\

9

. - 1
—|—/ v(g;\(s),X;fA,ui‘,e) (N’\(ds,de)—l—(l—.—)\)u(de)ds), s € [ta, T, (4.10)
E T;
XZ;\“ =, (t)\,l‘i) S [O,T—(S] X Rn,
and
Crniut 1 ciut Xrn,iu’ N Aniut Crniut Tniu’
A = (M) Xt gt Jrzie, [ e eptde) ud)as + adz
_ _ _ 1
+ i dB + / Vi () (W (ds, de) + (1 = —5)w(de)ds), s € [ta, T, (4.11)
T
Sniut it : '
Ypt = 0(Xp" ),
i in,iu’ n * oiut ornyiut) T
where u) :u;;}(s) and A" = 7_1)\~/U (h(gg\(r),X; ) = YR T dr

By the above transformation, (4.9) turns out to be equivalent to

/\Y/n,l,uk Nn,O,uk n,A,uA 2 2 n
+(1-\Y, — VM O = ) (|t — tof? + |21 — xo]?) + ™ (4.12)

tx tx
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~ A
[(4.12) : )\Y,';'l'“ +(1—/\)Y,'iO” —Y”’\" < CsA(1 — (|f1 —to]® + |21 — 20|? ) +&V”J
Lemma 4.16: /\)7’241.14* 4 (1 /\))7[,;.0." y;lu EDJ Lemma 4.17: " A Y" A

S C())\( )(|t1 —t0|2+|£l)] —I0|2) —+-<(/7”'

{7

Lemma 4.10, 4.12, 4.13: dealing with the Lemma 4.14, 4.15: the estimates of
difficulties caused by different penalty terms of |:> |)~/“'1'“A - }7”'”'“A| and |Z~”'1'“A - Z.'”'O'“A|
and ”‘./n.l.u)‘ _ f/n.().’u)‘”‘ 9

o 2
::/!/lx‘ +C5/\(1—)\)(|t1 —f()| +|.’l71—l()| )

~ A ~ N .
ymbu® and Y™0%" by the comparison theorem

FIGURE 1. The auxiliary Lemmas.

Once (4.12) is true, Proposition 4.5 can be proved as follows. Note that, for any n > 1, (to, xo), (t1,21), (tx, Z2) €
[0,T — d] x R™,

W"(t;,x;) = essinf J,(t;,zi;u'(-)) = essinf Y;’WA, 1=0,1,

uwi()eu, ¢ wAEUD, 1 (4.13)
Wh(ta,zx) = essinf  Jy(ty, zx;ut() = essinf Y:“\u :
WA OEU ¢ ur(EUN ¢
Then, for any & > 0, there exists some u™*(-) € U}, . such that
AW (11, @1) + (1= NW" (o, 20) < AV 4 (1= \)y;m0e™
(4.14)

e
LY 4 CsAL = A) ([t — to]® + |21 — 20[?) + 2™
< £+ Wn(t)\,if)\) + Cg)\(]. — )\)(|t1 — t0|2 + ‘.’El — "Eo‘2) + ",
Due to the arbitrariness of € > 0, we complete the proof of Proposition 4.5.

From now on, we focus on the study of (4.12). The proof of (4.12) is complicated and needs some techniques.
To make it clear, we make a flow chart to present the logical relationship of the auxiliary Lemmas.

Besides the above, we point out that the study of [X1u" — X0u™| [AX1u" 4 (1 — \)X0" — x u*| ip
Lemmas 4.8, 4.9 and the penalized equations (4.8) in Lemmas 4.6, 4.7 are all the basis of the above inferences.

Now we study some properties of the penalized equations (4.8).

Lemma 4.6. Under the conditions (Hy), (Hz2) and (Hy)-(ii), for alln > 1 and i = 1,2,

|Ys’”“l| <C, Vse|[t,T], P-as.
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Furthermore, for any p > 1, there exists some constant Cp, > 0 such that

" T .G P T A P A . 2p
B ([ 1zpepan) o (v QR aar)” (4 - i) <6 Vs € 8,T), Pras,

where the constant C), depends on p as well as the bounds of f, h and ®.

Proof. Firstly, similar to the proof of Theorem 4.2 in [9], we know the existence of some constant C' > 0
independent of n such that

i R T [
B7 [ sup yrev [ (e
] s

i . N2
: (~)||§2)dr+ (A;’““ —A’;W) } <C, Pas.  (415)
s€(t;, T ’
Especially, we get, for allmn > 1,4 =1,2 and s € [t;,T],

|YS”“‘\ <C, P-as.

Next, according to (4.15) and the boundedness of f, for (4.8), we obtain

A?z,u _ A?,im’ _ (I)(Xz,u ) _ Yn,z,u +/ f(?“ Xz,u Yn,z,u Zn,z,u 7/ l(e)VTn,z,u (e)u(de),ui)dr
s E

T
—/ Zpi Bl //vnu )N (dr, de)
0+]/ Z0i 4B +‘/ /V’”“ N (dr, de)|.

Thereby, for all p > 1, from the Burkholder-Davis-Gundy inequality,

o (e )"

; T o p T o . P (4.16)
<0p+cp1@fs[( / |z |2dr) + ( / / |V (e)|2Nl(dr,de)) } P-as.
s s E
Applying Ito’s formula to [ |2, we have
v [Cizpipars [0 e @PNan e
s s E

= |B(XE")? 42 / Yy f (p, Xy gt / 1(e) V™ (e)v(de), ul)dr (4.17)

K] E

T i . T . o . T . . ~ .
—2 / Yt AT o / yiu' zmiu qgi — 9 / / yiut ymiet ()Ni(dr, de),  P-as.
s s E
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Then, from the inequalities (4.15) and (4.17), for all p > 1

Efi[(/ |z | er / /|V”“‘ )N (dr, de)) ]
<EF§[(/ Z””|dr+/ /|V"“‘ |Nl(drde)> }

) i - . - . . |2p T . . - 2p
<Gyt CET (At —apie ) o | / v gzt a4 | / /E vty (N (dr, de)| |

< 0p+cp]Efi[(A;’iv“i —Ag’i’“i)2p+ ( / T|Z,’f”"“i\2dr>p+ ( / ’ / Ve (¢) 2N (dr, de))p}, P-as.
s s E

Further, combined with (4.16), we have

E” (A7 —szivui)4p+ ( / T|Zf’i’“i|2dr>2p+ ( / ' /E |W’L’i’“i(e)|2Ni(dr7de))zp}
<G+ GET( / leﬁ’i’“i|2dr)2p+ ( / ' /E Vi () PN (dr, de))2p]

S

< Gy + CE [ (A _Agvivui)2p+ ( / T|Z,’f’i’“i\2dr>p+ ( / ’ / Vi (o) 2N (dr, de))p}, P-a.s.
s s E

Consequently, due to (4.15), for all integers of the form p = 2¥ with k =0,1,2,-- -,

Hence, for any p > 1, the above conclusion is valid.
Finally, using Lemma 3.1 in [23], for all p > 1,

Fi T w2 p T A 2 p P RN
87 ([ 1zpe par) o ([ Ve adr)” (g <))
S S

< CE™ K / ' |Z;Wi|2dr)p + ( / : / Vi () 2N (dr, de))p + (A;”V“i - Ag’i’“i)gp} <C,, Pas.
s s E

Similar to Lemma 6.1 in [1], the following result holds. For the readers’ convenience, we sketch the proof.

Lemma 4.7. Under (H;), (Hz), (H4)-(ii) and (C), for any p > 2, P-a.s.,

(i) lim Efﬁi[ sup |(h(r, X" —anvivu")—\f’} =0, se€t,T],

n—00 rels,T)

T
/ (h(p2(r), Xo*) — Vi )= Amaa®

S

(i) lim E7* [ H

n—oo

} =0, i,j=0,1, s€ [tr,T].

Proof. Tt is obvious that, for all s € [t;, T7, {Yu"} is decreasing in n, thereby Y% < Y0+u' Poas. Next we
shall prove Y»4% < h(s, X»*'), s € [t;, T], P-a.s. By the comparison theorem of BSDE with jumps, we know
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Y LY where

AVt = [ (s, X0 e g / Ue)VE (e)v(de), ub) = n(V2h" — (s, X)) |ds
E
+Z ABE 4 / Vi ()N (ds, de), s € [t;, T,
E

R )

Let ¢ be a stopping time such that s < < T, then

, , . T
i = g e 0axe) +

e f (X Y / UV () (de), uy)dr
]

E

T -
—|—/ ne "= p(r, X1¥ )dr].
0

As n — oo, it is easy to check that,

e T =Dp(XE") + / ne "D p(r, X0 ) dr — (X" )g—ry + h(9, X5 o<y,
9

P-a.s. and in L? sense. Furthermore, due to f is bounded, we also have

£ [/ e_"(T_ﬂ)f(r, D G G /Al ,/ l(e)Vimt (e)u(de)mi)dr} — 0,
9 E

i

in L? sense. Consequently, we get Yg’i’ut — (D(X%“Q)Iw:;p} + h(ﬁ,Xf;“ Jy<ry in mean square and ymiu g
h(-, X*""). Combined with the section theorem in Dellacherie and Meyer [29], we have Y/»*' < h(s, Xiu'),
s € [t;, T], P-a.s. Therefore, (h(s,Xg’“i) - YS”““)_ 10, s € [t;,T], P-a.s., as n — .

Denote PA be the predictable projection of any process A. Based on the aforementioned results, the predictable
projection of ymi possesses the following properties:

pymint | pyiul iy 82, TyR),  PY™ < Ph(s, X, s € [t;,T), P-as. (4.18)
Note that the jumping times of both yiut and h(-, X“ﬁ) are inaccessible. Then, for all s € [t;, T], we obtain
Py’ — yiU and Ph(s, X0U') = (s, X2'), P-a.s. Combined with (4.18), (h(s, X2"') = Y""")™ 10, s €

[t;, T, P-a.s., as n — oo.
Furthermore, based on the continuity and monotonicity of power functions, for any p > 2, we have

|(h(s,X§’“i) - Ys""i’“i)_|p 10, |(h(s,X;fi) = Y;ﬁi’“i)_|p 10, selt,T)], P-as., asn — oo.

From the Dini’s Theorem for cadlag processes (see p. 202 in [30]), we know such a convergence is uniform in ¢.
Further, using the dominated convergence theorem, we conclude that (i) holds.
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2 and 4,57 =0,1,

}

‘An,Ju Anju

Now, let’s prove the second result. For any p >

P
2

P
2

]

Fo [ frdw® _ fnagut
|Ap7 - A

<27 sup [(hlpd (), Xi) = Ty

=
=

1)

< (B[ sup |2, i) = ¥y | ]) (i

— 0, asn— oo,

where the last inequality have used (i) and Lemma 4.6. 1
Now we estimate the difference of X>*" and X" .
Lemma 4.8. Suppose (H1)—(Hs) and (Hy)-(i), (ii) hold. Then, for all p > 1 and s € [tx,T], we have
]_—/\ o1 A >0 A T >1 A >0 A >1 A >0 A
E’s [ sup | X% — X2 P+ | X, - X \pdr] < CT’p’5(|t1 —tol? + | X — X \p), P-a.s.
T€[s,T] s
Proof. From (4.10), we know
v 1,u 0,u 1 A Lur | A 1 A 0,ut A
d(‘Xvs7 _Xs ) = (7~_7)\b(gl(s)’)(s7 ,’U,S) - 7-_7)\1)(Q0(8)7)(s7 ?us))ds
1 0
1 1
(o (02 (), X1 ud) = — =0 (03(), X0 ) B
Ti 7o
+/ (7(@1\(8),)251;“ ,ui‘,e) —v(gé(s),Xg;“ , i‘,e))N)‘(ds,de)
E
1 A 1
[ (612 ) (1= 20 = @6, X e) (1= ) J(de)d [, T,
E Ti 7o
th;“ - )thOA“ =x1 — X
From Lemma 4.1, the boundedness and Lipschitz continuity of b, o,~, for any p > 1, we have
F Lu* A L. TDIRTEPN P
75 sup X , T)—,—/\b(go(r),Xr’ ,ur))dr }
TE[s T] 70
1 - .
OT,PE]:)\ / ( ( ), Xlu ) 7)"\)+~7)\(b(gi\(r)’Xv}’uxvuv):)7b(9())\(r)ng’uA7u;\)) pdr] (4.19)
To

<orpaw”t[ [ (ltl—tolmxlu )
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Using the Burkholder-Davis-Gundy inequality, we get

Efj{ sup
T€[s,T]

(o (e £ ) - —

1 _\/7?

T 4
CrpB [(( [ (1=t 4170 - X0 P)ar) ], 1<p<z

o(ed(r), X0 ) )aB)

]

S

T
CT,p,éE]:f’[/ (|t1 —to|? + \)N(:"A —)N(S""A|p)dr], D> 2,
and
f* Lut A 0,u* A p
872 sup [ [ (3@ %0t e) = o(@0), 2wt ) )W ar e[|
Cr BT / /w 0} (), X e) =4 (a) ), X2 ) Puldeyar) | 1< p <2,
0B ([ e K2 k) 2 (ad), K2 o Putaoar)
P22,
] PR ) 2 eb), K2 ) vtaena],
Crps EH/ [t —to]? + X1 — X0 P)ar| ), 1<p <,
Jemster o)
A T ~ A ~ A
Cr psE {/ <|t1—to|”+|XT1’“ _ X0 |P)dr}, p=2,
and
1 - 1 P
s | [ (22 )1 - o) =1 (0. X2 b )1 = ) wlde)ar]
TEST Ti 7
<EF //‘ — (), X2 ud e)
To Ti (4.20)
~ D
(1= ) (e (), K1 wdie) = (05 (), X e) ) [p(dear) ]
74

T
< CT,p,(;IE]:j {/ (|t1 —tol” + |X,1,’uA — XE’“A |p)dr].
S
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Then, for all 7 € [s,T] and p > 1, we have

&7 2 - 50

T
< O (IRE = X0 4 |ty = tol? + B [/ X
» S
2

T
+0r,p. B ( / [Xp X0 Par)

S

I{1<p<2}}

T
< Crpa (X2 = RO 4 -t 4+ B[ [ 1200 - X0 par])
S

T P
A ~ A ~ A 2
+Crp,s (E}—S [/ |Xr1u - Xro’u |2dTD ’ Liigp<oy-

Therefore, for p > 2, using Gronwall’s inequality, we get

T€[s,T)

For 1 < p <2, 7€ [s,T] using (4.21) with p = 2, we have

T
E}-SA |X71,u* . X‘(r),u%|p} < CT,p,6<|X;’u)\ . Xg,uk|p 4 ‘tl _ t0|p +E]:,:\ {/ ‘Xrl’w\ *X?’“A|Pdr]).

Using Gronwall’s inequality again, (4.21) also holds for 1 < p < 2.
Finally, from (4.19)—(4.20) and using (4.21) with p > 1,

57 sup X0 - X2
T€([s,T]

T
< O (IRE = X0 4ty = tol? + B2 | / K1 — %0 par))
S

T P
A ~ A ~ A 2
+Crp,s (EJ:S [/ ‘X:u - Xg’u |2dr}) ’ Liicp<oy

~ A ~ A
< Crps (1 X2 = ROV 4~ 1),

holds for p > 1. The desired result is proved.

~ ~ A ~ A ~ ~
Next, we denote by X the convex combination of X**" and X' i.e., /'\fs“A = /\XSL“A +(1-X

s € [tx, T]. The estimate of |/'EuA - X.)"“A| is given as follows.

- X?’“A |pd7'D

sup E}': [|Xi,u’\ o Xg,u’\|p] < CT,p,6(|X;’u)\ B X‘g,uwp + ‘tl _ t0|10).

S

(4.21)

XO,uA

S

)
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Lemma 4.9. Suppose (H1)—(Hy) hold, for all p > 1 and s € [tx, T], we have, P-a.s.,

872 [ s |82~ 2] <Cr (1=t 2 P) - Cr P11 12+ | T2 X0 )
TE€[s,T)

~ A
Proof. First, X, ut _ XM gatisfies the following equation

‘)Evsuk _ )()\,uX — )\Xlﬂf‘ + (1 _ )\)XOJR‘ _ X?’uk
S S
= [ (o) b0 A ) bt X2 ) Y [ () 00 B ) (X0 ) ) B

tx
/t
A

S

/ Jy(r,e) +(r, X;L , T,e)f'y(r,Xf"_u , T, ))N)‘(dr de)

Dj

~ A

- 1
)\ (,Ql( ), Xl’“A,u;\,e) +(1=-XN)(1- ;)fy(gé(r),X?’“ ,u;\,e))u(de)dr,
0

+
Uj

tx

where s € [ty,T] and

A . 1-A ~
Jo(r) = b} (r), X ) 4+ b (), X2 ) = b(r, X u),
1 0
- 1—X ~ A
To(r) = o (@), X2 ) + — o (e (), X2 ) — o, A ),
\ﬁ N
Jy(r,e) = Ay(o1(r), Xrl,u cupye) + (1= Ny (e (r), X2, u)e) —7(r72\?:‘;uk,u?,e), re[tx,T], ec E.

From Lemma 4.1, for any X7, Xy € R” and u € U, we have (set X := AX7 + (1 — A) X))

A 1—-A
‘%—{\b(gi‘(r),Xl,u) + ?b(gé‘(r),Xo,u) —b(r, X)\,u)‘
< ‘)\b(gi‘(r),Xl,u) + (1 - )\)b(QS(T),Xo,’LL) - b(r7 X)\,U)‘

5= D), X10) + (10 VHE0), Xo, )

<OAN1L=N)g} () = ) (r / Ibu (4 (1 = A) (2 (r) — 03(r)), X + (1 = N (X1 — Xo), u)
=bs(r = nA(@}(r) = 23(r)), X — nA(X1 — Xo), u) |dy
+CA1 = \)| X1 — Xol - /01 b (7 + n(1 = A) (22 (r) — 05 (), Xx + n(1 = A) (X1 — Xo), u)
~ba (r = 1A (03 (r) = (1)), Xa = nA(X1 = Xo),u)|dy
M — ol (1) - )]+ 1% - Xo)
<O — )(|t17t0\2+|X1 Xol?).

+\<

Therefore,

1 J(r)] < CA(1 — )\)(|t1 —tol? + | X — X’}}MF), r € [ta, T). (4.22)
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Similarly, using Lemma 4.1-(i), (ii) and (iii), we also obtain

o ()] < AL = N) (It2 = tof? + [ X" = X2 P2).

] ~ (4.23)
()] < CUONT = N) (It = tol? + | X" = X, re i, T, e € B,
Based on the above estimates, using the methods used in (4.19)—(4.20), for p > 1, we get
7[ sup ’/ (o) + b, &) = b, X0 ) ) o]
TE[S T)
< CrpsB? [ [ (1o + 18— X0 )],
and
A A p
IE}-S{ Sup ‘/ (J(, + o(r, X;L Jur) —o(r, X ,ui‘))dB;\ ]
T€E[s,T)
T N g
CT,p& [/ (r)2 + |2 — XM |2>d7‘}> , 1<p<2,
S T
~ oA A
Crpsb” [ [ (\ TP+ |5 -], e
s
and
- P
57 [ s [ [ [ (20000 #5082t 0) <5 X2, 0)) W, o)
TE 5,7 E
g 2, 42 put Aut 2 5
Crps( [ Ly(r e + 2R - X0 P ue)ar] )", 1<p<2,
E
T »
< CrpsE”: (/ / (r,e)]* + (e )\)E;Z‘A - X?’“A|2)1/(de)dr) :
b p>2
T ~oA A ’
+/ / (r, )"+ ()| 8" = X7 )u(de)dr]
E
and
1 ~ 0.2 P
7o sup A1 ——= (91( ), X U, ) +(1-N(01- j)w(gé(r),Xg’“ ,u;},e))u(de)dr‘ }
Te[a T] 70
]-' 1 u -0 u? p
< Crps (1 — \PE ] |t1 o] | X L X0 |)1/(de)dr ]

< CrpaX' (L= AV [/ (m —tol? + X} = X0 )ar]

t
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Similar to the proof of Lemma 4.8, for p > 1, we obtain
Ef?{ sup |/'l~’_;‘A — X?’"A\p}
~ A A F T
<Cl& =24 OB [ (1B + 10 + [ 11 aPye)dr]
s E
N 5
+Crpa (B[ [ (10007 + [ 103t 0)v(de))ar]
s E
+Crp s A (1= AR | / (1t2 = tol? + 1 %2 = X2 Yar |
¢
< Crpo(lty —tol? + 82" = X2 P) + Oy sN(1 — A)p<|f1 — tolP + [ X1 - X?’uk\gp),
where we have used (4.22), (4.23) and Lemma 4.8. 1
For convenience, we denote

Ay :=C5 sup <|t1 o]+ | KB X’S’uﬂ). (4.24)

rE(tx,s]

~ A
Without loss of generality, we also assume ty < t;. Otherwise, the following study is made for ¥

Lemma 4.10. Suppose (H;), (Hz), (H4)-(i), (ii) and (C) hold, for any s € [tx,T], we have

n,O,uA
s 9

orn,0,u’ v .
Yot <Y P-a.s.,

where

~—n 'lL>\ 1 nd —n 'lL)\ -—=n 'lL>\ —Nn 'LL>\
e 11 IO i s SRV Ay O O CONTY
Ti

E
n s —=n,0,uM\ ~ 1 —n,0,u
(Mo} ), K1) + 8, -V ) (1= ) [ VI ol
1 1 E
+Cslty — tol - ‘ﬂou / 7710“ )D + As}ds (4.25)
—|—7:’O’u dB} +/ V:’O’u (e)N*(ds,de), s € [tr,T),
E
—n,0, u S1u
oo = (XL + Ag

Proof. For all s € [ty,T], (y,2,v) € R x R? x £L2(E;R), we have

axf(obe). X0y 73, [ aepwiemtae) ) — (1= 2 [ wiepwiae)
< %f(gﬁs),)?;v“*,y - A, \f [ Heniewaen ) - 1= %) [ viewiao

+Cslts — tol - (12 |+]/ de)|) + A,
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where we have used the Lipschitz continuity of f and Lemma 4.1. Furthermore,

(h(2)(s), X0™) — ) — — (b} (s), X2*") — y)

= (53 = ) (h0d(e). X2) =) + 5 (had(e). £27°) b o), K1) < A1+,

1 1

Note the boundedness of 173”’0’“) obtained in Lemma 4.6, we know

n ~ A ~ A\ — n ~ A ~n A\ —
o (At (), Xo™) + Ay = Y) 7 < o5 (g (s), X)) = Y0T)
i o

Moreover, ®(X%"") < ®(X3") + C| X" — X" | < B(X") + Ar.

Finally, to < t; guarantees us to apply the comparison theorem of BSDE with jumps to (4.25) and (4.11)

with ¢ = 0, we get

~ A fn,O,uA
YO0t LY Vs € [t T, P-as.

Remark 4.11. The process {AS}SG[%T] defined in (4.24) is an F*-adapted, continuous increasing process, and

from Lemma 4.8, for all p > 1,
E7 (A% — A7) < Gy (jto — 1P + X1 = X0, Poas

Lemma 4.12. Let (H;)—(Hs), (Hy)-(i), (ii) and (C) hold. Then

fn,O,u”\

—C LY <V L O+ CsAy, s € [t T], n > 1, Poas.
Moreover,
A T —n,0,u> —n,0,u
2 [ (20 P 7O OI2,)ar] < G+ Y, seltn Tl nz 1, Pas
Proof. By Lemmas 4.6 and 4.10, for all s € [ty,T], n > 1, P-a.s., we have
—n,O,uA

~ Y
—-C< YS”’O’“ <Y

S

Now, let us consider another BSDE with jumps as follows,

" = ~[C1 + Csltr — o] (’gf;O’“*

+| /E 704 ()w(de)

+/ VSO’“A(G)NA(dS,de), s € [ta, T),
E

)+ A ds + 20

0,u o1,u?
@T7 = (D(XT’ )+01AT.

(4.26)
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From the boundedness of f as well as Lemma 4.1, we have, P-a.s.,

1 1.0 o0, ut —n,0, u? H’L,O,uk 1 —n,O,uA
T_—/\f(gi\(s),XSl’ Y A2 /El(e)VS (e)u(de),ug‘) —(1- T—A) /E vV (e)v(de)
1 1
n S —n,O,u)‘ n ,0, u?
_T,T(h(g§(s)7xjv“*)+As—Ys ) +Cs|t1—t0| +’/ >D +As
1
01+C[s|t1—t0‘ nOu +’/—n0u )D—i—AS.

Therefore, using the comparison theorem, we get

n,0,u

. A
Y., g@so’“, s € [ta,T], n > 1, P-as.

S

Next, we want to prove @SO*“A < Cs + Cs5Aq, s € [tx,T], n > 1, P-as. For some constant §, by applying
1t6’s formula to eﬁs|@SO’“A|27 we obtain, for all s € [ty,T], P-a.s.,

T
SN0 P B [ (B0 1200 Pk [0 () )]

S

=B [TI0(XE") + C1Ar2] +20E7 | / : 0 ar] + 2E7 | / ' 0 A ar |

S S

2051t — to] - BT | / Teﬁrwu*(@govu*u‘ / 704 (ew(de)| ) ar].
s E

< Cs5(1+ A?) + CEZ [/T (20 Par] + ;]E[/T (12002 170 ()13, ) ]

S

By choosing a sufficiently large 3, we obtain

T
|@SO,uA ‘2 n E]:j |:/ <|@T0,u)‘|2 + |%O,u)‘|2 + ||41/r0,u)‘(_)||12/’2>dr} < 05(1 + A§)7 P-a.s.

In particular, |@s0’“A| < Cs(1+ Ay), s € [ta,T), P-a.s. Therefore,

>N 'l,L)\
—O <YM <O < Os5(1+ A,), Pas.

S
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N 7J,A
Now, we proceed to establish the second result. Let C}, be the bound of h, applying 1t6’s formula to (Y o +

Ch — Ag)?, we obtain

(V20 + 0 - A,)° +ET [/T (1 2 4 17 1122 ) dr

S

~ 2 T —n,0,u yd ﬂ u?
—E7 [(@(X") + Cn)?] - E| / (V7 4 O = A (R (), K1) + 8, = V) Tar
1

S

T R o
+%Ef3[/ (V7O ) £} ), X0 V0 AR 7 /l(e)V;’O’u(e)u(de),u;\)dr}
1 s E
T >N ’LLk —n,uv,u ’ﬂ U
+205|t1—t0\.Ef?[/ Y r o, - A |Z o |+’/ > )Ddr}

o [/T(ﬁ,o,u%+ Ch = An)Adr] + 287 [/ (V70 O - T)dAr}

S

21771# // ”0“+cth)”°“()y(de)dr}.

Further, according to the results of (i), (4.26), Cauchy inequality and the fact

n,0,u nOu

— A ~
(T 4+ O = A (h(ed(9), K2) + 8, = FI0") T 20, nz1, s €, T), Pas,

we have, for all s € [t),T], P-a.s.,

= 'U/)\ T, u T, U/
R N B A AN CTER P
n,0,u

)
<05(1+A§)+2Ef3[/T(YT’ Y G- A, +;1Ef?[/T(| ZE RV O ) ar].

S

Thus,

o +ch—As)2+1Ef3[/ (7 P+ 7 Ol Jar]

- (4.27)
<>N ’U,A
< 31+ A2) 4 287 / (V74 Cu = 8D, s € [0, T), Pas.
. L. 11
Notice that, for any 1 < p < 2 and ¢ > 2 satisfying ]; + g =1,
FA T —n,0,u FA —n,0,u?
£ [/ (V74 O = AdA] < B[ sup 7740y - Al(Ar - A)]
s rels,T)
N 0, 1 1
< (27 s 770w on - ap]) (B [a4])
r€[s,T] (4.28)

3

N 'U,A
<5(EF~?{ sup \YT’O’ +Ch — A, |pD + C.A2

rels,T]

2
<eM?, + C.AZ
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- A
where ¢ will be given in detail later, and M, ; := g [ sup \Y:’O’u +Cy — Ar|p}, ty <t <s<T. Weremark
relt,T)

2
that (Mst)s>¢ is an F*-martingale, and = > 1. So from Doob’s martingale inequality,
p

o V] < (52 (0 ) ™ < (52 o )

s€[t,T] 2- 2—p (4.29)
2 >N, ’LL
< (7>pE73[ sup |Y,’ "o, —Asﬂ.
2-p s€[t,T]
Now, we go back to the inequality (4.27). Combined with (4.28) and (4.29), we obtain
—n,0,u 2 \7
IEFtA[ sup (Ys’o’u +Cp — As)z} < Cs(1+ A?) +2€<7) EZ* { sup |V 0,0 +Cp — AS|2]
s€[t,T] 2-p s€[t,T)
: . 2 \:
By choosing a suitable € > 0 such that 25(2 ) <1, we get
FA —n,0,u 2 2
B[ sup (V07 4 G- A7) < G(1+ D).
set,T]
Thereby,
A n,0,u n 0,u*
B2 [ (70 P 7 Ol o]
2 F 0ut 2 2
< C5(1+ AZ) +2E7 { sup |V, 4+ Ch— A, } < Cs5(1+A%), selta,T], Pas.
r€ls,T)
1
For all s € [tx,T] and n > 1, we define Y04 = 7? — Ag. Then, from (4.25), we get
nOu’\ 1,u® ym,0,u —n,0,u™ —n,0,u A
a0t = [—f( Ms), K1 0\ SR VL™ (ew(de), )
n u? n,0,u”™\ Tm0ut
(o)), K1) = yr0w) T — (1 .—n/ Vo (@ulde)
71 T JE
(4.30)

—n,O,uA
FOslt — to| - (’Z

+ ‘ /EV?’OMA (e)u(de)D + AS] ds — dA,

n u —n uA i
+Z00 B + /V DU (N Mds, de), s € [ta, T),
E

S

A ~ A
= @(X%’“ )

Notice that the penalization term of the above BSDE (4.30) is the same as BSDE (4.11) with ¢ = 1, and they
are driven by the same Brownian motion and Poisson random measure in [ty,T]. Thereafter, according to the
standard estimates and Doob’s martingale inequality, we give an estimate between them as follows.



30

L. LIU AND Q. WEI

Lemma 4.13. Assume that (H;)—(Hs), (Hy4)-(i), (ii) hold. Then, there exists some constant Cs, such that,
for allm > 1 and s € [ty, T], P-a.s.,

. o n,O,uk Nn,l,uA 7
Proof. Setting (AY,AZ.,AV(~)) = (y. -Y ,Z.

rels,T)

n,07uA

(4.30), we have

1 - " by _ A
ABY, == [ £(}(e), X 30w [RZD, [ 17 (eptde). )
E

Ti
1 A o1,u® vrn,lut [ X on,1ut orn,1u? A
_g (Ql (8)7X5 7}/3 ) 1 Zs ) Z(G)VS (e)y(de)7us>
n o1,u* orn,1uM — n o1,u* n,0,u™\
+§(h(9T( 5), Xg") = yuhe) **(h( 1(s), Xy )*ys’o’ )

A ) - v

—dA, + AZ,dB} +/ AV,(e)N*(ds,de), s € [tx,T],
E

nOu

+C5‘t1 - t0|

AYr =0.

For some constant a > 0, applying Ito’s formula to e*|AY;|?, we get

e“S|AY9|2+Ef3[/T<aeM|AYT2+em|AZT2)dr} +]Ef-3[/ST/Eem|AVT(e)|2N)‘(dr,de)}

S

F2 g ar A v1ur yym,0,u’ -A*n>01“>\ —n,0,u’ A
—]E [ e“"AY, (f(gl (r), X, Y , | eV, (e)v(de), u))
E

7'1 s

d

— (@), X T Rzt [ it evtae) ) ar]

1 s

£205]t — tol - Ef*[/ T AY, (‘Z"O“

S

]:)\ . T .
—)E / / T AY, AV, ( )(de)dr}+2Eﬂ[ / e"TAYTdAT]

S

< (1€} +2)E7 | / iy, far] + 387 | [ ' e (IAZ,2 + AV, ()2, ) ar]

S

+Cslty — to[?E* [/ (\Z"O” 24 7O ()”12/72)(317"] +2E7 [/TemAYTdA,«},

S S

2w | [ erar, (ed), £ ) = (b, K1) - 90y
+ ‘/ Vnou (e )V(de)))dr} +2E7? [/T eMAY,.A,.dr}

T
]E}-?[ sup |y77},07u’\ *an’LUAF +/ <|7:,0,u . Zn 1,ut |2 + HVTLOu (>7 ‘/Tn,l,u)‘(,)HiQ)dT} < C(;Ag

~ —n 'u,’\ crn,lu
=zt O ) — b (), by (4.11) and

(4.31)

where we have used AYT((h(g{‘(r),XTI’“A) - }7;”’1’“*)7 - (h(g{‘(r),)ﬁ’“k) - y;wﬂ”)’) <0, r € [t\, T], P-as.



REFLECTED STOCHASTIC RECURSIVE CONTROL PROBLEMS WITH JUMPS: DYNAMIC PROGRAMMING 31

For « large enough, using Lemma 4.12 and Lemma 3.1 in [23], we get
A T N T
7 [|AY, [ + / (1AY 2+ 1AZ,[2 + |AV, ()2, )dr ] < CsA2 +2E72 | / T AY,dA,

T
The term E*- {/ e‘"AYTdAT} can be dealt with by employing the technique in the proof of Lemma 4.12-(ii)
(refer to (4.28), (229)) Then the desired result can be proved. 1

Based on the above preparations, we have the following estimates.

Lemma 4.14. Assume the conditions of Lemma 4.12 hold, then
T _gront | < GA,, Peas,
Proof. For all n > 1 and s € [ty,T], based on Lemma 4.12 and Lemma 4.13, we have

—nOu

Yot _ gt ¢ PO _gmlat o ynowt LA ymlet < O5A n> 1, s € [t, T, P-as.
Moreover, due to the symmetry, by the same argument, we also get
ypout _ymlat 5 05N, n>1, s € [th,T], P-as.

Thus, |}7;“” Y"OU | < CsAg, foralln > 1, s € [ta,T], P-as. 1

Lemma 4.15. Assume (H;)—(Hj), (Hy)-(i), (ii) and (C).
(i) Setting

T T
72 i= [ (@), X0 = Tp0wyad s [ lad ), X < Vet Az s
S S

for any p > 2, we have, lim E}?[(Qf)g] =0, s € [tx, T], P-a.s.
(ii) For any p > 2 and s E [15,\,T]7 P-a.s.,

P
2

T
B K/ (|Zml = Zm0u 2 4|l () e (~)H3,2)dr) | Ap — A,P] < C5AT + CEF [(27)5].

Proof. The first result can be directly proved by using Lemma 4.7-(ii). Now we focus on the second one. For all
n>1, s € [ty,T)], setting X, := XSLUA - XEV“ and @, = @b . @?70”” with ¢ =Y, Z,V, A. From equation
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(4.11), we have

dY; =

)
|
=
y‘ =
~
)
=
—~
&
S—
S
® =
<

>
i
s
l—‘
<
>
N\
® 3
=
S
>
SE
—
—
)
S~—
<t
®3
:)—‘
<
>
—
)
S~—
N
~—~
(ol
@
SN~—
<
@ >
~_

1
1 - - - -
— (@) KO V0t fip zo / UV (v (de), ul)
0 E

= 1 - 1 - ~
7/ (Vg(e) —_ ngn,l,u)‘ (e) + jv‘g’ﬂ,o,uk (6))V(d6)}d$ + dAs (433)
E 7-1 TO

+23ng\+/ Vi(e)N*(ds,de), s € [tr, T),
E

v >1,u’ >0,u?
Vi = ®(XL) — o(X%™).

Step 1. We prove the stated result holds with p = 2. For this, applying It6’s formula to |§A’S|2, we have

T T
R A A AT B

s s E
_ o1ut F0,uty (2 Ts i g s 2 " op 7 ap (4.34)
— (XL — (XS )P 2 [ V(I —1¥)dr—2 [ Y.dA,— | 2V.Z.dB) :

T
—/ /QYM(e)J\?A(dr,de),
s E

where

71 E
1 0,u™ .\ 5n,0,u rn,0,u™
(). X T\ zpo, [ v @utae). ).
0
~ 1 -~ 1 -
2= / (Vo) = V1 (€) + = 770" (e) w(de).
E Ti 70

Then, according to Lemma 4.14, we have

> > . . ~ A . -
I < It = tol + 102 r) = 0 ()] + 1%, + 1%+ [y/ 7 = /R3] 120 + [ R] - 12

Oz - [V llz (4.35)
<o(ar+ b= tol 121+ 12+ 1T Olv)
and
2 1 Vi orn,1u’
2i<c | (|- | 1Bl + 1t = tol - 171 () w(de), (4.36)
E 70
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Moreover,

T T
- [ Rad == [ e o pronta(pet o
T A ~ A ~ AN — ~ A T A ~ A ~ A ~ A
< / (h(g)(r), K1) — Tl =@ Ao’ 4 / (h(g) (), KOy — V0w )= Aot
T ~ N ~ Y ~ by ~ A
- / (R} (), X2) — h(gd(r), KO ))d(Ania’ — Ao’

< 90+ CAr|Ar — A4|.

Based on the above estimates, we return to (4.34) and obtain

T T
IY5\2+/ IZTIerJr/ / \V,.(e)|2N(dr, de)
s s E

T
~ ~ A ~ ~
<CUReP 4 Co [ A(Art = tol 1220 4+ 2]+ [Tz dr

T
1 ~ - —~ —~
+05/ / A,(|1 — V@)l — tol |VT”’17“A(e)|>u(de)dr + CAr|Ar — A,| + 297
s E 0

T T
- / 2Y, Z,dB;} — / / 2Y,.V,(e)N*(dr, de)
s s E

T T
= A ~ A ~ ~
< Caeth+Osttr—tof [ (120 P+ 17 Ol o )ar e [ (12 +17:0)

372)d7“

+CAT|ET—ES|+292—/ 2Y,Z,dB} — //T/f/ )N (dr, de).

Then, choosing € € (0,1), we have

T T
V.2 + / 2. 2dr + / 17|12 5

< G5O} +C’5|t1—t0|/ |z”1U|2+\|v”1U()\| )dr+0AT|ﬁT—2|+ng
—C/ Y, Z,dB} — C//YV YN (dr, de) — C//|V (e)>N*(dr, de).

Therefore, according to Lemma 4.6, for any € > 0,

T
T+ B2 [ (1B + IT012.)dr] < Csob? + CEZ (97 + 687

S

A%, P-as.

33

(4.37)

(4.38)
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Now we deal with EZ+ [|Ap — A,|2], from equation (4.33), (4.35) and (4.36),

Ef?{A

A,
T 2 o1,u’ 0,u™y |2 F2 s 2 0 2
<CITP + OB [j(t) - o] + B[ [ (2P + 1T OIR )]

+CER [(/T (1} —If)dr)Q}

< CA§+CEF3[/T (|Z|2+ ||17T(-)||,2,’2)dr}, P-a.s.

S

S

(4.39)

Combined with (4.38), choosing e small enough,

~

E” |

A\Sﬂ < C(;Ag, P-a.s.

Thus

)

T
T2+ [ (2P +IROIR,)ar] < Coad+ CEZ(97), Pas,

S

Step 2. Now we focus on the case p > 2. From (4.37), for p > 2,

P

~ T = 2 5
BT “ys|2 + (/s \ZT|2dT : / / |V (e)]*N*(dr, de)) 2}
<E7 (1T +/T |Z~\2dr+/ / 7, e) 2N . de)) ]
s s E

<oty + Csftr — ol B[ T2 T O )ar) B + 0B [ - A

| |

p
4

+0Ef?[|@g|é’]+czafﬁ[(/f |?r|2|2r\2dr>%} +0Ef?[(/sT/E|ﬁ|2|x7r(e)QNA(dnde))
ot [( [ 2P ITOR) )]

< Coy + CE [A|Ar - A)F] + OcbE? [([ (1Z:2+ 17 ()I22)d )g]
+CE72[|27|%] + CEF* [ p(/ST|Z,|2dr> +C]Ef / /\v 2N (dr, de))g]

< CsAP 4+ CER [A§|ET - Xﬁ] +CER (| 275 + ceﬂEfs / |Zr|2dr> }

+Ce§IEf?[</ST/E|X7T(e)|2N>‘(dr,de))g},

where we have used Lemma 3.1 in [23], Lemma 4.6, Lemma 4.14 and (4.26).
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Thus, by choosing € small enough, we get

B [|?8|2+(/S 7, |2dr)% /ST/EnZ(e)FN*(dr,de))g}

< C5AP + CER? [A:?MT - Eﬁ] + CE”+ [|27|5]
).

< C5AP + CER? [\ET - Esv’] +CER
Further, similar to the proof of (4.39), we get

b

T 2 P
]Ef?[(/ |Zr|2d5 ’ //lV 2N (ds, de)2+|AT_A|}<CSA€+CE;3[

P
2]
s .

Finally, combined with Lemma 3.1 in [23], the desired result is proved.

Recalling the notation X*" = AXD (1-— )\)X.O’“A, we also put

35

(e, Zm Yret()) = AV (1= N Ym0 AZm b (1= 0) 2000 AT () 4 (1= \T0()).

Lemma 4.16. Suppose (H;)—-(Hs) and (C) hold, for all n > 1, we have

nuk

)Ni;l’"A <YV, , sé€l[tr,T], P-as.,
where

n,u>‘

. ™
dy! e

+CB, + CoA(L = N (12, + 1) 22 + Ito — 1212207 2) | as
dB>‘ / Vn’u (e) N’\ ds,de), s € [ta, T,

—nu

Vr <I>(X%’“ )+ Ar,

= [fs x> Y B / V™ (e)u(de), u) —n(h(s, X)) = F0™ 4+ &,)™
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with Ay = CA, + CsA(1 — NAZ A, == sup | X% — X M| Vs € [y, T).

TE€[tx,s]

Proof. Using the semi-concavity and Lipschitz continuity of f,

M (gd(s), X i | Jip zmte, / Ue)VI (e)v(de), u?)
E
¥ Ay A .\ on,0,u orn,0,u’
(L= M) F (0 (s), X0 Y0 | Jrp Zm0’, / Ue) V0 (e)v(de), u?)
E
< fs, X2, 900 MR ZIN 4 (1= M) 20 / ()Y (e)v(de), u)
E
% % N Anlaut S An.oat |2 ~ 2
+CAL= V(1= + IR + TP + [y 720 - 200w [ 4] [ obievtao))
E
Aut vmud Fnut Cym,ut A A\ on,lul _ ~>\~n,0,u>‘_ Sn,ut
gf(s,Xs Sy zmw o i(e)Vr (e)y(de),us)—l—C)\ A + (1 =M/ 75Z; Z!
E
v % .\ An,lut s\ on u>‘2 % 2
+CAL= V(1= + IR + TP + |7 20 - 20w 4] [ wobievao))
E
OIS — X2
< fls, X000 P’ Znat / eV (e)v(de), ud) + CA,

E
~ ~ ~ A
+CAL = N (IZ,2 + T OlE + [0 — 1221220 ),

where ()/f, f/., 2, 17()) are the ones introduced in the proof of Lemma 4.15.
From the Lipschitz continuity of f, we obtain

]. lod A5 A ~ A ~ A
(L DAf( o) (s), X1 Y gmat, / )V (e)(de), u)
A ( 1 1 P )

1

1 ~0 A -~ A T\ An.0.u = 0.
e R IR IO R VY AL RICL AR O CONT)

70

<CA(1= Vit — 1] (| (5)= )] + 1Rl + Fal + YR 221 = [ 200 4 | [ Tufot(ewae)))
E

~ ~ ~ A
<A1 =N (A2 HIZP + VOl 2 + Ito — 6212007 2),
Moreover,

= [ (= T @) + (1= M = )P0 €))o(de) < Cadl1 = ) (A2 + [T E)

T1 70
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Thus, by adding the terms in the left sides of the above inequalities, we get

A ol,u vrn,lut A on,lut orn,1u’
S (b, 20 g izt [ vt o 1)

1— - - . .
+T)\f(g())\(s)an,u>\ast7o’U)\7 7.—(i\Z‘;th’uA?/ l(e)‘/sn,oy’MX (e)y(de)vu?)

0 E

1 1 1 rn,0,u’

= [ (M= T @+ (1 N = VO ) r(de)

E 1 To
- - - __ 4.40
< fls, X000 gtz / 1)V (e)v(de), ud) + CA, (4.40)

E

FON1 = ) (Az FIZ2 + VL))

22+ lto — 11220 2)

< fe, X0 T B2 [ P (ewide),ud) + OB,
E

~ ~ S5n, u)\
FCAL = N (122 + IV ()2 + Ito — 1 21220 ).

Similarly, based on the semi-concavity and Lipschitz continuity of h and ®, we obtain

A o1,ut Orn,lut — 1-A 0,u™ Orn,0,u\ —
— (el (s), X0 ) = YH) T = —mn(h(ep(s), X) = Ym0
Ti To

~ A ~ A 1 ~0 A ~ A\ T
(10d ) K1) 70 4 LA (g0, K00 )
" ~ A to—t1 " to — t1 A Sl A 50w (4.41)
=== I A NF Ve A= A (e ), K2 — e (), X))

FM(ed(5). K1) + (1 - Nh(ad(s). X))
< —n(h(s, X2) =V +4,),

and

DKL) 4 (1= MR < BEL) + CoA1 = NIEL™ — 9P < o(X0) + OB (4.42)

Finally, based on the above inequalities (4.40)-(4.42), we can apply the comparison theorem to get the desired
result. 1

The last auxiliary process is introduced as follows.

—n,u?

g = YV, —As s€ [ty T)], P-as.

S

Then,

7 n,u At e —Zn.u’ Snoud A Aul 7 n,uN —
d@s o= —|:f<87—>(57 7@5 ' aZs 7/El(e)vs (e)y(de)7u5)_n(h‘(s"}(S7 )_% 7 )

N . =2 (112 4121 5n,0,u™ 2 aOA
+OB + CoA1 = N (1Z2 + V()22 + [to — ta21 20" 2) | ds — &, s

—nuA —nuA -
+Z dB§+/vs’ (e)N*(ds,de), s € [ta, T,
E

_ A A
Yy =e(Xp" ).
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Note that the penalization term of the above BSDE (4.43) is the same as BSDE (4.7), and they are driven by
the same Brownian motion and Poisson random measure in [ty,T]. Similar to the proof of Lemmas 4.12 and
4.13, we give an estimate between them as follows.

Lemma 4.17. Assume the conditions (H;)-(H4) and (C) hold. Then, there exists some constant Cs > 0 such
that, for allm > 1 and s € [ty, T, P-a.s.,

— T A A
E]—'s)‘ { SFPT] |€Z/rn,uA B an,)\,uA |2 + / (|§':7" _ Z;L,)\,uA |2 + ”V:’u () — Vrn,A,u’\(.)||12/72)d7n}
rels, s

< CAL+E7 |

7:7],

where 9" is defined in (4.32).

n,U —n,u

— . A A
Proof. For all s € [ty, T), denote (%", Z1,¥) == (Frv" — YA Z0" — zeAw YU yrAw) Then,

S

S S S

A = [ (s, X0 T 20 / (VI (e)w(de), ud) —n(h(s, X2 )~ Z") ™ + CR, + D
E

A,u)‘ n,k,u)‘ n,k,u)‘
_f(87X5 7Y5 9 Zs )

UV (e)ude), ud) + n(h(s, X2) =y ) [ as
E

—dA, + Z"dB +/ Yi(e)N*(ds,de), s € [tx, T,
E

where D" := CsA\(1 — )\) (|25\2 + Ve

For some constant o > 0, we apply Itd’s formula to e**|#"

fad A
2o+ lto =11 |20 ), s € [ta, T
2

T T T
|2 4 / a2 2dr + / 0| 27 2dr + / / e[ #(e) PN (dr, de)
K] s s E
T —~ __
s / G 12 (i, X2) = VAT (h(r, X =87 ) T 4 OR, + Dy ar

T T T
—|—2/ e HMdA, — 2/ Y FAB) — 2/ / e YY" (e) N (dr, de),
s s s E
with

< st —-=n uA —n uA
= frn X0 g 20 / UV, (e)vde)ud) — fr, X}, v g / eV (e)v(de) ).
E E
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Then, based on the continuity of f,

T
eozs‘gsn|2_|_E]:s>‘|:/ (aear|%n|2+ear|£orn|2+/ ear|7/Tn(6)|2V(d6)>d’l“:|
s E

< CE7 | / Teww(wwzm\ / ()7, (e)w(de)|)ar] + 2877 | / e + D) dr]
X r r r 5 r T T r

S S

+OEF? [ / ' e“%”d&}

T T
< CE”? [ / ea’"|@;l|2dr} + CER [|Ar|?] + CET [|2[?] + 2E7 [ / e‘”%"dﬁr}

+;Ef3[/T (ew\fﬁF+/Eew|~//r"(e)|2y(de))dr],

S

where we haved used Lemmas 4.6 and 4.15.
Taking « large enough, we get

Arf?] + CE |27 ?).

S

T T
20+ BR [ [ (1208 + 1720 ] < o8 [ [ apaB,] + om”
A T —
Following the techniques used in (4.28) and (4.29), we can tackle with E”= [ / ?!fT”dAT] similarty to get

B[ swp |9"2] < O] + CE™? [|22)),

s€t,T]
and
F2 g 2 2 A2 F2 2
B[ [ (1200 + 197 012 ,)ar] < OB+ B |22,
]
Based on the above preparations, we give the proof of (4.12).
For any (to,x0), (t1,21) € [0,T — 0] x R, and X € [0, 1], according to the Lemma 4.16, we have
Y n,l,uA 7 n,O,uA n,)\,uA ~n,uA 'n,)\,uA —n.u’ n,>\,u)‘
)\Y;A +(1_A)Y;)\ _}/t)\ :yt)\ _}/t; <ytA _}/tA .
N UA)\
Furthermore, from the definition of ).~ and Lemma 4.17,
=n.ut n,\u nut N nAu’ N n 3
ytxu - }/;A))\’ < @t,\’ + A, — Yt/\’)\, S CAy, + (E [|@t>\|2}> 2
that is,
1
~ A ~ A A 2
AV M 4 (1= Y0 = YA <O = A) ([t — tol® + |21 — @of?) + (E[@gﬂ) . (4.44)

Then the desired (4.12) is proved.
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According to (4.13) and (4.14), Proposition 4.5 is proved. For Theorem 4.4, we only need to take the limit
n — oo in Proposition 4.5.

4.2. The Lipschitz continuity of W (-,-) in (¢, x)

In this part, we study the Lipschitz continuity of W(-,) with respect to (¢,z). For this, the transformation
introduced in the previous part will be used again.

Taking A = 0, i = 1 in Subsection 4.1, we get a transformation 7{(s) from (4.1), which is the only one used
T —tg
T—t
The rest settings are similar to Subsection 4.1 (keeping in mind that A = 0). Then, the meanings of
B!, N!, N!, g,, F', .Z) Uy, v, Uy, 7 are recognized.

In this framework, some results can degenerate into the following ones. The first one is from Lemma 4.1. We
also refer to [17, 22].

d
in the following. So we denote 7(-) := 7{*(-). Obviously, 7 maps [t1,T] to [to,T], and 7 = gT(S) =

Lemma 4.18. There exists the constant Cs > 0 only depending on §, such that
1 1
lo(s) — s| + |; -1+ |\ﬁ — 1| < Cslto —ta|, s € [to, T

According to Lemma 4.9, we have

Lemma 4.19. Suppose (Hy)—(Hj3) and (Hy)-(i),(ii) hold, for all p > 1 and s € [to, T|, we have, P-a.s.,

E7* stlpT]|XTO7“0 - Xi’”0|p] < CT7p75<|to —tP+ \XQ»““ - )Z'S:L’“OV’)7 P-a.s.
TE|S,

From Lemma 4.14, we have
Lemma 4.20. Under the conditions (H;)—-(Hs), (Hy)-(i), (ii) and (C),
[yl —ym0u®| < CsA,, Vs € [to, T), P-a.s.
Proposition 4.21. Assume that (Hy)—(Hs) and (H4)-(1), (ii) hold. Then, for all § > 0, there exists a constant
Crp,s > 0 only depending on 6§, the bounds and Lipschitz constants of o, b and -y, such that for any to,t; €
[O,T — (5}, zo,r1 € R",
|Wn(t0,.7€0) — Wn(t1,$1)| < C§(|t0 — t1| + |.Z‘0 — 331‘)

Proof. For all n > 1 and (to, o), (t1,21) € [0,T — §] x R™, we recall

0]
W"(to,m0) = essinf J,(to, zo;u’(")) = essinf YO
(0 0) uO(.)EMSO’T n( 0,40 ()) uo(‘)eutooj to )
~ 0
W"™(t1,21) = essinf Jn(tl,ml;ul(-)) —  essinf Y;n,l,u '
ul(-)GZ/Itll,T UO(A)GU?O,T

Then, for any e > 0, there exists some u"(-) € U}, 1 such that
Ly ylud
Wn(t1,$1)>Y;? “ —SZYZJL “ — &,

1
where ud® = u ° ) € Up .
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Therefore, using Lemma 4.20,
n n n,0,u’¢ on,1,u’c
W™ (to, wo) — W"(t1,21) < Yy - Yy +e < sy, +e=Cs([to — ta] + [zo — 21]) +&.
Due to the symmetry, for any € > 0,
|Wn(t0,l‘o) — Wn(t1,$1)| < C5(|t0 — t1| + ‘JJO — 1‘1‘) + €.

By the arbitrariness of €, the desired result holds. 1
Letting n — oo in Proposition 4.21 and using Lemma 3.10, we get the following result.
Theorem 4.22. Assume (H;)-(Hj3), (H4)-(i), (ii) and (C) hold. Then, for all § > 0, there exists a constant
Cs > 0, such that for any to,t1 € [0,T — 8], xo,z1 € R™,
|W(t071'0) - W(tl,xl)\ g C§(|t0 - t1| + |£L’0 - 1’1|)

That is to say, the value function W (-,-) is Lipschitz continuous on [0,T — 0] x R™, for all § > 0.

5. STOCHASTIC VERIFICATION THEOREMS
In this section, we focus on the research of stochastic verification theorems of Problem (C); 5. The study will

be carried out in two cases: classical solutions and viscosity solutions.

5.1. The classical solution case

We begin with the case when PIDE (3.6) admits the classical solution. In our framework, we try to construct
an optimal feedback control of Problem (C);, from the classical solution of PIDE (3.6). To begin with, we
introduce the following definition of admissible feedback control laws.

Definition 5.1. Let t € [0,T]. A measurable mapping u : [t,T] x R™ — U is said to be an admissible feedback
control law, if for all © € R™, the following equation
dX oW =b(s, X0", u(s, X0"M))ds+o (s, X, u(s, X07M))dB,
+ [ (6 X0 (s, X077, €) 9 (s de), (5.1)
E

t,z;u
X7 =2

; (tx) €0, T] xR,
admit a unique strong solution X% € S2(t, T;R"), and u(-, X"“") € Uy.r . The set of all such admissible
feedback control laws on [t,T] is denoted by %, r.

For convenience, we introduce the mapping ¢ : [0, 7] x R™ x R x R™ x S — U such that
¢(r,x,y,p, P) € argminH(r, z,y,p, P,-) = {ﬂ €U | H(r,z,y,p, P,u) = minH(r, z,y, p, P, U)}-
ue

Now we present the first main result of this subsection.

Theorem 5.2. Assume (H;), (Hz) and (C). Let W(-,-) € C12([0,T] x R™) be the classical solution of PIDE
(3.6). Then
(i) for any (t,z) € [0,T] x R™ and u(-) € Uy 7, we have W(t,x) < J(t,z;u(-));
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(ii) for any (t,x) € [0, T] x R™, defining @ : [t,T] x R" = U as
ﬁ(&y) Zw(sa% (W, Wwvwmw)(say))a (S’y) € [th} x R™, (5.2)

if G(-,-) € %,r, then u(-,X.) is an optimal control of Problem (C);,, where X. = X" satisfies (5.1) with
a(-,-). Moreover, W(-,-) is in fact the value function W (,-), i.e.,

W(t,z) = J(t,z;u(-,X.)) = W(t,z), (t,x)€[0,T]xR"

Proof. (i) For any (t,x) € [0,T] x R", u(-) € Us r, denote X. = X"™*_ Applying 1t6’s formula to W(-, X.), we
have, for any s € [t,T], P-a.s.,

W(s, X.) = ®(Xr) —/ [68‘2/ (r, X) + F(r, Xy, (W, W, Wea) (X, ), )|y

T
+/ {f(T,XT,W(’I",XT),WI(T‘,XT).O'(T,XT,UT),CUW(T,XT),UT)}dT

T T }
—/ Ww(r,XT).o(r,Xr,ur)dBr—/ /E(W(T,XT_—I—’y(T,XT,uT,e))—W(T,XT_))N(dr,de).

(5.3)
On the other hand, for any (t,z) € [0,7] x R", n € N, we consider the following penalized BSDE with
jumps,

T

T
"Y, = ®(Xr) —|—/ f(r, XT,"YT,"ZT,/Z )"Vie(e)v (de),ur)dr—n/ (h(r,X,) = "Y,) dr

_/s b // N(dr,de), s € [t,T]. S (54)

By the fact that W(-,-) being the classical solution of (3.6), we get the following two cases,
Case (a). at any point (¢,z) € [0,T] x R™ such that (W — h)(t,z) =0,

oW
- — 1 <0:
T (t,x) JrelfUH(t,x, (W, Wy, W) (t, @), u) < O0;

Case (b). at any point (¢,z) € [0,T] x R™ such that (W — h)(¢,z) <0,

ow .
—W(t x)— JlelfUH(t,a:, (W,Wme)(t,m),u) =0.

No matter (a) or (b), for any r € [¢,T] and u(-) € Uy, n € N, we have

f(?", X, W(’I“, Xr) s W (T, Xr) o(r, X, ur)a CuW(ﬁ Xr)a Ur)

_%L‘;V(Ta XT) - H(?", X, (Wa W, er)(ra Xr)a ur)
< f(r, XT,W(T’, Xr),Wx(r, XT).O'(’I", X, uy), C*W(r, XT),uT) (5.5)
_owW
or

< f(r, XT,W(T’, XT),WE (r, XT).O'(T', Xy uy), C*W(r, Xr),ur) — n(h(r, X, ) — W(r, XT))f

(’I", XT) - ig{]H(ra XT) (W7 WIaWII)(r7 XT)7 ’LL)
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Therefore, by using the comparison theorem to them, for all n € N; we get
W(S,XS) <Y, se€tT], P-as. (5.6)
Notice that Lemma 2.1, letting n — oo in (5.6), we get
W(s, Xs) < YIS s€[t,T], P-as.

Here Y"™" is the first component of the solution of RBSDE with jumps (3.2).
Especially, when s = t,

W(t, ) <Y, = J(t,2;u(), for any u(-) € Uy 7. (5.7)

(ii) Let X € SZ(t,T;R™) be the solutions of SDE with jumps (5.1) with u(-,-) replaced by u(-,-) € %.r
introduced in (5.2). And the following RBSDE with jumps

(i) (Y,Z,V,4) € Z[t,T);
T T
(ii) Ys = ®(X7) —|—/ f(r X, Yy, Zy, /E le)V,(e)v(de),u(r, X,))dr — (Ar — A,) — / Z,dB,

—/T/ V,(e)N(dr,de), se[t,TJ; (5.8)
s E
(iii) Y < h(s,X;), ae. s € [t,T;

(iv) /t (h(s,X,) — Y,)dA, = 0,

admits the unique F-adapted solution (Y,Z,V, A). Note that a(-,-) € % r implies 6(-,X.) € Uy 7.
Based on Lemma 3.9, (5.8) also has the penalized equation as follows.

T T
"Y, = @(XT) Jr/ f(r, X, "Y,, nZT,/ l(e) nVT(e)V(de), 11_1(7’, XT))dT - / n(h(r, XT) _ nYT)idT
. s . ~E s
— | rz.4B, - " (e)N(dr, de), T], neN.
/s //E ()N (dr,de), se[tT], ne

In Case (a), for (¢t,x) € [0,T] x R™ such that W(¢,z) = h(f,z), combined with the obstacle condition in
RBSDE with jumps (5.8), we get

W(t,z) =h(t,z) 2 Y, = J(t,z;u(-,X.)), (t,z)€[0,T] x R™.

In Case (b), applying It6’s formula to W(s, X,) on [t, T], we have

T
W(s,X.) :@(XT)—/ (%L‘Y(r,&)+H(T,XT,(W,Wm,wm)(r,xr),m(r,xr)))dr
+ f(r,XT,W(T,Xr)7Wz(r,Xr).a(r,Xr,uﬁ(nX,«)),C'ﬁW(r,XrLﬂ(r,XT))dr

T T B
W (T, XT).O'(T, X, a(r, XT))dBT — / /E (W(r, Xoo +y(r, X, up,y e)) — Wi(r, XT_))N(d’I", de).

|
—
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Under (5.2) and Case (b), we follow a procedure analogous to part (i). Then, employing the comparison theorem
for BSDE with jumps, we get, for all n € N, W(t, as) > "Y,. Similarly to (i), letting n — oo and s = ¢, we have
W(t,z) > Y.

Finally, combined with (5.7), for any (¢,z) € [0,T] x R™, we get

W(t,z) = J(t, z;a(-,X.)) = ugﬁgi{/{ni J(t, zyu(-)) = W(t,z).

That is, the classical solution W(-,-) of PIDE (3.6) is indeed the value function W (-,-) of Problem (C); 5, and
@i(-,X.) is the optimal control of Problem (C); ;. 1

Remark 5.3. We make some explanations on the collection %; r of the admissible feedback control laws. Let
us first give a relatively direct condition

(H;) (i) For every (r,x,y,z,v) € [0,T] xR* x R xR xR, b(r, z,-), o(r, x,-) are Lipschitz continuous in u € U.
And, for any ui,ug € U, |y(r,z,u1,e) —y(r,z,uz, e)| < €(e)|ur — ual.
(ii) u(,-) € L, where L is the class of measurable mappings u : [0,T] x R®™ — U satisfying the two
properties: (a) for every fixed x € R", u(-,x) is continuous in r € [0,T]; (b) for every r € [0,T], u(r,-) is
Lipschitz continuous in x € R™.

If (Hy), (Hz) and (H7) hold, it is easy to check that u(-,-) € %, 1. These are essentially the Lipschitz conditions
on the coefficients, which may be hard for us to seek such u(-,-) € L. However, as the development of the theory
of SDEs with discontinuous coefficients (such as the singular or the irregular coefficients), there are many
researches devoted to seeking a strong solution of SDE with jumps under weak assumptions, such as [31-33],
etc. Therefore, with the help of these studies, some appropriately mild conditions may be posed to ensure %t
to be non-empty. We just keep in mind that the constructed u(-,-) must lie in % r when dealing with the
specific (or computable) control problems.

5.2. The viscosity solution case

We now look at the case when the solution of PIDE is not necessarily smooth, i.e., viscosity solution. In
order to give a clear statement of the main result, we rewrite (3.6) as follows.

max {W(t, x) — h(t, ), faa—vtv(t7 x)—grelg’}-l(t, x, W, Wy, Wyo)(t,2), B*W (¢, z), C*W (¢, x), u)} =0,

(t,x) € [0,7T] x R™,
W(T,z) = ®(z), xecR"™

Here, for all (t,z,u) € [0,T] x R x U and ¥ € C12([0,T] x R™;R),

H(t, x,U(t,x), U(t,z), Vpp(t, x), BYU(t, 2), C* U (¢, x), u) = H(t, x, (U, U, U, ) (¢ x), u)
= LY(t,z) + BU(t,z) + f(t, 2, U(t,x), Uult, z).0(t, z,u),C*U(t, ), u).

First, it is necessary to introduce the definition of second-order right parabolic superdifferentials (refer
to [34]).
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Definition 5.4. Let (t,z) € [0,T] x R™ and w € C([0,T] x R™;R), the second-order parabolic superdifferential
of w at (t,x) is defined as

— 1
D1,2,+ t, = { , 7P ER X R" xS§" Ii -
tha 0t @) = (P, P) ity |5 — 1]+ |y — 22

~als = 1)~ (py — ) —3y— ) Ply— )] <0},

[w(87 y) - ’LU(t, .’E)

The following is about the characterization of Diﬁ’;w(t, x).

Lemma 5.5. Let w € C([0,T] x R"™) and (to, o) € [0,T) x R™ be given. Then, (q,p, P) € Dtlﬁ’:w(to,xo) if
and only if there exists a function ¢ € C%2(]0,T] x R™) such that, for any (t,x) € [to, T] x R™, (t,x) # (to, 7o),
o(t,z) > w(t,z), and

(sﬁ(tm%% @i (to, x0), Yz (to, Zo), %x(to,xo)) = (w(t()va)v q;D, P)~

Moreover, if for some k > 1, (t,z) € [0,T] x R",
lw(t,z)| < C(1 +|z[*), (5.9)

then we can choose ¢ such that ¢, pi, @, Pz also satisty (5.9) with different constants C.

Next, similar to [35], we gather the functions ¢ in Lemma 5.5 as follows.

J(q,p, P;w)(t,x) = {cp € CH2([0,T] x R™) | w — ¢ attains a strict maximum over [0,T] x R™ at (¢, z)

and (p(t,2), 01(t2), @a (b, 0), rat, 7)) = (w(t,2), 0, P) }.
The following result can be found in [14, 36].

g(0), t <0

Lemma 5.6. Given g € C([0,T]). Let’s extend g to (—oo,+00) by setting g(t) = { ¢(t), t € [0,T]. Suppose
g(T), t>T

that for all § € (0,T), there is a function p(-) € L*(0,T — §;R) and some hy > 0, such that

M < p(t)v a.e, te [OvT - 5)7 h < h21

then,

B —
M@—Mwé/ i Yt —9(t)

o h—0t

dt, 0<a<B<T-4.

Now, we give the stochastic verification theorem within the framework of viscosity solutions.

Theorem 5.7. Assume that the conditions (Hi)-(Hs) and (C) hold. Let W(-,-) € C1([0,T] x R™) be the
viscosity solution of the PIDE (3.6). For any § > 0, assume that W(-,-) is semi-concave in x € R™ and Lipschitz
continuous in t € [0,T — 0], uniformly in x. For an initial pair (t,z) € [0,T] x R", let (a(-), X"*™) be an
admissible pair and (Y™ zb®® yvb©% AD®™) solve RBSDE with jumps (3.2) under the control process
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a(-) € Uy r. Suppose there exists a triple (cj,ﬁ, P) € ME(t, T;R) x ME(t, T;R™) x MZ(t,T;S") such that the
following conditions hold,

i) (Q(s),p( ), P(s )) € Dtl_f;W(s,Xﬁmﬂ), a.e. s € [t,T], P-a.s.;

ii) p(s).o(s, XL"" ag) = ZL°%, ae. s € [t,T)], P-as;

iii) W (s, X0 (s, XEPE, Us,€)) — W(s, X0"™) = VE®U(e), e € E, ae., s € [t,T], P-as.;
iv) For some ¢(-,-) € 3(q,p, Py W) (s, X;™"),

T
B [ (a4 75, X077 Y7 p(s), PLs), Bp(s, X47). €5, X000), ) ) ds| <0
t

_ = =

Then, u(-) is an optimal control of Problem (C), .

Proof. Firstly, from the uniqueness of the viscosity solution of (3.6) (Thm. 3.12), we know, for any (¢,z) €
[0,T] x R™ and u(-) € Uy

W(t,x) < J(t, x;u(:)). (5.10)

For any fixed to € [t,T] satisfied (i) and given wg = (w(,p) € €2, we construct a new probability space
(Q,F,P(- | 7£)(wo)) equipped with a new filtration {F°}, <s<7. Here, for any ¢,¢’ € [t,T] satisfied ¢ < ¢/,
define F, as ]-_5 * ® F¢, augmented by all the P-null sets in F, where

FIS=o{B e <r <IN, FLC = ( ﬂ a{N((r,7] x A),s <T7<r<s,A€ B(E)}) V Np,.

S
s>’

We define, for any A € F and w € Q, P(A | F{ )(w) := E[14 | F{ ](w). Since the underlying probability space is
standard Borel, this yields a regular conditional probability. That is, for each w, P(- | F{,)(w) is a probability
measure, and for each A € F, P(A | F{ )(-) is a version of the conditional expectation.

In this new probability space, for the fixed wp, the regular conditional probability P(- | Ff,)(wo) serves as the
probability measure on the new space. The corresponding expectation E; ;, is related to the expectation E of
the initial probability space as follows,

Ei 0[] = E[- | Ff, (wo)] (wo)-

Furthermore, it is easy to check that {Bs}s>y, is still a standard Brownian motion with B, = By, (w)) almost
surely, and 1 is a Poisson random measure restricted to [to, T'] with N((t,t], A) = N(pp, (t,to] x A), A € B(E).
And, the control process 4(-) is adapted to the new filtration. For wp, the process X" is a solution of (3.1)
on [to,T] in (Q, F,P(- | F},)(wo)) with the initial condition X;*" = X;""(wo).

From now on, we keep in mind that (fo,wo) is fixed. From (q(to), p(to), P(to)) € DtlfjW(to,Xf(;z’a) and
Lemma 5.5, we know there exists a function @(tg,wo,,-) € J(q,p, P; W) (to,Xtt(’)z”_‘). Furthermore, the linear
growth of W(-,-) in Proposition 3.3 implies us @, @, @r, Pz are also linear growth in x, i.e.,

|(ﬁ(t0,a)07t,l’)| + |@t(t07w07t7x)‘ + ‘@x(to,wo,t,fﬁ)‘ + ‘@xw(thWOat7x)| < O(1+ |SCD7 (t,fﬁ) € [O’T] x R™. (511)
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Obviously, @ is deterministic on the space (Q F,P(- | f-fo)(wo)). Then, for any h > 0, applying [t6’s formula
to ¢ (- L X b “) on [to, tg + h], we obtain

(t0+h X::vu) (p(to,thu)

to+h ~ ~ B ~ B to+h ~ -
= / (0 (r, XE2") + L5 (r, X157 4+ B (0, X177 ) dr + / o (r, X000).0 (r, X020, 0, ) A By
to

to

to+h ~ B B _
w0 (X e X0 ) =l X0 ) Nl de).
to E

Taking the expectation E; 4[], we get

o (W (to -+ XL) = W (10, X07)] < Bu [0+ XI5) = (10, X050

to+h . ) ) . i (5.12)
= Et,to [/ (@t (’I", Xﬁ’z’u) + LUQ(T’ Xf,’z’u) + Bu@(T, X:’m’u))d’l“:| )

1 _ _
Next, we will estimate hlim+ EEt,to [W(to + h, XtOJrh) — W(to,Xto)] Before that, we make the following
—0

preparations. For all h € (0,T — tg), according to (5.11) and Lemma 3.1,

to+h
/ ‘]Et wlL%p(r, XtI“)] dr

to+h - - 1 - -
<Bue [ [ Rnn X0 X 1) 4 g 00T (X0, ) X

to

to+h
< CEyy, {/t (

0

ar|

3)dr] < 400,

and

to+h B
/ ’Et 0B Y (r, Xf“L)] ’dr

to+h
< Eypy, / ‘// 1 0) <pm( XETU 4 fry(r, X BT ur,e))fy(r, XEo g, e), y(r, Xﬁ’z’ﬂ,ﬂr,e»dﬂu(de) dr}
to+h - B
< c/ Et to [/ Ce)(U(e) + 1)(1 + | X" + |Xf,’””’“|3)y(de)} ’dr < +o0.
to E
Then, from the Lebesgue differentiation theorem, we get
t,x,u t,x,u
T hIEt o [W (b0 + Ry XESR) = W (t, X157
t0+h
t,z,u U~ t,x,u U= t,x,u
< fm o 1. /t (0(r XE5%) + L(r, XE5%) + B, X150 ) ] (5.13)

_@t(t(% oo )+[’u th tTU)+BU (thXtTu)

.U 1 T, U~ D x,u
= q(to) +13(t0).b thXté gy ) + §tr (00" (to,Xfc’) Uy, ) Pto)) + B* (to,Xtt0 ).
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Next, we claim that, for all 6 € (0,7T") and the previous tg lying in [¢t,T — ), for any h > 0 with to+h < T — 4,

1 - _
(8) 7By [ W (to +h X0T0) = W (t0, X557)| < CO+IXETTR), Pass _—

(b) }ILIE[W(t0+h X0 = W (to, X0 | < €01+ [al?).

In fact, from Theorems 4.22 and 4.4 as well as (g(to), p(to), P(to)) € Dtlf”;rW(to,X;’]m;ﬂ), we know, for all
6 €(0,T), for any h € (0,T — tog — 4],

W (to + h, X{250) — W (to, Xp)®%) < T+ I1+ 111,
with

I:i=C(1+ X7 )h,

to+h
= t, t,x,u
1= (plto), X{737 — X5,
Il := C| X% — X0

Using (5.11), we have |g(to)| + [p(to)] + | P(to)] < C(1+ |XZUT71|) Furthermore, combine with Lemma 3.1, we
get

1

2|)" < ona+1xg),

ey [1] < Ch+ Ch(IEM0 { sup
Te[to,toJrh]

1k

to+h B
/ b(r, X5 4, ) dr

to

Et ¢, [H] Et ¢, [< p(to), /t0+hb(7"7 Xﬁ’m’ﬁ,ﬂr)dr>] < <Et,to [|ﬁ(t0)|2])%(]Et,to [

to

< CR(1+ X",
and
Et b [III] = CRe g, [IX57 — X125
to+h - to+h 2
< C]Etvto[(/ b(r,X:W,ar)dr) | + CBuu | / rXE50,)dB, )|
to
to+h B
+0Et,t0[(/ /7(r7X;7w,u,@m N(dr, de) | <ena+iximp).
to E
Therefore,

1 U —
5 o+ 5250) - 0 )

1 , T, U \ T, U
7 toth <7Et,to[l+n+m} C(L+ X557 4 | X520 ).

h

All the above constants C can be different and do not depend on ty. Furthermore, by taking the expectation
on the both sides of the above inequality, we get (5.14)-(b).
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Taking expectation on the both sides of (5.13), and applying Fatou’s Lemma (needing (5.14)-(a)), we have

Too. 1 T, U \T,U
T B [W (to + b X[ — W (to, X[,

+h
T 1 x,u T,
= T SE By [W(to+ b X070) = W (to, X577

- 1 z,U ,T,U
hlirgl_'_ EEt’to [W(to +h, Xf(;-t,-h) - W(tm Xfo )H

_ _ .U — 1 T, U — D, U — T, U
= E[q(to) —|—p(t0).b(to,Xf(’) ’ ,uto) + itr (O'O'T(to,X;’) ’ ,uto)P(to)) + B <p(t0,Xtt(; 1.

<E|

Due to the set of such points tg being of full measure in [t, T — §], by applying Lemma 5.6 (needing (5.14)-(b)),
for any u(-) € Uy, we have

E[W(T -6, X3%5) — W(t,z)]

T-6
_ / E[a(s) + p(s).b(s, X5, ) + %tr (007 (s, X2, ) P(s)) + B (s, XL%) | ds.
t

According to Lebesgue dominated convergence theorem and the continuity properties of W(:,-) and Xhe
letting § — 0 in the above, we get

B[W (LX) — W(t,2)] = E[6(X}"7) — W(t,)]

q(s) +p(s)-b(s, Xo™" ) + %tr (00 (s, X", ) P(5)) + B (s, X1o)|ds

N
r\
}ﬂ
&

[ [ (s X2 YR p(s) o (s, X050, ), €W (s, X10), ) ds|
T u w u U —
< —E[/ f(S,X;:c,u,Yst,ac,u,Z?x’”,/ e)VE"(e)r(de), i) ds — Atjlw,ui|’
! E

where we have used the conditions (ii), (iii), (iv) and A*™ € A2(t, T;R).
Thus, for any (t,z) € [0,7] x R™,

T
Wit,o) > Bo(Xy)+ [ f(s, Xem0,vion, 20, [ eviniepde) a)ds - 47| = (e, zsa().
E

t

Combined with (5.10), we get W(t,z) = J(t,z;u(-)), which means @(-) is an optimal control of
Problem (C)¢ 5. 1

Now, we shall construct the feedback optimal control of Problem (C); , from the viscosity solution of PIDE
(3.6).

Lemma 5.8. Assume (H1) and (H2) hold. Then the value function W (-,-) defined by (3.4) is the only
function in ©, which satisfies the following: for any (t,x) € [0,T] x R™, (¢,p,P) € D;f:W(t,m) and ¢ €
3(a,p, P;W)(t, )

max {VV(t7 x) —h(t,x),—q — irelfU’H(t, x, W(t,z),p, P,Bp(t,x),C"¢(t, x), u)} <0. (5.15)
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Proof. From Lemma 3.12, we know the value function W (-, -) € © is the unique viscosity solution of (3.6). Then,
based on Lemma 5.5, we can obtain some test function ¢ € J(q,p, P; W)(t, z). From the Definition 3.7-(i), we
have

max {W(t,x) — h(t, ), f%—f(t,x) - grelfUH(t,x, W(t,x), p.(t,x), cpm(t,x),Bucp(t,:r),C“(p(t,:zz),u)} <0.

And thus, (5.15) holds. Further, the uniqueness comes from the uniqueness of the viscosity solution of (3.6) in
o. 1

Theorem 5.9. Assume that the conditions (H;)—(Hsz) and (C) hold. Let W(-,-) € C1([0,T] x R™) be the
viscosity solution of the PIDE (3.6). For any 6 > 0, assume that W(-,-) is semi-concave in © € R™ and Lipschitz
continuous in t € [0,T — ¢], uniformly in x. Then, for each (¢t,z) € [0,T] x R",

- inf [q + ’H(t, x, W(t,z),p, P, B p(t,x),C%(t,x), u)} > Wi(t,z) — h(t, ).
(qp,P,Ap,u)EDt_’*__”:W(t,z)Xﬁ(q,p,P;W)(t,:c)XU

Furthermore, if u(-,-) € %, and for all (t,z) € [0,T] x R", q, p, P are measurable functions satisfying
(a(t,z),p(t,x),P(t,z)) € Dtlf”;W(t,x), and

(i) ]p(s,Xg’x’“).U(&Xg’x’u,u(&Xﬁ’w’“)) =7 ae. s € [t,T), P-as.;
(ii) I/V(S,Xﬁ’m’Iu + (s, XM u(s, X0M), e)) —W(s, XL = VE=m(e), e € E;

T
(iii) E[/ (q(&Xﬁ"”’u)—i—H(s,Xﬁ’w’u,Yst"”’“,E(S,Xﬁ’w’“),Buw(s,Xﬁ"”’“),Cucp(s,Xﬁ’“"ﬁ),u(s,Xﬁ"”’“)))ds}
t

<0, with some ¢(-,-) € I(q, p,P; W)(S,Xz":”’“),
(5.16)
where Z(-, X"") = (p(-, X4®9 (1)), P(-, X5¥ (1)) and XD5, (Y50, Z650 yRT8 () ADTY) satisty (5.1) and
(5.8) with u(-, X""™) € U, 1, respectively. Then, u(-,-) is an optimal feedback control law of Problem (C); ,.

Proof. The first result can be directly obtained from the uniqueness of the viscosity solution of PIDE (3.6) and
Lemma 5.8.
Subsequently, for any (¢, z) € [0,T] x R", set

a(s) :==u(s, XH¥M),  q(s) == q(s, XL,  p(s) :=p(s, XL®W),  P(s) :=P(s, Xt¥), se[t,T],

then, they satisfy (i), (ii) and (iii) in Theorem 5.7. So @(-) is an optimal control, i.e., u(-, ) is an optimal feedback
control law. ]

Remark 5.10. In Theorems 5.7 and 5.9, we now consistently use the space C1([0,T] x R™), which is natural
for the verification framework. This choice is justified since the value function W (-, -) has been shown to possess
linear growth, and hence lies in C1([0,T] x R™) C ©. Uniqueness in © thus implies uniqueness in C1([0,T] x R™)
ensuring a consistent transition between the two settings.

Now, we have a look at the procedures of finding the optimal feedback control law. From Theorem 5.9, we
can get the candidate of optimal feedback control law by minimizing

q-+ H(t, x, W(t,z),p, P,Bp(t,x),C"o(t, x), u)

over D,}fﬁ’;W(t, x) x I(q,p, P;W)(t,z) x U. Further, to ensure the candidate to be the true optimal feedback
control law, we need to make sure the candidate u(-,-) belongs to % 1 and (5.16) is vaild under (g, p,P) €
D3 W(t,z) and ¢ € I(u,p, P; W) (¢, 2).
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Finally, we provide a concrete example to illustrate the applicability of the verification theorem within the
viscosity solution framework for determining whether a given admissible control is optimal. For simplicity, we
consider the one-dimensional case.

Example 5.11. Let the control domain be U = [—4, —2], and denote by U, 1 be the set of all admissible controls
on [t,T], consisting of U-valued, F-predictable stochastic processes. For any initial pair (t,x) € [0,T] x R,
consider the controlled system,

dX, = X,usds + X,dB, +/ (1A le))X,_N(ds,de), se][t,T],
E

(5.17)
Xt =,
and the following RBSDE with jumps,
T T T -
Y, = —|X7| 7/ (YT + Zr)dr — (Ap — Ay) +/ Z.dB, +/ Vi.(e)N(ds,de), se€[t,T],
t t t
1
Y, < —glXd|, ae s€[tT], (5.18)

T
/’(_4XA_nymT:o
" 2

It is clear that both systems (5.17) and (5.18) are well-posed. Then for any (t,z) € [0,T] x R and u(-) € Uy, we
define the cost functional as J(t, z;u(-)) := Y;. Our control problem (denoted by Problem (C); ) is to minimize
J(t, z;u(-)) over u(-) € Uy, and the corresponding value function is denoted by W (-,-).

Next, we introduce the following PIDE of HJB type,

1 13} 1
max {W(t, x)+ §\x|, —&W(t, x) —ue[iirif&] (§x2Wm(t, x) + zuWy(t, x) + W(t,x) + Wy (¢, z)

5.19
+/E [W(t,z+ (1A le])a) — W(tz) — (1A |e\)me(t,x)]V(de))} =0, (t,z) € [0,T] x R, (5:19)
W(T,z) =—lz|, z=eR
We first claim that
Wt z) = —|z|, (t.z)e[0,T] xR, (5.20)

is a viscosity solution of PIDE (5.19) in the sense of Definition 3.7.
Indeed, for any t € [0,T], z # 0, W(t,x) is differentiable, with

_ +
m@@mtmwm{f’“”epﬂXR’m%wm&

,  (t,x)e]0,T] xR,

Substituting these derivatives into PIDE (5.19) shows that the equation is satisfied identically. Therefore, for
x #0, W(-,-) in (5.20) is a classical solution of (5.19), and hence also a viscosity solution.

When t € [0,T], x = 0, we now verify that W (-, ) is a viscosity solution of (5.19). Note first that the terminal
condition W(T,x) = —|z| holds for all z € R.

To show the subsolution property, fix any t € [0, T}, let ¢(-,-) € Cl?jb([O, T] x R;R) be such that W — ¢ attains
its local maximum at (t,0). Without loss of generality, we may assume that this local maximum is 0 (otherwise,
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we can translate the function ¢). For any such test functions ¢(-,-), we have

9 o(t,0) = lim PEFALO Z0(t0) oy W(EFALO) ~ W(t0)

ot At—0 At ~ At=0 At =0, te [O7T].

Then,

1 0 . 1,
max {W(t,m) + §|;v|, —aap(tx) —ue[l_rif7_2] (ix Oza (b, @) + zup (t, ) + W(t, x) + 20, (t, x)

z=0

+/E [W(t, 2+ (1 A le])z) —W(t,x)—(1/\|e|)xgam(t,x)]u(de))}
= max {0, f%go(t, O)} =0.

This shows that W (-, +) is a viscosity subsolution of (5.19) at (¢,0) in the sense of Definition 3.7-(1).
To establish the supersolution property, we consider test functions for which W — ¢ attains a local minimum

0
at (t,0). Following analogous reasoning, we obtain E@(t’ 0) < 0. Evaluating the HIB operator, we get

1 0 1
max {W(t,) + lal, ~ grolt,r) — _inf | (50%0ar(t,2) + wupa(t,x) + W(t,a) +wpu(t,2)

+/E [W(t, 2+ (1 A le])z) fW(t,x)7(1/\|e|)9:g01(t,x)]y(de)>}

=0

= maX{O, —%gp(t,O)} > 0.

This confirms that W (-, -) is a viscosity supersolution of (5.19) at (¢,0) according to Definition 3.7-(ii). Therefore,
from all the above discussions, W (-,-) in (5.20) is verified to be a viscosity solution of (5.19). Combining both
cases, we conclude that W (-,-) in (5.20) is a viscosity solution of (5.19) on [0,T] x R.

Moreover, it is straightforward to check that W (-,-) € C1([0,T] x R), is semi-concave in € R and Lipschitz
continuous in t € [0, T].

Having established that W is a viscosity solution, we next verify that the admissible control u(-) = —2 is
optimal for Problem (C)o ¢ by checking the conditions in Theorem 5.7. Note that the corresponding trajectory
X. = X"%% = 0. In this case,

Dy W (s, Xs) = [0, 4+00) x [~1,1] x [0, +00), s € [0,T].

Taking (q(s), p(s), P(s)) = (0,1,1) € Dzﬁ’;W(s, X(s)), s € [0,T], we can readily verify that
p(5).Xs =0=Z,, ae. s€[t,T], P-as.;
W (s, Xe— + (LA]e))Xs—) = W(s,X,_) =0="V,(e), e€ E, ae., s€[t,T], P-as.

Moreover, for any ¢(-,-) € 3(q,p, P; W) (s, X™"), we have B%p(s, X,) = C%p(s, X;) = 0, and consequently,

E[/tT(q(S)Jr"H(S,Xs,Ysﬁ(s),P(s),B“cp(s,Xs),C“sp(&Xs)’ﬂs)>d5} <0.
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This verifies conditions (i)-(iv) of Theorem 5.7. We also note that under the control u(-), the solution (Y, Z,V, A)
of (5.18) is (0,0,0,0). Therefore, by Theorem 5.7, we conclude that (X,u(-)) is indeed an optimal pair for
Problem (C)g .
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