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ANALYSIS OF FOUR-DIMENSIONAL VARIATIONAL DATA
ASSIMILATION PROBLEMS IN LOW REGULARITY SPACES

PauLAa CASTROM2®, JUAN CARLOS DE LOS REYES"?*® AND IRA NEITZEL?

Abstract. We carry out a rigorous analysis of four-dimensional variational data assimilation (4D-
VAR) problems for linear and semilinear parabolic partial differential equations. Continuity of the
state with respect to the spatial variable is required since pointwise observations of the state variable
appear in the cost functional. Using maximal parabolic regularity tools, we prove this regularity for
initial conditions with L#-regularity guaranteed by control constraints, rather than Sobolev regularity
of the controls ensured by artificial cost terms. We obtain existence of optimal controls and first-order
necessary optimality conditions for both the convex and nonconvex problem with spatial dimension
d = 2,3, as well as second-order sufficient optimality conditions for the nonconvex problem for d = 2.
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1. INTRODUCTION

Data assimilation (DA) can be described as the process through which available measurements or observations
are incorporated into a given model to accurately estimate the system state at a given time. This is crucial
in fields such as atmospheric and environmental sciences, geosciences, biology, and medicine, see [1] and the
references therein. The two main approaches for DA problems are based on Kalman filters, on the one hand,
and variational models, on the other hand. However, both methodologies are usually combined to exploit their
advantages and avoid shortcomings, see, e.g., [1-3].

Four-dimensional variational data assimilation (4D-VAR) was originally proposed by Le Dimet and Tala-
grand [4], aiming to assimilate observations acquired over an entire time interval [to,t,] instead of a single
instant of time, as was up to that point the case with 3D-VAR. Mathematically, the finite-dimensional 4D-VAR
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problem may be formulated as:

min 5 3 H () = 200" B () = 20(t)] + 50— w) B 0 =)

subjectziét (P)
y(t:) = Mi(y(to)) (System model),
y(to) =u (Initial condition),

where n is the number of time instants ¢; at which observations are taken, z,(t;) represents the observed state
at time ¢;, and wuy is the background initial condition. For each ¢ = 1,...,n, R; represents the observation
error covariance matrix at time t¢;, B is the background error covariance matrix, and H is the observation
operator that maps the model state to observable variables. The system model operators M; usually correspond
to integration formulas of underlying differential equations. In this paper, we are particularly interested in the
following DA problem

, e 1
min J(0) =5 [ S luont) = ol OF dt+ 5w,
0 %

u€EUaq

subject to either the linear partial differential equation (PDE)
oy+Ay=1¢, y(0)=u, (1.1)
or the semilinear PDE
Oy +Ay+gly) =4 y(0)=u (1.2)

The precise functional analytic setting, including boundary conditions, will be stated in Section 2. Here, let us
give an overview about the main challenges.

Most of the analysis of 4D-VAR problems has been carried out in finite dimensions due to its widespread
practical use; analytical results in function spaces are relatively scarce. Pointwise observations in space are
important in practice since the location of many observation stations and measurement devices is fixed, while
the acquisition may occur at different time intervals. Indeed, a main analytical challenge is to obtain well-
posedness of pointwise-in-space observations of the state for an L2-energy for the background error in the cost
functional, to mimic the structure of problem (P). In this regard, let us start by mentioning the seminal paper [4]
and the more recent contributions [5—7], where the 4D-VAR problem is posed and treated in Hilbert or Banach
spaces using a general Bayesian setting. Although mathematically rigorous, the Bayesian framework considered
there departs from the finite-dimensional problem (P), as the norms in the cost functional are significantly
different. Pointwise-in-space observations of the state together with an L2-energy for the background error
cannot be considered within this framework.

An alternative path consists of exploiting the regularity properties of the underlying PDE. Parabolic PDEs
with rather low regularity in the initial condition, even measures, have been explored in an optimal control
setting, see e.g. [8] for initial data identification problems in measures spaces. However, these results do not
guarantee continuity of the state with respect to the spatial variable. On the other hand, a lot of results in
the literature pose rather strong regularity conditions on the initial state. We mention a rather classical result
by [9] on control of a semilinear parabolic PDE that includes control in the initial condition with L*°-regularity.
Very often, these requirements guarantee continuity of the state in the whole space-time cylinder (or in an
interior subset). This is for instance very often the case for control problems with pointwise state constraints,
that are closely related to problems with pointwise observations. If, unlike in [10], typical Slater-type arguments
are used to show first-order optimality conditions, continuity of the states is usually required to obtain state
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spaces with non-zero interior and in turn Lagrange multipliers in a measure space appearing in the adjoint
equation, cf. the classical paper [11], whose regularity can sometimes be improved, see [12]. We will in fact
observe similar irregular terms in the adjoint equations, due to the pointwise in space observations. In order
to guarantee these regularity requirements, state constrained problems analyzed in the literature very often
consider continuous initial states. We mention the particular setting in [13] for control problems with semilinear
parabolic PDE and pointwise in time and space constraints. A problem closer to our setting is included in the
discussion in the more recent work [14] on state-constrained parabolic problems with quasilinear PDE (yet no
control in the initial condition). A specific setting therein imposes pointwise-in-space and averaged in time state
constraints. However, the regularity requirements of the quasilinear operator still require (Holder) continuity of
the state in the whole space-time-domain to avoid blow up of solutions. This again leads to initial conditions
with comparably high regularity. This is also true for regularity results for quasilinear parabolic PDEs from [15]
or [16], and distinguishes our results from many further recent results on control of even quasilinear parabolic
PDEs, including [17-21]. We note in passing that maximal parabolic regularity tools have also been applied to
sparse control problems with measures in the state equations (see, e.g., [22, 23]).

In this paper, we aim to further bridge the theoretical gap for 4D-VAR problems subject to linear and
semilinear parabolic PDE-constraints by considering both pointwise observations in space and an L2-energy
for the background error. First, we study the required regularity and well-posedness of the four-dimensional
variational DA problems solely using the natural L2-norm in the cost functional. To do so, we consider the initial
condition in the space L?(Q), that we enforce by additional integral control constraints. We obtain existence
of optimal solutions and first-order necessary optimality conditions for 5 > 2 for spatial dimension d = 2 and
d = 3, as well as second-order sufficient optimality conditions for the nonconvex problem for d = 2. We rely
on mazimal parabolic regularity as a tool to prove continuous-in-space states, see [24], Chapter III for a first
overview. We note that a similar regularity result has also recently been shown for a linear diffusion equation
in [25] by different means. This will be combined with our estimates to obtain second-order sufficient optimality
conditions (SSC) in the two-dimensional setting. The restriction to d = 2 for the SSC result has to be seen
in the context of well-known challenges of SSC for time-dependent parabolic problems with certain continuity
requirements of the solution. For right-hand-side control and problems with pointwise state constraints, for
instance, the first classical results even required d = 1, see [26]. Improvements have later been obtained by [27]
for purely time-dependent controls, or [28] for space-and-time dependent controls in d = 2, and just recently
for d = 3 in [29]. The subject of SSC has since been a very active topic of research, we refer to [30, 31] for
fundamental results that includes a rather abstract setting and an overview about typical challenges such as
the two-norm discrepancy. One of the more recent contributions to SSC is the work [14] already mentioned, for
quasilinear parabolic settings. For pointwise in space and averaged in time constraints this work could deal with
rather rough geometrical settings, but the assumptions on the initial condition are too strong for our purposes.

The paper is organized as follows: Section 2 introduces definitions and known results of interpolation spaces
and maximal parabolic regularity, as well as the functional analytic framework for the problems under con-
sideration. Section 3 is devoted to the convex variational DA problem. First, we show sufficient regularity of
the linear PDE for suitable LA-regularity of the initial condition, using autonomous maximal parabolic regu-
larity and interpolation theory. Then, we discuss optimality conditions by rather straightforward arguments. In
Section 4, we study the 4D-VAR problem with semilinear PDE constraint. We prove well-posedness and present
a detailed analysis of differentiability and Lipschitz properties of the solution operator. First-order necessary
conditions are shown for d = 2,3, followed by a result on second-order sufficient optimality conditions in the
case d = 2.

2. STANDING ASSUMPTIONS AND PRELIMINARIES

In this section, we collect and present known preliminary results and definitions required for the analysis of
the state and adjoint equations in the optimization problems and in their optimality systems. We begin with
an abstract discussion in Section 2.1 and discuss the specific function space setting for the model problems in
Section 2.3. Let us agree on:
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Assumption 2.1.

1. T > 0 is a real number that represents the final time of the interval I := (0,T).

2. X and Y are real reflexive Banach spaces such that Y i) X.

We adopt the notation from [24], Chapter 1.2 and write [X, Y]y for complex and (X, Y)g,, for real interpolation
spaces, where 0 < # < 1 and 1 < r < co. Moreover, we employ usual notation for Lebesgue, Sobolev, and Holder
spaces. Since X and Y are reflexive spaces, we have that (L"(I; X))* = L™ (I; X*) and (L"(I;Y))" = L™ (I;Y*)
for r €]1, 00[ and r’ denoting its conjugate exponent, i.e., 1 = % + %, cf. [32], Remark 2.4. Let us also point out
here that throughout, ¢ > 0 will denote a generic constant.

2.1. Maximal parabolic regularity and solution concepts for the state equation

A key concept in our analysis is maximal parabolic regularity of the differential operator, where we distinguish
between autonomous and nonautonomous operators. If A does not depend on time, we recall the definition
from [24].

Definition 2.2 (Autonomous Maximal Parabolic Regularity). We say that the operator A € L£(Y, X), satisfies
maximal parabolic L"(I; X)-regularity, with r €]1, ool, if for every £ € L"(I; X) and yo € (X,Y) 1 ,., the equation

Oy+Ay=1¢, y(0)=uyo (2.1)

admits a unique solution y € W (I; X) N L"(I;Y). Moreover, this solution satisfies

[Yllwev,x) < ¢ (f Lr(1:x) |yo||(x,y)1m> ; (2.2)
for some constant ¢ > 0 independent of ¢ and yyq.
Here and in the following, we write
W (Y, X) .= WhH(I; X) N L™ (I;Y), (2.3)

and, if the context is clear, we just speak of maximal parabolic regularity. The space W"(Y, X) is a reflexive
Banach space since X and Y are reflexive, [33], Theorem 1.5.13.

If the operator is non-autonomous, i.e., it depends on time as in equation (4.14), in Section 4, we consider
the following notion of maximal parabolic regularity from [34].

Definition 2.3 (Non-autonomous Maximal Parabolic Regularity). Let I 3t — A(¢) € L(Y, X) be a bounded
and strongly measurable map such that A(t) is closed in X for all ¢ € I. Then, the family {A(¢) }1c; satisfies
(non-autonomous) maximal parabolic L"(I; X)-regularity with r €]1, +oo[,if ¢ € L"(I; X) and yo € (X,Y)
there exists a unique solution y € W" (Y, X) satisfying

1—1r
”

Oy (t) + At)y(t) = £(¢), y(0) = yo, for a.e. t € I. (2.4)
In Definition 2.3, Dom(A(t)) =Y for all ¢t € I. With the help of these concepts, we define weak and strong
solutions.
Definition 2.4 (Weak and strong solutions, [35]).

1. ye WH(I; X)NL"(I;Y) is called a strong solution of (2.4) if y satisfies (2.4) in the pointwise sense
almost everywhere, or equivalently in the distribution sense.
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2. y € L"(I;Y) is a weak solution of (2.4) if y satisfies:

T T
/ (=0, + A%) @, gy y di = / (0205 x A+ (20,40} v+ X9, (X1
0 0 T r

where A*(t) := A(t)* € L(X*,Y™) for almost every ¢t € I, and ¢ € D([0,T[; X*), i.e., the X*-valued
smooth functions with compact support in [0, T'[.

Note that for time-independent operators as in (3.2) or (2.1), we can identify A € L(Y,X) with the con-
stant mapping ¢ — A(t) = A. Therefore, the definitions of autonomous and nonautonomous maximal parabolic
regularity coincide; see, e.g., [24], Section III.1.5, allowing to apply Definition 2.4 also to (2.1).

Moreover, let us introduce mild solutions, which we will use as an auxiliary concept.

Definition 2.5 (Mild solution, [36], Chapter 6.1). Let —A be the generator of the strongly continuous analytic
semigroup {e7*4 :¢ >0} on X and g: Z — X for some Banach space Z. We call y € C(I; Z) a mild solution
of

Oy + Ay +9(y) =0, y(0) = yo, (2.5)

if it satisfies the integral equation

y(t) = etyo — / e~ (t=DAg(y(r))dr. (2.6)

The weak and strong solutions of equation (2.5), in the sense of [35], are defined as in Definition 2.4, with £
replaced by —g(y).

2.2. Useful embedding results

We end this section by collecting the following auxiliary results from the literature for later use:

Proposition 2.6. Let X and Y be Banach spaces with dense embedding Y <i> X. For0<6<1,

d d d d d
Y= (X,Y)o1 = (X, Y)g g = (X, Y)op—=(X,Y)goo = (X, Y)p1 = X

is satisfied for 1 < g <p < oo and 0 <V < 0 < 1. Moreover,

d
(X7Y)971 — [X, Y]g — (X,Y)gpo.
We refer to [24], Section 1.2.5 and [37], Section 4.4.7 for the proof of the above proposition.

d
Proposition 2.7. Let X, Y be Banach spaces such that Y — X. Given 1 < r < oo and 7’ its conjugate
exponent, we have:

(i) If0<0— 5 <o <1, then W (Y, X) = LU(I;(X,Y)g,1)
(i1) If 0 = L, then W'(Y, X) = C(I;(X,Y) 1 )

(iii) If 0 <~y < L — 0, then W'(Y,X) < C7 (I;(X,Y)g1) .

Moreover, if 0 # L and Y is compactly embedded in X, the embeddings are compact.

r’

The proof of these results can be found in [38], Theorem 3 and [24], Theorem 4.10.2.
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2.3. Functional analytic framework for our model problem

We now give a precise definition of the framework for our model problems (1.1) and (1.2), only leaving details
on the nonlinearity g to Section 4.

Assumption 2.8.

1. QCc R4 d=2,3, is a bounded domain with Lipschitz boundary I' := 9.
2. Let A be a linear second-order differential operator of the form:

A: WeP(Q) = W P(Q), y— —divkVy

such that

(Ay,v) = / kVy-Vudr, yeWrP(©Q), vewd? ().
Q

3. The coefficient function k € L>(Q; R4*?) is uniformly elliptic and symmetric.

We now fix Y := W01 B (Q2), for some S according to Assumption 2.9 below, recalling that this space denotes
the closure of C§°(Q2) in W1A(€). It thus encodes homogeneous Dirichlet boundary conditions. Mixed or pure
Neumann boundary conditions could be prescribed, even on only Groger regular geometries, see [39], as long as
the following crucial property of A is satisfied.

Assumption 2.9. There exists § € }d, d%dz[ such that A = —divkV forms a topological isomorphism from
Wol’ﬁ(ﬂ) to W~18(Q). Moreover, we assume r € ]32%, {
We comment on some known results, see e.g. [16], Remark 2.14 for a similar summary.

o If Q has a C"! boundary then the Dirchlet-Laplacian A: W, * (Q) — W~=1(Q) is an isomorphism for all
1< B < oo, see, e.g., [40].

e Moreover, if, as in Assumption 2.8,  has a Lipschitz boundary T, [41], Remark 3.3 guarantee that
Q) is Groger regular if only Dirichlet boundary conditions (or only Neumann-boundary conditions) are
prescribed. Assumption 2.8 (3.) then implies that A: W, A(Q) = W=18(Q) is a topological isomorphism
for some 3 > 3 in the cases d = 2 as well as d = 3, see [42], Theorem 3.12, Remark 3.17.

e In fact, if Q is even convex and its boundary is of Lipschitz class, it is known from e.g. [22], based on
[40], that there exists a 3 with B >4 if d =2 and B > 3 if d = 3 such that the Dirichlet-Laplacian
A Wol’ﬁ(Q) — W~18(Q) is an isomorphism for each 3’ < 3 < 3, where é + é =1.

e For d = 2, Assumption 2.8 (3.) implies the isomorphism property of the operator, —V -kV 4 1: W;NB(Q) —
Wp_;ﬁ (Q), for all g € [2, By] with some Sy > 2 even for mixed boundary conditions, i.e. with a Neumann
and Dirichlet boundary , see [28], Proposition A.1, if we assume that Q UT'y is regular in the sense of
Groger.

e The three-dimensional case is more involved, see e.g. [43] for a counter example indicating that in general
8 < 4 in the presence of mixed boundary conditions. Examples where Assumption 2.9 holds in the three-
dimensional setting have been discussed in e.g., [28], Proposition A.21 or [44].

We emphasize that from here on, Assumptions 2.8 and 2.9 will always hold. It will, in particular, guarantee
maximal parabolic regularity of the operator A, as well as the embedding WO1 B (Q) — C(Q). For further refer-

ence, note that the conditions on r imply 2 < ' < ;‘—fd for the conjugate exponent r’. We will frequently use

this in the following. By % <p < ﬁ, we denote the conjugate exponent of 3, and agree that W—17(Q) will
denote the dual space of Wg'" (). If we set X = W18 (Q), Assumption 2.1 is satisfied.
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Proposition 2.10. Let Assumption 2.8 hold and let B and r satisfy Assumption 2.9. Then the operator
A: Wol’ﬁ(Q) — W™L8(Q), A= —divkV satisfies mazimal parabolic L™ (I; W15 (Q))-reqularity.

Proof. We refer to [32], Lemma 6.4, where this is shown for all r > 1. O
We end this section by an auxiliary results for later reference.

Proposition 2.11. Let Assumptions 2.8 and 2.9 hold. Then, the operator —A generates a strongly continuous

analytic semigroup {e"*4}i>0 on WLB(Q), which satisfies

le™™ 2l Lo @) < cllzllw-15a) (2.7)

for all z € W=L(Q) and some ¢ > 0.

Proof. Proposition 2.10 and e.g., [35], Remark 3.1-(b) or [45], Theorem 2.2 guarantee that —A generates a
strongly continuous analytic semigroup on W~1#(Q). This semigroup is bounded for ¢ € I, [36], Theorem
1.2.2.2. Since the spectrum of A does not contain 0, see, e.g., [32], Lemma 6.4, we can apply Theorem 6.13
n [36], Section 2.6 and obtain that the semigroup maps from W~2%(Q) to Dom(A'/?). From [46], Corol-
lary 11.5.3, Proposition 2.6 and [47], Theorem 1.3, it holds that Dom(A'/2?) = (W‘LB(Q),Wol’ﬂ(Q))%’1 —

[W—1B(Q), Wol”g )]y = LP(Q). Consequently, there is a positive constant ¢ such that

lle™* 2]l 1e(q) < clle™ zllpom(arrzy < clle™ | cav-1.8() Dom(ar/zy |2l w-1.5q)
and the assertion follows from the boundedness of the semigroup. O

Corollary 2.12. Under the assumptions of the last proposition, a weak solution of (2.5) with initial condition
u € LP(Q) is a strong solution and vice versa. Moreover, any (weak and strong) solution of (2.5) is a mild
solution of (2.5).

Proof. Note that the L"(I; W~18(2)) maximal parabolic regularity of the autonomous operator A guarantees
L™ (I; W=1#(Q)) maximal parabolic regularity of its adjoint, see [48], Lemma 36. Then the first assertion
follows from [35], Proposition 6.1. The second one is a consequence of Proposition 2.11. O

3. 4D-VAR PROBLEM: LINEAR CASE

We will now study the infinite-dimensional 4D-VAR problem subject to a linear heat equation (1.1) within
the precise mathematical setting outlined in the previous section. To simplify our analysis, the observation error
covariance operators, R;, and the observation operator, H, in the general problem (P) have been set equal to
the identity. We recall the problem formulation for convenience:

: e 1
min J(y,u) = 5/ Sty t) — 2ol O dt+ 5w — w3, (3.1)
O %

u€U,q

subject to the linear dynamical system
oy+Ay= £, y(0)=u. (3.2)

Recall that homogeneous Dirichlet boundary conditions are contained in the definition of the operator A. We
now lay out all remaining assumptions on the problem data.

Assumption 3.1. For the data in (3.1) we agree on the following:
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e For some given b > 0, we define the set of admissible controls as

Und = {u € LP(Q): /Q lu(z)|? do < b} .

e The integer M > 0 and pairwise disjoint spatial observation points x1,...zy € Q are fixed. Moreover,
a function z, € L" (I;C()) is given such that zo(zx,-) € L (I) denote the state observations at xy,
k=1,..., M.

e The terms u, € L?(Q) and B~ € L(L?(2), L?(2)) denote the (given) background information and the
inverse of the background error covariance operator, respectively. Additionally, we assume that B~! is a
self-adjoint and positive definite operator, which defines a continuous and coercive bilinear form

(v,u)g-1 := /Qv(x)(B_lu)(x) dz.

Furthermore, observe that [lu — up||%_, = [;,(u — up) B~ (u — up) de.

We point out that imposing constraints for the control variable is necessary to prove existence of a solution
for the DA problem (see Thm. 3.5). Alternatively, an L? cost term could be added to the objective function.

3.1. Analysis of the state equation

We first show well-posedness of the PDE-constraint. In particular, we guarantee continuity of the state y
with respect to the spatial variable for initial conditions in L?(). Before starting our analysis, let us agree on
the notation

b= W Wyt (@), WHA(Q), Wy =W (W (@), W (@),

in accordance with Definition (2.3). We recall that 8 € ]d, 2d { and 7 € ] 3;;—?0” 2 {, hence (' € ] diz %[ and

e }%,2[. Additionally, for ease of presentation, we will often omit the domain €2 and write e.g. VVO1 b

instead of Wol’B(Q).

Theorem 3.2. Let Assumptions 2.8 and 2.9 hold. Then, for each £ € L"(I; W=1B(Q)) and u € LP(Q), there
exists a unique y € Wi — L™ (I; C(Q)) that solves problem (3.2). Moreover, this solution satisfies the estimate:

||3/||Wg + ||?J||Lr’(1;c((z)) < C(HEHLT(I;W—l-ﬂ(Q)) + ||UHLﬁ(Q))7 (3.3)

for some constant ¢ > 0 independent of y, u, and £.

Proof. We first prove existence of a unique solution y € W{, of problem (3.2) for every u and ¢ as assumed.
Due to Proposition 2.10 it is sufficient to show that L# < (W15, Wol’ﬁ)% .. In fact, [47], Theorem 1.4 and

T’T

Proposition 2.6 guarantee

d

LP = [W_Lﬁa W(}ﬁ]% - (W_LB’ W(}ﬁ)%,oo - (W_LﬁvWOl’ﬁ)i,,l,

utilizing % < % Now, note that Proposition 2.7 ensures

, 1 1
W e L7 (1; (W‘l’ﬁ,WOl’ﬂ)g)l) L 0<f-—<— <1
T T
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Moreover, [49], Theorem 2.8.1 and Proposition 2.6 yield

] _ d
(W8 WhB) 1 <& (W18 WPy s 07(Q) 5 O(Q) if =201 — >0

Hence, it only remains to show that there is 8 > 0 such that

1 2 1 1 d
— << =<1+ = d 0>-+—.
r’< <r’_ +r’ an >2+25

To prove this, note first that % <1+ % < ¢’ > 1is satisfied since v’ > 2. Moreover, since % < % and %Jr % >

%, it suffices to prove that % + % < % =2- %, but this is equivalent to r > %, Assumption 2.9; Finally, (3.3)
is obtained from (2.2) and the embeddings L « (W18, Wol’ﬁ)%m as well as Wi — L™ (I; C(Q)). O

Remark 3.3. Our regularity assumptions allow us to work with initial conditions in L?(2), where d < < dQ—_dQ,

and right-hand sides in L"(I; W~55(Q)), with Sg—fd < r < 2. The framework of [25] guarantees L?(I; C*(f2))
regularity for initial conditions in L? and right-hand sides in L"(I; L4(Q2)), with r > 2, ¢ > g, and p = min(r, p),
p< %q. It thus allows for less regularity of the initial condition, at the expense of higher regularity of the right-
hand-sides and less time-regularity of the solution. When comparing our setting to that of e.g. [28], observe that

the authors consider homogeneous initial conditions and require right-hand-sides in L"(I; L?(2)) with r > %

p > dd—fq for some d < g < qo that takes the role of our exponent §. In particular, the time-regularity of the
right-hand-side needs to be large to obtain Holder continuous-in-time-and space solutions. In view of Holder
continuity on the whole space time cylinder, extending the results to nonhomogeneous initial conditions would
require Holder continuity of u.

3.2. Existence of a unique optimal control

Based on the results of Theorem 3.2, we introduce the control-to-state mapping
S:LP(Q) — Wi, u— Su=y,

where y solves the state equation (3.2) for given initial condition u. Recall that y € W, implies y € L (I;C(2))
by embedding. Due to estimate (3.3) and since ¢ € L"(I; W~1#(Q)) is given, this affine-linear operator is
continuous. We can therefore rewrite the DA problem into a typical reduced form:

. _ 1 2 1 2
Jnin flu) = B {J ;[Su — 2,)° ® 0(x — ) dxdt + §Hu — upl|H-1- (3.4)

Here and in the following @ := I x 2 denotes the space-time-cylinder and §(z — x) denotes the Dirac measure
concentrated at zp € ; additionally, we will adopt the following notation,

olar) = / (@) @ b(ay — ) da = / Sak — 2)plx) dz, Ve € C(Q),

see [50], p. 79. For brevity, we will write d,, := é(x — xx). We use the notion M(Q) for the space of regular
Borel measures and denote the space of weakly measurable functions by L™ (I; M(2)).

Lemma 3.4. Let Assumptions 2.8, 2.9 and 3.1 hold and let u € LP () with associated state y = Su € W} be
given. Then, 32 [Su(xk, ) = zo(zk, )] 0z, € L (I; W17 ().
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Proof. Tt is sufficient to show that (y(zg,-) — 2o(x, )0z, € L" (I; M(Q)) < L™ (I; W18 (Q)). In fact, since
B > d, it follows that Wy’ () — C(Q) [51], Corollary 9.14, therefore the embedding M(€2) — W15 (Q) is
true. Consequently, L" (I; M(Q)) = L7 (I; =18 (Q)). Tt is clear that (y(xk,-) — 2o(k, -))dx, belongs to these
spaces since y — z, € L™ (I; C(f2)). O

We can now discuss the control problem, guided by standard arguments.

Theorem 3.5. Let Assumptions 2.8, 2.9, and 3.1 hold. Then, the DA problem (3.4) admits a unique optimal
control U € Ugq, with associated state y = Su € W{.

Proof. This result follows in a classical way, see [52], Theorem 2.14 for details in a slightly different functional
analytic framework. We only point out that U,q is a non-empty, closed, convex and bounded subset of L?()
and that f is continuous and strictly convex. O

3.3. First-order optimality conditions

In this subsection, we state and prove the first-order optimality conditions for the convex DA problem. To
do this, let us rewrite problem (3.4) in a convenient way, see, e.g., [53]. We define the function

v LAQ) — R, ut—>w(u)=b—/ lu()|® da
Q

as in [53] and obtain yet another equivalent formulation of the DA problem:
min f(u), ue€L’(Q) and (u) €K, (3.5)

with K = {k € R: x > 0} being a closed and convex set of R. Existence of a Lagrange multiplier can now be
obtained after proving a regularity condition, [53]. For our problem, this multiplier will belong to R. First, we
prove auxiliary results for the adjoint equation.

Lemma 3.6. Let Assumptions 2.8 and 2.9 hold. Then, for every v € L" (I; W‘l’ﬁ/(ﬂ)), the adjoint equation
—Op+Ap=v, p(T)=0,

admits a unique solution p € WSI — C(I; L'B/(Q)). There exists a constant ¢ > 0 such that
[Pl < ellvll o zow-167 (@)

Proof. Since A is a closed operator satisfying (autonomous) L”(I; W ~1#) maximal parabolic regularity, [48],
Lemma 36, guarantees that the adjoint operator A* satisfies (autonomous) maximal parabolic L (I; W—LF (Q))-
regularity. Thus, there exists a unique solution p € W} that satisfies ”p”WS' <c|vll e (rw-1.60 () Since r’ >
Proposition 2.6 jointly with [49], Theorem 2.4.2.1 yields

’

W8 Wy, s s W W, = 1P (Q).

1 1
) D)

The embedding W} < C(I; L' (€2)) then follows from Proposition 2.7-(i7). O

Theorem 3.7. Let Assumptions 2.8, 2.9 and 3.1 hold. A control u € Uaq C LP(Q) with associated state §j =
Su € WY is the unique solution of (3.5) if and only if there exists a unique adjoint state p € W[ and a unique
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multiplier X € R that satisfy:

—0p+ AP =Y _[St(zy,") = 2o(xk, )] 0ap,  B(T) =0, (3.6)
k
p(0) + B~ — up) + M3|u|’2a = 0 in Q, (3.7)
A>0, b—/|a|5 dz > 0, A(b—/|u|5 dx) ~0. (3.8)
Q Q

Proof. Before we start the proof, notice that the operator S is differentiable since it is linear. Hence, the reduced
cost functional is also differentiable by the chain rule. Moreover, the constraint function ¢ is differentiable with
V' (wh = — [, Blu()|P~2u(z)h(z) dz, with h € L#(Q).

Now, assume first that @ solves Problem (3.5). Lemmas 3.4 and 3.6 guarantee that there is a unique solution
p € W5 of (3.6). To prove the existence of a Lagrange multiplier A € R, we follow Zowe and Kurcyusz in [53],
pp-50 and verify the following regularity condition:

W (@LP(Q) ~ K(¥() =R, K(w(@))={x— () : x e K9 >0} (3.9)

The left-hand side of (3.9) takes the form
(@) LP(Q) — K(¢(a)) = {5/ |a|?~2ah dz — Kk + Vb — 19/ |al? dz : .h € LP(Q),0 > 0,k > o} :
Q Q

To verify (3.9), let us take z € R. If 2 < 0, it will belong to o' (a)L? () — K(¢)(a)) by setting 9 =0, h =0 €
LA(Q), and k = —z > 0. In the same way, if z > 0, it will belong to ¢'(a)L?(Q) — K(v(a)) if ¥ = 2= > 0,
k>0, and h = %ﬂ € L?(Q). Therefore, there exists a Lagrange multiplier A € R, such that
A>0, A (b —/ |a|? dx) =0, (f'(w)— X (@),h)er s =0, VheLP(Q). (3.10)
Q

Note that ¢(@) = b — [, |4|? dz > 0 since @ is feasible. Together with (3.10), this implies the complementarity
system (3.8). To prove the gradient equation (3.7) we calculate the derivative of f at @ € U,q in some direction
h € LP(Q):

T
f(@)h = /0 <Z((Sﬂ)(xk,t) - zo(a:k,t))émk,Sh(~,t)>W,1,5/7W(},a dt + /Q(ﬂ —up) B~ h da.
k

Note that Sh belongs to L™(I; Wy"?(Q)) due to Theorem 3.2 and Y, [(Sa)(2k, ) — 2o(xk, )] ® 0z, belongs to
L (I; W‘LB,(Q)) due to Lemma 3.4. Hence, the above integral is well-defined and, following typical procedures
using the adjoint equation (3.6), we see

T
f'(@)h = /0 (=0 + A")B, Sh)yy 1 gyrs At + /Q (@ —up) B~ h da.

Noting that p € WSI and Sh € W, we apply a Green’s identity from [35], Proposition 5.1 and conclude from (3.6)
that

T
f,(ﬂ)h = /0 <ﬁ7 (8t + A)(Sh)>W(J11ﬁ’7W_1,ﬁ dt + <Z_)(O)a (Sh) (O)>(W—1,/3/,Wolﬂﬁ’)lﬂr/,(W—l,ﬁ,wol,ﬁ)%

T
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- <p(T)7 (Sh)(T»(W*l’ﬁ/,Wol’ﬁ/)lﬂ_,,(W*LB,WOI’B)%’T + /Q (ﬁ - ub) B_lh) dz

:/Q(ﬁ(O)—&-(a—ub)B_l)hdx

holds for all h € L?(), since (Sh)(0) = h. Observe that h € LP(Q) — (W‘l’ﬂ,WOl’ﬁ)%,r and p(0) €
(W15, Wol’ﬁl);,r/ — L' (Q) due to embedding interpolation results. Note that p(0) € L? () is well-defined
since p € W' — C(I; LP' (Q)), see Lemma 3.6. Inserting this and the precise formulation of ¢/ into (3.10) yields

/ (p(0) + (@ — wp)B~") h dz + 5\6/ |a|’~2ah dz =0,  Vhe L°(Q).
Q Q

From this, (3.7) follows. Finally, the Lagrange multiplier A € R is unique if ¢/(%) # 0 due to the gradient
equation (3.7). On the other hand, ¢'(#) = S|u|? =24 = 0 then @ = 0; therefore, from (3.8) and b > 0, we find
X = 0, hence it is also unique in this case. To conclude the proof, we only point out the well-known fact that
necessary conditions are also sufficient for convex problems. O

Remark 3.8. Note that we have formulated the optimality conditions as a KKT-system with the help of a
Lagrange multiplier. Of course, since the admissible set U,q4 is convex, it is possible to use a variational inequality

f(a)(u—u) >0, VYué€Uzy
instead of the gradient equation (3.7) and complementary slackness conditions (3.8).

4. 4D-VAR PROBLEM: NONCONVEX CASE

In this section, we study the optimal control problem

. 1 [T 1
min J(0) =5 [ S luont) = ol OF dt+ 5w wl, (4.1)
0

w€U,q

subject to the semilinear PDE constraint
Oy +Ay+gly) =4 y(0)=u. (4.2)

We highlight that data assimilation for semilinear parabolic systems becomes crucial when aspects of these
systems are uncertain, and observations are available to improve estimates or predictions.

4.1. Assumptions on the semilinear PDE

We impose the following set of assumptions on the nonlinear term g(y).
Assumption 4.1.

1. Let g: R — R be a measurable function. Moreover, ¢ is twice differentiable and there exists X > 0 such
that

9™ () <K, forall 0 <k <2.
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2. Additionally, ¢” is globally Lipschitz continuous, i.e., there exists L > 0 such that

1

19" (1) — 9" (y2)| < Llyy — 2|, Yy1,42 € R.

3. The nonlinearity is monotone increasing.

Note that these assumptions imply global Lipschitz continuity of g and ¢’. In fact, the stronger condi-
tion on ¢” is only needed for second order results. A variety of functions satisfy Assumption 4.1. Examples
include standard sigmoid-type functions such as g(y) = aarctan(y) + b for constants a > 0 and b € R. Alge-
braic sigmoid-like functions, for instance g(y) = ——— + ¢ with constants a > 0, b # 0, and ¢ € R, also fulfill

\ 1+b2y2
the requirements. Furthermore, functions defined via integrals can also satisfy the assumption; for instance,
2¢;

g(y) = NG focw e~ dr + c3, with constants ¢; > 0, c3 # 0, and c3 € R, meets all conditions of Assumption 4.1.
We introduce Nemytskii operators g and g, associated with g, by

9(2)(@) = g=(x)),  §: L(Q) — L®(Q),
g(w)(t) = g(w(t), g Wi — LI x Q) = L¥(I; L(Q)) = L"(I; W~ 17(Q)).

More precisely, g(y) is tacitly identified with an object in L>°(Q). Under these assumption and if the right-
hand-side ¢ is in L?(I; L?(2)), it is clear that (4.2) admits a unique solution in the space

L*(I; Hg () N L (1; L*()),
that actually is a weak solution in the space
W(0,T) == L*(1; Hy()) N HY(I; H () = C(I; L* (),

since u € LP(Q) < L?(Q), see e.g. [52], Lemma 5.3. These results, shown in [52] for Neumann boundary
conditions, can be adapted to homogeneous Dirichlet boundary conditions. The solution fulfills

1Yl 2crsma ) + Wllez @) + ol a1 @) < e (2@ + lull2@))) » (4.3)
see [52], Lemma 7.10. Analogous results hold for linear PDEs of the form
0w + Aw + goow = ¢,  w(0) = h,

where g, is the multiplier associated with a function g, € L°(Q) that we tacitly identify with each other,

¢ € L*(I; L3(Q)), and h € L*(). In the following, such g., will be generated by g’. We will make use of the
estimates

wll 23 @) + lwllo@ i) < € (lezacz@) + lullz@) » (4.4)

see [52], Theorems 3.12-3.13 or [54], Theorems 2.1 and 4.1. Note that Theorem [54], Theorem 2.1 also allows
for right-hand-sides ¢ with different regularities, in particular

lwll 2 rmp ) + lwlle@ra@) < ¢ (Mlo @) + lullzz@) (4.5)

for d = 2,3. We will need these regularity results and estimates for our results on second-order sufficient opti-
mality conditions. In the following, we will discuss improved existence and regularity properties of the state
equation in the same spaces as in the convex setting.
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Before we do this, note that in the same function spaces we can define Nemytskii operators generated by
the first and second derivatives g’ and ¢g” of g. We denote these by g’,g"”, and §’, 3" respectively. That these
are, in fact, derivatives of § and g when considered in appropriate function space settings will be verified in
Proposition 4.3.

Remark 4.2. We point out that the operators g, §’, and §”’ are in fact Lipschitz continuous in any LP(Q)-space,
see [52], Lemma 4.11, where this is shown in the space L>(2) and the final remark on [52], p. 198, which shows
how to extend this result to any LP({2)-space when the generating function is uniformly bounded. Using this,
we obtain Lipschitz continuity of g, g’, and g” in any L([; L?(Q)) space by straightforward calculations. We
will tacitly and frequently use this in the following, only limited by the regularity of y.

4.2. Analysis of the semilinear state equation
This section discusses the well-posedness of equation (4.2) under Assumptions 4.1, 2.8, and 2.9. We now fix
dg ) 2s . 43 _ . qr

PTayp T T o=y 1T ama 1Ty

W
|

for the remainder of the paper, such that

and § > s, ¢ > r. In fact, we have § = > 2 if d = 2, and§:%>6ford:3.
For ready use in the following, observe the following classical Sobolev embedding [51], Corollary 9.14

Q) W @), W) o LY@, WwhQ) o LP(Q), V1<p <, (4.6)
and the embeddings
W < LI LA(Q), Wi = LI LY(Q), Wy — L7 (1;C(), (4.7)

that hold due to Propositions 2.7 and 2.6 and the proof of Theorem 3.2, that we will frequently and tacitly use.

Proposition 4.3. Under Assumptions 2.8, 2.9 and 4.1, g is twice continuously Fréchet differentiable from W(
to L™ (I; W=18(Q)).

Proof. We first discuss first and second order differentiability of g, in view of the embeddings (4.6) from L?(Q)
to L*(€2). In [52], Lemma 4.12 and [52], Theorem 4.22 such results are established in L> (). Moreover, it is
discussed how to extend this to general LP-spaces. In particular, since g fulfills the boundedness condition of
order two, first and second order differentiability hold from L?(Q) to L*(£2), hence to W~1#(Q) by embedding,
if s < 8 or 2s < B, respectively, see [52], Section 4.3.3 and the final remark on [52], p. 230. The condition
s < 2s < B is easily verified for d = 2,3. Then, first- and second-order Fréchet differentiability of g from
L(I; LP(Q)) to L"(I; L*()), hence to L"(I; W~18(Q)) by embedding, follow from Theorems 7 and 9 in [55],
respectively. In addition to the properties of 8 and s, observe that r < 2r < ¢ is satisfied, since r < 2, hence
2r < 4 and q = %4 > 4. We point out that the uniform boundedness of ¢’ and ¢” is also required to apply

Theorems 7 and 9 in [55]. The result then follows from W — L4(I; LP(Q)). O

We now prove well-posedness of the semilinear state equation. The operator

A=A+g(y)
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is non-autonomous since it depends on ¢ via ¥y, so one has to argue that it in fact has non-autonomous maximal
parabolic regularity. This could be done by means of perturbation arguments, [56], Proposition 1.3. We refer
again to e.g. [28], Theorem 2.15, where this has been done for a non-autonomous operator of the type t —
A+ §oo(t), under the stronger regularity assumptions that we have already discussed. Here, go, € L*>(Q) is
given and g, denotes the induced multiplication operator. Our problem has the same structure, yet in view of
the main goals of this paper we proceed more hands-on.

Proposition 4.4. Let Assumptions 2.8, 2.9 and 4.1 hold. For all u € LP(Q) and ¢ € L"(I, W=1P(Q)), there
exists a unique mild solution w € C(I; L?(Q)) of

Ow+ Aw+g(w) =¢, w(0) =u. (4.8)

There is a constant ¢ > 0 independent of u and £ such that

||7UHC(f,Lﬁ(Q)) <¢( |U||L/3(Q) + 14| Lr(L;W—18(Q)) T 1). (4.9)

Proof. The proof follows classical arguments, see e.g. [36]. We define the Picard iteration:

wo(t) =u, wppr(t) = e u+ /0 e~ AW — g(wy) (7)) dr.

Taking tp = 0 and assuming that wg(t) is defined in I, := (to,to + «) for some a > 0, we will prove that the
mapping J,

(Twis1)(t) = e Hu + /0 e~ DAY — g(wy) (7)) dr,

is a contraction on I, In fact, the Lipschitz continuity of § in L?(£2) of Remark 4.2 combined with the embedding
LP(Q) — W~18(Q) and Proposition 2.11 yield

t
| w(0) = TwrOllsio) < [ e o100 80 (7) = Bwe1) (D207
t
<l [ fun(r) = wia (D)l oy dr < clalfun — wiilloq ooy
0

Taking a < -, the operator J is a contraction on I,. Then, J has a unique fix point w € C(I,; L?()) such
that

t
w(t) = e My 4 / e~ AW —g(w)(1))dr, to <t <to+ o
0

By repeating this procedure iteratively, this solution can be extended for t € [to + a,t; +ay] =: I,,,, for adequate
t1

values of a; > 0, and a concatenation argument yields a solution w € C(I; L?(Q)) of (4.8) in the sense of

Definition 2.5. Estimate (4.9) follows from the integral representation and the boundedness of g and (2.7) after

direct calculations. O

Lemma 4.5. Let Assumptions 2.8, 2.9, and 4.1 hold. Then, the unique mild solution y € of equation (4.2)
satisfies the additional reqularity y € W{ and is the unique weak and strong solution in this space. Moreover,
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there exists a constant ¢ > 0 independent of w and € such that

yllwy < c(1+ |lullLs @) + II€]

LrL;W-1.8())-

Proof. We use a bootstrapping argument, i.e. we consider the linear problem
Oy + Ay =L—g(y), y(0)=u.

Since g is uniformly bounded g(y) can be identified with an element in L*(I; L*()) < L"(I; W ~#(Q)), where
the embedding holds since » < 2 and 8 > 2. Theorem 3.2 guarantees y € Wj — L (I;C(Q)), along with
uniqueness in these spaces. The norm estimate follows from (2.2) in Theorem 3.2 with uniform boundedness
of g. O
We summarize all previously shown existence and regularity results:
Theorem 4.6. Let Assumptions 2.8, 2.9, and 4.1 hold. Then, for allu € LP(Q) and ¢ € L"(I, W=18(Q)), there
exists a unique solution
y € Wy nC(I; L°(Q))
of equation (4.2). Moreover, there exists a constant ¢ > 0 independent of u and £ such that

yllwy + [1Ylleree @) < X+ [lulle@) + 1l Lraw-15@)))- (4.10)

Proof. In view of Lemma 4.5 and Proposition 4.4 it is sufficient to briefly point out that L?(Q) — W~15(Q)
and any strong solution in the sense of Definition 2.4 is a mild solution in the sense of Definition 2.5 with
Z=X=w"15Q). -

Based on Theorem 4.6, we can introduce the control-to-state mapping
S: LP(Q) — Wi, u— S(u) =y,

as the solution operator associated with the semilinear parabolic problem (4.2) for fixed ¢ € L"(I; W’L%Q)).
This is not to be confused with the definition of S in the convex setting. Note the regularity y € L (L;C(Q))n
C(I; LP(9)) according to embedding (4.7) and Theorem 4.6.

4.3. Continuity of the control-to-state mapping

In this subsection we study certain continuity properties of S. They will be used to prove existence of solutions
to the nonconvex DA problem. Their proofs follow standard arguments and can be found, in a slightly different
framework, for instance, in [32, 52].

Lemma 4.7. Let Assumptions 2.8, 2.9, and 4.1 hold. There exist ¢1,co > 0 such that

1S (u1) = S(u2)l| L2 (r;m3 )) + 1S (1) = S(u2)ller.L2 ) < ellur — uzlL2(a)s (4.11)
[S(u1) = S(u2)|lorne ) + 1S(w1) = S(u2)llwy < callur — uallLs(q) (4.12)

holds for all uy,us € Lﬁ(Q).
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Proof. Denote by y; := S(u;) the states associated with controls u; € L?(€2), i = 1,2. Note that both y;,ys
satisfy the regularity properties from Theorem 4.6. We find that the difference g := y1 — yo satisfies

oY + Ay = g(y2) — 8(y1)- 9(0) = uy — ua. (4.13)

Note in particular that the term ¢ cancels out. Estimate (4.11) is obtained with rather straightforward, classical
arguments and (4.3). Due to the differentiability of g from L9(I; L?(2)) to Li(I; L*(R2)), see Proposition 4.3,
the right-hand side can be written as

1
g(y2) —8(y1) = /g’(y1 +7(y2 — v1))dT(y2 — y1) = —go¥,
0

and ¢ thus solves
Oy + Ay + goy = 0, 7(0) = uy — us.

We rely on uniform boundedness of ¢’ to find that estimate (4.11) holds due to (4.4), with a constant that
depends on the uniform bound of gg. We can now argue similarly to Theorem 4.6. Since u; — uy € L?(2) and
the right-hand side of (4.13) belongs to L"(I;W~1#(Q)), we apply Theorem 3.2 to obtain estimate (4.12).
Estimate (2.2) and the Lipschitz continuity of g in L"(I; L#(Q2)) along with L?(Q) — W~1#(Q) then yield

g1l < c(llg(yr) — gW2)llorw-15(0)) + llur —u2llLs)) ,
<y = vellor o)) + lur — u2llLs@))

<c <||y1 = Yallz2(rmp o)) + llua — UzHLB(Q)) < cllur — u2||pe )

for some ¢ > 0. Note that we used (4.11) along with r < 2 and Hj(Q) < LP(Q) and B < 2d < 6. The Lipschitz
result in C(I; LP(2)) follows after subtracting the integral definitions (2.6) and straightforward arguments,
applying Gronwall’s inequality, similar to [32], Lemma 2.8. O

Next, we prove weak continuity of the solution operator S along the lines of e.g. [32].

Lemma 4.8. Let Assumptions 2.8, 2.9, and 4.1 hold. The control-to-state mapping S is weakly continuous from
LP(Q) to Wp.

Proof. Let u,, — u in L?(Q) and set y,, = S(u,,) and y = S(u). Thanks to estimate (4.10) and the boundedness
of {un}n>1 in LP(R), there exists a constant ¢ > 0 such that ynllwy < ¢, for all n € N. Consequently, due
to the reflexivity of W, there exists a weakly convergent subsequence, denoted the same, and a limit point
§ € W§ such that y, — ¢ in Wy, as n — oo. Additionally, since {y,},>1 is bounded in L"(I; W#(Q)) and
{O1yn}, >, is bounded in L"(I; W~18(Q)) — LY (I; W~1P(Q)), it holds that {y,, }n>1 is relatively compact in
L"(I; LP(Q)) [57], Corollary 4. Consequently, y,, — ¢ strongly in L"(I; L?(2)). Further, thanks to the Lipschitz
continuity of g from Remark 4.2 and the embedding L?(Q) — W~1#(Q), we have that g(y,) — g(7) strongly
in L"(I; W~1A(Q)). On the other hand, y,, € W}, satisfies the weak formulation

T T
| o A e g dt = [ om g s

+ <<)0(O)’U’n>(v[/71,ﬁ’J/VOI,B’)l r”(Wil’ﬁ’WSYB)L,T th € D([O,T[; Wolﬁ (Q))a
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for any n € N. Passing to the limit as n — oo, and using the convergence of y, — ¢ in W, g(y,) — g(9) in
L™(I;W=48(Q)), and u,, — u in L?(£2), it holds that

T T
|0+ A g = [ @ s

+ <<‘O(O)’u>(W—1vﬁ/,W01’ﬁ/)l ,./7(W_1’BaW01’ﬁ); VQO S D([OvT[’ W()Lﬂ (Q))

Therefore, § = S(u) = y. O

4.4. Differentiability of the control-to-state mapping

We now study the differentiability properties of S. First, we state an existence result for a non-homogeneous
linearized equation with right-hand-side in L"(I; W~1#(Q)) and initial condition in L?(9).

Lemma 4.9. Let Assumptions 2.8, 2.9, and 4.1 hold and let y € C(I; LB_(Q)) be given. Then, for all £ €
L™ (I;W=Y8(Q)) and h € LP(Q), there exists a unique solution n € W5 N C(I; L?(Q)) of

O+ An+g'(ym=¢ n0)=h (4.14)
and a constant ¢ > 0 independent of £, h and y, such that
Inllwy < c(l€llzraw-10@) + llullLs@)-

Proof. We start by proving existence of a unique mild solution, similar to Proposition 4.4. We thus define the
mapping J : C(I; L?(Q)) — C(I; LP(2)) by

(Tn)(t) = e A + / e DA (e(r) - ) (m(r)dr,  0<t<T.

Proposition 2.11 yields

1(Tm) (@) = (Tn2) ()]s @) < C/o Ig" (W) (m = n2) () w15 () dr,

and the embedding L?(Q) < W~1#(Q) and the boundedness of ¢’ allow to estimate

t
HTm)(®) — (Tn) (Ol ey < / I — mell Loy d7 < ctllm — mllogs)

and, consequently,

m m (cT)™
1T m = T " m2llemes @) < — A= lIm = melleLe @)

Since (Cz;# — 0 as m — oo, the operator J™ is a contraction. Consequently, according to [58], Section 5, J
has a unique fixed-point n € C(I; L?(Q)) such that n(t) = J(n(t)), which is the mild solution of (4.14).
We improve the regularity of the solution by a bootstrapping argument. In the above calculations we have

seen that g'(y)n € L"(I; L*(Q)) < L"(I;W~15(Q)). Then, Theorem 3.2 applied to

o+ An=—g'(yn+¢& n0)=~h
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yields the higher regularity of 7. Note that A(t) = A+ g'(y(t)): Wol’B(Q) — W~L8(Q) is linear, continuous
and closed, and the mapping t 3 I — A(t) € L(W;? (), W—18(€)) is measurable and bounded. Since (4.14)
admits a unique solution in W} we find from [35], Proposition 2.1 that 9; + A+ g’(y): Wi — L™ (I; W18 (Q))
is bounded and continuously invertible, which concludes the proof. O

With the last lemma, we have established non-autonomous maximal parabolic regularity of A. Observe that
the result of Lemma 4.9 is proven for all initial conditions in L?(f2) (which embedds into the interpolation
space (W‘lﬂ(Q),Wol’B(Q)) 1 ), whereas the standard definition of maximal parabolic regularity (Def. 2.3)

7,7
requires the property to hold for all initial conditions in (W~1#(Q), I/VO1 B (€)1 .. Nevertheless, proving the
property for the whole space L?(£2) (which includes the case h = 0 ) is sufficient to conclude maximal parabolic
regularity, indeed, this formulation is equivalent to the given definition. This equivalence is established in [35],
Proposition 2.1.

Based on the last existence result we will now collect and prove norm bounds for specific linearized PDEs
whose solutions will in fact correspond to derivatives of the control-to-state mapping S. Note again that the
control appears in the initial conditions rather than the right-hand-side, which in particular guarantees improved
regularity properties of first-order linearizations.

Corollary 4.10. Let Assumptions 2.8, 2.9 and 4.1 hold and y = S(u) be the solution of (4.2) for some u €
LP(Q). Then, for a given h € LP(Q), the unique solution n € Wi N C(I; LP(Q)) N L2(I; HY () of

Om+ An+g'(y)n="0, n(0)=h, (4.15)
satisfies n € L2(I; HE(Q)) N C(I; L*(Q)) with estimates

Il 22 )y + Inllere @) < allbllzz@), (4.16)
[Inllwy < callhllLs (@), (4.17)
Il Lrr,000)) < esllbllz (4.18)

for some constants c1,ca,c3 > 0 independent of h and y.

Proof. Note that existence and uniqueness of € W{ and estimate (4.17) are guaranteed by Lemma 4.9, since
y € C(I; L?(Q)) due to Proposition 4.4. Estimate (4.16) is clear, see (4.4). Estimate (4.18) follows from [25],
Theorem 1. More precisely, we observe that n fulfills

om+An+n=n—g'(y)n, n(0)=h,

and the right-hand-side belongs to L™ (I; L(Q)) < L" (I; L?(2)), by the boundedness of g and n € W} —
L™ (I; L*°(€2)). We then obtain an estimate for the right-hand-side, tacitly using boundedness of g, by

In —&'( )UHLr (1;L2(Q)) = ||77||L7 (;r2(9) + C||77||L' (1;L2(Q) = cllbl L2y,
which follows from 7 € C(I; L2(Q)) — L™ (I; L*(Q)) and estimate (4.16). Now, Theorem 1 of [25] can be
applied with ¢ :== 2 > %, p:=r <2, and r := ¢’ > 2. Note in particular that the notation of  in [25] should
not be confused with ours. While both describe the time integrability of the right-hand-side, the result in [25]

requires this to be greater or equal to 2. We can guarantee this for the particular linearized equation where the
time-integrability index is in fact ' > 2 (using our definition of r and r’). Now,

Il re@y < ellin = &' Wl .02y + 1PllL2 @) < cllbllz2 @)

follows from [25], Theorem 1. O



20 P. CASTRO ET AL.

The following result holds for homogeneous initial condition, and right-hand-sides that solve first-order
linearized PDEs. This is precisely the structure expected of S”, for control in the initial condition.

Corollary 4.11. Let Assumptions 2.8, 2.9, and 4.1 hold, and let y € W{, be given. For h € LP(Q), denote by
n the solution of (4.15) from Corollary 4.10. The equation

Ow + Aw + &' (y)w = —g" (y)n*, w(0) =0, (4.19)
has a unique solution w € W4 N L2(I; H(Q)) N C(I; LP(2)), with c1,ca > 0 such that
lellwy < Cl||hH%ﬁ(Q)7 (4.20)
@l 2(rmi ) + lwlledrzq) < callhlZz - (4.21)
Moreover, for d = 2, there is c3 > 0 such that we have the improved estimate
[wllwy < esllbllZ2q)- (4.22)

Proof. To discuss (4.19), note that its initial condition is zero, but we need to prove g”(y)n? € L (I; W~18(Q))
to apply Lemma 4.9. In fact, the boundedness of g”, the embedding results (4.6) as well as (4.7) and the
generalized Holder inequality yield

||gu(y)772HLT(I;W—LB(Q)) <clg”" WPl iee @) < cllnllzs@ze @ lnllLaa @)

This implies
Hg//(y)n2||Lr(1;W—1>f*(Q)) < C||77||%2fvg < CHh||2LB(Q)~

From this, we easily obtain existence and uniqueness of w € W{ and estimate (4.20). To obtain (4.21) we
recall (4.5) and therefore estimate

lg” )Pl rr220) < ellnllz a1l 2 zay) < elnlizeirm @) < cllhliiz@) (4.23)
due to (4.16). For (4.22), estimate
8" )0l Lr w159y < el llorrine @)y < ellnlloe sz InllL2res@) < cllblizzq),

tacitly using the boundedness of g”, the embeddings (4.7) and H}(Q) — L%(Q) for d = 2, the fact that r < 2,
and Corollary 4.10. The proof can then be concluded with Lemma 4.9. O

Remark 4.12. Note that estimate (4.22) will be vital for the proof of second-order optimality conditions in
Section 4.7, together with the Lipschitz estimate (4.30) that we will prove in Lemma 4.14. Similar (Lipschitz)
estimates have been used for a parabolic distributed control problem with semilinear PDE in [59]. There, the
use of the embedding H{ () — L*(Q) allowed to use the L2-norm of the control, rather than its L>-norm, to
be able to consider local optimal solutions in the sense of L? even though the control-to-state mapping was not
differentiable with respect to L2.

Theorem 4.13. Let Assumptions 2.8, 2.9, and 4.1 hold. The control-to-state mapping S is twice Fréchet-
differentiable from LP(Q) to Wi, with y = S(u), h € L?(Q), n = S (u)h and w = S"(u)h? being the unique
solutions of the linearized equation (4.15) and the second-order linearized equation (4.19), respectively.



ANALYSIS OF FOUR-DIMENSIONAL VARIATIONAL DATA ASSIMILATION PROBLEMS IN LOW REGULARITY SPACES 21

Proof. Given our collected regularity results for state and linearized state equations, the proof now follows by
standard procedure. We refer to a similar setting, with higher overall regularity but control in the right-hand-
side in [28], or classical arguments provided in e.g. the monograph [52]. Let h € L?(Q2) be given and consider
yn = S(u+h), y = S(u), and y, := yp —y — 1, where 1 denotes the solution of (4.15) in Corollary 4.10. Then,
Yp solves

Oyp + Ay, +8yn) —8(y) — &' (Y =0,  y,(0) =0. (4.24)
The differentiability properties of g from Proposition 4.3 guarantee
g(yn) —8y) — &' (¥)n =g (Y)y, + g,

where ry € L"(I; W=1#(Q)) is a remainder term of order o(||yn — ylla(r;1.5(0)))- From the latter, we can write
equation(4.24) in the following form:

Ayp + Ayp + g/(i‘/)i‘/p = Ty, Yp(0) =0,

and Lemma 4.9 guarantees

ypllwy < cllrgllr;w-1800)) = olllyn — Ylla(r,L8@)))- (4.25)
Then, we observe
lypllwy 1Yl lyn = Yl La(r;e @)) |yl
IAllLs)y = llyn = YllLarne ) 1]l e ) ~ Myn = yllzeize )

by the Lipschitz continuity of S from Lemma 4.7, ¢f. estimate (4.12). Due to the same Lemma, we obtain
lyn — vl a(r;08)) — 0 for [|h][1sq) — 0, hence (4.25) yields the remainder term property for first-order Fréchet
differentiability.

Now, set y,, := yn —y —n — w and observe that it solves

Ou + Ay = —(8lun) — 8(y) — 8/ ()0 — &) — 58" (W), 4a(0) =0, (1.26)

Due to Proposition 4.3 we can write equation (4.26) as

8tyw + Ayw + g/(y)yw = —7"3 - 7g//(y)[(yh - y)2 - 772]7

with remainder term r2 € L"(I; W) satisfying

”T§(ya Yn — y)”LT(I;W*lﬁ) = o(llyn — y||2Lq(1;Lﬁ(Q)))- (4.27)

From Corollary 4.11, we obtain the estimate

||ywHWS <c (||7”§HL7‘(I;W*143(Q)) + Hg”(y>[(yh - y)2 - 772H LT(];W—l,ﬂ(Q))) :

Therefore, it remains to show that each term on the right-hand side is of order o(||hl|7 (Q)). In fact, in view
of (4.27) and the Lipschitz result for S from Lemma 4.7, this is true for the first term. For the second term, we
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can apply the same steps as in the proof of Corollary 4.11 to obtain

Ig" (y) [(yh - y)2 - 772] HLT(I;W*H*(Q)) < CHh||2L5(Q)7

and eventually conclude the proof by the same arguments as for first-order differentiability. O
Next, we state a Lipschitz continuity result for S’.

Lemma 4.14. Let Assumptions 2.8, 2.9, and 4.1 hold. There exist positive constants ¢1 and co such that

[ = m2llwy < erllur — uzll Lol 2 @), (4.28)

lm = n2llz2r;m ) + lIm — m2llediezq) < c2llv — uallp2 (o) [l 22 @), (4.29)

for all uy,us € Ugq and h € LP(Q), where y1 = S(u1), yo = S(ua) and gy = S’ (u1)h, n2 = S'(usz)h denote the
associated states and linearized states. Moreover, if d = 2, then there is a constant cs > 0 such that

[ = m2llwy < eallur — uzl[z2(@)llhllL2 ), (4.30)

for all uy,us € Uyg and h € LP(Q), with y1,yo and ny,1m2 defined as above.
Proof. We see after straightforward calculations that the difference 7 := 1y — 7y fulfills

o+ A+ g'(y)n = (&' (y1) — &' (y2))m2,  7(0) =0,

Proceeding as in the proof of Corollary 4.10 we obtain, by applying Holder’s inequality,

I9llwy < cll(g' (1) — &' (ye))nallLr L)) < cllg’ (1) — & (Wa)llLarse @y Im2llLasL2))
<cllyr = yellLacrepllPlle ),

or, in case d = 2 where H{(Q2) — L¥(Q),

9wy < cll(g' (1) — &' (y2))nallLr L)) < cllg’(y1) — & (W)l L2 (s lIm2ll Lo (1522
<clyr = vallzzmi ) 10l L2 (0)-
The last inequality holds using the Lipschitz continuity of g’, ¢f. Remark 4.2. The Lipschitz continuity

results (4.11) and (4.12) stated in Lemma 4.7 yield estimates (4.28) and (4.30). To prove (4.29), recall again
estimate (4.5). We proceed similarly to estimate (4.23) in the proof of Corollary 4.11 and obtain

(&' (1) — & ()2l L2 (12220 < ellg’ (1) — &' (W2)ll L2 r:n o Im2ll 2 (i)
<cllyr = vellez s Inellez ss @)y < ellvr = velle sz In2lle2 sy @)
< cllur — uz|| 2 llhll L2 ()

due to the Lipschitz continuity of g, the embedding H{ () — L*(2) for d = 2,3, as well as estimates (4.11)
and (4.16). O

Remark 4.15. As indicated in Remark 4.12, we have now obtained a Lipschitz result for S’ where the norm
|u1 — ug|[1s() can be replaced by the L?-norm at least in the case d = 2; ¢f. [59], Lemma 2.3 for similar
calculations. However, unlike in [59], Lemma 2.3, we cannot achieve such an improved Lipschitz estimate for the
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control to state operator S, ¢f. Lemma 4.7, since our control acts in the initial condition rather than the right-
hand-side. Thus, we will also not be able to circumvent the two-norm-discrepancy in our result on second-order
sufficient optimality conditions, Theorem 4.22.

4.5. Existence of an optimal control

Making use of the solution operator S, we can now proceed as in the convex setting and rewrite the cost
functional, and thus the DA problem, in the following way:

u€U,q

min f(u) = % ff Z[S(u) — 2o)? ® Oy, dadt + %Hu —up| %= (4.31)
Q k

Theorem 4.16. Let Assumptions 2.8, 2.9, 4.1 and 3.1 hold. Then, the DA problem (4.31) has at least one
optimal solution T € Ugq with associated optimal state § = S(u) € W,

Proof. With Lemma 4.8 the proof follows standard procedure, see e.g., [52], Theorem 5.7, in a slightly different

analytic framework. We omit the details. O

4.6. First-order optimality conditions
We now derive a first-order necessary optimality system for the nonconvex DA problem. Let us start by
studying the adjoint equation:
O+ A'p+[g'W'p=v, p(T)=0, (4.32)

for v e L (I; W17 (€)). Note again that in the semilinear case, the operator A = A+ g/(y) is non-autonomous,
so maximal parabolic regularity of its adjoint does not follow directly from e.g. [48] as in the autonomous setting.
To obtain an existence and regularity result for (4.32) we follow techniques from e.g. [60], Sections 6.2—6.3.

Lemma 4.17. Let Assumptions 2.8, 2.9, and 4.1 hold and let v € L’“I(I; W‘lvﬂ/(Q)). The adjoint equa-
tion (4.32) admits a unique solution p € W[ . There exists ¢ > 0 such that

Il < ellvllpe LW-1.8(Q))"
o ( ()

Proof. From Lemma 4.9 we already know that the linear operator d; + A + g’(y): Wy — L™(I; W=15(Q)) is
bounded and continuously invertible. Therefore, its adjoint

O+ A+ g'(y)*: L7 (LW (92)) — (Wp)*

is continuously invertible as well. Observe that L" (I; W15 (Q)) < (Wp5)* since Wj — L"(I; Wa?(Q)) holds.
Consequently, for all v € L™ (I; W17 (€)) < (W}j)* there is a unique solution p € L" (I; Wol’ﬁ (€)) of

(O +A+g' ) p=r (4.33)
We now make use of the higher regularity v € L’"'(I ; W’LB'(Q)) and prove differentiability of the solution

p with respect to time. For that, we test (4.33) with ¢ € C5°(I; Wy? () satisfying () = o(t)x, ¢ € C5°(I),
X € Wol’ﬁ(Q). We obtain

0 0

T T
/ (v, C>W—1,B’7W1v3 dt = / 2 X>W*1v5’,W1'B dt
0 0
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T T
/O PO+ A+ 8 W)P XDy -0 wis dt:/o (p: (0 + A+ &' (Y)PX) 1 yypo1s Al
T T
=/0 ¢ XD v dt+/0 (A + [8' WPy X157 (), w28 () A

and, consequently,

T T
|00z dt = [t = A= @)D s e
0 ’ 0

T
= [t = A= D) v s

where the last equality holds since x does not depend on t. Moreover, VVO1 B ,(Q) — WA (Q). Therefore,
identifying p € Wol’ﬁ (Q) with an element of W17 (Q), we can rewrite the identity above as:

T T
/ (P X) w1 e dt = </ pv—Ap—[g'(y)"p) dt, x>
0 0 W*LB/,Wol‘ﬁ

Additionally, since y € I/VO1 # (©2) was taken arbitrarily, it holds that

T T
/ ¢'p dt = / p(v—A*'p—[g'W]'p) dt, in WP (Q), Vp e C5°(I).
0 0

Therefore, the distributional time derivative of p is given by v — A*p — [¢/(y)]*p € L™ (I; W15 (Q)), that is,
—-Op=v—A'p—[gW]p in W9(Q), ae tel, (4.34)

which shows that p € Wb (I; W=18'(Q)). Therefore, p € W' (WOI’B/ (Q), W15 (Q)). It remains to show that
p(T) = 0. We apply Green’s formula, [35], Proposition 5.1 to (4.33), with arbitrary z € W{. This leads to

7T

T
0= / <V - (at +A+ g/(y))*p7 Z>w—1,5/7W01=3 dt + <p(T), Z(T)>(W—1,ﬁ’ W&,f*’) L (WLE WP
0 ) 1. )

1
s

= WO DN v wpot'yy o w-ro Wiy

T

where we used (4.34) in the last equation. Consequently, A* + [g'(y)]* satisfies maximal parabolic
L™ (I; W=L5(Q))-regularity, and the estimate holds. O

The adjoint state satisfies useful Lipschitz estimates as well.

Lemma 4.18. Let Assumptions 2.8, 2.9, and 4.1 hold. There is a constant ¢ > 0 such that
Ip1 = p2llwy < cllur —uallps (o)

holds for all uy,us € Usq and all p1,ps being adjoint states associated with y1 := S(u1) and yz := S(uz),
respectively.
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Proof. Observe that the difference p :=p; — ps € Wg, satisfies

~0p+ A*p+ [g'(y)]"p = Z ly1(zk, ) — y2(2k, )] 6z, — (&' (y2) — &'(y1)) P2, H(T) = 0.
%

It is easy to verify that the right-hand side of the above equation belongs to LT'(I; WA (€2)), see in particular
the proof of Lemma 3.4. Then, Lemma 4.17, the Lipschitz results for S from (4.12) and g’, see Remark 4.2, and

Hélder’s inequality with 2 = % + é, B = ﬁ2f 5, as well as embedding results lead to

Pl < clllyr = v2ll o (o) + 118" (42) — 8" (W) P2ll L (1,007 (@)
< c(ljur —ual[Loga) + lyr — y2||LT’(I;L2(Q))HpQHLr'(I;LE’(Q)))

< c(llur = uzllLs (o) + llur = wallLs @) [P2llyw; )

The result holds due to Lemma 4.17 since all admissible u are bounded in L?(). O

As in the linear case, we now rewrite problem (4.31) as
min f(u) = J(S(u),u), wuwe LP(Q) and t(u) € K, (4.35)

with K and v as in (3.9), and discuss its optimality conditions. We start with a first-order necessary optimality
system.

Theorem 4.19. Let Assumptions 2.8, 2.9, 4.1 and 3.1 hold and let u € LP(Q) be a local solution of (4.35),
with associated state §j = S(u). There is a unique adjoint state p € Wi and a unique multiplier A € R such that:

—0p+ A D+ (gD =Y [Sulw,) = Zo(xk, )] 0y,  B(T) =0, (4.36)
k
p(0) + B™Y (@ — wp) + MBla|’2a =0 in Q, (4.37)
3 B Y (- [ a8 _
A>0, b /Q|u\ dz >0, A <b /Q|u| dx> 0. (4.38)

Proof. Proceeding as in the linear case, existence, uniqueness and regularity of p € WS/ is clear due to
Lemma 4.17, and using the result of Zowe and Kurcyusz [53], pp. 50, we obtain the existence of a Lagrange
multiplier A > 0 that satisfies the complementarity system (4.38) as well as the equation:

(f'(@) = M (@), h) Lo 0y 1.0y = O Vh € LP(Q). (4.39)

For any direction h € LA(9), we see, with n = S’ (a)h € Wj « L"(I; I/Vol’ﬁ(Q))7 that

T
Pk = [ (=00 A"+ @ g o i+ [ (@) B

Applying Green’s identity to the latter, considering the linearized equation (4.15), and combining this with
(4.39) eventually leads to

/ (5(0) + (@ —wp)B~") h dz + Xﬁ/ |a|~2ah dz =0, Vhe LP(Q),
Q Q
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which implies (4.37). We omit the details, that have been shown in the convex setting. Additionally, we can
verify the uniqueness of the Lagrange multiplier A € R for each fixed control analogous to the convex setting. [

Remark 4.20. As in the linear case, the gradient equation (4.37) and complementarity conditions (4.38)
from Theorem 4.19 can be replaced by a variational inequality, ¢f. Remark 3.8. In fact, from (4.38) we have
f'(@)(u—1u) = AB(b— [, |u|’%uu dz). Applying Hélder’s inequality in the integral inside and using that 3 and
B’ are conjugate exponents, we obtain

—1B—2= _B— _B8—1 =11
/sz @l *au dz < ||| Lo gy lull o) = ||UH§L%(Q)HU||W(Q) SbFbE =0,

where the last inequality holds since @ and u € U,q4, and consequently,
f@)(u—a)=0
for all u € Ugg. This form of the optimality conditions will prove useful in the Section 4.7.

4.7. Second-order sufficient optimality conditions

In preparation for our result on second-order sufficient conditions, we take a look at the second derivative
of the cost functional, which exists due to the chain rule and the results from Theorem 4.13. In fact, for each
u € LP(Q) and each direction h € L?(Q), straightforward calculations lead to

T

T
T R S A e N L g ) A1) SR A Mg o L
k

k
with y := S(u), n := S'(u)h, and w := S”(u)h?. We insert (4.36) and obtain

T T
f (u)h? =/0 (w, (O + A+ 8" W) Phywrs o dt+/0 (1, 0@, Voo yae s dt+ [[BlIE .
k

Note that w € W{ — L"(I; I/VO1 #(€)). The discussion now follows along the lines of Theorem 4.19. Proceeding
as in the proof Corollary 4.11 and using (4.19), it follows that (9, + A+ g'(y))w = —g" (y)n? € L"(I; L*(Q)) —

L7 (I; W= (Q)). Moreover, since p € L" (I; W&"B/(Q)) we can integrate by parts, observe p(T) = w(0) = 0,
and obtain:

[¢]

T T
f (u)h? :/0 (0,3 0@, )0 yyaos v, dt*/o (& WPy 15 e At (IR
k

With this at hand, we will now prove a Lipschitz continuity result for f”. We recall that from here on, we will
consider the two-dimensional case and fix

d=2.

Lemma 4.21. Let Assumptions 2.8, 2.9, and 4.1 hold and let d = 2. There exists a positive constant L such
that

|(f" (ur) = " (u2))h?] < Llur = uzl| s () 2l 720)
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holds for all uy,us € Uaq and all h € LP(9).

Proof. Let y1 := S(uy), yo := S(uz), m := S'(u1)h, 2 := 5'(uz)h denote the associated states and linearized
states, respectively, with associated adjoint state pi, ps, respectively. The assertion follows by straightforward
calculations, applying the Lipschitz results for the state, linearized state, and adjoint state from Lemma 4.7, 4.14,
and Lemma 4.18. We point out similar calculations in e.g. [28] for a higher overall regularity setting and different
objective function. Observe

=:1y

T
|t 30 = ), ) 9 Gy
0 k

(" (u1) = " (u2))h?] <

+

T
/0 (<p1,g”(yl)nﬂwg,ﬁgwfl,ﬂ —<pz,g”(yz)n@W(;,Bngl,ﬁ) dt

=:15

The most crucial term in this estimate is the first term I;. Using the embeddings VVO1 B () — C(Q) and
M(Q) — W15 (Q) with arguments similar to Lemma 3.4 it can be estimated by

I < Z m + n2llr(e@) 1m 2k, ) = m2(@ks ) @ 0uy | (1,04(02))
k

<cllm +melle-e@pllm = n2ll o ro@y) < llvr = uellzz@llpl172q)»

where the last inequality follows the Lipschitz estimate (4.30).

For the second term I5, we proceed by standard arguments that, however, have to be combined carefully with
our regularity analysis. Note that this term is similar to terms that appear typically for control in the right-
hand side. In [59] a similar term, in a smoother setting, has been estimated successfully to avoid the presence
of two norms. Similarly, such a term has been discussed in [28] to obtain second-order sufficient conditions for
state-constrained semilinear problems. We split I5 into the sum of three terms, i.e.,

T

T
2 22
I = /0 ((p —pz),g”(yl)m>wgﬁgwﬂ,a dt+/0 (p2,8" (y2) (ny _772)>W01’B/,W*1»3 dt

T
b o )~ &) g g ]
0 ,

Boundedness of g” and the embedding L*(Q) < W~1#(Q) results in

I < cllpr = p2ll o (r,1e o Il (e () M| o< (1,2 (92))
+ cllp2ll e (1, o lm = m2ll e rpee )y Im + n2ll Lo (1,20 (2))
+ HpQHLT’(I;LS’(Q))||(g//(y1) - g”(w))?ﬁ||L7'(1;LS(Q))7

where the Lipschitz result for p from Lemma 4.18 and (4.30) for n from Lemma 4.14, the boundedness of py in
L™ (I, L? (2)), Estimate (4.18) and, since s < 2, the classical estimate (4.16) can be applied to obtain

1

I < ¢ (Jlus = usll ooy B30 + = uzllzo 11320 + 18" (51) = " (@)l rsneqon ) -
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Hence, we only need to estimate the last term, which is the important difference to e.g. [28, 59], since our states
are not necessarily continuous in the whole space-time cylinder, but only with respect to the space variable.
Thus, even though ¢” is uniformly bounded by assumption, the Lipschitz results we can use are limited by the
regularity of y. Note that Lemma 4.7 guarantees a Lipschitz result for the states in L>(I; L?(Q)). Thus, we
estimate

(& (1) — &" (W)l e (r:no 0y < cll(@” (1) — 8" (W)l poe (r:no ) InE ] L (1:22(2))

< ellyr = vall Lo rszo @ Iml L sz @) Imllor iz @)y < cllur = uallLe @) 1Pl 72(q)»

by Holder’s inequality and Corollary 4.10. Collecting all estimates concludes the proof. O
We end this paper with a result on second-order sufficient optimality conditions.

Theorem 4.22. Let Assumptions 2.8, 2.9, 4.1 as well as 3.1 hold, let d = 2 and u € U,y such that Theorem /.19
holds. If there exists v > 0 such that

(@) (u— ) > y|lu— 12||2LQ(Q) Vu € Uyg with u # @, (4.40)
then there exist € > 0 such that the following quadratic growth condition holds:
_ i _ _
f(u) = f(u) + 5”“ —allfe)  Vu € Udg st lu—1ilpso) <e.

Proof. The proof is now quite standard, see e.g. the arguments in [52], Theorem 4.29. Let u € U,q be arbitrary.
Then, by using typical Taylor expansion arguments, it holds that

Flu) = @)+ F(@)w—a)+ 55" )~ 1)

with v, = @ — 7(u — @) for some 0 < 7 < 1, due to the mean value theorem. The gradient equation (4.37) from
Theorem 4.19 yields f/(@)(u — @) > 0 for all u € Uyq, see Remark 4.20. Consequently,

_ 1., _
flu) = f) + 5 " (@)(u - w)? +
T _ L _ _
> f(u) + §||U —all72 0 — EHUT — al| sy llu =l 72(q)

because of the Lipschitz result for f”” with Lipschitz constant L and h = u — # from Lemma 4.21. Note that we
have applied the coercivity assumption (4.40). Taking into account the definition of w.,, this implies

(v —27Ll[u — al| s (q))
2

f(u) = f(u) +

||U*ﬂ||%2(ﬂ)~

Choosing e.g. € < 27 concludes the proof. O

Note that Assumption (4.40) corresponds to a coercivity condition on a typical cone of critical directions,
as, for example, in [30], in the case where HHH%S(Q) < b. This is precisely the main case of interest in our paper,
since the bound b on U, is chosen arbitrarily large and serves only analytical purposes.



ANALYSIS OF FOUR-DIMENSIONAL VARIATIONAL DATA ASSIMILATION PROBLEMS IN LOW REGULARITY SPACES 29

ACKNOWLEDGMENTS

The authors wish to thank Christian Meyer for valuable discussion concerning the adjoint equation in the non-autonomous
case, and Hannes Meinlschmidt for pointing out reference [25], that helped to prove the second-order sufficient conditions.

FunDpING

Partially supported by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) - Project-ID
211504053 - SFB 1060 and Hausdorff Center for Mathematics (HCM) under Germany’s Excellence Strategy-EXC-2047/1-
390685813. Paula Castro acknowledges partial support from the PhD Program in Applied Mathematics at Escuela
Politécnica Nacional and from the Secretaria Nacional de Educacién Superior, Ciencia, Tecnologia e Innovacién del
Ecuador (SENESCYT).

REFERENCES

[1] M. Asch, M. Bocquet and M. Nodet, Data Assimilation: Methods, Algorithms, and Applications, Vol. 11. STAM
(2016).
[2] E. Kalnay, Atmospheric Modeling, Data Assimilation and Predictability. Cambridge University Press (2003).
[3] T. Warner, Numerical Weather and Climate Prediction. Cambridge University Press (2010).
[4] F. Le Dimet and O. Talagrand, Variational algorithms for analysis and assimilation of meteorological observations:
theoretical aspects. Tellus A 38 (1986) 97-110.
[5] P. Castro and J.C. De Los Reyes, A bilevel learning approach for optimal observation placement in variational data
assimilation. Inverse Probl. 31 (2019) 035020-035032.
[6] P. Korn, Strong solvability of a variational data assimilation problem for the primitive equations of large-scale
atmosphere and ocean dynamics. J. Nonlinear Sci. 36 (2021) 1-53.
[7] F.X. Le Dimet, .M. Navon and R. Stefinescu, Variational data assimilation: Optimization and optimal control, in
Data Assimilation for Atmospheric, Oceanic and Hydrologic Applications, vol. III. Springer (2017) 1-53.
[8] E. Casas, B. Vexler and E. Zuazua, Sparse initial data identification for parabolic PDE and its finite element
approximations. Math. Control Related Fields 5 (2015) 377-399.
[9] J.P. Raymond and H. Zidani, Hamiltonian pontryagin’s principles for control problems governed by semilinear
parabolic equations. Appl. Math. Optim. 39 (1999) 143-177.
[10] C. Christof and B. Vexler, New regularity results and finite element error estimates for a class of parabolic optimal
control problems with pointwise state constraints. ESAIM Control Optim. Calc. Var. 27 (2021) 4-39.
[11] E. Casas, Control of an elliptic problem with pointwise state constraints. SIAM J. Control Optim. 24 (1986)
1309-1318.
[12] E. Casas, M. Mateos and B. Vexler, New regularity results and improved error estimates for optimal control problems
with state constraints. ESAIM: Control Optim. Calc. Var. 20 (2014) 803-822.
[13] J.P. Raymond and H. Zidani, Pontryagin’s principle for state-constrained control problems governed by parabolic
equations with unbounded controls. SIAM J. Control Optim. 36 (1998) 1853-1879.
[14] F. Hoppe and I. Neitzel, Optimal control of quasilinear parabolic PDEs with state-constraints. SIAM J. Control
Optim. 60 (2022) 330-354.
[15] H. Meinlschmidt and J. Rehberg, Holder-estimates for non-autonomous parabolic problems with rough data. Evol.
Equ. Control Theory 5 (2016) 147.
[16] F. Hoppe, H. Meinlschmidt and I. Neitzel, Global-in-time solutions for quasilinear parabolic PDEs with mixed
boundary conditions in the Bessel dual scale. Evol. Equ. Control Theory 13 (2024) 1250-1286.
[17] L. Bonifacius, F. Hoppe, H. Meinlschmidt and I. Neitzel, Optimal control of quasilinear parabolic pdes with gradient
terms and pointwise constraints on the gradient of the state. Math. Control Related Fields 15 (2025) 1284-1319.
[18] L. Bonifacius and I. Neitzel, Second order optimality conditions for optimal control of quasilinear parabolic equations.
Math. Control Related Fields 8 (2018) 1-34.
[19] E. Casas and K. Chrysafinos, Analysis and optimal control of some quasilinear parabolic equations. Math. Control
Relat. Fields 8 (2018) 607—623.
[20] H. Meinlschmidt, C. Meyer and J. Rehberg, Optimal control of the thermistor problem in three spatial dimensions,
part 1: existence of optimal solutions. STAM J. Control Optim. 55 (2017) 2876-2904.



30

21]
[22]
23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
31]

[32]

P. CASTRO ET AL.

H. Meinlschmidt, C. Meyer and J. Rehberg, Optimal control of the thermistor problem in three spatial dimensions,
part 2: optimality conditions. STAM J. Control Optim. 55 (2017) 2368-2392.

E. Casas, C. Clason and K. Kunisch, Parabolic control problems in measure spaces with sparse solutions. SIAM J.
Control Optim. 51 (2013) 28-63.

D. Leykekhman, B. Vexler and D. Walter, Numerical analysis of sparse initial data identification for parabolic
problems. ESAIM: Math. Model. Numer. Anal. 54 (2020) 1139-1180.

H. Amann, Linear and Quasilinear Parabolic Problems: Volume I: Abstract Linear Theory, vol. 11. Birkhauser,
Basel (1995).

P. Dondl and M. Zeinhofer, L?(I,C*(Q)) regularity for diffusion equations with non-smooth data. Results Math.
78 (2023) 142.

J.P. Raymond and F. Troltzsch, Second order sufficient optimality conditions for nonlinear parabolic control
problems with state constraints. Discrete Continuous Dyn. Syst. A 6 (2000) 431.

E. Casas, J.C. De Los Reyes and F. Troltzsch, Sufficient second-order optimality conditions for semilinear control
problems with pointwise state constraints. STAM J. Optim. 19 (2008) 616-643.

K. Krumbiegel and J. Rehberg, Second order sufficient optimality conditions for parabolic optimal control problems
with pointwise state constraints. STAM J. Control Optim. 51 (2013) 304-331.

E. Casas, M. Mateos and A. Rosch, New second order sufficient optimality conditions for state constrained parabolic
control problems. Optimization 74 (2024) 1551-1571.

E. Casas and F. Troltzsch, A general theorem on error estimates with application to a quasilinear elliptic optimal
control problem. Comput. Optim. Appl. 53 (2012) 173-206.

E. Casas and F. Troltzsch, Second order analysis for optimal control problems: Improving results expected from
abstract theory. SIAM J. Optim. 22 (2012) 261-279.

C. Meyer and L. Susu, Optimal control of nonsmooth, semilinear parabolic equations. SIAM J. Control Optim. 55
(2017) 2206-2234.

H. Gajewski, K. Groger and K. Zacharias. Nichtlineare Operatorgleichungen und Operatordifferentialgleichungen.
Akademie-Verlag, Berlin (1974).

K. Disser, A.F.M. Ter Elst and J. Rehberg, On maximal parabolic regularity for non-autonomous parabolic operators.
J. Differ. Equ. 262 (2017) 2039-2072.

H. Amann, Nonautonomous parabolic equations involving measures. J. Math. Sci. 130 (2005) 4780-4802.

A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, vol. 44. Springer (1983).
J. Bergh and J. Lofstrom, Interpolation Spaces: An Introduction, vol. 223. Springer (1976).

H. Amann, Linear parabolic problems involving measures. Rev. R. Acad. Cien. Serie A. Mat. 95 (2001) 85-119.
K. Groger, A WhP-estimate for solutions to mixed boundary value problems for second order elliptic differential
equations. Math. Ann. 283 (1989) 679-687.

D. Jerison and C. Kenig, The inhomogeneous Dirichlet problem in Lipschitz domains. J. Funct. Anal. 130 (1995)
161-219.

R. Haller-Dintelmann and J. Rehberg, Maximal parabolic regularity for divergence operators including mixed
boundary conditions. J. Differ. Equ. 247 (2009) 1354-1396.

J. Elschner, J. Rehberg and G. Schmidt, Optimal regularity for elliptic transmission problems including C'* interfaces.
Interfaces Free Bound. 9 (2007) 233-252.

E. Shamir, Regularization of mixed second-order elliptic problems. Israel J. Math. 6 (1968) 150-168.

K. Disser, H.-C. Kaiser and J. Rehberg, Optimal Sobolev regularity for linear second-order divergence elliptic
operators occurring in real-world problems. STAM J. Math. Anal. 47 (2015) 1719-1746.

G. Dore, L? regularity for abstract differential equations, in Functional Analysis and Related Topics, 1991: Pro-
ceedings of the International Conference in Memory of Professor Késaku Yosida held at RIMS, Kyoto University,
Japan, July 29-Aug. 2, 1991. Springer (2006) 25—-38.

C. Martinez and M. Sanz, The Theory of Fractional Powers of Operators. Elsevier (2001).

S. Bechtel and M. Egert, Interpolation theory for Sobolev functions with partially vanishing trace on irregular open
sets. J. Fourier Anal. Appl. 25 (2019) 2733-2781.

R. Herzog, C. Meyer and A. Stotzner, Existence of solutions of a thermoviscoplastic model and associated optimal
control problems. Nonlinear Anal.: Real World Appl. 35 (2017) 75-101.



[49]

[50]
[51]

ANALYSIS OF FOUR-DIMENSIONAL VARIATIONAL DATA ASSIMILATION PROBLEMS IN LOW REGULARITY SPACES 31

H. Triebel, Interpolation Theory, Function Spaces, Differential Operators, Vol. 18. North Holland, Amsterdam
(1978).

J.L. Lions, Optimal Control of Systems Governed by Partial Differential Equations, vol. 170. Springer Verlag (1971).
H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations. Springer Science & Business
Media (2010).

F. Troltzsch, Optimal Control of Partial Differential Equations, vol. 112. American Mathematical Society (2010).
J. Zowe and S. Kurcyusz, Regularity and stability for the mathematical programming problem in Banach spaces.
Appl. Math. Optim. 5 (1979) 49-62.

O. Ladyzhenskaia and N. Solonnikov and V. Ural’ceva, Linear and Quasi-linear Equations of Parabolic Type, vol. 23.
American Mathematical Society (1968).

H. Goldberg, W. Kampowsky and F. Troltzsch, On Nemytskij operators in Lp-spaces of abstract functions. Math.
Nachr. 155 (1992) 127-140.

W. Arendt, R. Chill, S. Fornaro and C. Poupaud, LP-maximal regularity for non-autonomous evolution equations.
J. Differ. Equ. 237 (2007) 1-26.

J. Simon, Compact sets in the space LP(0,T; B). Ann. Mat. Pura Appl. 146 (1986) 65-96.

K. Atkinson and W. Han, Theoretical Numerical Analysis: A Functional Analysis Framework. Springer (2007).

I. Neitzel and B. Vexler, A priori error estimates for space—time finite element discretization of semilinear parabolic
optimal control problems. Numer. Math. 129 (2012) 345-386.

D. Hémberg, C. Meyer, J. Rehberg and W. Ring, Optimal control for the thermistor problem. SIAM J. Control
Optim. 48 (2010) 3449-3481.

Please help to maintain this journal in open access!

Sb(’ e This journal is currently published in open access under the Subscribe to Open model
“ z (S20). We are thankful to our subscribers and supporters for making it possible to publish
520 this journal in open access in the current year, free of charge for authors and readers.
n

& Check with your library that it subscribes to the journal, or consider making a personal
?SSJ donation to the S20 programme by contacting subscribers@edpsciences.org.

More information, including a list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.



mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o

	Analysis of four-dimensional variational data assimilation problems in low regularity spaces
	1 Introduction
	2 Standing assumptions and preliminaries
	2.1 Maximal parabolic regularity and solution concepts for the state equation
	2.2 Useful embedding results
	2.3 Functional analytic framework for our model problem

	3 4D-VAR Problem: Linear case
	3.1 Analysis of the state equation
	3.2 Existence of a unique optimal control
	3.3 First-order optimality conditions

	4 4D-VAR Problem: Nonconvex case
	4.1 Assumptions on the semilinear PDE
	4.2 Analysis of the semilinear state equation
	4.3 Continuity of the control-to-state mapping
	4.4 Differentiability of the control-to-state mapping
	4.5 Existence of an optimal control
	4.6 First-order optimality conditions
	4.7 Second-order sufficient optimality conditions


	References

