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ITÔ–WENTZELL FORMULAS FOR SEMIMARTINGALE

CONDITIONAL LAWS WITH APPLICATIONS TO MEAN-FIELD

CONTROL

Mehdi Talbi1,* and Nizar Touzi2

Abstract. The present paper is an extension of [A. Fadle and N. Touzi, Preprint arXiv:2404.11010
(2024)]. Following the same methodology, merely based on Taylor expansions, we establish the Itô
and Itô–Wentzell formulae for flows of conditional distributions of general semimartingales, thus allow-
ing for discontinuous semimartingales with possibly discontinuous flows of conditional marginals. We
apply these results to derive the dynamic programming equations corresponding to mean field control
problems with Poisson type common noise and mean field stopping problems with common noise.
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1. Introduction

This paper is the continuation of [1] who derive an Itô and an Itô–Wentzell formulas for flows of conditional
laws of continuous semimartingales. Our main objective here is to extend the same methodology to the general
context of càdlàg semimartingales with possibly discontinuous flow of conditional marginals. One of the high-
lights of this work consists in its methodology, which is essentially based on the use of the linear functional
derivative and Taylor expansions, in the same spirit as the proof of the traditional finite dimensional Itô formula.

Due to the rising interest for mean field games and related problems, independently introduced by Lasry and
Lions [2] and Huang, Malhamé, and Caines [3], chain rules for flows of marginals have received a strong attention
over the past few years, and have been established through diverse methods. The most popular approach consists
in establishing the formula for the N -particles approximation of the mean field system, and letting N go to
infinity to derive the mean field Itô formula; see e.g. Chassagneux, Crisan, and Delarue [4], Buckdahn, Li, Peng,
and Rainer [5] or Carmona and Delarue [6, 7]. Another method relies on the density of cylindrical functions in
the space of smooth functions, see Guo, Pham, and Wei [8] and Guo and Zhang [9]. In [10], Talbi, Touzi, and
Zhang exploit the properties of the linear functional derivative and the standard Itô formula to derive a general
Itô formula for deterministic flows of càdlàg semimartingales.

In the context of random fields, we may mention the contribution of Dos Reis and Platonov [11], who
proved an Itô–Wentzell formula for continuous conditional flows of semimartingale measures by using the finite
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population approximation. The recent paper by Jisheng and Jing [12] proves this formula for general càdlàg
semimartingales, relying on the approximation of the characteristics of the random field by cylindrical functions.

In the present paper, we show that the methodology of [10] and [1] can be used in the context of a càdlàg
semimartingale X. More precisely, given a deterministic mapping t 7→ u(mt) or a random field t 7→ Ut(mt),
mt := P ◦X−1

t , and using a partition π := {t0 := 0, t1, . . . , TN := T} of the time interval [0, T ], we rewrite the
decomposition

u(mT ) =

N∑
n=1

u(mtn)− u(mtn−1
)

with the linear functional derivative δmu to obtain Taylor-like expansions on each subinterval (tn−1, tn], which
enables us to derive the formula by letting the step of the partition tend to 0. Here, the main difficulty compared
to the continuous case is that the remainder in Taylor expansions does not necessarily vanish as the step of the
partition goes to 0, due to the presence of jumps. We overcome this difficulty by adapting the proof of the finite
dimensional generalized Itô’s formula to our context.

The paper is structured as follows. In Section 2, we establish the general Itô formula for conditional flows
of semimartingale measures. In Section 3, we extend this formula to the case where the function of the flow of
marginals is a random field, which corresponds to the Itô–Wentzell formula. Section 4 illustrates the usefulness
of our results with two examples from mean field stochastic control problems, namely, mean field control with
Poisson type common noise and mean field optimal stopping with common noise. Finally, Appendix A contains
the proofs of important technical lemmas.

Notations. We denote by P(Ω,F) the set of probability measures on a measurable space (Ω,F), and P2(Ω,F)
the subset of square integrable probability measures in P(Ω,F). When Ω is endowed with a metric d, we denote
by W2 the 2-Wasserstein distance on P2(Ω,F), defined by:

W2(µ, ν) := inf
Q∈Γ(µ,ν)

∫
Ω×Ω

d(x, y)2Q(dx, dy),

where Γ(µ, ν) denotes the set of couplings of µ, ν. When (Ω,F) = (Rd,B(Rd)), we simply denote them as P(Rd)
and P2(Rd). Dd denotes the space of càdlàg paths from [0, T ] to Rd. For a random variable Z and a probability
P, we denote by PZ := P ◦ Z−1 the law of Z under P. For vectors x, y ∈ Rn and matrices A,B ∈ Rn×m, denote
x·y :=

∑n
i=1 xiyi and A :B := Tr(AB⊤). For a function f : E → F , where E and F are arbitrary vector spaces,

we define: {
f
}y

x
:= f(y)− f(x) for all x, y ∈ E. (1.1)

Throughout all the paper, partitions of an interval [0, T ] are generically denoted by π = {t0, . . . , tN}, the mesh
of π by |π| := sup0≤n≤N−1 |tn+1 − tn|, and we denote the closest left point of the grid to any point s ∈ [0, T ] by
tn−1(s) := sup{t ∈ π : t ≤ s}.

2. Itô’s formula

Definition 2.1. A map u : P2(Rd) −→ R has a linear functional derivative δmu : P2(Rd)× Rd → R if δmu is
quadratically growing in x, locally uniformly in µ, and

u(µ0)− u(µ1) =

∫ 1

0

∫
R
δmu(µλ, x)(µ0−µ1)(dx)dλ for all µ0, µ1 ∈ P2(Rd),

with µλ := (1−λ)µ0 + λµ1.
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Using the notation (1.1), we may rewrite this through arbitrary r.v. ξ0, ξ1 with distribution µ0 and µ1,
respectively:

{u}µ0
µ1

=

∫ 1

0

E
[{
δmu(µλ, ·)

}ξ0

ξ1

]
dλ. (2.1)

Similarly, we define the map (m,x, x̂) ∈ P2(Rd)×Rd ×Rd 7−→ δ2mmu(m,x, x̂) as the linear functional derivative
of m 7−→ δmu(m,x) with respect to m. We denote by C2

b (P2(Rd)) the set of functions u : P2(Rd) → R such that
δmu, ∂xu, ∂

2
xxδmu and ∂2xx̂δ

2
mmu exist and are continuous and bounded.

Given a stochastic process X : [0, T ]× Ω −→ Rd and a random probability measure map m : [0, T ]× Ω −→
P2(Rd), we denote

∆Xs := Xs −Xs− = {X}ss−, ∆ms := {m}ss−, and Jt(m) := {s ≤ t : ∆ms ̸= 0}.

Moreover, given a map u : P2(Rd) −→ R, we also denote:

∆u(ms) := {u}ms
ms−

, and ∆Xδmu(ms, Xs) :=
{
δmu(ms, ·)

}Xs

Xs−
.

Theorem 2.2. Let X :=V +M be a càdlàg semimartingale with finite variation process V and local martingale
M satisfying:

E
[
|V c

T |2 +Tr[M ]cT +
( ∑

0<s≤T

|∆Xs|
)2]

<∞. (2.2)

Given a sub-sigma algebra F0 ⊂ F , denote by mt the conditional law of Xt given F0, E0[·] := E0[·|F0
T ] and

Ê0[·] := E0[·|F0
T , X]. Let u ∈ C2

b (P2(Rd)) be such that ∂x∂x̂δ
2
mmu(·, x, x̂) ∈ C0(P1(Rd)) for all x, x̂ ∈ Rd. Then,

we have:

{u}mt
m0

= LX
t u+

1

2
E0Ê0

[ ∫ t

0

∂2xx̂δ
2
mmu(ms, Xs, X̂) :d[X, X̂]cs

]
, a.s. for all t ∈ [0, T ],

where X̂ denotes an independent copy of X conditionally on F0
T , and:

LX
t u :=

∑
s≤t

∆u(ms) + E0
[
LX
t δmu

]
,

LX
t φ :=

∑
s∈Jt(m)c

∆Xφ(ms,Xs) +

∫ t

0

∂xφ(ms,Xs)·dXc
s +

1

2
∂2xxφ(ms,Xs) :d[X]cs.

We emphasize again that this result has also been obtained in [9] by using a different line of argument. Notice
however that similarly to [1], our proof follows the natural argument using standard Taylor expansions.

The proof of this result uses the following additional notations. Given a partition π = {t0, . . . , tN}, we denote
for r ∈ [0, 1]:

∆πXtn :=Xtn−Xtn−1
, Xr

tn−1,tn :=Xtn−1
+r∆πXtn , X

r
s :=Xs−+r∆Xs.

We denote similarly ∆πX̂tn , X̂
r
tn−1,tn , X̂

r
s , and:

∆πmtn :=mtn−mtn−1
, mr

tn−1,tn :=mtn−1
+r∆πmtn , and m

r
s :=ms−+r∆ms

The following Lemma (proved in Appendix A) play a crucial role in the proof of Theorem 2.2.
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Lemma 2.3. Let X and X̂ be as in Theorem 2.2, and consider a dense partition π = {t0, . . . , tN} of [0, T ].
(i) Let H be a bounded progressively measurable left-limited process and {Hπ}π a uniformly bounded family of
simple adapted processes with Hπ

tn−1(s)
−→ Hs− as |π| → 0, a.s. Then:

N∑
n=1

Hπ
tn−1

:∆πXtn(∆
πXtn)

⊺ −→
∫ T

0

Hs− :d[X]s, as |π| → 0 in L1.

(ii) Let f : P2(Rd) × Rd × Rd −→ R be a bounded continuous map such that f ∈ C0(P1(Rd) × Rd × Rd), and
denote θrn := (mr1

tn−1,tn , X
r2
tn−1,tn , X̂

r3
tn−1,tn), θ

r
s := (mr1

s , X
r2
s , X̂

r3
s ) for r = (r1, r2, r3) ∈ [0, 1]3. Then, there exists

a subsequence of partitions, still named π, such that

N∑
n=1

{
f}θ

r
n

θ0
n
∆πXtn ·∆πX̂tn −→

∑
0<s≤T

{
f}θ

r
s

θ0
s
∆Xs ·∆X̂s, as |π| → 0 in L1.

Proof of Theorem 2.2. For simplicity, we prove the formula in the case d = 1 as the only difficulty in higher
dimension is related to notations. Let π := {t0, . . . , tN} be a partition of [0, T ]. Fix n ∈ [N − 1]. By definition
of the functional linear derivative in (2.1), we have:

{u}mtN
mt0

=

N∑
n=1

{u}mtn
mtn−1

=

N∑
n=1

∫ 1

0

E0
[{
δmu(m

λ1
tn−1,tn , ·)

}Xtn

Xtn−1

]
dλ1 =

N∑
n=1

Sn + T 0
n − T 1

n , (2.3)

with

Sn :=

∫ 1

0

E0
[{
δmu(mtn−1

, ·)
}Xtn

Xtn−1

]
dλ1, and T

j
n=

∫ 1

0

E0
[{
δmu(·, Xtn−j

)
}m

λ1
tn−1,tn

mtn−1

]
dλ1, j=0, 1.

1. By the standard Itô formula inside the conditional expectation, we obtain for the first term of (2.3):

Sn=E0
[ ∫ tn

tn−1

∂xδmu(mtn−1
, Xs)dX

c
s+

1

2
∂2xxδmu(mtn−1

, Xs)d[X]cs+
∑

(tn−1,tn]

∆Xδmu(mtn−1
, Xs)

]
.

Then, in view of our growth conditions on u and its derivatives, we deduce from the dominated convergence
theorem that

N∑
n=1

Sn −→
|π|→0

E0
[ ∫ T

0

∂xδmu(ms, Xs)dX
c
s+

1

2
∂2xxδmu(ms, Xs)d[X]cs+

∑
(0,T ]

∆Xδmu(ms−, Xs)
]
. (2.4)

2. We next focus on the remaining two terms in (2.3). Using again the definition of the functional linear
derivative, together with standard finite dimensional differential calculus, we obtain for j = 0, 1 that:

T j
n =

∫
[0,1]2

E0Ê0
[{
δ2mmu(m

λ1λ2
tn−1,tn , Xtn−j , ·)

}X̂tn

X̂tn−1

]
λ1dλ1dλ2

=

∫
[0,1]3

E0Ê0
[
∂x̂δ

2
mmu(m

λ1λ2
tn−1,tn , Xtn−j

, X̂λ3
tn−1,tn))∆

πX̂tn

]
λ1dλ1dλ2dλ3.
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Then, it follows again from standard finite dimensional differential calculus that:

T 0
n − T 1

n =

∫
[0,1]4

E0Ê0
[
f(mλ1λ2

tn−1,tn , X
λ4
tn−1,tn , X̂

λ3
tn−1,tn))∆

πXtn∆
πX̂tn

]
λ1dλ, f := ∂x∂x̂δ

2
mmu,

=

∫
[0,1]4

E0Ê0
[
f(θ0n)∆

πXtn∆
πX̂tn +Rπ

n

]
λ1dλ (2.5)

with λ := (λ1, λ2, λ3, λ4) and using the notations of Lemma 2.3 (ii):

Rπ
n :=

{
f
}θr

n

θ0
n
∆πXtn ·∆πX̂tn , r := (λ1λ2, λ4, λ3).

3. As f = ∂x∂x̂δ
2
mmu satisfies the conditions of Lemma 2.3 (ii), we deduce that, after possibly passing to a

subsequence, the following convergence holds in L1, and therefore under conditional expectation:

N∑
n=1

f(θ0n)∆
πXtn∆

πX̂tn +Rπ
n −→

|π|→0

∫ T

0

f(θ0s)d[X, X̂]s +
∑

0<s≤T

{
f}θ

r
s

θ0
s
∆Xs∆X̂s

=

∫ T

0

f(θ0s)d[X, X̂]cs +
∑

0<s≤T

f(θrs)∆Xs∆X̂s,

As f is bounded, it follows from the dominated convergence theorem that:

N∑
n=1

T 0
n − T 1

n −→
|π|→0

1

2
E0Ê0

[ ∫ T

0

f(θ0s)d[X, X̂]cs

]
+

∫
[0,1]4

E0Ê0
[ ∑
0<s≤T

f(θrs)∆Xs∆X̂s

]
λ1dλ. (2.6)

Recall that f = ∂x∂x̂δ
2
mmu, and observe that∫

[0,1]2
f(θrs)∆Xs∆X̂sdλ3dλ4 =

{
δ2mmu(m

λ1λ2
s , Xs, ·)

}X̂s

X̂s−
−

{
δ2mmu(m

λ1λ2
s , Xs−, ·)

}X̂s

X̂s−
(2.7)

= 1{s∈J(m)}

({
δ2mmu(m

λ1λ2
s , Xs, ·)

}X̂s

X̂s−
−

{
δ2mmu(m

λ1λ2
s , Xs−, ·)

}X̂s

X̂s−

)
,

as mλ
s = ms whenever s ∈ J(m)c, and each of these terms are nonzero if and only if X and X̂ jump at the same

time, which happens with probability zero on J(m)c since X and X̂ are independent conditionally on F0. Note
also that, as the jumps of the flow s 7→ ms are F0

T -measurable,∫
[0,1]2

E0Ê0
[ ∑
s∈J(m)

{
δ2mmu(m

λ1λ2
s , Xs, ·)

}X̂s

X̂s−
−

{
δ2mmu(m

λ1λ2
s , Xs−, ·)

}X̂s

X̂s−

]
λ1dλ1dλ2

=
∑

s∈J(m)

∫
[0,1]2

E0Ê0
[{
δ2mmu(m

λ1λ2
s , Xs, ·)

}X̂s

X̂s−
−

{
δ2mmu(m

λ1λ2
s , Xs−, ·)

}X̂s

X̂s−

]
λ1dλ1dλ2

=
∑

s∈J(m)

E0
[{
δmu(·, Xs)

}mλ1
s

ms−
−
{
δmu(·, Xs−)

}mλ1
s

ms−

]
dλ1

=
∑

s∈J(m)

∆u(ms)− E0
[
∆Xδmu(ms−, Xs)

]
.
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Therefore, we have:

N∑
n=1

T 0
n − T 1

n −→
|π|→0

∑
s∈J(m)

∆u(ms)− E0
[
∆Xδmu(ms−, Xs)

]
,

Together with (2.4), (2.5) and (2.6), this provides the required result by taking limits in (2.3) along appropriate
subsequences.

Example 2.4. Let X be an R-valued jump-diffusion satisfying the following dynamics:

dXt = btdt+ σtdWt + γtdNt + σ0
t dW

0
t + γ0t dN

0
t ,

where W,W 0 are two independent Brownian motions in R, and N,N0 are two independent pure jump processes
in R with bounded intensities λ and λ0 from R+ × Ω to R, with jump size following distributions ν and ν0,
assumed to have finite second order moments. For simplicity, we assume that b, σ, σ0, γ and γ0 are bounded
adapted processes taking values in R. Let F0 be the filtration generated by (W 0, N0), and u a smooth map from
P2(R) to R. We denote by mt the law of Xt conditionally on F0.

We first verify that X satisfies the integrability conditions (2.2). It is clear that:

E
[
|V c

T |2 + [X]cT

]
<∞.

Also observe that: ( ∑
0<s≤T

∆Xs

)2

≤ 2
( ∑

0<s≤T

γs−∆Ns

)2

+ 2
( ∑

0<s≤T

γ0s−∆N
0
s

)2

.

Let Π be the random Poisson measure associated with N , that is such that Nt =
∫ t

0

∫
R×R+

y1θ≤λs
Π(ds,dθ,dy).

We assume that its compensator writes dsdθν(dy). Then, introducing Π̄(ds,dθ,dy) := Π(ds,dθ,dy)−dsdθν(dy)
the compensated measure of Π, we have the following estimates:

E
[( ∑

0<s≤T

γs−∆Ns

)2]
= E

[( ∫ T

0

∫
R+×R

γs−y1θ≤λsΠ(ds,dθ,dy)
)2]

≤ E
[
2

∫ T

0

∫
R+×R

γs−y1θ≤λsΠ̄(ds,dθ,dy)
)2

+2T

∫ T

0

∫
R
γ2s−y

2λ2sdsν(dy)
]

= E
[
2

∫ T

0

∫
R
γ2s−y

2λsdsν(dy) + 2T

∫ T

0

∫
R
γ2s−y

2λ2sdsν(dy)
]
<∞,

by boundedness of γ and λ and integrability of ν. We have the same estimate for N0, and therefore (2.2) is
satisfied.

Then, according to Theorem 2.2, we have:

u(mt) =u(m0) + LX
t u+

1

2
E0Ê0

[ ∫ t

0

∂2xx̂δ
2
mmu(ms, Xs, X̂) :σ0

s(σ̂
0
s)

⊺ds
]
, P− a.s.,

with

LX
t u :=

∑
s≤t

∆u(ms) + E0
[
LX
t δmu

]
,
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LX
t φ :=

∑
s∈Jt(m)c

∆Xφ(ms,Xs) +

∫ t

0

Lc
sφ(ms, Xs)ds+ ∂xφ(ms,Xs)·σ0

sdW
0
s

Lc
sφ(ms, Xs) := bs ·∂xφ(ms, Xs) +

1

2
(σsσ

⊺
s + σ0

sσ
0
s
⊺
) :∂2xxφ(ms,Xs).

3. Itô–Wentzell’s formula

In this paragraph, we provides an extension of Theorem 2.2 to the case where the function u is a random
field.

More precisely, we consider U : [0, T ]× P2(Rd)× Ω → R such that:

Ut(m) = U0(m) +

∫ t

0

ϕs(m)dAs +

∫ t

0

ψs(m)dNs,

with ϕ, ψ : [0, T ] × Ω × P2(Rd) → R such that ϕ·(m), ψ·(m) are predictable processes for all m ∈ P2(Rd), and
A : [0, T ]× Ω → R a finite variation process and N : [0, T ]× Ω → R a local martingale.

Assumption 3.1. The maps f ∈ {U0, ϕt, ψt, t ∈ [0, T ]}, defined on P2(Rd), satisfy:
(i) δmf , ∂

2
xxδmf , δ

2
mmf and ∂2xx̂δ

2
mmf exist and are continuous,

(ii) f , ∂2xxδmf and ∂2xx̂δ
2
mmf are bounded.

Moreover, the random field U is such that:
(iii) |A|TV and [N ]T are bounded, almost surely.

Similarly to Fadle and Touzi [1], Assumption 3.1 implies that U is differentiable with respect to m, and that
the following hold:

∂ixδmUt(m,x) =

∫ t

0

∂ixδmϕs(m,x)dAs +

∫ t

0

∂ixδmψs(m,x)dNs, i = 0, 1, 2,

∂ix∂
i
x̂δ

2
mmUt(m,x, x̂) =

∫ t

0

∂ix∂
i
x̂δ

2
mmϕs(m,x, x̂)dAs +

∫ t

0

∂ix∂
i
x̂δ

2
mmψs(m,x, x̂)dNs, i = 0, 1,

and all these functions are continuous. Here ∂0xδm := δm, ∂1xδm := ∂xδm, ∂2xδm := ∂2xxδm, and similar notations
for ∂x∂

i
x̂δ

2
mm, i = 0, 1.

We now introduce the following definition which is implicitly adopted throughout the existing literature on
this topic.

Definition 3.2. Let F be a random field defined on some measurable space (E, E), and let ξ : (Ω,A) → (E, E)
be a measurable map. We define Ft(ξ) := Ft(x)

∣∣
x=ξ

, i.e. Ft(ξ)(ω) := Ft(ξ(ω))(ω) for P−a.e. ω ∈ Ω.

Remark 3.3. Assume for simplicity that F is a stochastic integral Ft(x) =
∫ t

0
gs(x)dWs, for all x ∈ E, for

some Brownian motion W . Then, given that the process {gs(ξ), s ≤ t} is anticipative, Ft(ξ) =
∫ t

0
gs(ξ) dWs is

not defined in the Itô stochastic integration sense, and it is not meant either in the Skorohod sense. Moreover,
we notice that the last definition implies that Ft(ξ) is Ft-measurable whenever ξ is Ft-measurable.

The following Lemma, proved in the Appendix A, will be crucial in the proof of Theorem 3.5:

Lemma 3.4. (i) Let F : [0, T ]× P2(Rd)× Rd × Ω −→ R be a random field defined by

Ft(·) =
∫ t

0

fs(·)dAs +

∫ t

0

gs(·)dNs,
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with bounded predictable1 maps f, g : [0, T ]× P2(Rd)× Rd × Ω −→ R, a finite variation process A, and a local
martingale N independent of X conditionally on F0, satisfying Assumption 3.1.

Then, for any dense partition π and λ ∈ [0, 1], we have P−a.s.

E0
[ N∑
n=1

{
F.(mtn−1

, ·)
}tn,X

λ
tn−1,tn

tn−1,Xtn−1
|∆πXtn |2

]
−→
|π|↘0

E0
[ ∑
0<s≤T

{
F.(ms−, ·)

}s,Xλ
s

s−,Xs−
|∆Xs|2

]
.

(ii) Let F̂ : [0, T ]×P2(Rd)×Rd×Rd×Ω −→ R be a random field defined through continuous bounded predictable

processes f̂ , ĝ, and some finite variation process A and a local martingale N satisfying Assumption 3.1 and
independent of (X, X̂) conditionally on F0:

F̂t(·) =
∫ t

0

f̂s(·)dAs +

∫ t

0

ĝs(·)dNs.

We furthermore assume that f̂ and ĝ are continuous with respect to the 1-Wasserstein distance W1. Then, for
any dense partition π and r := (r1, r2, r3) ∈ [0, 1]3, we have P−a.s.

E0Ê0
[ N∑
n=1

{
F̂.(·)

}tn,θ
r
n

tn−1,θ0
n
∆πXtn∆

πX̂tn

]
−→
|π|↘0

E0Ê0
[ ∑
0<s≤T

{
F̂.(·)}

s,θr
s

s−,θ0
s
∆Xs∆X̂s

]
,

where θrn := (mr1
tn−1,tn , X

r2
tn−1,tn , X̂

r3
tn−1,tn) and θ

r
s := (mr1

s , X
r2
s , X̂

r3
s ).

Theorem 3.5. Let X be a càdlàg semimartingale satisfying the integrability conditions (2.2), and let mt denote
the conditional law of X given F0. Further assume that, for all compact K ⊂ P2(Rd),

sup
(t,m)∈[0,T ]×K

sup
x,x̂∈Rd

{
|∂xδmUt|+ |∂2xxδmUt|+ |∂2xx̂δ2mmUt|

}
(m,x, x̂) <∞, P-a.s. (3.1)

Under Assumption 3.1, we have:

{U}t,mt

0,m0
= LX

t U +
1

2
E0Ê0

[ ∫ t

0

∂2xx̂δ
2
mmUs(ms, Xs) :d[X, X̂]cs

]
+

∫ t

0

ϕs(ms−)·dAs + ψs(ms−)·dNs

+E0
[ ∑
0<s≤T

∂xδmϕs(ms−, Xs−)·∆Xs∆As+

∫ t

0

∂xδmψs(ms−, Xs−) :d[X,N ]s

]
, a.s.,

where E0[·] := E[·|F0
T , A,N ], Ê0[·] := E[·|F0

T , A,N,X] and X̂ denotes a copy of X, independent from X
conditionally on F0

T .

This result has also been obtained in [12] - again by using a different line of argument - with two slight
differences. First the finite variation process in their paper is absolutely continuous w.r.t. the Lebesgue measure.
Secondly, their Itô–Wentzell formula contains an additional term involving simultaneous jumps of the two
conditionally independent copies X and X̂, which we prove below that it vanishes a.s.

1i.e. predictable in the usual sense for any fixed measure argument.
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Proof of Theorem 3.5 For an arbitrary dense partition π := {t0, . . . , tN}, we have:

{U}tN ,mtN
t0,mt0

=

N∑
n=1

{
U·(mtn−1)

}tn

tn−1
+
{
Utn}

mtn
mtn−1

=

∫ T

0

dUs(mtn−1(s)) +

N∑
n=1

{
Utn}

mtn
mtn−1

=

∫ T

0

ϕs(mtn−1(s))dAs+ψs(mtn−1(s))dNs +

N∑
n=1

{
Utn}

mtn
mtn−1

. (3.2)

Since W2(mtn−1(s),ms−) → 0 as |π| → 0, a.s., we deduce from the boundedness of ϕ and the dominated con-

vergence theorem for Stieltjes integrals that
∫ T

0
ϕs(mtn−1(s))dAs →

∫ T

0
ϕs(ms−)dAs, a.s. As for the stochastic

integral, we see that:

E
[( ∫ T

0

ψs(mtn−1(s))dNs −
∫ T

0

ψs(ms−)dNs

)2]
≤ E

[ ∫ T

0

∣∣ψs(mtn−1(s))− ψs(ms−)
∣∣2d[N ]s

]
,

and we then deduce from the dominated convergence theorem for Stieltjes integrals that
∫ T

0
ψs(mtn−1(s))dNs →∫ T

0
ψs(ms−)dNs in L2, and therefore a.s. along some subsequence (still denoted the same).
Denoting G := ∂xδmU , we rewrite the last term on the right hand side of (3.2) as:

{
Utn}

mtn
mtn−1

=

∫
[0,1]2

E0
[
Gtn(m

λ1
tn−1,tn , X

λ2
tn−1,tn)∆

πXtn

]
dλ1dλ2

= E0
[
Gtn(mtn−1

, Xtn−1
)∆πXtn

]
+

∫
[0,1]2

E0
[
{Gtn(·, X

λ2
tn−1,tn)}

m
λ1
tn−1,tn

mtn−1
∆πXtn

]
dλ1dλ2 + E0[Rn], (3.3)

where, denoting F := ∂xG = ∂2xxδmU ,

Rn =

∫
[0,1]2

E0
[{
Gtn(mtn−1 , ·)

}X
λ2
tn−1,tn

Xtn−1
∆πXtn

]
dλ1dλ2

=

∫
[0,1]3

E0
[
Ftn(mtn−1 , X

λ2λ3
tn−1,tn)|∆

πXtn |2
]
λ3dλ1dλ2dλ3

=
1

2
E0

[
Ftn−1

(mtn−1
, Xtn−1

)|∆πXtn |2
]

+

∫
[0,1]3

E0
[{
F.(mtn−1

, .)
}tn,X

λ2λ3
tn−1,tn

tn−1,Xtn−1
|∆πXtn |2

]
λ3dλ2dλ3.

1. Decompose the first term in (3.3) as:

E0
[
Gtn(mtn−1

, Xtn−1
)∆πXtn

]
= E0

[
Gtn−1

(mtn−1
, Xtn−1

)∆πXtn

]
+E0

[{
G·(mtn−1

, Xtn−1
)
}tn

tn−1
∆πXtn

]
.



10 M. TALBI AND N. TOUZI

Using (3.1) with K the closure of the graph of s 7→ ms which is compact in P2(Rd), a.s, we have

E0
[ ∫ T

0
|Gs(ms, Xs)|2ds

]
<∞, a.s., and therefore by standard stochastic integration:

E0
[ N∑
n=1

Gtn−1
(mtn−1

, Xtn−1
)∆πXtn

]
−→
|π|→0

E0
[ ∫ T

0

Gs−(ms−, Xs−)dXs

]
, a.s.

As for the remaining term, denoting f := ∂xδmϕ, g := ∂xδmψ, observe that:

{
G·(mtn−1

, Xtn−1
)
}tn

tn−1
=

∫ tn

tn−1

fs(mtn−1
, Xtn−1

)dAs +

∫ tn

tn−1

gs(mtn−1
, Xtn−1

)dNs.

and let us dedicate the rest of this step to prove that:

N∑
n=1

∆πXtn

∫ tn

tn−1

fs(mtn−1
, Xtn−1

)dAs −→
|π|→0

∑
0<s≤T

fs(ms−, Xs−)∆Xs∆As (3.4)

and

N∑
n=1

∆πXtn

∫ tn

tn−1

gs(mtn−1
, Xtn−1

)dNs −→
|π|→0

∫ T

0

gs(ms−, Xs−)d[X,N ]s, a.s. (3.5)

To justify the convergence of (3.4), observe that:

N∑
n=1

∆πXtn

∫ tn

tn−1

fs(mtn−1 , Xtn−1)dAs =

N∑
n=1

∆πXtn

∫ tn

tn−1

ηs,tn−1dAs

+

N∑
n=1

∆πXtn

∫ tn

tn−1

fs(ms−, Xs−)dAs.

where ηtn−1,s := {fs(m·, X·)}stn−1
. The first term in the right hand side of the last equation satisfies:

E
[∣∣∣ N∑

n=1

∆πXtn

∫ tn

tn−1

ηs,tn−1
dAs

∣∣∣] ≤ E
[( N∑

n=1

∣∣∆πXtn

∣∣2)1/2( N∑
n=1

∣∣ ∫ tn

tn−1

ηs,tn−1
dAs

∣∣2)1/2]
≤ E

[ N∑
n=1

∣∣∆πXtn

∣∣2]1/2E[ N∑
n=1

∣∣ ∫ tn

tn−1

ηs,tn−1
dAs

∣∣2]1/2
≤ CE

[ N∑
n=1

∣∣∆πXtn

∣∣2]1/2E[ ∫ T

0

|ηs,tn−1(s)|
2d|A|s

]1/2
,

for some nonnegative constant C, where we used the boundedness of A. Note that E
[∑N

n=1 |∆πXtn |2
]
is

bounded due to the fact that X has a finite quadratic variation. Moreover, as η is bounded and A has

finite variation, it follows that E
[
|
∫ T

0
ηs,tn−1(s)dAs|2

]
−→ 0 as |π| → 0, by the dominated convergence

theorem for Stieltjes integrals. This shows that the last integral converges to 0 as |π| → 0 by dominated
convergence. Therefore, by Lemma 2.3 (i), we have in L1:

lim
|π|→0

N∑
n=1

∆πXtn

∫ tn

tn−1

fs(mtn−1 , Xtn−1)dAs = lim
|π|→0

N∑
n=1

∆πXtn

∫ tn

tn−1

fs(ms−, Xs−)dAs
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=

∫ T

0

fs(ms−, Xs−)d[X,A]s

=
∑

0<s≤T

fs(ms−, Xs−)∆Xs∆As,

as A is a finite variation process implying that [X,A]c = 0.
To justify the convergence of (3.5), observe that:

E
[∣∣∣ N∑

n=1

∆πXtn

∫ tn

tn−1

η̃tn−1,sdNs

∣∣∣] ≤ E
[( N∑

n=1

∣∣∆πXtn

∣∣2)1/2( N∑
n=1

∣∣ ∫ tn

tn−1

η̃tn−1,sdNs

∣∣2)1/2]
≤ E

[ N∑
n=1

∣∣∆πXtn

∣∣2]1/2E[ N∑
n=1

∣∣ ∫ tn

tn−1

η̃tn−1,sdNs

∣∣2]1/2
where η̃tn−1,s :=

{
∂xδmψs(m·, X·)

}s

tn−1
. Observe also that:

E
[ N∑
n=1

∣∣ ∫ tn

tn−1

η̃tn−1,sdNs

∣∣2] = E
[ N∑
n=1

∫ tn

tn−1

|η̃tn−1,s|2d[N ]s

]
= E

[ ∫ T

0

|η̃tn−1(s),s|
2d[N ]s

]
,

and that the last term converges to 0 as |π| → 0, by dominated convergence. Then, up to some subsequence

of partitions (still denoted the same), we have E
[∑N

n=1

∣∣ ∫ tn
tn−1

η̃tn−1,sdNs

∣∣2] −→
|π|→0

0, and therefore:

E
[∣∣∣ N∑

n=1

∆πXtn

∫ tn

tn−1

η̃tn−1,sdNs

∣∣∣] −→
|π|→0

0.

Since

N∑
n=1

∆πXtn

∫ tn

tn−1

gs(ms, Xs)dNs −→
|π|→0

∫ T

0

gs(ms, Xs)d[X,N ]s, in L1,

up to some subsequence, we may finally find a subsequence such that:

N∑
n=1

∆πXtn

∫ tn

tn−1

gs(mtn−1 , Xtn−1)dNs −→
|π|→0

∫ T

0

gs(ms, Xs)d[X,N ]s, in L1,

which implies the validity of (3.5) along some further subsequence.
2. For the second term in (3.3), we recall the notation from the previous step G := ∂xδmU and we denote

further F̂ := ∂2xx̂δ
2
mmU . We first decompose:

E0
[
{Gtn(·, X

λ2
tn−1,tn)}

m
λ1
tn−1,tn

mtn−1
∆πXtn

]
=

∫
[0,1]2

E0Ê0
[
F̂tn(θ

r
n)∆

πXtn∆
πX̂tn

]
λ1dλ4dλ5

=

∫
[0,1]2

E0Ê0
[
F̂tn−1(θ

0
n)∆

πXtn∆
πX̂tn

]
λ4dλ4dλ5

+

∫
[0,1]2

E0Ê0
[
{F̂}tn,θ

r
n

tn−1,θ0
n
∆πXtn∆

πX̂tn

]
λ4dλ4dλ5,
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where we used the notations of Lemma 3.4 with r = (λ1λ4, λ2, λ5). By Lemmas 2.3 (i) and 3.4 (ii), we
obtain, P-almost surely:

∫
[0,1]2

E0Ê0
[ N∑
n=1

F̂tn(θ
r
n)∆

πXtn∆
πX̂tn

]
λ4dλ4dλ5 (3.6)

−→
|π|→0

1

2
E0Ê0

[ ∫ T

0

F̂s−(θ
0
s)d[X, X̂]s

]
+

∫
[0,1]2

E0Ê0
[ ∑
0<s≤T

{F̂}s,θ
r
s

s−,θ0
s
∆Xs∆X̂s

]
λ4dλ4dλ5,

3. We now analyze the convergence of E0
[
Rn

]
in (3.3). First, it follows from Lemma 3.4 (i) that:

∫
[0,1]2

E0
[ N∑
n=1

{
F.(mtn−1 , .)

}tn,X
λ2λ3
tn−1,tn

tn−1,Xtn−1
|∆πXtn |2λ3dλ2dλ3

]
−→
|π|→0

∫
[0,1]2

E0
[ ∑
0<s≤T

{F.(ms−, .)}
s,Xλ2λ3

s

s−,Xs−
|∆Xs|2

]
λ3dλ2dλ3, a.s.

Now, observe that (3.1) implies that |Ftn−1
(mtn−1

, Xtn−1
)| ≤ C for some C : Ω → R+ measurable with

respect to the sigma-field F0
T ∨ σ(A·∧T , N·∧T ). Finally, using Lemma 2.3 for the conditional expectation

E0[·], we deduce that

N∑
n=1

E0
[
Ftn−1

(mtn−1
, Xtn−1

)|∆πXtn |2
]

−→
|π|→0

E0
[ ∫ T

0

Fs−(ms−, Xs−)d[X]s

]
, a.s.

Finally, after rearranging all the terms with the right hand side of (3.6) and separating discontinuities of
the flow {mt}{t∈[0,T ]}, similarly to (2.7) in the proof of Theorem 2.2, we conclude that the desired formula
holds true.

4. Applications to stochastic control

4.1. Mean field control with Poisson type common noise

Let Ω := C0([0, T ],Rd) × P([0, T ] × R+ × R) be the canonical space, and (X,Π0) be the corresponding
canonical process. We denote by F := {Ft}{0≤t≤T} the canonical filtration, and by F0 := {F0

t }{0≤t≤T} the
filtration generated by Π0, i.e., F0

t is the sigma-field generated by the restriction of Π0 to [0, t]× R+ × R. For
a compact subset A ⊂ Rk, k ∈ N∗, we denote by A the set of F-progressively measurable processes taking their
values in A. Given a measure P on Ω, we denote P0 := P ◦ (X|Π0)−1.

Let b, σ, γ0, λ0 and f be bounded functions:

(b, σ, γ, λ, f) : [0, T ]× Rd × P2(Rd)× A −→ Rd × Rd×n × Rd0 × R× R.

We assume that these functions are continuous in all their arguments, and Lipschitz-continuous in their Rd and
P2(Rd)-valued arguments. In particular, we assume that the continuity in their third argument holds for both
W1 and W2 distances. For (t, µ) ∈ [0, T ]× P2(Rd), we denote by P(t, µ) the set of P ∈ P2(Ω) such that:

(i) Π0 is a random Poisson measure with compensator Leb[0,T ] ⊗ LebR+
⊗ ν(dy),

(ii) The process X satisfies P ◦ X−1
t = µ and, for some α ∈ A and some n-dimensional P-Brownian motion
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W P independent of Π0:

dXs=b
αs(Θs)ds+ σαs(Θs)dW

P
s + γαs(Θs)dNs, dNs=

∫
R+×R

y1{ξ≤λαs (Θs)}Π
0(ds,dξ,dy), P− a.s.

for s ≥ t, where Θs := (s,P0
Xs
, Xs) with P0

Xs
:= P ◦ (Xs|F0

s )
−1.

Our main interest is on the stochastic control problem:

V (t, µ) := sup
P∈P(t,µ)

EP
[ ∫ T

t

fαs
(
Θs

)
ds+ g

(
P0
XT

)]
, (4.1)

where the control α ∈ A is associated with P accordingly to the definition above.

Let STF0

[t,T ] be the collection of all F0−stopping times with values in [t, T ]. In this section, we assume that
the following dynamic programming principle holds for all t ∈ [0, T ]:

V (t, µ) = supP∈P(t,µ) EP
[ ∫ τP

t
fαs

(
Θs

)
ds+ V

(
τP,P0

X
τP

)]
, (4.2)

for all family (τP)P∈P ⊂ STF0

[t,T ],

see Djete et al. [13] for specific conditions. Our goal is to derive the corresponding infinitesimal counterpart which
reduces as standard to the so-called Hamilton-Jacobi-Bellman (HJB) equation. This requires to introduce the
following integro-differential operators which characterize the infinitesimal generator of the controlled process
and which are defined for all map φ : R+ × P2(R2) with appropriate smoothness by:

Laφ := ba ·∂xδmφ+
1

2
σa(σa)⊤ :∂2xxδmφ, (4.3)

J a[φ](t, µ, x) := λa(t, µ, x)

∫
R

{
φ
(
t, µ ◦ [x+ yγa(t, µ, x)]−1

)
− φ(t, µ)

}
ν(dy), (4.4)

where x is the identity map on Rd.

Proposition 4.1. Let (4.2) hold, and assume that ∂tV , ∂xδmV , ∂2xxδmV , ∂2xx̂δ
2
mmV exist and are jointly

continuous, with continuity in the measure argument in W1 and W2. Then V is a classical solution of the HJB
equation:

−∂tV (t, µ)−
∫
Rd

sup
a∈A

{
fa + LaδmV + J a[V ]

}
(t, µ, x)µ(dx) = 0, (t, µ) ∈ [0, T ]× P2(Rd).

Proof. Supersolution property. Let ᾱt = a ∈ A be a constant control, and denote by P̄ the corresponding
element of P(t, µ). Set m̄s := P̄0

Xs
. By the dynamic programming principle (4.2), we have:

V (t, µ) ≥ EP̄
[ ∫ t+h

t

f ᾱs
(
s, m̄s, Xs

)
ds+ V

(
t+ h, m̄t+h

)]
.

By the same estimates as in Example 2.4, we know that X satisfies the estimates (2.2), and therefore we obtain
from Theorem 2.2 after appropriate localization:

1

h

∫ t+h

t

EP̄
[
− ∂tV (s, m̄s)− (LaδmV + fa)(s, m̄s, Xs)

]
ds− 1

h
EP̄

[ ∑
0<s≤t

∆V (s, m̄s)
]
≥ 0, (4.5)
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where m̄s := P̄0
Xs

and the operator La is defined in (4.3). Now observe that:

EP̄
[ ∑
t<s≤t+h

∆V (s, m̄s)
]
= EP̄

[ ∫ t+h

t

J a[V ](s, m̄s, Xs)ds
]
,

where the integral operator J a is defined in (4.4). We plug this into (4.5) and obtain the supersolution property
by letting h→ 0, using the fact that s 7→ m̄s is right continuous and that a ∈ A is arbitrary.

Subsolution property. Let τPh := (t + h) ∧ τP with τP := inf{s > t : W2(µs, µ) ≥ δ}, for some δ > 0, and
ms := P0

Xs
. By the dynamic programming principle (4.2), we have:

V (t, µ) ≤ sup
P∈P(t,µ)

EP
[ ∫ τP

h

t

fαs
(
s,P0

Xs
, Xs

)
ds+ V

(
τPh ,P0

X
τP
h

)]
,

from which we deduce, by Itô’s formula:

inf
P∈P(t,µ)

∫ τP
h

t

EP
[
−(∂tV −LαsδmV −fαs)(s, µs, Xs)−J αs [V ](s,ms, Xs−)

]
ds ≤ 0,

For δ > 0, introduce now B2(µ, δ) := {µ′ ∈ P2(Rd) : W2(µ, µ
′) ≤ δ} and Qh,δ

2 (t, µ) := [t, t+ h]×B2(µ, δ). Then
it follows from the local boundedness of the derivatives of V that:

inf
(s,µ′)∈Qh,δ

2 (t,µ)
H(s, µ′) ≤ Cδ

h
sup

P∈P(t,µ)

∫ t+h

t

P
[
ms /∈ B2(µ, δ)

]
ds,

for some constant Cδ > 0, where

H(s, µ′) := −∂tV (s, µ′)−
∫
R
sup
a∈A

{
LaδmV + fa + J a[V ]

}
(s, µ′, x)µ′(dx).

As the control process α take values in a the compact subset A, it follows from the continuity of the coefficients
of the controlled SDE that:

P
[
ms /∈ B2(µ, δ)

]
=P

[
W2(ms, µ) ≥ δ

]
≤

EP[|Xs −Xt|2
]

δ2
≤ C ′ s− t

δ2
,

for some constant C ′ > 0. Together with the continuity of H, due to the compactness of A, this implies that:

inf
µ′∈B2(µ,δ)

H(t, µ′) = lim
h↘0

inf
(s,µ′)∈Qh,δ

2 (t,µ)
H(s, µ′) ≤ lim

h↘0

C ′Cδh

2δ2
= 0.

To conclude, we use the fact that, since all derivatives of V involved in H are in continuous both on W1 and
W2, it follows that H is uniformly continuous on B2(µ, 1) for the W1 distance. Since W1 ≤ W2, we obtain by
sending δ ↘ 0 that H(t, µ) ≤ 0, which is the required subsolution property.

4.2. Mean field optimal stopping with common noise

We adapt the setting of Talbi et al. [10] to the more general situation allowing for common noise. The
canonical space is given by Ω := C0([−1, T ],Rd)× I0([−1, T ])×C0([−1, T ],Rd0), where I0([−1, T ]) is the set of
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non-increasing and càdlàg maps from [−1, T ] to {0, 1}, constant on [−1, 0), and ending with value 0 at T . Note
that the choice of the extension to −1 is arbitrary, the extension of time to the left of the origin is only needed
to allow for an immediate stop at time t = 0. We denote by (X, I,W 0) the canonical process, with canonical
filtration F = (Ft)t∈[−1,T ] and we denote by F0 the filtration generated by W 0. We also define S := Rd × {0, 1}.

Let b, σ, γ0, λ0 and f be bounded functions:

(b, σ, σ0, f) : [0, T ]× Rd × P(Rd) −→ Rd ×Md,n ×Md,d0
× R.

As in the previous paragraph, we assume that these functions are continuous in all their arguments, and
Lipschitz-continuous in their Rd and P2(Rd)-valued arguments. For (t, µ) ∈ [0, T ]×P2(S), we denote by P(t, µ)
the set of P ∈ P2(Ω) such that:

(i) W 0 is a P-Brownian motion,

(ii) The process X satisfies for some n-dimensional P-Brownian motion W P independent of W 0:

P ◦ (Xt, It−)
−1 = m, and dXs = Is

(
b(Θs)ds+ σ(Θs)dW

P
s + σ0(Θs)dW

0
s

)
, s ≥ t, P− a.s.

where Θs := (s,P0
Xs
, Xs) and P0

Xs
:= P ◦ (Xs|W 0)−1.

The value function of the mean field optimal stopping problem is defined by:

V (t,m) := sup
P∈P(t,m)

EP
[ ∫ T

t

f(Θr)dr + g(P0
XT

)
]
, (t,m) ∈ [0, T ]× P2(S). (4.6)

Let STF0

[t,T ] be the collection of all F0−stopping times with values in [t, T ]. As in the previous paragraph, we
assume that the following dynamic programming holds:

V (t,m) = sup
P∈P(t,m)

EP
[ ∫ τP

t

f(Θr)dr + V (τ,P0
Xτ

)
]
, for all family (τP) ⊂ STF0

[t,T ], (4.7)

and we aim at deriving the dynamic programming equation as the infinitesimal counterpart of this dynamic
programming principle.

We recall from Talbi et al. [10] the partial ordering on the Wasserstein space:

m′ ⪯ m if, for some measurable p : Rd → [0, 1], m′(dx, 1) = p(x)m(dx, 1) and

m′(dx, 0) = (1− p(x))m(dx, 1) +m(dx, 0).

Roughly speaking, p corresponds to an immediate randomized stopping strategy sending the distribution m to
the distribution m′. We also introduce for all map u : R+ × P2(Rd) −→ Rd the notation

Cu(t,m) := {m′ ⪯ m : u(t,m′) = u(t,m)}.
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Our objective is to prove that the dynamic programming equation is given by the obstacle problem on
Wasserstein space:

min
m′∈Cu(t,m)

{
−Lu(t,m′)

}
=0, DIu(t,m, ·)≥0, u(T,m)=g(m), (t,m)∈ [0, T ]×P2(Rd), (4.8)

where DIu(., x) := δmu(., x, 1) − δmu(., x, 0) and, denoting L0 := b·∂x + 1
2σσ

⊤ :∂2xx, the operator L is defined
by

Lu(t,m):=∂tu(t,m)

+

∫
Rd

[
f+L0δmu(.,1)+

1

2

∫
Rd

σ0σ0⊤:∂2xx̂δ
2
mmu(., 1, x̂,1))m(dx̂,1)

]
(t,m, x)m(dx,1).

We refer to [10, 14] for more comments about the structure of the obstacle problem (4.8) in the context of mean
field optimal stopping without common noise.

Proposition 4.2. Let (4.7) hold, and assume that ∂tV , δmV , ∂xδmV , ∂2xxδmV and ∂2xx̂δ
2
mmV exist and are

continuous, with bounded ∂2xxδmV and ∂2xx̂δ
2
mmV . Then V is a classical solution of the obstacle problem (4.8).

Proof. By taking τ = t and P such that P(Xt,It) = P0
(Xt,It)

= m′ ⪯ m in the dynamic programming principle

(4.7), we obtain: V (t,m) ≥ V (t,m′). Since this is true for any m′ ⪯ m, this implies that DIV (t,m, ·) ≥ 0 for
the same reasons as in [10], Lemma 4.3.

Now fix h > 0 and define θPh := inf{s ≥ t : W2

(
P(Xt,It),P(Xs,Is)

)
≥ 1} ∧ (t+ h). Let P̄ ∈ P(t,m) such that I

is constant under P̄. By (4.7) and Theorem 2.2, we have:

− 1

h

∫ θP̄
h

t

Lu(s, m̄s)ds ≥ 0, (4.9)

where m̄s := P̄0
(Xs,Is)

. Here, we used the fact that the stochastic integral w.r.t. W 0 vanishes due to the bound-

edness of σσ⊤∂xδmV (s, m̄s, Xs) is bounded on [t, θh], P̄-a.s., and the process I is constant, P̄-a.s. implying that
the contributions of the jumps equal to 0. Now, by continuity of the flow of marginals s 7→ m̄s, it is clear that
θh = t+ h for h smaller than some (random) h̄. Therefore, sending h→ 0 in (4.9), we obtain:

−LV (t,m) ≥ 0.

Now, observe that, as in [10], Proposition 2.2, the set P(t,m) is compact for the 2-Wasserstein distance. Thus,

by continuity of F and V , there exists P̂ ∈ P(t,m) such that:

V (t,m) = EP̂
[ ∫ θP̂

h

t

F (s, m̂s)ds+ V
(
θP̂h, m̂θP̂

h

)]
,

where m̂s := P̂0
(Xs,Is)

. Then, by Theorem 2.2 again, we have:

−
∫ θP̂

h

t

LV (s, m̂s)ds− EP̂
[ ∫ θP̂

h

t

DIV (s, m̂s, Xs)dIs +
∑

t≤s≤θP̂
h

∆V (s, m̂s)
]
= 0.
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We have proved that those three terms are nonnegative, hence:

− 1

h

∫ θP̂
h

t

LV (s, m̂s)ds = 0.

Since s 7→ m̂s is right continuous, P̂-a.s., we obtain by sending h→ 0:

−LV (t, m̂t) = 0.

We conclude by observing that m̂t ∈ CV (t,m).
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Appendix A. Technical Results

A.1 Proof of Lemma 2.3

(i) As in the previous proofs, we show the result in the one dimensional setting d = 1. Observe that:

N∑
n=1

Hπ
tn−1

|∆πXtn |
2 =

N∑
n=1

Hπ
tn−1

∆π(X2)
tn

− 2

N∑
n=1

Hπ
tn−1

Xtn−1∆
πXtn .

We are then reduced to prove the L1 convergence of integrals with respect to a semimartingale. Let us detail the argument
for the first term in the right hand side equality. We prove the convergence of the finite variation part and the local
martingale part independently. First observe that:

X2 = X2
0 + Ṽ + M̃ with Ṽt := 2

∫ t

0

XsdVs + [M ]t, M̃t := 2

∫ t

0

XsdMs, t ≥ 0.

Note that:

∣∣∣ N∑
n=1

Hπ
tn−1

∆πṼtn −
∫ T

0

Hs−dṼs

∣∣∣ ≤ ∫ T

0

∣∣Hπ
tn−1(s) −Hs−

∣∣d|Ṽ |s.

As Hπ
tn−1(s)

−Hs− −→ 0 a.s., the L1−convergence to zero of the last integral follows from the dominated convergence

theorem due to the boundedness of H together with the observation that supt∈[0,T ] |Xt|2 ∈ L1 by (2.2) and the BDG
inequality, implying that:

|Ṽ |T ≤ 2 sup
t∈[0,T ]

|Xt||V |T + [M ]T ≤ sup
t∈[0,T ]

|Xt|2 + |V |2T + [M ]T ∈ L1.

As for the martingale part, using BDG inequality, we have:

E
[∣∣∣ N∑

n=1

Hπ
tn−1

∆πM̃tn −
∫ T

0

Hs−dM̃s

∣∣∣] ≤ E
[( ∫ T

0

∣∣Hπ
tn−1(s) −Hs−

∣∣2d[M̃ ]s
)1/2]

= 2E
[( ∫ T

0

∣∣Hπ
tn−1(s) −Hs−

∣∣2X2
sd[M ]s

)1/2]
.

Again, since Hπ −H is uniformly bounded, there exists a constant C ≥ 0 such that:

(∫ T

0

∣∣Hπ
tn−1(s) −Hs−

∣∣2X2
sd[M ]s

)1/2

≤ C
(

sup
t∈[0,T ]

X2
t [M ]T

)1/2

∈ L1

mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o
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by Cauchy-Schwarz inequality. We may then apply again the dominated convergence theorem to derive the desired result.

(ii) Denote Rπ
n := {f}θ

r
n

θ0n
∆πXtn∆

πX̂tn , Rs := {f}θ
r
s

θ0s
∆Xs∆X̂s, and:

R̄π :=

N∑
n=1

Rπ
n, R̄ :=

∑
0<s≤T

Rs.

By continuity of f in its arguments, f is uniformly bounded on any bounded set of P2(Rd)× Rd × Rd (where the first
coordinate is measured with the 1-Wasserstein distance). Therefore, there exists a modulus of continuity ρ such that:

|Rπ
n|1{|ξn−1,n|≤1} ≤ ρ

(
ξπn

)
, with ξπn := W1(mtn−1 ,mtn) + |∆πXtn |+ |∆πX̂tn | (A.1)

Now given η ∈ (0, 1), we consider a continuous function hη : R+ → [0, 1] such that hη = 1 on [2η,∞) and hη = 0 on [0, η].
First observe that, for |π| sufficiently small, the number of terms such that |Rπ

n|hη(ξ
π
n) ̸= 0 is finite, as

∑N
n=1 |∆

πXtn | −→∑
s≤T |∆Xs| < ∞ a.s. as π → 0 by the summability conditions (2.2). Then it follows from the continuity of hη that

N∑
n=1

Rπ
nhη(ξ

π
n) −→

|π|→0

∑
0<s≤T

Rshη(ξs), where ξs := W1(ms−,ms) + |∆Xs|+ |∆X̂s|. (A.2)

as these two sums are in fact finite a.s. As for the small jumps:

∣∣∣ N∑
n=1

Rπ
n[1− hη(ξ

π
n)]

∣∣∣ ≤ ρ(η)

N∑
n=1

∣∣∆πXtn∆
πX̂tn

∣∣
≤ 1

2
ρ(η)(QVπ(X) + QVπ(X̂)),

where, for any process Y , we write QVπ(Y ) :=
∑N

n=1 |∆
πYtn |2. As the sum on the right hand side converges in probability

to the quadratic covariation of X and X̂, and η may be chosen arbitrarily small, we deduce that the left hand side
converges to 0 in probability as |π| → 0. Finally, combining this result with (A.2), we obtain:

|R̄π−R̄|≤
∣∣ N∑
n=1

Rπ
nhη(ξ

π
n)−

∑
0<s≤T

Rshη(ξs)
∣∣+ 1

2
ρ(η)(QVπ(X)+QVπ(X̂)) +

∑
0<s≤T

|Rs|1{ξs≤η}

−→
|π|→0

1

2
ρ(η)

(
[X]T + [X̂]T

)
+

∑
0<s≤T

|Rs|1{ξs≤η} ≤ ρ(η)
(
[X]T + [X̂]T

)
,

where the convergence holds in probability. Sending η to 0, this shows that |R̄π − R̄| converges to 0 in probability
as |π| → 0. Since R̄π ≤ 1

2
|f |∞

(
QVπ(X)+QVπ(X̂)

)
, which converges in L1 by Lemma 2.3 (i), we see that the family

{|R̄π − r|}π is uniformly integrable, and therefore we deduce that R̄π −→ R̄ in L1.

A.2 Proof of Lemma 3.4

(i) We first decompose:

N∑
n=1

{
F (mtn−1 , .)

}tn,Xλ
tn−1,tn

tn−1,Xtn−1
|∆πXtn |

2 = R̄π + S̄π,
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where:

R̄π :=

N∑
n=1

{
Ftn(mtn−1 , ·)

}Xλ
tn−1,tn

Xtn−1
|∆πXtn |

2, S̄π :=

N∑
n=1

{
F·(mtn−1 , Xtn−1)

}tn

tn−1
|∆πXtn |

2.

We shall prove that the following convergence results hold:

R̄π −→
|π|→0

R̄ :=
∑

0<s≤t

{
Fs(ms−, ·)

}Xλ
s

Xs−
|∆Xs|2, in L1(P|F0

T
,A,N ), (A.3)

S̄π −→
|π|→0

S̄ :=
∑

0<s≤t

{
F·(ms−, Xs−)

}s

s−|∆Xs|2, in L1(P|F0
T
,A,N ), (A.4)

where P|F0
T
,A,N denotes the conditional distribution of the canonical process given F0

T , A and N .

� Convergence of R̄π. For η ∈ (0, 1), using the function hη introduced in the proof of Lemma 2.3, we have for some
(random) modulus of continuity ρ:

N∑
n=1

|∆πXtn |
2{Ftn−1(mtn−1 , ·)

}Xλ
tn−1,tn

Xtn−1
[1− hη(|∆πXtn |)] ≤ ρ(η)

N∑
n=1

|∆πXtn |
2.

Similarly, we have:

∑
0<s≤T

|∆Xs|2
{
Fs−(ms−, ·)

}Xλ
s

Xs−
[1− hη(|∆Xs|)] ≤ ρ(η)

∑
0<s≤T

|∆Xs|2.

By the summability conditions on X, the number of s ∈ [0, T ] such that |∆Xs| ≥ η is finite, and therefore, as both
sums are finite,

∣∣∣ N∑
n=1

|∆πXtn |
2{Ftn−1(mtn−1 , ·)

}Xλ
tn−1,tn

Xtn−1
hη(|∆πXtn |)

−
∑

0<s≤T

|∆Xs|2
{
Fs−(ms−, ·)

}Xλ
s

Xs−
hη(|∆Xs|)

∣∣∣ −→
|π|→0

0, P− a.s.

By the same reasoning as in the proof of Lemma 2.3 (ii), we deduce that R̄π converges to R̄ in probability. Moreover,
(3.1) implies that F is bounded by a random variable C measurable with respect to F0

T ∨ σ(A·∧T , N·∧T ). Since
QVπ(X) and QV(X) are uniformly integrable, we deduce that R̄π and R̄ are uniformly integrable for the conditional
expectation E0, and therefore that (A.3) holds.

� Convergence of S̄π. Let F c and F a respectively denote the continuous and atomic parts of F . By pathwhise
continuity of t 7→ F c

t on the compact [0, T ], there exists a (random) modulus of continuity such that:

∣∣∣ N∑
n=1

|∆πXtn |
2{F c

· (mtn−1 , Xtn−1)
}tn

tn−1

−
∑

0<s≤T

|∆Xs|2
{
F c
· (ms−, Xs−)

}s

s−

∣∣∣ ≤ ρ(|π|)
(
QVπ(X) + QV(X)

)
.

Furthermore, we have:

∣∣∣ N∑
n=1

|∆πXtn |
2{F a

· (mtn−1 , Xtn−1)
}tn

tn−1
−

∑
0<s≤T

|∆Xs|2
{
F a
· (ms−, Xs−)

}s

s−

∣∣∣ −→
|π|→0

0, a.s.
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Therefore, we have S̄π → S̄, a.s., as |π| → 0. As in the case of R̄π, the sequence S̄π is uniformly integrable for the
conditional expectation E0, which implies that (A.4) holds.

(ii) Observe that:

N∑
n=1

{
F̂.(·))

}tn,θλn
tn−1,θ0n

|∆πXtn |
2 = R̄π + S̄π,

where:

R̄π :=

N∑
n=1

{
F̂tn(·)

}θλn
θ0n
|∆πXtn |

2, S̄π :=

N∑
n=1

{
F̂·(θ

0
n)
}tn

tn−1
|∆πXtn |

2.

We need to prove that:

R̄π −→
|π|→0

R̄ :=
∑

0<s≤t

{
F̂s(·)

}θλs
θ0s
|∆Xs|2, in L1(P|F0

T
,A,N ), (A.5)

S̄π −→
|π|→0

S̄ :=
∑

0<s≤t

{
F̂·(θ

0
s )
}s

s−|∆Xs|2, in L1(P|F0
T
,A,N ). (A.6)

(A.5) follows from the same arguments as the convergence of R̄π in (i), replacing |∆πXtn | with

ξπn := W1(mtn−1 ,mtn) + |∆πXtn |+ |∆πX̂tn |

as argument of the function hη, and using the fact that f̂ and ĝ are continuous with respect to both distances W2 and
W1 to guarantee the existence of a modulus of continuity ρ. (A.6) follows from the very same arguments as (i).
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