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AHLFORS-REGULARITY FOR MINIMIZERS OF A MULTIPHASE
OPTIMAL DESIGN PROBLEM

Luca EsposiTo!'®, LORENZO LAMBERTI?® AND GIOVANNI PISANTE?*

Abstract. We establish an Ahlfors-regularity result for minimizers of a multiphase optimal design
problem. It is a variant of the classical variational problem which involves a finite number of chambers
E(7) of prescribed volume that partition a given domain 2 C R™. The cost functional associated with a
configuration ({£(7)}s, ) is made up of the perimeter of the partition interfaces and a Dirichlet energy
term, which is discontinuous across the interfaces. We prove that the union of the optimal interfaces is
(n — 1)-Ahlfors-regular via a penalization method and decay estimates of the energy.

Mathematics Subject Classification. 49Q10, 49N60, 49Q20.

Received June 18, 2025. Accepted May 13, 2026.

1. INTRODUCTION

The problem of partitioning an open domain into regions with minimal interface has deep roots in both
classical geometry and modern variational analysis. Formally, the goal is to partition an open set 2 C R™ into
a finite collection of disjoint subsets {€(i)}~ ; such that their union covers Q (up to a set of measure zero) and
they minimize the total interfacial energy, basically interpreted as the (n — 1)-dimensional Hausdorff measure of
the common boundaries. A celebrated example in two dimensions is the Honeycomb Conjecture, resolved by T.
C. Hales [1], which states that the regular hexagonal tiling minimizes the total perimeter among all partitions
of the plane into regions of equal area.

Such partition problems generalize classical isoperimetric inequalities and are intimately connected to the the-
ory of minimal surfaces. They also arise naturally in various applications, including immiscible fluid separation
(see [2, 3]), and image segmentation (see [4-6]).

Mathematically, the problem often involves minimizing an energy functional of the form

PHEM} Q) = ZH"_l(a*g(i) N E(j) N ), (1.1)

subject to volume constraints |E(7)| = m;. Here, 0*£(7) denotes the reduced boundary of £(i) in the sense of
geometric measure theory, which captures the essential structure of the interface between phases.
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2 L. ESPOSITO ET AL.

In this paper, we focus on functionals that depend not only on the interfacial energy of a partition, but also
on a bulk energy term. To motivate this setting, we refer to the classical problem of liquid droplets subjected
to an external electric field, where the equilibrium configuration is typically determined by the competition
between interfacial and bulk energies. The interfacial energy, often modeled as proportional to the surface area
of the droplet, reflects the action of surface tension and tends to favor compact shapes, such as spheres, that
minimize the surface area for a given volume.

However, the presence of an external electric field introduces a nonlocal bulk energy that accounts for the
interaction of the electric field with the dielectric properties of the droplet and the surrounding medium. This
contribution is typically expressed through the Dirichlet energy of the electrostatic potential. The balance
between bulk energy and interfacial energy gives rise to a free boundary variational problem in which the
domain itself is an unknown to be optimized. For a comprehensive study of this model, the reader can refer
to the work of Muratov and Novaga, who have extensively analyzed the variational problems associated with
charged liquid droplets, see [7-9] and the references therein.

A prototype version of functionals involving bulk and perimeter energies is the following:

/QJE(J;)|Vu\2dx+P(E;Q), (1.2)

with u = ug prescribed on 9Q and og(z) = Sl +alg\g, 0 < a < f.

This functional was formerly studied in 1993 in two papers by L. Ambrosio & G. Buttazzo and F.H. Lin (see
[10, 11]). Later on, refined regularity results for functionals of type (1.2) have been established in [12, 13] and
for dimension two in [14-16]. Furthermore, the same problem has been studied in the case where both the bulk
and interfacial energies are of a more general nature (see [17-26]).

In this paper, we study optimal partitions associated with functionals that also depend on a bulk Dirichlet
energy, which is discontinuous across the partition interface. To our knowledge, there are no regularity results
in the literature for this context. The presence of multiple chambers significantly complicates the study of
regularity due to the possibility of triple points or, even worse, multiple intersections between the chambers.

Some notation is needed. Let 2 C R™ be a bounded connected open set and N € N be such that N > 1. An
N-partition £ of Q is a family & = {£(7)}Y, of sets £(i) of finite perimeter with

@) >0, Vie{l,...,N},
E@) NEG) =0, Vi,je{l,...,N}, i< j.

N
dolE@] =19

i=1

We introduce the following main functional associated to a partition &:
N 1
F(E,w) = / | Vw?dz + =Y P(E(i); Q), 1.3
( );g(i)\ | 2;(()) (1.3)

where the vector o = {ai}gil is positive, i.e. o; > 0 for any ¢ € {1,...N}.
The interfaces of the N-partition £ of Q are the H"~!-rectifiable sets

E(h, k) = 0"E(h) N O*E(k) N L,
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where 0 < h,k < N and h # k. Given {d;}~, such that
N
di € (0,]Q]), Vi€ {1,...,N} and » d; =],
=1

we consider the minimization of the functional (1.3) assuming that the measures of the chambers £(7) are equal
to d; and the function w is prescribed on the boundary of Q. More precisely, given ug € H*(2), we consider the
following constrained problem:

min {F(€,v) : € is an N-partition of Q, |&;| =d;, i=1,...,N, v € ug + Hj ()} . (P.)
The aim of the paper is to prove the (n — 1)-Ahlfors-regularity of the interfaces of the optimal chambers. We
recall that a closed set G C R™ is said to be (n — 1)-Ahlfors-regular if there exists a positive constant C'4 such
that
O P < HHG N By(x0)) < Car™ Y, Vg € G, ¥r > 0.

In particular, we prove the following theorem.

Theorem 1.1. Let (£,u) be a minimizer of the problem (P.) and U € Q be an open set. Then, there exists a
positive constant Cy such that, for every xo € U,If:l 0E(k) N Q and By (xo) C U, it holds

P(E(k); By(20)) < Car™ 1.

™=

C;l’l"n_l S

~
Il
-

Moreover, H" ! (Qﬁ UkN:1 0E(k) \ Ui}vzl 8*5(k)) =0 and UkN:1 OE(k) is (n — 1)-Ahlfors-regular.

The strategy of the proof of Theorem 1.1 follows a well-established path. First, we show that minimizers
of (P.) are indeed also minimizers for a penalized problem without constraint (see Thm. 2.1). Afterwards, the
proof follows by combining the upper and lower density estimates for the minimizers of the penalized problem
contained in Theorem 3.2 and Theorem 3.4.

2. FROM CONSTRAINED TO PENALIZED PROBLEM

In the following theorem, we show that volume-constrained minimizers of (P.) are, in fact, unconstrained
A-minimizers of the functional F defined in (1.3) (see Def. 2.2 below). This type of relaxation of the volume
constraint is standard in problems of this nature. To obtain this result, we employ a technique introduced in
[27], which, in our setting, is more intricate and requires a suitable adaptation due to the presence of multiple
chambers.

Throughout this section, we use the shorthand notation |£| = d to mean |E(i)| = d; for every i € {1,...,N}.

Theorem 2.1. There exists Ag > 0 such that if (£,u) is a minimizer of the functional

N N N
1
FalAw) = Z/A(_) ol Va e+ 5 37 P(A@; Q) + A Y [|AG)] - di], (2.1)
i=1 L i=1 i=1

for some A > Ay, among all configurations (A, w) such that w = ug on 0K, then |E| = d and (€,u) is a minimizer
of problem (P.). Conversely, if (€,u) is a minimizer of problem (P.) among all configurations (A, w) such that
w = ug on O, then it is a minimizer of (2.1), for all A > Ayg.
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Proof. The first part of the theorem can be proved by contradiction. We assume that there exists a positive
sequence (Ap)pen such that Aj, — 400, as h — 400, and a sequence of configurations (&, up) minimizing Fa,
and such that u, = up on 9 and |E,| # d, for all h € N. We choose an arbitrary fixed partition & of € such
that |&y| = d. We point out that

]:Ah (Sh,uh) S ]:(50, UO) = 0. (22)

Our aim is to show that there exists a configuration (gh,ﬁh) such that, for h sufficiently large, Fy, (ENh,ﬂh) <
Fn, (En,un), thus proving the result by contradiction.

By condition (2.2), it follows that the sequence (up,)nen is bounded in H*(2), the perimeter of the partition
En in Q is uniformly bounded and |&, ()] — d;, for any i € {1,..., N}. Therefore, possibly extracting a not
relabelled subsequence, we may assume that there exists a configuration (€,u) such that w; converges to u
weakly in H'(Q), 1g, ;) — Lg(;) a.e. in €, where the collection & = {£(i)}X, is a partition of Q and |E] = d.
The couple (€, u) will be used as a reference configuration for the definition of (Eh, ap).

By appropriately rearranging the order of the chambers, we can assume that there exists an ¢ € {1,..., N}
such that |Ex(i)| < d;, for any h € N. Since

N
o lE) =12l = 3 d (23)

we can also assume that there exists j € {1,..., N} such that |E,(j)| > d;, for any h € N.

Let 0 <4,5 < N, i # j. We say that £(i) and £(j) are neighboring chambers, if H"~(£(i,)) > 0. If there
exist two neighboring chambers £(i) and £(j) with |E,(7)] < d; and |, ()] > dj, then we can argue exactly as
in [27] to construct the configuration (€, ). Otherwise we will work with the pair of chambers £(3) and &(5)
with |4 ()] < d; and [Ex(7)| > d5 that are the closest in a suitable sense. More precisely, for 4,j € {1,..., N},
we denote by ¢;; the order of link between the chambers £(7) and £(j) that is defined as the minimum number m
such that there exist chambers £(ky1), - - - E(ky), such that £(i) is neighboring £(k1), £(j) is neighboring &£ (k,,)
and & (k;) is neighboring &(k;41) for any [ € {1,...,m — 1}. We identify 7 and j as the indices of two chambers
such that

(i,7) = argmin{c;; : (i,5) € {1,..., N} |E. (D) < ds, |ER(G)] > d;}. (2.4)

Therefore there exists m € N such that &, (i) and &,(j) are linked through some chambers &, (k1), ..., En(km),
where k¢ € {1,..., N}\ {7,7} and |E(ke)| = dy,, for any £ € {1,..., N}. We may also assume that there is only
one intermediate chamber, i.e. m =1 or equivalently that ¢;z =1 as in the other case the construction can be
carried over in a similar way.

Then, for simplicity, up to relabeling the chambers, we will assume that i =1, j = 3, ¢13 = 1 and &,(2) is
the linking chamber between &,(1) and £,(3), with

En(D)] < di,  [En(2)] =da,  [ER(3)] > ds.

Step 1. Construction of (€, ). Let us choose (01); € R and (03);, such that

(o) € <O,amin{1 'dl_"%(l)”}) (2.5)

on ? nantl

(02)n € (O,min {;n W}) (2.6)
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where o = a(n, N) € (0,1) is a constant that will be chosen later. We fix ¢ € {1,2}. Since the three chambers
are linked, the set 9*E(¢) NO*E(L+ 1) NQ is not empty. Thus, we can take a point xp € 9*E(L) NI*EX +1)NQ
such that

E(C+ 1) N By(ag)| _ 1

p—0+ Wnp™ p—0+ W p" 2
Since
N
| Byl _ 100 B, @)] £+ 10 By Z B, (x0)
Wy p" Wy p" Wy p" i wpp™

there exists 7 € (0, min {M, 1}) such that if 0 < 7 < 7, then

N

> 160) N Bula] < koo™ 27)

— ,
20

for some positive constant x« that will be chosen later and h sufficiently large. By De Giorgi structure the-
orem for sets of finite perimeter, 1ew-», — Ly, in L}, (R™), as v — 0%, where Hy = {(z,vg(p)(21)) < 0} =

loc
{{z, ve(t41)(z1)) > 0}. Let yo € By \ H; be the point
ve) (@) Vepsn (@)

Yo = B) = B)

Therefore, there exists 0 < r < n such that (2.7) holds and

g(f) — Xy 5(6) — Ty 1
T n Bl/g(yl) < g, T N Bl(y[) > W (28)
Setting xj, := x¢ + 7y, from the convergence of &, to £, we have that, for h sufficiently large,
r’ al
[En(0) N Brya(@)] < e, [En(0) N Br(2)] > 5o Z [€47) N Br(we)| < & miny (:)ar™, (2.9)
j#e, £1+1
where k will be chosen later. We remark that, since r < 1, B,.(z1) and B, (x2) are disjoint.
Now we define the following bi-Lipschitz map used in [27] which maps B,-(0) into itself:
1= (@ =1z iffe] <3,
V() =<z + (00 (1 — rn)x if g <|z| <, (2.10)
x
x if || > r.

We denote the corresponding action localized in the ball B, (z}) by

Oy(x) =2y + V(x —1y), VreR™
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In the sequel, we will use some estimates for the map ®, that can be easily obtained by direct computations (see
[27] for the explicit calculations). These estimates are trivial for |z — x}| < r/2, whereas they can be deduced
by the explicit expression of V¥ for r/2 < |z — z}| < r, that is

/

r" n(@—a))ilx —a}), .
g 1— —— 6.5 1,... .
(x) 5z]+(0€)h|:< |x—x2|”>5” +nr 2P , Vi, je{l,...,n}

()i
3xj

There exists a positive constant C' = C(n) depending only on n such that,

Ve, (y) —I|| < C(n)(oe)n, Vy € By(x)), (2.11)
14 C(n)(oe)n < JOy(x) < 14 n2"(00)n, Vo € Bp(x))\ Bz (x)). (2.12)
1-— n(2” - 1)(U£)h S J(I)g(l‘) S 1-— (2n - 1)(0’[);,,, Va € Bg (I}) (213)

Accordingly, for j # £,¢ + 1, we estimate,

[19e(En(7) N Bo@))] = 1€4) 1 Br(ap)]

< / |J®; — 1| dz < n2"(00)n|En(f) N Br(xp)| < n2"k min (o;)pr", (2.14)
En()NB(}) je{1,2}

whenever, for j =, + 1,

’I‘Pe(fh(j) N By (x4))] = |En(5) N By (ay)]

< / |J®p — 1| dz < n2™(00)n|ER(F) N By (z))| < n2™(op)nr". (2.15)
En(I)NBr(zf)

We define
P =D 0Dy, &= {®ELGN)IY,, @y = upo0d7 (2.16)
and remark that ® acts in a non-trivial way only in B,(2}) and B,.(z}), leaving anything unchanged outside
these balls.
Step 2. ® does not modify too much |En(1)] and |ExR(3)].

Let us show that under conditions (2.5), (2.6) on (01)p and (o2)p, it results

[©(En(1))] < du, (2.17)

[2(En(3)) > ds. (2.18)

Since the application of the map ® leaves the measure unchanged outside B,.(x}) U B,.(z5), we can evaluate the
differences in measure solely within B, (2}) U B, (x%). We have that

12 (1)] - 1€n(D)] (2.19)
< ||@1(E0 (1) N Bo(@)))] = [En(1) N Br(ah) | + [|122(E4(1) 1 By (a5)] = 1E8(1) 0 By (@5 (2:20)
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Applying (2.14) and (2.15), by the choice of (¢1);, we deduce
|[@(En ()] < [En(D)] +n2" T (1)n < da.
The same argument can be applied to chamber &, (3) under the transformation by the map ®; that is, we have
19(E4(3))] - | (3)] (2.21)
< [191(E(3) N Bo(w4)] = 1€4(3) N Br(ah)| + ||92(€4(3) N Bo(w5)| — 1€4(3) N Br(ah)] | (2.22)
Using again (2.14) and (2.15), by the choice of (o2), we deduce
DR (3))] > [€r(3)] = n2" T (02)n > ds.

Step 3. The choice of (02)p. In this step we prove that for every (o), as in (2.5) there exists (02), as in (2.6)
such that

|2(E(2))] = do. (2.23)
To this end, we prove that the action of the map ® results in an increase in the measure of £, (2) N B,.(z5) and
a decrease in the measure of &,(2) N B,.(z}), modulated by the parameters (02); and (o1)p,. Precisely we prove

that there exist two positive constants Cy = Cy(n) and C; = Cj(n) such that

G = |@2(4(2)) N B, (ah)| — [€4(2) O By ()] = Cy(m)(o2)nr™, (2.24)
L1 = €4(2) N By ()] — |21(6n(2)) N Bo(ah)] > Ci(n)(on)nr™ (2.25)

With this notation (2.23) can be rephrased
Gn =Ly

Inequality (2.24) is the simplest to prove. Indeed, taking the estimates (2.12) and (2.13) on J®5 and (2.9) into
account, we have that

%z@ﬁﬂ%ﬂ&wmfmumaum:/ (J®y —1)dz (2.26)

En(2)NB,(x})

:/ (J®y — 1)dx+/ (J®y —1)dz (2.27)
En(2)NB (a) En(2)N(Br(24)\ B (25))

> —en(2" — 1)(o2)pr" + C(n) (2(:12 - 5) (o2)nr™ (2.28)

_ <[ —n(2" —1) - C(n)]e + C(n);;> (02)pr™ = Cy(n)(o2)nr™, (2.29)

where ¢ is chosen small enough in such a way that Cy(n) > 0.
To prove (2.25), we first note that by employing exactly the same computations used to establish (2.24), we
deduce that &, (1) increases in measure within B,.(z}). Specifically, we have that

[©1(En (1)) N Br(21)| = [Er(1) N Br(21)] = Cy(n)(o1)nr™. (2.30)
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Since the total measure of the ball B,(z}) is preserved by the map ®; we have that

ﬁ; |®1(En(4)) N Br(21)| = ﬁ; €n(5)) N By (@)l (2.31)
consequently we deduce
€r(2) N By ()| — [®1(En(2)) N Br (1) (2.32)
= |P1(&n(1)) N By (x1)] — [En(1) N Br(25)] + i [1®@1(En(5)) N By (a))] = [Er(5) N Br(1)]] (2.33)
> Cy(n)(01)nr™ — kn(N — 2)27 (o) 1" = [cj;; — kn(N = 2)2")(o1)r™, (2.34)

where we used (2.30) and (2.14). Therefore (2.25) is proved with Cj(n) = Cy(n)/2 if we chose k = Cy(n)/[n(N —
2)2" 1] If we denote with C7™" and C]™ the greatest constants such that (2.24) and (2.25) hold true we deduce
that

|®2(En(2)) N Br(w5)| — 1€,(2) N By (w5)| = C' (n) (02)nr™ (2.35)
[€(2) N Br ()] = [@1(En(2)) N Br(21)| = C7" (n) (01)nr™. (2.36)

Finally we can conclude observing that
Gn— Ln = [C* (n)(o2)n — CJ"(n)(o1)n]r"

" (n)
C;"(n)
that the perturbation defined in (2.16) leads to a decrease in energy, namely

Then (2.23) is proved if we choose (02)p = (01)n. Step 4: Reaching a contradiction. Finally, we prove

Fa,, (Ensun) — Fa, (En,iin) > 0,

which contradicts the minimality of (€, uy). For convenience of notation, we reformulate the energy difference
by setting

Fan (Enyun) — Fa, (Enyiin)

e, )| Vun|* dz — / T, (&n (i) |V (un 0 @7 1) dz
i=1 ¢=1 -/ Br(z}) (z)

F230S [P, Beeh) — P@UE), B(w))]

r(z

+ A Z[th(m = di| = |[®(En ()| — dil]l = I1,n + Lon + I3 p- (2.37)

=1
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Substep 1. Estimate of I 1,. Performing the change of variables y = ®,(x), and observing that 1, i) o ® =
L, (i), we get

L= ZZ/ o) (@) [[Vun(@)? — [Vup (x) 0 VO 1 (@y(2))|*T@e(2)] dr = Ay, + Aoy, (238

i=1 ¢=1 " Br(z})

where A; j, stands for the above integral over B (r}) and Az j, for the same integral over B,.(z}) \ Bz (7). Using
the explicit expressions of V@, ! and J®, which remain constant inside Bz (zy), we easily get

Ay = ZZ/ Ugh(i)|Vuh\2{1 — 1= (e = 1] de >0,

=1 (=1

Inside B,.(x}) \ Bz (x}), even though V@, ! is not constant, we can use (2.11) and (2.12) to obtain

N 2
Ay > / o) | Vun*§1 = [1 = (o0)n (2" — 1)]_2(1 +2"n(o¢)p) p da (2.39)
;z:: B (m/)\B (I/) { }
N 2
> —¢(n) Z (Jz)h/ o, )| Vun|? dz (2.40)
i=1¢=1 By (z)\Br (z})
> —c(n)O((o1)n + (02)n), (2.41)

where we also used (2.2), thus getting
Iip > —C10((o1)n + (02)n), (2.42)

for some positive constant C; = C(n).
Substep 2. Estimate of I . In order to estimate I}, we can use the area formula for maps between
rectifiable sets. If we denote by T,f; the tangential gradient of ®, along the approximate tangent space to

0*Ep (i) in & and (T,f ;) is the adjoint of the map Tf;’;, the (n — 1)-dimensional jacobian of T,f; is given by

T = \/det Tyt) o Tyt ). (2.43)
Thereafter we can estimate
Tna Tyt < 14 (00)n + 2" (n— 1) (00)n. (2.44)

We refer the reader to [27] where explicit calculations are given. In order to estimate I, we use the area
formula for maps between rectifiable sets ([28], Thm. 2.91), thus getting

Mz
Mw

I, = P(En(i); Br(xy)) — P(®e(En); Br(x)))]

=1 Z:l

N
3 [ A aw - [ Ju AT amn!
9*Ex ())NB,(z}) 9*En ())NB,(x)) ’

=1 ¢=1

[ V)
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/ 1 - Jn,le’;) dH"‘l}.
0*EL () NBr ($Z) ’

Notice that the last integral in the above formula is non-negative since @, is a contraction in Bz,

Jn,1T£:; < 1in B, 3, while from (2.44) we have

N 2
ZZ/ (1= Juamih) ann!

i=1 ¢=1 8*En(1)NB, (x%)\Br(xZ)

> —2"n((o)n + (02)n ZP (En(D); Br(x)) = —2"nO((01)n + (02)n)

=: —C2(n,0)((o1)n + (Uz)h%
thus concluding that

Iy > —62(717@)((01% + (02)n)-

hence

(2.45)

(2.46)

(2.47)

(2.48)

Substep 3. Estimate of Is . Taking (2.17), (2.18) and (2.23) into account, we split I3} in three addends as

follows:

Ay s =[|@(ER ()] — En(D)]] + [IER(3)] — |®(ER(3))]]

N
+ > [|IEn()] = di| = [|®(En(#)| — di|] = Byn + Ban + Ban-
=4

We estimate the addends separately. For ¢ > 3, by (2.14) we have

En ()] — di] = [|(En(2))] — di] < [I€n(D)] - |D(E (Z))

< |I1En (@) N By (24)] = [@1(En (i) N Br (@)l + [1€6() N By ()] — [@2(En (i) N

<n2"k min (o;)r".
- je{l,z}( i)

Therefore, we have

Bsp > —n(N — 3)27t! n,
3.0 > —1( ) ff]g{l}g}(%)hr

Regarding By j,, we use (2.30) and (2.14) to get

Bin = [®(En(1))] = [En(1)]

B, (x5))l]

= [1®1(£1(1) N By (2)] = [€(1) N Br(@))[] + [|92(En (1) N Br()| — [En(1) N By (5)]]

> Cy(n)(or)pr™ — n2" (o2)pkr".

(2.49)

(2.50)

(2.51)

(2.52)
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Similarly, we can estimate By j, in B,.(x5) observing that the total measure of the ball B, (z5) is preserved by
the map ®,, that is

N N
Z |@5(E(j)) N Br(2h)| = Z Er(7)) N Br(25). (2.53)

Accordingly, using (2.26) and (2.14), we deduce that

€n(3) N By(5)| — [22(Er(3)) N Br(23)] (2.54)

= [122(6(2) N Br(a3))| = 1E(2) N Br(@o)|] + D [122(En(5)) N Br(ah)| = En(4) N Br(a3)] (2.55)
J#2,3

> Cy(n)(o2)pr™ —n2"(N — 2)/@i€r{{11ig}(ai)hr". (2.56)

Therefore, we can conclude, using again (2.14),

B = En(3)] — [@(En(3))]

— [160(3) 1 B ()| — 92(4(3)) 1 Bo(wh)l] + [1E0(3) 1 Bo(wh)] — 11(60(3)) 1 Bua)]

> Cy(n)(o2)nr™ —n2™(N — 2)/~;ierr{1117r;}(0i)hr” —n2"k(o1)pr"

= Cy(n)(o2)pr™ —n2"(N — 1)%2_61?%%}(0,»);,7"". (2.57)

Finally, combining (2.49), (2.51), (2.52) and (2.57), we conclude that

Iy > Ap[Cy(n) — n2"(N + 1)k ((01)n + (o2)n)r™. (2.58)

Substep 4. The contradiction. Inserting (2.42), (2.48), (2.58) in (2.37), we conclude that
L+ Iop + I3 > [(01)n + (02)n][ = C10 — Ca + AR (Cy(n)r™ — n2™(N + 1)sr™)] > 0,

if kK = k(n, N) is sufficiently small and A, > Ag = Ag(n, N, ©). This contradicts the minimality of (Ex, up), thus
concluding the proof. O

The previous theorem motivates the following definition.

Definition 2.2 (A-minimizers). The energy pair (£, ) is a A-minimizer in Q of the functional F, defined in
(1.3), if and only if for every B, (z¢) C it holds that

N

i=1

whenever (G,v) is an admissible test pair, namely, G is an N-partition of € such that G(k)AE(k) CC B, (xo)
and v —u € H (B, (z9)).
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3. ENERGY DECAY ESTIMATES

We start by proving a fundamental lemma which establishes that, for any ball that is either almost entirely
contained within a single chamber or lies at the interface of only two chambers, the Dirichlet part of the
functional satisfies a favorable decay estimate.

Lemma 3.1. Let (€,u) be a A-minimizer of the functional F defined in (1.3). There exists 1o € (0,1) such that
the following statement is true: for all T € (0,79) there exists €1 = €1(7) > 0 such that if By(x9) CC Q and one
of the following conditions holds:

(i) There exists i € {1,..., N} such that EWNB. o)l ¢ | for any k # i,

[Br(zo0)] ,
(ii) There exist i,j € {l,...,N} and a half-space H such that W < €1,
—l(g(j)%lf();ﬁf(””)‘ <e1 and 7'“?3?&()7(0” < ey, for any k # 1,7,
then
/ |Vu|?dz < Clrn/ |Vul? dz, (3.1)
7—7«(930) BT(mO)

for some positive constant C1 = C1(n, N, ay).

Proof. Let us fix Br(z9) CC Q and 0 < 7 < 1. Without loss of generality, we may assume that 7 < 1/2 and
zg = 0. We start proving (i). We denote by v the harmonic function in Br satisfying the condition v = u on

B\ B:. Let ¢ € HY(B:). It holds that
/ (Vu,Vo¢)dx =0. (3.2)
z

On the other hand, u solves the following equation:

o /B %mg()wu Voyde == ap / (Vu, Vo) da. (3.3)

i BrnEm)

Adding the equation

Q; /Bg\g( )(Vu ,Vo)de = oy Z/ Vu,quS} dz, (3.4)

k#i
o (3.3) and dividing by «;, we obtain

[ uvea -~ Sei-ay [ Guvea

% T ki B%ﬂg(k)

Now we choose ¢ := v — u and we subtract (3.2) from the previous equation, getting

/ vV (v—u)Ide——Z —ak/ (Vu, Vo) dz

z k‘;é’L B% ﬁg(k)
o
<—= [(Vu, V)| dz
Q; ; /Br NE(k)

[N

IA

(/B |V(v—u)|2dx>;,

2

= Z/ |Vu|? de
Qi \ oz / Bz nE(k)
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where we have denoted « := maxy, |a; — ag|. Thus we infer that

2
/ V(v —u)?de < <a> Z/ |Vu|? da.
B ; ki B%ﬁg(k)

Tr

By the higher integrability for quadratic functional, (see for example [13], Lem. 2.2, where an explicit calculation
of the constants is provided)
1,

for some p and C both depending on n,«. Then using Holder inequality, we deduce

/B” V(o —wlde < C (:)2 > (W)lé /B |Vaul? da. (3.5)

ki

|Vu|?Pdr < C(][ |Vu|2dx)p7
B,

r
2

1—1
We choose ¢7 such that e, 7

J

= 7™. Since v is harmonic, we finally get

|Vul|? dz < 2/

|V(v—u)|2dw+2/ |Vo|? da
By

By

2
<Cv (a) T"/ |Vul|? dm+2”+17'"/ |Vo|? da
@ B, B

T

Tr

SC(n,N,a,ai)T"/ |Vu|? dz,
B,

where we have also used the minimality of v.
We are left with case (ii). We denote by v the minimizer of the energy

/ (; 1y + Oéj]lgg\H)‘VUPd;&
B

r
2

with the condition v = u on B, \ Bz. Let ¢ € Hg(Bx). It holds that

:
o / (Vo, V) da + o / (Vo, Vo) dz = 0. (3.6)
BrNH Br\H
2 2
Now we rewrite the equation (3.3).

o / (Vu, Vo) dz + a / (Vu, Vo) do+ 3 ax / (Vu, Vé) dz = 0. (3.7)
B%ﬂf(i) B%ﬂc‘,‘(‘]) B

k#i,j zNEk)
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We decompose

ozi/ (Vu,Vo)dr = ozi/ (Vu, Vo) dz + ai/ (Vu, Vo) dz
3505(1‘) B%mg(i)mH Bg NE()\H
=q; / (Vu,Vo)dz + a; </ (Vu, Vo) dzx

B%QH B%ﬂ:‘:(z)\H

_/Bgng(ijwu,v@ dr— Y /B;mg(k)mH(Vqub) dx) (3.8)

k#i,5

and similarly
Q; / (Vu, Vo) de = q; / (Vu, Vo) dx + aj</ (Vu, Vo) dz
B%ﬂf(j) B%\H B%ﬂf(j)ﬂH
- / (Vu,Véyd— 3 / (Vu, Vo) d:c). (3.9)
By NE(i)\H hoti ) Bz NER\H
Inserting (3.8) and (3.9) in (3.7), we deduce that
ai/ (Vu,Vo¢)dx + 04]-/ (Vu, V) dx (3.10)
Bg NH B%\H
= (o — aj)/ (Vu, Vo) de + (a; — ai)/ (Vu, Vo) dx (3.11)
By nE(j)NH By NE(i)\H

+ Z (ai/ (Vu,Ve)dx + aj/ (Vu, Vo) de — ozk/ (Vu, Vo) dx). (3.12)
By NE(k)NH By NE(K\H Bz ne(k)

k#i,j

Choosing ¢ := v — u, subtracting (3.6) from the previous equation and applying Holder’s inequality, we get

min{a;, o } |V(u—v)*de < max ay / |Vu|2dx+/ |Vul|? dz (3.13)
By k=1..N BrNE()NH By NE()\H
b 1
+ 3 </ \Vu|2dx+/ |Vu|2dx+/ Vu|2da:) (/ V(uv)|2dx>
k+#i,j B%ﬁg(k)ﬁH B%ﬁg(k)\H B%ﬂf(k) B%
(3.14)

Thus

/ |V(u—v)2dx§0(a)</ \Vu|2dx—|—/ |Vu|? dz +
B., By N(£()NH) Bz N(E(i)\H)

Z / Vqux).

k#i,j
(3.15)

Arguing as above, the higher integrability of Vu and Hélder’s inequality yield

1—1
1 E(j))NH)N Bz P
/ V2 de < o [ [ED) . )N By / \Vul? de, (3.16)
Bgﬂ(f(j)ﬂH) | B,

5
p)
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1—1

E(@)\H)N Bz P
/ IVul?dz < cé<|( D\ H) 2') / (Vul? dz, (3.17)

By N(£()\H) |Bz| B,
E(k)N Bz|\'"»
/ IVul?de < CF (I()I) ’ / Vul?de, Yk #1i, .
BznéE(k) |Bz| B,

Choosing &7 such that N 61_; = 7™ and making the same computations as before we obtain the thesis. O

Theorem 3.2 (Density upper bound). Let (£,u) be a A-minimizer of the functional F defined in (1.3). Then,
for any open set U € ) there exists a positive constant Co = Ca(n, N, A, a, ug,U) such that

F(&,u; Br(mg)) < Cor™ 1, (3.18)

for any B,.(z¢) C U.

Proof. Let B,(xg) CU € Q. Let i € {1,..., N} such that o; := minjc(y,. n} a;. We may assume that zo = 0
and ¢ = 1. We define:

F(1):= &) UB,,
M\ B,, Yhe{2,... N}

It holds that
N

N
> P(F(h);Q) =) [P(EM)\ By Q) +H" (0B, NE(R))] =Y _ PE)\ Br; Q) + H* (0B, \ £(1)).

h=2 h=2 h=2

Using the previous equalities, the minimality of (£, u) with respect to (F,u) yields
N | X
S / Va2 dz+ = 3 PER): B, < o / Vul2de + H* (9B, \ £(1)) + 2A| B,|.
2
i B,NE(k) Pt B,
It follows that
| X
5a/ V2 dz+ = 37 PER); By) < cln, AL,
B\E(L) 24

where da = ming—o N (o — a1). We deduce that
N
/ \Vul>dz + > P(E(k); B,) < ¢(n, A, a)r™ 1. (3.19)
This concludes the proof of (3.18) in B, \ £(1).

It remains to prove that the Dirichlet integral decays in the right way also in B, N £(1). This can be proved
by contradiction using a quite standard blow-up argument that we present for the reader’s convenience.
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We prove that there exist 7 € (07 %) and M > 0 such that for every ¢ € (0, 1) there exists hy € N such that,
for any B,.(x¢) C U, we have

/ |Vul? < hor™™! or / |Vul? dz < MT"%/ |Vul? dz. (3.20)
By(x0) By (z0) B;(zo)

Arguing by contradiction, for every 7 € (07 %) and M > 0 there exists § € (0,1) such that for every h € N
there exists a A-minimizer (&, up) of F in Q, with u, = up on 99, and a ball B,, (z;) C U such that

/ \Vup|? de > b~ (3.21)
BT}L (wh)

and

/ |Vuy|? dz > MT”_‘S/ |Vup|? de. (3.22)
By, (xh) By, (@n)

We choose M > 1. Note that, by the same argument as in the first part of the proof applied to (&, uy), estimate
(3.19) holds for each (&, up) with the same universal constant ¢y = ¢o(n, A, @). Combined with (3.21), this yields

N
Z/ \Vup|? dz + P(E(k); By, (z1)) < cor ™' < %0/ |V |? d, (3.23)
g Bry, (xr)NEn () By, (zn)

and so

N
Z/ [Vaup|? dz < %0 Vun|? dz, (3.24)
o ) Bry, (xn)NER (k) By, (@)

for some positive constant cg.
Now we employ a typical blow-up argument. We set

67 ::][ |Vup|? dz
By, (wn)

and, for y € By, we introduce the sequence of rescaled functions defined as

vh(y) = uh(mh + Thy) — ah, with ay, ::][ up dz.
ShTh B, (zn)

We have Vuy,(zp, + rry) = ¢, Vor(y) and a change of variable yields

1
][ Vo (y) 2 dy = 5 Vun ()| dz = 1.
B Sh By, (zn)

Therefore, there exist a (not relabeled) subsequence of {vs }, o and a function v € H'(B1) such that v, — v
in H'(B;) and v, — v in L?(B;). Moreover, the semicontinuity of the norm implies

][ |Vo(y) > dy < liminf][ Vo (y)*dy = 1. (3.25)
B, h—o0 B,
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Let us define the sets

5(/6) — Xp

Er(k) = -

N Bj.

We rewrite the inequalities (3.21), (3.22) and (3.24). They become, respectively,

h
> —, (3.26)
Th
][ |Vvh(y)|2dy > MT_6, (3.27)
N C CoWw.
[ vaPa <P [ TP = (3.28)
k=2 Blﬁf*(k) h B4 h

To achieve the desired contradiction, it remains to show that the sequence vy, cannot fulfill (3.27) and (3.28)
because its limit v minimizes the Dirichlet functional. Nevertheless, to establish a connection between the decay
properties of Vv and Vv, we must prove that the L2-norm of v;, converges to the L2-norm of v. Observe that
(3.27) implies that ¢, — o0, as h — 0.

Since 7 ' P(E;(k); B1) = P(E(k); By, (z1)), by (3.23), we have that the sequence {P(&;(k); B1)}nen is
bounded for any k € {2,..., N}. Therefore, up to a subsequence, not relabeled Lerry = Lex(r) in LY(B,),
for some set £*(k) C By of locally finite perimeter. By semicontinuity we deduce that

/ Te- gy | Vo[ dy < liminf / Le (o[ Von? dy (3.29)
B h—o0 B
.. 2 2 _
< hhlggf(/Bl ]lg;(k)|Vvh| dy + /Bl ]lg*(k)\g;(k)th\ dy) = 07 (3.30)

for any k € {2,..., N}, where we used (3.28) and the equi-integrability of (|Vvh\2)h6N.
By A-minimality of (£, up,) with respect to (£, un + ¢) we get, for ¢ € H} (B, (x1)),

N
San [
k=1 B

N
V> da <) ak/ |Vup, + Vo|* dz (3.31)
k=1 B

rp, (@R)NER (k) rp, (@R)NER(K)

Using the change of variable z = xj, + rpy, we deduce for every ¢ € Hg(By)
N
Y
k=1 B
Let n € C2°(By) such that 0 < < 1. Choosing as a test function ¢, = ¢xn(v — vp,), we deduce that
/ n|Vo,|? dz < / n|Vol? dz (3.33)
Bin&; (1) Bing; (1)

N
+C(a) [Z/ (\vvh|2+|vv|2) dx—|—/ [Vnllv — vp] dx]. (3.34)
Blﬂg;t(k) B4

k=2

N
\gthhF dz < Z ok / lsn Vop, + Vw|2 dz. (3.32)
k=1 B

105;(}{3) 1ﬂ5;(k)
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By (3.28), (3.29) and the strong convergence of vj, to v in L? we deduce that the last term in the previous
inequality tends to zero as h — oo, thus obtaining

limsup/ 77|V11h|2dx§/ n|Vo|? dz. (3.35)
h—+o0c0 J By B

By the arbitrariness of 7 and lower semicontinuity we conclude that Vv;, — Vv in L? and v is harmonic. Thus,
since M > 1, by the harmonicity of v and (3.27) we get

s
][ |Vo|? dy S][ |Vol2dy <1< ~ lim ][ |Vop|?dy < lim ][ |Vop|* dy :][ |Vo|? dy,
B, B M h— o0 B, h—o00 B, B,

which is a contradiction. Once (3.20) is in force, the conclusion follows in a standard manner by applying an
iteration argument (cfr. [11], §2).
We now make the iteration argument explicit. Let

Qmin := min _ ay, Omax ‘= MaxX Qp.
1<h<N 1<h<N

Since (€,u) is minimal with respect to competitors of the form (€,v), with v —u € Hg(Q), by taking v = ug we
obtain

N N
Zah/ |Vu|* dr < Zah/ |Vug|? dz < ozmax/ |Vug|? dz.
h=1 E(h) h=1 E(h) Q

Hence,

/|Vu|2da:§ @/ |Vug|? da.
0 Omin JO

Let B,(x9) C U, and define

_ e
Cy:= max{hoTl nopl ”ﬂ/ |Vu0|2dx}.
Q

Qmin

We claim that

/ Vul2dz < Co 7=Dpm=1 vk e N, (3.36)
Brkr(z )
Assume by contradiction that there exists k& € N such that
/ |Vu|? dz > CorH—Dpn=t
B_k,(z0)

Since Cy > hor!™™, we infer that

/ |V’u|2d$ > / |Vu|2 dx > Cy rhn=1),n=1 > hg (Tk_lr)”_l_
B'rkflw(xo) Bfk,(ﬂfo)
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Therefore, by (3.20) applied at scale 7~ 1r, we deduce

/ |Vu|*dz < MT"_5/ |Vul|? dz.
B_k,.(z0) B_k—1,(z0)

Choosing ¢ € (0,1) in such a way that
M=% < 77l

it follows that

1
/ |Vu|? dz > — / |Vu|? dz > Co k=D (n=1pn=1,
B k-1,(%0) Mr B_k,.(z0)

Repeating the same argument down to scale r, we obtain

/ |Vu|>dz > Cor™™t > @/ |Vug|? de,
Br,a(ilio) Q

Qmin

which contradicts the global estimate above. This proves (3.36). Finally, let p € (0,7], and choose k € N such
that

rhtly < p < TFr.

Then
Co

Tn—l

n—1

/ |Vul|? dz < / |Vul? dz < CorH=Dpn=t <
By (o) B_k,.(z0)
Hence
/ |Vul?dz < Cp™t,
Bp(fo)
for some positive constant

CzC(n,A,amaX,uo,U).

Qmin

Together with (3.19), this proves (3.18).
O

We are now in position to prove that in the neighborhoods where the perimeters of the chambers are small,
the energy F decays in an appropriate manner.

Proposition 3.3. Let (€,u) be a A-minimizer of the functional F defined in (1.3). Then, for any T € (0,1)
there exists eg = eo(T) > 0 such that, if for B.(z) C Q

N
> " P(E(k); Br(wo)) < e2r™ Y, (3.37)
k=1
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then
F(&,u; Brr(20)) < C37™(F(E,u; Br(wo)) + Ar™), (3.38)

for some positive constant C3 = C3(n, N, A, a).

Proof. Let By(zq) C 2 such that (3.37) holds and 7 € (0, 1). Setting

Er-(k) = m7 E =&V, u(y) = r_%u(xo +ry), Vye€ By, (3.39)

r

scaling (3.37) we obtain
P(&.(k); B1) <ea, Vke{l,...,N}.
We need to prove that
F(&Eryup; Br) < 7™(F(Eryur; Br) 4+ Ar).

In what follows, for simplicity of notation, we will still denote &.(k) by £(k) and u, by u and we explicitly
observe that (£(k),u) is a Ar minimizer of F.

n
n—1

n—1
We choose €9 < min {( — ) " D=1 (&51) }, where ¢;p = ¢;p(n) is the constant of the rela-

2crp cip
tive isoperimetric inequality and €1 = €1(7) is as in Lemma 3.1. We first show that there exists i € {1,..., N}
such that
1B\ £(i)| < erpP(E(i); By) ™1 (3.40)
Let us assume by contradiction that the previous inequality is false for any i € {1,..., N}. By the isoperimetric

inequality, we have that

|E(k) N By| < erpP(E(k); By)71, Vke{l,...,N}. (3.41)
Thus, by the choice of €5, and using >, aZ/ (n=1) < (Z & ak)n/ =) for non-negative reals, we get the following

contradiction:

n

N N N n—1

n . wy

|Bl| = E ‘5(/€) ﬁBl| <crp E P(g(]{);Bl)"*l < C[p( E P(E(k),Bﬁ) < C[pEgni < ?
k=1 k=1 k=1

Therefore, (3.41) is proved. We may assume that ¢ = 1 for simplicity. As a consequence we have:
al w
D IER) N Bi| = [Bi| = [E(1) N B = [By\ E(1)| < erpP(E(1); By) 7T < 5> (3.42)

k=2

The isoperimetric inequality yields

|E(k) N By| < erpP(E(K); By)71, VYke{2,...,N}. (3.43)
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Since
" 2T
crpP(E(1); Br)™T = |Bi\ €(1)] Z/ H"H(0B, \ £(1)) dp,
we can choose p € (7,27) such that

W08, \ E(1)) < LT P(E(); By),

H" 1 9*E(h)NOB,) =0, Vhe{l,...,N}.

We set

(1) U BP;

G(1):
=E&h)\ By, Vke{2,...,N}.

&
G(k):=¢&

21

(3.44)

(3.45)

(3.46)

We remark that, (G,u) is an admissible test pair to test the minimality of (€,u) in By because £(k) = G(k)

outside of B, for any k € {1,...,N}. Thus

F(&,u; By) < F(G,u; By) + Arp™.

(3.47)

To eliminate the common contribution in B \Ep in the previous equation we use the following equalities for

the perimeter term:

P(E(k); Br) = P(E(k); By) + P(E(k); B\ By),

P(G(1); B1) = P(£(1); B1\ B,) + H"1(0B, \ £(1)),

N N
Y P(G(h);Bi) =) [P(E(h); Bi\ B,) +H" " (9Bp N E(h))]
h=2 h=2
N
=Y P(E(h); Bi\ B,) + H" (9B, \ E(1)).
h=2

Moreover we observe that the choice of 5 implies that we are in position to apply Lemma 3.1, since

n—1 n=1

IE(h) N B1| < crpP(E(R); B1) ™ <ecrpey™ <wper, Yhe{2,...,N}.
Deleting the common term in (3.47) and applying Lemma 3.1 we conclude:
F(&,u; By) < F(E,u; B,)
<o /B |Vul? dz +H" "1 (0B, \ £(1)) + c(n)Arp"

P

_1
< a1/ |Vu|? dz + CITPe:;‘lP(E(l);Bl)ch(n)ArT”
Bar
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<¢(n, N, a)T"/ \Vu|? dz + ¢(n)7" P(E(1); By) + c(n)Art™
B,

< ¢(n, N,a)T™(F(E,u; By) + Ar).

O

Building upon the previous proposition, we proceed to establish the following theorem, which states a lower
bound estimate for the perimeter of the interfaces of optimal chambers.

Theorem 3.4 (Deunsity lower bound). Let (£,u) be a A-minimizer of the functional F defined in (1.3) and
U € Q be an open set. Then, there exists a positive constant Cy = Cyq(n, N, A, a,ug,U) such that, for every

To € UkN:1 OE(k)NQ and B,(xg) C U, it holds
N

> P(E(k); By(mg)) > Car™ . (3.48)
k=1

Moreover, H" 1 (Q N U]k\]:1 OE(k) \ UkN:1 8*€(k)> =0.

Proof. Since 0*E(k) = 0E(k), for any k € {1,..., N}, it is not restrictive to set o =0 € U,ivzl 9*E(k)N Q. Fix
7 € (0,1) such that 2C37'/? < 1, and fix ¢ € (0,1) such that

920300 < %T) (3.49)
and let rg be such that
Arg < min{ey(7),Co}, (3.50)

where C5, C3 and ¢4 are the constants from Theorem 3.2 and Proposition 3.3. Assume by contradiction that
for some B, C U with r < rg, we have

N
> P(E(k); By (o)) < eao)r" . (3.51)
k=1

By induction, it is straightforward to show that

(VB

F(E,u; Byrny) < e3(r)7% (orr)" 7, (3.52)

for every h > 0. Indeed, for h = 0, using Proposition 3.3 and Theorem 3.2 and conditions (3.49), (3.50) and
(3.51)

F(€,u; Boy) < C30™(Cor™ ™! + Ar™) < 205050 (o) < ex(7)(or)"

Assuming that (3.52) holds for some h, to prove it also holds h + 1 it suffices to apply Proposition 3.3 again
and observe that 2C57/2 < 1, together with (3.50). Indeed, we get

(SE

F(&,u; Byrntr,) < Car™ [52(7')7' (UThT>n_1 + A(m’hr)”} (3.53)

< Cseq(m)T" [T% (cr'rhr)ni1 +orh (UThr)nfl} (3.54)
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< 52(7)2037%72 el (O‘ThT) S 52(7)7’1;1 (aThHr)n_l (3.55)
It follows that
1 N 1
3 Z P(E(k); Byyny) < 2(7)7"(07"7)
k=1

Finally, it holds:

N
P(&E(k); Byrn
2 2im PER): Borir) gy, ooyt =,
p—0+ p" h—+4o00 (UThT) h—+o0

which is a contradiction.
We are left to prove that

N
H"*l( N aem)\ U o€ ) (3.56)
k=1
By the lower bound (3.48), we get
(Upz, 0°E(k)) N B
lim sup (Ui 1( ) a) (3.57)
r—0+ rn-
n—1 o*& B N
= hmsupz A (7)1 (@) _ hmsupz - (z)) >0, Vxe U 0E(k) N K. (3.58)
r—0t T rn r—0+ rn k—1
On the other hand, by density property of H"~!-measurable sets with finite measure, see [28], (2.42),
H (U, 9°E(k)) N B, N
lim sup (Ui _1( ) (z)) =0, forH" lae x¢ U 0*E(k) N,
r—0+ rn b—1
thus (3.56) follows. O

3.1. Conclusion

Theorem 1.1 summarizes the results obtained in Theorems 3.2 and 3.4, and is a direct consequence of them.
We emphasize that the result concerns the union of the interfaces, but does not necessarily imply any regularity
for the boundary of a single chamber. We believe that such a result could be achieved provided a suitable
infiltration lemma were available. Specifically, if certain chambers of a minimizing partition occupy most of the
ball Ba,(x), then they must entirely fill the smaller ball B,.(z) (cfr. [29], Lem. 30.2 in the case of clusters).
Establishing such a lemma, however, appears to be non-trivial due to the lack of sufficiently strong decay
estimates for the Dirichlet bulk energy. However, its validity would represent a major breakthrough, potentially
leading to more significant geometric insights into the chambers and, hopefully, to the regularity of the interface.
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