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UNIQUE CONTINUATION AND LOCALIZED DAMPING EFFECTS
IN NON-HOMOGENEOUS TIMOSHENKO SYSTEMS

LEONARDO GUSTAVO RONCHIN ALVES®, MICHELE DE OLIVEIRA ALVES
AND RODRIGO NUNES MONTEIRO"

Abstract. We study the stability of contraction semigroups generated by the Timoshenko system
with non-homogeneous coefficients and localized frictional damping. Formulated as an abstract Cauchy
problem, the system is shown to be well-posed via semigroup theory. Our main contribution is a Unique
Continuation Property (UCP) for the resolvent equation associated with the system, which allows
us to establish the strong stability of the corresponding semigroup. Combining this with resolvent
estimates, we establish precise semigroup decay rates, which are exponential or polynomial depending
on the interaction between the non-homogeneous coefficients and the support of the localized damping
coefficient.
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1. INTRODUCTION

1.1. Non-homogeneous Timoshenko system

Semigroup theory provides a natural framework to study the energy decay of dissipative evolution equations.
For many hyperbolic systems, the long-time behavior of solutions is determined by spectral properties of the
generator, together with resolvent estimates on the imaginary axis. The Timoshenko beam system is a classical
model in structural mechanics that fits this framework. In this work, we study this system and describe its
asymptotic behavior from the semigroup perspective.

The model under consideration is governed by the partial differential equations

—

p(x)ps — [k(2)(pz + )]z =0 in (0,00) x (0, L),

pae e — B(@)ls + k(@) (0n + 1)+ ¥(@)h = 0 in (0,00) x (0,L). (L)

To the governing system (1.1) we add initial conditions
(P(Oa ) = $0; @t(oa ) = ¥1, d)(ov ) = 1/’07 T/Jt(O, ) = 1/}17 (12)
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and Dirichlet boundary conditions

o(t,0) = ¢(t, L) = ¢(t,0) = ¥(t, L) = 0. (1.3)

The Timoshenko system describes transverse vibrations of a flexible beam of length L > 0. The unknown
functions ¢ = p(t,x) and ¥ = ¥ (t, z) represent, respectively, the transversal displacement and rotation angle
of a filament of the beam. The positive functions p; = p1(x), p2 = p2(x), k = k(z) and b = b(x) represent the
physical properties of the material and are given by p; = pA, ps = pl, k = k'GA and b = EI. Here, p is the
mass density per unit of the reference area, A is the cross-sectional area, I is the second moment of area of
the cross section, k' is the shear factor coefficient, G is the shear modulus and E is the modulus of elasticity.
Furthermore, v = () is a non-negative function responsible for the localization of the frictional damping ;.

1.2. Literature

We now provide a brief review of the literature closely related to problem (1.1)—(1.3), with emphasis on
the number and type of dissipation mechanisms considered, as well as on the presence of non-homogeneous
coefficients.

One dissipative effect. We begin with the well-known stability number for the Timoshenko system, defined
by

k b

X = .
pL P2

Typically, for partially dissipative problems, the energy decays exponentially when the wave propagation
speeds are equal, that is, when y = 0, and polynomially when x # 0.

When the damping acts on the rotation equation (1.1)3, several results have been obtained. In [1], the author
studied the case of linear frictional damping and proved that the energy decays exponentially when y = 0. When
the propagation speeds differ, that is when x # 0, it was shown that the energy does not decay exponentially,
and no explicit decay rate was obtained. In [2], the analysis was extended to the non-homogeneous coefficients
case with linear frictional damping, yielding exponential stability under the assumption

_ ko) _ ba) or all x
x(x) = @) ;@) for all 2 € (0, L). (1.4)

In [3] the same problem was considered and the exponential decay was proved when x(x) = 0 for all z € (0, L),
while showing that no exponential decay holds when x(z) # 0 for all € (0, L). In [4], the Timoshenko system
with linear localized damping was investigated showing that the exponential stability holds in the equal-speed

case x = 0 while in the unequal speed case y # 0 the polynomial rate of decay of order (ln(t) til)% In(t), with
Il > 2,as t — 400, was obtained. The thermoelastic Timoshenko system with non-homogeneous coeflicients was
studied in [5], where exponential stability was shown when y(z) = 0 for all z on some subinterval I C (0, L),
and otherwise a polynomial rate of order t_%, as t — 400, was obtained.

Other works considered nonlinear damping mechanisms. In [6], it was shown that when x = 0, the decay
rate of the energy depends on the growth of the damping function near the origin, while for x # 0 with linear
damping, it is shown that the decay rate is of polynomial type, specifically t~V, with N € N, as t — +o0. In
[7], nonlinear localized damping was analyzed, establishing convergence to zero without an explicit rate.

Different from these works, [8] studied the problem with frictional dissipation acting on the transversal
displacement equation (1.1); proving exponential decay when y = 0 and polynomial decay of order t_%7 as
t — 400, when y # 0.

Two dissipative effects. When both equations in system (1.1) are subject to distinct damping mechanisms,
exponential stability is often obtained. Several works addressed this setting with linear frictional damping [9],
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nonlinear localized damping [10, 11] for constant coefficients and [12] for non-homogeneous coefficients, as well
as boundary damping [13]. In all these cases, uniform energy decay was established.

1.3. Contributions

Unique Continuation Property (UCP). When dealing with localized dissipation, the UCP is an essential
tool. Previous works, such as [10, 12], employed different approaches depending on the coefficients. In [10],
with constant coefficients, the UCP follows from a distributional version of Holmgren Uniqueness Theorem [14],
whereas in [12], with non-homogeneous coefficients, it follows from results in [15]. In both cases, the UCP was
employed to derive observability inequalities via contradiction arguments. In contrast, in the present work we
prove a new UCP (see Thm. 1.2) for the resolvent equation, established directly from observability estimates
rather than classical results, which is then used to demonstrate the strong stability of the associated semigroup.

Interaction between dissipation and non-homogeneous coefficients. To the best of our knowledge, no previous
study has established stability properties for the Timoshenko system with a single localized dissipative effect in
combination with non-homogeneous coefficients. This gap in the literature motivates our second main contri-
bution, which is to show that stability depends on how the equal wave speed condition (1.4) holds locally and
how it interacts with the support of the damping function ~. This local interaction plays a fundamental role in
determining the qualitative behavior of the solutions (see Thms. 1.3 and 1.4).

1.4. Statement of main results

Here, we study the problem (1.1)—(1.3) under the following assumptions.
Assumption (A.1). The positive functions satisfy pi,p2 and b belong to W>°(0,L) and k belongs to

W?2:°°(0, L). Moreover, all these functions are bounded below by a positive constant.
Assumption (A.2). The non-negative function v belongs to L (0, L) and there exists a sub-interval (¢y, ¢1) C
(0, L) satisfying

0<v <7(z), Va € (Lo, ).

Before describing our main result, we shall establish that the problem (1.1)—(1.3) defines a differential operator
which is the generator of a strongly continuous contraction semigroup {Sc (¢)}+>0 on S (see Thm. 2.2). Indeed,
for the unknown vector function U = (¢, ®,, ¥) with ® = ¢;, and ¥ = 4, the problem (1.1)—(1.3) is equivalent
to the following abstract Cauchy problem

d
aU = /U and U(0) = (o, ¥1,%0,%1) = U, (1.5)

where o : D(&7) C S — A is the differential operator given
) P
SU = 2y [k(w‘f + ). (16)
Pz Dale + ko3 (po +9) — py 7 ¥
defined on the Hilbert space ¢ given by
A = H}(0,L) x L*(0,L) x Hy(0,L) x L*(0, L),

with

D(F) = {U € A |, € HX0,L) N HL(0,L) and &, € Hg(o,L)}.
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The space 7 is equipped with the norm (for simplicity of notation || - ||z> = || - [|z2(0,1))

1 1 1 1
1U1% = 1k2 (0 + )72 + 16202172 + IpF @172 + 1103 ©| 72 (1.7)
and
Ul p(er) = /Ul

Remark 1.1. Assumption (A.1) ensures that the norm (1.7) is equivalent to the standard norm on JZ.

Main results. With the above notations, we are now ready to present our main contribution. To establish the
strong stability of the semigroup {S. (t)}1>0, & unique continuation property (UCP) for the associated resolvent
equation is required. This is essential, as the condition iR C o(&7), where o(&/) denotes the resolvent set of
o/, does not follow from the compactness of the resolvent operator alone, in contrast to problems where the
damping acts on the whole domain (see Rem. 4.3). Our first main result is stated in the following theorem.
We note that this result extends beyond the present setting and applies to other types of localized dissipation.
Moreover, the proof can be adapted to the Bresse system.

Theorem 1.2. [Unique Continuation Property] Under the assumptions (A.1)-(A.2), let U € D(&7) be a solution
to the resolvent equation (iAI — «7)U = 0, for some A € R. If there exists an interval (p,q) C (o, ¢1) where
U(z) =0 for all x € (p,q), then U must be identically zero.

To state our next main results precisely, we recall the function y, originally introduced in the introduction,
and defined by

xa) = 05 - O (L8)

The following main result establishes sufficient conditions for the exponential stability of the semigroup
{8 (t)}+>0. The condition requires that the function x in (1.8) vanishes on an arbitrary open subset where the
dissipation is active, namely, on a subset of (¢, ¢1).

Theorem 1.3. [Exponential Decay Rates| Under assumptions (A.1)-(A.2) and let x be defined as in (1.8).
Suppose there exists a non-empty open interval (p,q) C (Lo, 1), such that, x =0 on (p,q). Then the semigroup
{8 (t)}i>0 decays exponentially.

The third main result establishes polynomial decay rates for the semigroup {Su (t)}i>0. We point out that,
although the techniques employed are not new, they allow us to improve the decay rates previously obtained
in [4].

Theorem 1.4. [Polynomial Decay Rates| Under assumptions (A.1)-(A.2) and let x be defined as in (1.8).
Suppose that x # 0 for all x € (Lo, ¢1). Then there exists a constant C' > 0, such that, the semigroup {Sq (t)}+>0
satisfies the polynomial decay rate

1S (t)Uolls < Ct~%|[Ug|| p(ar), V't > 0.

Figures 1 and 2 illustrate examples of functions that satisfy the conditions stated in Theorems 1.3 and 1.4,
respectively.

Orientation. The development of the present manuscript is divided into three sections. Section 2 is devoted
to the well-posedness of the problem (1.1)—(1.3) (equivalent to (1.5)). Section 3 contains the proof of the unique
continuation result stated in Theorem 1.2, and Section 4 is dedicated to the proof of the main Theorems 1.3
and 1.4. We also emphasize that all constants will be denoted by the same symbol C, with any dependence on
specific parameters indicated by an appropriate subscript.
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FIGURE 2. Theorem 1.4.

2. WELL-POSEDNESS

The main goal of this section is to establish the well-posedness of problem (1.1)—(1.3), which is equivalent
to obtaining the well-posedness for the Cauchy problem (1.5). To achieve this, we shall use the Lumer—Phillips
theorem. The next lemma collects all the assumptions required for the operator o7, defined in (1.6), to generate
a strongly continuous contraction semigroup on 2.

Lemma 2.1. Assume that py,p2,k,b € WH>°(0, L) and v € L*°(0, L). Then
1. o7 is a dissipative operator on F€.
2.0€ ().

Proof. Straightforward calculations imply that
L
Re(#U,U) = —/ Y| ¥ 2dz, YU € D(&). (2.1)
0

This shows that o is a dissipative operator on 2.
To prove Item 2, we will demonstrate the o7 ~! exists and is a bounded operator. Let F = (f1, fa, f3, f1) € H7.
Taking

o= _f17 U= —f37
it remains to find o, € H?(0, L) N H}(0, L) such that

[k(ps +1)]e = —p1fa, (2.2)
[0Yz]e — k(oo + ) = —pafa+ 7/ (2.3)
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In the Hilbert space 5% = H}(0,L) x H}(0,L) endowed with the usual norm, we define the sesquilinear form
a: Ay x 5y — C by

L - L .
a((e,¥), (9", %)) =/0 k(soz+w)(<p;+w*)dw+/o b, da.

The form a is continuous, that is there exists a constant C' > 0, such that

la (e, %), (¢, ¥))] < Cll(e, )l | (™, 1) ot

Also, note that a is coercive. Indeed, the norm endowed in J# is equivalent to usual norm, which allow us to
conclude the existence of a constant C' > 0, such that

10, )36 = lleallze + 1vs]l72
< Ok (pe + )32 + 645,132
= Ca((¢,9), (¢, ).
Next, we define the continuous anti-linear functional defined on %)
L L o
ole ") = [ o+ [ pafi =07 da

By Lax-Milgran Theorem, for every (p*,¢¥*) € 5, that exists a unique solution (¢,v) € 4, such that

a((, ¥), (¢%,97)) = o™, 7).

Moreover, (¢,1) € [H?(0,L) N H}(0, L)]? and satisfies the equations in (2.2)—(2.3). To see this, we take ¢* €
C§°(0, L) and ¢* = 0. Then it follows that

Pue = =k prfa+ =k 'K (pu + ¥) + s € L2(0, L),

The above and the fact that p;, k € W1>°(0, L) imply that ¢ € H?(0, L) N Hg (0, L). The same argument applied
to ¢, allows us to conclude that 1 € H?(0,L) N H} (0, L) and consequently, that (2.2)—(2.3) are satisfied. This
also allows us to conclude that .7 ~! exists.

It remains to show that the operator &/ ~! is continuous. Multiplying in L?(0, L) the equations (2.2) and (2.3)
by ¢ and 1), respectively, and then adding up the results, we obtain

1 1 L L —
1UI2 = 0k ful22 + o3 fal2 + / pufopda + / pofs — 1 f5)0 de.

From the assumptions p1, po € W>°(0, L) and v € L°°(0, L) there exists a constant C' > 0, such that
1015 < ClU|l2lFlle + ClIF|%-

Therefore, o/ ! is a continuous operator.
This concludes the proof. O

The following result states that the problem (1.1)-(1.3) is well-posed. The proof is a consequence of the
combination of Lemma 2.1 and the Lumer—Philips Theorem.
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Theorem 2.2. Assume that py,p2,k,b € WH°(0,L) and v € L*(0,L). The operator </ defined in (1.6)
generates a strongly continuous contraction semigroup {Sd(t)}go on J€.

3. UNIQUE CONTINUATION PROPERTY

In this section, we will prove the unique continuation result stated in Theorem 1.2. As mentioned earlier,
this result is crucial for establishing that iR C p(<7), which is a fundamental condition for Theorems 1.3 and
1.4. Before, we present observability inequalities, which will be important not only for the proof of Theorem 1.2
but also for extending the local estimates obtained in the preceding sections.

3.1. Observability inequalities

The goal of this section is to establish observability inequalities for the proposed model. To this end, we
utilize the observability inequality for the homogeneous Timoshenko system, as stated in Proposition 3.12 from
reference [5] (see also Lem. 3.2 from reference [16]).

In this scenario let U € D(«7) and F = (f1, fa, f3, f4) € S satisfying the resolvent equation

(iM — o/)U = F. (3.1)
Taking
g1 = f1, g2 =p1f2, 93=[3, ga=p2fa—7V.

Then G = (91, g2, 93, 94) € F, since py1, po € WH(0, L) and v € L>(0, L). Hence, we conclude that U € D(&/)
also satisfies the equation

(i — o4)U = G,
where &7 is the abstract operator associated with the homogeneous Timoshenko system (y = 0) with domain

D(g#) = D(&). Therefore, Proposition 3.12 proved in [5] implies that there exist constants Cp, C7 > 0, such
that, for any 0 < a1 < as < L the following estimates hold true

Bu(a) < Co | Bu(e)de + CollGl% (G =1,2), (3:2)
/ Bu(e)dr < CiEu(a;) + GGl (= 1,2), (3.3)

where, Ey(-) is defined by
Bu() = |k (e + 0O+ 0F00) O+ (0F ) O+ (03 0) ()] (3.4)

Note that, from the definition of Ey(+) and taking 0 < a1 < ag < L, we promptly find

2 1 1 L L
/ EU(I') dr = ||k2 (SOI—’_{/})”%%al,ag)+Hb2wl‘”2L2(a1,a2) + ||p12(I)H%2(a1,a2) + ||p22ql||%2(a1,a2)' (35)

al

The above discussion proves the following statement.
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Proposition 3.1. Suppose that the assumptions (A.1) hold and v € L*>(0,L). If U € D(&) satisfies the
resolvent equation (3.1), then there exists a constant C > 0, such that, for any 0 < a3 < as < L

a2

Eu(a;) < C[ Ul |Flle + CIF|3 + C / Bu(e)de (j = 1,2), (3.6)

ai

/ By(z)dz < C|U|||F|loe + CIF(% + CEu(a;) (4 =1,2). (3.7)

Proof. From estimates (3.2) and (3.3), we only need to estimate the norm |G| ,+. More precisely, by the
definition of the norm in J#, it is enough to estimate

1 1 3 1
IGI% = k% (fre + f3)IZ2 + 162 faullZa + llof f2llZ2 + 105 (p2fs = Y)I[72 (3.8)

In view of (3.8), we only need to detail the estimate of the last term. First, using (2.1), we obtain
L
/0 A ¥Pdz = — Re(/U, U) = Re(F, U) , < U]
This implies
N L L
163 (pafs = 1W)I3 <C[ " palifda+ C [ 5w Pds < UL B + CIFIE- (39)
0 0
Plugging (3.9) into (3.8), we conclude that
IG1% < ClIU|2l[Fll + ClF|.

Therefore, inserting the estimate for |G|l into (3.2) and (3.3), we infer that (3.6) and (3.7) hold true. O

3.2. Proof of Theorem 1.2
With the estimates in Proposition 3.1 at hand, we are able to prove the first main result.

Proof of Theorem 1.2. Suppose that there exists an interval (p, ¢) C (¢o,¢1), such that, U(z) = 0 for all x € (p, q).
It then follows that Ey(-) = 0 in (p, q). Next, we consider the decomposition

L D q L
2 _
HU||%*/O EU(:z:)dxf/O EU(z)der/p EU(x)der/q Ey(z)dz. (3.10)

Applying estimates (3.6) and (3.7) from Proposition 3.1, first with a; = 0, az = p, and F = 0, and subsequently
with a1 = p, as = ¢, and F = 0, we obtain

P a
/ Ey(z)dr < CEy(p) < C/ Ey(z)dz = 0.
0 p

Similarly, using (3.6) and (3.7), first with ay = ¢, as = L, and F = 0, and then with a; = p, a3 = ¢, and F = 0,
we obtain

L a
/ Ey(x)dz < CEy(q) < C/ Ey(z)dz =0.
a P
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Combining these estimates with (3.10) yields
a
[ <€ [ Eole)ds=o.
P
Hence |U|| s+ = 0, and therefore U = 0. This completes the proof. O

4. PROOF OF THEOREMS 1.3 AND 1.4

The proof of the Theorems 1.3 and 1.4 will proceed by demonstrating that the generator 27 in (1.6) of the
Co-semigroup of contractions {Sz (¢)}i>0 established by Theorem 2.2 has no spectrum on the imaginary axis,
that is iR = {iA | A € R} C o(&), and there exists a constant C' > 0, such that

[GA — ) 2y < CIAIN. (4.1)

According to Pruss Theorem [17], for N = 0, we obtain exponential decay. Furthermore, by the Borichev—
Tomilov Theorem [18], for N > 1, we achieve the polynomial decay rate t%7 ast — oo.

Firstly, note that the resolvent equation of operator <7 is given by taking A € R, F = (fy, f2, f3, f4) €
and assuming that there is U = (¢, ®,v, V) € D(&7), such that

(M - ) U=F (4.2)
or equivalently
iNp— @ = /1, (43)
iIA1® — [k(pz + V)]e = p1f2s (4.4)
iNp— W = fy, (4.5)
A2 — D) + k(u + ) + 48 = pofu. (4.6)

Remark 4.1. The proof of the estimate (4.1) is equivalent to showing that there exists a constant C' > 0, such
that, the solution U € D(&) of the resolvent equation (4.2) satisfies

[Ulle < CIAY|F|le, YA€ R and A > 1. (4.7)

Orientation of the proof.

1. As discussed earlier, the main consequence of Theorem 1.2 is to show that iR C o(&7). This will be
established in the next section.

2. To establish the resolvent condition (4.7), we begin by employing multiplier techniques in combination
with carefully chosen cut-off functions. This allows us to estimate separately each component of the norm of U €
D(47), leading to a collection of local estimates, as developed in Section 4.2.1. The argument is then completed
in Section 4.2.2, where the observability inequalities established in Proposition 3.1 yield the corresponding global
estimates, and therefore provide the desired resolvent estimate (4.7).

4.1. Strong stability
Lemma 4.2. If Assumptions (A.1) and (A.2) are satisfied, then iR C o(<).
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Proof. Since D(&7) is compactly embedded in 2, the spectrum o (/) consists only of eigenvalues. Therefore,
if any i\ € o(2) NiR exists, there is an eigenvector U € D(&7), such that

(iA] — /)U = 0.
Multiplying the above equality by U, we find
iA|U|% — (#U,U) = 0.

The dissipative property (2.1) implies that
L
0=Re(#U,U) = —/ v U [? dz.
0

From Assumption (A.2), we obtain
U =0in (4o, 41). (4.8)
We feed this information back into resolvent equation (4.5) to show that
¥ =0in (4o, ¢1). (4.9)
Using the identities (4.8) and (4.9) in (4.6), we obtain
k(e +¢) = 01in (lo, £1).
The preceding identity, together with the resolvent equation (4.4), allows us to conclude that
& =0in (¢o, (1) (4.10)
Next, from identity (4.10) and resolvent equation (4.3), we obtain
v =0in (4, {1). (4.11)
Therefore, from (4.8), (4.9), (4.10) and (4.11), we find that
U(z) =0, Yz € (L, ¢).

Finally, we recall Theorem 1.2 to conclude that U = 0, which leads to a contradiction. O

Remark 4.3. We emphasize once again the crucial role of the UCP. In the presence of localized dissipation,
the condition iR C o(«) cannot be deduced from the compactness of the resolvent of o/ by itself. As shown
in the preceding proof, H'Y%\I/HLZ(O,L) = 0 does not imply that ¥ = 0 in (0, L), making UCP indispensable for
establishing the resolvent set condition.

4.2. Proof of resolvent operator condition (4.1)
4.2.1. Local estimates

Cut-off functions. Let Ly € (¢y,¢1) and 6 > 0 be chosen such that

(LO — 5, Lo+ 5) C (50,51).
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Later, in the proofs of Theorems 1.3 and 1.4, we will choose and fix Ly and § so that
(LO - 57 LO + 5) C (p, q) C (g()agl)-

Furthermore, we consider cut-off functions sy, so € C?%(0, L) satisfying

) )
supp(s1) C (Lo —d,Lg+6), sy =11in {LOQ,LOJrQ] and 0<s; <1

and

o 0 0 o
supp(SQ)C (L0—27L0+2>, 52:1in |:L0—3,L0+3:| and 0<82<1

Local estimate for the component V.

Lemma 4.4. Let py, p2,k,b € WH°(0, L) and v € L*(0,L). If U € D(/) solves the resolvent equation (4.2),
then

L
/0 W[ dz < [[U || F e

Proof. Note that
((GM — «/)U,U) = i\|U|% — (#U,U) ,.

Taking the real part and using Lemma 2.1 (Item 1.), we obtain
L
/ Y|¥|?dz = Re((iA] — #/)U,U) = Re(F,U) < [|[U| | F| .
0

O

Lemma 4.5. Let p1, pa, k,b € WH(0, L) and assume that Assumption (A.2) is satisfied. If U € D(</) solves
the resolvent equation (4.2), then there exists a constant C' > 0, such that

L
/ 5102 U2 d < CJ[U| g [F e
0

Proof. Note that
L Lo+06 Lo+6 ,y C L
/ s1p2| |2 dx :/ 51p2|¥2dx :/ s1p2—|¥|?dz < —/ y|¥|2dz.
0 Lo—46 Lo—6 Y Y0 Jo
The conclusion follows from Lemma 4.4. O

Local estimate for the component 1.

Lemma 4.6. Let Assumptions (A.1)-(A.2) hold. If |]A\| 2 1 and U € D() solves the resolvent equation (4.2),
then there exists a constant C > 0, such that

L 3 1
| sl do < C(10LelBlr + 1015 R, ).
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Proof. Multiplying in L2(0, L) the resolvent equation (4.6) by s17, we obtain

L L L L L
i)\/o s1p2Vpda —/0 1[0y ]p1bd +/0 s1k(pr + Y)Pda —|—/0 s1yPpde :/0 51 p2 fabdz.

After integrating by parts and using resolvent equation (4.5), we find

L i L o i L . L .
/ 51b|¢z|2dz:——/ s'lbwz\lldx——/ s’lbz/;$f3dz+/ s1p2 fapda
0 )‘ 0 )‘ 0 0
L L e L o
+/ 51020 |% da +/ $102V f3 dx —/ 517V dz (4.12)
0 0 0

. L . L
- %/ s1k(pz + )0 dr — %/ s1k(@x + ) f3 da.
0 0

To conclude, we estimate the right-hand side of (4.12). First, by Holder and Poincaré inequalities, together with
Lemma 4.4 and the assumption |A| > 1, we obtain

1 1 3 1
3 S OBz L2172 ¥llz2 < Ol U3 1F| 3
0—9

. Lo+6
= -2 / sh by LTdx
L Y

-
i _
‘—/\/0 shb, Udz

L — 1 1 3 1
/ s17Udz| < Olbr g2l ¥ = < UL R,
0

and

i Lo+6 v 3 1
i / sik(pe + )1 Tde| < CJUILIFI

. L
,i/ s1k(pr + )V da
0 A 0—0

A

The remaining products involving components of U and F are treated similarly. Repeating the previous argument
based on Holder and Poincaré inequalities, we find a constant C' > 0, such that, the remaining contributions on
the right-hand side of (4.12) are bounded by C||U|| ¢ ||F|| s¢-

The conclusion follows from the preceding estimates and Lemma 4.5. O

Local estimate for the component (p, + ).

Lemma 4.7. Let Assumptions (A.1)-(A.2) hold. If |\| 2 1 and U € D(/) solves the resolvent equation (4.2),
then there exists a constant C > 0, such that

L 2 3 3 2 Loto 2
| st + P ar < (101 F L + [O1LIFI ) +OAR [ o

075

Proof. Multiplying in L?(0, L) the resolvent equation (4.6) by s1(¢. + %) and using the fact that supp(s1) C
[Lo — 6, Lo + 8], we find

L L L
/ sik|pz + ¢|2dl’ = / s1p2fa(pe + ) de — i/\/ s1p2¥ (2 + ) do
0 0 0
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Lo+ L L
!/
- / s1005(0r + ) da —/ 81005 (0r + 1), d — / 5179 (@, + ¢) da.
Lo—$ 0 0
Using resolvent equation (4.4), we obtain

ZApl P P1 kl

[@z+¢]z: k _? 2_E(SOI+¢)'

Now, we use resolvent equations (4.3) and (4.5)

L L L
/ s1klpe +2de = / s1p2fi (o ¥ 0) de — / 57U (s T 0) da
0 0 0

L L
+/ 512V (f1,0 + f3) dz +/ s1p2|V[* da (4.13)
0 0

L 3
+/ sibprk 1, Fodz+ 3 I,
0

j=1
where
Lo+6 o
I = / 5102V P, du,
Lo—6
Lo+6 o
I, = iA/ s10p1k ™ p, @ dx

Lofts

and

Lo+
I3 = _/ (8 =51k k™ opy (0p + ) da.
L0—6

In the following, we shall estimate I7, Iy and I5. Using resolvent equations (4.3) and (4.5), we obtain

L o Lo+6 o L .
I +1, = / s1 [p2 — bpr1k '] U, dx —/ (s1bp k1) Uddx +/ s1bp1k ™ f3,®dx
0 L 0

-5
L - ’ L
= —M/ s1p2p1k” XU (@r + ) da —/ s1p2p1 kX (f1,0 — f3) da (4.14)
0 0
L Lo+3 B L B
—/ slpgplk_lx\‘ll\de—/ (s10p1k™ 1) D dx —l—/ sibprk ' f3 @ dw.
0 Lo—46 0

Since supp(s1) C [Lo — d, Lo + 6] and pap1k~t € L>°(0, L), we may apply Holder and Ponicaré inequalities to

obtain
L L
<O (/ sllxw2> (/ slklsaww?dx)
0 0

1 L Lo+6
< */ s1kloz +77/1\2d3:—|—0|/\\2/ Ix¥|3da.
2 0 Lo—46

1
2 2

L
i/\/ 510201k~ XU (pr + ¢)dx
0
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Next, using the fact that (s1bp1k™1) € L°°(0, L) and invoking Lemma 4.4, we infer that

Lo+ P 1 1 3 1
/ (s1bpuk ) UB dz| < Cllpt & 120l < CIU LR,
L

0—9

The remaining products on the right-hand side of (4.14) are controlled in the same way and satisfy the bound
C||U||s2||F|| s, for some constant C' > 0. Collecting these estimates, we arrive at
1 L Lo+46
Bl <5 [ sible+uao O [ P
2 Jo Lo—3 (4.15)

3 1
+ (Il IF e + [UI3 P13 )-

Now, denoting h = (s} — s1k’k~1)b € W1>°(0, L). From resolvent equations (4.4) and (4.5), we get

’L’ Lo+6 i Lo+46
I3 =+ / hfse(pr +)dz + — / h . (o, + 1) da
L L

A 0—08 A 0—0
/L’ Lo+6 'L Lo+46
_! / I o § / WY pn T 0) de
A Lo*(g )\ Lo*(s (4 16)
Lo+06 o Z Lo+6 :
- / hp k"1 U ddx + —/ hE k™10 (0, + 1p)da
Lo—4 )\ Lo—6

i Lo+6 -
+ 7/ hp k= U fy da.
A Lo—06

The final step is to estimate the right-hand side of (4.16). First, using Holder inequality and Lemma 4.4, we
obtain

i Lo+6
N / W¥(p, + ) d
AJLg—s

- Lo+46
i P T —
=|= W =0 —(py + 1) da
)\/Lg—é 0l k( )

1 1
< Ol[k2 (o + )2 ll72 ¥l 22
3 1
< CU 5 IF| 3

Similarly, we find

Lo+6

Lo+6 . : 3 1
‘_ [ howma s k[ et T < ol el
L

0—0 Lo—46
It remains to deal with the other terms appearing on the right-hand side of (4.16). These are estimated by a

direct application of Holder inequality, together with the boundedness of the coefficients. Consequently, there
exists a constant C' > 0, such that, the contribution of all such terms is bounded by C||Ul||s#|/F||s». Combining

this with the previous estimates yields

3 1
15| < C (Ul Bl + T3 I3, ). (4.17)

Therefore, returning to (4.13), and using estimates (4.15) and (4.17), we conclude Lemma 4.7. O
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Local estimate for the component ®.

Lemma 4.8. Let Assumptions (A.1)-(A.2) hold. If U € D(47) solves the resolvent equation (4.2), then exists

a constant C > 0, such that

L L
/ s201|®|* dz < C|| UL | Flle + C|| U (/ s1k|@e +¢2d$>
0 0
Proof. Multiplying resolvent equation (4.4) by sa¢ and using (4.3), we obtain

L L L
i/\/ sop1Ppdr — / salk(pz+Y)]pdx = / sop1 fopde.
0 0 0

Then, from resolvent equation (4.3) follows that

L L L
/ 521 B = / saklips + ¥ do — / sak(ia + )7 da
0 0

0

L0+g L L
—/ sok(@a+ )P da — / s2p1® f1 dw
L 0

0=3
L
- / 82p1f2¢dl‘.
0
Using that supp(s2) C [Lo — 3, Lo + 3] and s; = 1in [Lg — §, Lo + 3], we obtain

L

L L0+%
/ sok|py +|*dz = / 5180k, + |2 dz < C||U|| ¢ /
0 Lo—3% 0

[N

L L
/ sok(ps + )T de| < Cl[U|Le (/ slkwﬁw?dx)
0 0

and

1

2

Lo+3$ L
| | st + vipda| < CJULLe ( / slkwﬁwdx)
Lo—5 0

1
2

s1k|¢x +1/)|2dx>

N|=

)

(4.18)

We now turn to the remaining terms on the right-hand side of (4.18). A straightforward application of
Holder inequality shows that there exists a constant C' > 0, such that, the total contribution of these terms is
bounded by C||U||||F|ls. Combining this bound with the estimates obtained above yields the conclusion of

Lemma 4.8.

Combination of the estimates from Lemmas 4.5-4.8.

O

In the following result, we will make estimates for a; = Ly — g and as = Lo + %. In this case, we have

) )
81252:1in |:L0—3,L0+3:|
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Theorem 4.9. Let Assumptions (A.1)-(A.2) hold. If U € D(4) solves the resolvent equation (4.2), then for
any arbitrary sub-interval (p,q) of (Lo, ¢1) and any € > 0 there exists a constant C > 0, such that

Ey(r)dz < (4.19)

/L0+§ e[| U123, + C:||F| 1%, if x(z) =0 for all z € (p,q),
Lo—3 e|UI1%, + C M FN3,,  if x(z) #0 for allz € (p,q).

Proof. We begin by taking Lo € (p,q) and ¢ > 0, such that
(LO - 57 LO + 5) C (p7 q) C (€07€1)'

Our first objective is to recover the localized energy term on the left-hand side of (4.19). To this end, by
combining Lemmas 4.4 and 4.6, we infer that

Lo+3$ L L
/ Ey(x)dx S/ s1klpy +1/)|2dx—|—/ s9p1|®2dx
L 0 0

1)
073

3 1
+ (IOl F e + [UI3IFI%)-

Next, appealing to Lemma 4.8 and applying Young inequality, we obtain the estimate

Lo+$ c 1 L
/ Ey(z)dx < Z||U||?%p+c(1+g)/ siklps +9[dz
L 0

)
073

3 1
+C(IU1#lFlle + VI3 FIS )-

Finally, we use Lemma 4.7 to control the remaining term, whence
Lo+3$ 1 Lo+ c
/ Fu(x)dr < 0(1+ 7)|/\|2/ N dz + S U2,
Lo—3 € Lo—5 4

1 3 1
+0(142) (101l Flloe + U155, ).

A further application of Young inequality yields

Lo+3 c 1 Lo+6
[ Bu@ds < SUR (14 )RR [ P de s CoalFIE (4:20)
Lg—(s

)
Lo—g

where

1 1\? 1 1n\*
OE,1=C<<1+> +3(1+) )
13 13 12 19

We are now in a position to conclude the argument.

If x =0 in (p,q) then the integral term in (4.20) vanishes, and (4.20) immediately implies (4.19); with
C.=0Cqg.

Assume next that x # 0in (p, ¢). In order to derive (4.19)2, it suffices to estimate the localized term appearing
on the right-hand side of (4.20). Since p, € W1°°(0, L) is bounded below and x € W>°(0, L), we find from
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Lemma 4.4

1 Lo+6 1 Lo+6
o1+2) |/\|2/ P < o1+ f)|>\|2/ o0 2die
€ Lo—46 € Lo—6

1
< O(l + g) IN2(1U| e ||| e
C

€ 1\2
< o f(1 7)A4F2.
IO + < (14 2) IFIE

Substituting this estimate into (4.20) we obtain (4.19), with
C 12
Co=Con+ —(142)"
€ €
This completes the proof. O

4.2.2. Global estimates

Theorem 4.10. Let Assumptions (A.1)-(A.2) hold. If U € D(&) solves the resolvent equation (4.2), then for
any arbitrary sub-interval (p,q) of (Lo, 1) there exists a constant C > 0, such that

C||F| s, if x(z) =0 for all x € (p,q),
CINP[Fle, if x(z) #0 for all x € (p,q).

Proof. Note that, from the definitions (3.5) and (3.4), we find

L
Ey(z)dx + / Ey(z)dx. (4.21)

I
L0+§

Lo+$

L Lo—%
”U”?%f:/o Eu(:v)dxz/o EU(x)da;+/L

_3
0—3

We next estimate the right-hand side of (4.21). Using (3.6) and (3.7) from Proposition 3.1 and then applying
Young inequality, we obtain

Lo—% 5
[ Bo@as < CIOLIFLe + ORI + OBy (10~ )
0

Lois (4.22)
1 9 9 0+§
< 71015 + ClIF[5 +C L, Ey(z)dz
0—3
and, analogously
L , s
Ey(z)de < CUll2llF |l + ClIF |5 + CEu | Lo+ 5
bt (4.23)

1 2 2 Lot
< IV + 0 [ "Bu(a) da.
073

L
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Combining (4.22) and (4.23) in (4.21), we obtain

Lo+$
U5 < C|IF|% +C Ey(z)da. (4.24)

Lo—3

The conclusion follows from estimate (4.24) and Theorem 4.9 after choosing ¢ > 0 sufficiently small.
This completes the proof. O

4.3. Completion of the proof of Theorems 1.3 and 1.4

Proof of Theorems 1.3 and 1.4. We are now in a position to conclude the proofs of the main results. Lemma 4.2
yields the strong stability of the semigroup {Sc(t)}+>0. Moreover, Theorem 4.10 provides the resolvent estimate
(4.7) in the precise form required by the abstract frequency domain criterion. If (p,q) C (¢o,¢1) is an interval
on which the hypothesis of Theorem 1.3 holds then (4.7) is satisfied with N = 0. On the other hand, if x(z) # 0
for all x € (¢g,¥¢1), then (4.7) holds with N = 2. Consequently, we deduce exponential decay in the first case
and the polynomial decay rate asserted in Theorem 1.4 in the second case.

This completes the proof of Theorems 1.3 and 1.4. O
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