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TURNPIKE PROPERTY OF A LINEAR-QUADRATIC OPTIMAL CONTROL
PROBLEM IN LARGE HORIZONS WITH REGIME SWITCHING
II. NONHOMOGENEOUS CASES

HonGgwEl MEIY*, Rul WANG? AND JIONGMIN YONG?

Abstract. This paper is concerned with an optimal control problem for a nonhomogeneous linear
stochastic differential equation having regime switching with a quadratic functional in the large time
horizon. This is a continuation of the paper [H. Mei, R. Wang and J. Yong, Turnpike property of
stochastic linear-quadratic optimal control problems in large horizons with regime switching. I. Homo-
geneous cases. preprint], in which the strong turnpike property was established for homogeneous linear
systems with purely quadratic cost functionals. We extend the results to the current situation. It turns
out that some of the results are new even for the cases without regime switchings.
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1. INTRODUCTION

Let (2, %#,P) be a complete probability space on which a standard one-dimensional Brownian motion W =
{W(t); t > 0} and a Markov chain «(-) with a finite state space M = {1,2,3,--- ,mqo} are defined, for which
they are assumed to be independent. The generator of a(-) is denoted by (Ay;)moxm, (See below for details).
We now denote by FW = {FWV },5¢ (resp. F* = {F}i>0, F = {Z}1>0) the usual augmentation of the natural
filtration generated by W (-) (resp. by «(+), and by (W (-), a(+))). Consider the following state equation which is
a controlled linear stochastic differential equation (SDE, for short), with regime switchings:

dX (t) = [A(a(t) X (t) + B(a(t))u(t) + b(t)]dt
+[C(a()X (t) + D(a(t))u(t) + o(t)]dW (t), € [0,T], (1.1)

Keywords and phrases: Turnpike property, nonhomogeneous system with regime switching, stochastic optimal control, linear-
quadratic problems stabilizability, Riccati equation.
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For the coefficients of the state equation (1.1), we adopt the following basic assumptions:
(H1) Let A,C : M — R™*™ and B, D : M — R™ ™ be measurable.
(H2) Let b(-),0(-) € L2(0,T;R™).

Here, for any Euclidean space H (such as R™, R"*™  etc.),

L3(0,T;H) = {go (0, T xQ—H | ©(+) is F-progressively measurable,

T
E [ lo(®fhdt < oo},
0

and

L3'°(0, 00 H) = (1] L3(0, T3 H).
T>0
Also, since M is finite, A(-), B(-),C(-), D(-) are automatically bounded.

In (1.1), any (z,2) € R™ x M = 2 is called an initial pair, u(-), called a control, is selected from the space
w[0,T] = L3(0,T;R™).

It is well-known that for each (x,:) € 2 and u(-) € [0, T), under (H1) and (H2), (1.1) admits a unique solution
X(:) = X(-;2,%u(")), called the state process. Clearly, X (-) € L2(0,T;R™).
To measure the performance of a control u(-) € %[0, T], we introduce the following cost functional

T
ToGeszut) =B( [ a(t.X(0).a(0).u)r), (1:2)

st =530 5 ) () () + () ()

with Q(-), S(-), R(-) being suitable matrix valued maps and some stochastic processes ¢(-), r(-). Here, the super-
script T denotes the transpose of matrices; (-, -) denotes the inner product of two vectors (possibly in different
spaces). In what follows, we denote S™, S} and S} | to be the sets of all (n x n) symmetric, positive semi-definite,
and positive definite matrices, respectively. For the weights in the cost functional (1.2), we adopted the following
assumptions.

(H3) Suppose that Q(z) € ST, R(2) € ST, S(2) € R"*™ such that

where

Q@) - S()TRG)'S) e 81,

(H4) Let ¢(-) € LZ(0,T;R™) and r(-) € L4(0,T;R™).
Now it is natural to consider the following optimal control problem, under (H1)—(H4).

Problem (LQ),. For a given initial pair (z,2) € 2, find a control uy"(-) € %[0, T] such that

Jr(z, 0 uy’(c) = u(.)eirdlyf[o,T] Jr(z,uu()) = Ve(z,).
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The above problem is referred to as a (nonhomogeneous) linear-quadratic (LQ, for short) optimal control
problem over a finite horizon with regime switchings (see [1, 2] for examples). We call a7 (-) an open-loop optimal
—XT,1

control process, X1'(-) the corresponding open-loop optimal state process, and (X7"(-),u7"(+)) the open-loop
optimal pair of Problem (LQ)r, respectively. In addition, we call Vi(x,1) the value function of Problem (LQ)r.

Under some general mild assumptions (which will be given in later sections), it can be proved that Problem
(LQ), admits a unique open-loop optimal control @y (-) € % [0,T] with the optimal state process X'(-) =
X (-;2,5u7"(+)) € L2(0,T;R™). For the cases without regime switchings, people found that, under the so-called
stabilizability condition (see below), for some stochastic processes (X (), %.(-)), and some constants 3, K > 0,
all are independent of 0 < T < oo, (in what follows, K > 0 will be a generic constant which can be different
from line to line) such that

E(| X2 () = Xoo (1) P4 05" (1) — e () *) <K (e P4+ PT=0) i e [0, 7). (1.3)

Such an asymptotic behavior of the optimal pair (X7°(-),uy"(-)) as T — oo is called the strong turnpike
property (STP, for short) of Problem (LQ);. The main feature of (1.3) is that the (open-loop) optimal pair
(X7"(+),u7"(-)) will be very close to a T-independent pair (X (-), .. (-)) for all ¢ in the middle range of [0, T
(i.e., t € [T, (1 — )T for some € € (0, 3).)

Research on turnpike phenomenon was begun by Ramsey [3] in 1928, followed by von Neumann [4] in 1945, and
Dorfman—Samuelson—Solow [5] in 1958, who coined the name. Since then, the turnpike property has been found
to hold for a large class of (deterministic, finite or infinite dimensional) optimal control problems. Numerous
relevant results can be found in [6-16] and the references cited therein. Since the beginning of 1970, several
authors studied the problem from the portfolio aspect showing that for certain maximization problems of the
utility for investments, the turnpike properties were established, mainly under proper assumptions on the utility
functions (see [17-25]). Recently, a systematic investigation for continuous-time stochastic optimal LQ control
problems was begun by the work of Sun-Wang—Yong in early of 2020 [26], followed by the works [27-33]. In
particular, turnpike property for stochastic LQ control problems with regime switching has been studied by the
authors in [34] when the linear SDE is homogeneous and the cost functional is purely quadratic. Naturally, one
may ask if the results of [34] are true for nonhomogeneous problems, with the cost functional also having linear
terms. The purpose of the current paper is to give a positive answer to this question, with additional techniques.

More precisely, combing those in [34], with some additional assumptions (see below), we will refine (1.3) as
follows: there exist a function A(-) > 0 and constants 8, K > 0, all are independent of 0 < T' < oo, such that
the following refined STP holds:

B[00~ Kzt + [ i) - o)

<K[e Bty — gz |? + e PT-D) (e ﬁt\xﬁm(t))}, Vt € [0,7],

(1.4)

with (2,1), (zs0,?) € Z being two possibly different initial pairs. In particular, if we strengthen (H2) and (H4)
to the following:

(H2)' Let b(-),0(-),q(-) € Lga (0, T;R™) and r(-) € Ly (0, T;R™) for any T > 0.

Then the above (1.4) can be strengthened to the following:

E[IX51(6) = X2t () + s () — a2 ()]
<K {e76t|x |24 e AT (e*ﬁtm? ¥ h(t))] . vtelo,T],



4 H. MEI ET AL.

Now, we indicate three types of asymptotic behaviors of the open-loop optimal pair to the relevant Problem

(LQ)T:

e Homogeneous Case: Let b(:),0(:),q(-),7(-) be all 0, and (H1), (H3) hold. In this case, h(t) = 0. This
case, fully treated in [34], is singled out since it catches most of essential features of the problem. A crucial step
is to obtain the convergence of the solutions to differential Riccati equations (DREs, for short) to that of the
algebraic Riccati equation (ARE, for short).

e Integrable Case: b(-),c(-),q(-) € LZ(0,00; R™) and r(-) € L(0, 00; R™). In this case, h(-) is a non-negative
integrable function on [0, c0). Due to the appearance of the nonhomogeneous (square integrable) terms b(-), o(+)
in the state equation (1.1) and linear (square integrable) weights ¢(:),r(:) in the cost functional (1.2), some
backward stochastic differential equations (BSDEs, for short) will be involved. From this case, we can see how
far one can go (by this approach). This (even for the cases without switching) is new in the literature, since
they were assumed to be constants [26, 32] or periodic [33].

e Local-Integrable Case: For any 0 < T < oo, b(-),0(-),q(-) € L2(0,T;R") and r(-) € L(0,T;R™) with
some additional assumptions. In this case, we can take h(t) = 1. This is new again, even for the optimal control
problems without regime switchings. Without doubt, the LQ ergodic control problem will be involved. The
previous results in [26, 32, 33] are some special cases of that in the current paper.

The rest of the paper is arranged as follows. In Section 2, we recall results for Problem (LQ),, with 0 < T < occ.
Section 3 is to devote to some asymptotic behavior of the open-loop optimal pair (X7*(-), 47" (-)) as T — oo,
under the stabilizability condition, including the identification of the limit pair (X%*(-),a%"(-)). Then our main
results on STP are proved in Section 4. In particular, we verify the optimality of (X%(-), 4%*(+)) in two different
cases: integrable and local-integrable cases in Section 5. Then some concluding remarks are made in Section 6.

Finally, some proofs are relegated in Section 7.

2. OPTIMAL CONTROL OF PROBLEM (LQ),

In this section, we will recall the optimal control and its closed-loop representation for Problem (LQ), with
0 < T < oo. Our results are some special cases of those found in [2].

Recall that «a(-) is a Markov chain whose state space M is finite. Thus, we may let its generator be
(M) moxme € R™0X™0 which is a real matrix so that the following hold:

mo
Ay >0, 1#3 D Ay=0, 1€ M. (2.1)
=1

We now proceed with a martingale measure of Markov chain «(-). For © # 3, we define
M, (t) == Z 1ja(s—)=11ja(s)=; = accumulative jump number from 2 to 7 in (0,],
0<s<t

(M) (1) = / MpLiatoryoqds, My (t) = Moy(t) — (ML) (1), 30,

The above M,,(-) is a square-integrable martingale (with respect to F). For convenience, we let
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Then {M,,(-) ‘ 1,7 € M} is the martingale measure of Markov chain «(-). If H is a Euclidean space and F :
M — H is measurable, then

d[F(a(t)] = A[F](a(t)dt+ Y [F DL fagi- )=y My, (1), (2.2)
1,0€EM

where (see (2.1))

=D A F() = D AIF(Q) - FQ)).

7 JEM
This is a special case of [35], Section 2.7, or [36], Section 2.2. In fact,

Fa(t)) - F((0))

= Y [Fla(s)) - F => Y IF DL {a(s)=s}a(s-)=1}

0<s<t 0<s<t 1,7eM
:/ > IF D)= dM, / Y MlF() = FOILa-)—yds
2,JEM 2,JEM
/ dYIF ) a(s)= z}d(M (s )—MS)
1,JEM
:/ AlF] d5+/ > IF DLa(s-)=y dMiy(s).
0 2,7EM

Thus, we have (2.2). Here we note that fot A[F](a(s))ds = fot A[F](a(s—))ds because there are at most countable
many jumps on each path of af(-).

Now, let F_ be the smallest filtration containing {F}¥ };>¢ and {F };>0 augmented with all P-null sets. To
define the stochastic integral with respect to such a martingale measure, we need to introduce the following
Hilbert spaces

M2 (t,T;H) = {go( ) =(p(-, 1), (- ,mo)) | ¢(-,-) is H-valued and F_-measurable

W1thIE/ Z|%05J|>\ulas) g ds < oo, szeM}
bty

Now, for any ¢(-) € MF{ (t,T;H), we define its stochastic integral against dM by the following:

/tT Z/ (5, 9) (o y—g My (5),

J7F

whose quadratic variation is

E(/tTgo() (s) —E/ D 1l NP Ay La(e) =

bty
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Now we state the following results concerning Problem (LQ);, whose proof can be found in [2, 37] (see also
[38]).

Proposition 2.1. Let (H1)-(H4) hold.
(i) For each 1+ € M, the following DRE admits a unique uniformly regular solution P(-,2) € C(0,T;S% )
(reM):
Pr+ AP+ PL A+ ATP. +CTP,.C+Q
—(P.B+C"P,D+ST)(R+D"P.D)"Y(B"P,+D"P,C+S5)=0, te[0,T], (2.3)
PT(T) =0,

i.e., it is a solution of (2.3) and for some T-independent constant 6 > 0, it holds

Ry(t,2) = R(1) + D" (1) Pr(t,0)D(2) = 01, Y(t,2) € [0,T] x M.

(ii) There exists a unique adapted solution (n4(-), ¢+ (+), (M (+)) € L2(0, T;R™) x L2(0,T;R™) x M2 (0,T;R™)
solving the following BSDE on [0,T]:

dn.(t) = — (A@T (t, a(t)) "nr(t) + COT(t, (b)) T Co(t) + on(t, a(t)))dt
+Cr (E)dW () + ¢ (1) dM (1), (2.4)

where

APT(t,1) = A1) + B(2)O(t,2), CO7(t,1) = C(1) + D(2)O4(t,2),
O (t,2)=—Ry(t,0) " [B() "Py(t,0)+D(2) "Pr(t,2)C (1) +S(2)] (2.5)
©r(t,1) = Pr(t,2)b(t) + COT (t,0) "Po(t, )0 () +O4(t,2) Tr(t) + q(t).

(iii) For each (z,1) € 2, the unique open-loop optimal control uy"(-) € Z[0,T] admits a closed-loop
representation

a%"(t) = O, (t, a(t)) X" (t) + vr(t, a(t)), t € 0,77,
where X®(-) is the corresponding optimal state process and
vr(t,0) = =Re(t,0) 7 [D() " Pr(t,0)o () + B() "ne(t) + D) "o (t) + (1))

for (t,2) € [0,T] x M. In this case, the optimal closed-loop system reads

dX7(t) = [A®7 (t,a(t) X]
HCOT (8, a(t) X7 () + D))o (t, a(t)) + o (H)]dW (2), (2.6)
XEM0) =z, a(0) = 1.

X,

Having the open-loop optimal pair (X7"(-),u7'(-)) of Problem (LQ), our next goal is to obtain the
asymptotic behavior of this optimal pair as 7" — oo. This will be carefully investigated in the following section.
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3. ASYMPTOTIC BEHAVIOR OF OPTIMAL CONTROLS

In this section, we will investigate the behavior of the open-loop optimal pair (X¢"(-), u7"(-)) as T — co. A
so-called stabilizability condition is required. Then we will recall the asymptotic behavior of ©,(-). This part
has been fully studied in [34]. For readers’ convenience, we recall the main results here. Based on this, we will
further derive the asymptotic behavior for v, (-).

Let

e = {@ t M= R O) is measurable},

3= {E M= ST B() s measurable},
and let us consider the following linear SDE with a regime switching governed by a Markov chain:

{ AX(t) = A(a(t) X (O)dt + Cla() X ()W (),  te[0,00),
X(00)==z, «0)=nz

The above system is denoted by [A4, C]. Under (H1), such a system is well-posed. If X () = X(-;z,2) is the
solution of the above corresponding to (x,1) € 2. We now introduce the following definition.
Definition 3.1. (i) System [4, C] is said to be stable if for any (z,1) € 2, X(-;x,1) € L2(0,00; R"),

(ii) System [A, C] is said to be dissipative if one could find a X(-) € & and a § > 0 so that
(A[E} +2A+AT2+CTEC) (1) < —0%(), 1€ M. (3.1)

The following definition is adopted from [1].
Definition 3.2. (i) System [A, C; B, D] is said to be stabilizable if one can find a map O(-) € ©, so that for
[A® C®] is stable, where (see (2.5))

A®P() = A() + B(1)O(1), C°(1) = C() + D(2)O().

In this case, the map ©O(-) is called a stabilizer of [A,C; B, D]. The set of all possible stabilizers of system
[A, C; B, D] is denoted by S[A, C; B, D].

(ii) The map O(-) € © is called a dissipating strategy of system [A,C; B, D] if there exists a § > 0 and a
¥(-) € T such that (3.1) holds with [A, C] replaced by [A®,C®], i.e.,

(A[E] +YA® 4+ (A9)Ts + (c@)Tzc@)(Z) <—02(1), 1eM.

Since the state space M of the Markov chain «f(-) is finite, the following is true (see [1], Prop. 3.7).
Proposition 3.3. System [A,C; B, D] is stabilizable if and only if it admits a dissipating strategy.

It is known that stabilizability of [A,C; B, D] is necessary for studying LQ problems in an infinite time
horizon even for the problems without regime switchings [1, 38]. Thus, we accept the following assumption.

(H5) System [A, C; B, D] is stabilizable, i.e., S[A, C; B, D] # @.
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To find the limit behavior of Pr(t,2) as well as ©1(t,1), we introduce the following ARE:

AP+ P A+ ATPu+CTP.C+Q
~B"P.+D"P.C+S)" (R+D"P.D)*(B"P.+D"P.C+S)=0.

The following is the key result obtained in [34]. The main feature is the convergence.

Proposition 3.4. Let (H1), (H3) and (H5) hold. Then

(i) ARE (3.2) admits a unique regular solution P(-) : M — S} ,, i.e., it is a solution of (3.2) such that

R.(1)=R() +D()"P_(1)D(x) > 6I, 1€ M,
for some § > 0, and
O.() = —R() ' [B() " Pu() + D() T Pu()C(-) + S(-)] € S[4,C; B, D),

i.e., there exists a § > 0 and X, (-) € 3 such that (by Prop. 3.3)

(A[Zw] 4N A%% 4 (49=)TS 4+ (c@m)Tzwc@m) (1) < —0%.(1), Vie M.

(ii) For any given t € [0, 00), the following convergence holds
Pr(t,2) = Pr_,(0,2) /" P.(2), asT /oo, Yie M.
Moreover, there exists a 0 > 0 so that (for some absolute constants K,d > 0)
0< Po(1) — Pr(t,0) < Ke 0T=91 ¢ el0,T),
and consequently,
|0, (2) — Ox(t,2)| < Ke 01, te€0,T7,
(iii) There exists a constant 0 < Ty < T with T — Ty > 0 large enough such that

ABL(O)@) + B () A°T (8,2) + A7 (£,9) TS (1)
+COT(t,1) "X (2)CO7 (t,2) < —gEm(z), te€[0,T — Tol,

where A®T and C®T are given by (2.5).

Proof. (i) and (ii) are derived in [34]. (iii) is concluded from (3.5) and inequality (3.3) since

|AST (£,2) — A®=(1)| + |CO7 (t,2) — CO=(3)]
< (IB@|+ [D@)])|0x(t,1) — ©..(2)] < Ke T,

The choice of Ty > 0 is such that Ke (7=t < Ke= %70 is small enough for all t € [0,7 — Ty].

(3.3)

(3.6)
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We note that when ¢ is close to T, say, 0 < T —t < Ty, the right-hand sides of (3.4) and (3.5) might not be
small. In other words, only if ¢ is far away from T, say, T — t > Tp, the right-hand sides of (3.4) and (3.5) will
be small, and (3.6) will be true.

Now, we introduce the following assumption.

(H6) Let b(-),0(-),q(-) € L¥'°°(0, 00; R™), and 7(-) € La"°(0, 00; R™).

Under the dissipativity assumption, we are able to further derive the following proposition concerning with
the existence and uniqueness of the adapted solutions to BSDEs (2.4), together with several useful estimates.
The proof of the proposition is quite lengthy and will be given in Section 7. Write

() = E[b(t)* + o ()] + |q(t)* + [r(2)?). (3.7)
Proposition 3.5. Let (H1)—(H6) hold. Let § > 0 given by (3.3) and Ty be that in (iii) of Proposition 3.4. Then
it follows that

T
_d(s—
Bl (0 +E [ e 1670 300,10 (5,5)PLiago-ds
t 7

T T
+E/ e~ 1(=0|¢ ()2ds < K/ e~ 1(=D¢(s)ds. (3.8)
t t

For any T' > T > Ty, it also holds that

T
(s
E'nT(t) = Nz (t)‘Q +E/ e a(s=h) E /\IJ|C’1{W(57]) - C’f‘v’[(sv.])‘Ql[oc(s):z]dS
t I7#

’

T :
+ E/ e_%(s_t)KT(s) — (o (8)Pds < Ke s(T—1) / e_%(s_t)f(s)ds. (3.9)
t t

The above proposition, (3.9) particularly, suggests the following assumption.

(H6)' For 6 > 0 given by (iii) of Proposition 3.5, the following holds:

sup / e*%‘T*S‘ﬁ(s)d5<oo.

T€[0,00) JO

Even though (H6)' is a little stronger than (HG), we see that (H6)’ holds if £(-) is measurable and bounded.
Thus, (H6)" covers most interesting cases.
Under (H6)', taking T'— oo in (2.4), formally, we have the following BSDE on [0, 00):

dn.c(t) = = (A% (t,a(t) T (1) + CO= (t,a(t) ¢ (1) + pu(t (1)) )t
+ G (AW () + ¢ (8)dM (1), (3.10)
with
Yo (t,2) = Poc(t,0)b(t) + CO (t,0) "P(t, )0 (1) + O (t,0) ' (¢) + g(t).
A similar argument to the proof of Proposition 3.5 can show that (3.10) admits a unique solution BSDE
(1100 (-): Goo (), €26 (1)) € LE(0,T5R™) x LE(0, T3 R™) x Mg (0, T5R™),

for any T > 0. Moreover, (3.8) holds for T' = oo and (3.9) holds for any T' > Ty and 77 = co.
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Remark 3.6. (1) It is not necessary that

(2) Even though it follows that n,(T") = 0 in (2.4), it should be noted that the infinite-horizon BSDE (3.10)
does not necessarily admit an terminal condition such as

lim Eln..(t)]> = 0. (3.11)

t—o0

A 51mp1e example is that b(-),o(-),q(-),7(-) are constants. While (3.11) holds if a stronger assumption
Jo7 &(s)ds < oo is satisfied (compared to (H6)').

With the help of 7. (+), now we can define the following closed-loop control
a2t (t) = O (a(t) X (1) + v (t, alt)). (3.12)
where

{ 0.(1) = —R(t,) ' (BT(W)P.(2) + DT () P.()C() + S(2)),
Voot 2) = —R(t,) (DT ()P (1) (t) + BT (1)1 (t) + DT (1) (t) +7(1)).

Then the corresponding state process by X**(-) satisfies

dXZ'(t) = [A% (a(t)) X2 (1) + B(a(t) v (t, at)) + b(t)]dt
+[CO= (a(t)) X2 (t) + D(a(t)) v (t, a(t)) 4+ a(t)]dW (t), (3.13)
X20) =z, a(0) =1

Our key result lies in deriving the estimate between X2*(-) and X7"(-) (see (2.6)). This will be carefully
studied in the next section. Before the end of this section, some estimates are presented in the following
proposition. The proof is posted in Section 7.

Proposition 3.7. Let (H1)-(H4) and (H6)" hold. Then for any t € [0,T], we have

B [ G 0P + i o)Plar < K [ e HieG) (311)
0
t
E —S(t—s) . (L 24 <K —&(T—t) — 8 |t—s| d
/Oe 1Cr(5) — € () 2ds < e / e~ H=slg (5)ds
t o0
E =30=9) 14, (s) — v (s)[2ds < Ke~$(T—1) —ilt=slg(s)dr, 3.15
| e 1) — v (9P < Ke | e ttsar (3.15)
T T o0
IE/O 1C2(5)|? + | (5)]2dt < K/O 5(s)ds+K(T+1)§1§5/0 e il g (r)dr
T oo
IE/O G (s) — Co(s)]?ds < Kigg/o e~ ils=rle(rydr, (3.16)

E[|X52* (0] + X2 (0)%] < K(e*gt|x\2+/0 e*%ltfslg(s)ds). (3.17)
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4. STRONG TURNPIKE PROPERTY
In this section, we are going to state and prove the main result of this paper.

Theorem 4.1. Let (H1)-(H5) and (H6)" hold. Let (X7'(-),uz"(-)) be the open-loop optimal pair of Problem
(LQ)r corresponding to (z,1) € Z (see (2.6)), and let (XZ="(-), uZ="(-)) be the state-control pair corresponding
initial couple (z.,,1) € D so that u>="(-) given by (3.12) (see (3.13)). Then it follows that

t
E(| X5 (t) — X2 (1) + / e =2 (5) — At (s)[2ds
0 (4.1)

< Ke*%tmx — x>+ Ke 8(T—1) (e*%t|x|2 +/ efg‘tfs‘é(s)ds).
0

for allt €10,T7.
Here let us remark that the function A(t) in (1.4) admits the following form

h(t) = /me*%\tfs\g(s)ds.

0

In particular, when £(-) =0, h(-) = 0, (4.1) reduces to the homogeneous case studied in [34]. For different &(-),
h(-) admits different integrability so that the optimal couple verifies different types of optimality. More details
will be presented in the next section.

Before presenting the proof, some observations should be made here. Taking ¢t = 0 and ¢t = T, the right-hand
side of (4.1) respectively reads

K[mo — a2+ e*%T(W + /Oooeirg(r)dr)},
and

K[e*%Tb:oc —z]? + (e’gsz:l2 + /oo efngfr‘ﬂT)dTﬂ,

0

which might not be small. However, for any ¢ € (0, 1), if t € [¢T, (1 — €)T] (a middle range of [0,T7]), then the
right-hand side of (4.1) can be estimated as follows:

K[ Han = af? + e 800 (e Haf 4 [ e Erg(rar))

t
o0
< K{67%6T|5€O@ —z]? + o2l (67%6T|$|2 +/ e*%’"f(r)drﬂ — 0,
t
as T — oo. This exactly describes what we call the turnpike property of our LQ problem. Now let us turn to
the proof.

Proof of Theorem /4.1. In what follows, we will suppress the superscript (z,2) and (z.,, ), together with (¢, a(t)).
Set

{ X(t) =X (t)— Xo(t), T=ax.—a, 4t)=0.(t)—art),
O(t) = O.(a(t) = O:(t,a(t),  V(t) =v.(t, at)) —vr(t, aft)),
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with (X (+), @z (+)) being defined in (2.6) and (X..(-), .. (-)) being defined in (3.13). Since

we need only to estimate X (-),0(-) in certain sense and X, (-) uniformly bounded. The rest of this paper aims

to realize this. Note that

dX () = d[X..(t) — X1 (t)]
[(A ~X_(t) + Bu_(t) + b(t)) - (A@TXT(t) + Bug(t) + b(t))] dt

n [(C@m)_(w(t) + Du_(t) + o(t)) (c@TX (t) + Dun(t) + a(t))} AW (t)
- (A@oo)?(t) + BO()X4(t) + Bﬁ(t))dt + (09 X(t) + DO() X1 (t) + D@(t))dW(t).

Now, let £._(-) € © satisfy (3.3). Applying Ito’s formula to ¢ — (S (a(t)) X (t), X (t)), we have

LR (a() (1), X (1)

—E((A[So]+ 3. A% +(4%) % +(C@w)zc@w))?(t),)?(t)>

+2E< <[BO(1) Xy (1) + Bo(t)], X (1)) + < < CO=X (1), Do(t) + DO(t) X (1))
FE(Z.[Di(t) + DO X+ (1], Do (1) + DO(1) X+ (1)

<~ DB ()R (1), (1)) + KB X () + KE[3(1)

By Gronwall’s inequality, using (3.17) and (3.15), we have

E|X(1)]” < KE(S.(a(t) X (), X(2))
< Ke 3203, 2) + K /O e HIE(18() X (5)] + [0(5)* ) ds

t
<K67%t|/x\|2+K/ e*%(tfs)E(e*%(Tfs)|XT(S)|2+|6(s)|2)d8
0

s s . (4.2)
< Ke 332 +K/ e~ 3U=9E[5(s)[2ds
0
t S . S . S > ) .
+K/ e 2(tm8)em2(T=s) (e_fs|x\2 +/ e_zls_"é(r)dr)ds
0 0
) o) o) > o) .
< Ke 222 + Ke 51 (e_zt|gc|2 +/ e_th_é|§(s)ds).
0
Note that
EJ(s)] = E0(5)Xr(5) — O (5) % (5) + s (s) — 7. () "

<E(10< ()X (s)| + B()]| X (s)] + [6(5)] ).
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Using the estimates obtained in (4.2), (3.17) and (3.15), it follows that

t t
) et = [ o) - at o)
0
K / HIB(j0(5)PIX ()P + [6(s) X () + [005) ) ds
<K / HIE(J0L ()X ()] + [0(5) 21X (s)* + [0(5)? ) s
< Ke 42?4+ Ke 8(T—0 (e’%tlsrl2 + /oo efg‘tfs‘ﬁ(s)ds) (4.4)
0

Our main result holds from (4.2) and (4.4). O

Until now, we have proven the STP for the optimal pair in Problem (LQ)r. We can see the limit pair
(XZ2(-), u% Z( )) is identified by taking T' — oo for (O,(-),v,(-)). Naturally, the next is to verify the optimality
of the (X%*(-),u%"(+)) in some appropriate sense.

5. OPTIMALITY OF (X%(-), u%"(+))

)

In this section, we will construct the appropriate optimal control problems for which (X%*(-),a%"(-)) is the
optimal couple.

5.1. Local-integrable case

In this subsection, we work with local-integrable cases under (H1)—(H5) and (H6)’. First we claim that

m ~ £(t)dt < oo. (5.1)

Write

It is obvious that hy < h and (H6)’ implies that h;(-) is bounded. Direct calculation yields that

7/ £(t) ——hl( )+ fr/oThl(t)dt.

Then (5.1) holds because hq(+) is bounded.
In this case, we can show that 4%"(-) through the limit process is the optimal control for the following ergodic
control problem. Define

Yiocl0,00) = () %[0, T).

T>0
Problem (LQ)g. For a given initial state (x,2) € 2, find a control ug(-) € %[0, 00) such that

J, » 43 ') = inf J s iu() = W st
E(z,2up (")) u(‘)e?llrlloc[O,oo) gz, u(-)) E(z,2)
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where the ergodic cost is defined by

Je(z,i;u(t)) := lim %JE(x,z;uE(-)).

T—00

Proposition 5.1. Suppose (H1)—(H5), (H6)'. For any (x,1) € Z, u%"'(-) is the optimal control and X'(-) is the
corresponding optimal trajectory for Problem (LQ)g. Moreover, Jg(x,1;u”"(-)) is finite. Note that the optimal
couple for Problem (LQ)r may not be unique.

Proof. We suppress the top index (z,?) in the proof. Note that
|tz ()] + |t (t)]
< K (1X2(0)] + e (0] 4 16 ()] + (X (O] + Ine (] + [ ()] + (0] +1o(0)]),

and

|7 () = oo ()] < [0 (X7 — Xo)[ + (O — Or) Xz (1))] + [0 (t) — vao (1))
< K‘)_(T - Xool + K|77T(t) - ﬁoo(t)| + K|<T(t) - Qoo(t)‘

+ Ke 501X (0] + Ine (O] + G (0)] + I (1)) + o(0)])
Applying all the estimates in Proposition 3.7, (3.9) and (4.1), it follows that

T T
1
lim —E/ s ()] + |tioo (t)[2dt < 0o and Tlim TE/ |t (t) — Tioo (t)[2dt = 0. (5.2)
0 0

— 00

Next, we see

T
7 | (B0~ X0 + )~ (o))
B[ X (P 4 X (0 + fan (0 + a2 (0)%)) a
-7 | (B0 = X 0F + o)~ 5 ()])

(S

(B + X (0)2 + X (OF + [ (O + [ (D)) " at
Taking T' — o0, it follows that for any u(-) € %[0, 00),

T T
lim %E /0 gt a(t), X (), u(t))dt > lim %IE /O glt, a(t), XTU(8), a® (£))dt

T—o0 T—o0

T
— lm 7 [ g(t.a(t). X2 (0, 0 0)at.
0

T—o0
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Moreover, the uniform boundedness of E|X_|? and (5.2) together imply that
1 T olw 2 Lt 2
— [ E|X.(t)|%dt < K, 7 Elu. (t)]°dt < K,
0
T —
7 / Blla(0). X))t < 7 [ )+ BT Par < K.
—/ E|(r L (1)|dt < —/ £(t) + Ela (t)2dt < K.

Therefore Jg(x, ;.. (t)) is finite. Moreover, @, (t) is the optimal control process in %[0, 00) and X_,(¢) is the
corresponding trajectory for Problem (LQ)g. O

Finally, when b(-),0(-),q(:),r(-) are bounded F®-measurable (instead of F-measurable), one can easily see
that (+(t) =0 for all T'> 0 and 0 < ¢ < T. Then all the estimates on (. are not necessary. For such a particular
case, without essential difficulties, (4.1) can be refined to

E(IX7(t) — X2 (0 + [ag" (1) — aZ=" (6)]?
oo
< Ke %o, —af? + Ke 8T~ (e_zt|az|2 +/ e_%‘t_s‘f(s)ds).
0
The above matches the results obtained in [26] and [32] where b(-),o(+), ¢(+), 7(-) are assumed to be deterministic

constants. From this, we can see that those previous results in [26] and [32] are some special cases of those in
the current paper, even without switching states.

5.2. Integrable case
In this subsection, we particularly work with the refined integrable cases by assuming
(HT7). b(-),0(-),q() € L2(0,00;R™), 7(-) € L3(0, 00; R™).
It is obvious that (H7) is stronger than (H6)'. Recall that the definition of £(+) in (3.7), £(+) is integrable on

[0, 00) with
/00 e Pls=tle(s)ds < /00 £(s)ds < o0,
0 0

for any 8 > 0. All the previous results are true.
Recall that

where

©.=—(R+D"P.D)""(B"P.+D'P.C+S)€S[A C;B,D],
(t,0) = —(R+D"P.D) Y (D"Po+B n., +D"C. +7).

We will see that (3.12) is the optimal control for a LQ problem on an infinite horizon.
To define the problem, we need the following set of admissible controls

230,00 = {u(") € L(0,00R™)| X (5,1,u()) € LA(0, 00 R") }
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where X (-; 2,4, u(-)) is the solution of (1.1) with initial (x,2) and control u(-). For each u(-) € %,;'[0, 00|, we
define the following cost functional

oo (@3 u()) = E(/Ooo o(t. X (1) a(t) u(0)dt).

It can be easily seen that the cost functional is well-defined. We have the following LQ optimization problem
on [0, o).

Problem (LQ)... For a given initial (z,:) € 2, find a control a%"(-) € %,;'[0, 00| such that

Joo ) ;_21 ) = inf J 2 ! EV@C s ).
@ O) = B Tfas) = Vo)

Now let us verify the optimality of (3.12) for Problem (LQ) in the following proposition.
Proposition 5.2. Under (H1)-(H5), and (H7), (X=*(-),a%"(-)) is the unique optimal pair for Problem (LQ)s.

The above proposition is a special case studied in [1] and hence the proof is omitted. Now let us compare
Proposition 5.1 with Proposition 5.2. When (H7) holds, the optimal pairs for Problem (LQ)g are not unique
and (X%*(-),u%"(-)) is one of them. While (X2*(-),u%"(-)) is the unique optimal pair for Problem (LQ)so. This
is why we single out this particular case in this section. We also conclude the following corollary immediately.

Corollary 5.3. Under (H1)-(H5) and (H7), it follows that

T
i (E / X7(0) ~ 2O + a2 (1)~ 5P )dt = 0,

T—00

We can see that the above result is stronger that in Proposition 5.1 (see (5.2) in particular).

Proof. Write h(t) = [;° e~ ils=tl¢(s)ds. Tt is straightforward to see that (H7) yields that J5° h(t)dt < co. Note
that

$(T—¢) e —S(T—t) T —&(T—t)
h Jdt = h(t)e™s dt + h(t)e™s dt
0 T/2

(o9}
<e” fsﬁT/ h(t )dt+/ h(t)dt — 0, as T — oo.
0 T/2

Then we have

T
Tm E / IX21() — X (8)2dt = 0.

T—o0 0

By (4.3), it follows that

T
lim IE/ [T (t) — a"(t)|*dt
0

T—o0

T—o0

T
< K lim E/ X5 (1) = X2 (O + T IEIXT (0O + [or (1) — v (t)dt
0

T
= K lim E/ log () — vo (t)|2dt

T—o0
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o T
<K lm E /0 7e(8) = e (D12 + 16 (1) = GO + =T (|G (0 + ne (1) + €(8) )t

T—o0

=0.

In the above, we have used the boundedness of E|X7"(¢)|? and E|7j.(¢)? (see (3.17) and (3.8)), (3.9), (3.14),
(3.16) and (H6)'. O

Before we finish this section, it is worth remarking that even without the switching Markov chain, our results
are not studied in [26] or [32] where b, 0, ¢, r are assumed to be deterministic and constants. Our assumption
(HT) allows those nonhomogeneous terms to be stochastic. With some appropriate integrability conditions, we
derive a new form of STP compared to that in [26] and [32].

6. CONCLUDING REMARKS

In this paper, we obtained the turnpike property for L(Q optimal control in an infinite horizon with a
regime-switching state when the system is nonhomogeneous. We see that the comparing limit pair admits
different optimality for different optimal control problems, depending on the integrability of the optimal solu-
tion over the infinite horizon. Those relate to three different cases: homogeneous case, integrable case, and
local-integrable case. Even for the problem without switching, our results provide more accurate bounds under
weaker assumptions compared to the previous results in the literature.

7. PROOFS

In this section, we present the proofs of some results.

Proof of Proposition 3.5. Due to the linearity of the BSDE, the existence and uniqueness of the adapted solution
triple (nz(), Cr (1), CM () € L2(0, T;R™) x L2(0,T;R™) x M2 (0,T;R") is standard. Thus, we only need to
establish the estimates. We split the proof into several steps.

Step 1. Dissipativity of the modified system. Note that the (homogenous) closed-loop system [A®T, C©7]
may not be dissipative for some states of the Markov chain (see (2.6)). The key step in our proof is to seek a
modified and equivalent system that is dissipative for all the states of the Markov chain. Then the estimates
can be derived in a classical way. To this end, let ¥ (2) € & be that in Proposition 3.4 (i), satisfying (3.3). Set

E(,5) =2.()% - S.(1)% e S™

It is clear that E(s, ) is well-defined and symmetric. By (2.2), we have

d[S.(a(t)2] = A[SZ](a(t)dt + > E(1,5)L{aq- )=y dMiy (1),
2,JEM

Let X (-) be the solution of the homogeneous system [A®7, C®T]. We define

Xo(t) =S (a(t)?X.(t),  te[0,T).
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Then, by Ito’s formula, we have

X (t) = d[S (1)) ? X1 (8)]
— (AISE)@(0) X (1) + S (a(6) A% (1. () X (1))

+ D (@) 2COT (L, () X (AW (1) + Y B(1, ) Xr(t7) Ljaqu- )=y My (1)
1,7EM
= (AZLI@()Zw(@(®) 7} + S (al®) A% (1, (1) Su(a(®) ~H) Xr(t)at
+ 2 (a(t) 2 CO7 (¢, () Za(a(t)) 2 X ()W (1)

+ Z E(%])Zoo(a(t))_%XT(t_)l{a(t*)zl}dMl](t)
2,7EM

= AT X (t)dt + COTX () AW () + D E(1,2) X0 (t7) 1 a(e- )= dM, (8),

where

Thus, we obtain the following new SDE

dX 7 (t) =A9TX (t)dt+COTX (t)dW () + Y E(1,9) X0 (t7)Lia(e- )=y dMiy(t),
2,EM
t € 0,77,

Note that | X, (t)|2 = (S (a(t)) X1 (t), X+(t)), and by Itd’s formula, we have
d o 502 70 TOr\T | (O \T O
SEIX()] :]E<(A T 4 (A97)T 4 (COT)TCOr

32 AasBla®),)TE(a(t), ) X (1), X2 (1)
J7#a(t)
= (0 (@)X (1), X 1)
= E((AZL)(@(®) + T la(t) A7 + (4°7) TS (a(t))
+(CO) TR (al)CO ) X (1), Xo (1))

<~ SE(S(0()Xal0), Xa0) = —o| Ko, 1€ (0.7 T0)

Thus, we have for t € [0,T — Tp],

~ ~ ~ ~ ~ ~ 0
APT 4 (A°7)T 4 (COm)TCO7 + 3 A, E1g) " Eng) < =31
7

This means X(-) itself is dissipative on [0, — o], which will be very important below.

(7.1)
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Step 2. BSDEs for the modified adapted solution. Again, let ¥ (-) € & be that in Proposition 3.4 (i), satisfying
(3.3). Let (nr(+), ¢ (+), ¢M () be the adapted solution to BDSE (2.4). Now, we write

Then we claim that (7,(-), Cr(-), (¥ (-)) is the adapted solution of the following BSDE (compared with (2.4)):

difi (t) = = (A7 (¢, () Tiie (1) + CO7 (1, () "o t) + P (1)

+ 30 BT ()N = )dE + G (AW () + (DM (@),
1,7EM (7.3)
€ [0,T7],

ﬁT (T) =4.

Here o is a Fr measurable random variable with finite second moment. In fact, noting 7z (t) = S._(a(t)) 277 (t),
using [t0’s formula, we have

e (t) = (d[zmm(t))%])ﬁ () + e (alt7) e (1)

JFZE 2,7)¢ /\wl{a (t)= }dt+ Z (2,9 CT (t, J)l{a(t )= }dMZ](t)
2,JEM 2,JEM
- (A[Ew«ﬁ]m(t))m(t)dw > B0) e =y it )dMiy(1))
2,)EM

+ Sa(a(®)? | = ((A%) i (0 +(CE) TCr (D) +E1 (1)

JFZE(%])TEQ{VI(ta]))‘zjl{oz(t)zz})dt+ET(t)dW(t)+Z CM(t, ) qae- )=y dMy (1)

2,JEM 2,)EM
+ Z (2,9 CT (t, DAyl ia) =y dt + Z (2,9 CT (t, D1 {a@— )=y dM,,(t)
2,0€M 2,0€M

= =~ AIEEI@)iir () +2(a() (A°7) T, () +(CO)TE (1)
+ @(t))dt} + 3 (a() o (Haw (t)
+Z( )ZCM (t, )+ E (1, 9)ii (¢ ))1(a(r):z)szg(t)

2,7€M

= —[(A°T) T () + (COT) TG (1) + @ (t, ()AL + Cr (D)W (1) + G (£)dM(2),

where (note (7.2))
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In the above,

T

_1 = _1 1
Se(@®)72 Y E) ap=g = >, Zu() 2(E<z,3)2<2>2) Liat)=
1,7€M 2,7€M
= Z E(Zaj)—rl{a(t)zz} = Z E(Zvj)'
1,JEM 2,)JEM

By the uniqueness of a linear BSDE, the above calculation yields that (77r(-), 5T(-), (T%VI()) is the adapted solution
of the BSDE (7.3) by taking ¥ = 0.

Step 3. Dissipation inequality for n+(-). By 1to’s formula, for ¢ € [0,T — Ty|, we have

LB P = (— 2072(0), 397 (1,a(0) T (0) + T (1, 0(1)) T (1) + (1)

+ Z E(Za])Z;V[(tv])kl]l{a(t):zﬁ + G ()Pt + Z Al]‘gi{w(tv])|21[a(t):1])dt
1#£] 1)
= —]E(<V~1@T + (AOT) T2 (8), 7 (1)) = [COTT (8)] + |G (t) — COT ((t))iie (1)
+21|67{M(t,.7)‘2_2<E(27])ﬁT(t)’gy(tvj»))\ZJ]'{(x(t*):z}_zE“ZT(t)aﬁT(t»)
17#)

=—E [( (AVGT_’_ (Av@T)T_’_ (5®T)T5@T +ZE(Z, j)E(Z, j))\ml{a(t):Z}) 7~]T(t), Nr (t)>
1#]

+ |ET(t)_5®TﬁT(t)|2+Z Ki\/l(ta j)—E(Z, ])ﬁT(t)|2)‘1j1{a(t):z}_2E<QBT(t)7ﬁT(t»)
2,7€ M

= E(glﬁT(t>|2+|gT(t) - éeT (t’ Oé(t))ﬁT<t)|2+Z |Z£W(t7]>_E(z7 ])ﬁT(t)F)‘Ul{a(t*):z}
1#)

~KE[3:(0)]?).

Where we have used the dissipativity of )~((), i.e., (7.1), in the last step. Thus, for all ¢t € [0,T — Tp], the
following dissipativity inequality holds:

LBp ()P > B0 PHG D) — OO (1 a(t))ie ()

_ ~ (7.4)
+ I8 (1) = B )i ()P AL ag=) — KEW))-
1#)
On [T — Ty, T), using the boundedness of A®7 and C®7 it is standard to derive that
d_. ~ ~ ~ ~
Bl > B( = K[ () PHC (6 — CO7 (4, a ()it ()]
(7.5)

+ 318 ) = B )i ()PAu L ag=y — KEW))-
1#£]
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Step 4. Boundedness of (n:(+), (r(+),¢M(+)). By (7.5), Gronwall’s inequality implies that for ¢ € [T — o, T

T ~
B OF + [ VB (5) + 0% (s.a(s)ie o) s

t

T
< K/ K6 De(5)ds + K TOE[Y[2,
t

Because 0 < s — ¢ <t for t € [T — g, T], the above is equivalent to

T ~
Eijr (1) +/ e TR (s) + CO7 (5,0(5))il (5) Pds

t

T
<K/ e_%(s_t)ﬁ(s)ds—&—e_%(T_t)IEMQ.
t

(7.6)
In particular, we have
T
E[fi(T — Tv)|* + / e 1CTTHIIE|C (5) + OO (s, als))TTr (5) s
T—T,
T —8(s—(T—Ty)) 2
<K e i 0¢(s)ds + KE|9|2. (7.7)
T—T,
By (7.4) and (7.7), Gronwall’s inequality implies that for ¢ € [0,T — Tp],
B OF + 1 e DB () = OO (. a(s)is (o) s
R YO ~ _
+/ e"iTIE Z |C£/I(57]) _E(%J)WT(S)F)‘UI{Q(S)ZZ}CZS
t 2,7EM
< -2 T-To-t)g|~ 2 =T sy
Se 4 E[ne(T = To)|" + K t e 1V (s)ds (7.8)
T

im0 [

T—Ty

T-To A
e_%(s_(T_TO))C(s)dS—I—K/ e_%(s_t)g(s)ds+Ke_%(T_t)E|19|2
t

T
< K/ e 16 D¢ (s)ds + Ke §T-OE[9)2,
t

Combining (7.6) and (7.8), by n,(t) = (¢, a(t))-(t), we obtain that E[n,(+)|? is uniformly bounded on [0, T,
i.e.,

T
Eln- ()2 < K/ e~ 16 N¢(s)ds + Ke™ 1(T-DE[92. (7.9)
t

Next, from (7.6) and (7.8), for t € [0,T], we have (see (7.2) again)

T T
/ e TEIE|(,(s)2ds < K / ¢ ORI ()2 ds
t

t

_3 T —
< Ke §(T-To ”/
T—Ty

T 5 - T*TO 5 ~
eiz(si(TiTO))EKT(S)‘zdS + K/ 972(57t)]E|CT(3)|2d8
t
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(= T=T0E (1G,(5) — 07 (5, a()ils (5)? + [ (5) 2 ) s

IN
=
CDI
I
v
&
L
T
| ~
&
(D
M}.

T=To 5( @ 2 2
wi [k (|<T< ) = €O (s ()i (5)” + [ (5)” ) ds
T
<Ke—g(T—TO—t)(/ §(s—(T- TO))C )ds + / (r= 9)5 d?“ds)
T— To T—-To
5 T—To 5
+K(/ e 1lsmtg ds+/ / Fr=)e(p) drds) + Ke  1T-DE[y?
t

T
< K/ e~ 10 D¢(s)ds + Ke™ 3(T-DE[92.
t

Likewise,

T
(e
/ 1CTORS AL (5, )P L a(s)=g | ds
179

= [ IR 8 () + B0 ] (7.10)
17#7

K/ $(5=0¢(s)ds + Ke™ 3T-DE|9)2.

Combining (7.9)—(7.10), we get (3.8) by taking ¥ = 0.

Step 5. Stability estimates. For T > T > Ty, we have (recall (2.4))

d(ne = 1) = - ((AeTnT +COCr + pr — (A% + COT/ (v + son))dt
(G = Co)dW + (" = ¢ )dM
—((A57) T (2 = ) + COF (G = Go)
H(AO = AOT Y 4 (COF = COT)r + pr — o )l
+(Gr = Cr)dW + (G — (7 )dM
=~ ((A4°™) (e = m2r) + €O (G = Go) + Ar s (1)) At
+(Cr = G )dW+< " ¢Mam

(7.11)

where

AT,T’(S) _ (A@T _ AGT/)TUT + (CGT _ CGT/)TCT + QOr — Prv,
or = Prb+ (COT) Pro+q+0OLr, op=Pub+ (C®7) Pro+q+ 0L
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Since T' > T, we have Pr(t,2) < P (t,1) < P, (t,2), it follows that
0 < P (t,1) — Pr(t,2) < Po(t,1) — Pr(t,2) < Ke ®T=07T,

For ¢ € [0,T], we have

Bl A (1) < E(|(A%7 — A7) Ty 4 (097 — CO7) TGl - ln — pnr])
E(1B(©r = 01 )| + DO — 1)
1Py~ )bl £ (COF Py — OO Pu)o| 4107 — 000) )’
< Ke TR (b] + o] + |r| + ns] +16:])

< Ke (=9 (s(t) +En(t)* + ElCT(t)P) - (7.12)

Note that (7.11) is parallel with BSDE (7.3) with different nonhomogeneous terms and terminal condition only.
Similar to Steps 2-3, it follows that

T S
Efne(t) — 1o (8) + E / D¢, () — G (5)|2ds

T
+ E/ 67%(5715) Z )\UKJ{W(S’j) - C%(saJ)P]—[a(s):z]dS
t J7#

<K/ e 107D BIT=IE|A, 1 [2ds + Ke™ 1T OE[5, (T) — 0 (T)?

<K / 160720 (e(5) 4 Bl (5)[2 + E|Gr ()2 ) ds + Ke™ Ty, (T) — oo (T)

e t)/ e $=D¢ (5)ds. (7.13)
t

In the last step, we use n.(T") =0 and (7.9) (taking T'=7" and t = T). O

Proof of Proposition 3.7. (1) We consider the BSDE (7.3). By (7.4) and (7.5), we have for ¢ € [0,T],

LBl ()P + QRO > BT (1) — GO (1, a(1))ia ()

FED 16 (8,9) = B, )i (8) P Ay L=y — KEE) = KE[ir (8)* Lieir—mo,17-
1#]

Gronwall’s inequality implies that

t
E[77: (£)]* — e~ (77, (0)* > / e 1 (BIC (5) — CO (s, a(s))ije (5)
0
+ Z |Z§VI(57]) - E(Za j)ﬁT(S)P)‘Ul{a(s):z} - Kf(s) =+ KEWT(S)|21se[T7TO,T]>d3~
1#)



24 H. MEI ET AL.

Hence, for t € [0,T], (see (7.2) again)

t t
| e G o) < K [ e 10 OBG 5) s
0 0

<K [ e HOIB(IC 0) = 6O (5, 0())n () +1C° (5,0(5)) (3) )

) (7.14)

t
<KE[f@F + [ o109 (o) +66))ds+ | o O IBf (6) PLcirm mds
0 0

< K/ e~ T1sle(s)ds + Ke T T-DE[).
0

Taking 9 = 0, we get (3.14).
(2). Consider (7.11) and (7.12), and take 7" = co. By virtue of (7.14), using (7.13), we have

[t B ) - s
< K[ 0) = 10+ [ 8 (1006) ~ T + 180 + [ B (9) = 1e6) Pl s
< Ke 8(T-9) /00 e*%tfs‘{(s)ds.
0
(3) Note that

E|v,. (s, a(s)) — vz (s, o(s))[?
—IE|R (a(s))™ [DTP (a(s)

o () + BT n(s) + DT Cls) + 7(5)]
~Re(a(s) ' DT Pr(s,a(s)r(s) + B ne(s) + D Gols) 4 r(s)]|
< KE[| R () | (1P (a(s)) = Pr(s, a()) [ |o(3)] + () = 12(5)] + G (5) = o(5)])
1

R (0() ™~ Bials, ()™ (I ()] + Ieas)] + o ()] + Ir(o)])]

< KE||Pa(a(s)) = Pr(s,a()) Plo(s) 2 + 1.0 (s) = 12 () + G (5) = Go(5) 2)
| Po(a(s) = Prls,a(s) | (Ine ()P + 1€ (5) 2+ |o() + r(s)]?) ]

< KE (I (5) = 1 ()12 + 16 (5) = o)

+e 72T (Jn ()2 4 [Cas) 2+ o ()] + () 2) .

Hence, for t € [0, T, we have

/0 e_%(t_s)mvw(s, a(s)) — vr(s, a(s))*ds
te_%(t_s) s) — 0o (s)]? s) — Cr(s)|?
<xE | (11(5) = 12 (P + [ l5) = G (5)

e BT (In_(5)]2 + ¢ (8)2 + | ()] + |T(S)|2)>d3

<Ke*%(T’t)</ eletfslf(S)ds).
0
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(4) By (7.4) and (7.5), we have

d_. . ~ ~ ~ .
F B > ElGo () = CO7 (¢ al)ie (1) = KE(#) = KE[iie (8)* Lz, 7)-

Integrating both sides on [0, T] implies that

]E|77T(T)|2 - ‘ﬁT(O)P
T
> / EICo(s) — 097 (s, a(s)iln (5)” — K&(3) —~ KEfin (8)PLueqr—rom ) ds.
Hence, taking ¥ = 0,
T T
/ E|¢(s)?ds < K / E[Cr(s)|2ds
0 0
T - - T
<K / EICr(s) — GO (s, a(s))iia(s)|2ds + K / Effin(s)ds
0 0
T T
<K [ eos+ K [ (o) ds + B (1)
0 0
T oo 5
< K/ &(s)ds+ K(T+1) sup/ e~ 1ls7rle(rydr
0 s=20J0
Similarly, one has

LEP > BIL (1) ~ 09 (1, a(0)i (1) ~ KE(0)

Therefore, we have

T T
/ E|¢..(s)ds < K / EIC.(s)°ds
0 0

T _ T
<K/ ]E|Q,o(s)fC@‘”(s,a(s))ﬁT(s)FderK/ E|7..(s)|*ds
K/ (s ds+K/ E|7.(s)|*ds + E|7j. (T)|?
= g
K/ &(s)ds + K( T+1)it>11(:]>/0 e &(r)dr

5). By (7.11) and (7.12) (letting 7" = 00), we have
(5). By g

d

Thus, it follows that

T T -
/ E|Ca(s) — Co(s)ds < K / EICr(s) — Cu (s)ds
0 0

T B () — @) > E|Cr (1) = CO7 (1, a(t))772 (1) = (o () + CO= (¢, (1)) (1)]” = KE| A (1)1

25
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T ~ ~ o~ o~
<K /O E|Cr(t) — CO7 (t, a(t))iir(t) — Co(t) + CO= (¢, a(t) )i ()] *ds
LK / Effir(5) — i () ds + Efffn(T) — 7 (T)?
T T %)
2ds e~ 5(T—5) e~ tIm=sle(r)drds 7. 2
gK/O E|A, . (t)]%d +K/O /O §(r)drds + Eli.(T)]

T e}
<K [ e 0 (60 + B (0 + BIG (0 )ds + Ksup [ o8 tryar
0 s20J0

< Ksup/ e*%IS*T‘f(r)dr
0

s2>20

In the last step, we used (3.14) (with ¢t = T) for (,(-).
(6) We suppress the index (z,?) in this part of proof. Note that
dX(t) = [APT (t,a(t)) X+ (t) + B(a(t))vr(t, a(t)) + b(t)]dt
+[COT (t, (1)) X (t) + D(a(t))vr (L, a(t)) + o ()| dW (L),
XT(O) =,

with A97 (-, a(+)) and C@TQ ,a(+)) being given by (2.5). Now, let ¥ (-) € Z satisfy (3.3). Applying [td’s formula
to the map ¢ — (X (a(t)) X (t), X1 (t)), we have, (see (3.6)) suppressing a(t),

L B8 (0(1) X (15), X (1)

- E<(A[Zm} + R AOT 4 (A9T)TD 4 (CQT)TZOOCGT))_(T(t), XT(t)>
F2E(S_ (Bur () + b(1)), X () + 2E(S..COT X1(¢), Dur(t, a(t)) + o(t))
+E(3 (Do (t, a(t)) + o(t), Dur(t, a(t)) + o(t))

<~ SE(D (@) X (1), Ko (0) + KE((0)P + o (1) + lon (1, a()]?).

Note that
Elvr(t, a(t))]* < K(£(t) + Elnz (8)* + El¢: ()],
By Gronwall’s inequality, we have
E(E. (1) Xr(t), X2 (1))
< Ke_%t\x|2 + K/Ot e_g(t_s)]E(|b(s)|2 + o (s)|* + vz (s, a(s))|2)d5

o0
< Ke_%t\x|2 + K/ e_%lt_slf(s)ds, 0<t<T.
0

Therefore, (3.17) holds for X, (-). The proof for X_(-) is identical. O
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