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PARTICLE APPROXIMATION FOR CONDITIONAL CONTROL
WITH SOFT KILLING

RENE CARMONA'® AND SAMUEL DAUDIN®*

Abstract. The aim of this paper is to develop a particle approximation for the conditional control
problem introduced by P.-L. Lions during his lectures at the College de France in November 2016. We
focus on a soft killing relaxed version of the problem, which admits a natural counterpart in terms of
stochastic optimal control for a large number of interacting particles. Each particle contributes to the
overall population cost through a time-evolving weight that depends on the trajectories of all the other
particles. Using recently developed techniques for the analysis of the value function associated with the
limiting problem, we establish sharp convergence rates as the number of particles tends to infinity.
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1. INTRODUCTION

Practical applications requiring the optimization of cost constrained systems abound, and a natural modeling
approach to these problems is to work within the framework of the optimal control of stochastic processes with
conditional costs. To the best of our knowledge, the first mathematical formulation of such problems was
introduced by P.L. Lions in his lectures at the College de France in November 2016. See [1]. As stated, the
problem did not fit into the standard framework of stochastic control problems studied in the literature, so
its solution required new ideas and even new technology. In his lectures, Lions emphasized the special role of
the conditioning in the evaluation of the objective function to be optimized, and conjectured that this singular
feature could invalidate the common folk theorem in optimal control according to which optimization over
Markovian and general open loop controls would give the same value.

While the closed-loop version of the large time limit and the finite volume limit of the problem were discussed
in [2], the first rigorous comparison of the optimizations over closed-loop and open-loop controls was given in
[3] There, the authors considered the soft killing version of the problem and provided complete answers to
the comparison of the optimizations over different families of controls. They reformulated the problem as an
equivalent (thanks to a tailor-made superposition principle) deterministic control problem over a (nonlinear
and nonlocal) dynamical system on the Wasserstein space of probability measures, and they characterized the
optimal solution by a forward backward system of Partial Differential Equations (PDEs) in the spirit of the
Mean Field Game (MFG) systems.
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In the present paper, we introduce a particle approximation for the problem, following recent advances in
the theory of Mean-Field Optimal Control models. This theory, together with the related theory of Mean-Field
Games, addresses optimal control problems for large populations of interacting particles, see [4—6] for intro-
ductory textbooks on the subject. Understanding the infinite-particle limit and obtaining precise quantitative
estimates are challenging tasks that have recently attracted significant attention, see e.g. [7-11]. In our set-
ting, however, we have to face an additional difficulty: each particle carries an individual weight that evolves
over time, depending on the trajectories of all the other particles. Despite this added difficulty, we extend the
approach developed in [11] and establish convergence rates. The starting point is the observation that the value
function of the limiting problem—formulated over a space of probability measures—when projected onto a
finite-dimensional space, formally satisfies a PDE similar to the one governing the value function for a finite
number of particles. A comparison argument then yields an estimate of the difference between the two value
functions. However, the value function in the limit lacks the necessary smoothness for a direct application of
this method. To overcome this, we introduce a suitable regularization of the limiting value function and apply
the projection argument to this smoothed version.

Since the completion of [3], a significant interest appeared in the mean field models of McKean—Vlasov type
where the interaction occurs through conditional distributions as opposed to plain distributions. First, the
equality of the optimization values over closed-loop and open-loop controls was proved using a new conditional
mimicking argument in [12]. Next, we can cite the recent works [13] and [14], as well as [15] which, like the
present paper, emphasizes special connections of those models with particle systems.

The paper is organized as follows. In Section 2 we introduce the optimal control problems and state our main
results. In Section 3 we provide a first analysis of the value function of the limiting problem. In particular we
prove that it is Lipschitz and semi-concave with respect to appropriate weak metrics. This result relies on the
optimality conditions for the control problem that are postponed to Section 8. Section 4 contains the formal
projection argument leading to the rates of convergence under the assumption that the limiting value function
is smooth enough. We present the mollification procedure in Section 5 and Sections 6, 7 are then devoted to the
main estimates of the paper.

2. STATEMENT OF THE PROBLEM AND MAIN RESULT

Without much loss of generality, we shall assume that the running cost is merely a quadratic kinetic energy
term, and the terminal cost is given by a function ¢ : T¢ — R. Purely for convenience, we assume that the state
space of our dynamical system is the torus T¢. Again, there is no loss of generality compared to the original
problem in [1] or [3]. Indeed, one can assume that the torus is large enough to strictly contain the bounded
open domain in which the problem was set-up in [1] or [3]. The soft killing feature of the model is provided by
a potential function V : T — RT that gives the rates at which the particles are killed as a function of their
positions. We study the following N-particle system. Given a filtered probability space (2, F,F,P) supporting

N d-dimensional independent F-Brownian motions B; := (B}, ..., B{¥), we seek to minimize, over a finite time
horizon [0, T,
N T 1, 2 1 ;
IV (to, X0, a0, ::]E[ o 2dt , XZ} 2.1
0300, (00)21) = B[ [ 37 5P+ 3 (D) (2.1)
over the set of progressively measurable controls (af)istg,---, (@l )ist, in L2(Q x [to, T);RY) with X; :=

(X}, ..., XN) and A; := (A}, ..., AN) solutions of

{ dX} =ajdt+dBj, X} =ua)eT? (2.2)

dA} = V(X})dt, Al =ab€eR
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where the weights N; at time t are defined by

1 exp(—A?)
ﬁ = N—ijqj- (2.3)
t Zj:l exp(—A)

Notice that the variables X}, ..., X}N live in T¢ for all ¢ € [to, T] while the variables A}, ..., AN live in R for
te [to, T]

In order to put things in perspective, we highlight two special cases for the potential function V. When V" is
a constant independent of x and ag = (O, . ,O) then 1/N{ = 1/N for all t >ty and all 1 <i < N, and we are
in the classical mean-field setting. Alternatively, if V' is given by:

0 ifxeD
Viw) = { too ifzé¢D (2:4)
for some open subset D of T¢, then % = N%IT},N where 75 is the first exit time of the i-th particle from the

domain D, and N; := Zjvzl 1oy
time ¢. This corresponds to the hard killing regime addressed in [1, 2]. We also refer to [3], Section 2.2 for a
discussion on how such a particle system can arise from evolutionary biology motivations. Here, the potential
function V' will be taken as a regular function (thus excluding the hard killing regime).

For N > 1, we define the value function

is the number of particles that did not attempt to exit the domain before

v (to, %0, a9) = igf IV (to, X0, a0, () >t )-

For convenience we introduce the notation
n'[a] := e” Ze_a], 1<i<N, acRY, (2.5)
j=1

so that Nj = n’[A;]. The Hamiltonian of the system is given, for x = (z!,...,2") € (TN, a € (R)V, p =
(®'...pN) e ®HN and q = (¢',...,¢") € RN by

N N 1
H¥xapa)= s {3l =3 Ve - 5> a2}
(al,...,aN)e(RI)N ; ; 2 ; nz[a]
N N i a]
— 4 AP A, 02
Z (x")q +Z TR
=1 i=1
and the supremum is achieved by taking o = —n‘[a]p’ for 1 < i < N. We are dealing with a standard stochastic

optimal control problem in finite dimension, see [16], and therefore, by dynamic programming, vV is the unique
viscosity solution to the semilinear HJB equation

i
77,2[3] ‘Vmi’l)N|2 =0

N

—9N — %ZAinN - Z V()0 + Z
j i=1

in [to, 7] x (TYY x ®R)Y,  (26)

N 1 ‘
N(T,xa)zz —_g(z") in (THN x (R)V.
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In order to analyze the infinite particle limit of the system, we consider the following optimal control problem
for a non-local non-linear Fokker—Planck equation

Vlto,po) = int / [, slee@ P+ [ a@dur o). (Pb)

where the infimum is taken over the couples (u,a) with p € C([to, T], P(T%)) and a € L>®(y; ® dt; R?), (i.e.
a: [to, T] x T* — RY is measurable and there exists C' > 0 such that u; ® dt{(t,z) € [to, T] x T¢, |ay(z)| >
C} =0 ) satisfying

1 . .
Outr = 5 Ape + div(ag) + (V (@) = (Vi pe)) e = 0, i (£, T) x T, e = o, (2.7)

in the sense of distributions. This control problem is precisely the one investigated in [3] as a relaxed version
of the original conditional control problem of [1, 2]. When « is bounded and measurable, the existence of a
solution to (2.7) is given from [3], Lemma 3 by the probabilistic representation

e A dy,
pe = ]E[E[T,f]]

where (A, X;) solves the Stochastic Differential Equation (SDE)
dXt = Oét(Xt)dt + dBt, dAt = V(Xt) t 2 to

driven by the d-dimensional F-Brownian motion (By)¢>+,. This ensures that the set over which the infimum is
taken in Pb is not empty. The cost in (Pb) can then be rewritten

E[/T %|at(Xt)|2qtdt + 9(Xr)ar] (2.8)

to

with q; := e~ /E[e~“¢]. As explained in [3] we recover the hard killing regime by taking V as in (2.4) in which
case the cost is given at least formally, by

T
1
/ gEHat(Xt)mTD > t)dt + E[g(Xr)|7p > T,
to

where 7p is the first exit time of the process (X;);>4, from the domain D.
From dynamic programming, we can infer that V is a viscosity solution to the following Hamilton—Jacobi
equation, set in [0,7] x P(T%)

vt -3 [ At / V250 (t,2)du(o)
- / V(&) ~ (Vi) M(t R
f’]rdg (z), uGP(Td),
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where the derivative with respect to the probability measure argument is the so-called linear or flat derivative.
See for example [4]. In the equation above we used the convenient notation

(Vip) = » V(z)du(z)

for u € P(T?) to avoid double integrals and lighten the notations. At this stage we do not specify in what
viscosity sense this equation is understood and postpone this discussion to Section 3 and Lemma 3.9 therein.

Our main convergence result is the following:

Theorem 2.1. Assume that V : T¢ — R* and g : T — R belong to C*(T?) for some k > d/2 + 2. There is a
constant C' depending on T, ||Vl (pay and [|gllcrpay such that, for every (t,x,a) € [0,T] x (TN x RV,

where the weights n'[a] were defined in (2.5), and where the weighted empirical measures ufza are defined as

N
N o= — 6. 2.1
Hx.a ; il 0 (2.10)

Theorem 2.1 is a direct consequence of Propositions 6.1 and 7.1 proved in Sections 6 and 7.
Comparing this result with the main estimate of [11] which provides a bound of order N —1/2 we can interpret
the quantity (Zfil(n%h])?)’l as the effective sample size or as a measure of weight degeneracy.
An immediate consequence is that, for every R > 0 there is Cr > 0 depending on R, ||glcx pays |V lcr(ra)

and T such that, for every (t,x,a) € [0,T] x (T4)V x RY such that |a|’ < R for all 1 <i < N it holds

”UN(t,X7 a) - V(ta /‘Q{a)‘ S &

VN

Theorem 2.1 opens several perspectives. As alluded to earlier, the main one is to understand the regime of
hard killing. This could be tackled directly by setting N% = N%lr}, ¢ in the cost function (2.1) or to prove the
convergence of vV and V separately when the potential V' becomes singular as in (2.4). In any case, finding
estimates that guarantee that there are enough particles remaining at time 7" to emulate some form of mean-field
limiting regime seems to be a tough challenge. To wit, in the control formulation, it could be beneficial to force

all but one particle to exit the domain, leaving the surviving one at a location where the final cost g is small.

3. ANALYSIS OF THE LIMIT VALUE FUNCTION

In this section, we investigate the regularity properties of the value function V : [0,7] x P(T?) — R defined,
for all (to, o) € [0,T] x P(T?) in (Pb). The main result is Proposition 3.6 where we prove that V is Lipschitz
and semi-concave with respect to appropriate metrics. As highlighted in [11], this regularity is key to obtain
sharp convergence rates for the mean-field approximation. Compared to the results of [11], we need to address
additional difficulties to obtain the regularity of the value function. In particular, the stability properties of
the Fokker—Planck equation, see Lemma 3.4 below, are more delicate because of the nonlocal term (V; u) that
creates a non-linearity in the equation.

The starting point is the following set of optimality conditions for the control problem (Pb) that extends the
analysis of [3], Section 4.3.3. The proof is postponed to Section 8.



6 R. CARMONA AND S. DAUDIN

Theorem 3.1. Let us assume that V : T4 — Rt and g : T* — R belong to C*(T?) for some k > 2. For every
(to, o) € [0,T) x P(T?), optimal solutions for (Pb) ewist and satisfy a = —Vu for a solution (u,u) of the
coupled PDE system

=0y — 3Au; + 5|Vue|* + (V= (Vipe))ue — V{ug; ) =0 in (to,T) x T,
Ope — 2Ap — div(Vugpe) + (V= (Vip))pe =0 in (to, T) x T, (3.1)
p(to) = po, ur =g in T

The adjoint variable u belongs to C12([0,T] x T¢) (one continuous time derivative and two continuous space
derivatives) and x v+ u(t,x) belongs to C*(T?) for all t € [ty,T] and to C¥TY(T?) for all t € [ty,T). More
precisely, there is a non-decreasing function A : RT™ — RT | independent of (to, o, V,g,a, T) such that

sup ] [ueller pay + ) S[?PT) VT = tugllgrsspay < MT +[V]iengray + lgller (ray)- (32)
€lto,

tefto, T
In particular, any optimal control satisfies

ORI A (r4) (re) (re)
€lto,

te(to, T

In the above system (3.1), u solves the backward HJB equation in the classical sense. Well-posedness of this
equation is the object of Lemma 8.1 in Section 8.

Remark 3.2 (on the class of admissible controls). In the definition of Problem Pb we restrict the class of
admissible controls to controls satisfying some L°°-bound. Given the shape of the cost and following previous
works on the PDE approach to mean-field control, see eg [11, 17], it would have been more natural to allow

controls (p, @) satisfying only ftf Jpa o () |*dpeg (x)dt < 4-00. This technical restriction is due to the strategy
we use to prove the existence of optimal controls and obtain the optimality conditions, see Section 8.

Remark 3.3 (on the well-posedness of System (3.1)). Compared to the setting of [11, 17], our system of
optimality conditions contains some (non-local) zeroth order terms. This leads to significant differences in the
analysis. In particular it is not clear what condition on the data would ensure the uniqueness of a solution.

We need some preliminary stability results for the Fokker-Planck equation (8.7) with respect to the initial
condition. Recall that, for u', u? € P(T%),

1t = 12|l ¢ pay = sup / p(z)d(p' — p®)(x).
Weck(Td)’”WHck(Td)Sl T4

Lemma 3.4. Take o € C([to, T] x T R?) with

sup |[atllek-1(pay + sup VT —t|laef|cr pay < +o00.
tE[to,T] tefto,T)

i) Assume that u*, i = 1,2 are two (distributional) solutions to

Oepy — S Au + div(aepy) + (V= (Vip))py =0, gy = g (3.4)
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Then there is a non-decreasing function A : Rt — RT independent of (to, T, k,a, V, ud, u3) such that,

bup ||,ut “tHc k(1) <A(T+k+ sup ||0¢t||ck vpay [V Ilge-s Td)) 112, — “toHc ko (Td) *
te(to t€fto,T

ii) Now, for X € (0,1), define pi3, := (1 — N)pj, + Aud, and let (11)sefty,7) be the solution to the Fokker—Planck

equation starting from this initial position with the same control a.. Then, for a possibly new choice of A satisfying
the same properties,

sup H(l—A)MHAM?—M?HH(W)SA(T+1€+ sup HatHck—l(W)+||V||ck(w>)
te(to, T t€(to, T

A1 = A\)

X 12, = MtoHc k(Td) *

Proof. i) We take ¢ € C*(T?) and we introduce, for some t; € (to,T], ¢ : [to,t1] x R? — R the solution to the
linear backward equation

—Orpy — %A(ﬁt —at - Vo + (V - <V§M%>)¢t - V<¢t§ Mb =0, ¢y =20 (3~5)

Well posedness for this equation is discussed in Lemma 3.5 below. By duality we find, for i = 1,2,

/ 2)dul, ( /asto 2yt () + / (Vs — )b 1) — (s )V i),
Td to

and therefore,

ty
/ o(@)d(uf, — i) / bty (@)d(pf, — i, ) () —/ (Vg — p2) (s s — p2)ds.
’H‘d

to

Using the estimate on ||¢||ck(pa) from Lemma 3.5 below, as well as the boundedness of V' we find a non
decreasing function A as in the statement and from which we omit the argument such that,

t1
[, et = )@ < Alpllescrsy (It = e wgmn + [ 18 =12l egeayd5):
to
Taking the supremum over the functions ¢ € C* with |¢||.x < 1 and then applying Gronwall’s Lemma we find

m:EET] ||“t1 “h”c k(Td) <A H“to “toHC k(T4)”

which concludes the proof of the first part of the lemma.
i1) For the second part, we argue again by duality. For some ¢, € (to, T] and some ¢ € C*(T%) with [|¢]|cx (pay <
1 we let ¢ : [to, 1] x T? — R be the solution to the backward equation (3.5). We compute, by duality,

[ o)t = Nl + 3, =)@ = [ @1 = Vi, + N, = ) o)

(- / 1<¢t;ui><v;ui>dtm / (Vg2 — ) (s )t — A / s (Vs )t

to to to
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t1
= [ = b)) (@t (Vi)
to
The first term cancels out by the definition of ,ui‘o and then tedious rearranging leads to

[, e =N, + 3, =)@ = [ @) Vit = (0= Nt = vy

to

t1
- / (D12 — (1= Nk — N2V AGEE — b))t

to

t1
A=) / (60512 — pbY (Vs 2 — b,

to

Using the C*-regularity of V and ¢ we get

ty
/Td P()d((1 = Mg, + M, — i) (@) < /t el cogray 1V llercpay 12 = (1= Ny = Mad || oy A
0
ty
+/ ¢ llcr (pay HNZ\ — (1 =Ny — A“?Hcfk(qrd) X 2X [V ]l copay
to

t1
2
A=) [ ollenony IVl = s gy
0

Now we use step ) and the estimate of Lemma 3.5 to find A as in the statement such that

t1
/Td p(@)d((1 = N, + Mg, — ) (@) < Allllenray (/ 1 = (1= Mptg = Mo || oy
to

A1 =) 1 2112
e o e lo-sra)-

Taking the supremum over ¢ with |[¢||cx sy < 1 we infer

t1
10 =Nty + Mz, = 1 ooy < A / L
0

A 1 212
FRAN =) sup 1t = 12 | pay

and we conclude, using Gronwall’s lemma and the part ) of the Lemma that, for a possibly new function A,

A1 =N) 2
e 1= Mpd+ M = 1ty < A= Nty = b [l oy -

In the above proof, we used the following estimate.
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Lemma 3.5. Take t; € [to, T], p € C([to, t1], P(T?)) and ¢ € C¥(T?) for some k > 1. Let ¢ : [to,t1] x T¢ - R
be the classical solution to

1
—Opdr — §A¢t —ap -V + (V= (V; ﬂt1>)¢t - V<¢t;ﬂi> =0, ¢ =0 (3.6)
Then, there is a non-decreasing function A : RT — R independent of (to,t1, T, u,V, p, k) such that

sup ||deller(pay < AT +k+ sup llaeellgr—1(pay + HV”ckfl(qrd)) lellcr (ray -
tElto,t1] t€(to,t1]

Proof. Existence of a solution is given by [3], Lemma 8 thanks to a fixed point argument. We claim that

sup | H¢t||c0(11‘d) < A(T+ ||V||c0(1rd)) ||‘P||50(1rd)

tEfto,t1
for a non-decreasing function A as in the statement. This follows, for instance, from the same argument leading

to the CY estimate for uf in Lemma 8.1. We then proceed by induction, following the proof of [11], Lemma A.2.
We introduce the heat kernel (P;);>o so that ¢, is given for all ¢ € [tg, ¢1] by Duhamel’s formula

t1
¢y = Py 4 +/ Ps—t{Oés Vo5 — (V= (Vius))ds + V{(ps; /~Ls>}d3-
t
Differentiating & times on both sides and using the classical estimates

1f1lco(ray

HPS*tfHCU('JI‘d) < ||f||C°(']I‘d) ) Hv{Psftf}Hco('ﬂ-d) < ﬁ

we find

h ||O‘S||ck71(1rd) H¢s”ck(ﬂ‘d)ds

Vs—1t

h IVl er—1(pay h ||Vk_lv||c0(1rd)
Ak s|lor—1 ——d s ——d 3.8
+ A( )/t s lcn (T4) Vs —1 3+/t I HCO(W) Vs—t 5 (3.8)

for some A(k) > 0 depending only on k, and we conclude by induction, using a variant of Gronwall’s Lemma,
see [11], Lemma A.1. O

9560 ey < 7l + 40 [ 1)

We go on with the first regularity properties of the value function V. The result involves the metric ||- ||H—’“(']I‘d)

inherited by duality with the Hilbert space H*(T?) of functions on T¢ with derivatives up to order k in
L?(T9) (see the beginning Sect. 5 for details regarding the space H*(T9) and (5.2) for the exact definition of

1l = (va))-

Proposition 3.6. Assume that V and g belong to Ck(T?) for some k > 2. Then the value function V is Lipschitz
and semi-concave in the measure argument with respect to the norm of C~*(T?). More precisely, there is a non
decreasing function A : RT — RT such that, for all T >0, all g,V € C*(T?), all ty € [0,T] and p', u* € P(T)
we have:

|V<t07:u2) - V(t(),ﬂlﬂ S A(T+ k + ||V||Ck(']fd) + ||g||Ck(']I‘d)> H,LL2 - N’luc—k('ﬂ*d) ) (39)
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and for all A € (0,1)
V(to, (1 — Nt + Ap?) > (1= MN)V(to, 1) + AV (to, p?)

AL —

A
- A(T +k+[Vllerpay + ||9||ck(1rd)> X T) |1 — MlHifk(Td) ~ (3.10)

Moreover, estimates (3.9) and (3.10) still hold true, possibly for a new choice of A but depending on the same
parameters, with H,ug — MlHC*k(Td) replaced by H/ﬂ — ,ulHH,k(,ﬂ,d) .

Proof. Throughout the proof, the non-decreasing function A is allowed to change from line to line. We also omit
its argument to lighten the notation. We start with the Lipschitz regularity. We fix some initial time ¢ € [0, 7]
and we take two measures ,u,}o, ufo as well as an optimal control a for V(to, p%o). Thanks to Theorem 3.1 we
know that

sup _|lal[er-1(pay + sup VI —tloulcr ey < A. (3.11)
T] t€(to,T]

t€(to,

For all ¢ € [ty, T], expanding the C* norm of the square |a;|? we find that, for some Cj_; > 0 depending only
on the C*~! norm of oy,

e[| o < Cro1 (1 + llellcr pay )
And, similarly, for some Cy_5 > 0 depending only on the C*~2 norm of a,
H|at|2Hck—1 < Cr2(1+ ||Oft||ck—1(qrd))~
Therefore we deduce from (3.11) that

sup H\at| Hck 1y tes[?pT] \/T—t|||at\2||ck(w) < A. (3.12)
0,

tefto, T

We let (uﬁ)te[tmﬂ, i = 1,2 be the measure flows, solution to (3.4), obtained by using the same control a for
both initial conditions (to, ui,) and (to, p1f,). Thanks to Lemma 3.4 we know that

tes[g)r,)T] s = l‘t”c K(Tay S Alpt, - ﬂm”c F(Td)

Since a is optimal for (to, y1{,) and admissible for (to, yi7,) we have

Vit ) Vol < [ [ Sttt — by s [ ot - b))

<A sup ||:ut :U’t||C k(']l‘d)a
te(to,T

where we used the regularity of a through the bound (3.12) as well as the C* regularity of g. Applying part 7)
of Lemma 3.4 we deduce that

V(tO)lLtgo) - V(tO?/’l/tlo) < A H:uto MtOHC k(Td)

Exchanging the roles of xf and 7, we get the Lipschitz regularity of V.
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We go on with the semi-concavity estimates. To this end we fix and initial time to € [0, T), two initial measures
pi, and p . For all X € [0,1] we let g7 := (1 — N)pq, + A, For A € (0,1) fixed we take a* an optimal control

for V(to, pi7, ) and we consider the curves (1 )ie(to,1)s (17)te(to,7) a0d (11 )efto, 7] Obtained by playing a* for each
initial condition. By optimality of o for V(t, ,uf‘o) we have

(1= NV (to, ily) + AWV (to, 122,) = Vlto, 1)

//f|t (1~ A + Mg — i) () + /g<x>d<<1—x>u;+m%—u%><x>

< sup |
te(to,T]

(1= Npg +Auf — g ||c—k(1rd) (/t |||O‘ ° Hck(Td) dt + ”g”C"(Td))'
We conclude using part i) of Lemma 3.4 and estimate (3.12) (which holds equally well for o) that,

(1 - )\)V(to, ;U’%O) + )\V(to,,u?o) - V<t07Mto) < A H /‘Lto HC k(Td) *

Finally, since we are working over the compact space T?, there is a constant Cgy such that |¢|| ey <
Cak [l¢llcr(pay for all o € C*(T?) and therefore ||[lo-x < Ca ||| g-r (gay for the same constant Cy, and we can
replace Hu2 - uch,k(Td) by H,u2 - “1HH%(W) in estimates (3.9) and (3.10). This concludes the proof of the
Lemma. O

Before going on with the time regularity we recall that, by classical arguments, V satisfies a dynamic
programming principle.

Proposition 3.7 (Dynamic Programming Principle). For any (to, po) € [0, 7] x P(T¢) and any t; € (to, T} it
holds

t1
V(to, po) = mf/ / o (@) Pdpe (z)dt + V(t1, pe, ),

where the infimum is taken over the couples (u, ) solutions to
. 1 ) .
Oy + div(agp) — §A#t + (V= (Vi) =0, in (to, t1) x T, pyy = po in T?, (3.13)

with p € C([to, t1], P(T?)) and o € L2 oai([to, t1] X T4; R%).

Proposition 3.8. Assume that V and g belong to C*(T?). Then there is a non decreasing function A : Rt — Rt
independent of (T, g, V) such that, for all ty,ts € [0,T], all u° € P(T9)

V(t2, 1) = V(t1, 1) < AT + 1V lles ey + lglleagrn ) 2 = tal.

Proof. We fix some initial measure u° € P(T¢) and two times t1,t2 € [0,T] with t; < ta. We let (a;)i>¢, be an
optimal control for V(t1, po) and we denote by (p¢)¢>¢, the associated measure flow. By dynamic programming
we have,

V(t1, po) — V(t2, po) = V(t1, o) — V(t1, pie,) + V(ta, pre,) — V(ta, o)

1 [h
= 5/ /d ‘Oét(:E)PdILLt(x)dt + V(ta, piey) — V(ta, tio)-
to JT
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Using the Lipschitz regularity in the measure variable of ¥ and the boundedness of a we infer that
[V(t1, po) = V(t2, o) < Alta — ta| + Allpe, — polle—2(pay - (3.14)

To estimate the last term, we proceed as follows. We take ¢ € C?(T¢) and we compute by duality,

ta 1
[ owtn, —m)@) = [ [ [outw) Vot + 380() — (V= Vit dpe )

< Afte — ta] 1Ml ez (pa)
and we take the supremum over ¢ € C?(T%) with [¢llcz(pay < 1 to deduce that
14ty = pollg—>(gay < Altz —ta].

Combined with (3.14) this concludes the proof of the time Lipschitz regularity of V. O

From Dynamic Programming, we can infer that V is a viscosity solution to the following Hamilton—Jacobi
equation, set in [0, 7] x P(T%)

1 2%
-0V —= | A,—(t t )|2d
atv 9 /]I‘d 6N( y My T / |v Hy, ‘ p’(x)

+Ay4> vmmym>wm 0, in [0,T] x P(T%),
V(T 1) = foo g(2)dpa), i P(TY).

(3.15)

In the equation above we use the linear derivative 74 with respect to the measure. Following [4] we say
that U = P(T?) — R is C! over P(T?), in notation U € C}(P(T?)), if there is a jointly continuous map ‘;—Z :
P(T?) x T¢ — R such that, for all !, u? € P(T9),

U(u?) / /Td (1 =r)p' +rp® z)d(p®* — p')(z)dr.

As such, the linear derivative would only be defined up to an additive constant, so we adopt the convention

s %(uw)dx =0 VueP(T?. (3.16)

In the next result we say that @ : [0,7] x P(T?) — R is a smooth test function if ® belongs to C([0, 7] x
P(T?)) and z +— %Y (t w, x) is twice differentiable with jointly continuous derivatives.

Lemma 3.9. The value function V is a viscosity sub-solution to the HJIB equation (3.15). More precisely, for
every smooth test function ® : [0,T] x P(T%) — R such that V — ® has a mazimum at (to, o) € [0, T] x P(T4)
we have

2
=0 ®(to, po) — /A (to, po, x)dpo(x /‘V (t, po, )| "dpo(x)

+ /Td (V(z) - <V;uo>)§%(to,uo,w)duo(x) <0.
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We omit to state and prove the corresponding super-solution property that can be proved in an analogous
way because it will not be needed to obtain the rate of convergence.

Proof. We take (tg, j10) € (0,T) x P(T%) and a smooth test function ® : [0,7] x P(T%) — R such that V — &
has a maximum at (to, o). Without loss of generality (up to adding a constant to ®) we can assume that this
maximum is 0. By dynamic programming we have, for all ¢; € (to, T,

t1 1
@(to, M()) = V(t(), M(]) = mf / f|at(;v)|2dut(x)dt + V(th Mtl)
’]I‘d

(m,x)

t1
< 1nf/ /f|at )2y (2)dt + B (b1, 10, ),

where the infimum is taken over the couples (p, o) solution to (3.13).
Using Theorem 5.99 in [4] with a minor modification to account for the zero-th order term in the Fokker—
Planck equation, we expand ® along the flow of p; to obtain

t 5P 1. 6P
ﬂmmﬂ=@%ww+/ /[@ﬂmm+%wyvf—wmwm~ﬁf—wmw>
to J1e o 2 Top

= (Vi) = (Vipd) g ()]s

Taking ay(x) = —ng%(t, po, ) for all t € [to,t1] and all x € T?, we get

h 1, 00 5o
0</./ D(t, ) + QQKﬁme%Wﬂ—Ww»@@mm
2 5 0P
Dividing by t; — tg and letting t; — ty we obtain
1 0P
—0y®(to, pto) — 3 A "5 — (to, po, x)dpo(x / ‘V t Mo, T )‘Zduo(m)
0P
+ [ (V(z)- <V%N0>)@(toauo,x)duo($) <0,
’]I‘d
which is the desired sub-solution property. O

4. RATE OF CONVERGENCE: FORMAL ARGUMENT

In this section we explain how to use the equation satisfied by V to infer quantitative information about
the convergence of vN. We assume that we are in an idealized setting where V is twice differentiable with
bounded derivatives and the dynamic programming equation (3.15) is satisfied in a strong sense. We introduce
the function oV defined, for all N > 1 and for all (t,x,a) € [0,T] x (TN x RN by

oV (t,x,a) = V(t, ufia).
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Recall that the empirical measures pf, on T¢ were defined in (2.10) by:

N
1 . . - _
Mﬁf,az Zni[a]%, n'la] = e® Ze @ 1<i<N.
=1

We can compute the derivatives of 7V as follows

(‘9,5'171\](t7 x,a) = O V(t, ,u,]:fa)7

nila] nifa] "V ou2

~ 1 2% ;
i (t,x,a) = Tl wa(tui{a, z'),
~ 1 1 ; 1 1 52 o
8§inUN(t,X,a) = 5i'7v2 V(tvluiv,wxl) + 2 V(tvﬂiv,a7xl7xj)a

"nifa] "7 op
and finally (after some more or less tedious computations),

9,0V (¢, %, 2) = —nim(

V. N 5V
- t T
5u( s Hx a,T")

- t7 )J:Ia7md/1'>]yax .
S A GICNEOL NG

Evaluating the equation satisfied by V at ui{ . and using the above relations, we find that vV solves (still

formally, assuming that % is regular enough),

1 N N N lal
~N =N ivg N SN2
—00" — 3 Z;Ayv — ;V(x )0qi 0" + ; 5 [V 0™ |
N
L 2 2 02V N i i : d\N N
:_;(nz[a]) trvmyﬁ(tvﬂ’x,aﬂx ax)v mn [t07T] X (T ) X (R)
N ‘ B
(T, x,a) = ; ni[a]g(x’), in (THY x (R)N.
We fix initial conditions (o, x,a) and take an admissible control (af, ..., ad);>¢, together with the correspond-

ing trajectories (X, At)i>4,- Recalling the notations introduced in (2.2), which are nothing more than the

randomly controlled versions of the deterministic notations (2.5) and (2.10), we introduce the notation

1 1 oA Y1
— = = -~ and No= :E — i
N A T YN oAl e T XA T 2 g o

j=1¢ 7"

and, by It6’s Lemma, we expand

T N
)Y Z.
V(T, nf’) = V(to, nd’) + /to {oV(t, 1) + ; MO% : an(t, pr, X{)}dt

N

' 1 N2 sV, N N
30 v (G xh — [ S e )

i—1 Te
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1 TS, v L1 1 52V :
~ — Ap—(t,uN, XD+ = —_trv2 t X XHde
+2/t0 i:1NtZ 6M(7/Ltv t)+2;(Ntz)2 r xy(guz( Ntv to )
T N
1 oV - -
+/ —Vo—(t, 1N, X} - dB!.
& N 6u( ¢ Xi) t
Using the equation satisfied by V, we get
Mo 5V 1,_ 6V
i N AYPA
V(tOMMO) ; XT /0 ;Nl N(t y Mg aX) §|vx@(t7/~1’t 7Xt)| )dt
—1/TZ L v o V(t N X XDt
2 to i=1 (Ntl) myé 2 ’ut ’ v ‘

T N
1 _ &V , ,
- —Vo—(t, N, X}) - dBi,
/tg,;w o (t.ud Xi) - B,

which can be rewritten into

5V iy |2
Vito, 1) le oo+ [ zww it — / F7lot+ Vo X o
to ;—1 to = 1
1 T 5 0%V N xi i
- = tr X;, X})dt
2, X et Vg o X X
T N
1 2% N i ;
- —V.—(t,p; , X;) - dBy.
3 Vg X0
Taking expectations we obtain
N N oy 2
V(to, g ) = I (to, %, a, ()7 1>t) — ‘ t+v (t M 7Xt)| dt] (4.2)
to = 1

/ Z e trViyé S (Y, X7, X])dt].

Now we make the following observation. If V' is bounded there is C' > 0 depending on [[V'||co(gay and T' such

that, whatever the controls (af,...,al );>¢, it holds
1 c
— < Vi=1,...,N, Vtelty,T]. 4.3
N [a]a ? ) y 4V € [ 05 ] ( )

[recall the A% = a® + ft (X?)ds]. As a consequence, taking af = —V, ‘;‘; (t, ul, X§) in (4.2), we have

N

N(tg,x,a) < JN(to,x,a, (Oét)ivzto) < V(to, i) + Cz(ni[a] ,
i1
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2 .
iy‘gT\; . If we take the infimum over

Lo

for some C > 0 depending on the constant appearing in (4.3) and on HV

all possible controls (o}, ..., );>y, in (4.2) we get

1
n'[a]

)"

N
V(to, ) < vN(to, x,2) +C Y

i=1

Combining the two inequalities leads to

1
ntla

N
[Vito, nla) = o™ (to, x,2)| < €D (

i=1

)2
]
Unfortunately, this argument is completely formal unless we were able to prove that V has enough regularity.

5. THE SUP-CONVOLUTION AND ITS PROPERTIES

In order to make the formal argument of the previous section rigorous, we introduce a suitable mollification
of V and apply the projection argument to this mollified version. The obvious difficulty is to find a mollification
procedure that is compatible with the equation. That is, we need the mollified function to satisfy a similar
equation, at least up to some error terms that can be explicitly controlled.

Similarly to [11], for € > 0 we define

1 _
Ve(tv q) = sup {V(ta H) - 27 ”q - UH?{—’C(’H‘d)}a qc H k(Td)7 te [t07T}7 (51)
HEP(T4) €

where the space H~*(T?) and its metric are defined below in Section 5.1. Notice that V¢ is now defined over
[0, 7] x H=k(T4).

Before we go on with the analysis of V¢, let us recall some facts about the analysis and the calculus over the
space H~*(T%). The material is taken from [11], Section 2.5.

5.1. Some preliminary facts about H ~*(T¢9).

We recall that H*(T9) is the space of functions with derivatives up to order k in L?(T¢), endowed with inner
product

o= [

V7 () V7o) (z)da,
i<k’

where the sum is taken over all the multiindices j = (5*,...,7%) € N® with |j| ;= j' +--- +j? < k and V7 :=
.1 .d

91+ 07, We denote by ||| g (pa) the associated norm. The dual space of HF(T4), i.e. the space of bounded

linear functionals over H*(T%), is denoted by H~*(T%), and [l 7-# (ray is the norm inherited by duality, that is

lall g ray == sup q(e). (5.2)
d)er(Td)vH(b”Hk (Td)gl

If ¢ is an element of H~*(T?), we denote by ¢* the unique element of H*(T¢) such that

q(@) = (,q")x forall ¢ € H*(T?).



PARTICLE APPROXIMATION FOR CONDITIONAL CONTROL WITH SOFT KILLING 17

Then the map ¢+ ¢* is an isometry from H~*(T%) onto H*(T¢) when H~* is endowed with the inner product
(q,p)—k := (¢*,p*)r which is consistent with the norm (5.2) inherited by duality.

When k > d/2+2, H*(T?) continuously embeds into C2(T?). In particular, P(T¢) can be seen as a (compact)
subset of H~*(T?) via the identification yu(¢) := [, ¢(x)du(z) for every ¢ € H*(T?).

We say that ® : H*(T?) — R is differentiable at ¢ € H—*(T9) if it is Fréchet differentiable at this point,
and we denote by D_,®(q) € H*(T?) its derivative, by V_z®(q) = (D_x®(q))* € H*(T?) its gradient, and
we denote by C'(H~*(T%)) the space of continuously Fréchet differentiable functions over H~*(T%).

In Section 3, before stating Lemma 3.9, we introduced a notion of derivative for functions ® defined over
P(T?). The link between the two notions is as follows, see [11], Lemma 2.15: if we assume that ® belongs to
CH(H~(T%)) for k > d/2 + 1, the restriction ®|ppa) belongs to C*(P(T?)) and

0P

5, ) = Dor®(p)(z) = [ Dop®(u)(y)dy. (5.3)
H Td

Notice that the second term in the right-hand side of (5.3) comes from our normalization convention (3.16) for the
linear derivative. Moreover, by Sobolev embeddings, = ‘;—i(u, x) is C! with jointly continuous derivatives. We
can easily extend [11], Lemma 2.15 when k > d/2 + 2, in which case z — g—i(u, x) is C? with jointly continuous
derivatives. In particular, when k > d/2 + 2 (the restriction to P(T9) of) a function ® € C'(H*(T%)) is a

smooth test function in the sense defined before Lemma 3.9. If ® belongs to C'(H ~*(T9)) we also denote

By = sup VA0 Vo) v
cLi(H—k) ‘=

(5.4)
q1#£g2€H—F ||Q2 - (J1||H—k(1rd)
the Lipschitz norm of its gradient.
The next lemma, stated and proved in [11], Proposition 2.16 justifies the use of the metric ||-|| ;- pa) in the
regularization procedure.

Lemma 5.1. Assume that k > d/2+ 1. Then there is a constant Cy q > 0 depending only on k and d such that,
for all ® € C*(H™*(T?)) and all u*, u?® € P(T?) we have

0P 0P
;élqlr% \Vm@(;ﬁ,x) - Vm@(ﬂlafﬂ” < Ck,d[‘mclvl(H—k)dl(Nl,,UZ)-

To see the link with the projection argument of the previous section, recall (4.2) and observe that, in the
previous Lemma, if ® is twice differentiable with respect to the measure argument over P(T%) this translates
into the bound

520
sup |viy672(/1”$7y)| < Cra [Plevam—+)
z,y H

for the same constant Cy 4. In other words, if we can produce Cl'!-regularity in H~*(T¢), we can automatically
control the term involving the second order linear derivative of the value function that determines the rate of
convergence.

5.2. Regularity properties of V€.

Applying [11], Proposition 4.3, we find that V¢(¢,-) belongs to C1''(H~*(T%)) and we can quantify the blow
up of the C1'! norm with respect to e. In the next statement, which is identical to [11], Proposition 4.3, it is
convenient to denote respectively by Cj, and Cg the Lipschitz and semi-concavity constants of ¥V with respect

)
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Proposition 5.2. For all € < ﬁ and all t € [0,T] we have

1. For all p € P(T9),
0 < V(t,p) — V(t,p) < 2CFe.

2. V<(t,-) belongs to CL(H*(T%)), and, with the notation (5.4),

—

D}e(tv')]cl,l(ka) < z (55)

3. For p € P(TY), the gradient of V<(t,-) at u is given by

1
v—kvs(tau) = E(/J'e - N’)a

where p. is the unique element of P(T%) such that

1
VE(t 1) = Vit ) = 5 e =l

and p. satisfies || — pel|_, < 2Cre.
4. VE(t,) is Lipschitz continuous over P(T<). More precisely, for all ju, s € P(T?),

[VE(t, 1) — V(& p2)| < 2CL |1 — pall k-

We proceed to show the sub-solution property for Ve.

Proposition 5.3. V¢ is a sub-solution over [0,T] x P(T%) to the dynamic programming equation (3.15) for V
up to an error of order Ce. More precisely, there is a constant C' > 0 independent of € > 0 such that, for all
® € CL([0,T] x H~*¥(T%)) such that V¢ — ® has a global mazimum at (to, o) € [0, 7] x P(T?) it holds

1 Y
_atq)(t07/140)_2 A, & (to, o, z)dpo(z /IV (t, po, |2duo(m)

+ /Td (V(x) -V Mo))%(to,uo,x)duo(x) < Ce.

Proof. Take (tg,po) € [0,T] x P(T?) and assume that ® : [0,7] x H~*(T?) — R is a C*(H*(T%)) function
touching V¢ from above at (tg, ug), that is

Ve(t07uo) - (D(t()a ,UO) = sup Ve(tvq) - (I)(ta Q)
(t,q)€[0,T)x H—*(T4)

Now, we let ;¢ € P(T%) be a point such that
€ € 1 €12
V<(to, po) = V(to, n°) — % o = 1N ar—r (pay »
and we easily check that (to, o, 1) is a maximum, over [0, 7] x H*(T¢) x P(T?) of

(1. 1) = V() = o la = w2, = @(1,0), (5.
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In particular, pg is a maximum over H~*(T%) of

1 2
= ——|lg — uf —P(t
¢ = —5 llg = w2y = 2(to, 9),
and therefore, by regularity of ®,
1 € * k (md
D_®(to, po) = E(H = po)* € H*(T?).
Using the Lipschitz regularity of V from Proposition 3.6 and Proposition 5.2 above we deduce that
1 €
1Dt 10) ey = ¢ 14 = il -gray < 2C. (57)

We let ®¢(t, 1) := ®(t, u + po — p€) and we check that (to, u¢) is a maximum over [0, 7] x P(T¢) of

(ta N’) = V(t, N) - q)e(ta ,u‘)

€ is a smooth test function in the sense of Lemma 3.9, and we can use the sub-solution property of V at (g, u¢)
to infer that

0t )~ 5 [ AT o, )z /|v (to, 1, ) 2dp(z)
+/W(v<> Vi) i ) () < 0

By definition of ®¢ we easily have %(to, ue) = g%(to, o) and 9y P (o, u) = 0:P(to, po) and therefore

—0:®(to, po) — / Ap— to,um x)dpo(x / ‘V t07M07 z)|*dpo(z)
od
+/ (V(z) - <V N@)@(huow)duo(@ < Ey+ Ey+ Es+ Ey4,
’]I‘d

with El, EQ, E3 and E4 defined by

1 0
El = 5 /ﬂ"d Aza(th/‘Oax)d(ue - NO)(m)7

Ey = ;/wawg(taﬂovx)fd(ﬂo = 1)(2),
B3 = /Td<V;/f - uo>%(t07MOv$)dM0($)v
FEy = Ad (V(ZL’) — <V, H€>)§%(t0,/~L0>x)d(ﬂe - /Lo)(l')

For E; and Fs, we proceed as in [11], Proposition 5.1 (see also Lems. 5.4 and 5.5 therein). On the one hand,
the Laplacian being negative over H*(T%) we have

1
Ey = €§<Aa:D—k‘I)(thMO)aD—kq)(th,UO»k <0.
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On the other hand, F> can be rewritten as
€
E, = §<|Vx(D7k(I)(thMO))lQ,kaq)(thNO»k

and, by [11], Lemma 5.5 we can find C' > 0 depending only on || D_®(to, pt0) s (pa) (and therefore independent
from € thanks to (5.7)) such that

(Vo (D-r®(to, 10))|*, D-r®(to, pto))| < C,

and therefore, Ey < Ce for some C' > 0 depending only on Cf, the Lipschitz constant of V with respect to
H-||H—k(Td)~ For E5 we have

) 5%
Es <[V grepay 11© = w0l gr=r (ra) E(to,uo)

€o(T4) ‘
Since k > d/2 4 2, Sobolev embedding gives:

od
Héu(foyuo)

= HDkq)(tho) —/ D_j®(to, po)(y)dy
Td

< 2D (t0. o) oy
< Ckvd ||D—kq)(t07 ,U()) ||Hk'(']1*d)

€o(Td) €O(T4)

for some constant C, q > 0 depending only on k and d. Combined with (5.7) we find C' > 0 independent of € > 0
such that E3 < Ce. We proceed similarly for Ey,

Ey < 2|Vlicopay

’5‘% )H 1 — sl
5,u 05 M0, H (T M Ho H—F(T4)

1 €
< e [[Vlleogray | D—k®(to, o)l g ey — 118 = ol -y

and we conclude from (5.7) that E, < Ce for some C' > 0 independent of € > 0. Combining these estimates, we
deduce that V¢ is a sub-solution over [0, 7] x P(T%) up to an error of size Ce. O

6. THE HARD INEQUALITY

The goal of this section is to prove the following upper bound on the difference V — vV,

Proposition 6.1. Assume that V and g belong to C*(T?) for some k > d/2+2. There is a constant C' depending
on T, |[Vllcrcray and [|gllcr(pay such that, for every (t,x,a) € [0,T] x (THN x RV,

V(t,,ufz{a) <oMN(t,x,a) +C

Recall that the probability measure p, and the variables n’[a] are defined in(2.10) and (2.5). For all
(t,x,a) € [0,T] x (TH)N x RN we define the projection

N (1 x,8) = V(). (6.1)
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Our goal is to show that v*% is almost a classical sub-solution for the equation for vV, up to an error that can
be quantified in terms of €, N and some bound on a, and then use a comparison argument. We start by showing
that vV inherits some regularity from the C! regularity of V¢ with respect to ||'HH*k(1rd)~

Lemma 6.2. Let v5N : [0, 7] x (TH)N x (R) be defined by (6.1). Then

X
1. v&N is uniformly Lipschitz over [0, T] x (T )N x (R)N.
2. voN is differentiable in (x,a) € (TH)N x (R)N with

V0N (1, x,2) = n%a]% (D-Ve(t, 1 ) (o) (6.2)

0,0 (1%,2) =~ (Do (L)) = [ Do) @ad@).  (©3)

Td

3. The derivative V zivN is Lipschitz continuous in x uniformly in (t,a).
4. The derivatives O;v&N , V4ivoN, 0,0 and Vi i i U N exist almost everywhere and define versions of the
weak derivatives of v© N, Moreover, these derivatives are uniformly bounded over [0,T] x (TN x (R)N

foralll1 <i,j7<N.

Proof. Point (1) is a consequence of the regularity of V¢ given by Propositions 3.6 and 5.2. Notice that V
is uniformly Lipschitz in time by Proposition 3.8. This is inherited by V¢ and therefore by v“". Combining
Proposition 3.6 and Proposition 5.2 we also know that p + V¢(t, 1) is C! in the H~* sense for all t € [0,7T]. By
the chain rule we deduce that (x,a) — vV (¢,x,a) is C! over (T4)N x RY for all ¢t € [0, 7] and the derivatives
are given by (6.2) and (6.3). This proves Point (2) in the Lemma. Point (3) is a direct consequence of Lemma 5.1
and the CM! regularity of V¢ given by Proposition 5.2. Point (4) is then a consequence of points (1) and (3)
together with Rademacher’s theorem. O

Next we need a technical Lemma that allows us to bypass the lack of second order differentiability of V¢ with
respect to the measure variable. The proof is identical to the one of [11], Lemma 5.14 and so it is omitted.

Lemma 6.3. For almost all (t,x,a) € [0,T] x (TN x RY, for all 1 <i < N, the function

T3 s V. (Do i e = S v Lsa) (64
X —k e ’I’I,’L[a] x T = x 5 7j:1 -, nﬂ[a] xJ nz[a] s L .

is differentiable at z*. At any point (t,x,a) such that (6.4) is differentiable at x*, the second derivative V2, ,v ve N

exists (in the classical sense) and is given by

2 N _ 1 % i L
Vx’bac"v (t,X,&) i [ ]vz 6 (t /”'xa’ )+ (nl[a]

VRN (1, %, a)

where RN"!(t,x,a) is explicitly given by

Ve N

R x 2) = n'falV [T SmHv Z 05 + 1[a]5g;)(xi))]

and satisfies |‘RN’i“LOO < Osupyepo, 1) [Veler i+
C > 0 independent of N.

RN’iHLoo < C/e for some
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Following [11], Proposition 5.10, we then deduce that v“" is a sub-solution to the equation satisfied by vV
up to an error term of order % 25\;1 (n%ka]f

Lemma 6.4. There exist some C > 0 independent of N and € such that, for almost every (t,x,a) € [0,T] x
(THN x RN it holds

N
—0 N (t,x,a) — = ZAw@v (t,x,a) — ZV(mi)(‘?aiv€7N(t,x,a)
i=1
CL, 1 0
2 J—
+Z w0 (tx ) < € ;(ni[a]) -

We can finally prove Proposition 6.1.
Proof of Proposition 6.1. Take (to,%o,a0) € [0,7] x (T4)Y x (R)N and let (af, ..., )i, ) be an admissible
control for (tg, Xo,a9) in the N-particle problem defining v, and let (X}, ... 7XtN)t€[to’T] be the be the processes
defined by:
dX; = aidt +dB], t>ty, X, =z}, 1<i<N.
We then let (Af, ..., AN )iep,, 7] be the solutions to
dA; =V (X))dt, t>ty, A, =a), 1<i<N

and introduce the variables

N
=eMi ) e M t>t,, 1<i<N.

The function v&" has weak derivatives 9v=Y, 9,0, V0N V2, 0N in L>([tg, T] x (TN x (R)V) by

Lemma 6.2. Then we can apply It6-Krylov formula, [18], Section 2.10, to infer that for all ¢ € [tg, T,

v° N(to, X, ao) = E’UE’N(T, XT7 AT)

T N N
- E/ {atv;N +3 V)N + 3 ol VoY 4 - Z Ayt } (Xo, Ay)dt
=1 i=1

to

Using Lemma 6.4 we get

T N
Nl
v°¢ N(to,XQ,ao) S ]EUE’N(T, XT, AT) - E/ {Z i |Vrlvt ‘2 + Oét Vziv?N}(Xt, At)dt

to =1
c T 1
B[ 3

For all t € [tg,T] and all 1 < ¢ < N, almost-surely,

Nio . : ) 1
—{Z t|VI1vt’N|2+a;.wat’N}(Xt,At) <
s 2N
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and therefore, recalling the definition JV for the expected cost, we get

v N (tg, %0, a9) < JN((to?Xo,ao% (aj .. ~vaiv)te[t0,T]))
Y C (T, 1.2
e,N %
+ B (X, Ar) ~E Y ro(X)) + B / > ()t
i=1 0 4=1
On the one hand, by Point (1) in Proposition 5.2 we get
sup |UE’N(t, x,a) — V(t, ,u,]za)| < Ce.

(t,x,a)€[0,T]x (T4)N x (R)N

23

(6.5)

On the other hand, since V' is bounded, there is C' > 0 depending on |[V|[¢o(pe) and 7' > 0 (but not on

(x,a, (al,...,a)) such that, almost-surely, for all ¢ € [ty, T,
1 e*ai’fff(; V(X})dt c =% C
N} ZN ) e*a?ﬁftﬁ v(xHde — Z;Vﬂ e—ab  nilag]
i —

Plugging this into (6.5) we get

N

C 1 2
V(to,/.ldi\z@o) S JN((tO,x07a0), (Oétl . aaiv)te[tmT])) + Ce + ? Z(nl[ao]) .
i=1
Taking the infimum over the admissible controls (a},...,a" )telto, 7] We deduce that there is some constant

C > 0 depending on [|V||¢k(pay, 9]l (pay and T', such that, for all € > 0, for all N > 1 and for all (to, %o, a0) €

[0,T] x (TH)Y x (R)Y,

ol 1 2
Noy<ol = . .
V(t0: fixy.a) < 0™ (t0, X0, 80) + Ce + = ;(nz[ao])
Now, for N > 1 and (to,Xg,a0) € [0,7] x (TH)Y x (R)V, we take
N
1 \2\V2 1
= (;(ni[ao]) ) " 2Cs

to obtain the desired result.

7. THE “EASY” INEQUALITY

The goal of this section is to prove the following inequality.

Proposition 7.1. Assume that V and g belong to C*(T¢). There is a constant C' depending on T, IV llea(ra

and ||gl|¢s(pay such that, for every (¢,x,a) € [0,T] x (TN x RV,

1
n[al

).

N
vN(t7x,a) < V(t,ui\fa) + CZ(

i=1
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Proof. We fix (tg,xg,a9) € [0,T] x (TH)Y x RY and let « : [tg,T] x T¢ — R? be an optimal control for
V(to,ufx) a,)- The existence and regularity of such a control are guaranteed by Theorem 3.1. For every
(t, 1) € [to, T] x P(T9) we let

MR / [ slos@Pantr@as+ [ ge)ui @
where (pub#)sep,r is the solution to

1
Ospts — iA,us + div(asps) + (V(m) — <V;,us>),us =0, in (t,T) x T, e = p.

Arguing as in [19] Theorem 7.2, see also [20] Theorem 2.15, we can prove that ® : [to,T] x P(T9) — R is a
classical solution to the (linear) equation

o) 5 [ A5 b a)dute) - / V.S ) du(a)
v<> s ) () / (@) Pdue), in o, ) x P(T)
deg ), in P(T9),

and we can find C' > 0 depending only on T, [|gllcs(pay » |V ll¢a(pa), SuPepy 1y llttllcs and T'> 0 such that

520
sup  sup sup |Vi7y5—2(t,u,x,y)| <C. (7.1)
t€to,T] peP(T?) (x,y)€(T)? K

Compared to the setting of [19] and [20] our state equation involves a zero-th order term, but the same method
applies. Since, for all (¢, ) € [to, T] x P(T%),

o
- [ o) VS )~ 5 [ @)ty < 5 [ 9.5 0Pl
Td

® is a classical super-solution, over [tg,T] x P(T¢), of the Hamilton—Jacobi equation (3.15). We can apply the
projection argument of Section 4 to ®V : [to, T] x (T4)N x RY — R defined for all (¢,x,a) € [tg, T] x (TN x RN
by

N (t,x,a) = (t, g ),

and we find that ® is a classical super-solution to

—0, 9N — - ZAI@N ZV )0, @Y + Z 7,0

al 52®
2 N i i : d\N N
_;(ni[a trvmya 5 (t, e, 2", 2"),  in [to, T] x (T*)" x (R) (7.2)

N .
M(T,x,a) =Zni[a]g(w’), in (TN x R)M.
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Arguing similarly as in the proof of Proposition 6.1, see also Section 4, we conclude that there is a constant C' > 0
depending on 7, ||V || and the constant appearing in (7.1) such that, for all (¢,x,a) € [to, T] x (TH)N x RV,

N

vV (tx,a) < Ot ) +C D (
=1

1

ntla

)

In particular, recalling that ®(to, uf ., ) = V(to, uf, .,) because « is an optimal control for V(to, uf ) we get

N
UN(t07X07aO) S V(th ﬂfo,ao) + OZ(

i=1

1
n'[ao]

)2
This concludes the proof of the Proposition. O

8. EXISTENCE OF OPTIMAL CONTROLS AND OPTIMALITY CONDITIONS

The goal of this section is to prove Theorem 3.1. We need to extend some results of [3], especially concerning
the existence of optimal smooth feedback controls. Our main innovation compared to [3] is to prove that
there exist bounded optimal controls for (Pb), and any of them satisfies the optimality conditions. This is an
improvement over [3] where the optimality conditions are obtained under the condition that the optimal control
is bounded. This improvement is necessary to understand the regularity of the value function in Section 3.

We need a preliminary well-posedness result for the backward Hamilton—Jacobi equation. For all R > 0 and
p € R? we denote

L 3pl” if [p| < R
S AR 2:{2p if [p| > 8.1
() lsluSpR{ a-p—5lal’} Bl 182 il > R (8.1)

and we notice that H? is continuously differentiable and V,H is globally Lipschitz and bounded. For
convenience we define as well H>(p) = 3|p|*.

Lemma 8.1. Take u € C([to, T], P(T¢)) and assume that V and g are in C*(T?). For all R € Rt U {+c0},
there is a unique solution uf* in C1-2([to, T] x T%) to the HJB equation

1
—0wult + HE(Vul) - §Aufé + (V= (Vipe)uit = V{uf ) =0, in [to, T] x T, ult =g in T4, (8.2)

Moreover, there is a non-decreasing function A : RT™ — R* | independent of (to, T, u,g,V, R) such that

t:{g}?ﬂ HufHCI(Td) < AT+ IVlier(pay + ||g||c1(1rd))- (8.3)

In particular, there is Ry > 0 depending only on (T, ||V||ci(pay; 9llcr(ay) such that, for all R > 0, uf is Rg-

Lipschitz continuous in space, uniformly in time and therefore, as soon as R > Ry, u®® coincides with u, the
unique classical solution to

1 1
—Opuy + §|VUt|2 - iAUt + (V= (Vip)ue = V{wgs ) =0, in [to, T] x T, ur=gin T  (8.4)

We stress that the bound (8.3) is, in particular, independent of the curve pu € C([to, 7], P(T¢)) and so is the
coefficient Ry.
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Proof. Step 1. Well-posedness for R < +oc. In this case, there is a unique classical solution u* € C12([to, T x
T9) to (8.2). This can be proven by treating the equation as a heat equation with (non linear, non local)
lower order terms and using a fixed point argument. For the sake of completeness, we give a detailed proof in
Appendix A.

Step 2. L™ and Lipschitz estimates for u'*. Now we prove that u® satisfies L> and Lipschitz estimates that
are importantly, uniform in R for R large enough. We start with the former. For R > 0 and §,vy > 0 we define
for all (t,z) € (0,7] x T,

ve(x) :=e” ftTW”LS)dsuf(m) —6(T —t) —

12

and we observe that v solves
. . 1
— Oy + e Ji (Vama)ds R (o f (Vipe)dsgy, ) g Av+ Vo = Vv ) = =6 - tlQ in (to, T] x T¢,

with vy = g — v/T. Let (£,%) € (0,T] x T? be a maximum point of v. If # # T, we must have 0;v¢(T) = 0,
Vug(Z) = 0 and Avg(ZT) < 0. We deduce from the equation that

V(@) (0(T) — (v5; 7)) < =6 —~/T° <0,

But V > 0 and vz(Z) > (vg; pg) since T is a maximum point for vz and gz is a probability measure. As a
consequence, V(T)(vz(T) — (vg; pz)) > 0 and we get a contradiction. So ¢ must be equal to 7" which means that,
for all (¢,z) € [0,T) x T?, vy(z) < v7(Z) < ||glco —v/T- If we let §,7 — 0 and recall the definition of v we obtain

uB(t,z) < oS (Vins)ds I9llcogpay»  (t,2) € [0,T] x T,

Following the same reasoning, looking for minimum points of v= 1= e~ Ji' (Virs)y Rt 4 (T —t) + ~y/t we obtain
the symmetric lower bound on ©% and finally we deduce that

Ty, s TV ips)ds
—ele Virdds ||l oy S uff(@) < el VA ig)l o ey (,2) € [0,T] x T (8.5)

Notice in particular that the bound does not depend on R > 0. For the Lipschitz estimate we proceed as follows.
For some y € R to be determined later, we let w(t, z) := "t~ 1 |Vufi(t, z)|?. Differentiating in space the HJB
equation and taking inner product with e?*=T)Vu (¢, z) leads to

1
= =DV = (v 4+ 2V = (Vip))wr + (s ) = ue) VV - Vuye? T,
As a consequence, as soon as 7y = 4[|V||coay, —(v +2(V (@) = (V; pe)))we(x) < 0 for all (¢, ) € [to, T] x T4

and we obtain, for some constant C' > 0 depending on 7', [|V'[|¢1 74y, and ||uRHC0(Td) (and therefore independent
from R, thanks to (8.5)),

1
— 0wy + Hf(Vuf) -Vwy — §Awt <Cy/ HwHCU([tg,T]XTd)'
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By comparison with the obvious super solution

1
(t,z) = 5 IVgllgo + C(T — )/ llwllcoiee 51y

we obtain, for all (¢,) € [0,T] x T¢,
1 2
w(t,r) < B IVgllcoiray + CT\/llwllcoire 7y x1e)-

Taking the supremum in (¢, z) yields (recall that w > 0)

1
lwlleo((te,myxTay < 3 ||V9Hco 14y T CT [ |wllco(zo,71xma)>
which implies
2
Hw”cO([tO,T]x'ﬂ‘d) <C°T? + ||V9Hc0(11‘d) (8.6)

and from which we deduce that [[wl|co(, 77xra), and therefore HVuRHCO([tO )xay, are bounded by a constant

depending on [ Vgllco(ray, [Vlcocrays [VVlco(ray and || co In particular, u® and Vu® are bounded

([to, T]xT?)"
independently of R.

Step 8. Well-posedness for R = +oc0.

Take Ry such that, for all R > 0, ||VuRHC0 < Ry. Then, recalling the definition of H% in (8.1), we get

1
HE(Vu®) = §|VuR|2, VR > R,.

This means that, for all R > Ry, u' solves (8.4). This proves existence of a solution when R = +oc. Since the
estimate of Step 2 still holds when R = 400, this proves that any solution to (8.2) when R = 400 is also a
solution when +o0o0 > R > Ry. Since uniqueness holds for (8.2) when R < +oo this implies uniqueness when
R = 4. O

We go on with the optimality conditions. First we fix R > 0 and we investigate the control problem

nt [ [ St + [ oo (Ph(R))

(p,)

where p belongs to C([tg, T], P(T%)) and a to L>([ty, T] x T%, u; @ dt; RY), satisfying together the Fokker—Planck
equation

1 . .
Ope — §A/~‘t +div(eepe) + (V= (Vo)) pe = 0, in (to, T) x T pyy = pro, (8.7)

and the constraint

e @ dt{(t,x) € [to, T] x T¢, |ay(z)| > R} = 0. (8.8)
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We recall from [3], that p has the following probabilistic representation

exp(— fti V(X,)ds)
E exp(— ftto V(X,)ds)

pe(dz) =E[6x,q] with ¢ = for t € [to, T (8.9)

where (X¢)ep,,r) is the solution to
dXt = at(Xt)dt + dBt

From this representation we obtain the following time regularity for . We denote by d; the first Wasserstein
distance over P(T?).

Lemma 8.2. Let (u,a) be a solution to (8.7). There is a non decreasing function A : RT — R independent
from o, V. T such that

dq (pey, tiey) /T/ ,
sup 7<A( o (x)|“dpg (z)dt + ||V +T).
ti<tr€fto, 7] Viz—h to Td| (@) due(z) ” ”CO(W)

Proof. Take t1,ty € [tg, T] with ¢; < t5. Let ¢ : T — R be a 1-Lipschitz function with ¢(0) = 0. In particular,
|p(2)] < V/d over T¢. Then,
(x)d(pe, — pt, ) () = ]E[¢(th)(1t2 — ¢(Xt,)qt,]

Td
E[(d)(th) (th)) ] + E[¢(Xt1)(qt2 - qtl)}
<E[|X:, — X0, 2] *E[2]"? + VAE[lgr, — an,]].

On the one hand, we easily find from the definition of ¢; in (8.9), that

E|q, —
sup E[g2]"*+  sup Elar, — a1

<ANT+ |V )
tgG[to,T] tl,tge[to,T] ‘t2 - t1| ( || ||CO(Td))

for a non-decreasing function A independent from 7" and V. On the other hand, using the stochastic differential
equation we get

t
E[|X,, — X, 2]"* < IE[|/ : a(X)dt?]"? + E[|By, — By, 2]

t1

Cauchy—Schwarz inequality then gives

ta
|/ (673 Xt dt| t2 — tl / |Oét(Xt)|2dt

t1

and therefore

T
E[|X:, — X0, 2]"? < V2 — tl]E[/ | (X0)[2dt] + vz — 1.
to
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It remains to notice that

T T T
E[/ lon (X)Pdf] < sup Hq;lHLw]E[/ (X)) Pqudt] = sup ||qgly|m/ / leve () 2 ()l
telto,T) to tog JT4

to te [tO 7T]
and

sup |lg; | e < AUV llco(ray +T)
t€[to, T

for possibly another non-decreasing function A. All in all, we find that

[ ot~ < a( [

to Td

() Pdpe (@)t + [Vleogmsy + T) Ve =1

for a new non-decreasing function A independent of T', V, (i1, ). The result follows by taking the supremum over
the set of 1-Lipschitz functions ¢. O

Lemma 8.3. Optimal solutions for Problem Pb(R) exist, and one of them satisfies the optimality conditions
oy = —HE(Vuy) for some solution (u,u) of the PDE system

=0y — 3 Aup + HE(Vuy) + (V= (Vipe))ue — V{ug ) =0 in (to,T) x T4,
Oepe — 5Ape — div(HE(Vug)pe) + (V = (Vipe))pe =0 in (o, T') x T, (8.10)
fitg = po, UT =g in T

Remark 8.4. By Lemme 8.1, the optimal control « is bounded independently of R > 0. In particular, ay =
—Vuy and HE(Vu,) = 1|V |? as soon as R > Ry with Ry being defined in Lemma 8.1.

Remark 8.5. For now it is enough to prove that at least one solution satisfies the optimality conditions. The
general statement will be proven next.

Proof. Step 1. Ezistence.
We take a minimizing sequence (u", a™)nen. In particular, thanks to the previous lemma and the fact that
¢ is bounded over T¢, we have the uniform bound

T o
S“p{/ (@) Pap(@)dt + sup L)
to Td

< +o0.
neN ti<ta€[to, 7] V2 — T }

We can then proceed as in [17], Proposition 1.2, to find p € C¥/2([to, T], (P(T%),d1)) and a € L*([to, T] x
T,y @ dt; RY) such that (p, ) solves (8.4), u™ converges to u in C([to, T], P(T?)), the finite vector-valued
measures (a"u} @ dt) weak-* converge to auy ® dt € M([to, T] x T R?) and

T T
/ / lovg ()2 dpee (z)dt < hminf/ / | () [Pdp? (z)dt.
to T4 n—+oo to Td

In particular, since g is continuous, the terminal costs converge and we have

J((, ) <liminf J((u", a™)).

n—-+o0o
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The only point we need to check is that we can find such a limit point (u, ) satisfying the bound (8.8). To this
end we notice that, for all continuous function f : [tg, T] x T? — R we have

/tOT /Td o (z) - fo(z)dul (z) < R/T 5 | fo () ()t

to

We can let n — +00 in the inequality above to deduce that, for all continuous function f : [tg, T] x T¢ — R4,

/tOT /Td as(z) - fr(z)dp(v)dt < R/: /W | fe(2)|dpee (z)dt

and we deduce that |a(t, z)| < R, u; ® dt-almost-everywhere.

Step 2. Variations. This step is very similar to [3], Section 3.6.4. Thanks to Step I we can consider a
solution (u, ) (which a priori depends on R). Up to replacing a by (¢, z) + a;(2)1|q,(2)|<r We can assume
that |a(x)] < R everywhere.

Now we take a measurable map 3 : [to, T] x T? — R? with |8;(x)| < R for all (t,z) € [to, T] x R?. For very
€ €[0,1] we let a©:= (1 — e)a+ €8 and u° the solution to

€ 3 €, € 1 € € € €
Oepy + div(ogpy) — iA/it + (V= (Vip))p; =0, pi, = po,
given by the stochastic representation (8.9). Following precisely [3], Section 3.6.3, we know that

T
el 700 = [ [ 8= (@) - (enla) + Vaula) (o)

dele=o0+

where u is solution to the adjoint equation
1 1 2
—Osus — §Aut —ap - Vur + (V= V5 p))ug + V{ug, ) = §|at| ,  ur=g. (8.11)

Well-posedness of (8.11) is also discussed in [3] and could be derived using the fixed point argument of
Appendix A. By minimality of a we deduce that, for all such j3, it holds

T
/t /Td (Be(x) — ag(x)) - (o) + Vg (x))dpe (z)dt > 0.

Rearranging and using Young’s inequality B - o < 3law|? 4 £[B¢|? leads to

T T
/to /Td(_ﬂt(x) - Vug(z) — %|5t(m)\2)dut(x)dt < /to /Td (—a(x) - Vg (z) — %|at($)|2)d,ut($)dt.

Taking the supremum over 8 and recalling the definition of H® we obtain

T T 1
/to » HR(Vug(x))dpe (x)dt < /to /Td (—ou(z) - Vuy(z) — i\at(aﬂﬂz)dut(:ﬂ)dt.
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However, for all (¢,z) € [to,T] x R? we have
1 2 R
—a(2) - Vuy(2) = Slau(@)]” < H* (Vue()),
and therefore, we can conclude that
1
—ay(x) - Vug(x) — §|at(x)|2 = H®(Vuy(z)), p ®dt — almost-everywhere.

Equivalently, in the support of u; ® dt we have
() = —Hf(Vut(x)).

Collecting the equations for p and v we have found an optimal control o with associated curve p and multiplier
u such that a = —Hf(Vu) and (u,u) solves the coupled pde system

—Opuy — %Aut + HR(VUt) + (V= (Vs pue))ug — V{ug; pe) =0 in (to, T') x Td,
O — 5Ape — div(HF(Vug)pe) + (V = (Vipe))pe =0 in (f0,T) x T, (8.12)
Hto = Ho, UT =g in T¢.

In particular, p is driven by a Lipschitz continuous vector field and therefore, for all ¢ € (¢g,T], us ® dt has full
support and the equations are satisfied everywhere. This concludes the proof of the Lemma. O

We can finally conclude with the Proof of Theorem 3.1.

Proof of Theorem (3.1). Now we can apply Lemma 8.1 to find Ry > 0 such that, for any R > 0 there is a solution
a® to the control problem (Pb(R)) such that |a;(z)?| < Ry for all (t,x) € [to, T] x T Let VE(tq, o) be the
minimal value of (Pb(R)). We have proved that, for all R > Ry, V% = V%o (we don’t do any better by allowing
controls with L>-norm greater than R). By definition of V and V%, we have limg_, 1 o VE(to, o) = V(to, ito)-
Notice that this limit was not trivial if the original problem was defined over controls in L?([to, T] x T, u; ®
dt; R?). However, with controls in L™ it is plain, see Remark 3.2. Hence, we deduce that V(to, j1o) = VF(to, po)
and therefore there is at least one solution to the original problem satisfying the optimality conditions.

It remains to justify that any solution to the original problem must satisfy the optimality conditions. The
argument is similar to [17], Lemma 3.1. We take (i, @) a solution to the original problem (Pb) and we consider
a new problem

T
inf J(w0) + [ alyn, i) (.13)
(p,) to

for some smooth (square)-distance-like function ¢ : P(T¢) x P(T%) — R satisfying q(u!, u?) > 0 and q(ut, u?) =
0, if and only if u! = u? as well as

%(ul,ul,x) =0 Vu'eP(T? vzeT? (8.14)

For instance g can be the squared negative Sobolev norm
2
q(p, p2) = [l p2 = pa gy

with & > d/2 + 2.
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Since (1, @) is a minimum of J and [, tr‘: q(pe, fig)dt > 0 whenever p # i, any minimizer (u, ) of the new cost

must verify u = ji. We take (fi, @) another minimizer, A € [0,1] and let a* := (1 — A& + Aa. We easily check
that for all A € [0,1], (i, ”) solves the Fokker-Planck equation and is admissible. Comparing the costs we find
that

/tT/T Ia?(a:)lzdﬁt(x)dtz/:/w & (@) 2djiy (2)dt, VA € [0, 1].

By strict convexity of the square function we deduce that o = @, iy ® dt- almost-everywhere. As a conclusion
Problem (8.13) admits exactly one solution which is (jz, &). We argue as before for Problem (8.13) and deduce
that |a] < Ry and (g, o) satisfies the optimality conditions. Notice that the distance-like function ¢ does not
appear in the optimality conditions thanks to the property (8.14) of its linear derivative.

To conclude the proof of the theorem, it remains to justify that u, satisfies the estimate (3.2). This is easily
done by induction, using Duhamel’s representation formula, see [11], Lemma A.3. O
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APPENDIX A. WELL-POSEDNESS OF THE BACKWARD HAMILTON—JACOBI EQUATION

For the sake of completeness let us provide a self-contained proof of the well-posedness of equation (8.2) for R > 0.
We let p € C([to, T], P(T?)) be fixed. In this section we say that u € L>([to, T],C"*(T%)) is a solution to (8.2) if, for
almost all t € [to, T], for all z € T¢

ut(z) = Pr—¢g(x) +/t Ps_([Fs(us, Vus)|(x)ds, (A1)

where (P;):>0 is the heat kernel and, for all s € [to, T}, all v € C*(T?) and all y € T,

Fu(0,Vo)(y) = V(y)(vs ps) — (V(y) = (V3 s))o(y) — H(Vo(y)). (A.2)

Notice that (A.1) is nothing but Duhamel’s formula for solutions to the heat equation. We therefore identify a solution
to (8.2) to a fixed point of the map

® : L ([to, T],CH*(TY) — L ([to, T],C"*(T))

v u = d(v)

where u is given, for all (t,z) € [to, T] x T by

ue(z) = Pr—ig(x) +/t Ps_i[Fs(vs, Vus)|(z)ds. (A.3)
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When R < 400, H® is in C*!(R?) and satisfies |H " (p)| < C|p| for some C' > 0 and all p € R?%. At this stage R > 0 and
w € C([to, T], P(T?)) are fixed and we ignore the dependence of the various constants with respect to these parameters.
We introduce the notation
fx) = fy
[ﬂco(w) ‘= sup |/ (z) ( )‘7

xz,y€Td x#y |"r7’y|a

1 fllco.acray = Ifllcocray + fleacray,  [Ifllcracray = I fllerray + [V flea(ray-

Lemma A.l. The fized-point mapping ® is well defined. Moreover, there is C > 0 such that, for all v,v',v? €
L>=([to, T],CY*(T%), and all t € [to, T),

T ||vs||c1,a(1rd)
H@(U)t“cl,oc(’]rd) S C(”g”cl,a(’ﬂ*d) +l ﬁdS), (A4)

80 =86 gy < OO+ 50 ity 90 [ [ g0
D= # M orn SO+ 2 el + 20 Iy |, 7y s (&

0>
Proof. Take v € L*([to, T],C**(T%)) let u := ®(v) be defined by (A.3). From the representation formula and the
regularizing properties of the heat kernel we obtain that u : [to,7] x R — R is a well defined measurable map,
x = u(t,z) € CH*(T?) for all t € [to,T] and (t,z) € [to, T] x T? — Vu(t,z) is measurable. It follows from variant of
Pettis theorem and the separability of the Banach space C**(T?) that t +— u; € C**(T?) is measurable and therefore it
suffices to prove Estimate (A.4) to obtain that u € L°°([t, T],C**(T?)). Let us turn our attention to (A.4). Let t € [to, T)
be fixed. It follows from classical estimates for the heat kernel that, for all s € (t,77], and all map f € C%*(T%),

£l o, (pa
1Peeeflleraaay i= I1Pi-eSllen oty + 19 PimseSlen oty + [V Pi-sfleaay < fleony + = =57 (A6)
Moreover, if f € C12,
HPt—Sf”cLa(qrd) < Hf“clya(qrd) : (A-7)
Therefore, it follows from (A.3) and the elementary observation 1 < Vf%‘) for s € [t,T] that
T HFS(US’ VUS)”cO,a(Td)
U « < aepay + (L + VT =t / ds. A8
Jullrocrsy < Nollenoqray + (1 +VF=T0) [ S (A.5)
Now we recall the definition (A.2) of F, and obtain, by linearity, for all s € [¢t,T],
R
1S (s, Vos)lico.nrty < O llosllconaray + [HE )|, o (A.9)

for some C' > 0 depending on the regularity of V. It remains to estimate the term involving the Hamiltonian H%.
Recalling the definition (8.1) of H® and the fact that it belongs to C**(R?) we obtain

HHR(VUS)

<C HV'USHCO,Q(TUZ) (A.10)

CO,Q(Td)

for some C' > 0 depending only on R > 0. Estimate (A.4) then follows by combining together (A.8), (A.9), (A.10).
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We go on with the proof of (A.5). To this end we keep t € [to, T] and take two inputs v*,v? € L>([to, T],C**(T%))
with associated outputs u' := ®(v'),u? := ®(v?). Making the difference between the expression (A.3) for u* and u' and
using estimate (A.7) we get

T
HU% - u%”cl,a(jrd) S / HPS—t[FS(UEa V”UED - FS(Uiv vv;)]”cl,a(qrd) dt
t

S C/T HFS(vgvvvg) - FS(Uiavv;)Hco,a(Tst.
t

— (A.11)

Now, for every s € [t,T] we have

||Fs(v§,Vv§) — FS(U;7 Vv;)Hco)(,(Td) <C ”U? — U‘iHCOvQ(Td) 4 HHR(Vvi) — HR(VTJ;)

o (A.12)

for some C' > 0 depending only on the regularity of V. For the term involving the Hamiltonian we rewrite
H™(Vi(z)) — H(Voi(2)) = bs(x) - (Voi(2) = Vog(2)), = €T

with
1
bula) = [ HE(1=1T0l@) +rVod(e))dr
0
and observe that, since H € C"!(R?),

16sllco.a(ray < C(1+ [Voglea(ray + [VOi]ca(ra))

for some C' > 0 depending only on R. It follows that

HHR(WE) — HR(Vul)

<2 Hb5||co,u<11~d) ||V’U§ — V’U;

CO,a(Td) Hco’a(Td>

< C(1+ [Vvilearay + [Voilea(ray) [|vd — U;HCLQ(W) . (A.13)

Estimate (A.5) then follows from (A.11), (A.12) and (A.13).
O

Proposition A.2. There is a unique solution u®™ to (8.2) in L*([to,T],CY*(T%)). Moreover, u™ belongs to
CY2([to, T), T%) (one continuous time derivative and two continuous space derivatives) and u™ solves (8.2) in the classical
sense.

Proof. Once Estimates (A.4) and (A.5) are established, it follows precisely from the argument of [6], Lemma 4.3.7 that
there are two constants A\, A > 0 such that the set

B := {v € L>([to, T],CV*(T)), Vt € [to, T, [[vel 1. ray < AT}
is stable under the action of ®. Indeed, plugging the bound ||vs HCLO‘(Td) < AeMT=t0=3) into (A.4), we get, for all t € [to, T,
Ae/\(T*tO*S)

Vs—1

T e/\(tfs)

T
10@)ellgr.ecray < C lgller.ana, +C / ds
t

ds.

S C HgHCl,a(Td) + CAG)\(Titoit)/ X -
t —_
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Since limy_; 400 fT to e dr = 0 we can pick A > 0 large enough such that, for all ¢ € [to, T C’fT A(: 2 ds < 1/2
which leads to
A AT—to—t)

[®(v)¢]lca, a(rd) = < Cllgllea. a(rdy T 3¢

Then we can pick A > 0 big enough so that, for all t € [to,T],
H‘I’(U)tncl,a(qrd) SAe)\(Tftoft).

Moreover, and up to increasing the values of A and A, we can assume that any fixed point of ® in L ([to, T],C"*(T%))
actually belongs to B. This follows from Estimate (A.4) and a variant of Gronwall’s Lemma available in [17], Lemma A.1.

Then, following the proof of Proposition [6], Proposition 4.3.8 we find p > 0 such that ® is a contraction on B when
equipped with the norm

T
Mol = | oelen iy explaya.
0

Indeed, if we take v', v? in B and integrate (A.5) in time after multiplication by exp(ut) we get, for some C' > 0 depending
only on A\, A (and therefore uniform over B)

103 =05 [lcn.a o

/to [ (v*): — ‘b(’Ul)tHcl,a(W) exp(pt)dt < C/ / exp(p(t — s))exp(us)T)dsdt

exp(u(t — 5))
_C/O exp(us) Hvs vchla(Td)/ N dtds

and we can take p > 0 large enough so that, for all s € [to, T] Cfs exp(”(t é))dt <3z

Now we take ug = 0 and define, by induction u™ := ®(u™ ') for n 2 1. Usmg the estimate (A.5) and following
exactly the argument at the end of the proof of [6], Proposition 4.3.8 we show that (u")nen is a Cauchy sequence in
L>([to, T],C"*(T%)) and therefore converges to u* which is a fixed point of ®. Since ® is a contraction, this fixed point
is unique and u* is the unique solution to (A.1) in B and therefore in L°°([to, T],C**(T%)). Then it follows from the
representation formula (A.1) that u* actually belongs to C'([to, T], T¢) and satisfies (8.2) in the classical sense. O
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