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ITO-WENTZELL FORMULAS FOR SEMIMARTINGALE
CONDITIONAL LAWS WITH APPLICATIONS TO MEAN-FIELD
CONTROL

MEHDI TALBIM*® AND NizZAR TouUzI?

Abstract. The present paper is an extension of [A. Fadle and N. Touzi, Preprint arXiv:2404.11010
(2024)]. Following the same methodology, merely based on Taylor expansions, we establish the It
and It6—Wentzell formulae for flows of conditional distributions of general semimartingales, thus allow-
ing for discontinuous semimartingales with possibly discontinuous flows of conditional marginals. We
apply these results to derive the dynamic programming equations corresponding to mean field control
problems with Poisson type common noise and mean field stopping problems with common noise.
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1. INTRODUCTION

This paper is the continuation of [1] who derive an Ité and an It6—-Wentzell formulas for flows of conditional
laws of continuous semimartingales. Our main objective here is to extend the same methodology to the general
context of cadlag semimartingales with possibly discontinuous flow of conditional marginals. One of the high-
lights of this work consists in its methodology, which is essentially based on the use of the linear functional
derivative and Taylor expansions, in the same spirit as the proof of the traditional finite dimensional It6 formula.

Due to the rising interest for mean field games and related problems, independently introduced by Lasry and
Lions [2] and Huang, Malhamé, and Caines [3], chain rules for flows of marginals have received a strong attention
over the past few years, and have been established through diverse methods. The most popular approach consists
in establishing the formula for the N-particles approximation of the mean field system, and letting N go to
infinity to derive the mean field It formula; see e.g. Chassagneux, Crisan, and Delarue [4], Buckdahn, Li, Peng,
and Rainer [5] or Carmona and Delarue [6, 7]. Another method relies on the density of cylindrical functions in
the space of smooth functions, see Guo, Pham, and Wei [8] and Guo and Zhang [9]. In [10], Talbi, Touzi, and
Zhang exploit the properties of the linear functional derivative and the standard It6 formula to derive a general
It6 formula for deterministic flows of cadlag semimartingales.

In the context of random fields, we may mention the contribution of Dos Reis and Platonov [11], who
proved an It6—Wentzell formula for continuous conditional flows of semimartingale measures by using the finite
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2 M. TALBI AND N. TOUZI

population approximation. The recent paper by Jisheng and Jing [12] proves this formula for general cadlag
semimartingales, relying on the approximation of the characteristics of the random field by cylindrical functions.

In the present paper, we show that the methodology of [10] and [1] can be used in the context of a cadlag
semimartingale X. More precisely, given a deterministic mapping ¢ — u(m;) or a random field ¢ — U;(m,),
my :=Po X; !, and using a partition 7 := {tq := 0,t1,...,Tx := T} of the time interval [0, T], we rewrite the
decomposition

N
u(mr) = 3 u(me,) — u(my, )

with the linear functional derivative d,,u to obtain Taylor-like expansions on each subinterval (¢,,—1,%,], which
enables us to derive the formula by letting the step of the partition tend to 0. Here, the main difficulty compared
to the continuous case is that the remainder in Taylor expansions does not necessarily vanish as the step of the
partition goes to 0, due to the presence of jumps. We overcome this difficulty by adapting the proof of the finite
dimensional generalized It6’s formula to our context.

The paper is structured as follows. In Section 2, we establish the general It6 formula for conditional flows
of semimartingale measures. In Section 3, we extend this formula to the case where the function of the flow of
marginals is a random field, which corresponds to the It6—Wentzell formula. Section 4 illustrates the usefulness
of our results with two examples from mean field stochastic control problems, namely, mean field control with
Poisson type common noise and mean field optimal stopping with common noise. Finally, Appendix A contains
the proofs of important technical lemmas.

Notations. We denote by P(Q, F) the set of probability measures on a measurable space (£2, F), and Py (2, F)
the subset of square integrable probability measures in P(Q, F). When ) is endowed with a metric d, we denote
by W, the 2-Wasserstein distance on Pa(2, F), defined by:

Wa(u,v) = _inf / d(, y)*Q(dz, dy),
Qer(p,v) Jaxa

where T'(p1, v) denotes the set of couplings of i, . When (Q, F) = (R%, B(R?)), we simply denote them as P(R9)
and Py(R%). D? denotes the space of cadlag paths from [0, 7] to R%. For a random variable Z and a probability
P, we denote by Py :=Po Z~! the law of Z under P. For vectors z,y € R" and matrices 4, B € R"*™, denote
zy = x;y; and A:B = Tr(ABT). For a function f : E — F, where E and F are arbitrary vector spaces,
we define:

{f}z = f(y) — f(z) for all z,y € E. (1.1)
Throughout all the paper, partitions of an interval [0, 7] are generically denoted by m = {¢o,...,tx}, the mesh
of m by |7| := supg<,<y_1 [tn+1 — tnl|, and we denote the closest left point of the grid to any point s € [0, 7] by
tn1(s) :=sup{t € m:t < s}.

2. ITO’S FORMULA

Definition 2.1. A map u : ’Pz(Rd) — R has a linear functional derivative d,,u : PQ(Rd) x R — R if §,,u is
quadratically growing in x, locally uniformly in u, and

upto) — u(in) = / / Buvta(jin, @) (10— pua)(dzx)dX for all o, iy € Po(RY),

with gy = (1=X)po + Apa.
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Using the notation (1.1), we may rewrite this through arbitrary r.v. &,&; with distribution po and pq,
respectively:

(it = [ BBt )]0 1)

Similarly, we define the map (m,x,2) € P2(RY) x RY x R? —— 62, u(m,z,7) as the linear functional derivative
of m — 5mu(m x) with respect to m. We denote by CZ(P2(R?)) the set of functions u : Po(R%) — R such that
Sty Oy, 92,8, u and 92,02, u exist and are continuous and bounded.

Given a stochastic process X : [0,T] x @ — R? and a random probability measure map m : [0, 7] x Q —
Py(R?), we denote

AXg =X, — Xoo ={X}_, Amg:={m};_, and Jy(m):={s <t:Am, # 0}.
Moreover, given a map u : Po(RY) — R, we also denote:
Au(my) := {u}ye , and AXSu(mg, Xs) = {5mu(ms, )}17

Theorem 2.2. Let X:=V+M be a cadlag semimartingale with finite variation process V- and local martingale
M satisfying:

) 2
IE[|V7?| +Tr[M]cT+( 3 |AXS|> ] < . (2.2)
0<s<T
Given a sub-sigma algebra F° C F, denote by m; the conditional law of X; given F°, E°[] := E°[-|F}] and

EO[] := E°[|FY, X]. Let u € C2(Po(R?)) be such that 8,0:02,,,u(-,x, ) € CO(PL(R)) for all x,& € R®. Then,
we have:

T mm

{ume = L¥u+ IEOIEO / 92,82 u(ms, X, X):d[X, X]s}7 a.s. for all t € 0,7,

where X denotes an independent copy of X conditionally on F9., and:

L¥u:= Z Au(mg) + E°[L;6,,u],

s<t

L¥e:= Y AN(m,X,) /aw me,Xs)-dX ¢ + 5‘3T4p(mg,X) d[Xx]e.

s€Ji(m)e

We emphasize again that this result has also been obtained in [9] by using a different line of argument. Notice
however that similarly to [1], our proof follows the natural argument using standard Taylor expansions.

The proof of this result uses the following additional notations. Given a partition m = {to, ..., tn}, we denote
for r € [0, 1]:

Aﬂth I:th— th—l’ X{n 1itn X +7"A Xt X;‘Z:Xsf—f—’l"AXs.

We denote similarly A" th, X X:, and:

—1tn?

T Pp—
ATmy,, ==my,— My, My, Lot o M,  FrATmy, o and mgi=ms +rAmg

The following Lemma (proved in Appendix A) play a crucial role in the proof of Theorem 2.2.
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Lemma 2.3. Let X and X be as in Theorem 2.2, and consider a dense partition m = {to,...,tn} of [0,T].
(i) Let H be a bounded progressively measurable left-limited process and {H™ }, a uniformly bounded family of
simple adapted processes with H;,l(s) — Hs_ as |n] = 0, a.s. Then:

N T
ZH;LA:A”X%(A”X%)T—)/ H, :d[X]s, as|z|—0inL
0

(ii) Let f: Py(RY) x R x R — R be a bounded continuous map such that f € C°(Py(R?) x R? x RY), and
denote 07 = (m}* X2 Xre ), 05 = (m5, X2, X73) forr = (r1,72,13) € [0,1]%. Then, there exists

n—1stn? ln_1,tn) Ctn_1,t
a subsequence of partitions, still named - m, such that

N
ST{f AXe, A Xy, — > {flg AXAX,, as|n| = 0 in L.
n=1 " 0<s<T :
Proof of Theorem 2.2. For simplicity, we prove the formula in the case d = 1 as the only difficulty in higher

dimension is related to notations. Let 7 := {to,...,tny} be a partition of [0,7T]. Fix n € [N — 1]. By definition
of the functional linear derivative in (2.1), we have:

N 1 N
{ulm,y = Z{u}’"t" :Z/ EO[{ému(mi‘;mn,.) Xin }d)\l Z W+ TO — T (2.3)
n=1 0 mt n=1

with

1 1 A1

Xt" j t

Sn::/o E° [{(5mu(mtn717~) thil}d)\h and Tg:/o E° [{5mu(-,)gt )}mt” 1 "]dAl, j=0,1.

1. By the standard It6 formula inside the conditional expectation, we obtain for the first term of (2.3):
b 1

Sn:]EO[ Oudmuu(me, _,, X)X+ 502, du(ms, _, X)dIX]SH Y A Sl 1,XS)]

tn—1 (tn—1,tn]

Then, in view of our growth conditions on w and its derivatives, we deduce from the dominated convergence
theorem that

N T

> 5u — B / Ou (i, Xo)AXS 502, Spu(ma, X)X Y0 AN bu(ma X)]. (24)
_ ™= 0

n= .11

2. We next focus on the remaining two terms in (2.3). Using again the definition of the functional linear
derivative, together with standard finite dimensional differential calculus, we obtain for j = 0,1 that:

Tg:/ E°R° [{5fnmu( PRETID R} Sy 1])\1d)\1d>\2
[0,1] "

- / EYE? [0:62, u(mi ™, Xy X702, NATX, JAdidArdAad)s.
[0,1] .
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Then, it follows again from standard finite dimensional differential calculus that:

n—1,tn? T tn_1,tn? ln_1,tn

T, —T, = /[O 1]4E°1E° [Fm2, (XM XN NATX, ATX, JdA, f = 0,0:02,u,
_ /[O . EORC[£(09) A7 X, ATX,, + R AdA (2.5)
with A := (A1, A2, A3, A1) and using the notations of Lemma 2.3 (ii):
R™ = {f}Zé AX, -ATX, 1= (Ae, A, Ag).

3. As f = 0,0;02,,,u satisfies the conditions of Lemma 2.3 (ii), we deduce that, after possibly passing to a
subsequence, the following convergence holds in L.!, and therefore under conditional expectation:

N

T
> fON)ATX, ATX,, + R, —>/ FOOAX X+ Y (1% AX,AX,
n=1 |7T‘4)0 0 O<5ST s
T > A
=/ FONX, XIS+ D FI0)AXAX,,
0 0<s<T

As f is bounded, it follows from the dominated convergence theorem that:

EN:TO—Tl — 1E0E0[/Tf(90)d[x X]C] +/ E°RO[ ST f(0)AX,AX ]AldA. (2.6)
—~ n n o s ’ s [071]4 S S S

—0 2
Il 0<s<T

Recall that f = 0,0:02,,u, and observe that
T % XS Xs
/[0 2 FOOAXAXdAgdAy = {Simu(mgw,x& .)}X_k _ {572nmu(m?1)\27X57, ')}X’s, (2.7)

= 1{ses(m)) ({53LmU(m?“2ast W = {Ommu(m™, X, ')}xﬁ)’

as m) = ms whenever s € J(m)¢, and each of these terms are nonzero if and only if X and X jump at the same

time, which happens with probability zero on J(m)¢ since X and X are independent conditionally on F°. Note
also that, as the jumps of the flow s — mg are Fo-measurable,

[0 o FORO [ Z {672nmu(m§1/\2,Xs, )}i(;i_ — {(53”mu(m;‘1>\2’ X, )}f:(i_] AdA1dAs
? seJ(m)

- ¥ / EOEO[{aﬁmu(mQW,XS,.)}ﬁs {02, (M, X, )} }Ald)\ld)\g
sed(m) 101 B .

_ Z ]EO[{(;mU('vXS)}:i 7{5mu(.’Xs_)}:§jd)\1
seJ(m)

= Z Au(mg) — E° [AX(Smu(ms—v Xs)] .

seJ(m)
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Therefore, we have:
1Ty — Au(mg) — B [AY 6 u(ms—, Xs)],

Together with (2.4), (2.5) and (2.6), this provides the required result by taking limits in (2.3) along appropriate
subsequences. O

Example 2.4. Let X be an R-valued jump-diffusion satisfying the following dynamics:
dX; = bydt + 01 dW; + 7dNy + o dW, + vdNy,

where W, W9 are two independent Brownian motions in R, and N, N° are two independent pure jump processes
in R with bounded intensities A and A° from R, x © to R, with jump size following distributions v and 1/,
assumed to have finite second order moments. For simplicity, we assume that b, 0,0, +v and 7° are bounded
adapted processes taking values in R. Let F° be the filtration generated by (W, N°), and u a smooth map from
P2(R) to R. We denote by m; the law of X; conditionally on FP.

We first verify that X satisfies the integrability conditions (2.2). It is clear that:

B[V + [X]] < oc.
Also observe that:

(> AXS)2§2< 3 ys,ANs>2+2( 3 VS,ANSY.

0<s<T 0<s<T 0<s<T

Let II be the random Poisson measure associated with IV, that is such that N, = fg foR+ ylg<x,I(ds,dé, dy).

We assume that its compensator writes dsdfv(dy). Then, introducing I1(ds, d@, dy) := II(ds, df, dy) — dsdfv(dy)
the compensated measure of II, we have the following estimates:

B[( 3 e an) ] =E[([ [ stecns )]

0<s<T

- T - 2 T
<E 2// ’ys_y19<ASH(ds,d0,dy)) +2T//7§_y2xidsu(dy)}
- Jo JRLxR B 0 JR

LT T
=K 2/ / ’yf_yQ/\Sdsy(dy) +2T/ /’yg_yz)\idsy(dy)} < 00,
L Jo JR o JR

by boundedness of v and A and integrability of v. We have the same estimate for N°, and therefore (2.2) is
satisfied.
Then, according to Theorem 2.2, we have:

1 ocol [° N
u(my) =u(mo) + Li¥u + iEOEO [/ 5‘556(5?nmu(ms,Xs,X):JS(&S)Tds], P—as.,
0
with

L u = Z Au(my) + E°[L 6],

s<t
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= 3 A¥%(m..X,) /ﬁ (s X, )ds + Dysp(ms, X.,)-02dW?

s€Ji(m)e

1
LE(mg, X)) == bs-0pp(my, X)) + §(USUT +0%5°7): 92 o(ms, X,).

3. ITO-WENTZELL'S FORMULA

In this paragraph, we provides an extension of Theorem 2.2 to the case where the function u is a random
field.
More precisely, we consider U : [0, 7] x P2(R%) x Q — R such that:

Us(m) = Up(m) + /0 ba(m)dA, + /O bu(m)dN,

with ¢, : [0,7] x Q x P2(R%) — R such that ¢.(m),.(m) are predictable processes for all m € Py(R%), and
A:[0,T] x Q — R a finite variation process and N : [0,7] x  — R a local martingale.

Assumption 3.1. The maps f e {Uy, ¢¢, ¢, t € [0,T]}, defined on Py (RY), satisfy:
(i) O f 3 S fy 02, f and 02,62, f exist and are continuous,

(ii) f, O mf and 92,62, f are bounded.

Moreover, the random field U is such that:

(iii) |A|py and [N]r are bounded, almost surely.

Similarly to Fadle and Touzi [1], Assumption 3.1 implies that U is differentiable with respect to m, and that
the following hold:

t t
0L, Us(m, x) = / 00 mds(m, x)dA, —|—/ 0L 0mths(m, x)dNy, i =0,1,2,
0L0L62,, Ui(m, x, %) / OLOLS2,,, #)dAs / DLDLO2,  bs(m,x,&)dN,, i =0,1,

and all these functions are continuous. Here 90, := 6, 016, := 06, 026, := 02,0, and similar notations
for 0,0:6%2 i =0,]1.

r-mm?

We now introduce the following definition which is implicitly adopted throughout the existing literature on
this topic.

Definition 3.2. Let F' be a random field defined on some measurable space (E, &), and let £ : (2, 4) — (E,€&)
be a measurable map. We define F;(&) := Ft(x)}zzg, i.e. Fi(&)(w) := Fi(¢{(w))(w) for P—a.e. w € Q.

Remark 3.3. Assume for simplicity that F' is a stochastic integral Fj(z fo gs(x dWS, for all z € F, for

some Brownian motion W. Then, given that the process {gs(&),s < t} is antlclpautlve7 F (&) = fo gs(&) dWy is
not defined in the It6 stochastic integration sense, and it is not meant either in the Skorohod sense. Moreover,
we notice that the last definition implies that F;(§) is F;-measurable whenever ¢ is F;-measurable.

The following Lemma, proved in the Appendix A, will be crucial in the proof of Theorem 3.5:
Lemma 3.4. (i) Let F: [0,T] x Po(R?) x R? x Q — R be a random field defined by

_/Ot fs(~)dAs+/0tgs(')dNe7
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with bounded predictable' maps f,g : [0,T] x Pa(R?) x RY x Q — R, a finite variation process A, and a local
martingale N independent of X conditionally on F°, satisfying Assumption 3.1.
Then, for any dense partition m and X € [0,1], we have P—a.s.

N
tn X3, tn—1:tn AT 5,X2
[Z (- }tn 1L,X N | Xt"ﬂ _>0 ]EO[ Z {F~(msf>')}s—,xs_‘AXs|2
n=1 7™ 0<s<T
(i) Let F' : [0,T] x Po(R%) x RY x RY x © — R be a random field defined through continuous bounded predictable

processes f,g, and some finite variation process A and a local martingale N satisfying Assumption 5.1 and
independent of (X, X) conditionally on FV:

=ﬂfﬂcmAs+ﬁfa«mwy

We furthermore assume that f and § are continuous with respect to the 1-Wasserstein distance Wy. Then, for
any dense partition © and r := (r1,72,73) € [0,1]3, we have P—a.s.

2

EOEO[Z{F.(.) z:;eiegAﬂthAﬂth} \rr\—\>o [EO]EO{ Z {ﬁ(')}jf?@gAXsAXs 7
s<T

A 1 T2 T3 (A T1 T2 A'r3
where 0), := (my} |, X2, X0 ) and 05 = (mit, X2, X(3).

Theorem 3.5. Let X be a cadlag semimartingale satisfying the integrability conditions (2.2), and let m; denote
the conditional law of X given F°. Further assume that, for all compact K C Pa(R),

sup sup {|8x5mUt|+|8§$5mUt| + \8§§jéfnmUt|}(m,x,:E) < 00, P-a.s. (3.1)
(t,m)€0,T|xK z,2€R?

Under Assumption 3.1, we have:

(WY, = L0 + 52080 [ 02t Um0 01, ]

0,mo

¢
+/ ds(ms—)-dAs + s(ms—_)-dNg
0

t
]EO[ Z 8x6m¢s(ms—aXs—)'AXsAAs+ 8x6mws(ms—aXs—):d[XaN]s]a a.s.,
0

0<s<T

where B[] := E[|F%, A, N], E°[] := E[|F%, A,N,X] and X denotes a copy of X, independent from X
conditionally on F3.

This result has also been obtained in [12] - again by using a different line of argument - with two slight
differences. First the finite variation process in their paper is absolutely continuous w.r.t. the Lebesgue measure.
Secondly, their It6—Wentzell formula contains an additional term involving simultaneous jumps of the two
conditionally independent copies X and X , which we prove below that it vanishes a.s.

i.e. predictable in the usual sense for any fixed measure argument.
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Proof of Theorem 3.5 For an arbitrary dense partition 7 := {t¢,...,tn}, we have:

N
{U}ﬁgf;f[i;fv :Z{U.(mtn,l)}i AU i / dUs(my, (s +Z{Utn o

/¢s tn—1(s) )dA +ws( tn— 1(8 dN +Z{Utn mtn . (3.2)

Since Wa(my,, _,(s),ms—) — 0 as |7| = 0, a.s., we deduce from the boundedness of ¢ and the dominated con-

vergence theorem for Stieltjes integrals that fo s(My,_ 1 (s))dAs — fo ¢s(ms_)dAs, a.s. As for the stochastic
integral, we see that:

E[(/oTws(th(s))st —/()Tws(ms)dNS)z] <1E[/0Ty¢s(mt“(s)) bulm )V,

and we then deduce from the dominated convergence theorem for Stieltjes integrals that fOT VYs(my, _, (s))dNs —

fOT hs(ms_)dNy in L2, and therefore a.s. along some subsequence (still denoted the same).
Denoting G := 0,0,,U, we rewrite the last term on the right hand side of (3.2) as:

tn—

(U Yoen = /[O 1]2E0 (G () X2, AT, | dhds

= E° {th (mtnfl ’ th—l )Aﬂth}
”1?1 tn
T /[ (G0 (X A [+ EOLR (33)
0,1
where, denoting F := 9,G = 92,6,,U,
X2 .
Ry = ]EO {th (me, 05 ) b x,""0 nAﬂth}d/\ld)\z

tn—1,ln

1
s\
::

w

Fy (my, |, X} )|A”th|2})\3d)\1d)\2d)\3

[Ftn L,y X, J\NXMZ]

A2A3

+/ EO |:{F Me, 1y }tn N ;{tl ’n|A7TXt ‘ ]ABd)\Qd)\g
[0,1]3

1. Decompose the first term in (3.3) as

o [th (my th*l)Nth} — R {thfl(mtnfl,thfl )A”th}

n—17

+E° [{G'(mtn—l ) th—l)}z:AAﬂXt”} '
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Using (3.1) with K the closure of the graph of s + m, which is compact in P2(R%), a.s, we have
E° [fOT |Gs(ms, XS)|2ds} < 00, a.s., and therefore by standard stochastic integration:

N
1E0[Zth_l(mtn_l,xtn_l)mxt —>EO / Go_(my_, Xs_)dX,|, as
n=1

|7w]—0

As for the remaining term, denoting f := 0,0,,¢, g := 0,0,,1, observe that:

tn tn
tn
{G'(mtnfl’thfl)}tnil :/ fs(mtn,—17th71)dAS +/ gs(mtn—l7th—l)st'
tn—1 tn—1

n—

and let us dedicate the rest of this step to prove that:

3o A, / Folmo, o Xy )dA, — S0 fume, X )AX,AA, (3.4)
|| —0
n=1 0<s<T
tn T
and Z Aﬂth/ gs(mtn_laXt )dN - gs(msfaXsf)d[Xa N]sv a.s. (35)
ne1 tn_1 |7|—0/¢
To justify the convergence of (3.4), observe that:
N tn N tn
Z ATrth fs(mtnfl,thfl)dAs = Z Aﬂ—th / ns,tnfldAs
n=1 tn—1 n=1 tn—1
N tn
+ Z Aﬂ—th fs(msf7Xsf)dAs~
tnfl

where 7, | s := {fs(m., X.)}; . The first term in the right hand side of the last equation satisfies:

3 " 1/2
EH;Aﬂth/tnlnstw . }<E[<Z]A”Xt K Z|/ ner |) ]

n=1
/ E{Zf/n ns,tn,ldAsﬂl/z
n=1

N
E[Y o, [
n=1 .
]E{nﬁ:l |ATX,, 2} 1/2E[/0T |’I’]S’tn71(s)|2d|A|s:| 1/2’

for some nonnegative constant C, where we used the boundedness of A. Note that E[ Zﬁrzl |A™X, |2] is
bounded due to the fact that X has a finite quadratic variation. Moreover, as 1 is bounded and A has
finite variation, it follows that E|| fOT Ns,tn1(5)dAs[2] — 0 as |7| — 0, by the dominated convergence
theorem for Stieltjes integrals. This shows that the last integral converges to 0 as |w| — 0 by dominated
convergence. Therefore, by Lemma 2.3 (i), we have in L!:

lim ZA”th/ folme, ., X, )dAs = lim ZA”th/ fs(me_, X )dA
1 1

|| —0 || —0
tn— tn—
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=/ fs(ms—, X )d[X, A

— Z fs mes—, 5—)AXSAAS)

0<s<T

as A is a finite variation process implying that [X, A]¢ =
To justify the convergence of (3.5), observe that:

BRG]

[Z ax, ]

where 7, |5 == {6m6mz/}5(m.,X.)}:n_l. Observe also that:

[ )

n—1

9 1/2
/ ntn 15 s|]

N tn
EH S AT, / it _1.sdN,
n=1

tnfl

i

Z| [ anif] Z / o PaNL] =B [ o))

and that the last term converges to 0 as |7| — 0, by dominated convergence. Then, up to some subsequence
of partitions (still denoted the same), we have E[ =1l | ft" Mtn_1,sdNs ‘ ] —> 0, and therefore:
—0

N tn
EH Aﬂ-X n/ ﬁnf s s:| — 0
; R 50
Since
N tn T
S A%, [ guma XaN, [ gume, X)X N in L,
tr—1 |7T|*>0 0

up to some subsequence, we may finally find a subsequence such that:

N tn T
ZA’Tth/ gs(me, ., Xy )ANy —> gs(ms, X)d[X, N],, in L,
ne1 tno1 I1=0 Jo

which implies the validity of (3.5) along some further subsequence.
. For the second term in (3.3), we recall the notation from the previous step G := 0,6,,U and we denote
further F':= 9262 U. We first decompose:

Tz’ mm

E°[{Ge, (- X2 ) nry, | = / EOR°[F, (6) 870, A7, | ArdAad Ay

[0,1)?

_ / EORO[F, , (09) A7, A7, [ A had g
0.1

n / E°[° [{F}?ﬂf oo NthNth} Aadad)s,
[0,1] T
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where we used the notations of Lemma 3.4 with 7 = (A A4, A2, A5). By Lemmas 2.3 (i) and 3.4 (ii), we
obtain, P-almost surely:

N
/ E°RS [ N B, (00N, A”th} Aadhad)s (3.6)
0.1]

n=1

1. T . . L T .
fIEOIEO{ / Fs_(og)d[X,X]s] + / EOEO[ 3 {FP " AXAX [ AadAad)s,
0 [0.1]2 0<s<T o

3. We now analyze the convergence of E°[R,] in (3.3). First, it follows from Lemma 3.4 (i) that:
PUPW

0 N X208 _
/[o 12 E {ZI{F.(mtn_u ')}t”—lath71 |A™X,

)

ngdAQdAg}

POP
— E° F(ma_, NN IAX, 2 AadAgd)s, as.
|7T—>0/[0,1]2 [ > A{F(me )}k | | } 3dAad)z, as

0<s<T

Now, observe that (3.1) implies that |F;, _,(m:, ,, X, ;)| < C for some C : Q — R, measurable with
respect to the sigma-field ]-'% V o(A. a1, N.a7). Finally, using Lemma 2.3 for the conditional expectation
E°[-], we deduce that

N T
SO [Fo (e X DISX, ] 3 B[ [ R X)X s
ne1 | —> 0

Finally, after rearranging all the terms with the right hand side of (3.6) and separating discontinuities of
the flow {m;}(ie[0,17}, similarly to (2.7) in the proof of Theorem 2.2, we conclude that the desired formula
holds true. [

4. APPLICATIONS TO STOCHASTIC CONTROL

4.1. Mean field control with Poisson type common noise

Let © := C°([0,T],R%) x P([0,7] x Ry x R) be the canonical space, and (X,II°) be the corresponding
canonical process. We denote by F := {F;}o<i<7} the canonical filtration, and by F° := {FP}o<i<r} the
filtration generated by I1°, i.e., Fy is the sigma-field generated by the restriction of TI° to [0,¢] x R, x R. For
a compact subset A C R*, k € N*, we denote by A the set of F-progressively measurable processes taking their
values in A. Given a measure P on Q, we denote P? := P o (X|I1°)~1.

Let b,0,7°%, A% and f be bounded functions:

(b, 0,7, A, f) 2 [0, T) x RE x Po(RY) x A — R x RI*™ x R% x R x R.
We assume that these functions are continuous in all their arguments, and Lipschitz-continuous in their R and
Py (R%)-valued arguments. In particular, we assume that the continuity in their third argument holds for both
Wi and W, distances. For (¢, 1) € [0,7] x P2(R%), we denote by P(t, i) the set of P € Py(£2) such that:

(i) TI° is a random Poisson measure with compensator Lebjo,7) ® Lebg, ® v(dy),

(ii) The process X satisfies Po X; ' = y and, for some o € A and some n-dimensional P-Brownian motion
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P independent of II°:

dX,=b"(0,)ds + % (04)dWE 4 ~*:(0,)dN,, dN, / Y1 rason) I%(ds, d¢, dy), P — a.s.

R+XR
for s > t, where ©, := (s, P%_, X) with P :=Po (X,|F0)~"
Our main interest is on the stochastic control problem:

V(t,p) = Peb;lp )]EP/ foo( ds—i—g(Pg(T)] (4.1)
(t,p

where the control a € A is associated with P accordingly to the definition above.

Let STI[F:T] be the collection of all FO—stopping times with values in [t,T]. In this section, we assume that
the following dynamic programming principle holds for all ¢ € [0, T7:

V(t, 1) = suppep(e,) E° [ [T pe(0,)ds + V (77, pg(fp)} 7 (4.2)

for all family (77)pep C STI[FQT],

see Djete et al. [13] for specific conditions. Our goal is to derive the corresponding infinitesimal counterpart which
reduces as standard to the so-called Hamilton-Jacobi-Bellman (HJB) equation. This requires to introduce the
following integro-differential operators which characterize the infinitesimal generator of the controlled process
and which are defined for all map ¢ : R, x P(R?) with appropriate smoothness by:

L% = b"0p0mp + %aa(aa)T 202 Omep, (4.3)
T 1)t ) = A(t, p, ) /R {o(tpo x+yy"(t ) ") — o(t, w) fr(dy), (4.4)

where x is the identity map on R?.

Proposition 4.1. Let (4.2) hold, and assume that 0;V, 0.0,V , 02,6,V , 02,62,V exist and are jointly

zVmm

continuous, with continuity in the measure argument in Wy and Ws. Then V is a classical solution of the HJB
equation:

=0V (t,p) — /R sup { f* + L0,V + T V] ¢, g 2)p(dz) = 0, (t, 1) € [0,T] x Po(RY).

d g€A

Proof. Supersolution property. Let a; = a € A be a constant control, and denote by P the corresponding
element of P(t, u). Set my := Pg(s. By the dynamic programming principle (4.2), we have:

_ t+h
V(t, ) EEP[/ fo (&ms,Xs)ds+V(t+h,mt+h)]
t

By the same estimates as in Example 2.4, we know that X satisfies the estimates (2.2), and therefore we obtain
from Theorem 2.2 after appropriate localization:

h/”h ?[ =0V (s,m) — (L0 + ) (s, ma, X |ds — 7EF[ 37 AV(s,m)] >0, (45)

h
0<s<t
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where m, := I@’g(s and the operator £% is defined in (4.3). Now observe that:
_ o ptth
B[ Y Av(sm)| = EP[/ TV (s,ma, X)),
t<s<t+h t

where the integral operator J¢ is defined in (4.4). We plug this into (4.5) and obtain the supersolution property
by letting h — 0, using the fact that s — m; is right continuous and that a € A is arbitrary.

Subsolution property. Let 71 := (t + h) A 7F with 7% := inf{s > ¢ : Wa(us, ) > &}, for some § > 0, and
my := P% . By the dynamic programming principle (4.2), we have:

h
V(t,u) < sup ]EP{/ £ (s, Pk, Xs)ds + V (7, P& P)},
PeP(t,pn) t Th

from which we deduce, by It6’s formula:

"
inf / EP[—(8tV—£“56mV—f“S)(s,us7XS)—j“S[V](s,mS,XS,)}ds§0,
PeP(tp) Jy

For 6 > 0, introduce now By (p,68) := {1/ € Pa(RY) : Wy (i, i/) < 6} and Q4°(t, ) := [t,t + h] X By(y, 8). Then
it follows from the local boundedness of the derivatives of V' that:

Cs t+h
inf H(s,u') < == sup / P[ms ¢ Ba(u,0)]ds,
(5:1)EQL "’ (t,11) h peptu Ji

for some constant C5 > 0, where

H(s,pu') = =0V (s, 1) — /Rsup {£“§mV + [+ J“[V]}(S,u',x)u'(dx).

a€hA

As the control process « take values in a the compact subset A, it follows from the continuity of the coefficients
of the controlled SDE that:

inf  H(t,x') = lim inf H(s, 1) < lim =0
W €Ba(u,6) (1) RNO (5,11 € QD (#,1) (5,1) ANO 202

To conclude, we use the fact that, since all derivatives of V involved in H are in continuous both on W; and
W, it follows that # is uniformly continuous on Ba(u, 1) for the W, distance. Since Wy < W, we obtain by
sending § N\, 0 that H (¢, u) < 0, which is the required subsolution property. O

4.2. Mean field optimal stopping with common noise

We adapt the setting of Talbi et al. [10] to the more general situation allowing for common noise. The
canonical space is given by Q := C([-1,T],R?%) x I°([-1,T]) x C°([-1,T],R%), where I°([~1,T1) is the set of
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non-increasing and cadlag maps from [—1, 7] to {0,1}, constant on [—1,0), and ending with value 0 at 7. Note
that the choice of the extension to —1 is arbitrary, the extension of time to the left of the origin is only needed
to allow for an immediate stop at time ¢ = 0. We denote by (X, I, W?) the canonical process, with canonical

filtration F = (F;)ie[—1,7] and we denote by F° the filtration generated by W°. We also define S := R? x {0, 1}.

Let b,0,7%, A\° and f be bounded functions:
(b,0,0° £) 1 [0,T] x R* x P(RY) — R x Mg, x Mga, x R.

As in the previous paragraph, we assume that these functions are continuous in all their arguments, and
Lipschitz-continuous in their R? and Py(R%)-valued arguments. For (¢, ) € [0, 7] x P2(S), we denote by P(¢, )
the set of P € P»(£2) such that:

(i) W9 is a P-Brownian motion,

(ii) The process X satisfies for some n-dimensional P-Brownian motion W¥ independent of W?°:
Po (X, 1)t =m, and dX, = I, (b(@s)ds +0(0,)dWE + aO(@s)de), s>t P—as.

where O, := (s,P%_, X,) and P%_:=Po (X,|W?)~'.

The value function of the mean field optimal stopping problem is defined by:

V(t.m) = sup )]EP[ /t f(©0)dr +g(P%,)|,  (t;m) € [0,T] x Pu(S). (4.6)

Let STI[F;?T} be the collection of all F'—stopping times with values in [t,T]. As in the previous paragraph, we
assume that the following dynamic programming holds:

Vitm) = sup )Eﬂ”[ /t £(©,)dr + V(r, P&T)}, for all family (77) C ST], 7, (4.7)
S ,m

and we aim at deriving the dynamic programming equation as the infinitesimal counterpart of this dynamic
programming principle.

We recall from Talbi et al. [10] the partial ordering on the Wasserstein space:

m’ < m if, for some measurable p : R? — [0, 1], m/(dz, 1) = p(z)m(dz, 1) and
m/(dz,0) = (1 — p(x))m(dz, 1) + m(dz,0).

Roughly speaking, p corresponds to an immediate randomized stopping strategy sending the distribution m to
the distribution m’. We also introduce for all map u : Ry x Pa(R%) — R? the notation

Cu(t,m) :={m' Zm :ult,m’) =u(t,m)}.
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Our objective is to prove that the dynamic programming equation is given by the obstacle problem on
Wasserstein space:

min  {—Lu(t,m')} =0, Dyu(t,m,-) >0, u(T,m)=g(m), (t,m)€[0,T] x Py (RY), (4.8)

m’eC, (t,m)

where Dju(.,z) := dpu(.,z,1) — §u(., z,0) and, denoting £° := b-9, + %UO’TIagm, the operator L is defined
by
Lu(t, m)=oyu(t, m)

1
+/ {f—i—/ﬁo(smu(.,l)—&-i/ gOUOTzagiéfnmu(.,1,56,1))m(d§:,1) (t,m, z)m(dx,1).
Rd R

We refer to [10, 14] for more comments about the structure of the obstacle problem (4.8) in the context of mean
field optimal stopping without common noise.

Proposition 4.2. Let (4.7) hold, and assume that &,V , 6,,V, 0,6,V , 02,6,V and 82,62,V exist and are

xTxromm

continuous, with bounded 92,6,V and 82,62,,,V. Then V is a classical solution of the obstacle problem (4.8).

Proof. By taking 7 =t and P such that P(x, 1) = ]P’(()Xh L= m’ < m in the dynamic programming principle
(4.7), we obtain: V(t,m) > V(t,m'). Since this is true for any m’ < m, this implies that D;V (¢, m,-) > 0 for
the same reasons as in [10], Lemma 4.3.

Now fix i > 0 and define 0, := inf{s > ¢: Wa(Pix,.1,)-P(x..1.)) = 1} A (t+ h). Let P € P(t,m) such that I
is constant under P. By (4.7) and Theorem 2.2, we have:

1[0
_E/ Lu(s,ms)ds > 0, (4.9)
t

where mg := I@?XS L) Here, we used the fact that the stochastic integral w.r.t. W? vanishes due to the bound-

edness of 0o ' 9,0,V (s,m, X,) is bounded on [t, 8], P-a.s., and the process I is constant, P-a.s. implying that
the contributions of the jumps equal to 0. Now, by continuity of the flow of marginals s — s, it is clear that
0y, =t + h for h smaller than some (random) h. Therefore, sending h — 0 in (4.9), we obtain:

LV (t,m) > 0.

Now, observe that, as in [10], Proposition 2.2, the set P(t,m) is compact for the 2-Wasserstein distance. Thus,
by continuity of F and V, there exists P € P(¢,m) such that:

i
O

V(t,m) :EP{ F(s,fns)ds—i-V(@E,fnep)],

t

where 14 1= I@’?Xg 1,)- Then, by Theorem 2.2 again, we have:

o, o
—/ LV (s, i )ds —EP[/ DyV (s,ing, Xo)dI + Y AV(s,mS)} = 0.
t t

P
t<s<0,
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We have proved that those three terms are nonnegative, hence:

1o
—— LV (s,7s)ds = 0.
h )i

Since s — 7, is right continuous, P-a.s., we obtain by sending h — 0:

—LV(t, 1) = 0.

We conclude by observing that m; € Cy (t,m). O
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APPENDIX A. TECHNICAL RESULTS
A.1 Proof of Lemma 2.3

(i) As in the previous proofs, we show the result in the one dimensional setting d = 1. Observe that:
N N N
D HE AKX P = YD HE AKX, 23 HT X AT
n=1 n=1 n=1

We are then reduced to prove the L' convergence of integrals with respect to a semimartingale. Let us detail the argument
for the first term in the right hand side equality. We prove the convergence of the finite variation part and the local
martingale part independently. First observe that:

t t
X? = Xg 4+ V + M with V; ::2/ X.dVs + [M]s, M, ::2/ X dM,, t>0.
0 0

Note that:
N - T 5 T 5
’ S HE AT, —/ H,_dV,| < / \HF () — Heo-|d|V],.
n=1 0 0
As H (5 — Hs— — 0 as., the L' —convergence to zero of the last integral follows from the dominated convergence

theorem due to the boundedness of H together with the observation that sup,co 1) |X:|? € L' by (2.2) and the BDG
inequality, implying that:

VIr <2 sup [X¢l|V|r+ [M]r < sup |Xi|*+ |V + [M]r € L.
t€[0,T) t€(0,T

As for the martingale part, using BDG inequality, we have:

] < E[(/OT |HE o) — Hsf‘Qd[M]s)l/z}

- QE[(/OT \H 0 — Hs_\2X§d[M]s)1/2].

N T
EHZH{’HA”Mtn —/ H,_dI,
n=1 0

Again, since H™ — H is uniformly bounded, there exists a constant C' > 0 such that:

T ” 209 1/2 9 1/2 1
( |HF () — He| Xsd[M]s) < C( sup X3 [M]T) el
0

te[0,T]
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by Cauchy-Schwarz inequality. We may then apply again the dominated convergence theorem to derive the desired result.

(ii) Denote R} := {f}gé A X N X, | Ry := {f}ngXSA)A(S7 and:

N
Ry := ZRQ, R:= Z R,.
n=1

0<s<T

By continuity of f in its arguments, f is uniformly bounded on any bounded set of P2(R%) x R? x R? (where the first
coordinate is measured with the 1-Wasserstein distance). Therefore, there exists a modulus of continuity p such that:

IR e,y S p(ET),  with &7 := Wilme, ) + [AXe, | + AKX, | (A1)
Now given n € (0, 1), we consider a continuous function h, : Ry — [0, 1] such that h, = 1 on [27, 00) and h, = 0 on [0, 7).

First observe that, for || sufficiently small, the number of terms such that |R}|h, (&) # O is finite, as 25:1 A" X, | —
> ecr |AXs| < oo as. as m — 0 by the summability conditions (2.2). Then it follows from the continuity of h, that

N
S Rihg(&h) — > Rehy(&s), where &= Wi(ms—,ms) +|AX,| + [AX,]. (A.2)

as these two sums are in fact finite a.s. As for the small jumps:

N N
\ D Rill—hy (51{)]) <p(n) Y |AX,, AXy,

n=1

< SPQV,(X) +QV, (X)),

where, for any process Y, we write QV,(Y) := 25:1 |A™Y;, |2, As the sum on the right hand side converges in probability

to the quadratic covariation of X and X , and 1 may be chosen arbitrarily small, we deduce that the left hand side
converges to 0 in probability as |w| — 0. Finally, combining this result with (A.2), we obtain:

|Re— RE S R (€1) = 32 Raho(E)] + 500 QV, (X)+QV, (X)) + 3 [RelLie.<)

0<s<T 0<s<T

— o) (X + [R12) + 3 [Rellge,zn < o) ((Xr + [X]2),

|| —0
0<s<T

where the convergence holds in probability. Sending 1 to 0, this shows that |R. — R| converges to 0 in probability
as || — 0. Since Rx < 2l (QV,(X)+QV, (X)), which converges in ]Li by Lemma 2.3 (i), we see that the family
{|R= — 7|}~ is uniformly integrable, and therefore we deduce that R, — R in L. O

A.2 Proof of Lemma 3.4
(i) We first decompose:

o tn’Xt)\nfhtn T 2 D a
Z {F(mtn—l’ ')}tnfl’X‘n—l |A th| = Rx + S,

n=1
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where:

n—1

N N
= Z {Ftn Mty 15" }th . fn|Athn| Sr Z mtn 19 Xty 1)} |AWth|
n=1 n=1

We shall prove that the following convergence results hold:

B = ) It = > {Fu(m., }x |AX[*, in Ll(Plf%,A,N)a (A.3)
”L% 0<s<t

S F(ms_, X AX,|]?, inLY(P , Ad

|7rHo qu{ }J | ( \f%»A,N) (A.4)

where P zo 4 n denotes the conditional distribution of the canonical process given F2,A and N.
A,

Convergence of R. For n € (0,1), using the function h, introduced in the proof of Lemma 2.3, we have for some
(random) modulus of continuity p:

N
Z IATrthl {Ftn 1 mtn 19" }th 1 " [1 - 7](‘Aﬂth ] < p Z ‘Aﬂ-th
n=1
Similarly, we have:
X)\
Do IAXP{ P (man )b L= hy(IAXD] < p(n) Y 1AX™
0<s<T 0<s<T

By the summability conditions on X, the number of s € [0, 7] such that |AX| > 7 is finite, and therefore, as both
sums are finite,

v ) XA
‘ > 1A, | (P (me, o) b, e (|ATX, )
n=1
X)\
_ Z IAX, | { Fee (ms—, .)}X; hy(JAX]) — 0, P—as.
0<s<T Il
By the same reasoning as in the proof of Lemma 2.3 (ii), we deduce that R, converges to R in probability. Moreover,
(3.1) implies that F' is bounded by a random variable C' measurable with respect to F2N 0(Aar, N.ar). Since
QV_.(X) and QV(X) are uniformly integrable, we deduce that R, and R are uniformly integrable for the conditional
expectation E°, and therefore that (A.3) holds.
Convergence of Sr. Let F° and F® respectively denote the continuous and atomic parts of F. By pathwhise
continuity of ¢t — F¥ on the compact [0, T], there exists a (random) modulus of continuity such that:

N
S oo,

= Y IAXP{E e, X Y| < (7)) (QVL(X) + QV(X)).

0<s<T

Furthermore, we have:

— 0, as.
|7|—0

N
)Zjl|Aﬁth|2{F‘a(mtnfl’X’ﬁ"*1)}z:71_ S JAXP{F (e, Xoo) )

0<s<T
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Therefore, we have S, — S, a.s., as |r| = 0. As in the case of R, the sequence S, is uniformly integrable for the
conditional expectation E°, which implies that (A.4) holds.

(ii) Observe that:

where:

{EED} XX [

We need to prove that:

— N o .
R W—_zoR:: > {FS(.)}@\AXSR in L'(Plz0 an)s

(A5)
0<s<t
o ._ P~ 0 s 2 . 1
Sy 5= 3 (RENIARE, L) (19)

(A.5) follows from the same arguments as the convergence of R, in (i), replacing |A™ X, | with
&n = Wa(mu,_y me,) + | A7X, | + AKX, |

as argument of the function h,, and using the fact that f and § are continuous with respect to both distances W, and
Wi to guarantee the existence of a modulus of continuity p. (A.6) follows from the very same arguments as (i) O
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