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APPROXIMATION OF ELLIPTIC EQUATIONS WITH INTERIOR
SINGLE-POINT DEGENERACY AND ITS APPLICATION TO WEAK
UNIQUE CONTINUATION PROPERTY

WELIA Wul, YaoznoNG Hu?, DONGHUI YANG? AND JIE ZHONG"*

Abstract. This paper investigates the weak unique continuation property (WUCP) for a class of
high-dimensional elliptic equations with interior point degeneracy. First, we establish well-posedness
results in weighted function spaces. Then, using an innovative approximation method, we derive the
three sphere inequality at the degenerate point. Finally, we apply the three sphere inequality to prove
WUCP for two different cases.
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1. INTRODUCTION

The unique continuation properties for uniformly elliptic equations have been extensively studied in the
literature [1-16]. There are two types of unique continuation properties: the strong unique continuation property
(SUCP) and the weak unique continuation property (WUCP). Below, we briefly recall these two properties.

Let P(x,0) be a uniformly elliptic operator. The strong unique continuation property (SUCP) states that
if P(z,0)u =0 in a domain  C RY, and there exists a point x¢ € ) such that u vanishes to infinite order,
meaning

/ u?dz = O(r¥) as r — 0, for every k € N,
BT(:E())

where B,.(zo) denotes a ball in Q centered at xg with radius r, then « =0 in Q.

The weak unique continuation property (WUCP) states that if P(xz,0)u = 0 in 2, and v = 0 in an open
subset w C €, then v = 0 in Q. It is easy to see that the WUCP requires less stringent conditions compared to
the SUCP.

Keywords and phrases: Degenerate elliptic equations, weak unique continuation property.

1 School of Mathematics and Physics, North China Electric Power University, Beijing, 102206, China.

2 Department of Mathematical and Statistical Sciences, University of Alberta, Edmonton, AB T6G 2G1, Canada.
3 School of Mathematics and Statistics, Central South University, Changsha, 410083, China.

4 Department of Mathematics, California State University Los Angeles, Los Angeles, CA 90032, USA.

Corresponding author: jiezhongmath@gmail.com

© The authors. Published by EDP Sciences, SMAI 2026

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


https://doi.org/10.1051/cocv/2026016
https://www.esaim-cocv.org
https://orcid.org/0000-0001-9030-2317
mailto:jiezhongmath@gmail.com
https://creativecommons.org/licenses/by/4.0

2 W. WU ET AL.

Notably, unique continuation does not hold universally for all uniformly elliptic equations (e.g. [16]). Fur-
thermore, the analysis of unique continuation properties becomes significantly more challenging for degenerate
elliptic equations compared to uniformly elliptic ones. Currently, there are two methods — the three sphere
inequality [1, 8, 9, 14, 15, 17, 18] and Carleman estimates [2—4, 12, 13, 16], which are effective in dealing with
certain special cases [3, 11, 19-21].

The three sphere inequality states that for a harmonic (or subharmonic) function u(z) defined in a region
containing three concentric balls B,,, B,, and B, with r; < ry < r3, the maximum value H(r) of u(x) on the
intermediate sphere B,, can be bounded by a weighted geometric mean of the maximum values on the inner
and outer spheres:

H(r) < (H(r1))"(H(rs))' 7",

where p € (0,1) is determined by the radii. The three sphere inequality is developed on the basis of the doubling
inequality, which was originally introduced by Garofalo and Lin in [9]. The author of [15] provides a detailed
introduction to the doubling inequality, the three sphere inequality, and their applications in unique continuation.
In [19], the author primarily investigates the unique continuation properties of a specific class of second-order
elliptic operators that degenerate on manifolds of arbitrary codimension, using the doubling inequality. The
focus is on the model operator

Py = A, + [2]**As, a >0,

in R™ x R™, which is elliptic outside a degeneracy manifold ({0} x R™) but degenerates on it. The author
establishes SUCP using Carleman estimates and introduces a quantitative version of SUCP that bypasses
Carleman estimates, instead relying on the doubling inequality. Similarly, in [22], the doubling inequality is also
applied to study the unique continuation properties of solutions to degenerate Schrédinger equations influenced
by singular potentials and weighted settings. In [23], SUCP is established for a class of degenerate elliptic
operators with Hardy-type potentials using Carleman estimates. This work extends the results of [19] but
does not yield a quantitative conclusion. By contrast, in [24] a quantitative three-sphere-type inequality is
established for solutions to Baouendi—Grushin type equations with a zeroth-order potential. Notably, the three
sphere inequality appears to be more effective for studying quantitative weak unique continuation properties.

In this paper, we shall consider the weak unique continuation properties for the elliptic equation with degen-
erate interior point by approximation. It is well known that the solution spaces of degenerate elliptic equations
belong to weighted Sobolev spaces [5-7, 25, 26]. A natural approach is to approximate a solution of a degener-
ate elliptic equation by a sequence of solutions to uniformly elliptic equations [5, 6]. This method is feasible in
weighted spaces and applies to high-dimensional cases, but it heavily relies on the Calderén-Zygmund decomposi-
tion, which can compromise certain desirable properties of the weight function. For instance, the approximating
weight functions may lack differentiability, which is crucial when using the three sphere inequality to prove
WUCP, requiring the approximating weight functions to be at least Lipschitz continuous. Another approxi-
mation approach, similar to that in [27-29], involves constructing a non-degenerate coefficient |z + €|* over
the entire domain ) to approximate the degenerate coeflicient |x|®. However, this method is suitable for one-
dimensional degenerate equations but not for the high-dimensional problems we aim to study. For the problem
we consider in this paper, local estimates are required to approximate the solution (see Lem. 3.5).

While the idea of approximation has been utilized in many works, our method is fundamentally different
from those in the existing literature. First, one of our main contributions is the introduction of an alternative
approximation method for a specific class of weight functions with a single degenerate interior point. Our
approximation is achieved by constructing a carefully designed non-degenerate weight function to approximate
the degenerate weight function within a small local region B, rather than the entire domain 2. This ensures
that the weight function remains differentiable in high-dimensional settings. For a detailed discussion, refer to
Section 3. Second, in the proof of WUCP, we consider two cases: 0 € w and 0 ¢ w. For case 0 € w, the result
is obtained using the three sphere inequality at both degenerate and non-degenerate points. For the more
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challenging case 0 ¢ w, we apply Schauder estimates to address the difficulties arising from the degenerate point
being excluded from w. Finally, we derive a WUCP result.

It is worth noting that in most works (see [27-29]), the SUCP is typically achieved using the doubling
inequality. However, this paper employs the more robust three sphere inequality. Although we do not present
results on SUCP here, we have demonstrated it in another working paper using an annular estimate method.

We organize the paper as follows: In Section 2, we present several well-posedness results. In Section 3, we
provide a detailed explanation of the construction of the approximation and introduce the preliminary lemmas
required for proving the three sphere inequality at the degenerate point. In Section 4, we establish the three
sphere inequality at the degenerate point and prove WUCP for two cases: 0 € w and 0 ¢ w.

2. PRELIMINARY RESULTS

Let us consider the following equation

{—div(qu) =f inQ (2.1)

u =0, on 0,

where O C RY (N > 2) is a domain containing the origin (0 € ), and its boundary 95 is of class C2. The
weight function is given by w = |z|®, with a fixed o € (0,2), and f is a given function such that f € L?(Q;w™1!).
The weighted Sobolev space L?(;w) is defined as follows:

L2 (Q;w) = {u(m) | 4 is measurable, and / wrwdz < oo} .
Q
The inner product on L?(Q;w) is

U, V) 2(Qw) = | wvwdz,
(sw) o

and the norm on L?(Q;w) is

lull 2 (0w) = </ u2wdx)
Q

It is well known that (L?(Q;w), (-, ) r2(0.w)) (see [30]) is a Hilbert space and (L?(;w), || - || 22(0u)) is a Banach

space.
Set
1 2 ou 2 .
Hw(Q): 'ZLGL(Q)TGL(Q,U})’Y,:]_77N ,
i
where %,i =1,--+, N are the distributional partial derivatives, the inner product on HJ () is
N
ou Ov
1 = d d
(u,v) m1 (@) / wvwdz + ;/ﬂ 3. Do

= (u,v) L2 (sw) + (VU, VU) 12 (04
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and the norm is

ou
8%‘1'

1
2 2
wdx) .

N
lull e () = /qud:EJr /
o= ([ 3 [

Define
HY o(9) = D) b

where D(Q) = C§°(9) is the space of test functions. Denote by H*(€2) the dual space of H_, ;(€2). This space is
a subspace of D’(1), the space of distributions on €. It is well known that (H}, (), (-,-) g1 (o)) forms a Hilbert
space, while (H,(Q), ] - | a1 o)) is a Banach space.

Next, we aim to establish some well-posedness results for equation (2.1). First, we introduce some notations
that will be used:

Q={xeQ||z|>€}, Be={x € Q] |z| <e}.

Similar to the proof of Lemma 3.1 in [31] or Proposition 2.1 (1) in [26], we can easily derive the following
weighted Hardy inequality.

Lemma 2.1. For any N > 2 and a € (0,2), if u € H} 4(Q), then we have
(N—-2+a) (/ |2 2u? dx) <2 (/ |z|*Vu - Vudx) : (2.2)
Q Q
Moreover, let m := sup,cq |z| + 1. We can also derive
1

/u2dx %<M /|x\avu-vudx i (2.3)
Q 7N—2+Oé Q ’ ’

Proof. Let u € Hy, 4(€2). Then v =0 on dQ in the sense of traces. Moreover, for each € > 0, the restriction of
u to the open set Q¢ belongs to W12(Q¢), and the trace of u on 9Q¢ is well-defined and bounded in L?(9).
Applying the divergence theorem on ¢, we obtain

2/ |2|*72(z - Vu)ude = / |z|* 2z - V(u?) dx
= / lz|*2u?(z - v) ds + / |z|*2u?(z - v) ds
19]9)

0B,

—/ div (Jz|*?z) v* da.

Since u = 0 on 0, the boundary integral over 92 vanishes. Noting that z -v = —|z| on dB. and
div (Jz|*2z) = (N — 2+ a)|z|*2, we deduce

€

2/ |x|o‘*2(x~Vu)udx:f/ |x\°‘*1u2dsf(N72+a)/ |z|*~2u? dz.
s dB.
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Rearranging terms gives

(N -2+ a)/ 2] 2u? do < 72/ |2|*72(z - Vu)uda.

€ Qe

Applying the Cauchy—Schwarz inequality, we estimate

_2/ |x|“_2(x~Vu)udx§2/ 1] Jul [2]% | V| de
Qe Qe

1/2 1/2
<2 (/ || % dx) (/ |xa|Vu2dx) .
€ QG

Thus, we obtain

1/2 1/2
(N—-2+a) (/ || 2u? dx) <2 (/ |x|a|Vu|2dx> . (2.4)
€ Qe

|a72 |o¢72

Passing to the limit as ¢ — 0T, we use the almost everywhere convergence of |z u?xqe — |x u?, and

Fatou’s lemma yields
/ |z|*"2u? dz < liminf [ |2|* ?u?d.
Q e—0 Qe

Since |z|*|Vu|? € L'(), and taking limits in (2.4) yields
1/2

1/2
(N—-2+a) (/ |z 2u? dm) <2 (/ |33|“Vu|2d33> ,
Q Q

thus establishing inequality (2.2).
Finally, to prove inequality (2.3), observe that

u(@)]* < m*~z]*?|u(2)?, VzeQ,

where m := sup,cq |z| + 1. Integrating over Q and applying (2.2) gives

1/2 ml—a/2 1/2
</Qu2dx) *N Tt a (/ || |Vu|2dx> .

The proof is thus complete. O

From Lemma 2.1, it is also evident that space H,, (() is embedded into space L*(2). Next, we will prove
that this embedding is compact.

Lemma 2.2. The embedding H,, ,(Q) CC L*(Q) is compact.

Proof. To establish the compactness of the embedding it suffices to show that if {u,} is a sequence converging

weakly to zero in Hy, o(Q) as n — oo, then [[up|2q) — 0 as n — oo.

Since H, ((Q2) is continuously embedded in L*(Q) by Lemma 2.1, L*(Q)* C H,, ,(Q)* and hence {u,}
converges weakly to zero in L%().
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Consider € > 0. If {u,} does not converge weakly to zero in W2 (Q€), there exist f € W12 ()", a sub-
sequence {uy,, } and & > 0 such that |f (u,, )| > d for all nj. Passing to a further subsequence if necessary, we
can suppose that {u,,} converges weakly to an element v in W12 (Q¢). Thus {u,, } converges weakly to v in
L2 (Q°) and so v = 0 a.e. on € since {u,} converges weakly to zero in L?(£2) and hence also on L? (Q2€). But
then f (upn,) — f(v) = f(0) =0 as ny — oo, contradicting with |f (un, )| > ¢ for all ni. Hence {u,} converges
weakly to zero in W12 (€) and therefore [tnllp2(qey) — 0 as m — oo . From the above it follows that

lim sup ||un||iz(ﬂ) = lim sup/ |tn|? da. (2.5)
n—o0o n—oo JB

€

But from [32] and (2.3) in Lemma 2.1, we have

2N

—_ 2.6
N—-2+a’ (2.6)

[ull oy <€ ||UHH11U’O(Q)u I<g<

q—

then (taking q > 2)

2
2 4 K 2 N a=2 2
N dws</ 1|q2dx) (/ (|un|2)2dx) < 1B funlBoey -
B B( BE

The weak convergence of {u,} in Hy, ;(€) and (2.6) imply that this sequence is bounded in L?(), then (note
that ¢ > 2)

€

2 =2 2 a=2
|un|” de < C|B,| 4 ”unHHLD(Be) <C|B. 7 .

€

Letting € — 07 in (2.5) shows that |[un | ;2(q) — 0 as n — oo, completing the proof. O

Next, we use the Lax-Milgram theorem to show that equation (2.1) has a unique weak solution u € H,, ()
in the sense of

/(Vu Vo)wdz = [ fodz
Q Q

for all v € Htlu,O<Q)'
Lemma 2.3. For each f € L*(;w™!), there exists a unique solution for the equation (2.1).

Proof. Denote
By [u,v] = /(Vu - Vv)wdz for all u,v € Hy, ().
Q

It is easily verified that By[-, ] : H), o(€) x H,

w,0(2) = R is a bilinear form.
On one hand, we have

|Buwlu, o] < llullgy @ llvllm, @)
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and By [u,u] = ||ul3, (- On the other hand, we have
w,0

’/vadx

by Cauchy inequality and (2.3) in Lemma 2.1, i.e., f : H}, ((2) = R is a bounded linear functional on H,, ().
Finally, by the Lax-Milgram theorem, we obtain that there exists a unique u € H}, () satisfying (2.1). O

< fllz2 - lvliz @iy < Clfllz@mw-llvlla: (o)

w,0

3. APPROXIMATIONS

Our approach is to approximate the solution of a degenerate equation by a sequence of solutions to non-
degenerate equations that satisfy the uniform ellipticity condition.
Let

« >
m—{m’ [l = €, (3.1)

(Flal* + 7€)%, Jal <e

Then it is clear that w. € C%1() since a € (0,2), w, is a radial convex function on R" and nondecreasing on
[0,00), and (§5)* < we < € in B, and

v alz|* 2, |z| > €,
We = o
‘ a(3zf* + 16%) 2 ! 3z, |o|<e

Remark 3.1. It is worth noting that our approximation method is different from the one used in other literature
(see [27-29]), such as setting a non-degenerate coefficient |z + €|® to approximate the degenerate coefficient |z|®,
which takes the form |z 4 €|® over the entire domain €. However, in this paper, our setup of w, ensures that the
approximate coefficients do not depend on € outside B, while approximating the original degenerate coefficient
within B,. This allows us to achieve better estimates of the solution and obtain improved regularity results,
even in the high-dimensional case.

Remark 3.2. In this paper, we assume « € (0,2) in order to work in a suitable functional framework for
well-posedness and for our approximation argument. In fact, it is pointed out in [26] that, when « > 2, the
associated operator may no longer have a discrete spectrum.

In the proof of Lemma 2.1 (the Hardy-type inequality) we only need « > 0. However, the condition o < 2 is
essential in Lemma 2.2 to establish the compact embedding Hq}U,O(Q) CC L?(Q). This compactness is then used in
the proof of Lemma 3.5 to extract a strongly convergent subsequence of the approximating solutions. Therefore,
the restriction « € (0, 2) is natural for our approach to the approximation scheme and to the subsequent unique
continuation analysis.

For each k € N, we denote wi by wy and consider the following approximate equation

—div(kauk) = fk, in Q,
up =0, on 99

with fi € L?(Q;w; ). We say that uy € H}, o(Q) is a weak solution of (3.2), if

/(Vuk - Vo)wpde = / frodz
Q Q
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for all v € Hy, ().

We note that Hj () = H}(Q) since (§)* < wy < m® (m := sup,eq |z| + 1 defined in Lem. 2.1) for each
k € N, where H}(Q) is the classical Sobolev space.

As Lemma 2.1, we provide a proof of the Hardy inequality for the non-degenerate equation.

Lemma 3.3. Let u € Hy, ((Q). Then

1_1
(N +a=2)lwg “ullr2@) < 2lullu @ (3.3)

Moreover, we have

2m

mHWMHL?(Q;wk)- (3.4)

[l 2 (@) <
Proof. Denote € = % We shall prove
(N + a = 2)|ull 2w < 2llullm;_ @

for each u € HL ().
Since w, € C’O Q) (i.e., we € WH(Q)), we have

2/weligu(x-Vu)dm:/welfgaszfdx

Q Q

= [ div welfqux dl‘—/quiV welf%x dx
G Sy R G

a2
-2 2 - 1 2
—(N+a—2)/u2w61 “dx — a62/ §|;v|2—|—fe2 u?dz.
0 4 5 \4 4

Then

(N+a—2)/u2w517%da:
)

< —2/ wif%u(x -Vu)dz = —2/ (w§7%u> (uéf%x . Vu) dz
Q Q
-2 3 L2 3
2 (/ We dx) </ o |z]? |Vl dz)
Q
<2 (/ We de) (/ [Vul weda:>
Q

by o € (0,2) and |z|? < 2|z|> + 1€ on B.. This shows that

IN

1_1
(N +a—=2)|we *ullr2) < 2[|Vulll 2 @) -

Finally, by (3.3) and € < 3|z(? + 1e2 <m? in Q, we get (3.4). O

To prove that the solution of the non-degenerate equation converges weakly in the solution space to the
solution of the degenerate equation, we first show that the approximate solutions are bounded.
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Lemma 3.4. Let u;, be a solution of (3.2) with fi € L*(Q;w; ). For each k € N, then
||u7€||H}Uk10(Q) < Ol frll L2 @y

where the constant C > 0 depends only on a, N and Q.
Proof. Let uy, € H}

wk,O

(©) be the test function. Then

1
2 2
/ |Vuk|2wkdx S (/ |fkw]:12wkd([) </ Uz’(,l)kdx> .
Q Q Q

By (3.4) in Lemma 3.3, we get
||Uk||H;k)O(Q) < Cllfrll e @ity »

where the constant C' > 0 depends only on o, N and 2. O

Now, we are ready to show the existence of a solution to the degenerate equation (2.1) by using the
approximation via the solutions of the non-degenerate equations.

Lemma 3.5. Let u, € H,), ((Q) be the solution of (3.2) with fi, = f, where f € L*(€;w™") and k € N. Then,
there is a ug € Hy, 4() such that

up — ug weakly in H;’O(Q), (3.5)
and

ug, — ug strongly in L*(Q). (3.6)
Moreover, ug is the unique solution of (2.1) with f € L*(Q;w™1).
Proof. Since f € L*(Q;w™!), we have

[ et punda = [ (ot ods < [ (o Puds

according to w < wy, for all k € N. i.e., f € L2(Q;wk_1) for all £ € N. From Lemma 3.4, for each k € N, since
w < wy, for all k € N, we have

il o < ol o) < Ol ooty < CF Lz,

where the constant C' > 0 depends only on «, N and 2. Then there exists a subsequence of {uy }xen, still denote
by itself, and %y € Hy, 4(Q), such that

up — up weakly in Hi,)O(Q),
and
up — U strongly in L*(Q).

by Hy, () cC L*(Q) is compact (see Lem. 2.2).
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Now, we prove 1, satisfies the equation (2.1) with f € L?(Q;w™1).
Let ¢ € D(Q). Let € > 0. By (3.5), there exists kg € N, such that

1

/(Vuk - Vi)wdz — / (Vg - Vi)wdz| < € when k > ko. (3.7

Q Q

Since uy, is a solution of (3.2) for each k € N, we have
/(Vuk -V )wpda = / fudax. (3.8)
Q Q

Note that wy = w on '\ B% for k > kg, we have

/(Vuk -V )wdz = / (Vug - VY)wdz +/ (Vuyg, - Vi )wida. (3.9)
Q o\By By

By Lemma 3.4 we have

2

N

IN

/ (Vuy, - V) )wpde
B

/ |Vuk|2wkdo: / |V1/J|2wkd:17
B B

1 1
k k

(EE‘BWW””)) (/Q |Vuk|2wkdx> wk(B%)%

1
< Cwvaa”f”Lz(Q;w*l)kaJrN )
2

[N

(3.10)

IA

[

)2

where Cy n.o > 0 is a constant that depends only on v, Q, N and «, and wy (B

1
k

(4o

1
/ (Vuy, - Vi )wdz| < 16 when k > kg . (3.11)
B

1
%

wkdx> . Hence we

=

can assume

On the other hand, by w < wy, and by the same argument as for (3.10), we have

/ (Vuy, - Vip)wdx §/ |Vug| |V lw,de
By By

2

< / | Vg |2wyda / |V 2wy da
B B

1
k

Nl

1
k

1
< CzluN,a ”.f”L?(Q;w*l) kaﬁ,
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hence we also can assume
1
(Vuyg - V)wdz| < —€ when k > k.
Bl 4
k

From (3.7), (3.8), (3.9), (3.11) and (3.12), we obtain

/Q(Vﬂo - Vip)wdz — /szbdx

< /Q(Vuk - Vi)wida — /Q(Vuk - Vi)wdz
+ /Q(Vﬂo - Vip)wdx — /Q(Vuk -V )wdz
+ /Q(Vuk - V) )wda — /Q fdx

<

J

1
(Vg - V) )widz| + / (Vuyg - Vi )wdz| + g€ <e

B

1 1
k k

This implies that
/(Vﬂo - Vy)wde = / fida.
Q Q

This proves that % is a solution of (2.1).

11

(3.12)

Finally, by the uniqueness of the solution of the equation (2.1), we get @y = ug. This completes the proof of

the lemma.

O

Next, we transform the inhomogeneous problem (2.1) into a boundary value problem to facilitate the

subsequent proof of the three sphere inequality, and the proof of WUCP.

Corollary 3.6. Let ug € HL(Q) be a solution of the equation

—div(wVu) =0, nQ,
u=g, on 082,
where g € H2(0%) is a given function. Let u; € H, (Q) be a solution of the following equation

—div(wgVug) =0, in Q,
ug = ¢, on 0f).

Then we have

up — ug strongly in L? ().

(3.13)
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Proof. We first prove that (3.13) admits a solution. Let v € H?(2) be a solution of the following equation

—Av+v=0, inQ,
v =g, on 0.

Let Ry > 0 with Bsp, C © and take the cut-off function ¢ € C§°(£2) such that

0SC<1 C=0onBr, C=lonQ\Bu, [V(< o
0

where C' > 0 is a generic constant. Set vg = (v. Since supp vy C 2\ Bp,, the weight w(z) = |z|* and its reciprocal

w~! are bounded on suppvg. In particular, div(wVuvg) € L2(2) C L?(Q;w™!). Therefore, by Lemma 2.3 there

exists a unique Uy € Hy, 4(€2) such that

—div(wVig) = div(wVug), in €,
ug =0, on 0f).

We then define ug := g + vg. By construction, ug € H} (), up = g on 92, and
—div(wVug) = —div(wVig) — div(wVuvg) =0 in Q,

S0 ug is a weak solution of (3.13).

By Lemma 3.5, there exists a sequence uy,o € Hlluk,o

(Q) that satisfies

—div(w, Vug,0) = div(wVug), in Q,
ug,0 =0, on 012,

and
ug,0 — Up weakly in Hij70(Q),

ug,0 — Up strongly in L? (Q).

Denote uj = uy,0 + vo. Notice that v9 = 0 on Bg, and w = wy for k > Rio, then wu is the solution of the
following system

—div(wgVug) =0, in Q,
up =g, on 0,

and
ug — ug strongly in L*(Q).

This completes the proof of Corollary 3.6. O

Before proving the three sphere inequality, we present some preliminary results. The proof of the degenerate
three sphere inequality is more complex than that of the standard one, and the following corollary will play a
crucial role in establishing the degenerate version.
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Corollary 3.7. Let ug,ux (k € N) be defined as in Lemma 3.5 or Corollary 3.6. Then for any n > 0 with
B, C Q, we have

/ wkuidxﬁ/ wuidr as k — oo, (3.14)
Bn B”
and
a 3 1\ "
Ry = — Syl + — rdy =30 3.15
cmg [ (G gE) s (3.15)
&

Proof. Since n > 0, let k € N be sufficiently large such that % < %77. Since w = wy, in By, \B%7 by Lemma 3.5
and the uniform continuity property, we see that

/wkuidxf/ wugdx
B B

< / wkuidx—/ wujdr| + / wuida:—/ wuddr
B"] Bn BTI BTI
< max §|ﬂc|2 + A |z | |lurll32m ) + / wuidx —/ wuids
T lel<t [ \4 4k? (Ba) B, B,
3. 12 1\? a 2 2 k—oo
<Cmax || <[z +—5 ] —[=z]*| + wugdr — wugde| — 0.
lo|<t | \ 4 4k B, B,

This proves the (3.14). Now, we are going to prove (3.15).
Note that ﬁ < %|y|2 + ﬁ < k% in B%, we have

(0%

/ wku%dx < Rp < 2a/ wkuzdx,
2 /B B

1 1
k k

so, we only need to show that

Indeed, by (3.6), we have

/ wkuidxg/ wkuidx—/ wuidzr —|—/ wuidzr
B B B B

1 1 1 1
k k k k

J

1 oo
— / uzda —/ uddz| + 2m® uddz +/ wuddz "= 0.
k> |Jp B By B

1 1
k k

IN

(wpui — wpuld)dz| + /

(wy, — w)uida —l—/ wuidzr
B

1 1 B
k k k

IN

1
k
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4. THREE SPHERE INEQUALITY

We now proceed to prove the degenerate three-sphere inequality, again by means of an approximation argu-
ment. We emphasize that the approximation results in Section 3 were formulated for the inhomogeneous
boundary value problem (2.1), in order to establish well-posedness for the operator —div(wV-). From this
section on, however, our interest lies in quantitative estimates and weak unique continuation properties for the
operator itself. Accordingly, we only consider weak solutions of the homogeneous equation

—div(wVv) =0 in Q. (4.1)

First, we introduce some notation. For r» > 0 we set B, := B(0,r) and fix 0 < ¢ < r. Following the standard
notation in the study of quantitative unique continuation (see, for instance, [9, 24]), for such a solution v of
(4.1) we define the associated height and energy functionals by

H(r) = / wlo(y)Pdy,  D(r) = / W[ Vo()2(2 — [yl?)dy, (4.2)

and

H.(r) = /B welo)Pdy, De(r) = /B w Vo) — [yl?)dy,

"

where w, defined in (3.1). Let

Ds( ) ]
T (:)7 if He # 0,
0, if H. = 0.

We first prove the following three sphere inequality for the uniformly elliptic operator with e, which contains

additional terms % frrf ;;5«) dr and 1 f;‘" ;;5) dr, compared to the standard form of the three sphere inequality.

Lemma 4.1. Let Ry > 0 with Bagr, C Q, and let € € (0,5Ro) be small enough. Let v be a solution of
div(w.Vv) =0 in Bg,. Then for any 0 < 2e < 1y < rq < rsz < Ry, we have

1 Ho(rs) 1 /’”2 R, )
= ~ | log + - ——dr
T ( He(ry) 2/, Her) (43)
1 (1 H.(r3) +1 3 r"‘REd ) ’
0} = T,
=3 \ P H(ry) 2 ), H(r)

where

Proof. Tt is obvious that v € H*(Bp,) since (§)* < we on Q, i.e., —div(w.Vv) = 0 in Bp, is indeed a uniformly
elliptic equation. We divide our proof into the following steps.
Step 1. We compute H/(r) and D.(r). It is clear that

H!(r) = /6 welo(y)2do(y). (4.4)

"
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By
/ div(we(Vo)v(r® — |y|*))dy = / we(Vo - v)u(r? — Jy|*)do(y) = 0,
B, 9B,

and

/ div (w, (Vo)u(r® = [y]?))dy

= / div(w Vo)o(r? — |y|?)dy +/ we|Vol?(r? — [y[*)dy
72/ weoVo - ydy
B,

we get

D r)= 2/3 wevVou - ydy

r

by div(w.Vv) = 0.
Step 2. We compute gfg:; Set

Gy) =r* —lyl?,
then

oG
G|aB,« = 07 VG = —Qy, 87 = —2r.
Vlag,

We compute

/ div(w.Vo?)Gdy
B,

:/ div(weGVUQ)dyf/ w Vv? - VGdy
B, B

= / w GVv? - vdo(y) — / wVo? - VGdy
OB, B,

= —/ w. VG - Voidy = —/ div(waVG)dy—F/ vidiv(w.VG)dy
B, B, By

= 2r/ wev?do(y) — 2(N + a)/ wevidy
0B, B,

o
Q o 3 0 1o\? 2
— - - dy.

+2€ \/Bﬁ (4|y| +46 v y

15
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Since

/ div(w.Vo?)Gdy = 2/ div(w.oVv)Gdz
B,

B’V'

:2/ w6|Vv|2de—|—2/ vdiv(w.Vv)Gdz = 2D.(r)

T r

by (4.4), we have

where

This implies

Step 3. We compute D.(r). Now,

DL(r) =2 / we|Vo(y)[2dy.

"

On one hand, we have

/ div [ | Vo(y) 2(r2 — [y[2)y] dy

r

_ / we Vo) (% = [y2) y - vdo(y) = 0.
OB,

On the other hand, we have

[ avfw Ve - Py
B,

— (N +a) / we Vo(y) 262 — [yf?)dy

G (3 1
-5l (Gl +3¢) " IR - Phay

o / welyP|Vo(y) Py + / wely - VVo(y)2)(r? — [y[?)dy.
B, B,
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Now, by the equation Vv - V(y - Vo) = |[Vv|? + 3y - V|Vv|? and div(w.Vv) = 0 and div(w.Vv) = 0, we get

/ wey - VIVu(y)?(r = |y|*)dy

s

— 9 / we | Vu2(r? — [y]?)dy + 2 / WV V(y - Vo) — [y2)dy
. B,

T

= —2D.(r) + 2/ div [we(r? = |y[*)(y - Vo) Vo] dz

r

- 2/}3 (y - Vo)div [we(r? — |y|*) Vo] dy

r

= —2D.(r) — 2/ (y - Vo)div(w Vo) (r? — |y|*)dy + 4/ we(y - Vo)3dy

r By

—-2D.()+4 [ iy VoPay

B,
Then
(V+a-2D) -2 [ wlyPIVuw)Py+4 [ wly Voldy - =0,
B, B,
where
3 1,\27!
Qg S 9 1y 20,2 12
Ro=5e [ (GuP+ge) [Wowle - P
Since

D.(r) =12 / we|Vol2dy — / wely?|Voldy,

B, B,

we obtain that

— [ wdPivePy = D)~ [ wvoPay,

B, B,

and

(N +a)D.(r) = 27"2/ we| Vo2 dy — 4/

we(y - Vv)zdy + Ee.
B, B,

Hence,
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Step 4. We prove r*®.(r) is a nondecreasing function for » > 0. Note that R, > 0, R. > 0, we obtain

HZ(r)®,(r) = D,

€ €

(r)He(r) = De(r)H{(r)

. 2
Since & < 2|y|? + €% < €%, we have

which implies that

Hence
r*®.(r) is a nondecreasing function for r > 0. (4.6)
Step 5. Conclusion of the proof. Again, by (4.5), we have

Liog H.(r) = §§:§ - ((N+a) FOr) g )) .

Then, for 0 < 71 < ry, we have

logHE(TQ)—/TTzl((N—i—a)—k(be(r)—; B )dr

He(ﬁ) . T He(r)
T N . 1 ’l"aRe
= /71 Tra (T (N+a)+r®.(r) — 2H€(r)) dr,
and hence, by (4.5), we obtain
H(rs) 1 ™ R, P ol w .
log H.(r) + 3 /Tl mdr <a 1(7“1 -1y )(r2 (N +a)+ 75 @6(7”2)), (4.7)

We note that the integral f:f . Iﬁ‘(r) dz is meaningful since R, < 2aH(r) for all 7 > 0 and all € > 0. Now, for

ro < r3 < Ry, we have

H.(r3) /T3 1 1 r*R,
1 - @ N aq)e T a d 9
og H.(r2) ., e r*(N+a)+r (r) ST r
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and hence, by (4.6), we obtain

®H () 2

log (") 1[?ﬂﬁmwza*@ﬂ—q%@wN+w+@@vM- (4.8)

Combining (4.7) and (4.8), for all € > 0, we get

1 H(ry) 1 ™ R, >
lo + = d
riY—ry @ ( gHE(rl) 2 /)., rH(r) "
1 H(rs) 1 (™ R, >
lo + = d
Ty ¢ —rg® < gHE(rg) 2 /., rH(r) "
This completes the proof of the lemma. O

By a limiting argument, we obtain the following degenerate three sphere inequality.

Theorem 4.2. Let Ry > 0 with Bar, C 2, and let ug be a weak solution of
—div(wVug) =0 in Bg,.

Forr >0 set

Then, for any 0 <11 < rg <rg < Ry, we have

H(TQ) 1 H(T3)
lo < lo .
e PHG) T ot CH(r)

Moreover, there exists i € (0,1) such that
H(ro) < [H(r)*[H (r3)] 7+
Proof. Without loss of generality, we assume that ug # 0 in Bp,. By the standard regularity enhancement

method for elliptic equations in [33], we have ug € H2(Bg,\Bxr,) and ug € H?(dBg,), and by Corollary 3.6,
2
there exists u, € H) (Bgr,) (k € N) satisfying

W

—div(wgVug) =0, in Bg,,
Ur, = Ug, on 8BR07

and

ug — ug strongly in L?(Bg,). (4.10)
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By Lemma 4.1, we get (4.3). Replacing € by € = 1, we see

1 Hi(re) 1 (™ Ry )
lo + - d
ri % —ry < ng(rl) 2 /)., rH(r) "
1 Hi(rs) 1 (™ Ry )
< lo + - dr |,
rg ¢ —rg® ( ng(Tg) 2 /., rHi(r)

where

This proves (4.9).
Finally, taking

yields

This completes the proof of the theorem. O
Below, we present the most standard and commonly used form of the degenerate three sphere inequality.

Corollary 4.3. Assume the conditions in Theorem 4.2 hold. Then

H 1—p
/ wdwdzr < / udwdz </ u%wdy)
B, B By,

r
2

f0r0<r<% withu:%.
Proof. Taking r1 = 5,72 = 7,73 = 2r in Theorem 4.2 produces the desired conclusion. O

We have already obtained the three sphere inequality at the degenerate point 0. To derive an estimate over
the entire domain, we will now present the three sphere inequality at the non-degenerate point. Before doing
so, we note the following fundamental fact: although we cannot improve the regularity in the region near the
degenerate point 0, on the non-degenerate region 2\ By, the regularity of the solution can be improved by
standard arguments, according to [33], Section 6.3.1. Therefore, we can assume that the solution v of (4.1)
belongs to H2(Q\ Bay).

Lemma 4.4. Let T be a non-empty open subset of 0. Let ro,ry, 12,13 be four real numbers such that 0 < r; <
ro <12 < T3 < %. Suppose that yo € Q, |yo| > 10 satisfies the following three conditions:
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i) B(yo,r) N Q is star-shaped with respect to yo for all r € (0, %),
it) B(yo,r) € Q for all r € (0,79),
iif) B(yo,) NOQCT for allr € (ro, £2).
If u is a solution of (4.1) with u € H*(Q\ Ba,,) and u =0 on T, then there exists p € (0,1) such that

Iz 1—p
/ widr < C / u?dx / w?dx ,
B(yo,r2)N2 B(yo,r1) B(yo,r3)NQ

and C > 0 is a constant that only depends on rg, Ry and N.

Proof. Set Q = Q\ B(0,2rq). We note that Au =0 on € is a uniformly elliptic equation since

N
212 < 3 Jal &g < (Smglﬂfl“) €2, VE = (&1, én) €RY

i,j=1 z€Q

and Q is a bounded domain. Similar to [1, 14, 15, 17, 18], we obtain Lemma 4.4. O

Corollary 4.5. Assume the conditions in Lemma /4.4 hold. Then

Iz 1—p
/ wwdr < C / wwdx / ww dx . (4.11)
B(yo,Tz)ﬁQ B(yU,Tl) B(yo,’l’g)ﬂﬂ

Proof. Since |yg| > 79 and 73 < %, in our application all balls B(yg,7;), ¢ = 1,2,3, are contained in the

nondegenerate region Q \ B(0,2rg). On this region the weight w(z) = |z|® is uniformly bounded from above
and below, hence there exist positive constants ¢y, co, depending only on 7y, Ry, IV, a, such that

cl/qum < /u2wdx < 62/u2dx
B B B

for B = B(yo, i), i = 1,2,3. Applying Lemma 4.4 to the unweighted integrals fB(yo ) u? dz and then using the
above equivalence, we obtain (4.11) after absorbing ¢y, ¢z into the constant C. O

In the proof of WUCP, we consider two cases: when the degenerate point lies inside w or outside w (0 ¢ w).
To deal with the latter one, we present a result analogous to the Schauder estimate. Specifically, we estimate
the integral over the small ball containing the origin by the integral over an annular region surrounding the ball.
In such a way, we control the integral in the degenerate region by the integral in the non-degenerate region.
Similar Schauder estimates in the context of degenerate equations can be found in [34-36].

Theorem 4.6. Let Ry > 0 with Bap, C Q. Let u be a solution to div(wVu) = 0 in Br,. Then there exists
C > 0 that is independent of r (r < Ry) and u, such that

C

/ wwdz < —2/ wwdz.

By " JB.\Bj,
4

Proof. Let ¢ € C§°(RY) be a cut-off function satisfying

C
(=1onBg,, and (=0onR" - B,, and [V¢(| < — on B, \ Bg,,
T

T
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where C' > 0 is a generic constant.
Using ¢2u as the test function, we have

0= / Vu - V(Cu)wdz.
Bg,
This implies that

C|Vulwder = -2 Cu(V( - Vu)wde
Br, Br,

1
< - C2|Vu|2wdx—|—4/ u?|V¢[Pwd
2 Brg Bry

by Cauchy inequality, i.e.,

| Vulfwdr < 8/ u?|V¢[Pwda.

Bry Brg

From which, we obtain that

/| IV <2 / )

< 18/ u?|V¢[Pwda.
Bg,

|VC|2u2wdx+2/ C?|VulPwdx
B,

Note that (u € Hy, 4(€2), by (2.3) in Lemma 2.1, we obtain

/ (Cu)*wdz < C/ u?| V¢ ?wdz.
Br,

Brg,

This implies that

T
2

C
/ wwdx < —2/ wwdz
Br " JB,\Bs,
4

according to the definition of (.

Next, we provide the proof of WUCP, which is characterized by the following two equivalent theorems.

Theorem 4.7. Let I' be a non-empty open subset of 9 and let w be a non-empty open subset of 2. Then, for
each D C Q satisfying 0D NOQ CC T and D\ (I'NID) C Q, there exists u € (0,1), such that for any solution

ve HL(Q) of (4.1) withv =0 on T, we have

1—p
1\
/ v2wdy < C () /v2wdy+e/ viwdy
D € w Q

for any € > 0, where C > 0 is a constant independent of v.
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Proof. We divide the proof into the following steps.
Step 1. There are two cases that we should consider: one is 0 € w, the other is 0 ¢ w. In what follows, we denote
k € N an arbitrary integer.

Case 1. Assume 0 € w. We choose 7y > 0 such that r satisfies the conditions of Corollary 4.5 and B(0,rg) C w.
Since  is connected, then there exists a compact set K C D, such that B(q,r9) C D for all ¢ € K, and D C
quK B(gq,2r¢) and B(q,2ro) N0 C T for all ¢ € K. Hence, there exists a sequence of balls {B(g;j,70)}j=0,1,--- k>
such that the following conditions hold

B(gj+1,70) € B(gj,2r0) forall j =0,1,--- ,k—1, and gy =0,qx =g. (4.13)

Note that w > r§ on Q\ B,,, then there exists C' > 0 that is independent of v, such that

/ v2wdy or,/ viwdy
B(qk,r0) B(qk,2r0)ND
M1 1—p1
<C / viwdy (/ v2wdy>
B(qx,r0) Q
M1 1—p1
<C / viwdy (/ v2wdy) ,
B(qx—1,270) Q

where p; is the exponent in Corollary 4.5 and we used Corollary 4.5 in the first inequality and (4.13) in the
second. Then, we apply Corollary 4.5 again to | Blar_1,2r0) v2wdy, which implies

B 1—py
/ viwdy < C / viwdy </ v2wdy>
B(gk,m0) B(gk—1,2r0) Q
i 1-u}
C / vidy (/ v2wdy>
B(qx—1,70) Q
i 1—pi
C / vidy </ vzwdy) ,
B(gx-2,270) Q

Repeating the use of Corollary 4.5 and (4.13) in this way, we can deduce that

M? 1,#5
/ viwdy < C / vidy </ v2wdy)
B(gk,r0) B(qk—2,2m0) Q

uy 1—pf
C / viwdy (/ v2wdy)
B(q1,70) Q
m 1—pf
C / viwdy (/ vzwdy> .
B(qo,2r0) Q

T0

IN

IN

IN

IN

IN
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Since gy = 0, by applying Corollary 4.3 to fB(qO 2r0) v2wdy, we conclude that

k
M1 1—pf
2 2 2
/ viwdy < C / viwdy (/vwdy) .
B(qk,r0) B(qo,270) Q
e 1—pfpo
<C / viwdy (/ vzwdy> ,
B(O,To) Q

where o is the exponent in Corollary 4.3.

Case 2. Assume 0 ¢ w. We choose g > 0 and gg € w such that rq satisfies the conditions of Corollary 4.5
and B(qo,2r¢) C w and B(qo,70) N B(0,r9) = 0. Note that in contrast to the choice made in Case 1, we now
take go # 0. Choosing q1,-- -, qx and let g, = 0 such that |¢; — gj—1| <o for j =1,--- , k, and B(g;,2ry) C Q
for j =0,1,--- , k. Then, for ¢ = 0, there exists C' > 0 that is independent of v, such that

C
/ viwdy < — / viwdy (4.14)
B(qx,2r0) o Ja, s

70,370

by Theorem 4.6 and ry < £2, where A ={z e RN: 3ry <|z| < 3r¢} is an annulus. Note that

5
370,570

5
flg) = / viwdy, Vg € OB (O, r0>
B(g,r0)NAg, 5 2

1570
is a continuous function, then there exists g,_1 € dB(0, 2r) such that

flag—1) = max  f(q).
q€0B(0,570)

Hence, there exists a constant C' € Z* (the constant C' depends only on N and rq), such that A, 35, CAN be
covered by C numbers B(q,ro) with ¢ € 9B(0, %ro). Moreover,
/ viwdy < C viwdy. (4.15)
A B(qr-1,m0)

3rg, %7‘0

Since {2 is connected, then there exists a compact set K C D\ B(0, 2rg), such that B(q,r9) € D\ B(0,1q) for all
q € K,and D\ B(0,2r) C quK B(q,2rg) and B(q,2re) N0 C T for all ¢ € K. Hence, there exists a sequence
of balls {B(¢;,70)}j=0,1,-- k—1, such that the following conditions hold

B(gj+1,70) C B(gj,2r) forall j =0,1,--- ,k—2.
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Now, we use Corollary 4.5 by k — 2 times to obtain

/ vzwdy < / vzwdy
B(qr—1,70) B(qr—2,270)

M1 1—py
<C </ v2wdy> </ vzwdy)
B(qr-3,70) Q
leiz 17,1’1“—2
<...<C (/ vzwdy> </ v2wdy> ,
B(qo,m0) Q

where p1 is the exponent in Corollary 4.5. Finally, together (4.14), (4.15) and (4.16) we have

H 1—p
/ viwdy < C / viwdy </ v2wdy) ,
B(0,270) B(q0,70) Q

where the constant C' > 0 is independent of v but depends on ry, and p = ulf_z.

For each point ¢, € K C D\ B(0,2rg), using Corollary 4.5 by m times, we obtain

/ viwdy or,/ viwdy
B(gm,ro) B(gm,2ro)ND
Iz 1—p
2 2
<C / viwdy </ v dy) ,
B(qo,70) Q

where p; is defined in Corollary 4.5.

25

(4.16)

(4.17)

Step 2. By Case 1 and Case 2 in Step 1, using the fact that K is compact and the finite covering theorem, we

obtain that

Iz 1—p
/ viwdy < C </ Udey> (/ v2wdy> ,
D w Q

where C' > 0 is a constant that is independent of v.
Step 3. The proof of (4.12) is standard. We denote

A:/ viwdy # 0, B:/Udey, E = | v?wdy.
D w Q

Then, by Step 2, there exists C' > 0 and u € (0,1) such that A < CBFE'™H, i.e.,

1—p

1 E H
ALCvB|[=
<cin(})

Now, if % < %, then A < eF. This implies (4.12). This completes the proof of Theorem 4.7.

Lastly, we present an equivalent result to Theorem 4.7.

(4.18)
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Theorem 4.8. Let I' be a non-empty open subset of 9 and let w be a non-empty open subset of 2. Then, for
each D C Q satisfying 0D NOQ CC T and D\ (I'NID) C Q, there exists u € (0,1), such that for any solution
u € HL(Q) of (4.1) withu =0 on T, we have

Iz 1—p
/ wwdy < C (/ u2wdy> (/ qudy> , (4.19)
D w Q

where C' > 0 is a constant independent of u.

Proof. Assume (4.19) is true, we just need to follow the Step 3 in Theorem 4.7 to derive (4.12).
Conversely, assume (4.12) is true, we denote

A:/ viwdy # 0, B:/Udey, E:/112wdy7
D w Q

14 then A < 20B*E'~*, and we obtain (4.19). O

choose € =
Finally, we provide WUCP for the degenerate elliptic operator.
Theorem 4.9. Let Q C RY be a bounded C?-domain with 0 € Q, and let w(z) = |z|* with « € (0,2). Assume
that w € HL(Q) is a weak solution of
—div(wVu) =0 in £,

and that there exists a nonempty open set w C € such that u =0 a.e. in w. Then u =0 in .

Proof. Since ) is open, for any = € ) there exists r,, > 0 such that
B(z,ry) C Q.

Set D = B(z,r;). Then D C ©Q and 9D N9 = (), so the assumptions in Theorems 4.7 and 4.8 are satisfied (in
particular, 9D N 9Q CC T holds trivially). Applying Theorem 4.7 (equivalently, Thm. 4.8) with this choice of
D and the open set w, we obtain

/B(wh)uzwdx < C’(/wuzwd:c)u(/guzwdz)l_u.

If w = 0 a.e. in w, then the right-hand side is zero, hence fB(x ) u?wdz = 0, and therefore u = 0 a.e. in B(z,7y).

Because = €  was arbitrary, it follows that « = 0 in .
O
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