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EXISTENCE OF SOLUTIONS AND SELECTION PROBLEM

FOR QUASI-STATIONARY CONTACT MEAN FIELD GAMES

Xiaotian Hu*

Abstract. First, we study the existence of solutions for a class of first order mean field games systems


H(x, u,Du) = F (x,m(t)), x ∈ M, ∀ t ∈ [0, T ],

∂tm− div

(
m

∂H

∂p
(x, u,Du)

)
= 0, (x, t) ∈ M × (0, T ],

m(0) = m0,

where the system comprises a stationary Hamilton–Jacobi equation in the contact case and an
evolutionary continuity equation. Then, for any fixed λ > 0, let (uλ,mλ) be a solution of the system


H(x, λuλ, Duλ) = F (x,mλ(t)) + c(mλ(t)), x ∈ M, ∀t ∈ [0, T ],

∂tm
λ − div

(
mλ ∂H

∂p
(x, λuλ, Duλ)

)
= 0, (x, t) ∈ M × (0, T ],

m(0) = m0,

where c(mλ(t)) is the Mañé critical value of the Hamiltonian H(x, 0, p)− F (x,mλ(t)). We investigate
the selection problem for the limit of (uλ,mλ) as λ tends to 0.

Mathematics Subject Classification. 35Q89, 37J51, 49N80.
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1. Introduction

In 2007, Lasry, Lions [1] introduced the mean field games (MFG) theory, which provides a mathematical
framework to analyze decision-making in large population of small interacting agents. A standard first order
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system takes the following form
− ∂tu

T +H0(x,DuT ) = f(x,mT (t)), (x, t) ∈ Rd × (0, T ),

∂tm
T − div

(
mT ∂H0

∂p
(x,DuT )

)
= 0, (x, t) ∈ Rd × (0, T ),

u(x, T ) = g(x,m(T )), m(0) = m0, x ∈ Rd.

(1.1)

This system consists of a Hamilton–Jacobi equation coupled with a continuity equation, where f represents a
nonlocal coupling term. For any fixed T > 0, uT and mT are unknowns, and the pair (uT ,mT ) is a weak solution
of the system (1.1). Here, uT interprets as the value function of an agent, while mT describes the density of
the agent population. The optimal strategy follows a feedback by −DpH0(x,DuT ). When all agents adopt the
same strategy, the system reaches an equilibrium.

Classical MFG systems rely on the assumption that agents are fully rational and able to anticipate the future
evolution of the distribution based on their actions and those of others. However, in real-world scenarios, agents
face uncertainty and limited information, which make it difficult to accurately anticipate the future. Therefore,
rather than solving a fully forward-looking optimisation problem, agents often adopt a myopic decision-making
strategy, based solely on the information available at the current time t. In particular, each agent observes the
instantaneous mean field distribution m(t) and determines an optimal strategy by treating this distribution
as fixed, without explicitly accounting for its future evolution. Within this model framework, Mouzouni [2]
introduced the notion of quasi-stationary MFG systems, which describes a mechanism of decision-making in
MFG with myopic agents. Further developments on the quasi-stationary system can be found in [3, 4].

In this paper, we aim to investigate the quasi-stationary contact MFG of first order

(qMFG)


H(x, uT , DuT ) = F (x,mT (t)), x ∈ M, ∀ t ∈ [0, T ],

∂tm
T − div

(
mT ∂H

∂p
(x, uT , DuT )

)
= 0, (x, t) ∈ M × (0, T ],

mT (0) = m0,

(1.2)

(1.3)

(1.4)

where M is a compact d-dimensional manifold without boundary (e.g. Td), and H : T ∗M ×R → R is a contact
Hamiltonian. For any fixed t ∈ [0, T ], the equation (1.2) is a stationary contact Hamilton–Jacobi equation with
the nonlocal coupling term F , and m(t) is a Borel probability measure on M with its density, still denoted by
m(t). The equation (1.3) is an evolutionary continuity equation with the initial value (1.4). For simplicity, we
denote uT and mT as u and m, respectively.

For each fixed t ∈ [0, T ], the equation (1.2) describes the optimal strategy problem over the whole time
interval (0,∞) of an agent, where the distribution is fixed equal to m(t) for all times. Therefore, the equation
is stationary, in the sense that it does not involve a time derivative, but it still depends on time t through the
distribution m(t). In other words, time t acts as a parameter in the equation (1.2). The solution u(·, t) represents
the value function of the optimisation problem in (0,∞) with the fixed distribution m(t) and determines the
optimal strategy of an agent. The equation (1.3) describes how the distribution evolves under the feedback by
the vector field DpH(x, u,Du). As the distribution m(t) evolves, u(·, t) varies accordingly. The coupling between
two equations is through the nonlocal term F .

Then, for any fixed λ > 0, we consider the system

(qMFGλ)


H(x, λuλ, Duλ) = F (x,mλ(t)) + c(mλ(t)), x ∈ M, ∀t ∈ [0, T ],

∂tm
λ − div

(
mλ ∂H

∂p
(x, λuλ, Duλ)

)
= 0, (x, t) ∈ M × (0, T ],

m(0) = m0,
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where c(mλ(t)) is the Mañé critical value of H(x, 0, p)− F (x,mλ(t)). For any fixed λ > 0, there exists a weak
solution (uλ,mλ) of (qMFGλ). The positive parameter λ, called the discount factor, reduces the weight of
future cost. It is essential for a single agent to solve infinite-horizon problems by ensuring the convergence of
the cost functional. The selection problem arises when considering the system in which the discount becomes
smaller and vanishes. It is concerned with understanding how optimal strategies for the discounted problem
converge to optimal strategies for the long-time average problem (see, for instance, [5]). More specifically, the
selection problem aims to determine whether the limit of the family (uλ,mλ) as λ → 0 exists and, if it does, to
understand its characteristics and properties.

The selection problem was first explored in [6] using generalized Mather measures. In 2016, Davini, Fathi,
Iturriaga and Zavidovique [7] studied the problem for the unique viscosity solution wλ of the discounted
Hamilton–Jacobi equation

λwλ + h(x,Dwλ) = c(h), x ∈ M,

when λ > 0 and c(h) is the Mañé critical value. They proved that as λ → 0, the family of wλ uniformly
converges to w0, where w0 is a viscosity solution of h(x,Dw) = c(h) and λwλ → 0. Since the publication of this
result, a number of related works have appeared, advancing the study of the selection problem for the contact
Hamiltonian H(x, u, p), which is either increasing or decreasing in u (see, for example, [8–15] and the references
therein). The selection problem for second order mean field games can be found in [16, 17]. For the first order
case, it remains an open problem, although similar results have been obtained for a special class of MFG systems
[18, 19].

Our approach is based on weak KAM theory and some PDE techniques. Weak KAM theory, originally
introduced by Fathi [20], established a fundamental connection between viscosity solutions and the dynamics of
positive-definite Hamiltonian systems. Cardaliaguet [21] was among the first to incorporate weak KAM theory
into the study of first order mean field games. For further applications of weak KAM methods in first order
MFG, we refer to [4, 22–24]. Hu and Wang [25] investigated the existence of weak solutions to the stationary
first order contact MFG by weak KAM theory for contact Hamiltonians [26–28].

The rest of the paper is organized as follows. In Section 2, we introduce the notations, and state our main
results, as well as the assumptions on the contact Hamiltonian H, the nonlocal coupling term F and the initial
value m0. In Section 3, we investigate the contact Hamilton–Jacobi equation, and review some weak KAM
results, which are useful in the paper. In Section 4, we investigate the pushforward of the measure m0, and
prove the existence of weak solutions for (qMFG) by fixed point theorem. In Section 5, we investigate the
selection problem and prove the convergence result for the family of weak solutions to (qMFGλ).

2. Preliminaries and main results

Let P(M) denote the set of Borel probability measures on the state space M with weak* topology. A sequence

{mn}n∈N ⊂ P(M) weakly* converges to m ∈ P(M), denoted by mn
w∗

−−→ m, if for any φ ∈ C(M), we have

lim
n→∞

∫
M

φdmn =

∫
M

φdm.

We recall the definition of Kantorovich-Rubinstein distance d1 on probability measure spaces P1(M), where
P1(M) is the set of Borel probability measures with the finite moment of order 1 on M . More precisely, for any
m1,m2 ∈ P1(M),

d1(m1,m2) = sup
φ

∫
M

φd(m1 −m2) = inf
π∈Π(µ,ν)

∫
M×M

|x− y|dπ(x, y),
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where the supremum is taken among all 1-Lipschitz continuous functions φ : M → R, and Π(µ, ν) is the set of
Borel probability measures on M ×M such that π(A ×M) = µ(A) and π(M × A) = ν(A) for any Borel sets
A ⊂ M . Note that

d1(mn,m) → 0 ⇐⇒ mn
w∗

−−→ m.

Since M is compact, we have that P1(M) = P(M). We denote by C([0, T ];P(M)) the set such that for any
m ∈ C([0, T ];P(M)), m(t) ∈ P(M) and m(·) is continuous.

Definition 2.1. We call a pair (u,m) ∈ C(M × [0, T ]) × C([0, T ];P(M)) a weak solution of (qMFG), if for
any fixed t ∈ [0, T ], u(·, t) is a viscosity solution of (1.2), and m is a distributional solution of (1.3) with the
initial value (1.4).

We assume that the Hamiltonian H is of at least C3 and satisfies the following assumptions:

(H1) Uniform convexity: There is a constant CH > 0 such that for any (x, u) ∈ M × R,

I

CH
≤ ∂2H

∂p2
(x, u, p) ≤ CHI.

(H2) Superlinearity: For any (x, u) ∈ M × R, H(x, u, p) is superlinear in p, i.e.,

lim
|p|→∞

H(x, u, p)

|p|
= ∞, for any (x, u) ∈ M × R.

(H3) Monotonicity: There exist constants τ > 0, Λ > 0 such that for all (x, u, p) ∈ T ∗M × R,

0 < τ <
∂H

∂u
(x, u, p) ≤ Λ.

Remark 2.2. These assumptions on H are stronger than classical Tonelli assumptions [20]. The C3 regularity
of H is a technical assumption, as we need to use some weak KAM theory results, which are obtained in [27],
on contact Hamiltonians.

The contact Lagrangian L : TM × R → R is defined as

L(x, u, q) := sup
p∈T∗

xM
{p · q −H(x, u, p)}.

It is straightforward to verify that L satisfies the following properties:

(L1) There is a constant CH > 0 such that

I

CH
≤ ∂2L

∂q2
(x, u, q) ≤ CHI.

(L2) For any (x, u) ∈ M × R, L(x, u, q) is superlinear in q, i.e.

lim
|q|→∞

L(x, u, q)

|q|
= ∞, for any (x, u) ∈ M × R.
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(L3) There exist constants τ > 0, Λ > 0 such that for all (x, u, q) ∈ TM × R,

−Λ ≤ ∂L

∂u
(x, u, q) < −τ < 0.

Example 2.3. For any fixed β > 0, the discounted Hamiltonian

H(x, u, p) = βu+ h(x, p)

satisfies (H1)–(H3), if h is at least of C3 and satisfies (H1)–(H2). The discounted Lagrangian is denoted by
L(x, u, q) = −βu + l(x, q), where l(x, q) is the Lagrangian associated to the Hamiltonian h. Moreover, MFG
systems with the discounted Hamiltonian arise in some economic models (see, for instance, [29]).

The nonlocal coupling term F : M × P(M) → R satisfies

(F1) The map x 7→ F (x,m) is of class C2 with

sup
m∈P(M)

∑
|α|≤2

∥DαF (·,m)∥∞ < ∞.

(F2) The function F and its derivative DxF are both continuous on M × P(M).
(F3) The map m 7→ F (x,m) is Lipschitz continuous with Lipschitz constant CF , i.e.,

|F (x,m1)− F (x,m2)| ≤ CF d1(m1,m2), for any m1,m2 ∈ P(M), x ∈ M.

Then we impose an assumption on the initial value m0 in (1.4).

(P) The Borel probability measure m0 is absolutely continuous with respect to Lebesgue measure L with the
density, still denoted by m0, which is bounded.

The assumption (P) guarantees that the pushforward of the measure m0 is also absolutely continuous and
bounded (see Lem. 4.3). In this paper, we always assume (H1)–(H3), (F1)–(F3) and (P).

We present the first main result.

Theorem 2.4. Assume (H1)–(H3), (F1)–(F3) and (P). There exists a weak solution (ū, m̄) ∈ C(M × [0, T ])×
C([0, T ];P(M)) of (qMFG) such that

(I) ū(·, t) is a viscosity solution of (1.2) for any fixed t ∈ [0, T ], and m̄ is a distributional solution of (1.3).
(II) m̄ is Lipschitz continuous on [0, T ], i.e., there exists some constant C ≥ 0, such that for any t, s,∈ [0, T ],

we have

d1(m̄(t), m̄(s)) ≤ C|t− s|.

For any t ∈ [0, T ], m̄(t) is absolutely continuous with respect to the Lebesgue measure L, and that we
denote by m̄(t) also the density, which satisfies ∥m̄(t)∥∞ ≤ C for some constant C = C(T, ∥m0∥∞, H).

(III) ū(·, t) is Lipschitz continuous and semi-concave uniformly on [0, T ], and ū(x, ·) is Lipschitz continuous
uniformly on M .
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Remark 2.5. (i) In [25], Hu and Wang proved the existence of weak solutions to the stationary contact MFG
system



H(x, u,Du) = F (x,m), x ∈ M,

div

(
m
∂H

∂p
(x, u, p)

)
= 0, x ∈ M,∫

M

m = 1.

(2.1)

under the additional assumption that
(R1) for any (x, u, p) ∈ T ∗M × R, H(x, u, p) = H(x, u,−p).
Let (u,m) ∈ C(M)×P(M) be a weak solution of the system (2.1). So u = um is the unique viscosity solu-
tion to the Hamilton–Jacobi equation in (2.1), and there exists a Mather measure µm for the Hamiltonian
H(x, u, p)− F (x,m) such that m = πx♯µm, where πx : T ∗M × R → M denotes the canonical projection.
Note that, under (R1), the Mather set [27] associated to the Hamiltonian H(x, u, p)− F (x,m) is

M̃ = {(x, um(x), 0)| H(x, um(x), 0) = F (x,m)}.

Mather measures are given by the convex combination of Dirac measures δ{x,um(x),0}.
However, in this paper, the assumption (R1) is not required, as the analysis of Mather measures is unnec-
essary and the weak solution m(t) evolves with the flow (4.1).Even in the absence of (R1), the uniform
boundedness, equi-Lipschitz continuity and the uniform semi-concavity of {um(t)} still hold (see Prop. 3.2).

(ii) In [4], Camilli, Marchi and Mendico proved the existence of weak solutions to the quasi-stationary MFG
system


H0(x,Du,m(t)) = c(m(t)), x ∈ M, ∀t ∈ [0, T ],

∂tm− div

(
m
∂H0

∂p
(x,Du,m)

)
= 0, (x, t) ∈ M × (0, T ],

m(0) = m0,

(2.2)

where H0 is a non-separable Hamiltonian, which means that the Hamiltonian is dependent on m, and
c(m(t)) is the Mañé critical value [30] of H0, under the additional assumption that
(R2) for any m ∈ C([0, T ];P(M)), there exists a unique xm ∈ M such that

xm ∈
⋂

t∈[0,T ]

Am(t)
0 ,

where for any fixed t ∈ [0, T ], Am(t)
0 is the projected Aubry set (see [20]) of the Hamiltonian

H0(x, p,m(t)).
In [4], a weak solution to the system is constructed as a fixed point of the following map. Given a flow
of absolutely continuous measures m(t), one considered hm(t)(xm, ·), where xm is as in assumption (R2)
and hm(t) is the Peierls barrier associated to the Hamiltonian H0(x, p,m(t)), and to it associated, the
pushforward of m0 with respect to the flow with the drift Dhm(t)(xm, ·).
In our setting, due to assumption (H3), given the flow of measures m(t), the Hamilton–Jacobi equation
admits a unique viscosity solution um(t), whose properties are recalled in Proposition 3.2, Proposition 3.3.



EXISTENCE OF SOLUTIONS AND SELECTION PROBLEM FOR QUASI-STATIONARY CONTACT MEAN FIELD GAMES 7

Subsequently, we consider the system

(qMFG0)


H(x, 0, Dv) = F (x, µ(t)) + c(µ(t)), x ∈ M, ∀t ∈ [0, T ],

∂tµ− div

(
µ
∂H

∂p
(x, 0, Dv)

)
= 0, (x, t) ∈ M × (0, T ],

µ(0) = m0,

where the existence result was proved in [4] under assumption (R2). Let (v̄, µ̄) be the weak solution of (qMFG0).
We aim to establish the selection criterion for the limit of the family (uλ,mλ), and identify the connection
between the limit and (v̄, µ̄). To proceed. we need an additional assumption:

(H4) For any m ∈ C([0, T ];P(M)), there exists a unique point xm ∈ M such that

Am(t) = {xm}, for any t ∈ [0, T ],

where Am is the projected Aubry set of H(x, 0, p)− F (x,m).

Remark 2.6. Note that, under (H4), for any m ∈ P(M), the equation H(x, 0, Dv) = F (x,m) admits a unique
viscosity solution up to additive constants.

Remark 2.7. It is clear that the assumption (H4) is stronger than (R2). Nonetheless, all the examples presented

in [4] fit our assumption (H4). We recall them briefly. Let H(x, 0, p) =
|p|2

2
− F (x,m), where F is defined on

M × P(M), satisfying (F1)–(F3), and for any m ∈ P(M),

F (0,m) = 0, F (x,m) > 0, ∀x ∈ M \ {0}.

For example, given a function κ ∈ C2(M ×M) with κ(0, y) ≡ 0 and κ(x, y) > 0 in M \ {0} ×M , the function

F (x,m) =

∫
M

κ(x, y)dm(y).

In this case, we have

c(m) = 0, Am = {0}, ∀m ∈ P(M).

In the system (qMFGλ), the contact Hamilton–Jacobi equation with an additional term c(m)

H(x, u,Du) = F (x,m) + c(m), x ∈ M,

admits a unique viscosity solution [27], Theorem B.1 under a weaker monotonicity assumption:

(H3’) There exists a constant Λ > 0 such that for all (x, u, p) ∈ T ∗M × R,

0 <
∂H

∂u
(x, u, p) ≤ Λ.

Under (H3’), the existence result for (qMFGλ) still holds. See the proof in the Appendix.
Finally, we present the following selection criterion for the limit, in which we construct a weak solution of

(qMFG0) in a way that differs from the approach [4].
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Theorem 2.8. Assume (H1), (H2), (H3’), (H4), (F1)–(F3) and (P). For any λ > 0, denote by (uλ,mλ) ∈
C(M × [0, T ]) × C([0, T ];P(M)) a weak solution of (qMFGλ). Then, for any x̄ ∈ M , as λ → 0, the family
uλ − uλ(x̄, ·) uniformly converges (up to a subsequence) to the function v̄ − v̄(x̄, ·) ∈ C(M × [0, T ]), and the
family mλ (up to a subsequence) satisfies that

lim
λ→0

sup
t∈[0,T ]

d1(m
λ(t), µ̄(t)) = 0,

for some µ̄ ∈ C([0, T ];P(M)). Moreover, (v̄, µ̄) is a weak solution of (qMFG0) with Mañé critical value c(µ̄),
and

v̄ − v̄(x̄, ·) = hµ̄(·)(xµ̄, ·)− hµ̄(·)(xµ̄, x̄).

Although the Hamilton–Jacobi equation in (qMFGλ) is stationary, the equi-continuity result of u(x, ·) is
crucial in proving the convergence (see Prop. 5.4). As λ → 0, we do not have the sufficient information on the
convergence of the family {uλ}, but we investigate the convergence of the family {uλ − uλ(x̄, ·)}.

3. Contact hamilton–jacobi equations

In this section, we consider the contact Hamilton–Jacobi equation

H(x, u,Du) = c, x ∈ M, (3.1)

for some constant c ∈ R, and review some weak KAM results for the contact Hamiltonian system.

Definition 3.1. A continuous function u : M → R is a viscosity subsolution of (3.1), if for any φ ∈ C1(M) and
any points y ∈ M such that u− φ attains the local maximum at y, we have

H(y, u(y), Dφ(y)) ≤ c.

A continuous function u : M → R is a viscosity supersolution of (3.1), if for any φ ∈ C1(M) and any points
y ∈ M such that u− φ attains the local minimum at y, we have

H(y, u(y), Dφ(y)) ≥ c.

A continuous function u : M → R is a viscosity solution of (3.1), if u is both a viscosity subsolution and a
viscosity supersolution of (3.1).

It is well-known that there exists a viscosity solution to the classical Hamilton–Jacobi equation

H0(x,Du) = c, x ∈ M, (3.2)

if and only if the constant c in (3.2) is equal to the Mañé critical value c(H0), as introduced by Mañé [30]. There
are some other formulas of c(H0). In [31], we have

c(H0) = inf
φ∈C1(M)

max
x∈M

H0(x,Dφ(x)).

In [20], it is given by

c(H0) = − inf
µ

∫
TM

L0(x, q)dµ,
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where L0 : TM → R is the Lagrangian associated to the Hamiltonian H0, and the infimum is taken among
Borel probability measures on TM invariant under the Euler-Lagrange flow.

On the other hand, there exists more than one constant that makes the equation (3.1) admit a viscosity
solution. We denote the set of these constants by G, and the construction of G is dependent on the monotonicity
of H with respect to u. For results when −Λ ≤ ∂H

∂u ≤ Λ, see [28, 32]. If 0 ≤ ∂H
∂u ≤ Λ, then we have

G = {c(H(x, a, p))|a ∈ R},

where c(H(x, a, p)) is the Mañé critical value of H(x, a, p) [33, 34]. Under (H3), it holds that G = R [27].
Given m ∈ C([0, T ];P(M)), consider the equation (1.2)

H(x, u,Du) = F (x,m(t)), x ∈ M, ∀t ∈ [0, T ].

By the uniqueness of viscosity solutions [27], Proposition A.1, for any fixed t ∈ [0, T ], the equation (1.2) admits
a unique viscosity solution denoted by um(t). According to [27], Appendix B, for all m(t) ∈ P(M), there is a
constant am(t) such that

inf
φ∈C1(M)

max
x∈M

(H(x, am(t), Dφ)− F (x,m(t))) = 0.

am(t) is uniformly bounded for any m ∈ C([0, T ];P(M)) and any t ∈ [0, T ] [25], Lemma 1.
Next, we establish the boundedness and the regularity of um(t).

Proposition 3.2. The family {um(t)}m∈C([0,T ];P(M)) is uniformly bounded, equi-Lipschitz continuous and
uniformly semi-concave on M .

Outline of proof. For simplicity, we prove that for m ∈ P(M), the viscosity solution um is uniformly bounded,
equi-Lipschitz continuous and uniformly semi-concave on M , uniformly with respect to m.

To prove the uniform boundedness, by the aforementioned arguments, for any m ∈ P(M), there exists a
constant am ∈ R such that

inf
φ∈C1(M)

max
x∈M

(H(x, am, Dφ)− F (x,m)) = 0,

and am is uniformly bounded [25], Lemma 1. Then we get the uniform boundedness of um by utilizing the
Lax-Oleinik semigroup of the Lagrangian L(x, am, q)− F (x,m) [25], Proposition 9.

The equi-Lipschitz continuity is the consequence of [25], Lemma 5, and the uniform semi-concavity follows
from [35], Theorem 3.3.

In the following proposition, we establish the regularity of um(·).

Proposition 3.3. For any m ∈ C([0, T ];P(M)), the viscosity solution um(·) is continuous on [0, T ]. Especially,
if m is Lipschitz continuous on [0, T ], then um(·) is Lipschitz continuous on [0, T ].

Proof. For any t, s ∈ [0, T ], we consider viscosity solutions um(t) and um(s) of the Hamilton–Jacobi equation
(1.2) with fixed time t and s, respectively. Define

v+ := um(s) +
1

τ
∥F (·,m(t))− F (·,m(s))∥∞,

v− := um(s) −
1

τ
∥F (·,m(t))− F (·,m(s))∥∞.
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Then we have

H(x, v+, Dv+) ≥ H(x, um(s), Dum(s)) + ∥F (·,m(t))− F (·,m(s))∥∞ ≥ F (x,m(t)),

H(x, v−, Dv−) ≤ H(x, um(s), Dum(s))− ∥F (·,m(t))− F (·,m(s))∥∞ ≤ F (x,m(t)).

So v+ and v− are respectively a viscosity supersolution and a viscosity subsolution of

H(x, u,Du) = F (x,m(t)), x ∈ M.

By comparison principle and assumption (F3), we have

∥um(t)(·)− um(s)(·)∥∞ ≤ CF

τ
d1(m(t),m(s)), (3.3)

which implies that um(·) is continuous in t.
If m is Lipschitz continuous on [0, T ], by the same argument and inequality (3.3), then um(·) is Lipschitz on

[0, T ].

Under (H3’), we only obtain the continuity of um(·), not Lipschitz continuity (see Prop. A.5).

Corollary 3.4. The set-valued map t 7→ D+um(t)(x) is measurable for all x ∈ M , where D+u(x, t) is the
superdifferential of u in x.

Proof. The corollary is a standard consequence of Proposition 3.3 and the semi-concavity of u in x [36],
Proposition 3.3.4.

4. Existence result

In this section, we study the continuity equation and prove Theorem 2.4.
From the regularities of um and the measurability of D+um in t as proved in Section 3, with [36],

Theorem 2.3.1, the function

x 7→ ∂H

∂p
(x, um(t)(x), Dum(t)(x))

is of bounded variation on M for any fixed t ∈ [0, T ]. Then, [37], Remark 1.2 and Theorem 3.11 ensures that,
given m ∈ C([0, T ];P(M)), for t ∈ [0, T ] and x ∈ M , we define the flow

Φm(x, t) = x−
∫ t

0

∂H

∂p
(Φm(x, s), um(s)(Φm(x, s)), Dum(s)(Φm(x, s)))ds, (4.1)

where um(s) is the viscosity solution of

H(x, u,Du) = F (x,m(s)), x ∈ M.

Lemma 4.1. For any m ∈ C([0, T ];P(M)), there is a constant C1 ≥ 0, independent of m, such that

|Φm(x, t)− Φm(x, t′)| ≤ C1|t− t′|, ∀ x ∈ M, ∀t, t′ ∈ [0, T ].
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Proof. By Proposition 3.2 and the compactness of M , there exists a constant C1 ≥ 0 such that for any m ∈
C([0, T ];P(M)), we have

|Φm(x, t)− Φm(x, t′)|

≤
∣∣∣∣∫ t

t′

∂H

∂p
(Φm(x, s), um(s)(Φm(x, s)), Dum(s)(Φm(x, s)))ds

∣∣∣∣
≤C1|t− t′|, ∀ x ∈ M, ∀t, t′ ∈ [0, T ],

where the second inequality is due to Proposition 3.2. The proof is complete.

Lemma 4.2. For any m ∈ C([0, T ];P(M)), there exists a constant C2 ≥ 0, independent of m, such that

|x− y| ≤ C2|Φm(x, t)− Φm(y, t)|, ∀t ∈ [0, T ], ∀x, y ∈ M.

Proof. The proof follows a similar argument as [38], Lemma 4.3. For any t ∈ [0, T ], define the backward flow

x(r) := Φm(x, t− r), y(r) := Φm(y, t− r), ∀r ∈ [0, t].

Then we have

ẋ(r) =
∂H

∂p

(
Φm(x, t− r), um(t−r)(Φm(x, t− r)), Dum(t−r)(Φm(x, t− r))

)
,

ẏ(r) =
∂H

∂p

(
Φm(y, t− r), um(t−r)(Φm(y, t− r)), Dum(t−r)(Φm(y, t− r))

)
.

Thus, the difference of ẋ(r) and ẏ(r) satisfies

ẋ(r)− ẏ(r)

=
∂H

∂p

(
Φm(x, t− r), um(t−r)(Φm(x, t− r)), Dum(t−r)(Φm(x, t− r))

)
− ∂H

∂p

(
Φm(y, t− r), um(t−r)(Φm(y, t− r)), Dum(t−r)(Φm(y, t− r))

)
≤C̃2|x(r)− y(r)|,

for some constant C̃2 ≥ 0, where the inequality is due to the locally Lipschitz continuity ofH and Proposition 3.2.
For a.e. r ∈ [0, t],

d

dr

(
1

2
|x(r)− y(r)|2

)
= ⟨ẋ(r)− ẏ(r), x(r)− y(r)⟩ ≤ C̃2|x(r)− y(r)|2.

Applying the Grönwall inequality, we obtain

|x(0)− y(0)| ≥ e−C̃2r|x(r)− y(r)|, ∀r ∈ [0, t].

Let C2 := eC̃2T and the proof is complete.

For any fixed m ∈ C([0, T ];P(M)), we define the pushforward of the measure m0 by the flow (4.1),

µ(t)(A) := Φm(·, t)♯m0(A) = m0(Φ
−1
m (·, t)(A)) = m0{x|Φm(x, t) ∈ A}, ∀t ∈ [0, T ],

for any Borel sets A ⊂ M . Next, we establish some properties of the pushforward.
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Lemma 4.3. For any m ∈ C([0, T ];P(M)), there exists a constant C3 ≥ 0, where C3 only depends on T ,
∥m0∥∞ and the Hamiltonian H, such that the pushforward µ is Lipschitz continuous on [0, T ] with respect to
d1 distance, i.e.

d1(µ(t), µ(s)) ≤ C3|t− s|, ∀t, s ∈ [0, T ].

Moreover, for any t ∈ [0, T ], the measure µ(t) is absolutely continuous w.r.t. Lebesgue measure L and its density,
still denoted by µ(t), satisfies

∥µ(t)∥∞ ≤ C3.

Proof. We first prove the Lipschitz continuity of µ. For any t, s ∈ [0, T ], any 1-Lipschitz continuous functions
φ, we have

d1(µ(t), µ(s)) ≤
∫
M

φ(x)d(µ(t)− µ(s)) =

∫
M

φ(Φm(x, t))− φ(Φm(x, s))dm0

≤
∫
M

∥Dφ∥∞
∫ t

s

∣∣∣∣∂H∂p (
Φm(x, r), um(r)(Φm(x, r)), Dum(r)(Φm(x, r))

)∣∣∣∣drdm0

≤C ′
3|t− s|.

Then, for any s ∈ [0, T ], for any Borel set A ⊂ M , we have

µ(s)(A) = m0(Φ
−1
m (·, s)(A)) ≤ ∥m0∥∞L(Φ−1

m (A, s)) ≤ C2∥m0∥∞L(A),

where the last inequality follows from Lemma 4.2. Finally, we obtain

∥µ(t)∥∞ ≤ C2∥m0∥∞, ∀t ∈ [0, T ].

Let C3 := max{C2∥m0∥∞, C ′
3} and the proof is complete.

We consider the continuity equation∂tm− div

(
m
∂H

∂p
(x, u,Du)

)
= 0, (x, t) ∈ M × (0, T ],

m(0) = m0.

(4.2)

Proposition 4.4. The map s 7→ µ(s) := Φm(·, s)♯m0 is the unique weak solution of (4.2).

Proof. It is clear that µ(0) = m0. For any text function φ ∈ C∞(M × [0, T ]), we have

d

dt

∫
M

φ(x, t)dµ(t) =
d

dt

∫
M

φ(Φm(x, t), t)dm0

=

∫
M

∂tφ(Φm(x, t), t)

−
〈
∂H

∂p

(
Φm(x, t), um(t)(Φm(x, t)), Dum(t)(Φm(x, t))

)
, Dφ(Φm(x, t), t)

〉
dm0

=

∫
M

∂tφ(x, t)−
〈
∂H

∂p

(
x, um(t)(x), Dum(t)(x)

)
, Dφ(x, t)

〉
dµ(t).
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Integrating over [0, T ] implies∫ T

0

∫
M

∂tφ(x, t)−
〈
∂H

∂p

(
x, um(t)(x), Dum(t)(x)

)
, Dφ(x, t)

〉
dµ(t)dt = 0.

This shows that µ is a weak solution of equation (4.2), and the uniqueness follows from the results in [37].

We are now in the position to prove the main result, Theorem 2.4.

Proof of Theorem 2.4. We define the set

D :=

{
m ∈ C([0, T ];P(M))

∣∣∣∣ sup
t ̸=s

d1(m(t),m(s))

|t− s|
≤ C3

}
,

where C3 is as in Lemma 4.3, and the map

S : D → D,

where S(m) = µ and µ(t) := Φm(·, t)♯m0, ∀t ∈ [0, T ].
We consider a sequence {mn}n∈N ⊂ D such that there exists m ∈ D with

sup
t∈[0,T ]

d1(mn(t),m(t)) → 0.

Note that F (·,mn(t)) → F (·,m(t)) uniformly on [0, T ]. Let {umn(t)}n∈N,t∈[0,T ] be a family of continuous func-
tions such that for any fixed t, umn(t) is a viscosity solution of H(x, u,Du) = F (x,mn(t)), on M . Since
{umn(t)}n∈N,t∈[0,T ] is uniformly bounded and equi-Lipschitz continuous, by the stability and uniqueness of vis-
cosity solutions, we conclude that for any t ∈ [0, T ], umn(t) uniformly converges to um(t), which is the viscosity
solution of H(x, u,Du) = F (x,m(t)).

Let {µn}n∈N be the sequence of pushforwards, which means that µn(t) = Φmn
(·, t)♯m0, for any n ∈ N, and

Φmn
(x, t) = x−

∫ t

0

∂H

∂p

(
Φmn

(x, s), umn(s)(Φmn
(x, s)), Dumn(s)(Φmn

(x, s))
)
ds.

By the uniform semi-concavity of {umn(t)}n∈N,t∈[0,T ], Dumn(t) converges to Dum(t) a.e. on M × [0, T ]. Hence,
for any f ∈ C(M), we have for any t ∈ [0, T ],

lim
n→∞

∫
M

f(x)dµn(t) = lim
n→∞

∫
M

f(Φmn(x, t))dm0

=

∫
M

f(Φm(x, t))dm0 =

∫
M

f(x)dµ(t),

which implies that

µn(t)
w∗

−−→ µ(t) = Φm(·, t)♯m0 ∈ P(M), for any t ∈ [0, T ],

with µ ∈ D. Thus, µ is a weak solution of (4.2). Thanks to the Schauder fixed point theorem, there exists a
fixed point m̄ ∈ D such that m̄ = Φm̄♯m0 and the function ũm̄ ∈ C(M × [0, T ]), denoted by ū(x, t) := ũm̄(t)(x)
for any (x, t) ∈ M × [0, T ], is the viscosity solution of

H(x, ū,Dū) = F (x, m̄(t)), x ∈ M, ∀t ∈ [0, T ].

The proof of (I) is complete.
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The results in (II) are direct consequences of Lemma 4.3. The first result in (III) follows as a corollary
of Proposition 3.2. The Lipschitz continuity of ū(x, ·) is due to Proposition 3.3 and the Lipschitz continuity
of m̄.

5. Selection problem

In this section, under assumption (H3’), we investigate the selection criterion for weak solutions (uλ,mλ) of
(qMFGλ), as λ tends to 0.

Lemma 5.1. The critical value c(m) is uniformly bounded on P(M).

Proof. Since for any φ ∈ C1(M),

H(x, 0, Dφ)− ∥F∥∞ ≤ H(x, 0, Dφ)− F (x,m) ≤ H(x, 0, Dφ) + ∥F∥∞,

we have

inf
φ∈C1(M)

max
x∈M

H(x, 0, Dφ)− ∥F∥∞ ≤ c(m) ≤ inf
φ∈C1(M)

max
x∈M

H(x, 0, Dφ) + ∥F∥∞.

The proof is complete.

Lemma 5.2. For any m1,m2 ∈ P(M), we have

|c(m1)− c(m2)| ≤ CF d1(m1,m2).

Proof. By the formula of Mañé critical value, for any m ∈ P(M),

c(m) = inf
φ∈C1(M)

max
x∈M

(H(x, 0, Dφ)− F (x,m)).

Then we have for any m1,m2 ∈ P(M),

|c(m1)− c(m2)| ≤ sup
φ∈C1(M)

max
x∈M

|F (x,m1)− F (x,m2)| ≤ CF d1(m1,m2).

By Lemma 5.1 and Lemma 5.2, the mapm 7→ F (x,m)+c(m) is a nonlocal coupling term satisfying (F1)–(F3).
We assume (H4) for the remainder of this section.

Lemma 5.3. Let {mn}n∈N ⊂ C([0, T ];P(M)) be the sequence such that, as n → ∞,

sup
t∈[0,T ]

d1(mn(t),m(t)) → 0,

for some m ∈ C([0, T ];P(M)). Then the sequence {xmn
}n∈N with Amn(t) = {xmn

}, for every n ∈ N and any
t ∈ [0, T ], converges to a point xm, and we have {xm} = Am(t) for any t ∈ [0, T ].
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Proof. The proof is similar to the proof in [4], Theorem 3.2. By the definition of Aubry sets, for any fixed
t ∈ [0, T ], we have

hmn(t)(xmn , xmn)

= lim inf
τ→∞

{
inf

ξ(0)=ξ(τ)=xmn

∫ τ

0

L(ξ(s), 0, ξ̇(s)) + F (ξ(s),mn(t))ds+ c(mn(t))τ

}
=0,

where the second infimum is taken over all absolutely continuous curves. We choose a sequence {τn}, where τn
is sufficiently large, and a family of absolutely continuous curves {γn}, where γn(0) = γn(τn) = xmn

, such that,
as n → ∞, τn → ∞, xmn

→ x̄, and for every n ∈ N,∫ τn

0

L(γn(s), 0, γ̇n(s)) + F (γn(s),mn(t))ds+ c(mn(t))τn ≤ 1

n
.

Then, by the Azelà-Ascoli theorem and [20], Proposition 3.1.4, there exists an absolutely continuous curve γ̄
such that γn uniformly converges to γ̄, and γ̇n weakly converges to ˙̄γ in σ(L1, L∞) on any compact subsets of
[0,∞). We define dn := |xn − x̄| and a curve

γ̃n(s) =


γ1
n =

x̄− xn

dn
s+ x̄, s ∈ [−dn, 0),

γn(s), s ∈ [0, τn],

γ2
n =

xn − x̄

dn
(s− τn − dn) + xn, s ∈ (τn, τn + dn].

It is clear that |γ̇i
n| = 1 for i = 1, 2. Then we have

hm(t)(x̄, x̄) = lim inf
τ→∞

{
inf

ξ(0)=ξ(τ)=x̄

∫ τ

0

L(ξ(s), 0, ξ̇(s)) + F (ξ(s),m(t))ds+ c(m(t))τ

}
≤ lim inf

τ→∞

{∫ τ

0

L(γ̄(s), 0, ˙̄γ(s)) + F (γ̄(s),m(t))ds+ c(m(t))τ

}
≤ lim inf

n→∞

{∫ τn+dn

−dn

L(γ̃n(s), 0, ˙̃γn(s)) + F (γ̃n(s),m(t))ds+ c(m(t))(τ + 2dn)

}

≤ lim inf
n→∞

{
2dn

 sup
x∈M
|q|=1

|L(x, 0, q)|+ ∥F∥∞ + sup
t∈[0,T ]

c(m(t))


+

∫ τn

0

L(γn(s), 0, γ̇(s)) + F (γ(s),m(t))ds+ c(m(t))τ

}

≤ lim
n→∞

2dn

 sup
x∈M
|q|=1

|L(x, 0, q)|+ ∥F∥∞ + sup
t∈[0,T ]

c(m(t))

+
1

n

 = 0,

where the second inequality is due to the lower semicontinuity of action functional. Thus, for any t ∈ [0, T ],
x̄ ∈ Am(t), which implies that x̄ = xm by assumption (H4).

The main issue on the selection problem is the regularity of u(x, ·).
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Proposition 5.4. For any m ∈ C([0, T ];P(M)) and λ ∈ (0, 1], let u be the viscosity solution of

H(x, λu,Du) = F (x,m(t)) + c(m(t)), x ∈ M, ∀t ∈ [0, T ]. (5.1)

Then there exists a modulus ω, independent of λ ∈ (0, 1], such that for any m ∈ C([0, T ];P(M)), there holds
that

∥(u(·, t)− u(xm, t))− (u(·, s)− u(xm, s))∥∞ ≤ ω(|t− s|), ∀t, s ∈ [0, T ].

Proof. By contradiction, we assume that there exists ε > 0 and some m ∈ C([0, T ];P(M)) such that there exists
a sequence {mn}n∈N ⊂ C([0, T ];P(M)) such that as n → ∞,

sup
t∈[0,T ]

d1(mn(t),m(t)) −→ 0,

a sequence {xmn
}n∈N such that {xmn

} = Amn for every n ∈ N, {xmn
} converges to the point xm with {xm} =

Am, a sequence {λn}n∈N ⊂ (0, 1], a sequence {tn}n∈N ⊂ [0, T − hn] with hn ∈ (0, 1/n) for every n ∈ N \ {0},
such that

∥(fn(·, tn)− fn(xmn
, tn))− (gn(·, tn + hn)− gn(xmn

, tn + hn))∥∞ ≥ ε.

where, for every n ∈ N, fn(·, tn) is the viscosity solution of

H(x, λnfn, Dfn) = F (x,mn(tn)) + c(mn(tn)), x ∈ M,

and gn(·, tn + hn) is the viscosity solution of

H(x, λngn, Dgn) = F (x,mn(tn + hn)) + c(mn(tn + hn)), x ∈ M.

Then we take the subsequence of {λn} to the limit, which converges to a constant λ ∈ [0, 1]. There are two
possible cases that either λ = 0 or λ ̸= 0. We assume that tn and tn + hn both converge to t̃.

By [14], Lemma 2.3, {fn(·, tn)} and {gn(·, tn + hn)} are uniformly bounded and equi-Lipschitz continuous on
M for all λ ∈ (0, 1], so we assume that there exist subsequences, still denoted by {fn(·, tn)} and {gn(·, tn +hn)},
which uniformly converge to f(·, t̃) and g(·, t̃), respectively.

For the case λ ̸= 0, since

d1(mn(tn),m(t̃)) ≤ d1(mn(tn),mn(t̃)) + d1(mn(t̃),m(t̃)) → 0,

and assumption (F3), we have F (·,mn(tn)) uniformly converges to F (·,m(t̃)), and by Lemma 5.2, c(mn(tn))
converges to c(m(t̃)). By the same argument, F (·,mn(tn+hn)) uniformly converges to F (·,m(t̃)), and c(mn(tn+
hn)) converges to c(m(t̃)). By the stability of viscosity solutions, f(·, t̃) and g(·, t̃) are both viscosity solutions of

H(x, λu,Du) = F (x,m(t̃)) + c(m(t̃)), x ∈ M,

which implies that f(·, t̃) = g(·, t̃) on M . Then, as n → ∞, we have

∥fn(·, tn)− gn(·, tn + hn)∥∞
≤ ∥fn(·, tn)− f(·, t̃)∥∞ + ∥g(·, t̃)− gn(·, tn + hn)∥∞ → 0.
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Therefore, as n → ∞,

∥(fn(·, tn)− fn(xmn
, tn))− (gn(·, tn + hn)− gn(xmn

, tn + hn))∥∞
≤ 2∥fn(·, tn)− gn(·, tn + hn)∥∞ → 0,

which yields a contradiction.
For the case λ = 0, using the same argument as before, as n → ∞, we have xmn

converges to xm, fn(·, tn)
uniformly converges to f(·, t̃), gn(·, tn + hn) uniformly converges to g(·, t̃), and f(·, t̃), g(·, t̃) are both viscosity
solutions of the equation

H(x, 0, Du) = F (x,m(t̃)) + c(m(t̃)), x ∈ M. (5.2)

Therefore, f(·, t̃) − f(xm, t̃) and g(·, t̃) − g(xm, t̃) are also viscosity solutions of equation (5.2), and they are
equal on the projected Aubry set {xm}, which implies that

f(·, t̃)− f(xm, t̃) = g(·, t̃)− g(xm, t̃).

Finally, as n → ∞, we obtain

∥(fn(·, tn)− fn(xmn
, tn))− (gn(·, tn + hn)− gn(xmn

, tn + hn))∥∞
≤ ∥(fn(·, tn)− fn(xmn , tn)− (f(·, t̃)− f(xm, t̃))∥∞
+ ∥(g(·, t̃)− g(xm, t̃))− (gn(·, tn + hn)− gn(xmn

, tn + hn))∥∞
−→ 0,

which yields a contradiction.

Corollary 5.5. For any λ ∈ (0, 1] and mλ ∈ C([0, T ];P(M)), let uλ be the viscosity solution of the equation

H(x, λuλ, Duλ) = F (x,mλ(t)) + c(mλ(t)), x ∈ M, ∀t ∈ [0, T ].

If

lim
λ→0

sup
t∈[0,T ]

d1(m
λ(t),m(t)) = 0,

for some m ∈ C([0, T ];P(M)), then, for any x̄ ∈ M , as λ → 0, the sequence {uλ −uλ(x̄, ·)} uniformly converges
to the function v̄ − v̄(x̄, ·) ∈ C(M × [0, T ]), where v̄ is a viscosity solution of

H(x, 0, Dv) = F (x,m(t)) + c(m(t)), x ∈ M, ∀t ∈ [0, T ]. (5.3)

Moreover, v̄ − v̄(x̄, ·) = hm(·)(xm, ·)− hm(·)(xm, x̄).
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Proof. By Proposition 5.4, for any t, s ∈ [0, T ], we have∥∥∥∥(uλ(·, t)− uλ(x̄, t)

)
−

(
uλ(·, s)− uλ(x̄, s)

)∥∥∥∥
∞

≤
∥∥∥∥((uλ(·, t)− uλ(xm, t)) + (uλ(xm, t)− uλ(x̄, t))

)
−
(
(uλ(·, s)− uλ(xm, s)) + (uλ(xm, s)− uλ(x̄, s))

)∥∥∥∥
∞

≤
∥∥∥∥((uλ(·, t)− uλ(xm, t))− (uλ(·, s)− uλ(xm, s))

)∥∥∥∥
∞

+

∥∥∥∥((uλ(xm, t)− uλ(x̄, t))− (uλ(xm, s)− uλ(x̄, s))

)∥∥∥∥
∞

≤2ω(|t− s|),

where the modulus ω is the same as in Proposition 5.4. Thus, {uλ − uλ(x̄, ·)} is uniformly bounded and equi-
continuous. With the Azelà-Ascoli theorem, it converges (up to a subsequence) to some function v̄ − v̄(x̄, ·).
Since the limit is independent of subsequences, the sequence{uλ − uλ(x̄, ·)} uniformly converges to v̄ − v̄(x̄, ·).
v̄ is a viscosity solution of (5.3), which is the consequence of [14], Theorem 1.1.

Recall that viscosity solutions of the equation (5.3) under assumption (H4) are unique up to additive con-
stants. Since v̄ − v̄(x̄, ·) and hm(·)(xm, ·) − hm(·)(xm, x̄) coincide on x̄, they coincide everywhere. The proof is
complete.

Proof of Theorem 2.8. For any fixed λ > 0, there exists a weak solution of (uλ,mλ) ∈ C(M × [0, T ]) ×
C([0, T ];P(M)) of (qMFGλ). We first prove that for any λ ∈ (0, 1], mλ is uniformly bounded and equi-Lipschitz
continuous. Since for any t ∈ [0, T ] and λ ∈ (0, 1], uλ(·, t) are uniformly bounded and equi-Lipschitz continu-
ous, by the arguments in Lemma 4.1, Lemma 4.2 and Proposition 4.3, we have mλ is uniformly bounded and
equi-Lipschitz continuous. With Corollary 5.5, as λ → 0, up to a subsequence, we have

(c1) There exists some µ̄ ∈ C([0, T ];P(M)), such that

lim
λ→0

sup
t∈[0,T ]

d(mλ(t), µ̄(t)) = 0.

(c2) c(mλ(t)) converges to c(µ̄(t)) uniformly on [0, T ].
(c3) For any x̄ ∈ M , there exists some function v̄ ∈ C(M × [0, T ]), such that uλ − u(x̄, ·) uniformly converges

to v̄ − v̄(x̄, ·) on M × [0, T ]. Moreover,

v̄ − v̄(x̄, ·) = hµ̄(·)(xm, ·)− hµ̄(·)(xm, x̄).

(c4) Duλ converges to Dv̄ a.e. on M × [0, T ].
(c5) The pair (v̄, µ̄) is a weak solution of (qMFG0).

(c1) is the consequence of aforementioned arguments. (c2) is the consequence of Lemma 5.2. (c3) in the con-
sequence of Corollary 5.5. (c4) is due to the uniform semi-concavity of uλ. Subsequently, we prove (c5). By
Corollary 5.5, v̄ is a viscosity solution of

H(x, 0, Dv̄) = F (x, µ̄(t)) + c(µ̄(t)), x ∈ M, ∀t ∈ [0, T ].
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Then we prove µ̄ is the weak solution of∂tµ̄− div

(
µ̄
∂H

∂p
(x, 0, Dv̄)

)
= 0, (x, t) ∈ M × (0, T ],

µ̄(0) = m0.

(5.4)

For any λ > 0, we have the pushforward mλ = Φλ(·, ·)♯m0 of the measure m0, where

Φλ(x, t) = x−
∫ t

0

∂H

∂p
(Φλ(x, s), λuλ(Φλ(x, s), s), Duλ(Φλ(x, s), s))ds.

Define µ̃ := Φ(·, ·)♯m0, where

Φ(x, t) = x−
∫ t

0

∂H

∂p
(Φ(x, s), 0, Dv̄(Φ(x, s), s))ds.

Then for any function f ∈ C(M) and any t ∈ [0, T ], we have

lim
λ→0

∫
M

f(x)dmλ(t) = lim
λ→0

∫
M

f(Φλ(x, t))dm0

=

∫
M

f(Φ(x, t))dm0 =

∫
M

f(x)dµ̃(t),

which implies that

lim
λ→0

sup
t∈[0,T ]

d1(m
λ(t), µ̃(t)) = 0.

The first and third equalities are due to the definition of pushforward, the second equality is due to (c4). Since
µ̄ and µ̃ are both the limit of the same subsequence of {mλ}, µ̄ = µ̃ on [0, T ]. It is clear that µ̄(0) = m0, and µ̄
is the unique weak solution of (5.4) due to Proposition 4.4.

Thus, (v̄, µ̄) is a weak solution of (qMFG0), and the proof is complete.
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Appendix A. Existence result under (H3’)

In the Appendix, we show that the existence result for (qMFGλ) under (H1), (H2) and the weaker monotonicity
assumption (H3’). For convenience, we only consider the case when λ = 1.

By [27], Proposition A.1, Proposition B.1, for any m ∈ P(M), the Hamilton–Jacobi equation

H(x, u,Du) = F (x,m) + c(m), x ∈ M, (A.1)

admits a unique viscosity solution. We claim that {um}m∈P(M) is uniformly bounded and equi-Lipschitz continuous.

Lemma A.1. The viscosity solution wm of the Hamilton–Jacobi equation

H(x, 0, Dw) = F (x,m) + c(m), x ∈ M

is equi-Lipschitz continuous with the Lipschitz constant D1, where

D1 = sup
x∈M
|q|=1

L(x, 0, q) + ∥F∥∞ + sup
m∈P(M)

c(m).
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Proof. For any x, y ∈ M and t > 0, we define an absolutely continuous curve γ : [0, t] → M such that |γ̇| = 1, γ(0) = x
and γ(t) = y, then we have

wm(y)− wm(x) ≤
∫ t

0

L(γ(s), 0, γ̇(s)) + F (γ(s),m)ds+ c(m)t

≤
∫ t

0

sup
x∈M
|q|=1

L(x, 0, q) + ∥F∥∞ds+ sup
m∈P(M)

c(m)t

=

 sup
x∈M
|q|=1

L(x, 0, q) + ∥F∥∞ + sup
m∈P(M)

c(m)

 |x− y|.

The proof is complete.

wm satisfies that for any t ≥ 0,

wm = inf
γ(t)=x

{
wm(γ(0)) +

∫ t

0

L(γ(s), 0, γ̇(s)) + F (γ(s),m)ds+ c(m)t

}
.

For any given t > 0, m ∈ P(M) and x, y ∈ M , we define the minimal action by

hm
t (x, y) = inf

γ

∫ t

0

L(γ(s), 0, γ̇(s)) + F (γ(s),m)ds,

where the infimum is taken among all absolutely continuous curves γ such that γ(0) = x and γ(t) = y.

Proposition A.2. For any given t0 > 0, there exists a constant Dt0 such that

|hm
t (x, y) + c(m)t| ≤ Dt0 , ∀x, y ∈ M, ∀m ∈ P(M).

Proof. Lower bound. By [20], Proposition 4.4.2, for any t > 0, x, y ∈ M , we have

wm(x)− wm(y) ≤ hm
t (x, y) + c(m)t, ∀m ∈ P(M),

with Lemma A.1, wm is equi-Lipschitz continuous. Then

wm(x)− wm(y) ≥ −D1|x− y| ≥ −D1diam(M),

which implies that hm
t (x, y) + c(m)t has a lower bound, where diam(M) denotes the diameter of M .

Upper bound. By [20], Proposition 4.4.4, for any given t0 > 0, there exists a constant Ct0 independent of m ∈ P(M),
such that for each x, y ∈ M , we can find a C∞ curve γ : [0, t0] → M with γ(0) = x, γ(t0) = y, and

∫ t0

0

L(γ(s), 0, γ̇(s)) + F (γ(s),m)ds+ c(m)t0 ≤ Ct0 ,

where Ct0 := C̃t0 , C̃t0 = sup x∈M

|q|≤ diam(M)
t0

L(x, 0, q) + ∥F∥∞ + supm∈P(M) c(m). Then by [20], Lemma 5.3.2, for any t > t0,

there exist a minimizer γ2 : [t0, t] → M of wm(x) with γ(t) = x and a C∞ curve γ1; [0, t0] → M with γ1(t0) = γ2(t0),



EXISTENCE OF SOLUTIONS AND SELECTION PROBLEM FOR QUASI-STATIONARY CONTACT MEAN FIELD GAMES 23

such that

hm
t (x, y) + c(m)t ≤

∫ t0

0

L(γ1(s), 0, γ̇1(s)) + F (γ1(s),m)ds+ c(m)t0

+

∫ t

t0

L(γ2(s), 0, γ̇2(s)) + F (γ2(s),m)ds+ c(m)(t− t0)

≤ Ct0 + wm(x)− wm(γ2(t0))

≤ Ct0 +D1diam(M).

Let Dt0 := max{−D1diam(M), Ct0 +D1diam(M)}, the proof is complete.

We define the semigroup for L(x, u, q) to prove the uniform boundedness of {um}. For any continuous function
ϕ ∈ C(M) and t ≥ 0, define

Tm
t ϕ(x) := inf

γ(t)=x

{
ϕ(γ(0)) +

∫ t

0

L(γ(s), Tm
s ϕ(γ(s)), γ̇(s) + F (γ(s),m))ds+ c(m)t

}
,

where the infimum is taken over all absolutely continuous curves γ such that γ(t) = x. By [27], Propositions 2.9 and A.1,
for any m ∈ P(M), any ϕ ∈ C(M), the limit

um := lim
t→∞

Tm
t ϕ

is the unique viscosity solution of (A.1).

Proposition A.3. Given t0 > 0, for any ϕ ∈ C(M), there exists a constant D2 > 0, dependent on t0 and ϕ, such that

∥Tm
t ϕ∥∞ ≤ D2, ∀t ∈ [t0,∞), ∀m ∈ P(M).

Proof. Lower bound. For any (x, t) ∈ M × [t0,∞), such that Tm
t ϕ(x) < 0, let α : [0, t] → M be the minimizer of Tm

t (x).
We consider the function

s 7→ Tm
t (α(s)).

Since Tm
0 ϕ(α(0)) = ϕ(α(0)), Tm

t ϕ(x) < 0, there exists s0 ∈ [0, t], such that Tm
s0ϕ(α(s0)) ≥ min{ϕ(α(0)), 0} and

Tm
s ϕ(α(s)) < 0, for s ∈ (s0, t]. Then we have

Tm
t ϕ(x) = Tm

s0ϕ(α(s0)) +

∫ t

s0

L(α(s), Tm
s (α(s)), α̇(s)) + F (α(s),m)ds+ c(m)(t− s0)

≥ min{ϕ(α(0)), 0}+
∫ t

s0

L(α(s), 0, α̇(s)) + F (α(s),m)ds+ c(m)(t− s0)

≥ −∥ϕ∥∞ + hm
t−s0(α(s0), x)

≥ −∥ϕ∥∞ +Dt0 ,

which gives a lower bound of Ttϕ(x) on M × [t0,∞).
Upper bound. For any (x, t) ∈ M × [t0,∞), such that Tm

t ϕ(x) > 0. Let β : [0, t] → M be a minimizer of hm
t (y, x)

with β(0) = y and β(t) = x. We consider the function

s 7→ Tm
s ϕ(β(s)).



24 X. HU

Since Tm
0 ϕ(β(0)) = ϕ(β(0)), Tm

t ϕ(x) > 0, there exists s0 ∈ [0, t], such that Tm
s0ϕ(β(s0)) ≤ max{ϕ(β(0)), 0} and

Tm
s ϕ(β(s)) > 0, for s ∈ (s0, t]. Then we have

Tm
t ϕ(x) ≤ Tm

s0ϕ(β(s0)) +

∫ t

s0

L(β(s), Tm
s ϕ(β(s)), β̇(s)) + F (β(s),m)ds+ c(m)(t− s0)

≤ max{∥ϕ∥∞, 0}+
∫ t

s0

L(β(s), 0, β̇(s)) + F (β(s),m)ds+ c(m)(t− s0)

≤ ∥ϕ∥∞ + hm
t−s0(β(s0), x).

It is clear that at least one of s0 and t− s0 is no less than t0/2. If s0 ≥ t0/2, then

hm
t−s0(β(s0), x) = hm

t (β(s0), x)− hm
s0(β(0), β(s0)) ≤ 2Dt0/2.

If t− s0 ≥ t0/2, then hm
t−s0(β(s0), x) ≤ Dt0/2. We give the upper bound of Tm

t (x) on M × [t0,∞).
The proof is complete.

By Proposition A.3, since the unique viscosity solution of (A.1) um = limt→∞ Tm
t ϕ for any ϕ ∈ C(M), the sequence

{um}m∈P(M) is uniformly bounded on M . We establish the equi-Lipschitz continuity of um in the following proposition.

Proposition A.4. {um}m∈P(M) is equi-Lipschitz continuous on M .

Proof. For any t > 0 and any x, y ∈ M , we define a curve γ : [0, t] → M with |γ̇| = 1, γ(0) = x and γ(t) = y. Then we
have

um(y)− um(x) ≤
∫ t

0

L(γ(s), um(γ(s)), γ̇(s)) + F (γ(s),m)ds+ c(m)t

≤

 sup
x∈M

∥um∥∞
|q|=1

L(x, um, q) + ∥F∥∞ + sup
m∈P(M)

c(m)

 |x− y|,

By Proposition A.3 and Lemma 5.1, the Lipschitz constant is uniformly bounded, which yields the result.

To prove the existence result under assumption (H3’), we establish the continuity t 7→ um(t)(x), where um(t) is the
viscosity solution of

H(x, u,Du) = F (x,m(t)) + c(m(t)), x ∈ M, ∀t ∈ [0, T ]. (A.2)

Proposition A.5. For any m ∈ C([0, T ];P(M)), the viscosity solution um(·) of (A.2) is continuous on [0, T ].

Proof. If not, there exist ε > 0, a sequence tn ∈ [0, T − hn] with hn ∈ (0, 1/n), for every n ∈ N \ {0}, such that

∥fn(·, tn)− gn(·, tn + hn)∥∞ > ε,

where, for every n ∈ N, fn(·, tn) is the viscosity solution of

H(x, fn, Dfn) = F (x,m(tn)) + c(m(tn)), x ∈ M,

and gn(·, tn + hn) is the viscosity solution of

H(x, gn, Dgn) = F (x,m(tn + hn)) + c(m(tn + hn)), x ∈ M.

The remaining proof is the same as that in Proposition 5.4.

The rest of the proof follows the same argument as in Section 4.
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Appendix B. Non-uniqueness

In this part, we explain why it is particularly difficult to establish the uniqueness of weak solutions for (qMFG)
and (qMFG0).The uniqueness proof for the second order case ([2], Thm. 2.5 and [3], Thm. 3.4), strongly relies on the
Lipschitz continuity of the map t 7→ Du(x, t), which is proved by the continuous dependence estimates based on the
strong maximum principle and on the elliptic regularity. More precisely, there exists a constant C ≥ 0, such that for any
t, s ∈ [0, T ], there exists

∥Du(·, t)−Du(·, s)∥∞ ≤ C|t− s|. (B.1)

However, in the first order case, the regularity of weak solutions is insufficiently to ensure this continuity, and the
derivative Du may exhibit singular points, where, for any fixed t ∈ [0, T ], a singular point of u(·, t) is a point x0 such that
Du(x0, t) does not exist. The singular point varies with t, which may lead to a jump in Du between different singular
points. We will present some counterexamples to illustrate the failure of the continuity of Du in t.

(Ex.1) We first consider an example from [39], where the Hamiltonian is given by Hε(x, p) =
1

2
|p|2 − 2 sin2(πx) + εp,

with the periodic boundary condition on [0, 1] and sufficiently small ε > 0. The corresponding Hamilton–Jacobi
equation is

1

2
|Du|2 + εDu = 2 sin2(πx)− ε2

2
, x ∈ [0, 1].

Let u0 and uε denote the viscosity solutions in the case ε = 0 and ε > 0, respectively. It is straightforward to verify

that the singular point of u0 is at x0 =
1

2
, while the singular point of uε is at xε >

1

2
, where cos(πxε) = −επ

4
.

Then we have that

Duε(x) =

{
2 sin(πx)− ε, x ∈ [0, xε),

− 2 sin(πx)− ε, x ∈ (xε, 1],

and

∥Duε −Du0∥∞ ≥ sup
1
2
<x<xε

|Duε −Du0| ≥ sup
1
2
<x<xε

|4 sin(πx)− ε|.

If 0 < ε < 3
π
, then ∥Duε −Du0∥∞ = 4

√
1− ε2π2

16
− ε ≥

√
7− 3

π
> 1.

(Ex.2) Even though the projected Aubry set remains stable, singular points of viscosity solutions to the associated
Hamilton–Jacobi equation may still vary.
First, we define a family of functions {gn}n∈N on [n, n + 1] with g0(x) = x4(1 − x)4(1 + x) on [0, 1]. It is clear

that g
(i)
0 (0) = g

(i)
0 (1) = 0, for i = 0, 1, 2, 3. Then for each n ∈ N, we set gn(x) := g0(x − n) on [n, n + 1]. Let

g(x) := gn(x), which is a 1-periodic function of class C3.
We consider the Hamiltonian

Hε(x, p) =
1

2
p2 − 2 sin2(πx)− εg(x),

for sufficiently small ε > 0, with the periodic boundary condition on [0, 1]. Let Vε(x) := −2 sin2(πx)− εg(x). The
critical value

c(Hε) = inf
φ∈C1(M)

max
x∈[0,1]

(
1

2
|Dφ|2 + Vε(x)

)
= max

x∈[0,1]
Vε(x) = 0.
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The projected Aubry set Aε = {0}, and the derivative Duε is defined by

Duε(x) =

{√
−2Vε(x), x ∈ [0, xε),

−
√

−2Vε(x), x ∈ (xε, 1].

It is clear that when ε = 0, the singular point is x0 = 1
2
. The following Figure B.1 shows the variation of singular

points with ε.

Figure B.1.

We have

∥Duε1 −Duε2∥∞ ≥ max
1
2
<x≤min{xε1

,xε2
}

∣∣∣√−2Vε1(x) +
√

−2Vε2(x)
∣∣∣ > 2.

An analogous behaviour can be observed in the contact case, where the Hamiltonians take the form u+Hϵ(x, p).

From the above examples, we obverse that when the Hamilton–Jacobi equation is subject perturbations that cause
the singular points of uε to vary, the derivative Duε fails to uniformly converge to Du0, as ε → 0, and a jump arises
across the moving singular points.

For any m ∈ C([0, T ];P(M)) and t, s ∈ [0, T ], we interpret d1(m(t),m(s)) as playing the role of the perturbation
parameter ε in (Ex.1)–(Ex.2). This analogy suggests that the derivative Du may exhibit discontinuity in t, and thus fails
to be continuous on [0, T ], i.e. for any t, s ∈ [0, T ], the inequality (B.1) does not hold.
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