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A LARGE MULTI-AGENT SYSTEM WITH NOISE BOTH
IN POSITION AND CONTROL

GI1USEPPE D’ONOFRIO'® AND ANDERSON MELCHOR HERNANDEZ>*

Abstract. In this work, we consider a multi-population system where the dynamics of each agent
evolve according to a system of stochastic differential equations in a general functional setup, deter-
mined by the global state of the system. Each agent is associated with a probability measure, that
assigns the label accounting for the population to which the agent belongs. We do not assume any
prior knowledge of the label of a single agent, and we allow that it can change as a consequence of
the interaction among the agents. Furthermore, the system is affected by noise both in the agent’s
position and labels. First, we study the well-posedness of such a system and then a mean-field limit, as
the number of agents diverges, is investigated together with the analysis of the properties of the limit
distribution both with Eulerian and Lagrangian perspectives. As an application, we consider a large
network of interacting neurons with random synaptic weights, introducing resets in the dynamics.
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1. INTRODUCTION

Mean-field analysis stands as a formidable mathematical tool employed to investigate large-scale systems
characterized by a multitude of interacting components. These components may take the form of particles,
agents, or individuals, and the methodology behind mean-field analysis allows the study of emergent behaviors
at a collective level. Over the years, mean-field analysis has evolved into a versatile tool, finding applications
across a diverse range of scientific disciplines. In physics, it has been instrumental in understanding phase
transitions and collective phenomena in self-driven particle systems, as exemplified by the work of Vicsek et al.
[1]. In the domain of economics, mean-field game theory, as developed by Lasry and Lions [2], provides a
framework for analyzing strategic interactions among a large number of agents. Moreover, the insights garnered
from mean-field analysis have proven invaluable in the field of neuroscience, enabling the study of emergent
properties arising from the complex interactions of a large number of neurons (see for instance [3-7] just to
name a few). More recently, these tools are being used in the context of machine learning and artificial neural
networks [8, 9]. In economics, it is customary to refer to mean field games, where the term denotes the analysis
of the average behavior of a large number of players or agents. The evolution of such models is typically studied
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using the so-called Hamilton—Jacobi—Bellman equations, often coupled with a Fokker—Planck type equation
[10, 11]. In all these models, the interacting agents or individuals are assumed to belong to different species
without explicit spatial dependency. In most cases, this assumption arises due to the low abundances of agents
or individuals, which can disrupt the convergence towards a limit model or introduce stochastic properties in
the final model, as discussed in [12], Remark 2.7.

In this work, we consider a stochastic population model where an agent located at position 2 € R¢ is associated
with a probability measure A supported in some compact metric space (U, dy). Usually, we represent U as a set
of labels accounting for the population to which the agent belongs. In particular, to describe the time evolution
of the system, we consider for each agent ¢ a stochastic differential equation (SDE) of the following form:

AX(t) = van (X¥(1), N (1))dt + V20d B'(t) (1.1)

where the position X at time ¢ is driven by a velocity field vpAN, tE [0, 7], where AY is the empirical measure

% Ziil d(xi (1), (¢)) and A\’ is the probability distribution of labels for the agent i. Furthermore, the dynamics
of \! are given by the differential equation

AN () = Ty (X7 (1), N (D), (1.2)

where ‘IA?’ is a driving operator (the precise setting of the involved functional spaces is given in Section 2).
The term A’ expresses the probability that the agent 4, at a certain moment in time, has a certain label, i.e.
belongs to a subset of U. Indeed, we do not assume any prior knowledge of the label of a single agent, and we
allow that it can change as a consequence of the interaction among the agents, like in [13]. Recently, in [14],
the authors studied a model similar to (1.1). However, in their study, A’(¢) is given as the solution of non-local
continuity equation. In such a situation, the pair (law(X*(¢)), A\(t)) represents a system of agents divided into
two categories. The probability law of X%(¢) represents an uncontrolled population called followers, while A (t)
represents the controlled population called leaders. It is important to notice that in our case, the effect of the
noise in the variable X*(¢) affects the behavior of \i(¢) by means of the velocity field T, and thus we need to
study the well-posedness of the system given by (1.1)—(1.2). For a similar model without diffusion, we refer to
[15]. The idea of a multi-agent model, where individuals are equipped with strategies and influenced by diffusive
effects, was previously explored in [16] (see also [17]) as an extension of [18]. Here, we develop the study more
in the spirit of [13]. In model (1.1)—(1.2), we consider the sequence (B(t));en, t € [0,T], as a set of independent
Brownian motions. The characteristic feature of this model is that, in the limit, we obtain a continuity equation
where a diffusive part is developed. Here, we assume o > 0, as the case 0 = 0 has already been studied in some
previous works, such as [13, 18, 19]. Furthermore, for the sake of generality, we are mainly concerned with local
regularity properties of both vAi\”(‘TAi\]’ that is, both fields do not admit a global Lipschitz constant, and thus
we need to enforce our hypotheses by considering a further sublinearity property of the fields in the involved
arguments.

In the mean-field limit, we study also the time-regularity of the limit of the sequence of the empirical measures
as a solution of an evolution equation. In doing that, we make use of the concept of Eulerian and Lagrangian
solutions.

The model (1.1)—(1.2) straightforwardly can be used for various applications just reinterpreting the role
of the agents and the controls (labels). As an applications of the previous model we consider a system of
interacting neurons whose synaptic weights, that describe the influence that a neuron has onto the others,
follow a certain distribution in the spirit of neuronal networks with random synaptic weights [20-22]. In this
context, that belongs to the class of noisy integrate-and-fire models, the stochastic process X* describes the time
evolution of the membrane potential of a neuron receiving the inputs from the other neurons in the network
it is embedded in. These contributions are summarized in the drift part of (1.1) according to the velocity field
vp~ until the membrane potential reaches a physiological value X triggering a spike. As a result of this spike,
which is assumed to occur instantaneously, the membrane potential of all the other connected neurons receives
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a contribution. Afterward, the dynamics of the spiking neuron restart from the resting state Xg. The strength
of the interaction/contribution between neurons and its evolution is described through a general operator TanN
that is perturbed by a random effect of the environment, being it dependent on X*.

It is important to note that model (1.1) assumes that the global dynamics of X*¢ does not exhibit resets.
Therefore, for neuronal modeling, here we include the feature of the spike generation; that is, we consider the
system

t
Xit) =X +/O uan (X*(s), X'(s))ds + V20 By, if X*(t7) < XF,

Xi(t) = Xg, if X'(t7) = Xp, (1.3)

MN(t) = N +/O Tay (X%(s), \'(s))ds,

where X is an additional parameter describing the spiking threshold and Xp is the reset value (resting
potential).

Here, we are particularly interested in the following case. Let us consider a measurable function o : U x Y — R,
and define T:Y x #1(Y) — % (U) as follows:

T(y, ¥) ::/éa(-,z)d\ll(z), such that /{J/ga(u,z)dlll(z)d,u(u) =0,

,LL('LL) = Z/Bk(suk? Uk 6 U7 /Bk 6 R;

k>1

where 1 € M(U) defines a signed measure. Furthermore, we consider a Lipschitz velocity field b : R¢ — R?, and
set vy : Y — R, (x,\) = b(x). The functional form of T is of great generality and contains, as special cases,
the random synaptic weights seen as constants, Bernoulli or Gaussian random variables considered in previous
works [20, 22-24].

Moreover, since weight distributions in real cortex have been observed to be broad, neurons can belong to
different subgroups with different behaviors. The variance of the temporal fluctuations of the input currents
may be large enough to endow the network with its own source of variability (see [25] for an exhaustive review).
Therefore, in Section 4.1, we consider a heterogeneous population of neurons. In mathematical terms, this
translates in an additional source of noise in equation (1.2), namely

() = A +/0 Tan (X'(s),A'(s) + R(s)) ds,

with R(t) = ey anWh(t)en, where (W (f))nen is a sequence of independent Brownian motions, (ap)nen is a
sequence of non-negative numbers such that ), a,% < 400, and (ep),, is a proper sequence of signed measures.

For all these models, we prove the well-posedness of the coupled SDEs and discuss the link between Eulerian
and Lagrangian solutions of (1.1)—(1.2). Finally, for (1.3) we show the qualitative behavior in the one-dimensional
case using simulations.

Classical models of large neuronal network can be studied also using a diffusion approximation, which,
however, requires that the frequency of the inputs is high, but their amplitude is small (see [26]). Mean-field
theory is a device to analyze the collective behavior of such a dynamical system without these requests as long
as the number of interacting particles is high. The theory allows to reduce the behavior of the system to the
properties of a handful of parameters. In neural circuits, these parameters are typically the firing rates. In this
context, we are often interested in the properties averaged across the distribution of possible weights [27-29] and
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in the limit of infinite network size [30, 31]. Some important properties, such as the existence of a sharp phase
transition or synchronization, are only obtainable in this limit. However, fluctuations are sometimes so high
that care must be taken in the averaging process, as in the case of multiplicative noise; see [32]. For this reason
we introduce sources of noise in the network itself. This goes also in the direction of addressing the modeling of
synaptic plasticity, where the synaptic weight itself is a random process evolving in time, as suggested in [33].

The paper is organized as follows: in Section 2 we introduce our notation and we recall some preliminary
results. We describe the multi-agent system described by coupled SDEs with noise both in position and labels
along with the relative assumptions and a description of the spaces in which we are working. The main results
on the well-posedness of the considered system, along with comments on the properties of the mean-field limit,
are stated and proven in Section 3. In particular, we develop the mean-field description using both the Eulerian
and Lagrangian approaches to study the time regularity of the limit distribution. Finally, in Section 4, we
consider a large network of interacting neurons whose activity is described by the aforementioned system, both
for homogeneous and heterogeneous populations of neurons. This model exhibits jumps, and the corresponding
well-posedness results are provided.

2. THE MODEL

In this section, we will provide a detailed overview of the model, including a comprehensive description of all
the tools used and the key assumptions it is based on. In details, Subsection 2.1 introduces some preliminaries and
notation, while in Subsection 2.2 we provide the functional spaces needed for our purpose, and in Subsection 2.3
our assumptions. Furthermore, in Subsection 2.4, we recall the notion of Eulerian and Lagrangian solutions.
Subsection 2.5 is dedicated to the particle system and to the notion of strong solution for SDEs.

2.1. Preliminaries and notation

Let (X, dx) be a metric space, we denote by M(X) the space of signed Borel measures with finite total varia-
tion, by M4 (X) and (X)) the convex subsets of nonnegative measures and probability measures, respectively.
For 0 € M(X), |o| € M, (X) denotes the total variation measure of o. We shall also use the notation Mg (X)
for the subset of measures with zero mean. Given a metric space (X, dx), we consider the Lipschitz space

Lip(X,dx) ={¢: X > R|IFL>0:Vz,y € X |¢p(z) — ¢(y)| < Ldx(z,y)}.

For a continuous function ¢ € C'(X) we denote by

TAY

its Lipschitz constant. In the next, we endow Lip(X,dx) with the Lipschitz norm [|@||;, := sup,ex [¢(z)| +
Lip(¢). Given a measure u € My (X), (E,dg) another metric space, and f : X — F a py-measurable function,
we shall denote by fx € M (E) the push-forward measure, having the same mass as p and defined by fxp(B) =
u(f~Y(B)) for any Borel set B C E. We often use the change of variable formula

/Egdf#/t=/X90fdu

whenever either one of the integrals makes sense. In a complete and separable metric space (X, dx), we shall
use the Kantorovich-Rubinstein distance Wi(+,-) in the class & (X). For uy, ue € My (X), the 1-Wasserstein
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distance W1 (1, po) is defined by

Wi (g1, p2) := inf {/ dx (x1,x2)y(dx1,dxs)| v € F(Mhuz)}
XxX

where I'(u11, 12) is the set of admissible coupling between 11 and po. It is worth to recall that due to Kantorovich
duality, one can also consider the following definition

Wi (1, p2) := sup {/X ¢d(p1 — NQ)‘ ¢ € Lip(X, dx),Lip(¢) < 1} :

Notice that W1 (u1,v1) is finite if pq, 1 belong to the space
P1(X) = {u € @(X)‘/ dx(z,T)dp(z) < oo for some T € X}.
X

Note that (H1(X), W;) is complete if (X, dx) is complete. Moreover, by [34], Theorem 2.2.1 the following
holds true: a sequence (u,) C 1(X) converges to u € (X)) with respect to the Wasserstein distance Wy if
and only if, for all ¢ € Lip(X,dx),

[ooann=3 [oan [ dxCadn, = [ detoaan
X X X X

Suppose that E is a Banach space, the notation C} (E) will be used to denote the subspace of C,(E) of functions
having bounded continuous Fréchet differential at every point. Hence, we make use of the notation Dy to denote
such a Fréchet differential. Let 7" > 0, in the case ¢ : [0,T] x E — R, we make use of the symbol % to denote
the partial derivative with respect to the variable ¢ € [0, T], and D will only stand for the derivative with respect
to the variables in F.

2.2. The framework

In what follows, we are interested in studying SDEs on Y, where Y := R? x 2 (U). The state space of our
system is given by pairs (z,\) =y € Y. Here x € R% denotes the spatial component of an agent, whereas the
element A € Z(U) denotes a probability distribution over the space U, which we assume to be a compact metric
space. It can be interpreted as a space of strategies [13, 18].

We now consider a compact metric space (U, dy), and consider the set .#(U) defined as

F(U) = span(2(0)) =
as the closure in the dual space (Lip(U, dy))* with respect to the dual norm
1l = sup {(€.0) : ¢ € Lin(U, dv), [l < 1}
The space .# (U) is the so-called Arens—Eells space introduced in [35]. This is a separable Banach space containing
M(U). Furthermore, for a measure v € My, the ||-||5;-norm is equivalent to the norm induced by the dual

formulation of the 1-Wasserstein distance.
On the other hand, note that M(U), when endowed with the total variation norm

llo||py = sup {/Ucéda e CU), |9 < 1}
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has the structure of Banach space, isometrically isomorphic to the dual of C(U). We will also use the
representation formulas

ooy = o] ) = sup { /U odo : 6 € By(U), 9] < 1}

where By,(U) denotes the class of bounded Borel functions ¢ : U — R. Furthermore, we have by Kantorovich
duality that

a1 = 2l < Wi (s 2) < (14 Do) s = pia (2.1)

where Dy = min,, ey max,, cv du (2o, 1) < diam(U), and diam(U) denotes the diameter of U.

In the next we need to consider the space & = R? x .Z(U) endowed with the norm ||y||o = ||(z,0)| s =
|z| + ||o || g,, which is a separable Banach space. For y € Y and ¥ € 27 (Y), we consider the vector field by : Y — &
defined as

boti) = (31). (22)

The first component of by is a velocity field in R? determined by the global state of the system ¥; the second
component is expressed in terms of an operator Ty : Y — & which sees the location of agents around V.

For a given R > 0, we denote by Bp the closed ball of radius R in R¢ and by B?é{ the ball of radius R in Y,
that is, B} = {y €Y : |y, < R}.

Remark 2.1. Since U is assumed compact, by [34], Corollary 2.2.5 Z(U) is compact and thus Y is a locally
compact space. Therefore BY is a compact set. Since Y C &, for any ¥ € Z(Y) we may define

(@)= [yl av
Hence,
21(Y) ={¥ e ZY): m(¥) < +o0}.

2.3. Assumptions

We assume that the velocity field vy : Y — R satisfies the following structural assumptions:

(A1) For every R > 0, for every ¥ € Z2(BY), vy € Lip(B}; R?) uniformly with respect to ¥, that is, there
exists a positive constant L, r such that

e (y") = ve ()| < Lor [y — 4| . 5

(A2) for every R > 0, for every ¥ € Z(BY), there exists a positive constant L, g such that for every y € BY
and for every W', U2 € 2(BY)

lver (y) — ve2 (y)| < Ly gW1 (¥, ¥?);
(A3) there exists M, > 0 such that for every y € Y and for every ¥ € Z2;(Y) there holds

[va (y)] < My (1 + [lyll ¢ +ma (V).
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The assumptions on the operator T are the following. For ¥ € &2, (Y), the operator Ty : Y — F(U) is such that
(B1) for every (y,¥) € Y x P1(Y), constants belong to the kernel of Ty (y), that is

(Te (), 1) 20, Lip(r) = 05
(B2) for every (y, V) € Y x H1(Y), there exists a positive constant Ms such that
[Te () llp, < My (1 + [z] +m1(¥)), where y = (z, A);
(B3) for every R > 0 there exists a positive constant Ly g such that for every (y*, U1), (y2, ¥2) € B} x 2(BY),
1Twr (") = Toz ()|, < Lore ([ = 7l + Wa (W7, 99)) ;
(B4) for every R > 0 there exists §p > 0 such that for every (y, ¥) € B} x 2;(Y) we have
To(y) +drA > 0, where y = (z, \).

Remark 2.2. Let us give some comments about our assumptions. Let us observe that by (A3) and (B2) Ty (y)
is continuous with respect to the BL-norm, and thus by [18], Section 2.2 the integral form in (1.3) for A\'(¢)

makes sense. More precisely, let us consider 0 < s < ¢. Notice that for each ¢ = 1,..., N, we have by (B2), and
Jensen inequality that

2

E‘/ Tq,{V(Xi(T)’Ai(T))dT S(t—s)/ ]E(Mg’ (1+|Xi(r)|+m1(A£.\7)))2dr.

BL

Applying (A3) we get that E [ |X*(s)[*ds < CT for some positive constant C' (this follows from (3.7) below),
and my(AY) < +oo for all 0 <r < T (see (3.6) below), then

2
< CT(t—s)?

°
BL

/ Ty (X (r), A (r))dr

for some positive constant C.

Let us observe that assumptions (B1), and (B4) are needed to ensure that the displacement \ + i‘T\y(x, A)
defines a probability measure. Furthermore, note that & (U) is a convex weak-star closed subset of M(U),
corresponding, via the dual representation of M(U), to the class of non-decreasing functionals G : C(U) — R
with G(1) = 1. Hence, we can extend A+ i(‘T\p (z,A) : Lip(U) — R to a positive linear functional A+ =Ty (z, A) :
C(U) — R. More precisely, observe that for all ¢ € (Lip(U))’, the dual of Lip(U), the duality pairing?) satisfies

|, )| < I flle (95 1) for all f € Lip(U).

Since Lip(U) is dense in C(U), we may take ) = A + i‘f\p(x, A), and extend it to C(U) by the Riesz repre-
sentation theorem; in particular, it belongs to (C(U))’. Assumption (B4) implies that (Tg,1) = 0. Therefore
¥(1) = (A, 1) = 1, and thus v € M, (U) is a probability measure. Therefore, based on this observation, we can
obtain the well-posedness of (2.9) as a consequence of Proposition 2.3 below. It might seem that introducing the
Banach space .# (U) is unnecessary, since the trajectories of A(¢) never leave &2(U). However, the well-posedness
of (2.9) relies on a theoretical result that is established only in Banach spaces; while (£71(Y), Wy) is merely a
metric space. For this reason, we extend the dynamics to & in order to exploit this Banach structure, and we
regard Y as a convex closed subset of &.
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Proposition 2.3 ([13], Prop. 3.1). Fory € Y and ¥ € 21(Y), define by (y) as in (2.2). Assume that vy : Y — R?
satisfies (A1)-(A8) and Ty : Y — F(U) satisfies (B1)-(B4). Then the following hold true:

(i) for every R > 0, for every ¥ € P(BY), and for every y',y? € B, there exists a positive constant Lg
such that

6w (y') = ba (v o < Lr|ly' —v*||4;

(i3) for every R > 0; for every W', W2 € 2(BY), and for every y € BY, there exists a positive constant Lg
such that

by (y) = bwz ()]s < LeW: (T, T2);
(iii) for every R > 0, there exists > 0 such that for every y € B} and for every ¥ € P(B})
y+0by(y) €Y;
(iv) there exists M > 0 such that for every y € Y and for every ¥ € P21(Y) there holds

16w (W)l < M(

e tmi(¥)).

2.4. Eulerian and Lagrangian solutions

Let us discuss the concepts of Eulerian and Lagrangian solutions in the context of studying the asymptotic
behavior of a system like (1.1)-(1.2) as N — +o00. Let us first recall the notion of Eulerian solution. In the next,
given a sufficiently smooth function ¢ : Y — R, and generic ¥ € £21(Y) we define the operator

Lyp(y) = aTr(Dyyp(y)) + (bw, Dyp(y)) (2.3)

where by is defined according to (2.2). In the next, we make the following important assumption about L.
(C1) Let us suppose that there exists 7 > 0 such that for each ¥ € &, (BY), Ly : Dom(Ly) C Co(Y) — Co(Y)
is densely defined, a dissipative linear operator such that for some n > 0

Range(nl — L) = Co(Y).

Here, we denote by Cy(Y) the space of continuous real-valued functions on Y vanishing at infinity. That
is, ¢ € Cp(Y) if it is continuous and for all € > 0 there exists a compact set K. C Y such that |p(y)| <e
for all y ¢ K..

Definition 2.4. Let A € C°([0,T]; (£1(Y),W1)) and let A € Z(Y) be a given compactly supported initial
condition. We say that A is an Eulerian solution to the parabolic equation

d
e+ LR, () =0, (2.4)

starting from A if and only if for every ¢ € C}([0,T] x &),

[ etenanin - [ w.narm = [ [ (oo +£neton) anas 25)
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where Lf\t denotes the dual operator of £,,. Notice that for us ¢ will be always a function which does not
depend on ¢, and then its time derivative is not needed in (2.5). Notice that our operator £y can be related to
an SDE.

Remark 2.5. Suppose that we have a generic Brownian motion (E(t))te[oj] defined in a complete probability
space (€2, {F;}ieo, 17, P). Let us consider the equations

X(t) = X + /t vA(X(s),\(s))ds + V20 B(t),
0 (2.6)

A(t) = 2o + / TA(X (5), M(s))ds,

where X (0) = Xy € L2(Q;RY), \g € L%(Q, 2(U)) are the initial conditions for (2.6). Since & is a separable
Banach space, thanks to It6 calculus, we can express Ly in a more specific manner. Indeed, suppose that
©:Y — Ris a C%(Y) function. Then by the Ité formula for dp(X (t), A(t)) one has:

dp(X (1), A(t)) = V(X (2), A(£))dX (t) + Dap(X (), A(t))dA(t) + oA p(X(2), A(t))dt

where D) denote the Frechét derivative with respect to the variable A, and (X (¢), A(¢)) is the solution of (2.6)
above. By taking the integral with respect to the time variable, and the expected valued with respect to P, we

obtain that
L () dpny) - A y)dpo(y / / Do), bu () pa(y)ds

+0/0 /yAww(y)dus(S)dS-

Hence, we obtain

Lop(y) = 0lz0(y) + (bw, Dye(y)) -

Our assumption C1 guarantees the existence of a strongly continuous semigroup of contractions on Cy(Y). In
general, this can be proven when the first differential equation of (2.6), has the following structure

dX () = (AX(t) +va(X (1), A(1)))dt + V20dB(1),

where A : R? — R? is the infinitesimal generator of a strongly continuous semigroup. However, in our case A = 0,
and thus results such as [36], Proposition 2.8, which establish that right processes and strongly continuous
semigroups with generator Ly are associated in the sense of Dirichlet forms, cannot be applied. Moreover,
results such as [37], Theorem 7.7, which establish the existence of solutions to (2.6), cannot be applied either.

Before recalling the definition of Lagrangian solution, we recall a further important concept.

Definition 2.6. Let us fix T > 0, § € Y, and (B(t))se[0,7] be a R%-valued Brownian motion. The transition map
FA(t,s,7) associated with the equation (2.6) above, where the initial condition is replaced by (X (s), \(s)) =¥
is defined through

Fa(t,s,7) = (X(t),\(2)), (2.7)

where (X (t), A(t))se[o,7) is the unique solution to equation (2.6) driven by (B(t))iefo,11-
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We now recall what a Lagrangian solution is for an equation of the form (2.4).

Definition 2.7. Suppose that A € CO([0,T]; (Z1(Y), W1)) and let A be any given initial condition for (2.4).
We say that A is a Lagrangian solution to (2.4) starting from A if and only it satisfies that

Ay = Fp(t,0,-)2A for every 0 <t < T, P-as.,

where F,(t,s,y) are the transition maps as defined in (2.7).

Remark 2.8. Observe that the measure A; can be seen as the action of the evaluation map ev; which can be
defined as follows. We set for each t € [0, 7] the evolution map ev; : C°([0,T]; (Z1(Y), W1)) — P1(Y) as

evi(A) == Ay, for all A € C°([0,TT; (221(Y), Wy)). (2.8)

In general, notice that the definition of the evolution map ev; can be defined in C°([0,7]; E), where E is a
generic Banach space, see [18].

2.5. The multi-agent system: Strong solutions for SDEs

In this part, we introduce the model and we recall the notion of strong solutions for SDEs. Let us fix T > 0,
o >0, and for N € N we consider N independent and identically distributed R%valued Brownian motions
(B})tejo,r)- In what follows, we consider a particle system of N agents evolving according to

Xi(t) = Xi + /O van (X(s), X(s))ds + V20 B,

. . t . . (2.9)
V() =2+ [ Tay (X (6), N (5))ds,
o
where X(t) € R%, \i(t) € 2(U) for each i = 1,..., N, and
LN
A){V = N Z 5(Xi(t)))\1,(t)) (210)

i=1

is the empirical measure associated to the system. Since in this part N is fixed, we use A; rather than AN
if confusion does not occur. We introduce the vector-valued variable y = (y',...,y"¥) € YV c &V, which we
endow with the norm

1oL,
lyllon = 5 2 llo'lls -
i=1

The natural space to study the well posedness of the system described through (2.9) is &V. However, notice
that YN := (RHN x (2(U))N, and &N = (RN x (F(U))N can be also endowed with the same norm ||y +,
making them more convenient spaces to analyze such a system. In what follows, we consider X := (AL,... A\N) €
(2U)N,and X = (X',..., XN) € (R)N. For each ¥ € 2, (Y), we consider the map v} : YN 5 (RN which
is defined through

o (X, A) = (0o (X5 AL, . vg (XY, AN).
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Furthemore, we define the map TY : TR (ZFU)N as
TY(X,A) = (Te (XY, . Te(XY,AN)),

and we set B(t) == (B(t),..., BY(t)) as the d x N-valued Brownian motion. Then we write (2.9) in the compact
form

X(t)=Xo+ /t o (X (), A(s))ds + V20 B(t),
0 (2.11)

A(t) = Ao + /0 TN (X(3),A(s))ds.

In the next, we suppose that X € L2(Q2; (R)N), and \g € (21 (U))¥ for all N € N. Since the above is an SDE,
we now recall what a strong solution is for (2.11).

Definition 2.9. Suppose that (22, 2, P) is a complete probability space endowed with the o-algebra generated
by (B(t))eo,r) and that we denote as (F;)iecpo,7]. We say that an &~-valued predictable process Y (t) =
(X (t),At)), t € [0,T] is a strong solution of (2.11) if Y (¢) satisfies P-a.s. (2.11), and it has a continuous
version.

Let (X,dx) be a metric space. We denote by L?(X) := L?(2 x [0,7]; X), and we endow it with the norm

T
1Yl 2 (x) =E (/0 1Y (s)]1% ds) . Y e L*(X). (2.12)

Further, we set M2 (X) = L2,(Q x [0,T]; X) as the space of adapted processes with respect to the o-algebra
(Ft)tefo,r) with values in X, and such that the norm (2.12) is finite.

Remark 2.10. In this work, we discuss the well-posedness of system (2.11) for every choice of initial condition

(Xo0,X0) € 9N . Furthermore, we are interested to looking forward the existence and uniqueness of solutions
Y e Mz, (YY),

3. MAIN RESULTS
In this section, we collect our main results. In the next Theorem, we study the well-posedness of (2.9).

Theorem 3.1. Let us fix a filtered probability space (2, %,P) endowed with a complete filtration (F)epo,r)
generated by the Brownian motion (B(t))icpo,r. Assume that for every y € Y and ¥ € Z1(Y) the velocity
field vy : Y — RY satisfies (A1)-(A3), and the operator Ty satisfies (B1)-(B4). Then, for every choice Yo =
(X0, Xo) as initial condition of (2.11) such that Y, € LZ(QN), the system (2.11) has a unique solution Y that
belongs to M2, (QN)

In the next theorem, we prove that Eulerian solutions are also Lagrangian solutions.

Theorem 3.2. Let © > 0 such that condition (C1) holds true. Furthermore, let us suppose that A €
CO([0,T); (21(Y), W1)) and let A be any given initial condition for (2.4) with A € Z2(BY). Moreover, sup-
pose that A is an Eulerian solution to (2.4). Then A € C°([0,T); (#(B?),W1)), and it is a Lagrangian solution
for (2.4).

Our next result states the existence of a Eulerian solution for equation in (2.4), and it can be related to the
mean-field limit of system (2.9).



12 G. D’ONOFRIO ET AL.

Theorem 3.3. Let v > 0 such that condition (C1) holds true, and let A € 2(BY) be a fived initial condition.
The following hold true:

(i1) there exists a unique Eulerian solution {A; : t € [0,T]} in the sense of Definition 2.4 to (2.4) starting from
A.
(i2) Suppose that AV

+ Zi\;l by~ is a sequence belonging to 2 (BY) such that

. ~N —
Jim W@ 5) =o.

Then for all t € [0,T]

Nlililm Wi(AN,A) =0 P —a.s.,

and where AN are the empirical measures given by (2.10) related to the unique solution of the system given
by (2.11) with initial datum {g™*}.

We start by proving Theorem 3.1. Let us remark that we cannot guarantee a priori that A; for ¢ > 0 is
composed of independent and identically distributed random variables due to assumption (C1). Thus, approx-
imating the system (2.11) using the propagation of chaos, as proposed by Sznitman (see [38]), might not be
possible. Indeed, one needs a system of couples (Yl(t), X ), -, (YN (t),XN(t)) of independent and identically
distributed random variables sufficiently close to (2.11) in the sense of [39], Definition 4.1. This, in fact, requires
further knowledge on the structure of v, and J satisfying (A1)—(A3), and (B1)—(B4), respectively. For a self-
contained review of the propagation of chaos approach, see also [40]. Hence, our proof relies on Corollary A.2,
which helps us overcome the local properties of v, and J. Nevertheless, we need to construct probability mea-
sures A, (t), n € N, which are necessary to obtain the solution of (2.11) by means of the Picard iteration method.
This convergence issue, in the case of an equation like (2.11) with additional infinite-dimensional white noise in
the second equation, requires a deeper analysis, which we postpone to future work.

Proof of Theorem 3.1. We prove this result by making use of a Picard iteration, and Corollary A.2. For each
n € N, let us consider for any ¢ > 0 but fixed, we set ga, (X, (1), An(t)) = Ap(t) + 9‘3’% (X n(t), An(t)) where

X,op1(t)=Xo+ /O v (Xn(8), An(s))ds + V20 B(t),

t 1 t s—t
Ara(t) = ¢ Ex0+ 5 [T g (Xa(9) Au(s))ds, (31)
0
X = X,
)\0 = XO

Notice that for each n € N, A,, € (Z(U))". Indeed, since
98, (Xu(t), Mn(1)) € (2(U))Y, vt e[0,T],

then by the convexity of (2(U))¥, it holds that for all ¢ € [0, 7]

% /0 esg’ﬂ 9. (Xn(s)7 ATL(S)) ds

1 [t
f/ers
0 Jo

e (2U)N.
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Since %fot e ds = &, we get that

and then
t 1 t s—t
Ant1(t) =e 0Ag + 5/ e 7 ga. (Xn(s),An(s))ds € (@(U))N
0

We now use Corollary A.2 to show that (3.1) admits a solution. That is, we show that the differential equation

dX 41 (t) = v, (X0 (t), An(t) + V20dB(1),

where

~ oY (Xa(t), A1) + V20dB(t)
B0 = (T et )

Notice that ?)\Xt (¢) is time-continuous for all ¢ € YN On the other hand, for every R > 0, we need to verify that

there exists f; > 0 such that for ¢ € Y, lellgn < R then ¢+ Hl/b\xt (c(t) € YN Indeed, we may choose 6, = 6,
and thus

2+ 01— gea + 5on, (Xn(0), A1) = 90, (X (1), M (1)) € (2(0).

Let us now notice that condition (i) and (7¢’) in Corollary A.2 are satisfied. Indeed, by definition of b we have
that

s An 1
RO B ()| < g 1Y - Yl

In the same way, we can verify that

1

RO, < A+ IVl

Therefore, for each fixed n € N, we have that there exists a unique curve t — (X ,41(¢), Apt1(¢)) solving the
differential equation (3.2). We now show that it is possible to construct the solution of (2.11) as the limit
of (Xpnt1(t),Ant1(t)), as n — +oo. First, let us now prove that (X1,A1) = Y1 € M2,(YY), and it has a
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continuous version. Let t € [0,T], and s,t € [0,T] with s < ¢. By assumption (A3), one gets
t
[ X1(t) — Xa(s)] < / [vX (Xo(r), Ao(r))|dr + V20| B(t) — B(s)|
1L , ,
= <> [ oA (Xo(r), A(r)ldr + V20| B(t) — B(s)|
N i=17%

<0ty [ 04 5o o+ (A e+ VERIBLE) ~ BLo)
< M2+ [[Ta] s )lt - 5| + V3| Bt) - B(s)l.
Hence, by taking the square and expectation with respect to P, we get
E|IX1(t) — X1(s)* < 2(My(2+ ||Yo|| on )|t — s + 4ot — 5.

Therefore, By the Kolmogorov continuity theorem, (X1(t))c[o,r] has a continuous version. On the other hand,
notice that

t
| X1 (t)| < | X0l +/ R, (Xo(s), Ao(s))|ds + V20| B(t)]
0
— 1Lt , .
= %ol 5 2 [ Jon, (X)X (9)[ds + Vo B(0)
i=170
t
< (Kol + M, [ (14 [Vl o+ ma(AX))ds + V3| B,
0
From here, we conclude that there exists a further positive constant still denoted as C' such that
T
]E/ | X1 (¢)]?dt < CT.
0
Let us now proceed with A;(t). Notice that for all s,t € [0,7T] with s <t
[IAL(#) = M (3) | Zyy < le™ — e | [Aoll ()~

t
A /e%”a X o ()] + ma(AN))dr,

where Mg‘ is a positive constant depending on M+, and 6. By taking the square and expectation with respect
to P, one gets

2 —t == 2
E M () = M)z @y~ <207 —e [ Xoll{zwy»

+ 202K (/:(2 4 |X0(r))dr>

|

2

< 2|e_7t —eT

2
[ Aolltz @y~

N t
+4M32 (4|t — PP+t - s|IE/ Xo(r)|2dr) ,

S
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and thus by the Kolmogorov continuity theorem, (Ai(t))¢cjo,7] has a continuous version. Furthermore, we can
find a positive constant C' := C(0, M, \g, X, T) such that

T
E / A2(t)dt < CT.
0

(ZUN~

Therefore (Y'1(t))efo,m) € Mid(gN ). Let us now proceed by induction. That is, we suppose that (X,,\,) =
Y, € M2,(YY), and we prove that Y, 11 € M2,(YY). As before, let us take s,¢ € [0,7] and s < t. Then

[ X nt1(t) — Xpp1(s)| < / |v5\VS(Xn(s)7}\n(3))|ds + \/%|B(t) — B(s)|
1Lt 4 .
=N Z_;/ lva, (X5 (5), AL (s))|ds + V20| B(t) — B(s)|

<M, / (14 [Vl o +mu(AY))ds + V20| B(t) - B(s)|.

Hence, by taking the square and Jensen inequality, we get
t
X1 (8) = X (s)[2 < 20M2[¢ — / (L4 Y ull s +ma(AY))2ds + 40| B(t) — B(s)]
t
<2 = sf [ (@ 1Yo l3)ds + 0] B(t) - B

and thus from this inequality and the inductive hypothesis, and the Kolmogorov continuity theorem,
(X nt1(t))tefo,r) has a continuous version. On the other hand, notice that

T
B [ XuPa<or,
0

for some positive constant C. Further, the same conclusion can be obtained for A\, ;1. Therefore Y, € Mﬁd(gN )
for all n € N. To conclude, We now need to prove that (Y,,), is a Cauchy sequence. Let us prove that there
exists a positive constant M > 0 such that

(3.3)

(M) +!
E| sup ||Yas1(s) — Y (s gN < -
(sewn 1(5) <>y> D

for all n € N, and all ¢ € [0,7]. By assumption (A1), let us take R large enough such that AY € BZ(BI%N). We
proceed by induction. Let us underline that the involved constants may varying from line to line. Notice that
by assumption (A3), we can find a positive constant C' depending on [|Y || s~ such that

|X1(t) — Xo(t)] < Ct+ V20|B(t)],
and thus by Doob’s inequality one gets

E sup |X1(s) — Xo(s)|2 < Ct?,
s€[0,t]
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for some positive constant C. On the other hand, by assumption (B2) we have that

A4 (0) = Dol < ol(1 = exp(- ) + 3 [ exp (9’*) (21 | Xol)ds

IN

t —
5\)\0\ + M+(2 + | X|)t,

and thus

E sup |Ai(s) — Xo|? < Ct?
s€0,t]

where C is a positive constant depending on My, 0,0, E||Y||*. Therefore

E sup |Y1(s) = Yo(s)llfn < CF°
s€[0,t]

where C'is a positive constant depending on M+, 0,0, T, ]E)\g. We now suppose that (3.3) holds true forn—1 € N,
and then we prove it for n € N. Since assumptions (A1)-(A3), and (B1)-(B4) hold true, By Proposition 2.3
item (), there exists a positive constant Lg such that

| Xnpa(t) — \<LR/ Y n—1(5)[lgw ds
Asr(t) = Aa(t)] < L /O 1Y () = Yo (s) g ds,

and thus

¥ a(®) = Y u0)lgs < I [ I¥0(s) = Y5l ds.

From this inequality, we get that for each s € [0, ¢]

¥ a(5) = ¥l < Lie [ 1¥(r) = ¥ oca (1) g .
Hence, by Jensen inequality one gets

1Y wi1(s) = Yals)lBw < sL3 / () = Yoa (1) 2 d
and by taking the expected value, we obtain that for each s € [0, ¢]

BIYai1(5) = Yol < 238 [ [¥V(0) = ¥ara 0

< (tLR)Q/O @ds

n!

where in the last inequality we have used the inductive hypothesis. Therefore, we conclude that

(_]u't)nJrl
E sup ||Y., s)—Y, 2 < TL _—
sel0.] || +1( ) ( )”y > ( R) (n 1)|
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By redefining the constant M, we obtain the desired inequality (3.3). A direct consequence of (3.3) is that by
Markov inequality

P ( sup [|Y g1 (t) = Yo ()50 > 2—"> <4"E ( sup ||V, (t) — Ynl(t)u%N)

te[0,T) t€[0,7)

o (MT)"

(n+1)!
. . n (MT)7L+1 .
Since the series ) 4 “hrnyr converges, then by Borel-Cantelli

P (hmsup{w €Q: sup ||[Yppi(t) — n(t)||%N > 2‘"}) =0
neN te[0,T]

Then, we may define Y :=lim,, 1o Y, € Mid(gN ). Notice that this process solves

X(t)=Xo+ /0 t va. (X (s), A(s))ds + V20 B(t),

; I
)\(t):efé)\o+f/ e
0 Jo
X = Xo,

)\0 = )\0.

7 ga, (X (s),A(s))ds,

It is true that, since YV is a closed convex subset of &, then by Corollary A.2, we have that A(t) € (2 (U))N.
However, this implication is not entirely straightforward, and therefore we provide further details in the following.
Since {A,(t)}nen is a Cauchy sequence with respect to the BL-norm || A, (t)||g1, = % Zfil H/\fLHBL, by applying
(2.1), for any € > 0 there exists N € N such that

Wi(An (), Am (1)) < (1+ Du) [[An(t) = Am(B)]lgy, < (1 + Du)e

for any n, m > N positive integers, and all ¢ € [0,T]. On the other hand, for some T € U,

N
my Z/ dy (z,Z)N (dz) < sup dy(z,T)

zeU

< diam(U) < +o0,

where diam(U) is the diameter of U. Then, we conclude that {\,(¢)}nen} is a Cauchy sequence with respect to
the Wasserstein-1 distance. Applying [34], Proposition 2.2.8, ((2,(U))™, W) is a complete metric space, then
Alt) € (2(U))N.

We now need to come back to the original problem. Indeed, we now aim to show that Y solves (2.11). The
only thing that we need to prove is that

t 1 ¢ s—t - ¢
At = e Bt g [T g (X(s) M) s, X(t) =20+ [ TX(X () As)ds,
0 0
coincide. Let us define for each t € [0, 7] the function ¢(t) := A(t) — A(t). Notice that

S = A0 + 5 (D) + 075, (X (1), A1) = T, (X (1), A1),
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and thus by noting that SX(t) = Ta, (X (t),A(t)) then L o(t) =0 for all ¢t € [0,7]. Thus ¢(t) = ¢ for all
t € [0,T)]. So that, by the initial condition, we conclude that ¢ = 0, and we are done. O

3.1. Mean-field limit

We now analyze the asymptotic behavior of (2.11) as N — 4o00. Specifically, we want to demonstrate the
existence of an Eulerian solution as N — +o0o as stated in Theorem 3.3. To this aim, we first derive the
Theorem 3.2, and some preliminary results.

Proof of Theorem 3.2. In order to prove this result, let us notice that L3 defines a strongly continuous
semigroup. Indeed, by condition (C1) one has that

Co(Y) = range(nl — L3) = range(nl — L3).

Then by the Lummer-Phillips theorem, we can conclude that £; generates a strongly continuous semigroup
of contractions on Co(Y) that we denoted as {S;};>0. By Theorem B.2, SyA is well-defined and defines a
semigroup of linear and continuous operators on (Cy(Y))*. Moreover, since A € #(B?) and S; is a contraction,
then S;A € Z2(BY). On the other hand, since (B.3) admits a unique solution, and A satisfies (2.4) then A; = S;A.
Moreover, by remark 2.5, we conclude that S;A = (X (t), A(t))£A, and we are done. O

We now aim to prove Theorem 3.3. We start by showing that the sequences {AN}nen {XV(t)}nen,
and {\N(¢)}n are tight. To this aim, we use the so-called Aldous criteria, see [41], Theorem 16.10, see also
Appendix C below.

Proposition 3.4. Let us consider the same setting as in Theorem 3.1. and suppose that for eachi=1,... N,
X is distributed according to some fized probability measure fi. Then the following holds true.

1. There exists a positive constant C independent of N such that

sup { sup {]E|Xi(t)\2 +E H)J(t)”z}} <, (3.4)

i=1,...,N | t€[o,T]

2. For all e > 0,m > 0 there exists 6o > 0 and Ng € N such that for all N > Ny, and for all discrete valued
o (XN(S) 1S € [O,T])—stoppmg times B with 0 < B < S+ 09 < T, it is true that

sup P (|XN(8+6) - XV(B)|>n) <s (3.5)
0<86<68g

and the same inequality holds true for the sequence {Law(AN)} nen.

3. For allt € [0,T), the sequence of probability distributions {Law(X}N)}nen is tight as a sequence of proba-
bility measures on R, and the same holds true for the sequence of probability distributions {Law(AN)}nen
as a sequence of probability measures on P (U).

Remark 3.5. Let us recall that M(Y) is a locally convex Hausdorff topological space, and its topological dual
is Cp(Y). Furthermore, #(Y) is a closed subset of M(Y). This fact is crucial when considering the asymptotic
behavior of A, the empirical measure of (X*(t), A\(t))Y_;, especially in the case of identically distributed random
variables. Despite the dependencies introduced by the interaction terms v AN and Tay, we will show that AN
converges to some A; P-a.s.. A strategy to establish this convergence is to prove that the sequence (AN )yen
satisfies a large deviation principle (LDP). This is feasible because the closed convex hull of any compact set
K C #(Y) is compact with respect to the relative topology induced by M(Y). To demonstrate this LDP, we can
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apply [42], Theorem 6.1.3, which establishes that the sequence (AN )y satisfies a weak large deviation principle
in Z(Y), and the convex rate function is given by

i (v):= sup {{p,v) = ®:(¥)}, veZY),
»eCh(Y)

where, for ¢ € Cy(Y),

D, (v) :=logE (exp <g0, 5yt1>) = log E(exp(p(y1))),

at least in the case of independent, and identically distributed random variables. Subsequently, by [42],
Lemma 6.2.6, we have that (AileeN is exponentially tight, and thus, a full large deviation principle follows for
all t € [0, T]. Therefore, AY — A; P-a.s., for all t € [0,7].

Notice that Remark 3.5 provides an interesting description of the convergence for the empirical measure AN.
However, it does not guarantee time regularity properties for the limit A;. Therefore, it motivates the study of
(2.9) by cousidering the Eulerian and Lagrangian solutions.

Proof of Proposition 3.4. Let us fix N € N, and for each i = 1,..., N consider the system (2.9). We start by
proving that (3.4) holds true. Indeed, notice that

X'(0) < 1x0)+ Joas (X1 (s), Xi(s))lds + V9B
< |X¥(0)| + M, /Ot (L+ [[(X(), X (3)) || + ma(AY)) ds + V20| Bj).
On the other hand, we have that
N < N0+ [ o) A s
< [N O)]] + My /Ot (14 X (9)]] + m1 (AY)) ds
< [|A%0)|| + My /Ot (14 ][(X7(5), A(8))]| +ma(AY)) ds.

Therefore, one obtains that

N N
N NN Wy < 5 SN0 X O + Cut + VB

tl1 & , ‘
" C”/ (N S IIX (), X )] +m1<A;V>> @
0 i=1
N
< KO, X O, + Cort + VETB
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where C) g := max{M,, Mv}. By taking the expected value, we derive that

N N
5 BN O < 5 S0, N O]y + Cot
N

+CM/O <;[ZIEH(X1‘(5),/\Z'(5))H% +Em1(A§V)> ds

By applying Gronwall inequality, it implies that

N N
LS e, < (;zmuxwoxwm)yb)  exp(CosT)

¢
+ (C’v,qt +/ Eml(AiV)ds> x exp(Cy 5T),
0

and thus
N
Emi(AY) < Z X))l
1:N , ,
= (N ;E ’|(Xl(0)7)\1(0))||y> x exp(Cy 5T

+ (Cv,ryt + /OtIEml(AéV)ds> x exp(Cy gT).
Therefore, we obtain by Gronwall inequality that
Emy (AY) < exp(C,.q) exp(exp(Cy 7)t) ( vt + — ZE H (X0 ’(O))}b) = Cy, 7
for all ¢ € [0, T]. From here, we obtain by Jensen inequality, and the 1t6 identity that

t
E|X (1) < B|X(0)]” + C’vt/ (1+E (X (), N )| + C2gr) ds + 201,
0

E NI <E[IX O] + Mt / (L+ ([ (), X ()| + CErr) ds.

(3.6)

(3.7)

Therefore, by Gronwall inequality, we can find a positive constant C' := C(v,7T,T) independent of N, and
depending on T,v,7 such that (3.5) holds true. Let us proceed with the second item. Let 3 be a generic

stopping time, and let § > 0. We have that for eachi=1,... N

. ) B+6 ) ) )
X5 +6) — X¥(B)| < /ﬂ vax (X7(5), Xi(s))ds + V20| Bj|

B+4 ) ) )
<M, /B (14 [|(X(5), X(9))|| + ma (AN)) ds + V20| Bi|.
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Then by taking the expectation in both sides of the previous inequality, we get
E|X'(8+6) - X'(B) < Cd

where we have used that E ||Xz(t)H < +00, and Em;(AY) < +oo for all ¢ € [0,7], and thus C is a positive
constant independent of N, and t. Hence, by letting

U, = {w €Q: XY (B+6w)— X (Bw) < f}v

we have that by Markov inequality that

cT e C

<,

and this completes the proof of (3.5). The same reasoning can be applied for {Law(AN)} nen. Let us proceed
with the third item. Notice that by Markov inequality, one has that

E (supycp.n | (X0 N ()]

2
a? ’

t€[0,T]

P< N CAE ) ;
for all @ > 0. Then by letting a — 400, we have by the previous estimates that

lim IP’( sup |[(X*(t), X'(8))]| > a) =0.

a—+o0 te[0,7T)
Therefore, we can conclude that the sequences {X(t) : t € [0,T]}ien, {Law(AY)}nen are tight. O

3.2. Stability

In the next, we prove that starting from a probability measure A € Z(BY) for some r > 0, Lagrangian
solutions to (2.4) belongs to 2, (BY).

Lemma 3.6. Let us taker > 0, and A € P,(BY). Furthermore, let us suppose that the velocity field vy : Y — R?
satisfies (A1)-(A3), and the operator Ty satisfies (B1)-(B4). Suppose that A € C°([0,T]; (21(Y), Wy)) is a
Lagrangian solution for (2.4) with initial condition A. Then Ay € 21(BY) for all t € [0,T).

Proof. We want to prove that Ay € 2,(Bf). To do that, we prove that m;(A;) < my(A). Indeed, since by
hypothesis A is a Lagrangian solution, and by using (2.8) A, = (ev;)xA the following inequalities hold true. Let
X =C([0,T];Y) so that

(80 = [ Iollydh)
= [ evi@ly i) = | Toto)ly aAie)
X X

< /X sup ()] dA ()

te[0,T)

/ ol dR(p) = my (&),
X

and thus my(A;) < my(A) < r. Therefore, we obtain that A, € ;(BY) for all t € [0,T). O
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Remark 3.7. Notice that if we directly use the system (3.9), by Gronwall inequality we can prove that
Ay € P1(BY) where

my () < (r+ Mt)exp(2Mt) = R.

Lemma 3.8. Suppose that A', A% are two Lagrangian solutions for (2.4) starting from KI,K2 € 2,(BY) for
some fixed r > 0. Then

Wi (AL, A2) < Cexp(tLy)Wi (A", AD),

where C =1+ exp(exp(T'Lg)) exp(TLR).

Proof. Let us fix r > 0, and consider two Lagrangian solutions A, A2 for (2.4) starting from A, A%2 € 2, (B?).
By using (3.9), we get

I ) = 20y < [lok — 8]l + /||bA1 )) = bz (5(s))] |, ds

< b=l + [ Toms(6 ) — b P, 0

[ a6~ bae 676D 0

¢
< lvo — w3l +LR/ [v"(s) = v*(s)], d8+LR/ Wi (AL A2)ds
0 0
Let us set a(t) = ||yj — y%Hy +Lg fot |y (s) — yQ(S)Hy ds. By Gronwall inequality, we obtain
t
Hyl(t) Hg at) + LR/ a(s)exp(Lgr(t — s))ds
0
¢
< a(t) (1 + LR/ exp(Lp(t — s))d5>
0
= a(t) exp(tLR).
From the previous inequality, we then get that
¢
Wi A7) < exp(TLa) (W45 AD) + L [ WAL A2)s)
0
By applying Gronwall inequality, we obtain
Wi (A7, AY) <exp(tLr)Wi(Ag, Af)
¢ ¢
+ Wl(Aé,A%)/ Lrexp(2Lgs) exp (LR/ exp(LRr)dr> ds
0 s
< exp(tLr)Wi(Ag, AD)

t
+ exp(exp(LgT)) exp(TLR)WlAé,Ag)LR/ exp(sLg)ds
0

< eXp(tLR)Wl (A(l), A2)
+ exp(exp(LgT)) exp(TLR)VVl(A(l)7 A2 5)exp(tLg).
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We let for alli =1,..., N,

and we write equation (2.9) as

S0 = bay (D) ~ W) (38)

Let us notice that by (3.6), we have that our sequence {A }eejo,r) belongs to some ball B}, for some positive
radius R independent of N. Since U is assumed compact, we have that B?% is compact, and then we have that
Ay converges weakly to some Ay € BY as N — +00. Then as N — +o00, we obtain the SDE

X(t)=Xo+ /t va, (X (5), A(s))ds + V20 B(t),
0 (3.9)

A(t) = Ao +/0 Ta, (X(s), A(s))ds,

where X (0) = X € L2(;R?), and A\(0) = \g € L?(Q; 2(U)), B is a suitable Brownian motions. We are now
ready to prove Theorem 3.3.

Proof of Theorem 3.3. Let us take r > 0 such that condition (C1) holds true, and let A € 2(Bf) be a fixed
initial condition for (2.4). In what follows, we start by proving item (ii). Consider a sequence A" of atomic
measures such that

lim Wy (AY,A) =o0.
N —+o00

Notice that by letting AN = 4 Ef\il dyi» where yj are the initial datum for

with

wie = (V270).

by Theorem 3.2, we obtain that AY = (F(t,0, -))#KN is a Lagrangian and Eulerian solution to (2.4) starting

from KN. Then by Lemma 3.8, we have that there exists a positive constant C' such that
Wi (AN, AM) < Cexp(tLr)Wy (AN, &™) (3.10)

for all t € [0,T], and all N, M € N. Moreover, by Lemma 3.6, we get that AN € C([0,T]; 21(BZ, W1)). Fur-
thermore, since by assumption limy_, 4o Wi (AN, A) = 0, and by Remark 2.1 &(BY?) is compact, by (3.10)
one obtains that the sequence {A) } yeny Wi-converges to some limit A, € Z(BY) for each t € [0,T]. We now
prove that A = limy_, o AV is a Lagrangian solution. Let us now consider ¢ (¢) = by~ (y(t)) — W(#), and



24 G. D'ONOFRIO ET AL.

o~

y(t) = ba(y(t)) — W(t) starting from some y € B?, and where
=\ . V204 B(t)
W(t) = dt ,
0
for some suitable Brownian motion B. Notice that
t
I = wto)lly < [ a0V (5) = b, (s
¢
< [ o660 = b, 6D s
¢
[ a6 = b, ¥ ) s
¢ ¢
< LR/ HyN(s) — y(s)Hy ds + LR/ Wi (AN, A)ds.
0 0

Then by Lemma 3.8, there exists a positive constant C such that

9@~ oy < e [ 106 = uo)llyas-+ 2aC [ explstanm &Y, By,
and thus
5™ (1) — y(B)]|y < Cexp(tLr)Wi (K", K)
+ LRW1(KN,K) exp(tLR) /Ot exp(Lr(t — s))ds
< exp(2tLg)(C + )Wy (X", A)
and from here, we get by a comparison argument that
[Fan (1,0,5) = Fa(t,0,5)|| < exp(2tLr)(C + Wi (", ),
and thus
AY = (Fan(6.0,9)48" = (Fa(t,0.7)4A.

Hence by the uniqueness of Lagrangian solutions we get that (F(,0,7))xA = A;. By Theorem 3.2, we conclude
that A is also a Eulerian solution, and we are done. O]

4. A MEAN-FIELD MODEL FOR A LARGE NETWORK
OF INTERACTING NEURONS

In this part, we consider a mean-field approach to study networks of spiking neurons. The time evolution,
between two consecutive spikes, of the membrane potential X*(¢) of a neuron i embedded in a network, is
described by a system of type (2.11). This model is of integrate-and-fire type, since the drift part accounts
(integrate) for the inputs the neuron receives from its neighboring neurons. At each spiking time ¢ (fire), that
is when X'(f) = Xp (firing threshold), the potential is reset to X (resting potential) and all other neurons
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connected receive an additional potential depending on A?. These inputs affect the membrane potential through
the field v that depends both on the actual state X* and on the coupling strength with the connected neurons.
The dependence of v on the state X* follows the principles of integrate-and-fire neuronal models with reversal
potentials (see [43]). The dependence of v on \?, on the other hand, accounts for the different synaptic connection
among neurons and could also include both inhibitory and excitatory contributions. Finally the dependence of
the whole dynamics on the empirical measure A, which in this case represents the distribution of membrane
potential values, can be used to model phenomena such as collective behavior, bursting, and avalanches, to
name a few.
More precisely, we consider the system

t
Xi(t) = X0 + / oan (X¥(s), N (s))ds + V2o B, if X'(17) < Xp,
0

Xi(t) = Xg, if X4(t7) = Xp, (4.1)

N(t) = N + /0 Tax (X*(s), N (s))ds.

This model includes the feature that the interactions between the neurons are also subject to random synaptic
weights [20, 21]. Different scenarios can arise according to the form of 7.
In what follows, let us consider a function o : U x Y — R, and define T : Y x &1 (Y) = F(U) as

T(y, V) :—/da(~,z)d\11(z), such that /U/ga(u,z)dlll(z)du(u)—(),

,LL(U) = Zﬂkéuka Uk € U, ﬁk c R,

k>1

(4.2)

where 1 € M(U) defines a signed measure. Furthermore, we consider a Lipschitz velocity field b : RY — R?, and
we define vy : Y — R?, (x,\) = b(x). Since the third equation of model (4.1) serves as a recipient to model
the strength of the connection between neurons, we can think of U as a discrete set that counts the number of
neurons present in the brain. For the sake of simplicity, we may take U = Z?, endowed with a suitable metric
that makes it compact.. By taking ¥ = AN, N € N, we have that T(y, AY) in (4.2) can be written as

N
T, W) = 1 3 fralue, X0, (1) (43)

Remark 4.1. Expression (4.3) is of great generality and contains, as special cases, the random synaptic weights
seen as constants, Bernoulli or Gaussian random variables considered in previous works [20, 22-24]. To support
this claim, we can compare system (4.1) and (4.3) with, for instance, the equation presented in [20]

t N
Xi(t) = Xi + /0 BXH())ds + S0 Ty W (4.4)
j=1k>1

that combines the two equations for X and A and where T,z denotes the k-th spike time of neuron j and the
synaptic weights Jy, "~ are defined in two representative cases:

) J]{,Hi = a/N, with a constant
o J3 ' = Ba’ /N, with B constant and a®J ~ Bern(p).
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Unlike (2.11), the dynamics of model (4.1) exhibit resets (jumps) corresponding to the spikes. Therefore,
comments on the well-posedness of (4.1) are necessary and are provided in the following theorem. In what
follows, we state the main result regarding the existence and uniqueness of solutions for the system (4.1). The
hypotheses are essentially the same as those in the previous sections; however, we present the next result under
the assumption that the fields v, T are globally Lipschitz.

Theorem 4.2. Let us fix a filtered probability space (2, %,P) endowed with a complete filtration (Ft)iepo0,m)
generated by the Brownian motion (B(t))ieo,r)- Assume that vy : Y — R, (x, ) > b(z), where b: RY — R? is
a Lipschitz velocity field with Lipschitz constant Ly. Assume that T is defined as in (4.2) where « is a measurable
function with respect to B(U) x %B(Y), and it is Lipschitz in the second component with Lipschitz constant L,,.
Furthermore, suppose that X is a uniformly bounded random variable, that is sup,,cq X% < +o00, and that for
alli € N, (Xg, A (0)) € L?(Q, B, P;&). Then the system (4.1) admits a unique strong solution.

Proof. In what follows, we use the same notation, and follow the argument used during the proof of Theorem 3.1.
Since by hypothesis P(Xp = +00) = 0, then we can take w € Q such that X% < +oo. We then propose the
following Picard iteration. For n € N\{0}, with an abuse of notation, we set

Xn11(t) = X —|—/0 VR (X n(8), An(s))ds + V20B(t), if X,(t7) < Xp,

Xnt1(t)=Xp+ /t 'vf\vs (X r(5), An(s))ds + V20 B(t), if X, (t7) = XF,
0

0
X = X,
)\0 = Xo,
where X = (Xg,...,Xg), and Xp = (Xp,...,Xr), and we have borrowed the notation used in (3.1).
—_——— —_———
N —times N —times

Notice that we have indicated X, (t7) < X p meaning that each component satisfies such an inequality. We
then proceed as in proof of Theorem 3.1. Nevertheless, we need to consider two cases. First, we need to consider
when X,,(t7) < Xp, for fixed n € N. In that cases, we need to show that there exists a constant R > 0 such
that

B ( sup [|¥n41(s) — Yn(S))||2> < (4.5)

s€[0,t]

for all n € N, and all ¢ € [0, T]. Second, suppose that X,,(t7) = Xp. Hence, we possibly find a further positive
constant R such that (4.5) holds true. Then, we optimize between R and R to find a new constant R for which
(4.5) holds true. From here, we may proceed with the proof of our desired result by following the same reasoning
as in the proof of Theorem 3.1. O

Remark 4.3. We proved Theorem 4.2 within a general framework in which Xz is a bounded random variable.
However, in most neuronal models, the spiking threshold is a physiological parameter and is typically treated
as a constant.

Having shown the existence of the solution, let us now show two pictures to illustrate the qualitative behavior
of (4.1) in a simple case. In Figure 1, we observe the dynamics of X%(¢) in the one-dimensional case for
N = 1000, and where we have chosen X = 0.7, Xr = 0.01. To provide insights into the behavior of (4.1),
we considered a linear system of the form vy (X*(t),\'(t)) = a - X*(t) +b- N'(t) + ¢ A, Tyn (X (1), N'(t)) =
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Simulation of X with N = 1000 0 OSSimulatit:m of lambda with N = 1000

Time

(A) Trajectories of X? with N = 1000 (B) Trajectories of A’ with N = 1000

FI1GURE 1. Trajectories for X, and A with N = 1000.

d-X't)+e- A({t)+ f- AN —E(d- X{(t) +e- N(t)+ f-AY), witha=0.5,b=0.3,c=0.2; d =04, e = 0.2,
f = 0.1 (we omit the units since this is just an illustrative example). Notice that whenever X'(t) = Xg, \'(t)
exhibits singularities in its trajectories.

4.1. Heterogeneous population of interacting neurons

In this section, we consider a more general version of the model studied in the previous sections. In particular,
we include in the second equation of (2.9) an additional noise.

This network can be interpreted as a collection of neurons with different characteristics (resulting for instance
in a different firing rate) and therefore, it is a model of an heterogeneous network. The weights distributions in
cortex have been observed to be broad and neurons can belong to different subgroups with different behaviors.
Moreover, the variance of the temporal fluctuations of the input currents may be large enough to endow the
network with its own source of variability (Sect. 6.4.2 in [25]).

For these reasons we consider the system

X0 = X5+ [ oar (X'(9), N ())ds + VI ()
N(t) = Ny + /0 Tan (X*(s),\'(s) + R(s)) ds, (4.6)
R(t) = ZahWh(t)eh,

heN

where (W},(t))nen is a sequence of independent Brownian motions, which are also independent of B? for all
i € N. Here, (az)nen is a sequence of non-negative numbers such that >, a? < 400, and (ey)y, is a sequence of
signed measures supported in U such that |, v den(u) = 0 for all h € N. The existence of strong solutions can be
treated by following the same approach of Theorem 3.1. Indeed, we have the following result.

Proposition 4.4. Let us fix a filtered probability space (2, #,P) endowed with a complete filtration (Ft)epo0,1)
generated by the Brownian motion (B(t))icjo,r). Assume that for everyy € Y and ¥ € P1(Y) the velocity field
vy 1 Y — R? satisfies (A1)-(A3), and the operator Ty as defined in (4.2) satisfies (B1)-(B4). Moreover, let us
consider (\p)nen be a sequence of non-negative numbers such that Y., A2 < +oo, and let (W, (t))nen, t € [0,T]
a sequence of independent real-valued Brownian motions, such that for all t € [0,T], R(t) € Mo(U). Then, for
every choice Yy == (X0, X\o) as initial condition of (4.6) such that Y, € LZ(Q), the system (4.6) has a unique
solution Y that belongs to Mzd(g)
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Proof. Notice that for almost all w € €, Ty~ (X(t), Ne(t) + R(t)) satisfies our assumptions (B1)—(B4). Therefore,
we may apply Theorem 3.1 by replacing Ty with j’A{v (XE(t), Ne(t)) = Taw (X(t), N(t) + R(t)), and where (4.6)
can be written as

Xi(t) = X§ + /0 van (X (s), Xi(s))ds + V20 B'(t),
N(t) =\ + /0 Tan (X(s), X(s))ds.

Moreover, in order to apply the Picard iteration used in Theorem 3.1, we define gy, (X7 (¢), A (¢)) = N, (¢) +

GfA{v (XE(t), AL (t)) for some suitable 6§ > 0. Then, we consider the Picard iteration (3.1) with ga, replaced by
ga,- That is, we have

Xt () = Xp + / W (X (3), N (5)ds + VIo B (1),

s—

j -3 | e i i
bl = e Eh+ g [ e a (X ). (6)ds

and thus we proceed by following the reasoning of Theorem 3.1, and our conclusion follows. O

5. POSSIBLE FUTURE DIRECTIONS

Notice that for equations of the form (2.11), we have assumed that hypothesis C1 holds true to derive the
existence and uniqueness of Lagrangian solutions. In the case of equations of the form (4.1), we are unable
to formulate such a condition in a manner that takes into account the effect of the random variable Xpg,
which controls the spike times of X. However, since simulations show that the trajectories of A are C° and the
trajectories of X are almost the same as those we can simulate through (2.9), we conjecture that it is possible
to obtain the existence of both Lagrangian and Eulerian solutions. Nonetheless, this remains a point for further
investigation. Additionally, we would like to reformulate all the results by relaxing assumption (C1). Moreover,
we seek to analyze the asymptotic behavior of a system of particles as time diverges. More precisely, we are
interested in whether the continuity equation governed by the operator in assumption (C1) admits a stationary
solution. In this aspect we intend to compare our analysis with results such as those in [44]. Specifically, we aim
to determine a decay rate for the family of probability measures AN using a Doeblin-type condition; see, for
instance, [45], Theorem 2.3.
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APPENDIX A. WELL-POSEDNESS OF ODES IN BANACH SPACES

Let us recall the following Theorem by Brezis [46], Theorem 1.4 about the well-posedness of ODEs in Banach spaces.

Theorem A.1. [46] Let (E,||-||z) be a Banach space, C a closed convex subset of E, and let A(t,-) : C — E, t € [0,T],

be

a family of operators satisfying the following properties:
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(i) there exists a constant L > 0 such that for every c1,c2 € C and t € [0,
At e1) = A(t, c2)llp < Ller — eallg 5
(i) for every c € C the map t — A(t,c) is continuous in [0,T];
(i) for every R > 0 there exists 0 > 0 such that
ceC, |clg S R= c+0A(t,c)eC.
Then for every & € C there exists a unique curve ¢ : [0,T] — C of class C* satisfying c; € C for all t € [0,T] and
gc = A(t,ct) in [0,T], co=¢
= ) Ct , '], co =c¢.

Moreover, if c*,c* are the solutions starting from the initial data ¢, € C, respectively, we have

Hctl - c?” < el HEI - EQHE for every t € [0,T].

In what follows, we consider the following generalization of the previous result proved in [13], Corollary 2.3.

Corollary A.2 ([13], Cor. 2.3). Let hypotheses (ii) and (iii) of Theorem A.1 hold for a family of operators A(t,-) : C —
E, t€[0,T). Assume in addition, that

(i') for every R > 0 there exists a constant Lr > 0 such that for every c1,c2 € C N Br and t € [0,T],

|A(t,e1) — A(t, e2)llp < Lrller — el g5

(ii') there exists M > 0 such that for every c € C, there holds

A )y < MO+ ellg)-
Then for every € € C there exists a unique curve c: [0,T] — C of class C* satisfying c; € C for all t € [0,T], and

d . _
ECt = A(t,c) in [0,T], co =¢C.

Moreover, if ¢*,c* are the solutions starting from the initial data &, € C N Br, respectively, there ezists a
constant L = L(M, R,T) > 0 such that

Hct1 - | <elt HEI - EQHE for every t € [0,T].

APPENDIX B. A KOLMOGOROV EQUATION FOR MEASURES

Here, suppose that X is a separable Banach space with norm ||-||, and let Z(X) be its Borel o-algebra. We denote by
Cy(X), the Banach space of all uniformly continuous and bounded functions f : X — R, endowed with the supremum
norm ||-||,. Furthermore, we consider a strongly continuous semigroup of linear operators {P;}¢>0 C B(Cy(X)) with the
Markovian property, that is, there exists a family {m(z,-) : t > 0,2 € X} of probability measures on X such that

e the map Ry x X — [0,1], (¢, z) — m(x, ') is measurable, for any Borel set Z(X);
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Teys(2,T) = [ ms(y, T)me(,dy) for all t,s >0, x € X, and T’ € B(X);

for any x € X, mo(z,-) = dz(+), the probability measure concentrated in x;
Pup(z) = [ d(y)m(x, dy), for any > 0, ¢ € Cy(X), z € X;

for any ¢ € Cy(X), x € X, the function Ry — R, ¢ — P;¢(x) is continuous.

Then we define the linear operator (£, D(L)) where

P —
D(L) = {u €X: lting tut v exists} ,
v (B.1)

Piu—u

Lu = lim

lim u € D(L).

Definition B.1. Let € My(X). We say that a family of measures {u:}+>0 is a solution of the measure equation

{ 4 [ dpe(de) = [y Lo@)m(de), t > 0,6 € D(L), 52)

Ho = [, /LGM[;(XL

if the following conditions are fulfilled:

e the total variation of the measure p: satisfies

T
/ el dt < 400, T > 0;
0

e for any ¢ € D(L), the real valued function ¢ — fx ¢(x)us(dz) is absolutely continuous, and for any ¢ > 0 it holds

/X¢($)Mt(dl’) —/X¢(Jc)ﬁ(dac) :/Ot/Xqu(ac)us(dx)ds.

Let us now recall an important result about the well-posedness of (B.2) when X is a Hilbert space, [47], Theorem 1.2.

Theorem B.2. Let {P;}i>0 be a strongly continuous Markov semigroup and let (£, D(L)) be its infinitesimal generator,
defined as in (B.1). Then the formula

(6 P F) g0y () 0y (x0)) = (B Py 0, () (cy(x)))

defines a semigroup (P} )i>o0 of linear and continuous operators on (Cp(X))™ that maps My(X) into Mp(X). Moreover,
for any i € My(X), ¢ € Co(X) the map t — [ ¢(x) P p(dx) is continuous, and if ¢ € D(L) then it is also differentiable
with continuous differential

% /X ¢(2) P/ p(dz) = /X Lo(x) P p(da). (B.3)

Finally, for any p € My (X) there exists a unique solution of the measure equation (B.2) given by {P{ p}i>0.

Proof. The proof of this theorem can be performed by using the same argument as the one in [47], Theorem 1.2. The

only difference is that we consider a separable Banach space rather than a Hilbert space. O
APPENDIX C. ALDOUS TIGHTNESS CRITERION

Let E be a Polish space, and for each m € N, we denote by D% = Dg[0, m] the Skorokhod space. That is, the space
of all cadlag trajectories defined on [0, m] with values in E. In the same way, we denote by D% the Skorokhod space
DE[0,+00). Let X,, be random variables of DE .
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Theorem C.1 ([41], Thm. 16.10). Suppose that
1.

a£r+noo hmnsup IE"(HXnH,D%L >a) =0,
holds for all m € N.
2. For each € > 0,n > 0,m there exists §o > 0 and No € N such that, if § < do, and N > Ny, and if T is a discrete

X, -stopping time satisfying T < m, then

P(IXn(T+6) = Xn(r)[ 2 €) <n.

Then X, is tight.
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