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MEAN-FIELD CONTROL OF NON EXCHANGEABLE SYSTEMS

ANNA DE CRESCENZO', MARCO FUHRMAN?®, IDRIS KHARROUBI®*
AND HUYEN PHAM?

Abstract. We study the optimal control of mean-field systems with heterogeneous and asymmetric
interactions. This leads to considering a family of controlled Brownian diffusion processes with dynamics
depending on the whole collection of marginal probability laws. We prove the well-posedness of such
systems and define the control problem together with its related value function. We next prove a law
invariance property for the value function which allows us to work on the set of collections of probability
laws. We show that the value function satisfies a dynamic programming principle (DPP) on the flow
of collections of probability measures. We also derive a chain rule for a class of regular functions along
the flows of collections of marginal laws of diffusion processes. Combining the DPP and the chain rule,
we prove that the value function is a viscosity solution of a Bellman dynamic programming equation
in a L?-set of Wasserstein space-valued functions.
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1. INTRODUCTION

The study of large population and complex systems is a major question in mathematical modelling with var-
ious applications in our society like e.g. social networks, power grid networks, financial markets, lightning
networks. Classical models consider mean-field systems with symmetric particles and homogenous interac-
tion: denoting by X®~ the state of the i-th particle (agent/player) in the N-population, it interacts with
the other particles via the empirical measure: p’¥ = % Zjvzl dxs.~, and therefore the system of N-particle
XN = (XN ..., XN:N) s exchangeable. The macroscopic behavior of the limiting mean-field system when
the number N of agents goes to infinity leads to an equation with a representative state depending on its prob-
ability distribution, called McKean—Vlasov (MKV) equation, and has been extensively studied in the context of
mean-field game (MFG where agents are in strategic interaction), of mean-field control (MFC with cooperative
interaction among agents following a center of decision). We refer to the lectures of P.L. Lions [1] at College
de France, and to the monographs by Bensoussan, Frehse and Yam [2] and Carmona and Delarue [3, 4] (and
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the references therein) for a comprehensive treatment of the mathematical tools (Itd’s formula along flow of
probability measures, maximum principle, forward backward SDE of MKV type, dynamic programming, Master
Bellman equation in the Wasserstein space) used in the optimization problems from MFG and MFC.

In this paper, motivated by more realistic applications in complex networks, we deal with large systems
of agents whose interactions are not necessarily symmetric and possibly heterogeneous, hence leading to non
exchangeable systems as in [5]. For example, the theory of graphons (see [6]) provides a framework for such
modelling, and has been used in [7-10] for the MFG problem with heterogeneous agents. In the context of coop-
erative interaction, the controlled dynamics of the particle ¢ € [1, N] in a graphon system with heterogeneous
drift and volatility coefficients is driven by

N
dXZ’N _ b(ui,XZ N 1 N Z uz,u] Xj,N)dt (11)
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where u; = i/N € U := [0,1] is the label of particle ¢ in the N-system, G is a graphon, i.e., a measurable
function from U x U into U, measuring the weight of interaction between particles, N; = Z;V=1 G(u;,u;) is the
degree of interaction of particle i, W = (W%),cy, is a family of i.i.d. Brownian motion on some probability
space (2, F,P), and a*¥ is a control process valued in some action space A, followed by agent i. The aim of a
center of decision in such a framework is to minimize over (a''V,...,a™ ") a cost functional in the form
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where r(u;) is the weight of particle ¢ in the social cost criterion, Ry := Zf\il r(u;), and f, g are running/terminal
costs, possibly heterogeneous (i.e. depending on the label of particles).

When the number of agents N goes to infinity, and in line with the convergence results in [11-14] for MFC
with homogeneous interaction corresponding to G = 1, and propagation of chaos for graphon mean-field systems
n [15, 16], we formally expect to obtain the formulation of a graphon MFC as the problem of minimizing over
a collection of control process a = (a%),cy valued in AV a cost functional in the form

/UE{/OTf(u’Xtu’O‘?’/l |G((Z:1;)||1pxgdv)dt (1.2)

« [ G
+ g(u,XT,/ Telem )HlPX;dv)}r(u)du,

where ||G(u,.)|, == fo (u,v)dv, Py denotes the probability law of a random variable ¥ on (Q, F,P), and X
= (X" )ueU is a collection of controlled state process in R? governed by

G(u,v)
1G (s )l

1
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dXy = b(u,Xﬂ,ag,/ ————Pxydv)dt (1.3)
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Our work and contributions. Inspired by the above discussion, we extend the graphon MFC formulation in
(1.2)—(1.3), and introduce a class of mean-field control for non exchangeable systems by considering a collection
of controlled state process X = (X"),cy governed by

dX = b(u, X/, af, (Pxy),, (Pay), )dt + o (u, X;*, af, (Pxy),, (Pay), ) AW, (1.4)

Then, the MFC problem is to minimize over the collection of control process (a*),er the cost functional over
a finite horizon

T
g = [ E[ [ r X0 @), (Bap) Jat + (. X (Bxy). )| M), (15)

where A is a positive finite measure on U that specifies the weight of the agents/particles in the social cost
criterion. In this general modeling, we see from (1.4) that the state processes of the agents u € U are independent,
but not identically distributed, and they interact through the whole collection of their probability laws on the
state (Pxy»),., and control (Pqv),, . Notice also the measurability issues (u,w) € U x Q +— X"(w) due to the
independence of the continuum of state process, see [17]. In particular, this probabilistic independence property
prevents from proving a measurability property with respect to the product of o-algebrae on U and Q. As a
consequence, we are not able to do computations and derive estimates involving the variables u € U and w € 2
on the state process anymore. This issue leads us to focus on the collection of laws (Px»), ., as a state variable.

Our first task is a rigorous formulation of the MFC for coupled SDEs (X"),cy with the admissible set of
controls a = (a*)yev, and we specify in the next section the assumptions on the coefficients b, o, f, g for ensuring
the existence and uniqueness of a solution to (1.4) given initial conditions, and the well-posedness of the cost
functional in (1.5). Our main goal is to provide an analytic characterization of the solution to this novel class
of control problems by adopting a dynamic programming approach. This will be achieved through the following
steps.

We define the value function associated to our MFC problem, and by a law invariance property, it is a function
defined on [0,7] x L3 (P2(R%)), where L3 (P2(R?)) is the collection (u")yer of square integrable probability
measures on R? s.t. [, [oa 221" (dz)A(du) < oo. From the flow property of the solution to (1.4), we then state
directly the dynamic programming principle (DPP) for the value function.

Next, we aim to derive an It6’s formula for the collection of flow of probability measures (Pxx)¢cjo,7],uct that
extends the Itd formula for flow of measures in [18], see also Chapter 5 in [3]. This is obtained with the notion of
linear (or flat) derivative of a function defined on L3 (P2(R?)), and by standard method of time discretization.

Once we have the DPP and the It6’s formula, we can derive as usual the associated Bellman equation that
we express in a suitable and unified form that takes into consideration both dependence of the dynamics and
cost on the collection of probability laws on state/control. A verification theorem is shown for classical solutions
to the Bellman equation, and in general, we prove the (discontinuous) viscosity property of the value function
to the Bellman equation. Uniqueness of viscosity solutions is beyond the scope of this paper and postponed for
future research.

Outline. The plan of this paper is organized as follows. We formulate the mean-field control problem for non
exchangeable systems in Section 2. In Section 3, we show the law invariance property of the value function
and the dynamic programming principle. Section 4 is devoted to It6 formula along a collection of flow of
probability measures with the notion of linear derivative on L3(P2(R%)). We then derive in Section 5 the
dynamic programming Bellman equation for the value function, and its viscosity property. As a conclusion, a
comparison between the approach adopted in this paper and an alternative label state approach is discussed.
Some questions left for further research are also presented. Finally, we postpone some proofs to Appendix A,
and collect in Appendix B some auxiliary results dealing with measurability questions that are needed in the
proofs of some results.
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Notations.

¢ We denote by x -y the scalar product between vectors z,y, and by A : B = tr(ABT) the inner product of
two matrices A, B with compatible dimensions, where BT is the transpose matrix of B.

e Throughout the paper, T > 0 denotes a fixed time horizon. For an integer d > 1 and [a, b] C [0, T] the space
C([a, b); RY) of continuous functions [a, b] — R will be denoted simply C’[‘fl - 1t will be given the supremum
norm and the corresponding distance and Borel sets. For w € C[‘i’b] and [a’,0'] C [a,b], wie p] € C[C<l1’,b’]
stands for the restriction of w to [a’,b']. We also denote by W the Wiener measure on C[%’T].

e Fora,b,ce€[0,T]suchthata <b < ¢, € C[‘fl’b] and w € C[‘Z’c] we define the concatenation w @ w € Cd[ayc]
by the formula

(@ w)(s) = { iﬁi? +i(s) — (D) e - {Zi’]]

e For any generic Polish space E with a complete metric d, we denote by Pa(E) the Wasserstein space of
Borel probability measures p on E satisfying |, g d(z, 0)2 p(dz) < oo, where 0 denotes an arbitrary fixed
element in F (the origin when F is a vector space). P2(E) is endowed with the 2-Wasserstein distance Wy
corresponding to the quadratic transport cost (z,y) — d(z,y)?. As a measurable space, Pa(E) is endowed
with the corresponding Borel o-algebra.

e Given a random variable Y on a probability space (2, F,P), we denote by Py the law of Y under P. We
shall also use the notation £(Y") for the law of Y (under P) when there is no ambiguity.

2. CONTROLLED MEAN FIELD NON EXCHANGEABLE SYSTEM AND THE
OPTIMIZATION PROBLEM

2.1. Preliminaries

Let U be a Polish space endowed with its Borel o-algebra U, representing the continuum of heterogenous
agents/particles, and A be a positive finite measure on U. In particular, when X is a discrete measure, this
models the case of a finite number of class of heterogenous interacting agents.

We will often consider maps u +— p* from U to P2 (E). When we need to check measurability of such maps we
will use the fact that the Borel o-algebra in Pa(E) coincides with the trace of the Borel o-algebra corresponding
to the weak topology, and that measurability holds if and only if the maps of the form

uelUw— /Eq)(m) p(dx) € R, (2.1)

are measurable for every choice of bounded continuous function ® : £ — R.
The space L?(U,U,\;P2(E)), denoted L3(P2(E)) for short, consists of elements p = (u*),ey that are
measurable functions U — Po(E), u — p*, satisfying

// d(z,0)? p*(dz) M(du) = /Wg(u“,§0)2)\(du)<oo,
U Jrd U

where &y denotes the Dirac mass at the fixed element 0. L3 (P2(E)) is endowed with the (complete) metric

1/2
d(,v) = (/U w2<uu,u“>2A<du>) e B(PaE)),

and the corresponding Borel o-algebra (when we deal with measurability issues).



MEAN-FIELD CONTROL OF NON EXCHANGEABLE SYSTEMS 5

We will also often deal with the case when E is a space of continuous functions. For instance when E = C’[‘i b
for any p = (p*)y € Li(P2(C[sz,b])) and s € [a,b], we may consider pus := (u%),, where each p¥ is the image of
the measure p* under the coordinate mapping Cj, ) — RY w w(s). It is then easy to see that u* € Py (]Rd),
ps € L3(Pa(RY)), s+ ps is continuous [a,b] — L3 (P2(R%)), u > p is measurable U — Py(RY), (u,s) — p¥ is
also measurable U x [a,b] — P2(R?) and finally, for any other v = (v*), € L3 (PQ(C[(i’b])),

Wz(lig»V:) SW2(Mu7Vu)7 d(/j/says) Sd(NaV)7

for every u € U, s € [a,b].

For a collection £ = (§*)yeu of random variables defined on a probability space (Q2, F,P), we denote by Pe-
the collection of the probability laws (Peu)yecu -

We denote by A the set of control actions and we assume that it is a Polish space. As written above, we also
denote by d and d the metrics on A and L3 (P2(A))

2.2. Coupled controlled mean field SDEs

Let (Q, F,P) be a complete probability space. For every u € U we are given an Rf-valued standard Brownian
motion W*" = (W),cj0,r) and an independent real random variable Z" having uniform distribution in (0, 1).
We assume that {(W*, Z%) : w € U} is an independent family. For every u € U we denote by (.FtW'u)te[o’T]
the natural filtration generated by W*, by o(Z") the o-algebra generated by Z* and by F" = (F}*);c[0,r) the
filtration given by

ff:ftwu\/o(Z“)\/N, tE[OaT]a

where N is the family of P-null sets.

The coefficients of the control problem are functions b, o, f, g satisfying suitable assumptions detailed later;
b,o, f are functions of u € U, x € R, € L3 (P2(R?)), v € L3(P2(A)) a € A, with values respectively in RY,
R4 R; g is a real function of u € U, x € RY, € L3 (P2(RY)).

The dynamics of the controlled system is described as follows. For every starting time ¢ € [0, 7], we solve a
system of controlled stochastic It differential equations, indexed by u € U, of the form

dX? = b(u,X;‘,a?7PXé,Paé)ds
+ o (u, X¥ ol Px. Py )JdWY, t<s<T, (2.2)
Xy = & uel.

Here, the initial condition is given by a collection & = (£%),, of R%-valued random variable such that &% is Fp-
measurable for each u € U. From the definition of F*, {" is also independent from (W} — W}*)s>;. We will also
require that the map

u —— ﬁ(W[’L&t], Zu, gu), (23)
is Borel measurable as a mapping from U to PQ(C’[% g x (0,1) x R?) and
| BliePian) < .
U
This way we have P¢. € L3 (P2(R?)) and even

(E(W[’(j’th“,g“))ueU € L3 (P2(Cloy x (0,1) x RY)).
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When these conditions are met we say that £ is an admissible initial condition at time ¢ and we write § € Z;.

We recall that, for every u € U, assuming that the random variable £ is F{*-measurable implies that it is
P-almost surely equal to a variable of the form §“(W[‘5,ﬂ , Z") for a measurable function £" : C[Zo,t] x (0,1) — R4.
If £“(w, z) is jointly measurable in (u, w, z) then the measurability condition (2.3) is satisfied. However in general
£"“(w, z) is only measurable as a function of (w, z) and so (2.3) should be explicitly required in the definition of
the set Z;.

For every u € U, the control processes (ay')ic[o,7] are defined as follows. For an arbitrary Borel measurable
function

a:Ux[0,T] x Cfyqp x (0,1) = A
we define
af = a(u, t, W%, Z%), te€l0,T],uel,

where W4, is the path s — W2, s € [0,T]. We note that each process (a}'); is F“-predictable. We say that «
is an admissible control policy (or simply a policy) if

/ / " Bld(o 0)?] ds A(du) < oo, (2.4)
UJo

We denote by A the class of all admissible policies ov. We remark that, denoting W1 the Wiener measure on
C[eo 7> condition (2.4) is equivalent to

/U/OT /C /01 [d(a<u’s’w(ws)7z),0)2] dz W (dw) ds A(du) < oo,

[0,7]

which shows that the class A does not depend on the choice of 2, F, P, W* and Z*.

A few explanations are in order. We note that (2.2) is a system of stochastic differential equations, indexed
by u € U, which is coupled due to occurrence of the terms (Pxu),cy. We will give conditions on b and o
implying that each equation in (2.2) has a unique F“-adapted continuous solution (up to indistinguishability),
for Ad-almost all u € U.

In particular, (X*), will be an independent family of stochastic processes, because this holds for the family
of Brownian motions (IW*),,. As mentioned in the introduction, this raises an issue concerning the measurability
with respect to the parameter u € U. To overcome this issue, we shall work with the probability laws, and we
will show that the obtained solution to (2.2) has the additional property that the map u — L(X" W% Z%)
is Borel measurable on C'[”LT} X C’[‘}‘O)T] x (0,1). Under some conditions to be precised later on the running and
terminal costs, this will ensure that the gain functional in (1.5) is well defined.

A further comment concerns the introduction of the random variables Z* as an additional source of noise
besides the Brownian motions W™. Recall that each Z* has uniform distribution on (0,1); we will use the well
known property that any probability in R? is the image of the uniform distribution under an appropriate Borel
map (0,1) — R<. For our purposes it is important that the initial conditions ¢* (for the state Eq. (2.2) starting
at time t) may have an arbitrary element of Py(R) as its law. Our requirement on £ is that it should be
square summable and F}*-measurable, so we may define {* as an appropriate function of Z* and obtain the
required distribution. We also let £€* depend on the trajectory of W* up to time ¢ to include initial conditions
derived from the flow property of the considered processes. This will be helpful for establishing the dynamic
programming principle.

Using the previous notation, it is convenient to recall that the index set U is a Polish space with a Borel
finite positive measure A, the space of control actions A is a Polish space, and (2, F,P) is a complete probability
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space, s.t. for every v € U, W* is an Rf-valued standard Brownian motion, Z* is a real random variable with
uniform distribution in (0, 1), independent of W*, and {(W*",Z") : w € U} is an independent family. We next
formulate the requirements that we need on the coefficients b, o.

Assumption 2.1. The functions
byo: UxRYx Ax L3(Pa(RY) x L3 (Py(A)) — RY, RIX!
are Borel measurable. There exist constants L > 0, M > 0 such that
(i)
b(u, 2, a, p,v) = b(u, 2’ a, 4, v)| < L(Jo — 2’| + d(p, 1))
(i)
oy, a, 1, 0) — o, a1l v)| < L (o — '] + d(p, 1))
(iii)
b(u, z, a, p, v)| + |o(u,z, a,p,v)| < M(1+ |z| + d(a,0) + d(p, do) + d(v, 6o))

for every u € U, z,2' € R, p, ' € L3 (P2(R?)), v € L2(P2(A)), a € A.

We recall that 0 also denotes a fixed element of A and we note that in the previous expressions we write &g
to denote the collection (0g)ycu-

Remark 2.2. We do not explicitly consider time-depending coefficients b,o (and later f). However all our
results have immediate extensions to this case, with almost identical proofs, provided b, o, f are required to
be measurable in time (jointly with the other arguments) and the assumptions hold for constants that do not
depend on time.

Remark 2.3. Examples covered by Assumption 2.1 include the graphon interaction (1.3) discussed in the
introduction. Many other examples can be considered, for instance a drift (or a volatility) of the form b(u) =
Jor B(2*) A(du) for some Lipschitz function h : R — R%, where " = [,z p*(dz).

We are now able to state and prove the basic existence and uniqueness result for the controlled state equation.
We first define a set of stochastic processes where a unique solution will be found.

Definition 2.4. Given t € [0,T], we say that a family X = (X"), of stochastic processes with values in R?
belongs to the space &; if

1. the map u — L(X", W% Z*) is Borel measurable from U to Pg(Cﬁ 77 X Cfo 7 X (0,1));
2. each process X“ is continuous and F“-adapted;

3. the following norm is finite:
1/2
[ X]| == /E{ sup |X;‘|2} Adu) | .
U s€t,T]

We say that (X*), € S; is a solution to (2.2) if the equations in (2.2) are satisfied for A-almost every u. We say
that the solution is unique if, whenever (X%),, (X*), € S; solve (2.2) then the processes X* and X“ coincide,
up to a P-null set, for A-almost all u € U.
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Remark 2.5. As defined above, the space S; endowed with || - || is not a Banach space, and even a vector space.
As a matter of fact, | X — Y| is not well defined for any X,Y € S; as the joint law of (X", Y") may not be
a measurable function of w € U. In particular, one cannot use a Picard iteration on S; to construct solutions
0 (2.2). To overcome this issue, we shall work on the laws of processes which have the expected measurability
property in u € U.

Theorem 2.6. Suppose that Assumption 2.1 holds. Let t € [0,T] and & € T; be an admissible initial condition.
Let o € A be an admissible policy and define

af = a(u, t, W4, Z%), te€l[0,T], uel.

Then there exists a unique solution X = (X%), € & to the equation (2.2), in the sense of Definition 2.4.

Proof. We borrow some ideas from Proposition 2.1 in [15], but we need very different arguments because of
the lack of time continuity of the coefficients in the stochastic equations due to the occurrence of the control
process. The proof is postponed to Appendix A. O

We recall that £ € Z; requires the random variable £* to be F}*-measurable for every u € U. Therefore it is

P-almost surely equal to a variable of the form §“(W[’5 "4 *) for a measurable function £* : C'[eo R (0,1) — R

The state equation (2.2) corresponding to a given admissible control a € A can be written

dX;}’ = b(u,X;”,OZ?7PX.’§7Pa:§)dS + U(qugaagaPX;a]P}& )dWsu7 s € [t7T]7

Xp =" (Wig . 2), | (2.5)
o = alu,s, Wh,, Z*) u e U.

We next present a result providing estimates on solution to those systems of SDEs.

Proposition 2.7. Suppose that Assumption 2.1 holds. Lett € [0, T] and § € Z; be an admissible initial condition.
Let o € A be an admissible policy and define

af = a(u, t, W%, Z%), te€l[0,T], uel.

Then the unique solution X = (X*), € S to the equation (2.2) satisfies the following: there exists a constant
C >0, depending on T, A(U) and on the constants L, M in Assumption 2.1, such that

T
/ IE[ sup |X§2} AMdu) < C |1 +/ E[1€“?] A(du) +/ / E[|%[?] ds A(du) | . (2.6)
U s€[t,T] U UJt
Finally, if (X%),, (X%),, are solutions corresponding to £,& € T; and we assume that the map
U= ‘C(W[%,t]vzuaguvgu)a (27)

is Borel measurable as a mapping from U to PQ(C[ZO 7 % (0,1) x R? x R?) then we have

| s 1xz- x| aqan <€ [ Bl - A (2.5)

s€[t,T]

for a constant C that only depends on the Lipschitz constant L, on T and on \(U).
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Proof. We write the proof for the case b = 0. We only prove (2.8), the other assertion being proved by similar
arguments.

We first note that the joint measurability condition (2.7) allows to apply Theorem 2.6 to the equation
satified by the pair (X“, X*) and to conclude in particular that the map u E(X“, X“) is Borel measurable
as a mapping from U to PQ(C&T] X Cﬁ’T]). Subtracting the equations for X and X, for some constant C

(possibly different from line to line) we have

E[ sup |Xr“—X,?|2} <CE [I&“—E_“IQ]

relt,s]

+cuz/
t

<CE Dgu _g—uﬂ LC /ts {EHX]} —X}jm —|—d<IP’X-T,IP’X;.)2}dr.

o(u, X} o, Px., Py ) — 0 (u’Xg’ag’PXwPaJ ‘er

Since
2 _
d(ex, Px,) < [ B[l - X2P] Adw)
U
integrating with respect to A(du) we obtain

/E[ sup (X~ X1[2] Adu)
U

reft,s]

SC/UIE[M“—S“F} A(du)+c/:/UE[sup X2 — X2 A(du) dr

q€(t,r]

and (2.8) follows from the Gronwall lemma. O

Remark 2.8. If the condition (iii) in Assumption 2.1 is strengthened to
b(u, , a, p, v)| + |o(u, ,a, p,v)| < M(1+ |z|+d(u,d)) (2.9)

for every u € U, x € RY, pp € L3 (Pa(RY)), v € L3(P2(A)), a € A, then we get a stronger estimate than (2.6),
namely

/UE[ sup \Xg|2] A(du) < C(lJr/UIEHf“\Q})\(du)).

s€t,T]

2.3. The control problem

We make the following assumptions on the running and terminal cost functions.

Assumption 2.9. The functions
f:U xR x Ax L3(Po(RY) x L3(P2(A)) =R,  g:U xR% x L3(P2(RY)) = R

are Borel measurable. In addition, we assume that Condition (2.9) holds and there exists a constant M > 0
such that

|f(u, 2,0, )+ [g(u, 2, p)] < M (1+ |2 +d(p, 00)?),

for every u € U, a € A, z € RY, € L3(Pa(RY)), v € L3 (Pa(A)).



10 A. D. CRESCENZO ET AL.

From the measurability of the map u ~ L£L(X% W4, Z") for the solution X = X4&% = (Xt&au), € S to
(2.2), given t € [0,T], £ € T4, o € A, and under Assumption 2.9 on f, g, together with the square integrability
conditions of X in &;, we see that the map

T
U = IE|:/ f(qu:aag7PXéa]P}a's)dS+g(uaX%aPXf):|
t

is Borel measurable, and we can then define the cost functional to be minimized

T
J(t7§a O{) = / E[/ f(uaX:7 047;7PX;7P%) ds + g(uvx’%v]P)XT):I A(du)
U t
and the associated value function:

V<t7€> = inf J(t,«f,a), te [OvT]7 f € It~
acA
Moreover using Proposition 2.7, and under condition (2.9) (see Rem. 2.8), we have
vol< c(1+ [ BlePIad). te0.T) €. (2.10)
U

3. LAW INVARIANCE OF THE VALUE FUNCTION AND DPP

3.1. Law invariance

We show in this section the law invariance property of the value function, namely that V (¢, ) depends on &
only through its law. We impose additional assumption on the functions f, g.

Assumption 3.1. There exist constants K > 0, v; € (0,1] (i = 1,2, 3,4) such that

|f(u,x,a,u,1/) —f(u,a:’,a,,u,l/)|
< K (Jo =@/ (U fa] 4 /)27 + A 1) (14 A1, 80) + s 60))* 7).

|g(u,x,u) —g(u,x',,u)|
< K (o — /[ (1 Jal /)77 + (o) (14 d(pnd0) + (. 60))* ),

for every u € U, z,2’ € RY, p, u € L3 (P2(RY)), v € L3(Pa2(A)), a € A.

Remark 3.2. The above assumption on f, g are local Holder dependence on z, u, uniformly with respect to
a, vV, U.

Lemma 3.3. Let Assumptions 2.1, 2.9 hold. Suppose that &€ = (£%)u, € = (€%)y € T; for some t € [0,T] are
such that

L(E W g, Z") = L(E, W 1, 2%) (3.1)
for A-almost every uw € U. Then we have for any o € A,

J(t, & a) = J(t,E a).
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Proof. We first notice by Proposition A.1 under condition (3.1) that
LX“ WY Z%) = L(X"“, W™, Z*)

for A-almost every u € U, where (X*), and (X“), are the respective solutions to (2.2), with control c, initial
time ¢ and initial condition £ and . In particular we get

for A-almost every u € U. As J(t,£, ) and J(t,&, ) are expectations of measurable functions of the (X, ) and
(X, ) respectively, we get the result. O

Theorem 3.4. (law invariance). Let Assumptions 2.1, 2.9, 3.1 hold and fix § = (§*)u, €= (&%), €Iy for some
t € [0,T]. If Peu = Pgu for A-almost every uw € U then V(¢,§) = V(,£).

Proof. We write the proof in the case b = 0, the general case being completely similar. We first notice that from
Lemma 3.3 and Proposition B.1, we can assume w.l.o.g. that the map

u L(W, 0.4, 2" &%, ") is Borel measurable (3.2)

as a mapping from U to PQ(C[Z g % (0,1) x R? x RY). As a matter of fact, we first use Proposition B.1 which

gives Borel maps ¢, § U xCt o x(0,1) — R such that

[0,t]
LWy, Z), Wis . Z4) = L W5y, Z7),
(5 (W[o 92" W[%,t]7zu) E(fu 0,4 Zu)

for every u € U. Then using Lemma 3.3, we get

J(ta 67 a) = J<t7 ( u(W[%,t]>Zu))U7 Oé)

J(tv 57 Oé) = J(ta ( U(W[lé,t]7zu))ua Ol)

for any a € A and

We can therefore replace (¢,€) by (g“(W[% i Z“))u,fu(Wfé ot Z"),,) which satisfies (3.2) as £ and §: are Borel
measurable.
We consider, for fixed t € [0,T], £ € Z; and a € A, the system:

dX% = o (u, X*, ¥, Px., Py ) dWE, s € [t,T),
Xr=¢", uel,
ot = alu,s, Wh,, Z%),

and the corresponding cost

Htgo) = [ B /quq,aq,]P’x,Pa;)derg(u,X%,]P’x-T)}A(dU)
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For every ¢ > 0 we will find another control policy a¢ € A such that J(t,a¢, &) — J(t, a, &) as € — 0. This way
the required equality V (¢,&) = V (t,€) will be proved.

We first look for a convenient expression for J(t, , £). We recall that for every u the random variable £* is F}*-
measurable, so it is P-almost surely equal to a variable of the form §“(VV[“0 " Z*) for a function {"(w, z) € R?
defined for w € C’fow z € (0,1) and measurable in (w,z) (not necessarily in u). Recalling the notation in
(A.4)-(A.5) we rewrite the controlled equation in the equivalent way:

dX* = o(u, X2, a¥,Px.,Po. )dWY, s € [t,T],
X = 7U(W[1(L),t]7Zu)7
Oz" = d(U,S,W1;\S7W[767t], Zu)

S

For every u the random variable £“, being also F-measurable, is P-almost surely equal to gu (W{é i Z¥) for a

L

measurable function é_u : C[o X (0,1) — RZ. By our assumptions we have, for A-almost every u,

£(&Whs2")) = Peo =Pew = £ (£ Wi, 7))

Since LW 4, Z") = Wr @ m, it follows that 4w, z) = {"(w, z) for almost all (w, z) with respect to Wy @ m,
which is a non-atomic measure on the Polish space C[éo)t] x (0,1). By a classical result (see e.g. [3], Lem. 5.23)
for every € > 0 there exists a Borel measurable map

Tl % (0,1) = Cfyy % (0,1)
that preserves the measure W ® m and satisfies, for A-almost all u,
1€ (T (w, 2)) — gu(w,z)\ <k, (w,z) € C[Zo’t] x (0,1), Wr @ m — a.s. (3.3)

Denote (w, z) — 71" (w, 2) € C'[EO g and (w,z) = 75(w, z) € (0,1) the coordinate maps of 7% = (71", 75™").
Using the independence of (I/V[“0 t Z") and W[’t‘ T~ W}, and the measure-preserving property of 7% it is easy
to check that the pair

Weti=m (W, 24 @ Wiy, 29" =1 (Wg, 29)

consists of a Wiener process on [0,7] and an independent random variable with uniform distribution in (0, 1).
Then we consider the equation

AXot = o(u, Xo as Py Poe )dWE, s € [t,T),
X7t o= Wy, 29Y), (3.4)
ast = d(u,s,Wﬁj\S,W[%’jz],Ze’“).

Since the increments of W* and W coincide on the interval [t,T], in the above equations dW¥ might be
replaced by dWS* and W4, by Ws. Then we see that the process X" is the trajectory corresponding to the
control policy o € A, the initial condition £"(w, z) and the driving noise (W<*, Z<"). From Proposition A.1, it
follows that £ (X“ W, Zw) _y (X“, Wi 1. Z“) which implies

L(X" o) = L(X{, a)

S S
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for every s € [t,T] and u € U and finally

T
J(t,f,a):/E[/ flu, Xo%, ag™ Pye, ag,.)ds—kg(u,X;’“,]P’X;.)} A(du),
U t

which is the expression we were looking for.
Next we consider the equation

dXS’u = J( s ?uaO‘Z7M7PX§"aPai")de7 ENS [taT}a
y €U U o U u ;
Xy =¢8"= § (W[O,t]7 z"),

€,

: ( (3.5)
= a(u, s, Wi, 7" (W g, Z2"), 757" (Wig 4, Z4))-

(%

The process X" starts at £* and the equation contains the same control processes a®" as in (3.4), but it is
now driven by the original noise (W"*, Z*). We see that the process X is the trajectory corresponding to the
control policy

a(u, s,w, z) := a(u, 5,11 (W04, 2) @ Wi, T (W04, z)), s € [t,T],

while we may take both « and af to be constant for s € [0,¢), without loss of generality. To check that a¢ is
indeed admissible, using the fact that (We* Z¢%) and (W*, Z*) have the same law, we verify that

// E[Ja%*|?] ds A(du) // E[|a(u, s, W3, [Ot],Z“‘)Hds)\(du) (3.6)

:/U/t EHO?(U,S,W,?\S,W[%J]’Zu)|2] dS)\(du)

- /U / " EfJo¥[?] ds Adu),

which is finite and even independent of €. The corresponding cost is then

T
J(t,g,ae):/E{/ flu, Xo%, ag" Pye: ]Pa;,-)ds—i—g(u,)z;’u,]}"x;-)] A(duw).
U t

To conclude the proof it remains to prove that J(t,&, a€) — J(t,&, ) as € — 0. Comparing (3.4) and (3.5) and
applying estimate (2.8) in Proposition 2.7 we see that there exists a constant C' > 0, depending only on 7" and
the Lipschitz constants of b, o such that

/U]E[ sup [ Xg" — X¢+?] A(du)gc/UE[g Wit 2°%) — €] A(du).

s€t,T]
But we have

£ WG, 2 — &

7u(76’u(W[16,t],Zu)) E‘( Ot]vzu)
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which follows from (3.3) and the fact that (W[767t]’ Z") has law W7 ® m. So we obtain

/ E[ sup |X0* — XoP] Mdu) < O AD).
U s€t,T]

Still using Proposition 2.7, we also note that

/UE[ sup \Xj“ﬂ A(du)+/U]E[ sup |X§’u|2} A(du)

s€[t,T] sE[t,T]
T
2 w2 €,u|2
sc(/UE[IE | ]dsA(du)—&-/UE[lf | ]ds)\(du)—&—/U/t E[ja"| ]dsA(du))
<c,

for some constant C' which is not dependent on ¢, by (3.6). Using our assumptions on f, g we have

[ J(t,€, ) = J(t, & )]

T —
<cf IEDX;’“X;’“
U Jt

T
#0 [ [ (AlPxe B (14 (B 80) + APz 80P dsA(du)
U Jt

(XS 4 |X;’“|>M} ds A(du)

b0 [ Bl - P X )
U

+C / (AP, Ps ) (1+ d(Pacs ) + d(Pze ,80))2 ) Aldu).
U

The Holder inequality, with conjugate exponents 2/v; and 2/(2 — 1), gives

T
o
UJt
T ~ n _
<[/ {(E[IX?“—XS’ 1) (R + x5 + X))

a1 2—71
<t [ {(E[ sup X — X)) (Bl sup (14 |Xe|+ | X)) }A(dm
U

14X+ |X;’“|>2-%} ds A(du)

2—-7

} ds A(du)

s€E[t,T) s€[t,T]
<T /E[ sup | X9 — XOU°] A(du) /E[ sup (1 + [ X&)+ | XS]] AMdu)
U  s€t,T] U  s€t,T]

<cl{eauv)”?

by (3.7) and (3.8). Using the inequality

d(PXQ'aIP)’(;')z:/ Wa(Pxen, Pgew)? A(du) S/EHX?”—X?HF])\(M)
U U

similar passages and the Holder inequality allow to treat the other terms and conclude that J(¢,§,a) —

J(t,E ac) = 0.

O
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In view of Theorem 3.4 it is possible to define a function v : [0,T] x L3(P2(R%)) — R as follows. For any
t €10,7) and p € L3 (P2(R%)), let us choose & = (£*), € Z; such that Peu = p* for A-almost every u € U, and
let us set

o(t ) = V(8,). (3.9)

Finally we show how a required variable £ can be constructed, given arbitrary ¢ and u. We note that the
map (u, A) — p*(A) defined for u € U and any Borel set of R? is a transition kernel. By a known extension of
the Skorohod construction, there exists a (jointly) measurable function j : U x (0,1) — R such that, for every
u, the image of the Lebesgue measure on (0,1) under the map z +— j(u, z) equals p*; therefore we may define
&% = j(u, Z™). This way we obtain the required function £"(w, z) = j(u, z) (that does not depend on w).

3.2. Dynamic programming principle

We note that for the solution X% to equation (2.2) we have the following flow property: for 0 <t < § < T,
a € A, and € € Z; we have, for every A—a.e. u € U, P-a.s.

U

97X;,E=017a
s

Xteow = ¥ , selo,T). (3.10)

This follows immediately from the uniqueness statement in Theorem 2.6, since both terms are solution to the

state equation (2.2) in the interval [0, T]. As a consequence, we can state the dynamic programming principle
for the value function V.

Theorem 3.5. Fort € [0,T] and § € Z,, we have

V(t,€) = O%relg{/UIE[/tef(u,Xﬁf"’"“,IPX;,g,a,.,a?,IP’a-S)ds} A(du)
+V (9, (X;’f"’““)u)} ,

for any 6 € [t,T].

Proof. Fix 0 <t <60 <T and £ € Z;. For a € A we have from (3.10) and the definitions of the cost functional
J, and the value function V'

0
J(t¢ a) = /U E| / P, X5, 0 B Py ) ds| Alcu)
t

T u,O,Xé’E’a,a u
+ E[ f(uaXs 7asv]PX9,Xéf5=°‘,a,-7Pa,;)ds
U 6

s

t,&,a

+ g(u,Xg’XGY P ;,£‘rx)a1_):| A(duw)

X
. [
U

Since the previous inequality holds for any a € A, we get

%
/ f(u,Xﬁ’g’a’“,a’s‘,IP’X?g,u,.7IP’a%)ds] A(du) +V (0, (XES*m),) .
t

0
V(t,&) > inf {/ E [/ f(u,Xﬁ’g’a’“,af,]P’Xt,g,a,.,IP’a. ) ds] Adu) +V (6’, (X;’E’o"“)u)} .
acA U t ° i s s
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We turn to the reverse inequality. Fix o € A and £ > 0. From the definition of the value function V', there exists
some of = (a®"), € A such that

J(0, (XG5, 0%) < V(0,(X55")) +e (3.11)
We next define the control &° = (a*"),, by
ag" = aly e (s) + a5 g ry(s), s€l0,T],

for w € U and s € [t,T]. We obviously have a* € A. Moreover, using the flow property (3.10), we have

0
J(t€,6°) = / E| / Flon, XL, 0 By o, Po ) ds| Aldu) 47 (6, (X55°),, 7).
U t s i

From (3.11), we get

0
J(t7£7d5) < / IE|:/ f(u7X£,£,a7u7ag7PXt’5’a"7Pa')ds} )‘(du)
U t s °

+V (0, (X5 +e,

and so
0
V(t,¢) < / E[/ f(u,Xﬁ’g’a’“,a’s‘,IE”Xz,g,a,.,IP’aé) ds} A(du) + V(@, (X;’E’a’u)u) +e.
U t

Taking the infimum over a € A and sending ¢ to 0, we get the result. O

The following corollary is an immediate consequence of this result and Theorem 3.4.

Corollary 3.6. Fort € [0,T] and pu € L3(P2(R?)) we have

0
o t,&,a,u u
v(t, ) _‘ireli‘{/UE[/t fu, X} ,as,ng,g,a,.,Pa%)dS} A(du)

+0(0,Pysco) |

for any 0 € [t,T], £ € I, satisfying Pew = u* for A-almost every u € U.

Proof. This follows from the definition of the function v in (3.9). O

4. ITO FORMULA

4.1. Derivatives on square integrable measure maps

In our context, the Itd formula describes the time derivative of the composition of a real function v(u) of
p € L3 (P2(RY)) and a map s — 15 corresponding to the law of a family of stochastic processes (X*),, namely
py = Pxu. It holds under regularity assumptions on v - that may also depend explicitly on time - and requires
the definition of derivatives for functions v : L2 (P2(R?)) — R that we are now going to introduce. Given u €
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L3 (P3(R%)), and a measurable function (u,r) € U x R? — ¢(u, x), with quadratic growth in x, uniformly in u,
we define the duality product:

<ouzi= [ [ elust o).
U JRra
Definition 4.1. Given a function v : L3 (P(R9)) — R, we say that a measurable function
iv (L3(PPRY) x U xR 5 (p,u,z) — iv(u)(u x)
om- o om ’

is the linear functional derivative of v if

1. for every compact set K C L2 (P2(R)) there exists a constant Cx > 0 such that

——v(p)(u,z)| < Cx (1+]2]?),

om

‘ ]

for every u € U, z € R, € K;
2. for every u,v € L3(Pay(R?)) we have

o) =) = [ < S+ 0 — ) — > do

om

0
1
]
= / / —o(p+ 0w — p)(u,x) (V" — p")(dz)A(du)df.
0 U JRA om
Remark 4.2. Under the additional condition that p — é%v(p)(u,x) is continuous, the above definition is
equivalent to the existence of the Gateaux-derivative

gg% v(p+e(v ;.u)) —v(p) - < %U(u)(.),l/ — >
5 u u
= [ ] s - )

The following definition encompasses the minimal assumptions on v that are required to obtain the Ito
formula.

Definition 4.3. We say that v : [0, 7] x L} (Pa(R%)) — R is of class C12([0,T] x L3 (Pa(R%)) if

1. for every p € L3(P2(R%)) the function ¢ — v(t, ) is continuously differentiable on [0,T]; we denote
Opu(t, ) its time derivative;

2. for every t € [0,T] the derivative %v(t, 1) (u, x) exists and it is measurable in all its arguments;

3. 2 u(t,p)(u,x) is twice continuously differentiable on R? as a function of z and the gradient and the

om \ ;
Hessian matrix

&g%v [0, T] x L3(P2(RY)) x U x RY — R, 33%11 [0, 7] x L2(P2(R%)) x U x RY — Réxd

satisfy the following growth conditions: there exists a constant C' > 0 such that

e vt ) on )| < C (1 Jal 4+, 80)), (4.1)
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(ﬁaiv(t,u)(u,x) <C, (4.2)

for every t € [0,T), u € U, z € RY, € L3(P2(RY));

4. the function d;v(t, u) is continuous on [0, 7] x L3 (P2(R%));

5. for every u € U and every compact set H of R?, the functions 0, 3 v(t, 1) (u, x) and 92 52-v(t, p)(u, ) are
continuous functions of (¢, u) € [0,T] x L3 (P2 (Rd))7 uniformly in € H; more precisely, whenever ¢,, — t,
d(pin, ) — 0, u € U and H C R is compact we have

] 0
:gg amﬁv(tn,un)(uw) — 8z%v(t,u)(u7m) — 0,

1) 6
2 v 92 v
5161]17)[ am 6mv(tnvﬂn)(uvx) a:c 5mv(ta /L)(U7ZL') — 0.

Remark 4.4. By standard arguments, if K is a compact subset of L3(Py(R%)) then the functions
Oos2-v(t, p)(u,z) and 0252-v(t, pu)(u,x) are uniformly continuous functions of (t,u) € [0,7] x K, uniformly

« 5m Y

in 2 € H; namely: for every u € U and compact sets H C RY, K C L3(P2(R%)), and every € > 0, there exists
0 > 0 such that

i o _ i 2i o _ 2i
Oy émv(t 1) (u, ) &Cémv(t,,u)(u,x) + |03 émv(t 1) (u, ) 8x5mv(t,,u)(u,x) <€

whenever u e U, x € H, t,t' € [0,T], p, i/ € K, d(p, ) <9, [t —¢| < 4.

We next give some examples of functions for which we compute the linear functional derivatives.

Example 4.5. Since we are mainly interested in showing the form of the indicated functions v we do not spell
precise conditions on ¢, F', ¢; used below ensuring that v is smooth. Detailed assumptions are easily determined.

- /U / 2y (k) A(du),

where ¢ is a measurable function with quadratic growth in z. Then,

(i) Linear functions

]

om

—v(p)(u, ) = ¢(u, ).

(ii) Collection of cylindrical functions:

o) = [ P( [ ertwa)tdn).. ... [ outus) (o)) Mdu).

Rd

Denoting the partial derivatives of F' by 0;F, we have,

d (u, ) Z@F(/ é1(u, x) p*(dx), . ngk(u x) “(dx)) oi(u, ).

(5m
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(iii) Cylindrical functions of measure collection:

v(p) = F(/U y o1 (u, z) p*(dz)A(dw),. .. ,/U or(u, ) uu(dx))\(du)),

Rd

where F : R¥ — R and ¢; are real functions on R?. Then,

S k
~—v()(u, ) :;aip(/U 1 (u, z) gt (dz)A(dw), . . .,

Rd

[ outu) nt@e)n@w)) 6.,
U JR4

(iv) k-interaction functions:

v(p) = / / WUy .oy Uk T1y ey )t (day) - o ™ (dag )N (dug) . A(dug).
Uk J (R )k
Then,

]

k
7”(#)(%55) = E Sa(ulw~~7ui717uaui+17~~~7ukax1»~'~a$i717$7xi+17-~7mk)
om — Jur-1 J (Rayr—1
i=

p(day) .ot (de ) ptt (daigr) - et (deg) AN (dug) - A(dwi— 1) A(duigr) - - A(dug).

4.2. The chain rule

We are now ready to present the Ité formula (chain rule) that will be needed in the sequel. We suppose that
the conditions (1) and (2) in Assumption 2.1 hold true.

Theorem 4.6. Suppose that, for u € U, b* and o* are stochastic processes defined on [0, T|, with values in R?
and R?** respectively, progressively measurable with respect to F*; let X{§ be an F§-measurable random variable
in RY. Also assume that (u,t) — P(xy bu o) is Borel measurable and

T
[ AR+ [ B8R+ orP] e} Adu) < o,
U 0

Define

t t

X = Xg—l-/b;‘ds—i—/ oy dWe, tel0,T], uwel.

0 0

Suppose v € CH2([0,T] x L3 (P2(R%))). Then, denoting uf = Pxu and py = (py)u, we have

wltop) ~o0.p0) = [ {ouwts.n)

5 u U 1 2 5 w\ . U UN\T
[ B[00 X2 B+ 5080 ) X2 02027 M)} s

for every t € [0,T).
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Remark 4.7. We note that the measurability assumption on P(xu pu o) implies that the maps

u e BIXGP), (ut) = B[ + oy

5 u U 1 2 5 wy . U u\T
(1,) = B[00 (s, 1) (1, X2) B+ 502 u(s, ) (0, X2) £ o201

S S

are measurable, even if there is no measurability condition imposed on the random elements X{, by, 0y as
functions of w € U: this is important for our future applications.

In the following lemma we collect some preliminary facts which are used in the proof of Theorem 4.6.

Lemma 4.8.  a) For vy,va, 1, 2 € L3 (P2(R?)), 6 € [0,1] we have
d((1— 0wy + vy, (1 — )y + Opz)? < (1 —0)d(vy, 1) + 0d (v, po)>. (4.3)
In particular if v1 = vy =: v then
d(v, (1 =)y + Opz)? < (1 — 0)d(v, u1)* + 6d(v, p2)?. (4.4)

b) We have fUE[supte[QT] |X#?] A(du) < oo, and the map t — py is continuous from [0,T] to L3 (P2(R?)).
¢) The set

K:={1-0)u+0us : 0€]0,1]; s,t €0, 7]} (4.5)

is compact in L3 (Pa(RY)).

Proof. (a) For every u € U and i = 1,2 let 4% be an optimal coupling between v} and p¥ for the square
distance cost used in the definition of the Wasserstein distance Ws. Then (1 — 0)~i* + 6~4 is a coupling between
(1 —=0)v¥ 4+ 0vy and (1 — O)ul + Ouy. It follows that

IA

2
Wa((1 =0t + 003, (1= Ot +05) < [ o=y = 00t + 095w dy)
d>< d

(1= OWa(vi, ui)? + OWa(vy, u3)*.

Integrating with respect to A(du) and sending € to 0 gives the required conclusion.

(b) We have

2

- 2
sup | X/ < 3|XY2+3 / |by]ds | +3 sup
t€[0,T) 0 t€[0,T7]

t
/ oy dW
0

and by the Holder and Doob inequality and the It6 isometry we have, for some absolute constant ¢ > 0,

T T
E[ sup |th|2} < CE[\XgPHcT]E[/ \bg\?ds] +CE[/ |o};\2ds]
te[0,7] 0 0
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Integrating with respect to A(du), we obtain [;; E[sup,c(o 7y | X¢*|*] A(du) < oc. This shows that ; € L3 (Pe (R%))
for every t € [0,T]. To prove the required continuity we note that, by similar passages as before, for 0 < s <
t<T,

dljue, 1)’ = /U W, 1)? Mdu) < /U E[|X} — X[ A(du)

< C/U{(t—s)E[/:bg?dr} +]E[/: o dr] L Aa),

which tends to O as t — s — 0.

(¢) As a consequence of the previous point, the set Ky := {y; : t € [0,T]} is compact. We note that K is the
image of the compact set K x K; x [0, 1] under the mapping (i, v,6) — (1 — 0)u + Ov. To prove compactness
of K it is therefore enough to show that this mapping is continuous from K; x Kj x [0,1] to L3 (Pa(R)). We
will show that

(i) the map (u,v) — (1 —0)u+ Ov is continuous, uniformly in 6 € [0, 1].
(ii) the map 6 — (1 — 0)u + v is continuous, for every fixed (u,v) € K1 x K.

These two statements easily imply the required continuity.
To prove (i) we note that if d(un, ) — 0, d(v,,v) — 0, it follows from (4.3) that

d((]- - 0)/” + 97/7 (1 - e)ﬂn + 01/n)2 < (1 - Q)d(:u, /Ln)2 + Hd(l/, /u'n)z < d(ﬂa ,U'n)z + d(Va ,U'n)z

which tends to 0 uniformly in 6.
To prove (ii) we recall the Kantorovich duality: given n,p € P2(R%), the squared Wasserstein distance
Wa(n, p)? equals the supremum of

f@yn(da)+ [ o) pldy)
R4 Rd
for f,g varying in the set of bounded Lipschitz function on R? satisfying the constraint

f@)+gly) <lz -y, zyeR™ (4.6)

Given p,v € L3 (P2(R?)) and 0,6’ € [0,1] we apply the duality result to n = (1 — ¢ )u" + 0'v* and p = (1 —
O)ut + 6v* for fixed u € U. We estimate the supremum of

f@)[(1 =0 + 6'v")(dz) + / 9(y) [(1 = O)p* + 6v*](dy)
R4 Rd

:(1—9)/Rd(f+g)du“+9’/Rd(f+g)duu+(9—9’)( Rdfdu“—k/Rdgdu“).

From (4.6) evaluated at « = y it follows that f + g < 0, so that the first two integrals are also < 0. If § > ¢’ we
also have

0-0) ([ raws [ g} < @-oywaiey,
Rd Rd
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and by duality it follows that
2
Wa ((1 — 0+ 0" (1 —0)u" + 91/“) < |0 — 0| Wa(u, )2

Interchanging 6 and ¢’ the same inequality also holds for § < 6’ and so for every 6,60’ € [0, 1].
Integrating with respect to A(du) we conclude that

2
d((l )+ O, (1— O+ HV) <10 — 0| d(u, ),

which gives the required conclusion. O

Proof of Theorem 4.6. We first verify that the terms in the It6 formula are well defined. By (4.1), and recalling
that s — p is continuous in L3 (P2(R9)),

r

J u U
aw%U(S,MS)OLXS ) : bs

T
ds< € [ (41X + e, 0) ) ds
0

T
< C<1+ sup | XY+ sup d(us,5o))/ b5 | ds.
s€[0,T] s€[0,T 0

The right-hand side does not depend on 6 and we have

T
/E[(l-i— sup |X|+ sup d(us,éo))/ |b?|ds} A(du) < o0
U s€[0,T] s€[0,T] 0

by the Holder inequality, since

/UIE[ sup [X27] Mdu) < oo, /UE[/OTbg?ds] Adu) < oo,

s€[0,T]

In a similar and simpler way, using the boundedness condition (4.2) instead of (4.1), we can check that

L[ [ 202 vt X2 o2y as] Acam) <
g 12 25, V(8 ) (u, XJ) 2 0 (o s u) < 00.

In order to prove the formula we fix ¢ and, for every positive integer n, we choose a subdivision of the interval
[0,¢] by points t}! := kt/n, k=0,1,...,n — 1. We evaluate the difference
V(b g, ) — 0@ ) = Oty gy, ) — 0 g, )+ 0@, ey ) — v ey )

Ty

_ / Drvs, ey, ) ds +v(E pay, ) — vt} ). (4.7)

n
ty

We note that the last difference can be written, by the definition of the derivative %, as

1
n n 5 n u u
g, ) = vtmg) = [ [ (e o) ) Gy, = ) 0 )

= /U/O E[%v(t27u9,k,n) (U7X%+1) - %v(tZa:uO,k,n)(qutuZ)} de/\(du)a



MEAN-FIELD CONTROL OF NON EXCHANGEABLE SYSTEMS 23

where we have set pg rn = e + O(per ,utn) Since we assume that 5 5,V is twice continuously differentiable

k+1
in & we can apply the classical It6 formula to the process X on [t}, tk+1]~

%U(tkaﬂe,k,n)(uv)(t” - %U(tkaﬂa,k,n)(ua){ n) = /t D=0 (3 po.kn) (u, X3)T 0 AW

k+ n om
k

thi1 S
+ /tg [&C%v(tz,ug,k,n)(u, X)) - by + 2825 (tz,/,l,g)]g7n) (u, X4 : U?(U?)T} ds. (4.9)

We next verify that the stochastic integral has zero expectation, by checking that the square root of its quadratic
variation has finite expectation. Using (4.1),

/t£’+1
( n
k

ty 1/2
<C ([T X+ G 80?) [} ds)
t

n
k

5

kS N 2d5>1/2

o(ty, o k) (u, X2)T o

0a

5 ,\ /2 thi 5 1/2
<e(it swp o [XEP 4 g 50)°) (/ o ds) "
y

seftp tr, ] tn

Both terms are square summable, by our assumptions, and the integrability property of the quadratic variation
follows from the Holder inequality. Taking expectation in the It6 formula (4.9) and replacing in (4.8) we obtain

n tk+1 u U
U(tk,/itgﬂ) u(ty, t" / / / (tkaOkn)(Uva)‘ by
t

+ 2825 ( k,ugkn)(u,X;‘f) : U;‘(U;‘)T] ds df A(du).

Coming back to (4.7) and summing over k we arrive at

i1
v(t, pe) — v(0, po) Z/ (s, pup, ) ds

tk+1 xu "
+ / / / (tk’u97k7n)( s) : bs
U 0
2

1
+ 5896%@@;;,”9“)(%)(:) : a};(a};)ﬂ ds df A(du).

We may write the It6 formula in similar way, decomposing the integral over [0,¢] into a sum of integrals over
[th, i1, and we see that setting

i1
Z/ (9tv (s g, )= 8,:1)(8,,%)) ds,
tn

n

3= /U/;]E[Z

tk+1 5 n u U 5 u U
2 /t,g {395%11(%,#9,;67”) (u, X3 - by — 336%1)(5,;15)(11, X - bl } ds} df A(dw)
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! . et 1 g n u u( U
o= [ R [ G ) X2 s ety

- *82%1}(8,/15)(’[1,,)(”) : au(ag)T}ds] dé \(dw),

S

it is enough to prove that I7" + I3’ 4+ I3 — 0. It is immediate to see that I7" — 0, since ;v is continuous, hence
uniformly continuous, on [0, 7] x K7, where K1 = {us : s € [0,7]}, because K7 is compact in L3 (P2(R?)) by
the continuity of s +— us.

Next we consider 3. We fix u, §,w. We note that for P-almost all w the set

H* .= [X"(w) : s €[0,T]}

is compact in R? due to continuity of s — X%(w). By our assumptions and Remark 4.4, for every compact
K C L3(P2(R%)) and € > 0 there exists § > 0 such that

0 <
— €
om

Ou vl 1)) — D (0, 1) 1,2

whenever x € H*¥ t,t' € [0,T], p, i/ € K, d(u, p') <, |t —t'| <. As the set K, we choose the one defined
in (4.5) and we note that points of the form (s, ius) and (¢, e x,n) belong to [0,T] x K. It follows that, P-a.s.,

1) §
aliv(trkla HG,k,n)(ua X;L) - 890 %0(87 Ns)(uv X;L)

<€
om

provided the inequalities
|s —tp] <0, d(ps,porn) <9, s€lty,th], k=0,...,n—1,

are satisfied. We finally note that |s — 7| < [t} —t;| < 1/n and, by (4.4), the squared distance

A(ps, f0,k,n)> = Alps, (1= O)pey + Oy )
< (1= 0)d(ps, pup)? + 0d(ps, iy, )* < dps, pp)® + dlps, ey, ,)°

A

can be made arbitrarily small by taking n sufficiently large, by the uniform continuity of s — ug on [0,T7]. It
follows that for all n large enough (depending on u, 6, w)

n /tZ+1
th

k=0

8xiv(tﬁ,ugvk7n)(u,X‘f) < by — &E%v(s,us)(u,X;‘) - by ds < eT.

om

We have thus proved that for fixed 6 € [0,1] and u € U we have, P-a.s.,

D[t g b
g / Op— (tz,ug,kvn)(u,X;‘y byds — / 8£—6mv(s,us)(u,X;‘)~ by ds.
0

v
4n om
k=0""k

In order to conclude that I3 — 0 we wish to apply the dominated convergence theorem and pass to the limit
under the expectation sign and under the integrals over [0,1] and U. To this end we consider the following
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estimates. By (4.1),

n

> / o
k=0"t%

ti1

8 (tk,ugkn)(u XU) bu

ds < CZ/

< C’(l—i— sup |X“\—|—supd,u,50 / [b¥| ds.
s€[0,T]

0
 — (41X + At 00)) [21) ds

The right-hand side does not depend on n nor 6 and satisfies

/E[(l—l— sup \X“H—supdu,éo /|b“|ds (du) < o0
U s€[0,T]

by the Holder inequality, since

T
/E[ sup |X;‘|2} Adu) < oo, /E[/ |bg|2ds} A(du) < oo
U Lseo,1 U 0

So we can apply the dominated convergence theorem (three times) and we conclude that I} — 0.
Finally, the proof that I§ — 0 is similar to the proof that I — 0 and even simpler, since we apply the
boundedness condition (4.2) instead of (4.1). O

Remark 4.9. We note that Theorem 4.6 applies to the process (X"), solution to the state equation (2.2). As
a consequence, if v € CH2([0,T] x L3 (P2(R?))) we have, on the interval [t, T],

Qo(s, o) = Ouu(s.gn)ds+ [ B[00 ol ) X2)  bu X0 1 B
U (Sm g

)
+ 2656—0(5,u3)(u,Xg) : UUT(u,X;‘,aT;,uS,P%)} A(dw) ds.

5. THE BELLMAN EQUATION

In this section, we make the standing Assumptions 2.1, 2.9, 3.1.

5.1. The equation

For m = (7%), € L3(P2(R? x A)) we denote by 7 € P2(R?), 7% € P2(A) the marginals of 7% € Py(R? x A)
and we set w1 = (11), € L3 (P2(R?)) = L3 (P2(RY)), ma = (7)., € L3 (P2(A)).
We next introduce the Hamiltonian H defined by

5
H(u,t,ﬂ',(ﬁ) - /RdxA (a:v%w(tvﬂ-l)(uvx) . b(uw,a, 77137'(-2)
+ 8256 p(t,m)(u, ) : oo™ (u, x,a,m,m2) + f(u,x,a Wl,ﬂg))ﬂu(dx,da)

for (u, t,m, ) € Ux [0,T] x L3(P2(R% x A)) x C12([0, T] x L3 (Pa(R%))). In our framework, the Bellman equation

is written as

—Opo(t,p) — inf / H(u, t,m,v)\(du) = 0, (5.1)

meL? (P2(R4xA)),mi=pn Jy
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for (¢, 1) € [0,T) x L3(Pa(R%)), together with the terminal condition

o) = [ [ atww s M), e RPAR). (5.2)

5.2. The regular case
In the case where the value function is smooth, we provide a verification result.
Theorem 5.1 (Verification). Let w € C*2([0,T] x L3 (P2(R%))).

(i) Suppose that w is solution to (5.1)~(5.2) Then we have w < v on [0,T] x L3(Pa(R%)).
i) Suppose further that there exists a Borel map a: U x [0,T] x R? x L2(Py(R%)) — A such that for any
A
(t,p) € [0,T] x L3(P2(R?)) the infimum in (5.1), with w in place of v, is reached at a point & = (&)
which has the form

=y o (Id x a(u,t,-,pu))~' weUl,

i.e. such that its marginal 7 is p* and the marginal 75 is the image of p* under a suitable map x —
a(u,t,x, 1), and the system

dX:su = b(u7 X:v d(uv S, ngpXé)v ]P)X;v (]P)&(U,S,X;’,]P’X- ))1J)d8
n J(u, X, a(u, 5, X0 Px. ), Py, (Pagy.o xopy. ))v)dwg, s et T,
X =£" uwel,

admits a unique solution, in the sense of Definition 2.4, denoted by (thu)u such that (&%), =

(a(u, s,X?g’“,]P’Xﬁ,g,-))uemse[oﬂ € A foranyt € [0,T] and any £ € Z,. Thenw = v on [0,T] x L3 (P2 (R%))
and & is an optimal Markov control:

o(t,p) = J(t,€, (@),

fort €[0,T), p € L3(P2(RY)) and € € T, such that (Pe, ), = p.

Proof. (i) Fix (t, u) € [0,T] x L3 (P2(R%)). Let & € T, such that Pe. = p and a control a € A. Denote by (X¥),
the unique solution to the system

dXy = b(u,X;ﬂag,}P’Xé{,P%)ds+U(u,X§L,a Px.,Pa: )dVVu € [t,T],
X =gt uel.

We next write us, 75, by (7, a), 0¢(r,a) and fi(z,a) for Px., P(x. 4., b(u,2,a,Px., Py ), o(u,z,0,Px., Py ),
and f(u,x,a,Px., P, ) respectively. From Theorem 4.6 we have

= w(T /~LT) /tT {atw(s s) ds
/ / (s, s)(u, ) - (2, a) + 28iéiw(s,us)(u,x) : U?(U?)T(a?,a)} m(dz, da) )\(du)}ds.
RixA

Since w is solution to (5.1)—(5.2), we get

w(t, p) < /U [/Rd g(u, z, pr) pi(da) —|—/tT /RdXAfS“(u, m)ﬂs(dm,da)ds} Adu) = J(t, &, a).
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Since this inequality holds for any o € A, we get w < v.
(ii) We proceed as in (i) with the control (&"),, instead of a. We then get

w(t, n) = w(T, ur) — /T {atw(s ws) + inf / ’H,(u,t,w,w))\(du)} ds

meL?(P2(R4xA)),mi=pn Jy
/ // (u, 7,0, P Pa P o o )(dx,da)})\(du)ds.
Rax A

Since w is solution to (5.1)—(5.2), we get

w(t,u):/U]E[g(u,f(rfp’g’ th / fu, Xb&u av Py @-S)ds})\(du)
= J(t,€,6) = v(t, ).

Therefore, w(t, u) = v(t, u) = J(t,§, &). O

An example of such an optimal control problem for which the value function is regular is the so-called linear-
quadratic case where the drift and diffusion coefficients are affine and the costs are quadratic. In this case,
Theorem 5.1 in [19] states that the value function is also quadratic with coefficients satisfying some abstract
Riccati equation.

Remark 5.2. In the case where the coefficients b, o and f do not depend on the second marginal 75 of 7, the
PDE (5.1) takes the following form

—0pu(t, 1) / /]R inf H(u,t,z,1,v,a)u(dz)\(du) = 0, (t,u) € [0,T) x L3 (P2(RY)),

d a€A
with
H(u,t,x a)—ai(t Wu,z) - b(u,z,a )—|—182i (t, 1) (u,x) : o0 (u, z,a, 1)
y Uy Ty [y - I(S?’TLSD ) ) y Ly Gy [ 9 xém@ ) ’ 00 y Ly Gy [
+f(u’x’a7/”l’)’
for (t,u, 1, 0,a) € [0,T] x U x L3 (P2(R?)) x CT2([0, T] x L3 (P2(RY))) x A.

In this case, using the same arguments, one can prove Theorem 5.1 (i). Moreover, if the Borel map a is
replaced by a Borel map @: U x R? x L3(Py(R%)) — A such that

H(u,t,x, p,w, au, t,z,p)) = ingH(u,t,x,u,w,a)
ac

for all (t,u,x,pu) € [0,T] x U x R x L3 (Ps(R?)) and the system

Xy = b(u,X;f,d(u,S,X;‘,]P’Xé),]P’X;,)ds
+ o(u, X* a(u, s, X", Px.),Px.,)dW", s¢€[t,T],
Xp =& uel,

admits a unique solution, in the sense of Definition 2.4, denoted by ()N(t’g’“)u such that (&%), :=

(a(u, ., X6 Peye )y € A for any t € [0,7] and any € € Z;. Then w = v on [0,T] x L3 (Pa(R%)) and & is
an optimal Markov control:

o(t, p) = J(t,€,(G")a)
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for t € [0,T), u € L3(P2(R?)) and & € Z; such that Pe. = p. The proof follows the same lines as that of
Theorem 5.1 (ii).

5.3. Viscosity properties

For a locally bounded function w : [0,7] x L3(P2(R?)) — R (i.e. bounded on bounded sets), we define its
lower and upper semicontinuous envelopes respectively by

wi(t,p) = liminf  w(s,v), w*(t,p) = limsup  w(s,v),
(s,v)—=(t,pn), s<T (s,0)—=(t,p), s<T

for (t,11) € [0, 7] x I3 (Pa(RY)).
Definition 5.3. Let w: [0,7] x L3(P2(R%)) — R be a locally bounded function.
(i) We say that w is a viscosity subsolution to (5.1)—(5.2) if

(@) < [ [ st ptian) Ao, we BPa®),

and for any ¢ € CV2([0,T] x L3 (P2(R%))) and (t, ) € [0,T] x L3 (P2(R?)), such that

* t, _ *
(W™ — @) (t, 1) [O,T]XIL%%Q(Rd))(w ©)

we have
—0yp(t, 1) — inf / H(u,t, 7, o) A(du) < 0.
(1) el (P2(RIxA)),m=nJy ( PIA(du) <
(ii) We say that w is a viscosity supersolution to (5.1)—(5.2) if

wa(T, 1) > /U / gl ) pt(dn) A(dw), g L3 (Pa(RY),

and for any ¢ € C12([0,T] x L3 (Po(R%))) and (t, u) € [0, T] x L3 (P2(R%)), such that

Wy — t,p) = min Wy —
( @) (t, 1) o135, (Rd))( )

we have

Oup(t.p) /U H(u,t, 7, 0) Mdu) > 0.

in
meL3 (P2(R4xA)),mi=p

(iii) We say that w is a viscosity solution to (5.1)—(5.2) if w is both a viscosity subsolution and supersolution
to (5.1)-(5.2).

Assumption 5.4. (i) There exist a constant M > 0 such that
b 2, )| + [ty 2,0, 1,)] < M(1L+ [o] + (s, 50)

for every u € U, z,2' € R, p, ' € L3 (P2(RY)), v € L2(P2(A)), a € A.
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(ii) The function

t, 1) € [0, 7] x L2(Py(RY)) — inf /H,t7,>\d
(b € 0TI IXPaRD) = o B s Jy T T )M )

is continuous for any ¢ € C12([0,T] x L3 (Pa(R%))).

The continuity condition appearing in Assumption 4.4 (ii) ensures to have the same PDE for the sub and
super solutions. Otherwise, the supersolution property would involve the liminf of the nonlinear operator and
the subsolution property would involve the limsup of the nonlinear operator.

Theorem 5.5. Under Assumption 5.4(i), the value function v is a wviscosity subsolution to (5.1)—(5.2).
Furthermore, if Assumption 5.4 (i) holds, then v is a viscosity supersolution to (5.1)—(5.2).

Proof. We first notice that the function v is locally bounded by (2.10). We turn to the viscosity properties.
1. Viscosity subsolution property on [0,T) x L3 (P2(R%)). Let (¢, u) € [0,T) x L3(P2(RY)) and (tn, ptn)n be a
sequence of [0,T) x L3 (Py(R%)) such that

(tn7 Hn, U(tna un)) — (ta Hy v* (t7 :u))

n——+o00

Fix some 7 € L3 (Pa(R% x A)) such that m; = u. Let (m,,),, be a sequence of L3 (Pa(R¢ x A)) such that m, 1 = py,
for n > 1 and 7, — 7 as n — +00. Such a sequence can be constructed by decomposing 7 as 7*(dx,dy) =
pt(dz)y*(x,dy) with v a probability kernel and taking 7% (dx,dy) = p(dx)y*(z, dy) for v € U.

Applying Theorem B.3 with ¢,, = ¢ = 0, there exists a sequence (£", a™),, such that £",a™ are Borel maps from
U x (0,1) to R? and A, and (P(gn.u gn.u))y = mp with €% = £M(Z%) and a™* = a™*(Z") for all n > 1. We
define the control a € A by o = a(Z") for t € [0,T] x U. We consider the family of processes (X™),, = (X™")pu
as the unique solution to the SDE

dX™Y = b(u, X%, oM, Pyne , Pon.)ds
+ o (u, X2, ™ Pyne , Pon )dWE, s € [t,, T,
Xt =¢m wel.

From the DPP given by Corollary 3.6, we have

tn+h
U(tn7un) < / E|:/ f(u7 Xg’uaagﬁuva?"aPag") ds] )‘(du) (53)
U t

n

for h > 0 small enough. Let ¢ € C12([0,T] x L3 (P2(R%))) such that (v* — @)(t, p) = max (v* — ),
0,7 x L2 (P2 (R?))

so that with (5.3)

tn+h
0< /E[/ f(u,X:““,ag’“,IP’X:,«,]P’ag,‘)ds] A(du)
U t

n

+ @(tn + h’PXZLnJrh) - Qo(tnnun) + s
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where we set v, 1= V*(t, 1) — V(tn, pin) + ©(tn, n) — @(t, ) — 0 as n goes to infinity. By applying It6 formula
in Theorem 4.6 to ¢(s, (Pxnu),) between t,, and t,, + h, and substituting into the above inequality, we then get

tn+h
0< / [8t<p(s7un,s)+/ H(u, 8, Tn,s; p)A(du) |ds + Y,
t U

n

where we set (i, 5, Tp,s for Pyn., Pixn. n.) to alleviate notations. By sending n to infinity, and using the

continuity of all the involved functions, this implies

0< /tH_h [atgo(s,,us) + /U”H(u,s,ﬂs,go))\(du)} ds.

Dividing by h and sending h to 0, we get

Ol ) /U H(u,t,m,0) A(du) < 0.

Since this inequality holds for any m € L2(P2(R? x A)) such that m = p, we get the viscosity subsolution

property on [0,7) x L3 (Pa(R%)).

2. Viscosity subsolution property on {T} x L3(Pa(R%)). Let (t,, ftn)n be a sequence of [0,T) x L3 (Pa(R%))

such that

(th,Un;U(tnv.un)) — (Ta ILL7U*(T’ :u‘))

n—-+o0o

Fix some a € A and define the control @ € A by o = a for t € [0,T] x U. From Theorem B.3, there exists

& € Iy such that Pe- = p and ("), such that £" € Z,, Pen. = py, for n > 1 and

T
/0 E[j€m" — €42 A(du) —— 0.

n—-+oo
Define the family of processes (X"),, = (X™"), , as the unique solution to the SDE

dX = b(u,X:’“,ag,PX;L,.,Paé)ds
+ U(u’ X?u)agvPX;"'aPu;)dW:a s € [tnaT]a
XZ]’“ =& uwel

By definition of the value function v, we have

T
U(tnnun) < / IE|:/ f(qu:7u7aa ]P)XQ"?(Sa) ds +g(ua X;,uva;)} )‘(du)
U t

n

From (5.4) and Proposition B.4 and Assumption 3.1, we get

T
/ ]E{/ fu, X2 a,Pxn,64) ds+g(u,X;’u,IP’X;,)} A(du)
U tn

== [ [ stz o xaw

n—-+4oo

(5.4)
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and so
(T, ) < /U / (s ) () A(du).

3. Viscosity supersolution property on [0,T) x L3 (P2(R?)). We argue by contradiction and suppose that there
exist (t, ) € [0,T) x L3 (P2(RY)), n > 0 and p € C12([0,T] x L3 (P2(R%))) such that

L)t p) = i .- 5.5
(v — ) (t, 1) o133, (Rd))(v ©) (5.5)
and

Opp(t, ) + inf /’H u, t,m, ) A(du) =: 2n>0.

wo(t, 1) T ( @) A(du) "

From Assumption 5.4 (ii), there exists some € > 0 such that

Orp(s,v) + inf /H,,7>\d > . 5.6
T o ) Jy ST AdY) 2 (5.6)

for s € [t,(t+e) AT] and v € Bpz (p,(ra)) (11, €)- Let (tn, pn)n be a sequence of [t, (t +&) AT) x Bz (p,(ray) (v, €)
such that

(tny i, V(Ens fin)) ——— (&, 1, Vi (t, 1)) (5.7)

n—-+4o0o
From Theorem B.3, there exists £ such that £ € 7, and (Pew), = p, and a sequence (£"),, such that " € 7, ,
(Pen.uy)u = pin for all n > 1, and

T
/0 E[|¢™" — £“* ]\ (du) —— 0.

n—-+o0o

We next define the sequence (py,)n by

P = Uty pn) — P(tns pin) — (Vs (t, 1) — (t, 1))

for n > 1. From (5.5) and (5.7), we have p,, > 0 for n > 1, and p,, — 0, as n goes to infinity. We take a sequence
(hn)n of (0,+00) such that

h, — 0 and Pn — 0.
n—-+oo hn n—-+oo

From the DPP given by Corollary 3.6, there exists a™ € A such that

B O
U(tna,un) + 777 > / IE|:/~ f(uaX:"uaag’uva:"aPa?") d8:| A(du) (58)
U t

n

+ U(en,]P)X;Lv),



32 A. D. CRESCENZO ET AL.
where the family of processes (X™), = (X™"), ., stands for the unique solution to the SDE
dX* = b(u,Xg’“,ag’“,PX;L,~,PaQ,~)ds
+ o (u, X2, ™ Pyne , Pon )AWE, s € [tn, T,
Xt =emt uel,
for n > 1, and the sequence (6,,),, is defined by

On = Tu A (tn +hy),  with 7, = inf{s >, : Pxn- & Brzpymay)(e)}f AT.

From (5.8) and the definition of the sequence (py,)n, we have

han on
‘p(tn»ﬂn) + pn + 777 > / E[/ f(ua X, O‘g’uvPX;L"a]Pja?") ds] A(du)
U t

n

+ @(envpxg,[)’

and thus by applying It6 formula in Theorem 4.6, we get

1o Pn 7
- , <Pn T
h /tn {at<,0(8, Nn,s) + /U H(”v S8, Tn,s» @))‘(du)} ds < h + 9

n

where we set again fin s, Tn,s for Pxn., Pxn. o). From (5.6), this yields

Pn (1 Hn—tn)

> 0.
2 hn,

Now, we notice that 7,, > =, for n large enough, where

A 1= inf {s >t /UIE[|XS”’“ - f“’”|2})\(du) > %2} AT.

From Assumption 5.4 (i) and classical estimates on diffusion processes, we have inf,>1 (v, — ¢,) > 0, and thus

hn n—-4oo

Therefore, we get a contradiction by sending n to oo in (5.9).
4. Viscosity supersolution property on {T} x L2 (P2(R%)). Let (tn, tin)n be a sequence of [0,T) x L3 (P2(R?))
such that
(tns fns V(tns fin)) ——— (T, p, va(T', ).

n—-+oo

By definition of the function v, there exists a control a™ € A such that

1 T
otwsiin) 5 2 [ B[ [ (X000 P B ds
n U tn

+ g(u, X7, ]P’X;,-)} A(du).
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From Assumption 5.4 (i) and classical estimates on diffusion processes we get

T
LE[] rxrnarn 2 B as)a@ ——o.

n

Therefore, using the continuity of g, we get by sending n to +o0o

0T, 1) > /U / gl ) () A(da).
O

Remark 5.6. From Definition 5.3, we notice that if w € C*2([0,T] x L3 (P2(R%))) is a viscosity solution to
(5.1)=(5.2), then w is a classical solution as one can take ¢ = w as a test function. In particular, under the
additional assumption v € C%2([0,7] x L3 (P2(R%))), we get from Theorem 5.5 that v is a classical solution to
(5.1)—(5.2).

6. CONCLUSION: DISCUSSION ON THE RESULTS AND PERSPECTIVES

The results presented in this paper concern the optimal control of the system governed by the dynamics in
(2.2). The main issue related to such a system is the presence of an uncountable family of independent random
processes and variables which induces a lack of measurability in the variable w € U. Our approach allows to
overcome this issue and to derive a related dynamic programming equation.

Following [10], an alternative approach would be to consider a randomized version of the label v € U. More
precisely, it consists to suppose that w € U is also a component of the state of the system with an initial
distribution given by A. This leads to consider a U x R%-valued controlled process X = (U, X) solution to the
SDE

df( B(Xs,aé,]PXs,]Pds)ds+6(Xs,&s,PXs,Pds)dWs, s €[t T,
05 = a(Y s W/\S,Z),

with Y independent of (W, Z) such that Py = X, b(&, a, ii) = (0,b(u, z, a, i) and & (&, a, 1) = (0,0 (u, z, a, fiy,))
for & = (u,z) € U x R? and (u),, the desintegration of i € P (U x R?) w.r.t. . Here, P2(U x R?) is the set
of measures in Pa(U x Rd) with first marginal equal to A, equipped with the standard Wasserstein distance, W
is a standard Brownian motion and Z is an independent uniformly distributed random variable.

The space P3 (U x R?) is actually isometric to the space L3 (P2 (R?)) considered throughout this paper. To see
this, define the isometry in the following way: p € L3 (P2(R?)) is mapped to fi € P3(U x R?) where fi is defined
by [i g £, 2)p(du, dz) = [/, pa f(u, z)p"(dz)X(du), for all bounded measurable functions f; the inverse of
such map is provided by the disintegration theorem, and we can easily verify that this map preserves distances.

We also note that the standard functional derivative for functions defined on P2 (U x R?) coincides with the
flat derivative introduced in Definition 4.1 and that the Ité formula for smooth functions defined on [0, 7] x
P2 (U x R?) is equivalent to the one presented in Theorem 4.6.

One can show under mild assumptions that the system X, solution to (6.1), identifies in law with the system
(X")yev solution to (2.5) in the following sense
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for any measurable function g : U x C’ﬁ T~ R. In particular, the functional cost J can be written as follows

J(t6.0) = J(t,€ a) == Elg(Xr)] + / E[f(X., a,)]ds,

and the control problem becomes a standard mean-field control problem.

However, considering the label as a component of the state variable has some disadvantages. The first one
is that one has to impose continuity conditions on the coefficients with respect to the variable u, which is not
natural in our original problem. On the contrary, our approach avoids to impose such conditions as we only
suppose that the coefficients are measurable with respect to the variable u € U. Moreover, to derive a PDE
related to our control problem, one embeds the original problem into the space of probability measures. In
particular, one needs to consider derivatives in the space of probability measures on U x R?. Therefore, the
possible probability distributions for the variable u € U might be any probability measure on U, which is not
natural, regarding our original problem. Our approach avoids this problem by fixing the distribution of the
variable u to A and working on each X" for w € U. The choice between the two formulations has possible
analogies. For instance, when dealing with time-dependent coefficients, one may remove explicit dependence on
time by treating the time variable as an additional label state variable. However, as in the present case, this
reformulation often leads to unnecessary assumptions or to less precise results.

We also notice that, even if it induces measurability issues, the formulation (2.5) has its own interest as
it is an original and interesting problem which requires a specific study. This study differs from the classical
approach for (mean field) SDEs. In particular, the proof of the existence involves new arguments compared to
the classical mean field case.

Concerning the research perspectives on the subject, several questions remain open. The first question related
to the previous discussion concerns the system (2.5). We indeed expect it to be the strong limit of the particle
system (1.1). Such a result has not been proved yet, but would stress the importance of the study of (2.5) itself,
compared to the system (6.1) which would be the weak limit of (1.1).

A second related question is the propagation of chaos for the value function. We indeed expect the convergence
of the value function related to (1.1) to the value function V' defined in this paper. Such a result opens the door
for setting numerical methods for the approximation of the value function and possible optimal strategies.

Finally, a natural question that remains open is the uniqueness of the solution to the HJB equation. This
question deserves an own study as it is a strong issue which has been solved only in the recent period for the
classical mean field case. The heterogeneity of the agents makes this question more challenging and needs a
novel approach to be studied.
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APPENDIX A. SOME RESULTS ON THE COLLECTION OF STATE EQUATIONS
A.1 Proof of Theorem 2.6

We write the proof in the case b = 0, the general case being completely similar.

We fix £ € Z; and « € A. Adapting an idea in Proposition 2.1 [15], the existence for equation (2.2) will be obtained
by a fixed point argument in the space Li(Pg(C[t,T])). For any v in this space and for any u € U let us denote X”* the
solution to

dXV" =0 (u, X0t gl (V:)u ,IPQ»S) dWy,
ay = a(u,s, Wh,,Z2%), s€t,T], (A1)
X/ =& uwel.

These equations differ from the original ones because the given (vy), replaces (IP’ X )U. The equations are no longer coupled
so that they can be solved individually. Under our assumptions each of them satisfies standard Lipschitz conditions and it
has a continuous F*-adapted solution, unique up to a P-null set. Let us define ¥(v) = (¥(v)"), setting ¥(v)" = Pxv.u,
the law of the process X" seen as a probability on C[’iT]. We will prove the following claim:

the map u — L(X"", Wg 1), Z") is Borel measurable (A2)
from U to Pz(CﬁyT] X C'[%Jw] x (0,1)). '

Admitting this for a moment, standard estimates on the stochastic equation in (A.1) show that

T
E[ sup \X;”“ﬂ §c<1+E[\§“|2]+/O {E[dA(ag,O)Z}+W2(V:,60)2+W2(Pag,60)2}ds>

s€(t,T]

for some constant ¢ > 0 (that does not depend on v). Noting that Wa(Pau,d0)® < E[da(a¥,0)?] and recalling the
admissibility condition (2.4) we find [|X"|* = [, E[sup,ee, 7y |X2%?] A(du) < oo and so X¥ € S;. This implies that
(Pxw), belongs to L3 (P2 (C’[iT])), so that the map W : Li(Pz(Cﬁ,T])) — L3 (P2 (C[@iT])) is well defined.

We will next prove the following claim:

¥ has unique fixed point 7 in L3 (P2 (C[‘i’T])). (A.3)

This leads immediately to the required conclusion. Indeed, the process X” corresponding to the fixed point is clearly a
solution. Moreover, if (X“),, € S; is another solution then its law (Pz. ). also belongs to Li(Pg(Cﬁ’T])) and it is a fixed
point of ¥; it must therefore coincide with 7 and it follows that X* = X* for A-almost all u € U since they are both
solutions to the same equations (A.1).

In order to conclude the proof we have to prove the two claims.

Step I: proof of claim (A.2).

We note that @ @ depends on w only through its increments, namely denoting @ — w; the function (w(s) —w(t))sep, 1]
we have W @ w =W ® (W — We).

Given t € [0,T] and a Borel measurable function « : U x [0,T] x C’[%’T] x (0,1) — A, we define a Borel measurable
function & : U x [0,T] x C’ﬁ’T] X C’fo’t] x (0,1) — A setting

a(u, s, W, W, z) = afu, s, G W, 2) (A.4)

forue U, s €[0,T], w € C[éo,tp w € C[‘;’T], z € (0,1). We note that this formula establishes a bijection between those
classes of functions whose inverse is

a(u, S, W, 2:) = d(uy S, Wio,t], W[t,T]» Z)7
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where we recall that wy ), w7 denote the restrictions of w € C’fO’T] to the indicated intervals. Finally we note that,
for s € [t, T,

a(u, s, Wsn., 2) = &(u, s, Wsn., Wio,4, 2)- (A.5)

where we write wsa. instead of the more cumbersome (w[t,T])SA
Below we need a similar notation for functions defined on spaces of paths. Given @ : C[‘i,T] X C’[%’T] x (0,1) - R it is
convenient to consider the function ® : C’["LT] X C’ft,T] X C[Zo,t] x (0,1) — R defined by

D(z,w, 10, 2) = B(z, % B, 2), @€ C{r,w e Clp,w e Cloy 2z € (0,1). (A.6)
Using these notations we write equation (A.1) in a different way. Recalling (A.4) and (A.5) we first have
ay = a(u,s, Wi, Wi, 2") = a(u, s, Wi, = W\ W5 g, Z2%), s€[t,T).
We note that (W[’é’t], Z*) is independent of the increments W', — W and the law of (W*, Z%) is the product Wr ® m

of the Wiener measure Wr on CfO’T] and the Lebesgue measure m on (0,1). Given a bounded continuous ¢ : A — R we
have

]E[(b( )] E[¢( (u, s, W/\mW[o t]s ))}

B[o(a(u, s, Wi, who g, 2)) | LV, 2%)(dw’ d2)

x(0,1)

Ji.
-/,

(cu(u7 5, Wikss Wio.4 z/))] (Wr @ m)(dw’ dz").

[0 T]><(0 1)

Setting ag™"* = &(u, s, WAs, wio,y, ) this shows that the laws P,u may be written

Pou :/ P ow o (Wr x m)(dw' dz’).
c

&, %(0.1) s
Equation (A.1) then becomes

dX”“—a(u X" oy, (ve) (fcg «01) P R (WTxm)(dw'dz/))

xp =g,
ay = a(u, s, Wie, Wi 4, Z).

) dwg, s € [t, T,

v

(A7)

Let us consider the analogue of this equation where the random elements £*, Wg ., Z* are “freezed” at given points
zeRY we C[Zo,t]: z € (0,1), namely

dx a(u, XL QT (02, (fc,_;

[0,T]
V,U,T,W,2
){t ’ = Z,

ag™? = a(u, s, Wi, w,z).

P ow e (Wr x m)(dw’ dz')) >dWS“

% (0,1)

(A.8)

For fixed u € U, this is a stochastic equation depending measurably on the parameters x, w, z and it admits as a solution a
measurable function (w, s, z, w, z) — X% ¥*(w). Measurability is understood in the following sense. Since the equation
is driven by the increments of the Brownian motion (W' — Wy*)s>; the solution is predictable with respect to the
corresponding filtration, i.e. measurable for the corresponding o-algebra on [t, T], say P’; measurability of (w, s, z,w, z)
XLw®w2 () is understood with respect to the g-algebra P* ® B(R? x C[’;,T] x (0,1)): see [20] and the references therein.
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V,U,ﬁu,W[iayt] Z"

Therefore we may consider the composition X obtained substituting (z,w, z) with (§“, W[ ,, Z"). Using

the fact that the latter is independent of X*"**™* we may see that this is well defined; indeed, if X*"**™** is another
solution to (A.8) with the same measurability properties we have

Glw,w, ) = E[ sup | XIW57 = Zruews 2 = g

s€[t,T)
for every x,w, z and by independence
v,u, U/,W“' yZ’Ur ~ v, Uv,W’LL yZ’llr
E[ sup | x0T g e T praer wig y, 2) = 0

s€e(t,T)

so that X" ¢ Wi and X7 ¢"Wi0.0%" are indistinguishable. By similar arguments one concludes that the process
X7 W0 2" gatisfies equation (A.7) and therefore it coincides with X”*, up to a P-null set, for A-almost all w.

Our aim is to prove that the law £(X"", W5 7, Z") (a measure on C[‘i,T] X C[ZO’T] x (0,1)) depends in a measurable
way on u € U. To this end we use the criterion (2.1) and we consider the integral of an arbitrary bounded continuous

function @ : C&T] X C[%,T] x (0,1) — R that we write in the form

/Cd X

{6,110, 1)

Oz, w, z) L(X" W ), Z2)(dzdwdz) = E {(I) (X" Wio,, Z2") }
x(0,1)

N ]E[(D (Xm’gu’w[%’”’zu, Wio, T, Zu) } = E[&’ (X”’u’gu’w[%,t]’zu,W[?,T], Wit Zu) ]’

using the notation ® introduced in (A.6). We recall that we may replace Wi r) by its increments Wi 7 — Wi,
which are independent of (W ,, Z"). Noting that equation (A.8) is driven by W 7 — W{* we conclude that the pair
(X¥om® Wiy — Wi*) is independent of (Wg ,), 2%, £"). It follows that

E l:q) (Xu,u’ W[%,T]v Zu) :|

= / - E {‘13 (X"’"’x’w’z, W [1;,7]: w, Z)} ﬁ(VV[%,t], Zu,ﬁ")(dw dz dz).
C %X (0,1) xR
[0,¢] ?

Now }et us Atake an arbitrary complete probability space (Q, F , IP’) with an R%valued standard Brownian motion W and
denote F = (F¢);e(0,7) the corresponding completed Brownian filtration. For every u € U, x € R?, w € C[eo’t], z €(0,1)
we consider the equation

UL, T, W, 2 U, ULT W2 AU,W, 2 v 7 / / I
dX} = a(u, X} L AE (V) ,(f% 2 X(O.1) P ow o (Wr x m)(dw' dz )) > dW,
) ’ s
Xt'/ﬂhzawyz =z, v
ay® =a(u, s, Was,w, 2).

Since W does not depend on wu, this is a stochastic equation depending measurably on all the parameters u,z,w, z
(including w) and it admits as its solution a measurable function (w,s,u,z,w,z) — X;”“’”‘w’z(w). Similar as before,
measurability is understood with respect to the o-algebra P! @ B(U x R x C'[l;,T] x (0,1)): see [20]. Comparing this
equation with (A.8) we see that they have the same coefficients and are both driven by the increments of Brownian
motions - W* and W respectively - on the interval [¢,7]. As we have strong uniqueness to the considered SDEs,
we conclude that on the space C’fﬁ’T] X Cft’T] the law of (X""®®* W* — W) under P is the same as the law of

(Xvwmwz W — W) under P. It follows that
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E |:® (Xy'u, W[q(L)yT], Zu) :| (Ag)

_ / D [é (X’”“”” Wie, w, z) ] LW, 2%, €%) (dw dz da).
C

[’fo t]><((),1)><]Rd

Now what occurs under the sign K is a measurable function of u, T, w, 2. Since we are assuming that ll(W[%,t], VAR
depends measurably on u we conclude that L(X*", W[5 71, Z") is also a measurable function of u (as a measure on

C[‘iT] X C’fO’T] x (0,1)). This concludes the proof of the claim (A.2).

We note for later use that, when the function ® only depends on its first argument, equation (A.9) becomes a formula
for the map ¥(v) = (¥(v)"), introduced at the beginning of the proof. Indeed, recalling that ¥(v)* = Pxv.u, it follows
from (A.9) that for every continuous bounded ¢ : Cﬁ’T] - R,

[, o) %)@ =5 |ocxn) |

d
[t 7]
/c

_— B |:¢ (X’”““) ] LW g, 2%, €")(dw dz dz).
1 X(0,1)%

£
[0,t

Step II: proof of claim (A.3).

For any r € [t, T] we consider the space L3 (P (C[‘i’r])) with the corresponding distance, that will be denoted d;. Given
v, € L3 (Pe (C’fi’T])), let (X*"™)y, (X*"), denote the corresponding solutions to (A.1). For suitable constants C1, C> we
obtain

IE[ sup |XJ" — Xﬁ’"\Q]

s€(t,r]

§C’1E/
t

<G [ {BIXE = X0+ ()} ds
t

a (u7X;j’u,ag7 (V:)v ’ (]P)Oﬂs’)v) -0 (U, Xs“’u7a1s‘7 (H?)v ) (Pa“)v)

s

SCQ/ { sup IEHX;*“—Xg‘u|2]+df(1/,,u)2}ds.
¢

q€(t,s]

Next we note that (X%, X**), (a collection of R*%valued processes) satisfies a stochastic equation to which the
assumptions of Theorem 2.6 apply. In particular, it starts at time ¢ from the initial condition (£*,£"),,, which is admissible,
since the map u +— L(£",£", Wio 4, Z") is Borel measurable. So we can apply the already proved claim (A.2) and conclude
in particular that u — £(X"*, X**) is Borel measurable. It follows that both sides of the previously displayed inequality
are measurable functions of u. Integrating with respect to A(du) and applying the Gronwall lemma yields

a; (v ), v(w) < [

E[ sup | XV —X;"“|2] Adu) < c/ di(v, )% ds, reltT), (A.10)
U t

seft,r]

for some constant C' > 0 that only depends on the Lipschitz constants of b, o, on T" and on A(U). Setting » = T" we obtain
4 (¥(v), U(n)* < X" = XH|* < C (T — 1) d} (v, p)?

which proves in particular the continuity of ¥. Iterating (A.10) one proves that

k+1 s
(@D (), ) < O / A} (v, 1) (r — )" ds. (A11)
. t
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Choosing an arbitrary v(© e Li(Pg(C[‘iT])) and setting v**Y = @ (™) for k > 0, it follows that

CcH(T —t)k

dtT(V(k'H),y(k))Q < 0

dtT(V(l),l/(O))Q.

Now standard arguments allow to conclude that the sequence (1/““));c is Cauchy for df and it converges in Li(Pz(Cﬁ,T]))
to a limit, denoted &, which is a fixed point of the map ¥. The uniqueness of the fixed point follows from (A.11). The
claim (A.3) is proved. O
A.2 Uniqueness in law

Proposition A.1. Lett € [0,T] and o : U x [0,T] X C[ZO,T] x (0,1) — A a Borel measurable function Fiz & = (§")u € Tt
and denote by X = (X™), the unique solution to (2.2).

For u € U, we consider an R -valued random process (Wtu)tZO; a real random variable Z* and an R*-valued random
variable é“ (possibly defined on a different probability space) such that

LE W54, Z2%) = LE", W9, 2%) (A.12)
for allw € U. We define (X“)y as the unique solution to the SDE
aXy = b (u, X262 Py Pa, ) ds
to (u, X;L,&“;,IF’&,P&%) awe, s et T),
)~(t“ = §~“, u e U,
where & is defined by
a; = alu,t, W.%,Z”), t€[0,T], u e U.
Then we have
LXY,Wor),2") = LIX* Wmy, Z*)

forallueU.

Proof. We only sketch the proof. In the proof of Theorem 2.6 the solution was obtained via a fixed point for the map
v+ U(v) introduced there. The fixed point can be obtained by a Picard iteration scheme v™** = ¥(v™) starting from

V0 = L&) = L(€). In view of (A.12), formula (A.9) makes it clear that at each iteration we have

n

LIX" " Wiomy, 2%) = L(X" ", Wiomy, Z4)
for all u € U. We know that the sequence (v™) converges in L3} (Pz(Cﬁ’T])) to the fixed point. This allows to pass to the

limit in (A.9) and conclude that L(X", W(§ 11, Z%) = L(X", V~V[157T], Z") as required. O

APPENDIX B. SOME AUXILIARY RESULTS
Proposition B.1. Let t € [0,T] and ¢ € T;. Then, there exists a Borel map € : U x C[éo,t] x (0,1) = R? such that such
that
L(éu(w[o,t]v Z)7 W[O,i]7 Z) = ['(Eu7 W[%,t]? Zu)

for every uw € U and for any choice of the random pair (W, Z) (defined on an arbitrary probability space), where W =
(Wi)iepo,m s an R-valued standard Brownian motion and Z is a real random variable having uniform distribution in
(0,1) and independent of W.
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We first need to prove the following result.

Lemma B.2. For any family (Y*). of random variables uniformly distributed on (0,1) and any family (®“). of Borel
maps from (0,1) to some Polish space S such that u — L(®“(Y™)) is Borel measurable, there exists a Borel map ® : U x
(0,1) — S such that L(®*(Y™)) = L(®(u,Y)) for every u € U where Y is any random variable uniformly distributed on
(0,1) (defined on an arbitrary probability space).

Proof. To prove this claim note that setting Q(u, A) = L(®*(Y™))(A), for u € U and any Borel set A C U, we define a
transition kernel from U to S, by the measurability assumption. It is a classical result of Skorohod (used in the proof
of the Skorohod representation theorem) that there exists a Borel function ®(u,-) : (0,1) — S carrying the Lebesgue
measure on (0, 1) to the measure Q(u, -) and therefore satisfying £(®(u,Y)) = Q(u, ) = L(®*(Y")). The function ®(u, -)
is obtained from Q(u,-) in a constructive way which shows that, since @ is a kernel, the function <i>(u7 y) is in fact Borel
measurable in (u,y) € U x (0, 1): for a detailed proof see for instance the proof of Theorem 3.1.1 in [21]. O

Proof of Proposition B.1. Fix a bijection ¢ : C[I}b,z] % (0,1) — (0, 1) such that ¢ and ¢»~* are Borel measurable (such amap

exists since Cfo’t] % (0,1) is an uncountable Polish space: see e.g. Corollary 7.16.1 in [22]). Then set X" = (W5 4, Z%),
for u € U. Then (X")ycv is a family of identically distributed random variables with common c.d.f. denoted by F that
is continuous as v is one to one and ll(WO . Z”) has no atom. In particular, the random var1ables Y*:=F(X"),ueU,
are uniformly distributed on [0, 1] and (W[5 ., Z") = Y HFTH(YY)) for w € U, where F~! stands for the generalized
inverse of F'. Then we have

L(&" (Wio,,Z2"), Wit g, 2%) = L(2"(Y™))

where ®¥(y) € S :=R? x C’[O 4 % (0,1) is defined as ®“(y) = (€W (F (), v " (F~ ' (y))) for y € (0,1) and u € U.
Define Y = F((Wjo, ] Z)). Then, Y is uniformly distributed and there exists some Borel map ® : U x (0,1) — S such
that £(®“(Y™")) = L(®(u,Y)) for every u € U. If we denote by ®; the first component of ®, the map £* = & (u, F(1(-)))
is a solution to our initlal problem. O

Proposition B.3. Let (tn,/in)n be a sequence of [0,T] x Li(P2(R%)) and (t,u) € [0,T] x L3(P2(R?)) such that
(tn, pn) = (¢, 1) asn — 4oo. There exist Borel maps § and (§ )n from U x C[éoyt] (0,1) to R? s.t. (Peuwy  zu))u = 1,
(]P)g"n W, Zu))u =y, for allm > 1 and

[0,¢]”

n—-+oo

T
B[l Wi 2 = € Wis0. 2] raw) .

Proof. As in the proof of the Proposition B.1, we simply need to prove the following statement:

For any family (Y*), of random variables uniformly distributed on (0, 1) and any Polish space S, there exists Borel
maps ® and ®,, n > 1, from U x (0,1) to S such that L(®(u,Y™)) = p*, L(Pn(u,Y™)) = pn for every u € U and

/OT IE[|L‘,(<I>(u7 YY) = L(®, (u, Y"))ﬂ A(du) —— 0.

n—-+4oo

Let (™), be a sequence L3 (P2(R? x R%)) such that 7 ; = u* and 7, = p for all u € U, and

T T
/ / &yl (e, dy) < / WE(ut, 1*)A\(du) +
0 R4 xRA 0

We now disintegrate the measure 7, by writing

7, (dz, dy) = p*(dx)y,, (z, dy)

for n > 1. From Lemma B.2, there exists a Borel function ® : U x (0,1) — S such that £(®(u, Y")) = u* for u € U. Still
using Lemma B.2 with U x R? in place of U, there exist a Borel functions ¢, : U x S x (0,1) — S and L((u,z,Y™)) =
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Y (z,.) for x € S and u € U. Now take a Borel map ¢ : (0,1) — (0,1) x (0,1) such that ¢ = (¢1,¢2) ~ Uo,1)x(0,1) and
define the Borel maps ® and ®,, by

@(u,x) = &)(U,C1(LE)), (I)'fl(u>m) = ¢n(u,i)(C1(I)),(2($))

for x € (0,1) and w € U and n > 1. Then ® and ®,, are solutions to the problem. O
Proposition B.4. Let a € A, t € [0,T], (tn)n a sequence of [0,T], £ € T, and (§")n a sequence such that ™ € I, for
all n > 1. Suppose that

(tn,Pen) ———— (. Pe’)

n—-+oo

in R x L3 (Pa(RY)). Let X and (X™) be the respective solutions to (2.2) with initial conditions & and €™ at time t and t,
and control ac. Then we have

mn Li(PQ(C[%,T]))'

Proof. We take W a R valued brownian motion and Z an independent (0, 1)-uniformly distributed random variable.
From Proposition B.3, there are Borel maps £ and (én)n from U x C[eoyt] x (0,1) to R? such that (PgL(W[O),,],Z))u = (Peu ),

(Penwwiy 4, 1.2))u = (Penow)u for all n > 1 and

n—-+oo

T
/O E[[€"" (Wio,eu, 2) = € (Wio., 2)| ] Aldu) —— 0.

We define (X“), as the unique solution to the SDE

aXy = b(u,X;ﬁd;‘,Pg,P&é)ds
+o (u,)?;‘,dg‘,]P’;(.,P&é)dWS, setT],
X)’tul = éu(W[O,t]7Z)7 ’LLEU,

and (X™"), as the unique solution to the SDE

AXme = b(u,)?lf’“,d?, (Pgno),, (IP’&?,U)U) ds
+o (u,X:m,&z, (Pgnw),, (Pa )U) dW., s €[t T,
Xpt o= (W, 2), uwel,

where & is defined by
d;‘:d(u,t,W/\t,Z), te [O’TLUEU'

Using Proposition A.1 with W* = W and Z* = Z for u € U, we get

LX*W*, Z%) = L(X"“W,Z), and L(X™"W" Z") = L(X™"W,Z),
for all m > 1 and u € U. Now, using (B.1) we get from classical estimates on diffusion processes that

T
/ IE[ sup ‘X’Q“f)zﬂz])\(du) — 0,
0 s€| T]

Vi, n—-+oo

which gives the result. O
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