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FRACTIONAL INFINITY LAPLACIAN WITH OBSTACLE

SAMER DWEIK"* AND AHMAD SABRA?Z

Abstract. This paper deals with the obstacle problem for the fractional infinity Laplacian with
nonhomogeneous term f(u), where f : R* s RT:

Lu] = f(u) in {u> 0}
u >0 in Q ,
=g on 0N
with
u(y) — u(x) ceo uly) —u(@)

Lu]l(z) = sup , 0<ac<l.

—=——F——= + in
veQ y#e |y —x|* veQ y#r |y — x|

Under the assumptions that f is a continuous and monotone function and that the boundary datum
g is in C%8 (0€2) for some 0 < B < «, we prove existence of a solution u to this problem. Moreover,
this solution v is f—Hélderian on . Our proof is based on an approximation of f by an appropriate
sequence of functions f. where we prove using Perron’s method the existence of solutions u., for every
€ > 0. Then, we show some uniform Hélder estimates on u. that guarantee that u. — u where this
limit function u turns out to be a solution to our obstacle problem.

Mathematics Subject Classification. 35D40, 35J60, 35J65.
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1. INTRODUCTION

The analysis of solutions to the infinity Laplacian equations dates back to the early results of Aronsson in
[1, 2]. Let © be a Lipschitz domain in R™ and g be a Lipschitz function on 9. Then, the optimal Lipschitz
extension u of the boundary datum g minimizing the L —norm of the gradient of u on Q (i.e. ||Vu||z~(q)) is
a solution in the viscosity sense of the following Dirichlet infinity Laplacian boundary value problem:

Asott:=D?>uVu-Vu=0 in Q (1)
u=g on 00 ’
Keywords and phrases: Fractional infinity Laplacian — viscosity solutions — nonlocal and nonlineaR equations — obstacle problem.

1 Department of Mathematics and Statistics, College of Arts and Sciences, Qatar University, 2713, Doha, Qatar.
2 Department of Mathematics, Faculty of Arts and Sciences, American University of Beirut, Fisk Hall 305, PO Box 11-0236,
Riad El Solh, Beirut 1107 2020 Lebanon.

* Corresponding author: sdweik@qu.edu.qa

© The authors. Published by EDP Sciences, SMAI 2026

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


https://doi.org/10.1051/cocv/2026010
https://www.esaim-cocv.org
https://orcid.org/0000-0002-4669-4912
mailto:sdweik@qu.edu.qa
https://creativecommons.org/licenses/by/4.0

2 S. DWETK AND A. SABRA
Generalization to the Aronsson Functional ||F(z,u, Vu)||r~ ) has been also extensively studied in [3-5].

From [6], the solution u to the infinity Laplacian problem (1.1) can also be obtained as the limit when p — oo
of the minimizers u,, of the p-Laplacian mimimization problem

min{/ |VulP : we WHP(Q), u=g on 8(2}.
Q

On the other hand, the fractional Laplacian operator is a non-local operator which appears in many differential
equations related to non-local tug-of-war game [7, 8], optimal control problems [9], image processing [10], SQG
and porous medium models [11, 12]. In [13], the authors studied the limit of the fractional p—Laplacian when
p — oo. More precisely, they consider the minimization problem

{Jj dedy u € WP(Q), u=g on 39} (1.2)
QxQ :r—y|

where «a € (0,1] is fixed, s = a — %, g € C%(9Q) and the fractional Sobolev space W*P () is defined as

follows:

WP (Q) = {u € LP(Q) : [lully + [ulsp.0 < o0}

| "G 1/p
u(x
5,0,Q (ﬁ j o y|8p+n dz dy) .

Let u, be the unique minimizer of Problem (1.2). Then, it is easy to see that u, solves the following Euler
Lagrange equation: for any test function ¢ € C§°(2), one has

where

H |u(z |m d y|a|p 1Sgn(u(x) —u(y)) (p(x) — ¢(y)) dzdy = 0

QxQ

where sgn(s) = & for s # 0. It is then proved in [13], Proposition 6.4 that u, is a viscosity solution of the

equation:
Ll = |
Q

From [13], Theorem 1.1, u,, converges uniformly to a function us, € C%(Q) which is a viscosity solution to the
Holder (or fractional) infinity Laplace equation (we can see this operator L as the limit of L, when p — 00):

u(@) —uy) "

lz —yl*

sgn(u(r) —u(y)) .
P dy = 0. (1.3)

Lu](z) := sup uly) — u(x) + inf uly) —u(z) _ 0. (1.4)
yeENQ, y#£z |y - x|a yeQ, y#£x |y _ x‘a



FRACTIONAL INFINITY LAPLACIAN WITH OBSTACLE 3

Moreover, 1, is an optimal Holder extension of the boundary datum g € C%(99), in the sense that the Holder
seminorm [Ueo)a. is always less than or equal [u]q,o for any a—Holder function u such that u = g on 02, where

[u] Q= sup |U(Z‘) B u(y)|
a,Q) — .
eyeQ ety T — Y

In [14], the authors have considered the associated Dirichlet obstacle problem to (1.4), i.e. they studied the
fractional infinity Laplacian problem but in the presence of an obstacle :

Liu] =0 in {u >},

L <0 in {u=uv}, s
u > n S, )
u=g on 0.

Following the approximation of (1.4) by the fractional p—Laplacian as in [13], Section 6, the authors in [14]
proved existence of a viscosity solution to (1.5) by studying the limit when p — oo of the following fractional
p—Laplacian problem with obstacle:

_ p
min{ ﬂ dedy Fu e WHP(Q),u>v in Q,u=g on ag}. (1.6)
QxQ

On the other side, we note that the existence of a solution to the nonhomogeneous fractional infinity Lapla-
cian, i.e. to equation (1.4) but with right hand term f(z), cannot be obtained by means of a p—Laplacian
approximation. However, the authors of [13] have also considered the nonhomogeneous version of (1.4):

{L[u]f(x) in @ (1.7)

u=g on 0.

In fact, they prove that if f € C(Q) N L>®(Q) and g € C(9N), then a viscosity solution u € C(Q) to Problem
(1.7) exists. Moreover, they show that solutions u are locally S—Holder continuous, for any 0 < 8 < «, and a
global B—Holder estimate was also obtained when g € C%#(99). In addition, there is a partial result in [13]
about the uniqueness of the solution u to (1.7). In the homogeneous case (i.e. when f = 0), the solution u
is unique and locally Lipschitz (see [13], Thm. 1.5) and an implicit representation of this solution u has been
proven; u(x) is the unique root r to the following equation:

sup I =T W T
yeoo |y — x| yeon |y —z[*

The uniqueness of the solution to L{u] = f(z) when f is signed, continuous and bounded on 2 is studied under
some growth condition on the solution outside the domain € in [15], except there the operator L is slightly
different where the supremum and the infimum are taken over the whole space R™. The uniqueness in the general
nonhomogeneous case Problem (1.4) is still widely an open question. Moreover, the optimal C%%—regularity of
the solution remain open for general functions f.

Motivated by the results of [13], we study in this paper the fractional infinity Laplacian equation but with
nonhomogeneous term f(u) that depends on the solution u. To be more precise, we aim to prove the existence
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of a solution w to the following equation that satisfies also the Dirichlet boundary condition u = g on 9§
L{u] = f(u) in Q. (1.8)

We note that the dependence of the right hand term f(u) on the solution itself makes the problem more
complicated. So, the question here is to find the good assumptions on f that guarantee the existence of a
solution to (1.8). Like in [13], the continuity of f will be essential here too. But, we will not assume that f is
bounded (which is a required condition in [13]). However, we will impose a monotonicity condition on f and
prove by the mean of maximum principle that if f is monotone and g is f—Holder continuous then a solution
u to (1.8) exists satisfying u = g on 9. Local and global Holder regularity of solutions will be also proved.

In addition, we will consider equation (1.8) but in the presence of an obstacle. Concretely, we will prove
existence of a function u that is nonnegative over € (here u > 0 represents the obstacle), that takes the datum
g on 99, and solves the following equation (1.8) but inside the positivity set {u > 0}:

Llu] = f(u) in {u>0}. (1.9)

The paper is organized as follows. In Section 2, we show some properties on the operator L. In particular,
we show that the function |z — 20|® (where 8 < @) is a strict subsolution to (1.4); this will be fundamental in
our later analysis. In Section 3, we introduce the notion of viscosity (sub/super) solution to (1.8) and show in
Proposition 3.5 the comparison principle. Moreover, we will prove a stability result on subsolutions. We also
develop a Perron’s Method argument in Section 3.2 and prove the following existence and regularity results.

Theorem 1.1. Assume f : R +— R is continuous and monotone non-decreasing, and the boundary datum g is
continuous on 02. Then, the following fractional infinity Laplacian problem:

{umsz> in 9,
u=g on 0f).

has a solution u, which is locally S—Hélderian for any 0 < B8 < a < 1. Moreover, u € C*#(Q) as soon as
g € COP(00). In addition, u is locally a— Hélderian if f is nonnegative, for any o € (0,1).

We note that the solution constructed in the proof of Theorem 1.1 is non-negative when both f and g are
non-negative; this will allow us to introduce the obstacle problem in Section 4 and show the following second
main result of the paper.

Theorem 1.2. Assume 0 < a <1, f is nonnegative, continuous and monotone non-decreasing on [0,00) and
g € COB(99Q) (for some 0 < B < a) is nonnegative. Then, there exists a nonnegative 3— Hélder solution u to
the following obstacle fractional infinity Laplacian problem:

{mmsz> in {u>0},
uU=g on 0N.

Moreover, u is locally a— Hélder continuous on €.

The main idea of the proof of Theorem 1.2 is to approximate the function f with a sequence of non-decreasing
continuous functions and use the result of Section 3 to obtain a sequence of solutions to (1.8) converging to a
solution for the obstacle problem 1.9 with boundary data g.
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2. PRELIMINARIES

In this section, we introduce some properties of the fractional infinity Laplacian operator L that we will use
later in our paper. First of all, we define the following intermediary operators

Lf[ul= sup M and L [u] = inf M
yEQ, y#a ly — x| yeQ, ytz |y — o|*

Recalling the definition of the operator L, we clearly have Lu] = L*[u] + L™ [u].
We start by the following simple lemma that we use frequently in the sequel (we give the proof just for the
sake of completeness).

Lemma 2.1. Fiz « € (0,1]. Then, for all x, y € R™, we have the a—triangle inequality:
|z 4yl < [z]* + [y|*.

In addition, the equality holds if and only if we either have x =0 or y = 0.
Proof. Let a, b > 0. For any r > 0, we define the function h(r) = (r + b)® — r* — b®. Notice that

W(r)=alr+b*"'—r*""] <0
Hence, we infer that h is strictly decreasing on [0, 00) and so, one has the following inequality:
hia) = (a+b)* —a® = b* < h(0) =0. (2.1)
For z, y € R™ non zero, we get from (2.1) with a = |z|, b = |y| and using the classical triangle inequality, that
|z +y|* < (Je] + [y)™ < || +[y|*.

Finally, we note that equality follows immediately when z =0 or y =0. O

Fix g € Q. Then, we define the barrier function g ., (z) = |x — x0|®. First, we calculate L[ ,] when
0 < B < a. We note that 13 ,, will be used later in Section 3.2 to construct sub/supersolutions as well as to
show S—Holder regularity on solutions.

Proposition 2.2. Assume 0 < < a <1, 29 € Q and Vs, (x) = |x — 20|?. Then, for every x € Q\ {zo}, we

have
B—a Tf -1
Llgwol(x) < |z — x0 ——— 1] <0, (2.2)
(re — 1)
where 1, > a:g is the unique solution in (1,00) to the following equation:

(a—ﬁ)rﬁ—l—ﬁrﬁ_l —a=0.
Proof. First, it is clear that

V5,20 (T0) = Vp 2 (2)

lzo — z|*

L [thp ) (2) < = —|z — zo|7". (2:3)
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On the other hand,

_ B _|p — B _ B _|p— B
L+[1/’ wol(@) = sup ly — o] |z — 20| _ sup ly — x| |z — x|
Bsxo > ‘ —3;‘|°‘ _ ‘ —x‘o‘
yeQ, yFx y y€Q, [y—zo|>|z—20| Y
ly — ol \”
ly — wol” — |z — 2]’ |z — xol -1
< sup — = |z — x| sup o
€T, [y—zo|>|z—z0| (¥ — Tol = [ — 2o]) €D, [y—zo0|> z—zo] (y — x| 1>
|z — o]
Hence
L g @) <l —ao' ™ sup (v, (2.4
l<r< fame)
-1 0 ifa<l
where ¥(r) := T2 We note that lim, 1+ U(r) = 1 @ and lim,_, o, ¥(r) = 0. Moreover, one
(r—1)« s ifa=1
has
Wiy B =) —alr -~ )t ) B - ) —al? 1) (B a6 4

(r—1)2 (r—1)ot+l (r—1)otl
Now, set p(r) = (8 — a)r® — Brf~1 + a. Notice that p(1) = 0, lim, o p(r) = —oc0, and we have
p(r) =8B —a)yr’t = BB —1)r"72 = pri72[(5 — a)r — (8 - 1)].
Let 1o = ;;_g be the unique root of p/'(r) = 0. From above we deduce that p has a unique root r, > ro such
that

ilill) U(r) = P(ry).

Combining the estimates (2.3) on L~ and (2.4) on Lt | we conclude (2.2). But, from Lemma 2.1, we have
< (e 1P 1< (= 1)+ 1.
Hence, we have L[ 4,](x) < 0. O

We now give an estimate on L[ 4,] but in the case when S = «. This will be used in Section 4 to show
a—Holder regularity on solutions to the obstacle problem (1.9).

Proposition 2.3. Letting Yoz, (z) = |x — z0|* with a € (0,1) and x¢ € Q. Then, one has

(diam(Q))O‘ 4
[ — o] <0 for all x # xy.

L[Yazo(x) < =1+ ((m - 1>a ;
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Proof. From Lemma 2.1, one has |z — 2¢|* < |z — y|* + |y — x| and so for y # x, we have the following:

ly = @ol® — |z = xo|™ 1

- )

ly —z|*
with equality attained at y = xg. S0, L™ [)q,4,](2) = —1. Proceeding as in Proposition 2.2, one has

L™ [faa)(@) < sup (),

diam(Q)

1I<r< Tz—x0]
a1 1— a—1
with ¥(r) = (:_71)‘& In this case, ¥'(r) = W > 0. Consequently, we get that

diam(fz)) _ (TI—nﬁ) !

= < lim ¢(r) = 1.

<diam(ﬂ) 3 1) r—00

|z — o]

L[t )(x) < 0 (

If o <1, then we have for x # ¢

(=)

|z — xo]
L[wa,mo](x) <-1+ <dlaHl(Q) _1)a <0. O
|z — o]

In the following lemma, we will show some estimates on L*[¢] in the case when ¢ is a smooth function.

Lemma 2.4. Assume ¢ is a C* function in a neighborhood of some point xq € Q. Then, for o € (0, 1], we have
L™ [p)(wo) <0 < LT [g](o).
Moreover, if a« = 1 then
L*[¢l(wo) > [Vep(wo)l  and L~ [g)(w0) < —[Vip(wo)l-

Proof. Let e be a unit vector in R™. From the definition of L, one has the following:

g o P he) — pla) | e+ he) = plan) |, 1,

] 0 if 0<a<l,
| Ve(zo)-e  if a=1.
. . o VQD(xo) . . +
For o = 1, taking e = V(o) when Vo(zg) # 0, we deduce in this case that Lt [p](xg) > [Ve(xo)|.
P\{To

The estimates on L™ [¢] follow directly from the fact that L™ [p] = —L*[—p]. O

Next, we show that L*[¢] must be continuous for smooth functions ¢.
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Proposition 2.5. If o € C1(Q), then L¥[¢] € C(Q).

Proof. Fix zg € Q and let {z,,} be a sequence of points converging to xo. We show that
L*[@)(xn) = L* ] (20)-
We have

— oz,
L+[(p](l‘n) —  sup ‘P(y) ‘P(a )
yeEQ, y#x, |y - $n|

First, assume that there exists an 9 > 0 such that for all n there is a point y,, € Q\B(x, go) satisfying

L] () = P(yn) — (zn)  ¢(y) — e(zy)

> , for all y € Q, Ty
R PR vz

#(y) — ¢(wo)

ly — w0l
the other hand, y,, has a convergent subsequence y,, say to yo, then since yy # o,

Hence, liminf,, o LT [p](z,) > for every y # xo and so, liminf, . LT [p](z,) > L*[¢](x). On

©(y) — p(xo)

lim L+[§0](1'nk) _ QP(yO) - (P(CUO)
ly — xol™

Jm Yo — o[ for all y € Q,y # x0,

>

and so limy_,o0 L1 [¢](2n,) = LT [p](x0). We conclude that in this case lim, o LT [p](z,) = LT [p](x0).
Now, assume that for every n there is a point y,, # x, such that |y, — x| — 0 when n — oo and

W) =e@n) 1 i) —

1 _ p(yn) — ¢(xn)
‘y - xn|a n n

<
|yn *$n|a

(2.5)

for all y € Q, y # x,,. Take § > 0 such that B(xg,5) C Q. Since p € C*(Q), then we clearly have
(@) — (@) < Mlz— 2’| Va2’ € B(zo,6).
If a < 1, for n large, we get

Hence, (2.5) becomes

PW) = 2(@0) o Lol (am) <0, for all y £ 2o,

|y - :L'Ola n—o0
Since y is arbitrary, then L*[¢](x¢) < limsup,,_,., L1 [¢](x,) < 0. From Lemma 2.4, we infer that

lim Lt[¢](z,) = LT [¢](xg) = 0.

n— o0

Finally, we assume a = 1. Notice that (2.5) and Lemma 2.4 imply together that

V(o) < L¥[p](x0) < liminf L[] ().

n—oo
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From the mean value theorem, there exists a point &, on the line segment joining x, to y, such that

Plun) = @(tn) _Goe). =T o go(e,).

‘yn_xn| ‘yn_xn|

Then, again from (2.5),

limsup LT [¢](z,,) < |V(zo)],

n—oo

concluding in this case that

lim LF[p)(zn) = LT [¢](z0) = [Vp(zo)|. O

n—o0

Remark 2.6. Notice that the result of Proposition 2.5 fails if ¢ is assumed to be only continuous. In fact, let
xo € Q and consider ¥, (x) = | — z|. We have from the proof of Proposition 2.3 that L~ [¢,,](xz) = —1 for
x # xo though L~ [y, ](z0) = 1.

We complete this section with the following Lemma.

Lemma 2.7. Assume ¢ € C1(Q)NC(Q) and zg € Q. Define ps(x) = p(z) + S|z — x0|?, with 6 € R. Then, we
have

|L[s)(x) — Ll¢] ()] < 4|6|diam(2)*".
In particular, this estimate implies that L[ps| converges uniformly in § to L[p].
Proof. Notice that for y # z, one has

ps(y) —ws(x) _ ply) —plz)  sly— zol* — |z — wo|?

ly — x|~ ly — x|« ly — x|
_ e —el@) s ly—a)-(y+x—2)
ly — x| ly —

Hence,
|L¥[s] () = L¥[)(2)] < [6lly — 2]'~* (ly — @o| + |& — zo]) < 2/6|diam(2)*~*. O

3. EXISTENCE OF VISCOSITY SOLUTION

In this section, we show the existence of a viscosity solution to (1.8) by using the Perron’s method with some
conditions on the function f.

3.1. Subsolutions and Supersolutions

First of all, we start by introducing the notions of viscosity subsolutions, supersolutions and solutions. For
the theory of viscosity solutions, we refer the reader to [16].

Definition 3.1. Let Q be an open bounded domain, o € (0,1], and f : R ++ R. We say that u : Q > R is
a subsolution (resp. supersolution) to the equation L[u] = f(u) and write L[u] > f(u) (resp. L[u] < f(u))
if and only if u : Q + R is upper semi- continuous (resp. lower semi-continuous), and for any test function
© € CHQ) N C(Q) such that u < ¢ (resp. u > ¢) with equality at some zg €  then —L[p](z0) + f(¢(x0)) <0
(resp. —L[p](xo) + f(e(x0)) > 0). If the last inequality is strict for every such ¢ and zy we say that u is a strict
subsolution (resp. supersolution) and write L[u] > f(u) (resp. L[u] < f(u)).
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We say that u is a viscosity solution to L[u] = f(u) if it is a viscosity subsolution and a viscosity supersolution
to the same equation.

Remark 3.2. Notice that since L[—u] = —L[u] so if w is a supersolution to L[u] = f(u) then —u is a subsolution
to L[v] = —f(—v); this follows from the fact that —u is upper semi-continuous and if ¢ € C*(Q) N C(Q) is such
that —u < ¢ with equality at z¢ then u — (—¢) attains a minimum at zy and since w is a supersolution to
Lu] = f(u), we get

—L[~¢|(z0) + f(=p(20)) > 0.

Yet, this implies that —L{p](z0) — f(—p(z0)) < 0.

Remark 3.3. The notion of viscosity solution in this paper is stronger than the one in [13] where a viscosity
solution there is not necessarily continuous but the upper semicontinuous envelope is a subsolution and the
lower semicontinuous envelope is a supersolution.

Let u be a viscosity solution on €. Since L is a non-local operator, then it is not clear whether or not u will
be always a solution on a subset of 2. In the following proposition, we will show that this is true provided we
remove only one point.

Proposition 3.4. Fiz xg € Q. Assume that u is a subsolution of Llu] = f(u) on Q, then u is also a subsolution

on Q\ {zo}.

Proof. Let p € CH(Q\ {z})NC(Q) such that u < ¢ on Q with equality at some ;1 € Q\ {x(}. From Lemma 2.7,
for 6 > 0 ps(z) = p(z) + 8|z — 212 € CHQ\ {z0}) NC(Q) such that u < ;s for every z € Q\ {x1} with equality
at x1, and L{ps](z1) — Lp](z1) as § — 0.

Fix 6 > 0. We have z # x1, let g9 > 0 be such that B(zg,20) C Q and not containing x,. We construct a
sequence ¢, € C1(Q) converging uniformly to ¢s in B(xg,eg) and such that ¢,, = @5 on Q\ B(zo,&). We have
u < @5 in B(xg,&0) then for n sufficiently large u < ¢,, in B(zo,¢0) and so u < ¢, in Q\ {x;} with equality at
z1. Since u is a subsolution on €2, then

—Llgn](21) + f(en(21)) < 0.

But, we have that outside B(xq, &), ©n = @s and so, ¢, (x1) = vs(21) = @(x1). Therefore, one has

sup eny) —enlz1) _ sup @5(y) — ws(21)

J— J— (03 = _ «
e Blaoeo) ytar 1Y T 21l yeD\Blaoo),yter 1Y L1l

Now, by uniform convergence of ¢,, and since z1 ¢ B(xg,&0), then we have the following:

lim sup M = sup M

" yeB(o,20) ‘y — @ yE€B(z0,€0) ly —zif®

and similarly for the infimum. Hence, we get that lim, ., L]pn](z1) = Lps|(x1), and so

—L[ps](x1) + f(ps(z1)) < 0.

But, § > 0is arbitrary and ¢s(x1) = ¢(z1) so letting 6 — 01, we infer that — L[¢](x1) + f(¢(z1)) < 0, concluding
that u is a subsolution on Q \ {z}. O

We next show a comparison principle when f is non-decreasing which will help later in proving our Hélder
estimates.
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Proposition 3.5. Assume that f is non-decreasing. Let u be a subsolution (resp. supersolution) of L[u] = f(u)
and v be a strict supersolution (resp. subsolution) such that u < v (resp. u > v) on 9Q and v € CH(Q)NC(Q).
Then, u < v (resp. u>v) in .

Proof. Assume this is not the case, i.e. there is a point a* € Q such that u(z*) — v(z*) = mag)l([u(z) —v(x)] =
zE

M > 0. Note that the maximum is attained since w is upper semicontinuous and v is continuous on Q. We
clearly have u < v+ M on Q with u(z*) = v(z*) + M. Since u is a subsolution and v € C(Q) N C(Q), then
we must have

—Lv+ M](z*) + f(v(z*) + M) <0.
Yet, f is non-decreasing. Hence, we get that
—L[v](z*) + f(v(z")) < 0.
But, this contradicts the fact that v is a strict supersolution which concludes the proof. O

Now, we prove the following stability result of subsolutions when f is continuous.

Proposition 3.6. Assume f is continuous. Let F be a non-empty family of subsolutions to (1.8). Define
v(x) := sup,cr u(r) < 0o and assume that v is upper semi-continuous on 2. Then, v is a subsolution to (1.8).

Proof. We show that —L[v] + f(v) < 0 in the viscosity sense. We proceed by contradiction. Assume there exists
© € CH(Q)NC(Q) such that v(x) — ¢(x) < 0 on Q with equality at z and such that —L[¢](z0) + f(¢(x0)) > 0.
Take ¢s(z) = p(x) + 8|l — zo|?, with 6 > 0, a peturbation of ¢. We have v(z) < p(x) < @s(z) for x # ¢ and
v(xo) = @(x9) = ws(xo). Hence, xg is the unique maximum to v — @s. From Lemma (2.7), we have

—L[s)(x0) + f(s(20)) = —Llws](zo) + f((0)) = —L[¢](z0) + f(p(wo)) — 46diam ()~ > 0,

for 6 small enough.
Since v(zg) = sup,c 7 u(xo), then for every n € N* there exists u,, € F such that

v(xg) — % < up (o). (3.1)

Let M, = sup, glun(x) — @s(x)], which by upper semi-continuity of u,, and compactness of Q is attained at
some y, € Q. We have

M, —0 and Yn — Tg as n — 00.

Indeed, we clearly have that u, < v < s on Q and so, M, < 0. On the other hand, by (3.1) and since
o(0) = 95 (o), one has

1
My, > up(z0) — s(xo) > -

Letting n — oo, we get that lim, ., M,, = 0. To show that y,, — xg, we notice that

1
—= < My, = un(Yn) = 05 (Yn) < 0(yn) — @(yn) — 8lyn — wo|* < —0lyn — wo|*.

3
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1
Hence, |y, — 29| < — — 0.
|y 0‘ \/(S?

Now, we complete the proof of the proposition. We define ¢,, = @5 + M,,. Notice that
Up = (up — ¢5) + 05 < Mp + 05 = @n,

with equality at y,. Then, since u, € F, we get

0> —Llen](yn) + f(n(yn)) = —L[My + @s](yn) + f(My + @s(yn)) = —L[ws](yn) + f(Mn + 05(yn))-

Hence, thanks to Lemma (2.5), and the continuity of f, we conclude that —L[ps](z0) + f(vs(z0)) <0, a
contradiction. O

Remark 3.7. From Remark 3.2, we obtain a similar stability result for supersolutions, that is, if G is a family
of supersolutions to L[u] = f(u) and if w(z) := inf,cgu(z) is lower semi-continuous in €, then w is also a
supersolution.

3.2. Perron’s Method

The aim of this subsection is to construct a viscosity solution to (1.8) by applying the Perron’s method. First,
we start by constructing a sub/supersolution.

Lemma 3.8. Assume f is non-decreasing and continuous, and g is continuous on OS). Then, there exist a

subsolution u~ and a supersolution u* to (1.8) such that u= <u™ on Q and v~ =ut =g on 9.

Proof. Fix f < a. For £y € 0Q, a € R and b > 0, we define the function ¢z, 44 on Q as follows:
brg.an(z) =a—Dblz — x|’

Recalling Proposition 2.2, we have

L - bL B> —p peo [ 2L 0) 5 pdiam(@)f-n [ TETL g 3.2
[$20,a,6)(2) = =b L[|x — 0[”] > —b|z — z0] m— > —bdiam(Q) W— ; (3.2)

for all x € Q. We take the set
S = {(mo,a,b) € 00 X R x [0,00) : L{pug,ap(®)] > f(dug,ab(x)) In Q, Gupap <g on GQ}.

Notice that S # 0. Indeed, using the fact that f is non-decreasing and inequality 3.2, (xo,a,b) € S as soon as
zg € 92, a < ming, and

. a—p

b diam(€2) f(a)'
N 1

1> -

=
Notice also that for every (wo,a,b) € S, we have a = ¢y,,q,5(z0) < g(20) < maxg and s0, ¢z, q,6(7) < maxg,
for all x € Q2. We then define

(3.3)

u (r) = Sup  Pugap(T).
(zo,a,b)€S
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We clearly have u~ (z) < co. Now, we show that v~ = g on 9. By definition of S, we have that ¢z, 4 < g on
o) for every (wo,a,b) € S and 80, U™ = SUP (4, 4.p)es Pao,ab < g O OSL.

Given € > 0, by uniform continuity of g there exists r > 0 such that for all z,y € 9Q with |z — y| < r, one
has

lg(x) — g(y)| < e

di Q) f(a.
%. So, we have L{¢zg.a.b.] > f(Pzg,a..b. ). Moreover,

o]

Fix g € Q. Take a. = g(x¢) — ¢ and b, >

assume that

g(zg) — € —ming

b >

Then, one has
Gug.an b (T) = glx0) — € — be|r — x0|® < g(x) for all = € 99Q.
Hence, (xq, ae, be) € S. In particular, we deduce that

u” (20) > Gzg,a.b. (T0) = g(x0) — €.

Letting ¢ — 0, we get that u™(z9) > g(wo), concluding that u~(xo) = g(z), for every zy € IQ.
We next prove that v~ € C(Q). Take yo € Q and sequence y,, € 2 that converges to yo. Since u~ is the
supremum of continuous functions, then it is lower semi-continuous and so,

u” (yo) < liminfu™(yn).
Let (xn, an,b,) € S be such that
W)~ < Brnan () < 0 (). (3.4)
Assume b,, has no unbounded subsequence that is lim,,_, b, = 00. Since a,, < g(z,,), we have
u” (yn) — % < ap — bp|yn — 2n|® < max g — by |y, — x,|°.

So,

. 1
max g —infu™ + —
n

bn

|yn - Jf'nlﬁ <

Since u~ is lower semi-continuous, so the infimum of u™ is finite and then, y,, — z,, — 0, concluding that z,, — yq
and so, yg € 02. We then get

1
u” (yo) = g(yo) = limsup g(x,,) > limsup a,, > limsup ¢4, 4, b, (Yn) > limsup [u_ (yn) — }

n—00 n—00 n— 00 n— 00 n
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Hence,

limsupu™ (y,) < u™ (yo).

n— 00

Assume now that b, has a bounded subsequence (we still call it b,). Yet, we note that thanks to (3.4)
and the fact that «~ is bounded from below and a, < maxg, then a, is always bounded. So, we can extract
subsequences, (Zn, an,b,) — (21,a1,b1) € 92 x R x [0,00). From (3.4),

_ 1
So,

limsupu™ (yn) < a1 — bilyo — z1]® = lim a, — bplyo — Tul® = lim @u, a5, (o) < v (30).
n— o0 n—oo n—oo

We deduce that u~ € C(£2) and so we can use the stability result in Proposition 3.6 to conclude that v~ is
a subsolution to (1.8) and 4~ = g on 91.
Similarly, we define

S = {(a:o,a,b) € 002 x R x [0,00) : L{@ag.a,—b) < f(@wp,a,—b) I Q, Pug.a—6>9g on 69}.

Using the same approach, one can show that u™ = ( 1nbf) < Buo.a,—b is in C(Q) and is a supersolution to (1.8)
xop,a, S !

with ut = g on 9.

Finally, we show that u~ < u*. Take (zo,a0,b0) € S and (z(,ap,by) € S’. Since f < 1 then ¢rg a0,60 —
Guyy apy,—by, 18 a convex function over the compact domain 2, then its global maximum is attained on 9€2. But by
definition of S and S, ¢z 40,60 < g < Gy apy,—by, on O concluding that dugag,b0 < Py an, by OD Q. Yet, this is
true for every (xg,ag,bo) € S and (z{,af, b)) € S’. Hence, u= <wut. [0

Remark 3.9. Assume g > 0 on 9. Then, for (zg,a0,bo) € S’, we have @uy.a0,—by = @0 = Pug.a0,—bo (T0) >
g(xp) > min g. Hence, we get that u™ > 0; this observation will be needed in Section 4.

Now, we are ready to prove Theorem 1.1. First, we show the regularity of subsolutions and then prove the
existence result.

Proposition 3.10. Assume f is non-decreasing and continuous. Let u be a bounded viscosity subsolution of
(1.8). Then, w is locally B—Hélderian, for any 0 < 8 < a. More precisely, we have

20ulloc [diam(Q)]*F [f(=]ulloo)]-
[leo.s ) < max { dist(w, 02)B’ 1 U(r,)

}, for every w CC Q,

where using the notation of Proposition 2.2
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In addition, assume that g € COB(09), if u is a bounded viscosity solution of (1.8) with u = g on 0, then u
is B—Holderian in Q, and we have the following estimate:

[lullgo.s @) < C(O@ B, diam($), [|gllco.s a0y, [f (Ellglloc)]+ [f(—||UIoo)]—>~

Proof. Fix xp € w CC Q. Thanks to Proposition 3.4, u is a viscosity subsolution of (1.8) on Q\{zo}. Now, we
define

v(z) = u(zo) + Clz — zo|”.
Recalling Proposition 2.2, v is a strict supersolution on Q\{z} since
—Llu(wo) + Clz — xo|"] + f(u(o) + Clz — xo|”) = —~CL[lx —wo|”] + f(~|lullsc) > 0

> [diam(fl)]l""ﬂ [f (=lulloo)] -

= (ry)

as soon as C . Moreover, one has v(xg) = u(xg), and for every € 99, we have

u(z) — v(z) = u(x) — u(zy) — Clr — 20]? < 2|ul|ee — C dist(w, dN)? <0

as soon as we choose the constant C > 2||ul|s/dist(w,dQ)?. Thanks to the comparison principle in
Proposition 3.5, we infer that u < v in Q\{xo} and so, we have

u(z) < u(zo) + Ol — x0)? for all z € w.
Interchanging the role of g and xz, we get that
lu(x) — u(zo)| < Cla — x0|”.

This shows that u € C%8(w).
Now, let us show the second statement. Assume g € C%#(99). Fix z¢ € 9. Then, we set the function

wt(x) = g(xo) + C |z — xo|?,
where C' > [g]5.00. Since g € C%#(9Q) and u = g on 91, then we have for every z € 9 the following inequality:
u(z) = g(z) < g(wo) + C |z — 20| = w*(2).
Moreover, one can show that w™ is a strict supersolution provided that C is large enough. Indeed,
—L{w ] + f(w?) = =C LYp .00 + f(g(wo) + Cla — 20]”) = Clw — 20" *[1 = W ()] + f(~lglloc) > 0
provided that

diam(2)* 7 [ f(—1]gl|o0)]
o 1—W(ry) .

Thanks again to the comparison principle in Proposition 3.5, we get that v < w* in Q. Therefore, one has

u(z) < glzo) + Clz — xo?, for all = € Q.
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In the same way, we set
w™ () = g(zo) — C'la — wol”,

where C' > 0 is a large constant that we will choose later. We claim that w™ is a strict subsolution. In fact, we
have the following:

—L{w™ ]+ f(w™) = C Ligz,] + f(9(z0) = C |z — 20|”) < Cla — 2o/~ [¥(r.) — 1] + f(llgllc) < O
provided that

diam () [£(Ilglloo)]+
1-9(r,) '

C>

On the other hand, assuming that the constant C' > [g]s,00 then we get thanks to the Holder regularity of g
that

u(z) = g(x) > w™ (x) = g(xo) — C |z — 20/?, for all = € 9.

Hence,
u(z) > w™ (), for all = € Q.
Consequently,
w™(z) < ulz) <wt(z), for all z € Q.
Yet, u(zg) = g(xo). Then,
lu(z) — u(zo)| < C'lz — x0|?, for all = € Q.

O

Proposition 3.11. Assume 0 < o < 1, f > 0 and f is non-decreasing and continuous, then any bounded
viscosity subsolution u of (1.8) is locally a— Hélderian. In addition, we have

oy < ——ltllee
Cow) = dist(w, 0Q)’

for every w CC €.
Proof. We will follow the same argument as in Proposition 3.10. Let w CC Q and fix z¢ € w. Set
v(x) = u(zo) + Clx — x0|™.
Thanks to Propositon 2.3 and the fact that f > 0, one has
—Lu(zo) + Clz — xo|*] + f(u(zo) + Cla — ¢|*) > —CL[|lz — z0|*] > 0.

Hence, v is a strict supersolution in Q\{z¢}. On the other hand, v(zg) = u(x). For every a € 92, we also have

u(x) —v(z) = u(z) — u(zo) — Cle — xo|® < 2||ul|eo — C dist(w, Q) <0
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provided that C' is large enough. By the comparison principle (3.5), this yields that v < v in Q\{zo}. Hence,
we get

u(z) < ulxg) + Clz — x| forall z ew. O

Now, we are ready to prove our existence result.

Theorem 3.12. Under the assumptions that f is non-decreasing and continuous, and g is continuous on 05,
there exists a viscosity solution u to Problem (1.8).

Proof. From Lemma 3.8, we know that there exist a subsolution 4~ and a supersolution u* to (1.8) with

ut € C(Q),u” <ut on Q and ut =u~ =g on IQ. Set
S = {w € C(Q) is a subsolution : u~ <w < ut on Q}

First, we note that S # ) since the subsolution 4~ constructed in Lemma 3.8 belongs to S. Then, we define
the function

U = sup w.
weSs

For any w € S, we clearly have
[[w]loo < max{|[u™oc, [l [|oc} := A.
On the other hand, by Proposition 3.10 , one has

2A [diam(Q)]* A [f(—=A)]—-
dist(w, 0Q)#’ 1—U(ry)

[W]o.8(w) < Inax{ }, for every w CC Q.

Hence, we infer that u is locally S—Holder as it is the supremum of uniformly locally f—Holder functions.
So in particular, v is continuous in €. Yet, u is continuous on 92 since v~ < u < ut on Q, u* € C(Q) and,
ut =u~ = g on 9. From Proposition 3.6, this implies that u is a subsolution of (1.8) with u = g on 9.

Let us show that wu is also a supersolution, so that it will be a viscosity solution. Assume that this is not the
case, i.e. there is a point zo € Q and a function ¢ € C*(Q) N C(Q2) such that u > ¢ on Q with u(zg) = p(x0)
and

—Llgl(zo) + f(e(20)) <0. (3.5)

We recall that we may assume zy to be the unique minimum of u — ¢. Indeed, for § > 0 small enough, set
vs(z) = p(z) — |z — mo|?. Hence, we clearly have p5; < ¢ < u on Q with ¢s(zg) = p(z9) = u(xg). Moreover,
by Lemma 2.7, we have

—Llps](zo) + f(ps(w0)) < —L[p](w0) + Co + f(p(z0)) <O,

as soon as d > 0 is sufficiently small.
Now, we claim that u(z) < u™ (2¢). Suppose it is not the case, i.e. we have u(x) = u™ (zo). Hence, we infer
that ¢ <u <u™ on Q with u*(z9) = ¢(z9), and having u™ is a viscosity supersolution, then

—L[#l(zo) + f(p(20)) = 0,
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which is a contradiction.

Since u™, ¢ are continuous on Q, ¢(xo) = u(xo) < ut(wo), ¢ <u < ut and xo is the unique minimum of
u — ¢, then there will be a small constant ¢y > 0 such that ¢ + ¢ < u™ on Q, for all 0 < ¢ < ¢{p. We set

ue = max{u, ¢+ (}.

We shall prove that u; € S, for ¢ > 0 small enough. In this case, since u > u¢ on (2, one has in particular at
T = xq that

u(zo) = u¢(zo) = (o) + ¢ = u(zo) + ¢,
which is clearly a contradiction as ¢ > 0. Hence, it remains to prove the claim that uc € S. First, it is clear

that v~ < u < ue < wu'. Let us show that u¢ is a subsolution. Assume it is not the case, so there exists a point
z¢ € Q and a function ¢, € C1(2) N C(Q) such that ue < ¢ on Q and uc(z¢) = pe(xe) with

—Llpc)(z¢) + flec(xe)) > 0. (3.6)

Here, we have two possibilities: either u¢(z¢) = u(ze) or uc(z¢) = @(z¢) + ¢ If ue(ze) = u(xc) for some ¢, then
we have u(z¢) = p¢(x¢) and u < ue < @¢. But u is a subsolution, then we must have

—Llpc)(w¢) + flpc(ze)) <0,
which is a contradiction.

The remaining case is when u¢(z¢) = @(z¢) + ¢ for all ¢ small, so ¢¢(z¢) = ¢(z¢) + . Since ¢+ ¢ < ue < @,
then one has

p<@c—¢ on Q
Hence, we have
Llg)(z¢) < Llpc — J(x¢) = Llpc](x¢).

In particular, we get that

—Llpc)(xe) + fo(x¢)) < —Llel(xc) + fe(ac)).

Consequently,

[=Llec)(zc) + flpc(zo)] + [f (plc)) — flec(e)] < —Llpl(ze) + fo(ac))- (3.7)

Recalling (3.6), (3.7) yields to

flp(ae)) = flec(xe)) < —Llpl(xe) + f(e(wc)). (3-8)

However, we claim that the sequence of points z¢ converges to xo. Otherwise, it means that up to a subsequence
xc — x* # xo. But, we have

w(ze) < uelxe) = plae) + ¢, for all ¢.
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Letting ¢ — 07, we infer that u(z*) < p(z*). Hence, u(z*) = p(x*) and z* is a minimum point of u — ¢. Yet,
z( is the unique minimum point for v — ¢ and so, z* = xg. Yet, this is also a contradiction. So, our claim is
proved.

Passing to the limit in (3.8), we get

0 < —Lfp](xo) + f(e(z0))-

But, this contradicts (3.5). Hence, this concludes the proof that u; € S. O
We finish this section by the following observation that we will use when dealing with the obstacle problem.

Remark 3.13. Assume the boundary datum g > 0 on 92 (but, g is not identically zero). Recalling Remark 3.9,
the supersolution u® constructed in Lemma 3.8 is nonnegative. However, the subsolution u~ defined in
Lemma 3.8 is not necessarily nonnegative.

Now, assume f = 0 on (—o0, 0]. Then, there will always be a nonnegative subsolution u~ such that v~ < u™
on Q and ut = u~ = g on 9. In fact, it is easy to see that w* := max{u~, 0} is also a subsolution with w* = g
on 9. Moreover, we have w* < u*. Hence, using the setting of Proposition 3.12, w* € S. From the definition
of the Perron’s solution w, this yields that

u=supw > w* > 0.
weS

Then, u > 0 on . o
Finally, assume that there is a point zp € Q such that u(z¢) = 0. Since v # 0 and u € C (), then there is a
u(x™)

point #* # zy € Q such that u > “5-2 > 0 on B(z*, ), where £ > 0 is small enough. Now, let ¢ € C*(Q)NC(Q)

be such that ¢ # 0, supp(¢) C B(z*,e) and 0 < ¢ < %*). In particular, we have u > ¢ and u(xo) = ¢(z¢) = 0.
Therefore, we must have

0 < L{p](zo) < f(e(x0)) =0,

which is a contradiction.
Notice also that when f =0 on (—o0,0], we obtain from Proposition 3.10 the following uniform (does not
depend on the solution u) estimate:

[l o g < c(a, 8, diam(92), [lgllcos o0, f<|g||oo>).

4. OBSTACLE PROBLEM

In this section, we assume that f : [0,00) — R is continuous, nonnegative and non-decreasing, and the
boundary datum ¢ is nonnegative and continuous on 992. We prove Theorem 1.2 by showing that there exists
a nonnegative function u that is solution to the following obstacle problem

{L[u] = f(u) in {u> 0}, (4.1)
u=g on Of). .

Proof of Theorem 1.2. In the case when f(0) = 0, we extend f by 0 on (—o0,0). Then, this extension (we still
denote it by f) is continuous and non-decreasing on R and so, by Proposition 3.12, Problem (1.8) has a solution
u. Thanks to Remark 3.13, u > 0. Hence, u solves Problem (4.1).

Now, we consider the case when f(0) > 0. Assuming a < 1. Let f. be a sequence of non-decreasing continuous
functions such that f. =0 on (—00,0] and f. = f on [g,4+00). For every € > 0, by Proposition 3.12, we know
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that there exists a solution u. to Problem (1.8) with u. = g on 9. Recalling Remark 3.13, we may assume
that u. > 0 on €. In addition, by Proposition 3.10, we have that

el < € 8, dmnt@), lgllcoscony: £(lglle) )

for € > 0 small enough.

Hence, (u.). is bounded in C%#(Q). Therefore, up to a subsequence, u. — u uniformly in C%#(Q) and u >0
on Q.

We will show that w is a viscosity subsolution to (4.1) (the fact that u is a supersolution can be treated
similarly). Therefore, u will be a viscosity solution for Problem (4.1) with boundary datum u = g. Assume by
contradiction that u is not a subsolution then there exists z¢ € {u > 0} and a function ¢ € C(2) N C1(Q2) such
that u < ¢ on Q with u(x) = () but

—L[p](xo) + f(e(x0)) > 0.

Thanks to the uniform convergence of u. to u, one can find a sequence . converging uniformly to ¢ such that
0 €0 NCYHQ), ue < v on Q and uc(r.) = pe(r:), where . — ¢ when ¢ — 0. Since u. is a viscosity
solution, then

_L[Qoe](xs) + fs(@s(xs)) <0. (4.2)
Yet,
L[(pa](xg) = sup M _iIlf M@eixe).
ve yte. U~ x| ye, y£z. |y — Tel

We claim that

|Llpe)(z) — Llpl(ze)| < Cllee — llac ™.

We will show this inequality for L+ (the proof for L™ will be similar and so, it will be omitted). First, one has

pely) —pelze) _ oly) —plze) | we(y) — o) +o(ze) — pelze)

ly —z|* ly —z|* ly — x|®

But, it is clear that

ve(y) — QD(Z|J) + p(ze) — pe(e) <2 Inin{ e — ¢lloo Cly— $s|1a}7
Y — Te|®

where C' < oo is a uniform constant such that Lip(¢.), Lip(¢) < C on B(xo,0d), for § > 0 small enough. Then,
we get that

wa(y)—w(z(y)Jrf(is)—%(%) SCmin{”%_‘p”"o | —x5|1—a}§0||%_<p|iga_
€
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On the other hand, it is clear that ¢.(x.) = ¢(x0) > 0 and so, f:(ve(z:)) = f(p:(x:)) = f(p(xo)). Hence,
thanks to Lemma 2.5 and passing to the limit when € — 0 in (4.2), we infer that

—L[p](w0) + f(v(x0)) <0,

which contradicts our main assumption.
Thanks to Proposition 3.11 and since f. > 0, then wu,. are uniformly (in €) locally a—Holder continuous.
Moreover, one has

[ue]cov‘l(w) S 2||u€||00 S B ¢ 9
dist(w, 002)* ~ dist(w, 0Q)*

for every w CC €.

Then, letting € — 0, we infer that the limit function u is locally a—H&lder continuous. O
Remark 4.1. We note that it is not clear whether we can prove global a—H®élder regularity on the solution u
in the previous theorem or not, unless f = 0. Indeed, recalling the proof of Proposition 3.10, the key idea is to
show that, at each boundary point xg € 992, the function u. admits two barrier functions from above and below
of the form w* (x) = g(zo) £ C |x — x0|*. The existence of a barrier function w* from above is not an issue (see
the proof of Prop. 3.10). However, the difficulty arises when showing a barrier function w~ from below since

now (i.e. when 8 = a) we lose the upper bound L[|z — 2¢|?] < —¢ < 0 (which is true if 3 < «; see Prop. 2.2).
In fact, set

w () = g(xo) — C'|x — x0]“.
We have
—Llw™]+ f(w™) = C Ll|lz — z0|*] + f(g(z0) — C'lz — 20|*).

By Proposition 2.3, we get

<diam(Q) > “ 1
|x — o]

(diam(Q) B 1)a
|z — o]

But, the right hand side in the inequality above is not strictly negative as soon as x is close enough to zg and
f(g(z)) > 0. Hence, it is not clear whether w™ is a strict subsolution to (1.8) or not.

—Llw™]+ f(w™) < -1+ + flg(zo) = Clz — ol?).

Remark 4.2. We note that the solution u of the obstacle problem (4.1) is not necessarily strictly positive.
Thus, an interesting question will be to study the properties of the free boundary 9{u > 0}, this remains open.

On the other hand, regularity results of the solution on the free boundary for the same problem (4.1) but
with infinity (instead of fractional) Laplacian has been analyzed for example in [17] through a scaling argument
that could not be adapted to our case since the operator L is non-local. Finally, we mention that for the infinity
Laplacian we obtain higher regularity on the solution across the free boundary. However, it is not clear if this
will be also the case when dealing with fractional infinity Laplacian.

ACKNOWLEDGMENTS

The authors would like to thank the referee for all their comments and in particular for their suggestions to refine our
results under weaker regularity assumptions on the boundary datum g.



22

S. DWEIK AND A. SABRA

DATA AVAILABILITY STATEMENT

No new data/codes were created or analyzed in this study.

(1]
2]
3]
[4]
[5]

[6]

REFERENCES

G. Aronson, Extension of functions satisfying lipschitz conditions. Ark. Mat. 6 (1967) 551-561.

G. Aronson, On the partial differential equation uium + 2Ug Uy Uy + uzuyy = 0. Manuscr. Mat. 47 (1954) 133-151.
E.N. Barron, Viscosity solutions and analysis in L°. Nonlinear Analysis, Differential Equations and Control.
Dordrecht (1999).

E.N. Barron, L.C. Evans and R. Jensen, The infinity Laplacian, Aronsson’s equation and their generalizations.
Trans. Am. Math. Soc. 36 (2008) 77-101.

M.G. Crandall, L..C. Evans and R.F. Gariepy, Optimal Lipschitz extensions and the infinity Laplacian. Calc. Var.
Partial Diff. Equ. 13 (2001) 123-139.

T. Bhattacharya, E. DiBenedetto and J. Manfredi, Limits as p — oo of Ayu, = f and related extremal problems.
Rend. Sem. Mat. Univ. Politec. Torino (1989), no. Special Issue, 15-68 (1991), Some topics in nonlinear PDEs
(Turin, 1989).

C. Bjorland, L. Caffarelli and A. Figalli, Nonlocal tug-of-war and the infinity fractional Laplacian. Commun. Pure
Appl. Math. 65 (2012) 337-380.

Y. Peres, O. Schramm, S. Sheffield and D.B. Wilson, Tug-of-War and the Infinity Laplacian. Selected Works of
Oded Schramm. Selected Works in Probability and Statistics. Springer (2011).

H. Antil, R. Khatri and M. Warma, External optimal control of nonlocal PDEs. Inverse Probl. 35 (2019) 084003.
S. Aleotti, A. Buccini and M. Donatelli, Fractional graph Laplacian for image reconstruction. Appl. Numer. Math.
200 (2024) 43-57.

E. Abdo, F.N. Lee and W. Wang, On the global well-posedness and analyticity of some electrodiffusion models in
ideal fluids and porous media. STAM J. Math. Anal. 55 (2023) 6838-6866.

J.L. Véazquez, Nonlinear Diffusion with Fractional Laplacian Operators. Nonlinear Partial Differential Equations:
The Abel Symposium 2010. Springer Berlin Heidelberg (2012).

A. Chambolle, E. Lindgren and R. Monneau, A Hoélder infinity Laplacian. Optim. Calc. Var. 18 (2012) 799-835.
L.M. Mérida and R.E. Vidal, The obstacle problem for the infinity fractional Laplacian. Rend. Circ. Mat. Palermo
II. Ser. 67 (2018) 7-15.

F. Fejne, On the comparison principle for a nonlocal infinity Laplacian, Preprint (2025) arXiv:2501.04506.

M.G. Crandall, H. Ishii and P.L. Lions, User’s guide to viscosity solutions of second order partial differential
equations. Bull. Am. Math. Soc. 27 (1992) 1-67.

N.M.L. Diehl and R. Teymurazyan, Reaction—diffusion equations for the infinity Laplacian. Nonlinear Anal. 199
(2020) 111956.

Please help to maintain this journal in open access!

This journal is currently published in open access under the Subscribe to Open model
(S20). We are thankful to our subscribers and supporters for making it possible to publish
this journal in open access in the current year, free of charge for authors and readers.

Check with your library that it subscribes to the journal, or consider making a personal
donation to the S20 programme by contacting subscribers@edpsciences.org.

More information, including a list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.



https://arxiv.org/abs/2501.04506
mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o

	Fractional infinity Laplacian with obstacle
	1 Introduction
	2 Preliminaries
	3 Existence of viscosity solution
	3.1 Subsolutions and Supersolutions
	3.2 Perron's Method

	4 Obstacle problem

	References

