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THE LOCAL TURNPIKE PROPERTY IN MEAN FIELD CONTROL
AND GAMES WITH QUADRATIC HAMILTONIAN

MARCO CIRANT*® AND NICOLO DE BERNARDI

Abstract. We study the local stability properties of solutions to ergodic and discounted mean field
games systems, as the time horizon T' — 400, around stationary equilibria, when the Hamiltonian is
quadratic. We replace the usual monotonicity of the coupling term with a weaker, local assumption on
the stationary equilibrium (that need not be unique), stemming from a second-order strict positivity
condition. This new stability assumption, together with a symmetry property of the system, allows
us to derive an exponential turnpike property for those solutions that are close to the stationary one,
whenever the spatial domain (2 is either the flat torus T™ or R™. Finally, through a fixed-point argument,
we establish the actual existence of stable solutions, both on the finite horizon [0, 7] and on the infinite
horizon, in the periodic setting Q = T", provided that the initial (and terminal) data are close enough
to the stationary equilibrium.

Mathematics Subject Classification. 35Q89, 35B40.

Received December 4, 2025. Accepted May 2, 2026.

1. INTRODUCTION

This paper is devoted to the study of the long time behavior of solutions to discounted Mean Field Games
systems of PDEs with quadratic Hamiltonian, of the following form:

fﬁtququ%ff(x,m)Jr(Su:O, on (0,T) x Q
Oym — Am — div(mDu) = 0, on (0,7) x Q (1.1)
m(0,2) = mo(x), w(T,z) =up(z), onQ,

where T' > 0 is the time-horizon, f : Q x R — R is of class C? and has bounded first and second derivatives
with respect to the second component, § > 0 is the discount factor. Here, Q) can be either the Euclidean space
R™ or the flat torus T™ (in which case, data are periodic in the x variable); mg, ur are the initial distribution
and the terminal cost, respectively, and they are assumed to be of class C*©.

This system of PDEs has been introduced in [1] to describe Mean Field Nash equilibria among a population
of players with density m(t, z), where a typical player controls his own state

dX, = a,ds + V2 dB, in Q,
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2 M. CIRANT AND N. D. BERNARDI

with the aim of minimizing the cost

J(a)]E/Te‘SS <1|a 1+ f(Xs,m(s, X ))> ds + e Tup(Xy)
0 9l™'s EN s “Xs T\AT)-

Within this framework, u is the so-called value function of the typical player. Moreover, the same PDE system
constitutes the optimality conditions for the Mean Field optimal control problem of the functional (see again

[1])

W= [ [ oo (gmts o) + Fomisn) ) duds e [ wrm(r vy
Q
subject to
dm — Am + div(mw) =0, on (0,7) x Q m(0,x) = mo(x)

where F(x,m) fo (x,v)dv.

The main purpose of this paper is to address the following problem. Consider a solution (@,m) to the
stationary system

Am + div(mDa) = 0, on , (1.2)

then under what conditions can we guarantee that (@, m) attracts dynamic equilibria (u,m) as T — oo, at least
those that are sufficiently close to (4, m) itself 2 The main point of our work is not to assume any kind of global
uniqueness of stationary solutions (@, m) and focus on their local stability properties. Note that if § = 0, then
we shall look at the so-called ergodic system, where the additional constant A appears in the HJ equation:

At — |D2m2 + f(z,m)—A=0, on®
Am + div(mDu) = 0, on €, (1.3)

fszm:

In such case, we will assume throughout the paper that A = 0. More precisely, given a triple (u,m, A) satisfying
the previous system, we tacitly replace f by f — A. The previous question is formulated in terms of stability
properties of PDE systems, but it can be rephrased within the context of optimal control, in particular when
6 = 0. In such case, looking at the static Mean Field optimal control problem, that is, of the functional

Fw) = [ Gl + P m()dy
subject to
—Am + div(mw) =0, on / m(y)dy =

we want to investigate conditions on static minimizers (or critical points) (@, m) ensuring their ability to attract
minimizers (or critical points) of F as T" — oc.
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Being the PDE system under consideration at the crossroads of Mean Field Games and (infinite dimensional)
optimal control, we can borrow intuitions from both sides. In the optimal control literature, the phenomenon
that solutions spend most of the time close to a steady state is often referred to as the turnpike property. Its
analysis has a long history that started in the ’60s, though the first observations in applied sciences go back to
works of von Neumann. A fundamental observation coming from the optimal control literature is that (local)
stability of stationary states originates from the (local) saddle point structure of the optimality conditions (or
extremal equations, or Pontryagin system), that takes the form of a Hamiltonian system. This fact was already
suggested in [2] in the Linear-Quadratic setting, and it has been more recently developed in general frameworks
in [3-6]. We refer to the very nice survey [7] for historical insights, recent developments and further references.

The renewed interest in the turnpike phenomenon in optimal control has grown in parallel with the study of
long-time behavior in Mean Field Game theory. Within this context, we mention the pioneering works [8, 9] and
the more recent ones [10-14]. The common thread in these contributions is the presence of some assumption that
guarantees in fact a global turnpike phenomenon: both dynamic and stationary solutions are unique, and the
former converge in long time to the latter independently of the initial / terminal conditions. These assumptions
typically take the form of monotonicity (or “smallness” of the data in some sense). It should be stressed that
turnpike is usually intended in this global sense, while here we focus on local stability. Whether it is possible
to observe a global turnpike behavior in presence of several stationary states is a difficult, interesting question,
and the answer is very likely to depend on the specific model under consideration. Nevertheless, if there was a
specific, global mechanism that drives trajectories close to a certain stationary state, what we could deduce via
the methods developed here is that such stationary state would be in fact exponentially attractive, provided
that a mild nondegeneracy condition (not related in general to monotonicity) holds.

The main purpose of this work is indeed to investigate problems with absence of monotonicity, where multiple
stationary states are likely to coexist. The stability analysis of stationary equilibria in non-monotone frameworks
has been addressed in few works [15-18], but it seems at this stage still limited to quite specific models. See also
[19] for the application of Weak KAM methods to MFG. In fact, without monotonicity, dynamic phenomena
that are far from the turnpike one have been observed, such as periodic behavior [20] or heteroclinic connections
[21].

It is important to observe that, once specialized to the MFG setting, the methods developed in optimal
control theory seem to require assumptions that resemble the ones of monotonicity (at least in a local sense).
That is why, though we are taking inspiration from those methods here, some ideas will be introduced to address
truly non monotone situations. This crucial point will be discussed in detail in Section 1.1.

The presence of the quadratic Hamiltonian simplifies the analysis: the method presented here exploits a sort
of symmetry property of the MFG, which looks clear in the quadratic case. This symmetry property will be
clarified and formalized in a general sense in Section 1.1 below.

We now state the main results. The crucial assumption is that we are given a stationary state (@,m), that is
a (classical) solution to (1.2), satisfying the following properties (note that m is everywhere positive).

(S) e The identity Dm = —mDa holds on €,
e i satisfies a Poincaré inequality with constant C'p > 0, i.e.

/Q g2 (x)m()dz — ( / g(x)m(x)dx)2scp / IDgP(2)m(e)de Vg € W'2(mda),

o there exists n € (0,1) such that

/Qfm(m,m),uz-i-m‘D (%)‘2—1—5”2 dxzn/Qm‘D (%)‘de, (1.4)

m

for all 4 € L'(Q) N L>(Q) such that [, p(z)dz =0, p/m € Wh2(indz), p/m € L=(Q).
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While the first two points are generally expected to be true, the third one is way more delicate. This is a
sort of second-order positivity condition. A thorough description of its derivation, meaning and role in our
analysis will be given in Section 1.1. We anticipate here that (S) can be also seen as the positivity of a certain
“principal eigenvalue” for the linearized stationary system, as described in Remark 1.4. This is stronger than the
notion of stable solution explored in [22, 23], where, in some sense, it is required that zero is not an eigenvalue.
Note in particular that [23] focuses on the nondegeneracy properties of the linearized time-dependent problem.
Heuristically, what we do here is to show how to transfer the nondegeneracy properties of the linearized stationary
problem to stability properties of the time-dependent one, uniformly with respect to the time horizon. Several
examples of stationary solutions exhibiting such nondegeneracy properties, beyond the usual monotonicity
settings, are given below, see Remarks 1.7, 1.8 and Example 1.9.

The first result is technical, but crucial to develop what follows. It is an a priori estimate on solutions to the
MFG system describing a contractivity property; in particular, it states that if we are given a solution (u,m)
that is e-close to the stationary solution (@,m) (in terms of a suitable weighted in time sup-norm), then it has
to be in fact 5-close to (u,m), at least if the initial/final condition (m(0),ur) is close enough to (m, a).

Theorem 1.1. Assume that (S) holds. Let (u,m) and (a,m) be (classical) solutions to (1.1) and (1.2)
respectively, such that

nw=m—m, vV=u—1Uu

satisfy the integrability conditions (2.1). Then, there exist € > 0,5 > 0,0 > 0 (which depend only on m,a,n, f,
but not on the time horizon T ), such that the following is true for all v <7, § < o: if

lmo(-) — M)z () + [[w(T, ) = a()|[wre @) <7,

H””)m‘(’;‘“ + |[VaODuT, ) - Dag)|
)

[m(t,) —m()re@) <& (ef‘”t + e*UQ(T*t)> vt €10, T,

<7
L2 () K

L2(Q

then
[m(t, ) —m()lLe@) < % (e*‘”t + e*"z(T*t)) vt € 10,77,
where 01 = Z—I_‘f and o9 = Z—_T_‘ls,

This estimate is fundamental to obtain the main result, that shows (via a fixed point argument) the existence
of at least one dynamic solution satisfying the (local) exponential turnpike property around (@,m), provided
that the initial / terminal conditions are close enough to the stationary state. We state and prove the theorem
in the simpler case where 2 = T", to avoid some non-compactness issues.

Theorem 1.2. Let Q = T™. Suppose that (4,m) is a (classical) solution to (1.2) and that (S) holds. Then,
there exist constants € > 0,7 > 0,0 > 0 (which depend only on m,u,n, f but not on the time horizon T ), such
that, if

6 <o, [mo(:) =m()re(rn) + ur() = w()llwroemm) <7,

then there exists a (classical) solution (uT,m™) to (1.1) satisfying the following property:

||mT(t7 ) _ m(')”Lm(Tn) < g (e—mt + e—az(T—t)) Vit € [O,T],
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where o1 = Z—;f and o9 = Z—ﬁ.

The (local) turnpike property of Du to Du is also obtained, in the weighted-L? sense (see Thm. 4.1 below).
Note that a bootstrap argument would allow to improve the L? sense into the L one, and then one could
propagate the turnpike at the level of the value function wu; this further step would be rather technical, and it
will not be detailed here. Note that the existence of at least one trajectory that spends most of the time close
to (u,m) is the best that one can expect in general, and it is sometimes false that all trajectories satisfying
the initial/final conditions enjoy that property, see for example the discussion at the end of Remark 1.8; the
presence of heteroclinic connections can also give rise to the existence of trajectories that are arbitrarily close
to a stationary state at times 0,7, but spend T'/2 time close to another stationary state, see for example [21].

Finally, we can pass to the infinite-horizon T" — oo limit to produce a dynamic equilibrium on the time
interval [0, 00), and having (%, m) as a long-time limit. This result is given by Theorem 4.3.

The paper is structured as follows. The rest of the introduction contains a heuristic description of the method
and several remarks on (S) . Section 2 is devoted to the proof of the crucial a priori turnpike estimates in L2,
and these are improved to L in Section 3. Finally, in Section 4 the existence of solutions satisfying the turnpike
property is proven. In the Appendix, some precise estimates on solutions to linear equations in divergence form
are given.

1.1. Discussion on the method

Consider systems (1.1) and (1.2), with solutions (m,«) and (m, @), respectively. The approach developed here
is of perturbative nature, namely, it revolves around the analysis of the couple

wi=m-—m and vi=u— U,
that solves the PDE system
-0 — Av+ (Dv, Da) + 6v = f(z,m+ p) — f(z,m) — ‘D;’lz, on (0,T) x Q
Oipp — Ap — div(mDv) — div(uDu) = div(pDv ), on (0,T) x Q
w0,) = po(-) =mo(-) =m(:)  o(T,) =vr() =ur(:) —u(-), on

Consider now its linearization :

Op = Ap + div(mDw) + div(uDa),
0w = —Av + (Dv, D) — frn(x, M) + dv.

Our main purpose is to understand the stability properties of the equilibrium state (0,0). Since we want to
write the previous problem as a Hamiltonian system, consider first the exponential transformation

it ) = p(t,z)e”

o(t,z) == v(t,x)e” 2,
that satisfy the following system of linear PDEs:

Ot = Al + div(pDau) 4 div(mDv) — g/}
00 = —AD + (Db, D) — frn(z, M)t + §

=
+
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and that can be rewritten in operator form as follows

il [A-31 -BB* |[&
o] | —Q  —A*+13I)|0)°

where

Ah = Ah + div(hDa),
A*h = Ah — (Dh, Du),
BB*h = —div(mDh),
Qh = fm(x,m)h.
Notice that the operator h — —div(mDh) is self-adjoint and positive, hence it can be written in the form BB*,

where Bf = —div(y/mf). Being a strictly elliptic operator, we may think of its inverse! (once a normalization
condition is introduced). Note also that @ is symmetric. It is well known that, for the Hamiltonian matrix

A-3%I -BB*

M= Ay

if A € C is one of its eigenvalues, then \*, —\, —\* are eigenvalues, too.

Now, linear stability of (0,0), and in particular the turnpike behavior close to it, comes from its hyperbolic
nature: we need to prevent M from having purely imaginary eigenvalues, that is, if w is any non zero real
number, then the operators matrix

A-3T—iwl —~BB*
-Q —A* + 81 —iwl

must have trivial kernel. So, let (fi,7) be such that

A— LI —iwl —~BB* i) _[o
-Q —A* 4 31 —iwI| |v] — |0]”

we have to verify that the only solution be (fi,%) = (0,0). From the first row, we derive that v = (BB*)~*(A —
81 —iwl)f, from which

{Q + A*(BB*)™'A — g (A*(BB*)™' + (BB*)'A) 4+ iw [(BB*)"'A — A*(BB*)™ ']
+ <T +w2> (BB*)l} i =0.

Since BB* > 0, to guarantee that the only solution be i = 0 we may assume that

(i) @+ A*(BB*)'A— $ (A*(BB*)~!' + (BB*)"'4) > 0
(i) A*(BB*)~' = (BB*)1A

TNote that the invertibility BB* is sufficient for the (linear) controllability of the system.
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Let us first show that () is a symmetry property that is clear within the quadratic Hamiltonian framework
by identity Da = —Dm/m. Indeed, note first that,

(BB*)f = —div(mDf) = —(Dm,Df) — mAf =m(Du,Df) —mAf = —mA*f = —T;A"f,
where T}, is the multiplication operator by m. Similarly,
(BB*)f = —div(mDf) = —div(Dmf + mDf + mfDu) = —A(mf) — div(mfDu) = —ATxf, (1.6)
hence,
(BB")A* = —AT; A* = A(BBY).
To better understand (i), observe first that?, by (1.6),
(BB) 'Au=-L£
and again by Du = —Dm/m,
A*(BB*) "L Ap = —A% + (D%, D) = —%div (mD (%)) .

Recalling the definition of @, we put all together and we rewrite (i) (using the L? scalar product and integrating
by parts) as

0 Jm(z, m)lf +m ’D (%) ’2 + 5%2(11‘ > 0.

This inequality is closely related to (S) : in fact (S) is a strict version of it. We will show below why the strict
version of inequality is needed.

We are going to elaborate more on (S) in the next subsection. Before we do that, we continue our discussion
on the (linear) stability argument, assuming for simplicity that 6 = 0. For comparison purposes, we start with a
brief description of the viewpoint adopted in [3] (which is also common in the MFG literature, see for example
[8, 9]), that looks at the evolution of the state/adjoint-state quantity

Using the equations (1.5), (i = p and © = v since 6 = 0)

U(t) = —((BB")o(t), v(t)) — (u(t), Qu(t))

Then, by the Cauchy-Schwarz and Young inequalities, assuming that both BB* and @ are positive definite,
there exists ¢ > 0 such that

U(t) < —c[W(t)]. (1.7)

This differential inequality is the core of the exponential stability: once integrated over time, it gives the
exponential decay in time that is typical of the turnpike property. In other words, ¥(¢) can be regarded as a
Lyapunov function.

2This observation appears also in [9].
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A fundamental observation here is that assuming that @Q is positive definite in our setting amounts to ask that
fm > € > 0, that is exactly requiring the so-called Lasry-Lions monotonicity condition. Note that this assumption
is required in several works on the turnpike property in optimal control [3-6], and forces the functionals F, F
described in the introduction to be optimized to be uniformly convex (at least close to the stationary point).

The main purpose of this paper is to address situations where such monotonicity / convexity fails. Since
Q@ # 0, we need to take a different route, starting from the identity

—(BB") 'i=v— (BB*)"'Ap.
Letting
O(t) = (u(t), v(t) — (BB*) " Au(t)),
We have
b = —{j1, (BB*) i) + {4, ~Qu — A" — (BB*) "' A(Aj — BB"v)).
Using the symmetry property (%),

b = — (5, (BB) ") — (1. Qu) — (1, A*(BB*) ™" An), (1.8)

which gives, assuming (%),

(BB i) = — <0 > (i, (BBY) i),

It should be clear that it is not possible at this stage to derive an inequality of the form (1.7), that is to
control the right-hand side from below by ¢|®(t)|; to this purpose a stronger form of (i) is required, for instance
ensuring the presence of further term proportional to (u, (BB*)~!u) in the right-hand side. By the structure of
our problem, it will be in fact more natural to assume that there exists n > 0 such that

Q + A*(BB*)"'A>nA*(BB*)"'A,

which is exactly the main requirement in (S) . This allows to reach the inequality

—0(t) = c[®(t)],

that, arguing as above for ¥, gives the exponential stability.

As the reader will see (Prop. 2.2 below), there will be no explicit use of the operators A, BB*... below, though
all the arguments are clearly inspired by the previous discussion. Turning indeed to the explicit form of the
operator (BB*)~1A obtained above, one should look at the evolution of (now for general § > 0)

(1) = /Q o0t (,u(t,a:)v(t,a:) + m> dz.

Following the previous computations we obtain

b(t) = [« o+ m|p (L) + 2 Do+ o (L) | (19)

stationary dynamic
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It is very convenient to recognize here the splitting between the “stationary” component and the “dynamic”
one, as it clarifies the role of the static optimization problem in the dynamic one. Once again, the second term
is related to the dynamic behavior of the system for the following reason: observe that

Ap + div(uDa) = div(Dp + pDa) = div (mD (%)) :

Therefore, the (linearized) equation for p can be rewritten as
Bt — div(mDv) — div (mD (i)) =0 = Oy = div (m (Dv +D (@))) :
m m

hence the vector field Dv + D (%), appearing in the “dynamic” part of (1.9), drives in fact the evolution of pu.

Note that we have focused here on linear stability only. In the general, nonlinear case, the proof of the
exponential decay of the quantity ® goes along similar lines, but one needs to handle the presence of lower order
terms. There is also some technical work that is needed to derive decay bounds on weighted L? norms, then
on L* norms. Moreover, the presence of § > 0 also needs to be handled with care; in a sense, this is a further
perturbation of the problem. Indeed, the previous argument gives the exponential decay of <i>(t) =e %®(t). To
recover the exponential decay of ®(t), one then needs ¢ to be small enough, since the exponential decay for ®
from the one of ® takes the form

o= (0=t | o—(a+3)(T—1),

There is another, elegant approach that allows to turn the linear exponential stability into the nonlinear
one, that relies on the analysis of the Riccati feedback operator £(T)uo = ©(0), where (0, 1) is the solution
to the linear system (1.5) with final condition o(7") = 0 and initial condition i(0) = po. As shown in [24], the
exponential convergence as T — oo of £(T) is all that one needs to get local, nonlinear long time stability of
the stationary state; such exponential convergence is proven in [24] using the classical Lasry-Lions monotonicity
argument; the approach proposed here allows in fact to show that exponential convergence of £(T") holds also
under the weaker property (S).

1.2. The assumption (S)

We discuss in this section the assumption (S).

First, the identity Dm = —mDu is true if m(z) is proportional to e~%®): this ansatz gives in fact a solution
to the stationary Fokker-Planck equation, so any given solution m is actually proportional to e™% provided that
uniqueness for the Fokker-Planck equation holds. This uniqueness issue has been largely explored, and it holds
under rather mild integrability assumptions, for instance if Du € L?(m), see [25], Example 5.5.4 (we refer to
the same monograph for a thorough discussion on uniqueness).

Similarly, there is a large body of literature on the Poincaré inequality for m if Q is bounded (that goes
under the name of weighted Poincaré inequality); this is valid for example if m is regular enough and bounded
away from zero (which is our case, by elliptic regularity and the strong maximum principle). When © = R", an
additional care is needed: the inequality is somehow related also to the behavior of m as z — oo, and it is true
in many situations, see for example [26].

The main restriction in (S) is the inequality (1.4). We first observe that, under mild assumptions on f, such
inequality has equivalent formulations.

Lemma 1.3 (Equivalent formulations of (S)). Assume that m, fn,(-,m(-)) € L>(2), and that m satisfies a
Poincaré inequality. Then, the following properties are equivalent :

() fo fonlz,m)p? + 1m0 |D (L) + 6teda > 1 [m |D (£)]" d;

m m
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(0) Jo fonlwmyp? +m |D (5)[° + 5t de =0 [, i da
(¢) Jo Frnlar,m)ps? 4+ m D () " + 0l da > " [ 2
for some n,n',n" >0 and for all € L*(2) N L>(Q) such that [, p(z)dz =0, p/m € W2 (mdz).
Proof. Suppose that (a) holds. The first implication is a simple application of the weighted-Poincaré inequality

for £. In fact, we know that
/ (@) mdr = / pudx =0,
Q \m Q

hence

2 2 (a) 2
/j}n(x,ﬁl),u2 + m’D (@)’ + 5ﬂfdx > n/ m’D(/f) /mu—dx _ Mfd:z:,
o) m m Q m

CP om

where Cp is the Poincaré constant of m. Therefore, (b) holds with ' = Ci
Next, let (b) hold. Since m is bounded from above and non-negative, we have that

/
R (LTS
o m 17l £oe ()

hence (c¢) holds with " = W
Finally, let (c) hold. Take € € (0,1). We can split the left hand side of (c) into two pieces, as follows

[y ot o (5 ot

=(1-) [ utwmnt +m|p (L) + 5
Q m m

—l—E/fmJ;m ’D(ﬂ)‘ +5%2d33

m

2(1—a)n”/ﬂqux—l—E/Qfm(x,m),u2—l—m‘D( )‘Q—F(S%le‘

Si= S=

:/Q[(l—5)77”+6fm(x,m)},u2dx+£/9m’D( )‘2—1—5%2@:

_ "o e 2 ~ ﬂ 2 &2 —
> [ [0 = ellfnmllim@] wdo+e [ m[D (L) +shar—a

"

n
_ we have
N+ frn () [ Loo () ?

Now, choosing € =

(1 — E)nn — 5Hfm('vm)”L°°(Q) =0.

Hence, we proceed from A to get

/!

Ul / _ ‘ % ’2
> - m|D(—=)| dz,
0"+ 1 fm (M) L) Ja <m)
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1"

n
N+ frn (M) [[Loo (@)

so that (a) holds with n := O

Remark 1.4 (The principal eigenvalue). The inequalities (a), (b), (c) of the previous lemma can be interpreted
as bounds from below of certain quotients of Rayleigh type. For instance (b) reads as

p dofml@ ) +m D (@) + ot da

>n > 0.
fsz n=0 Q %dx

If such infimum is attained at some pu, then (formally) the following equality holds
1
fm(x,m)p — —div (mD (@)) —|—5ﬁ :mg + 4, (1.10)
m m m m

where 771 > 1’ and £ € R (£ can be characterized in terms of y,m). Via the change of variables v = —£ and the
identity Du = —Dﬁm one finds the PDE system solved by the triple (v, u, £):

—Av + (Dv, Du) + 0v — fr(x,m)pp =muv+ £
Ap + div(mDv) 4 div(pDu) = 0, (1.11)
Jou=0.

So, another way of seeing (S) is that

the first (or principal) eigenvalue 11, that is the smallest number m;

such that (1.11) has nontrivial solutions, must be positive.

Arguing similarly with the inequality (c) yields an eigenvalue problem of the form

—Av + <D’U7Dﬂ> + ov — fm(xam)ﬂ = —th +£
Ap + div(mDv) + div(pDa) = 0,

Jou=0.

Though all considerations are made here in a merely formal way, it would be interesting to develop a systematic
spectral theory for the present problems.

Remark 1.5 (Non-local couplings). The methods proposed in this work can be adapted easily to problems
involving non-local couplings, that is, when f :  x R — R is replaced by f: Q x P(Q) — R, where P(Q) is
the space of probability measures over €2, of course under suitable regularity assumptions on f. Indeed, the
approach relies on linearization arguments, that, in the local case, involve expansions of the form

[, m(z) + p(@)) — [, m(@)) = fm (e, m(z)p(@).

In the non-local case, one would work with the expansion
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where 0,, f is the so-called flat derivative. In particular the main inequality in assumption (S) would take the

form
| bt putunteayds + | D (B + e =y [l (£) o

We now point out that (1.4) can be also related to local minimality properties of m for a static optimization
problem, at least when § = 0. This is motivated by the fact, already mentioned in the introduction, that the
stationary PDE system (1.2) constitutes the optimality conditions of the minimization of the functional F(m,w)
under the constraints —Am + div(mw) = 0 and [, mdz = 1. In the quadratic case, it is possible to further
simplify the static optimization problem by introducing a functional F , which depends only on the variable m,
defined as follows

| 2

|Dm
m

F(m) ::/QF(at,m)+ 5 d:c:/QF(x,m)—i—2|D\/ﬁ|2d:L‘, V\/EEWLQ(Q),/Qm:L

The next Lemma explains that (1.4) holds whenever m is a strict (local) minimum of F.

Lemma 1.6. If m is a minimum for F such that m is continuous and everywhere positive, then (1.4) holds
with n = 0. If, moreover, there exists ' > 0 such that

/!

F(m) - Fm) > L / (m—m)*de  Vyvme Wh3(Q), (1.12)
2 Ja

then assertion (c¢) of Lemma 1.3 holds (hence (1.4) holds for some n > 0).

Proof. Take p such that p € L*(Q) N L>®(Q), [,pu(z)dz =0, p/m € WH?(mdz). Assume also that it has
compact support. We take a small variation around the minimum m, namely m + eu, for € > 0 small enough
so that m + ep > 0 (recall that m is continuous and everywhere positive, and p € L°). Then, we compute
variations of F as follows

F(in + ep) = F(m) + 6F(m)[ep] + %52]7‘(@[6#, o

_63/9 [2(11771)‘13 (M>‘2—/01 Qfmm(x,m+s€,u)u3ds dz,

where

(D, D) |Dmf?

Fm)lep] = [ 2Ty S b f(amda,

S2F(m)[ep, ep] = 2 /Q m ’D (%) ‘2 + fonlx,m)p? da.

Since 7 is a minimum of F, then letting & — 0 implies that 6 F (m)[1] = 0 and 82F (m)[p, 2] > 0 for all p (with
compact support). Note that, if © has not compact support, one can construct a sequence ugr = (1t — cgr)p(z/R),
where ¢ is a cutoff function, cg = [ ¢/ [¢ , so that 82 F (m)[wr, wr) — 62 F (m)[u, p] as R — oo; therefore,
(1.4) holds with n = 0.

For the second assertion, if we assume the validity of (1.12), then m is still a minimizer of F , and

- - 2 1 o~ 2
Fom -+ en) - Fom) > "= / pPda = L F(m)les el + o) > T / J2da,
Q Q
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from which we derive Lemma 1.3(c). O

In light of the previous lemmata, we have the following observation on the generic nature of (S) .
Remark 1.7 ((S) is a generic property of minimizers). Note that any (constrained) minimizer m of

| Dm/?

F(m) = /QF(x,m) + dzx

2m

gives a stationary solution of the PDE system (1.2). Indeed, taking variations we have 6F (m)[u] = 0 for all test
functions y such that [, = 0; this means that

_ _ 12
_div <Dm> 1 ‘Dm

+ f(z,m) = A

m

2| m

for some A € R. If we let @ = —log m, then the triple (@, m, ) solves (1.3). Note also that the left-hand side of
(1.10) is nothing but the linearization of the previous equation.
Now, for any 7" > 0, one can define

/!

Fyr(m) := Fm) + L. / (m — m)? da,

and clearly m is also a minimizer of .7?77//, yielding in particular a solution of

Al — ‘D§|2+f(a:,m)—|—n”(m—m):0, on
Am + div(mDu) = 0, on ,
Jom=1

Moreover, ]?7,// satisfies the inequality (1.12), hence (S) can be verified. In other words, any minimizer m of a
given problem with coupling f is actually a (locally) stable solution of a (slightly) perturbed problem, having
the coupling f + n”(m — m). This is true without any assumption on the sign of f,,, and becomes of course
relevant when f is monotone decreasing, in which case several stationary states may coexist (as f + 7" (m —m)
remains decreasing if " is small).

The construction and the analysis of minimizers of problems involving non-monotone couplings has been
carried out in several works, see for example [27-32]. The study of their nondegeneracy properties is, to our
knowledge, open even in special cases. We believe that this constitutes an interesting research direction: in light
of our results, such nondegeneracy would be in fact sufficient to show that those stationary minimizers are
actually locally stable for the time-dependent problem.

To this purpose, note that the minimization of F can be recast, after the change of variables m = ¢? into
the minimization of

@H/F(fﬂ,wzH?IDw\zdx, Vo € Wl’Q(Q),/ p*dr =1,
Q Q

that is related to the normalized solutions of the (stationary) nonlinear Schrodinger equation, and several ideas
from the literature on nonlinear Schrédinger equations could be borrowed to prove nondegeneracy of solutions,
see for instance [33, 34].
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Remark 1.8 (The local Lasry-Lions mildly non-monotone case). In the standard global Lasry-Lions mono-
tonicity regime, that is when f,,, > £ > 0 everywhere, it is clear that Lemma 1.3 (c) holds with " = ¢, and so
(S) holds. Actually, we can allow for a local, mild non-monotonicity assumption

. _ _ 1
;Ielg fm(z,m(x))m(x) = —c > o (1.13)

Indeed, by means of the Poincaré inequality,

2 2 1 2
/ fm(x,m);ﬁer’D (@)’ +(5'ufdx > (c+> Mfd:v,
Q m m Cp) Jom
and Lemma 1.3 applies.

We stress that (1.13) is a local assumption. As an illustrative example, consider, in dimension n = 1 and
with § = 0, the problem with coupling

that has the trivial stationary solution (@, m,\) = (0,1, A) for every A > 0. We have that m satisfies (S) : Cp
is the constant of the standard Poincaré-Wirtinger inequality, and f,,(x,m) = 0, hence (1.13) holds. So, m is a
stable solution (for every A > 0).

Note that f is not globally Lasry-Lions monotone (not even in the mild sense), since f,,(m) — —oo as m — 0.
Actually, the problem admits another stationary solution (&, m, 5\), that is given by the global minimum of the
minimization problem

- 1/2 A Dm? e
F(m) = / Am®? — Az AP 4 e W“(T),/ m=1.
—1/2 5 2m -1/2

Indeed, such a minimum exists (as the exponent 3/2 is mass-subcritical in dimension one, see e.g. [27]) and
it is not achieved by m = 1 when A is large. To verify this, take any smooth ¢ € C§°(—1/2,1/2) such that
V@ € WH2(=1/2,1/2). Then, for r > 1,

~ 1/2 A | Dg|?
F(rq(r)) = / Art/2g3/2 gr3/2q5/2 + 7“272(] dz = A(arr'’? — aer®/?) + asr?
~1/2

3/2

where a1, as,as > 0. Choose r large in a way that a;7'/2 — a9r3/? < 0. Then, for A large enough,

f(m) = II}YILnf(m) < .f(rq(r-)) <0< % = f(m)

Note that a minimizer 7 cannot satisfy (S) , since the problem is translation invariant and {m(- — y)}yer
provides a continuum of minimizers, that are degenerate: (1.4) holds only with n = 0. Nevertheless, the problem
could be perturbed in a way that m becomes stable (see Rem. 1.7), and it is reasonable that the trivial solution
m = 1 would be perturbed into another stable solution. Note also that the geometry of F suggests the presence
of another family of solutions of mountain-pass type, arising from the presence of the isolated, local minimum
m and the global minima {m(- — y)}yer.

We also observe that stability of the trivial stationary state guarantees the existence of dynamic equilibria
that remain close to it, at least for initial / final conditions that are close. Anyhow, even if we take the initial
/ final conditions to be exactly m(0) = m =1 and u(T) = @ = 0, we cannot expect that all solutions (u,m)
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coincide with (@, m) for all times, not even that the two couples are always close. Indeed, it would be convenient
for any dynamic minimizer (u,m) (that is a minimizer of the corresponding time-dependent functional involving
F and a Lagrangian term related to the velocity) to be close to (some translation of) (i,7m) for most of the
time.

Finally, the local condition f,,(x,m(z)) > —c/m(z) is comparable with the one assumed in [14], that reads
fm(x,m) > —v for all x, m. Despite the difference between the local/global nature of the two conditions, it could
be noticed that the first one appears to be somehow weaker when tested on problems on the whole Euclidean
space, where m(x) typically vanishes as © — co. However, our local condition just guarantees local stability,
and we do not know whether the monotonicity of f(m) + clogm (for small ¢ > 0) would be enough to imply
global uniqueness (as when f(m) + ym is monotone increasing [14]).

Example 1.9 (A Linear-Quadratic-Gaussian problem). Let g : (0,00) — (0, 00) be differentiable. Consider a
stationary problem with § =0, n =1 and 2 = R with quadratic cost and coupling via second-order moments
of m:

—lUgg + 3U2 + A =g (Jpz?m(z)dz) 2?, onR
Mgy + (Miy), =0, on R.

Using the standard Quadratic-Gaussian ansatz, we get solutions of the form

Ly 72 6712/(21\7[) 1
(% m, ) = ma W’ ﬁ
if (and only if)

1

g(M) = YVE

Notice that M = fR 2%m. In other words, given g, it may intersect the curve M +— 1/(2M?) several times, and
each intersection gives a stationary solution. Are these solutions stable? We claim that if

— 1
9'(M) > — 55, (1.14)
then any (v, 1, £,n) such that ||[v"|| Lo (), | 2% ul| L2 ®) < 00 satisfying the linearized system
—Ugq + Vg - Uz — g/(M) (f]R yQM(y) dy) .’1,‘2 =Tnv + 14
foa + (M- Vg)z + (1 Ug)z =0, (v=—p/m) (1.15)

Jen=0.

is such that n > n; for some n; > 0. This has a strong connection with the validity of (S) , as discussed in
Remark 1.4. Interestingly, —M —3 is the derivative of M ~2/2, hence any time g crosses M ~ 1/(2M?) from
below, a stable solution (in the sense of spectral properties of (1.15)) is generated, see Figure 1. Local mono-
tonicity in the Lasry-Lions sense holds only if ¢’(M) > 0, and it can be checked that displacement monotonicity
(see [13]) is locally verified only if ¢/(M) > —M~3/4, hence our analysis can detect further (locally) stable
solutions.

Before we proceed with the proof of the claim, it should be noted that the existence Theorem 1.2 does not
apply directly to this example, which is set on the unbounded space R, and involves solutions with quadratic
growth like @ (that is the reason why it is reasonable to restrict to perturbations v having bounded second
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FIGURE 1. Solid line is the graph of g(M), while dashed one is the graph of (2M)~!. Intersec-
tions indicated with black dots give rise to stable stationary solutions.

order derivatives). In addition, the problem involves a nonlocal coupling rather than a local one (see Rem. 1.5
on this aspect). We still believe that this example is instructive, since it shows how to apply our arguments in a
specific situation that exhibits several stationary states. We believe that a more general version of Theorem 1.2,
accommodating a framework where solutions are unbounded like % (and not necessarily quadratic polynomials
in z), could be obtained with some additional technical work.

To prove the claim, we observe first that v (with bounded second derivatives) can be only a quadratic
polynomial. Indeed, let w(z) := v,,(7) be the second derivative of v. If we plug %, = x/M in (1.15) and
differentiate twice the equation for v, we get that the equation satisfied by w is

Wy + %wz ‘x— (77 — ]\24) w = 2g'(M) (/R v u(y) dy) : (1.16)

Equation (1.16) takes the form of a (non-homogeneous) Hermite equation. Now, if the right-hand side is zero,
it is well known that the values of 1 which give solutions with polynomial growth are

1
n = (2 2)— e N.
M=02n+2)= n

In particular, for each 7, the corresponding (admissible) solution w is the Hermite polynomial of degree n.
Since we are looking for a bounded w, we just focus on the node n = 0, which corresponds to w = C, for some
constant C. Therefore, the function v is a polynomial of degree (at most) 2. Otherwise, if the right-hand side

g' (M) (fR v u(y) dy) # 0, then we have

w(z) := z(z) + 29'(M) gRE/Q“(y) dy) 7
v

where z solves

+ ! 2 0
—Zzx = Rx "L — - | =V
M TN

As above, z is constant, hence v is quadratic (note that if n = 2/M we are done, since such value of 7 is positive).
Then, v solving (1.15) has to be of the following form:

v(x) = ax® + B + 1.
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Note that, since fR p = 0, testing the equation for p by 22 gives the identity

/ z?pde = —2aM?,
R
hence plugging the two identities above into the equation for v gives the following set of conditions:

2ﬁo‘Jr20z]\7[29’(l\74) = na
=18
—2a=ny+/¢

Notice first that the case « = 8 = 0 has to be ruled out, since, by the identity v = —u/m, if v is constant then p
is constant as well, but identically zero since [ p =0, so (v, u) is the trivial solution. Hence, assume that o # 0.
Then from the first equation

2 _ _
=57+ 2M?g' (M) > 0

in view of (1.14). If a = 0, the second equation forces = < > 0 (since 3 cannot be zero). Therefore we obtain

_ _ M
that n > min{% +2M?g' (M), 57} > 0.

1.3. Final remarks and open questions

Remark 1.10 (More general Hamiltonians). The presence of a quadratic Hamiltonian allows to present the
approach proposed in this paper in a more transparent way, but we believe that more general situations can be
addressed similarly. If we revisit the discussion of Section 1.1 replacing the Hamiltonian |Du|? by H(z, Du), we
first observe that the linearized parabolic system reads

Ot = Ap+ div(pHy(Da)) + div(mH,,(Du)Dv),
0w = —Av + (Dv, Hy(Du)) — fm(x,m)u+ 6v

so we have the same operator form with

Ap = Ap + div(uHp(Du)),
BB*v = —div(mH,,(Du)Dv).

Heuristically, our approach can be developed following almost identical lines provided that the symmetry
condition

A*(BB*)™' = (BB*)'A

holds. There are situations besides the purely quadratic one where the previous identity is satisfied, but those
will be explored in future work.

Remark 1.11 (The potential structure). In the MFG framework, the variational point of view on the problem
under consideration is related with the structure of the Lagrangian cost |a|? + f(z,m). It is known that, given
a more general Lagrangian L(z, «, m), a potential description may not be available. Nevertheless, the approach
presented here may still apply, since it works at the level of PDE systems; indeed, one would need to linearize
the parabolic problem, and address the symmetry and nondegeneracy conditions discussed in Section 1.1.



18 M. CIRANT AND N. D. BERNARDI

Moreover, one could replace f by a nonlocal coupling (see the previous Rem. 1.5); while in the local case the
problem with cost |a|? + f(z,m) has always potential structure, the nonlocal case may fail to have a variational
characterization.

Remark 1.12 (Large discount). The approach proposed here requires ¢ to be small; if one looks at the main
statements, the presence of the discount “unbalances” the forward / backward in time exponential decay terms,
and the arguments break down if § is too large. The validity of the (local) turnpike phenomenon is not clear
when 4 is large, and it would be worth investigating, also in light of the recent results [35, 36] on models involving
large 4.

Remark 1.13 (Final condition depending on m). If one replaces the final condition ur(x) with an m-dependent
final cost g(xz, m), we expect that a local Lasry-Lions monotonicity condition of the form g,,(x, m(x)) > 0 should
be sufficient to preserve the stability of (@,m); indeed, that would add to ®(T") a positive contribution, which
would preserve the validity of the crucial estimates on ® (see for example 2.9).

Remark 1.14 (Dissipativity). The approach presented here can be also revisited under the lens of (local)
dissipativity, a notion that is known to be connected to the turnpike property in optimal control theory (see for
instance [4]). In particular, integrating (1.8) on [t1, 2] gives

B(t1) > [ Qu) + (0, A" (B Ap)d + B(t),

t1

and whenever the right-hand side controls from above |, :12 |p|?, it is known that the turnpike property can be
proven, at least in an integral sense (this kind of control from above is in fact our assumption (S) ). Comparing
the previous inequality with [4], Definition 1, one may recognize that ® plays the role of a storage function,
though it is time-dependent (and not state-dependent) and the inequality is reversed.

We also mention the work [37], that uses the notion of local dissipativity to address the local turnpike property
in some discrete-time optimal control problems.

2. L? TURNPIKE A PRIORI ESTIMATES

The results in this section are the crucial steps towards the proof of Theorem 1.1, and concern the L? local
turnpike behavior of solutions. Let us first recall the non-linear system which comes by taking the difference
between the equations satisfied by u,m and their stationary counterparts @ and m :

—dyv — Av + (Dv, Di) —f( +p)+ fom)+ 2L 4 50 =0, on (0,T) x Q
Oipe — Ap — div(mDv) — div(pDa) — div(pDv) = 0, on (0,7) x Q
w(0,-) = po(:) v(T,-) = vr("), on €.
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Now, consider a solution to the previous system, i.e. a couple (v, ) which satisfies the two coupled equations.
We Taylor expand f around m with integral remainder, so that the first equation becomes

| Dvl?

D
— Oy — Av + (Dv, D) — fo () — Ep® + Tv + v =0,

where  &(z,t) = /0 (1= 2) frm(z,m(z) + zu(x,t)) dz

We need to assume some integrability conditions for p and v in order to be able to perform the computations
in Lemmata of this section:

8t,LL(t), :U'(t) € Ll(Q)> /u'(t)v D,LL(t), D2,LL(t), :U'(t)/m € LOO(Q),
dyv(t),v(t), Du(t), D*v(t), D3u(t) € L>=(%),

/Qu(t)ZO

Remark 2.1. It is worth noting that, as all the estimates in this section are either monotone with respect to
the initial and terminal data or independent of them, they extend to the following PDE system:

for a.e. t € (0,T).

—0w — Av + (Dv, Dty — f(m +vp) + f(m) + 2L 4 50 =0, on (0,T) x Q
O — Ap — div(mDv) — div(uDu) — div(pDv) = 0, on (0,7) x Q (2.2)

1(0,+) =vue() o(T,-) =vop(-), on ,

for all v € [0,1]; this will be important to conclude the fixed point argument in Section 4. Indeed, it will be
crucial below to use the inequality in (S) in the more general form

/Qz/fm(x,m)ﬂ2+m’D(:l)‘2+i’fdm>n/ﬂm‘D (%)rdx,

where 7 is independent of v € [0, 1]. This is true because the inequality is assumed in (S) to hold when v =1,
while for v = 0 it is obviously satisfied with 7 = 1. The general case follows by convex combination.

The following Lemma is the fundamental tool to get a weighted L? exponential-type turnpike property, which
will be used in the next Section. Let us first denote by C the global bound on first and second derivatives of
f with respect to m.

| fm Lo (axr) + || frnm | Lo (axm) < Cf.

Proposition 2.2. Suppose that (2.1) and (S) holds. Let

B(t) := /Qe_& (u(tx)v(f,x) + M;EE;?) dz.

Then, there exist © <1 depending on m,n and a constant o > 0 depending on n,Cp,Cr,m (where Cp is the
Poincaré constant of m) such that, if

sup [|p(t, )l + sup [[Dv(t,-)|p=@) <O,
t€[0,T] t€[0,T7]
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then
B(T)e™(+HINT=) < H(t) < B(0)e~ (7791, (2.3)

for all t € [0,T], where

= e%P(t) = z)u(t, x UL x
B(t) = eB(1) /Qu(t, R

Proof. We proceed directly with the computation of the derivative of ®. We first perform some integration
by parts, recalling that Du 4+ pDu = mD (%), since Dmm = —mDu. Hypothesis (2.1) ensures the operation of
integration by parts (in particular when = R™) and that derivatives can be moved into integrals.

m

2
|:(at,uf)’l) + p(Op) — Spv + 2“(32“) 5“} dz
e % [u(Ap + div(pDu 4+ mDv + pDv)] dz
- 2, |[Dvf? —5t
e " \u| —Av+ (Dv,Du) — fr(m)p — &u +T+6U — dpve~ " dx

2
e 0 [2ﬂ (div(Dp + pDa + mDuv + ,uDv)} — 5/46_5tdx
m

2 2 . N\DUP Nji _’ Yk
e { m|Dv|* — p|Dv|? — fn(m)p? — Ep® + ——— 5 5771 2m D(m)‘ dz

e 9 | —2m (Dv,D ( >> —2u(Dv, D (4))} dz.
m m
From now on, for the sake of simplicity, we will denote by
K
z = —.
m

Changing all the signs, we get the following equality:

D 2 2
—o(t) :/ e~ 0t [% + | Duf? + f ()2 + Ep° + 5%
Q

+ 2m|Dz|? + 2m(Dv, Dz) + 2u(Dw, Dz)} da. (2.4)

We now use the hypothesis (S) with u. Hence, for all ¢ € [0,77],

2
/ Jm(m)p? +m|Dz|* + s dz > 77/ m|Dz|*dx, (2.5)
Q m Q
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for some 7 € (0,1). Then, if one plugs (2.5) into (2.4), this yields

D 2
—&(t) > / e o {”'27} + m|Dv|? + £ + (14 n)m|Dz|? 4+ 2m(Dv, Dz) + 2u(Dw, Dz)] dz
Q

_ st [WIDY]? | 2 = 2 3
=/ e 5 +m|Dv + Dz|* + npm|Dz|* + £u° + 2u(Dv, Dz) | dx.
Q
Since it can be easily shown that (as n € (0, 1)),
- 2 - 2 oM 2, N 2
m|Dv + Dz|* + nm|Dz|* > Zm|DU| + Zm|Dz| )

we can rewrite the whole inequality as follows:

L D 2
—d(t) > / o0t [Zm|Dv2 + Zm|Dz|2 e+ 20D, D2) + M2 ] g (2.6)
Q
Now, we deal with the last three terms of (2.6) using the smallness hypothesis on p and Dwv :
o 2u(Dv, Dz) > =2|u||Dv||Dz| > —20|u|| D2 > —OL — Om|D=?;
2 2
o &u° 2 —=Cp ||t )l oo o 1Ml Lo () B = —Cpllml L () O
o LuDuf? > ~|ullDvf? > ~ 36l De] > ~ 16K — tem|Duf
We plug all the previous estimates into (2.6) and we get:
2 (C] 2 50
_ (b(t) > /Qefétm|DU|2 |:Z _ 4:| + efétm|DZ|2 [g _ @} + e*&% |:—®Cf||m||L°°(Q) — T dz >
Now, since [, m(z)z(t, x)dz = [, p(t,z)dz = 0 for all ¢, by the Poincaré inequality we have that
12
—dz = / 22mdr < Cp/ |Dz|*mdz,
Qm Q Q
hence
z st (C] 5t _ _ 5071 u?
— D) > /Qe 3| Dul? {Z - 4] + e %m|Dz|? [g - @} + o0 [Sgp = OCslmlir=) — %dz.
Now, if

n n
O0<— and 0L
— 16 - 160p(0f||ﬁ”b||Loo(Q) +5/4)
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the following inequality follows:

L _ 3n _ 50 2
—®(t) Z/Qe 6t [lgm|Dv|2 16m|Dz|2 (80 — OC ||| Q)—) ﬂ dz

st 9N _ nou
> ot Du|? + Dz|? + Z1d
_/Qe [ m|Dv|* + m| z|* + IGCP_} T

2
n 5t [ =02 M —6tﬂ
> L 2.4
—3QCP/Qe (mv +m)+e o

where 0 = v — [, m(y)v(t,y) dy.
Hence, by Young S 1nequahty and the triangle inequality, we get that, for o = %,

2
/ po + P o
Q m

dz > oe™% > ge % = o|®(t)],

2
po + P o
Q m

P M2
—®(t) > a/ e_5t|m§| +e %
O m

since

/Q,u(t,x)f)(tw)dx:/ﬂuvdx—/ (t,2) (/m oty dy) dmZ/Qu(t,x)v(t,x)dx.

—=constant w.r.t. x

Then, we finally obtain that

from which, after integration on [t,T] and [0, 7], one gets

B(T)e 7T < &(t) < B(0)e™ 7,

which implies (2.3).
Finally, note that integrating (2.7) on [t1, t2] gives

ta 2 N B
/ / o0t [m|Dv|2 + D + | dadt < e[B(ty) — B(ta)],
t1 Q m

where ¢ depends on 7, Cp.

(2.8)

(2.9)

O

The next two Lemmata show how to convert the exponential decay estimate (2.3) into a similar one on p

and Dv.

Proposition 2.3. Suppose that (2.1) and (S) holds, together with the following condition on p and Dv:

sup ”:u’(ta')”LOO(Q) + sup HDU(t?')HLW(Q) <6,
t€[0,T] t€[0,T]
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where © is as in Proposition 2.2. Then, we the following inequality holds:

2
,u(t’ )

m(-)

< Alef(ﬂfzS)t —|—A2€7(U+5)(T7t),
12(9)

2
_Ww»—mo
m()

L2()

for allt € [0,T], with

M= <@|qbpw>,&:mﬂn

where o is defined in Proposition 2.2 and C' depends on n,Cp.

Proof. We start from the equation for ¢ and we multiply it by %e_‘;t. Then, we integrate by parts with respect
to x to get, with 2 = £ and Du = —Dm/m as before,

12 2
/ Oy (e ) + 6”—76*& + e %m|Dz> + e % u(Dv, Dz) + e~ °'m(Dv, Dz)dx = 0.

We then use a Young inequality on the last term to get
s sk 1 2,—6 L s 2 )
dt/ —e~ tdm—i—/ de” t% + §m|Dz| e dx < /Q 3¢ ~tm|Dv|? — e~ u(Dv, Dz)dx.

Integration in time between t; and t5 yields

2 t t to to
/we—étzdxg/ 1L T) i g, +/ / S| Do|?dadt — 2 / / 1(Dv, Dz)dadt
Q m(x) t1 t1

()
S/ _(7 _5t1dx—|—/ / <m|Dv|2+@M_ +@m|Dz|2) dzdt. (2.10)
o m(z) m

Plugging (2.9) into (2.10) yields

(ta, ) s, 2(ty,x) g, - -
/Q B2 s de/Q EL D estidy 4 ¢ (B(11) — B(ta) ), (2.11)

m(z) m(z)

where ¢ depends on 7, Cp.
Fix now ¢ € [1,T]. There exists 7 € (¢t — 1,¢) such that

/QM;((T;;)e‘Sde = /til /Q ’lii‘(s;j)e‘ssdxds <ec (é(t —-1)— i)( )) ,

again by (2.9). Then, using (2.11) with ¢t; = 7 and t2 = ¢,

/Q W) sty < /Q WATT) 5 4 (<i>(7) - é(t)) <c (é(f) Lt —1) - 2&»@)) ,

m(z) m(z)
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whose right-hand side can be bounded, using (2.3), by
2 (eve*fff 1B(0)] + e~ (T—De=0T |c1>(T)|) .
We have a similar result for ¢ € [0, 1], since by (2.11)

LWeétdeAﬁéigdx+c<é(0)fﬁ(t)),

from which we obtain the thesis.

Proposition 2.4. Suppose that (2.1) and (S) holds, together with the following condition on u and Dv:

w 1t ) ooy + sup (Dot )l oo o) < O
tc[0,T te[0,T

where © is as in Proposition 2.2. Then, the following inequality holds:

|vmEIDele, \ = |vmOputt, ) - D |\

< /\36 (o— 6)t+/\ e—(0+6)(T t)
L2(9)

L2 (Q)
for all t € [0,T], with
=Cl2(0), A =Clo(T)| + [Vm|Dv*(T, ) |I72 (0,

where o is defined in Proposition 2.2 and C' depends on 1,Cp,0,u,Cf,m

Proof. Fix j = 1,...,n. Differentiate the equation for v with respect to z;, multiply it by ﬁwje_ét, where

. Ov
Vj = e, to get

— 1mw; (Opvj) e % — Avjmuvje™" + ((Dw, Du)),; mvje™® — (fm(m ) )jmv;e %t
(f,u ) muje” ty mv;(Dv, Dvj)e” ot 4 §ﬁwj2ve75t =0.

Now, we integrate with respect to x; this yields

d muZe 0t 1)
— a/ ]de —l—/ imvfe_étdx = / Avjmvje” " + (fin (M)p) jmve* da
Q Q Q

/ (&’ ) e~ — muv;(Dv, Dv;)e % — (D, Duy)); mvje e Otdz,
therefore, integrating by parts and using the identity Dm = —mDu,

d T?w]ze"” st _ 2 -
_&/Qdeg/Qe (=m|Dv;|* + m(Di, Dvjyv; — fo, (M) pimwv;; + mpytij fr, (M)v;) dz

+ / e (—€pPmuj; + EpPmagjv; — magv;(Dv, D) 4+ m{Dv, Da)v;; — mv;(Dv, Dv;)) dz.
Q
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Moving the first term on the right hand side to the left, and employing Young’s inequality we get
m|Dv;|? 2 5 ~\\2,= 2
+ m|DU| + 5 (Fm (M) mp
_9 _
uj;mu

mv e 0t
/ dx+/m\Dv e ‘Std:c</ *‘”( -
2 o W ujvs 2 € o o 1
i |” + (fm (M) m?“r 2J i + f O%mu? +*|UJJ| + @ mu —‘,—5

D
M oy, + 2| Duf?| Dof? + M%@m\w o
4 5 4
2

</ m|DUj|2+Cl’I’7L|DU|2eiét—|—C'2'UL efétdz,

@
5
m|Dvf> 3| Dal*a?
+ +
2 2
where
7o | D|}
C, ;:gupuuimm 2L +2+ oo C1(0, 1)
and
5 1 2.5 1|12 5 200215 112
Cy = 1 + 3 Cilmllze + 1 + C707[|m|[1 = Ca(Cy,m, 0, 1)
2
)e“”dx7

n, the previous becomes (after

w2
/ Y ¢=9tdz < C/ (mDv|2
Q
(2.12)

This implies that
-3/,
) := max{C1, Cs}. Then, after summing over j =1

2
) e tda.

where C = C(0, 4, Cy,
- 2
/m‘D’U| e—&tdxéc/ <m|DU2
Q

replacing C' with nC)
3 ).
We follow now the same arguments of Proposition 2.3 to get the desired result. First of all, we integrate (2.12)
2
+ N) e % dads,
m

on both sides between two generic times ¢; and t5 (1 < t3) to get
/ —|Dv|?(t1, z)e 1 da < / %|Dv\2(t2,x)e*5t2dx +C / <m|Dv|2
Q

myo 2
2
which, according to (2.9) and (2.8), can be bounded from above as follows

/ | Dv|*(t2, ) _5t2dx+c(<f>(0)e—“t1 &(T)e T t2))
Q

/m|Dv|2(t2,m)e_5t"‘dx+c(§>( ) — &( ))
<

<
Q
Fix now t € [0,7 — 1]. The Mean Value Theorem guarantees the existence of some 7 € [t,t 4 1] such that
e %%dzds.

t+1
/m|Dv\ T, ) 5Tdm—/ /—|Dv|



26 M. CIRANT AND N. D. BERNARDI

Then, choosing t1 = t,t; = 7, we get, again in view of (2.9) and (2.8),
/ — |Dv|?(t, z)e %tz < / |Dv|?(7, x)e™°"dx + ¢ (@(0) —ot _ &)(T)E*U(T*T))
Q

41 -
/ / |Dv|?(s, z)e %*dx + ¢ (<I>(O) —ot @(T)e*U(T*T))

<ec ( B(t+1) + B(0)e 7t — é(T)e—0<T—T>)
<c ( 70t+|q)( )| 70(T7t71)+|i)(T)‘efa(Tfr)>
< C( —at + 2€G|(I)( )| —O’(T—t)) )

Finally, if t € [T — 1,T], we choose t; = t,t; = T to get (note that 1 < e7e~7(T—)

/ T Dol2(t, z)e 0t dz < / D DolA(T, 2)e~Tdx + ¢ (@(O)e"’t - é(T))
Q 2 Q 2

< e7e 0T—o(TD) / %|Dv|2(T, z)da + c®(0)e™" + ce”|B(T) e TP,
Q
Putting all together, we deduce that

efz% < 2c|<i>(())|e*”t+2ce"|fi)(T)| —o(T—t) +e% —6T—o(T—t)

|vaDu |

i, |

2(©) L2(Q)

from which we derive the conclusion, after recalling that ®(t) = e~ ®(t). O

3. L°° TURNPIKE A PRIORI ESTIMATES

The goal of this section is to prove Theorem 1.1. To this aim, we need to improve the L? decay estimates of
the previous Section into L°° ones; this will require some technical work, and some further conditions on the
initial / terminal data.

Throughout the section, v, i, ® are as in the previous one; the constants o, ©, A1, A2, A3, A4 are those appearing
in Propositions 2.2, 2.3, 2.4. Finally, we set

oc—90 o+0

n+1’ Jzin—l—l'

[

Remark 3.1. As in Section 2, we specify that all the estimates in this section hold also for solutions to (2.2)
for all v € [0,1].

Proposition 3.2. Suppose that the assumptions of Theorem 1.1 are in force. Then, there exist € € (0, %) and
7 > 0, depending on n,m,Cy, but independent of T', such that the following is true: for all v <7, € <&, if

it Yooy <& (e + e T=0) - vee 0,7, (3.1)

0 ()Ml oe ) + lor () l[wree ) < (3.2)
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then any solution (v, u) to the non-linear system (NL) satisfies the following estimates:
l(t, Mooy <O ot )lw=@) <6, (3.3)

for allt € [0,T], where © is as in Proposition 2.2.
We divide the proof of Proposition 3.2 into two Lemmas.

Lemma 3.3. Suppose that (v, u) is a solution to (NL) and that the assumptions of Proposition 3.2 are in force.
Then, the following estimate holds:

1 1
lot, Mooy < lorC)llz=ay + 2 ( i ) c;

g1 g2

for all t €10,T7.

Proof. Let 0(t,z) := v(t, z)e~%. First, we have to establish the equation satisfied by :

D 2
—8,0 — AD + (Do, D) — frn(m)pe™% — p2e™0t + %e_& = 0. (3.4)

Then, consider I solution to

A, — AT — div(I'Da) =0, on (t,T) x Q
D(t,-) = d,, on {s=1t} x

multiply it by ¥ and then multiply (3.4) by ' After integration with respect to time and space, one gets
T ~ ~ ~ ~ ~
/ / —0,0T — (AD)T + (Do, DWT — fo,(M)pe 2T — ép’e™2°T dyds
t Jo
T 1 - - ~ -
+ / / 5/ Dvle™**T — 0,05 + AT% + div(TDa)o dyds = 0.
t Ja
Integration by parts in space yields

/ —T
Q

Using the initial condition on T, the fact that T is a flow of probability measures and the square norm of the
gradient is positive, we derive that

T T
- - 1 -
dy = / / Fon () pe 2T + £p2e 2T — 5|Du|2re—5sc1yds.
t t Q

T
ita) < [ )Ty + [ [ fulmpe T+ gte T ayds
Q t Q

T
< HﬁT(.)IILoo(Q)Jrch/ 145, )| e e 0% dls,
t
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where we used the fact that [|u(s, )|z~ < 1 and the Hélder’s inequality. Now, we use assumption (3.1) to
get

T
0t0) < [or(laoeiey +2C; [ & (7 4e7oT9) om0, (3.5)
t

To get the other side of the inequality, we define a second flow of probability, called T, such that

s — AT — div(T'(Da + Dv)) =0, on (t,T) x Q
I'(t,-) = 0, on {s=1t} xQ

and we do the same computations as before. We get

_ T _ _ 1 _ _

o(t,z) = / or(y)D (T, y)dy + / / Fn(M)pe™ T + Eue T — §|Dv|2e"$sf‘ + (Dv, DH)T dyds.
Q t JQ
Recall that 9(t, 2) = v(t, 2)e™%, hence from the previous equation we get
_ T _ _ 1 _
o(t,z) = / or(y)T(T, y)dy +/ / fon () pe™%°T + £p2e 2T + §|Dv|28_‘ssf dyds
Q t Ja
— T — —
> / or(y)L(T,y)dy +/ / fm(M)pe™ T + e Tdyds.
Q t Jo

Changing all signs yields

T
it @) < - /Q or(y)D(T, y)dy + /t /Q — Fr(m)pe~0T — €u2e~0°T dyds

IN

T
o7 ()| oo () 4 2C7y / € (e_‘715 + e_‘”(T_s)) e %%ds. (3.6)
t
Putting (3.5) and (3.6) together, we finally get
T
56~ < Ir()lmon +2C; [ e (e70r 4 T 0o, (3.7)
from which, by definition of v, we have
T
ot Moy < llor ()| pe@ye T +2C; / e (o7 e (T29)) 0 0gs,
t
Since s > t, we have that e %=t < 1, hence
1
ot Moo < lor ey + 22 (= + ) €,

which is the thesis. O
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Now, let us define

1 1
C, = HUT(-)HLoo(Q) + 2¢ ( + > Cf. (3.8)

g1 g2

It’s clear that it tends to 0 as both ||vz(-)|| L (n) and € approach 0. Then, we have to get a “smallness” estimate
also for Dv. Since the equation for v is quadratic in the gradient variable, we can linearize it by using the
so-called Cole-Hopf transform, i.e. by defining

_u(t@)
w(t,z):=e 2

Now, we prove the following

Lemma 3.4. Suppose that (v, ) is a solution to (NL) and that the assumptions of Proposition 3.2 are in force.
Then, the following estimate holds:

1Dv(t, )| () < 4% | Dr ()| L) +26FC” (e +2 +3C, + Cy)

for allt € 10,T], Cy, is as in (3.8) and C’ depends on u,C,.

Proof. From the definition of w we derive that v = —2 log(w), hence by the chain rule,
O = —— 0w,
w
2
0z, = ——0g,w,
w

2 2
2 2
Oz, V = —anjw + E&;iw - Og,w,

2 2

Av = ——Aw + —|Dwl|?
w w
2

Dv=——Dw.
w

After substituting the previous expressions into the equation satisfied by v, we get that w satisfies the following
Cauchy problem

v (+)

w(T,)=e "2z , on )

{@w — Aw + (Dw, Du) + % (fm(Mm)p + Eu? — 6v) =0, on (0,T) x Q

We have shown in Lemma 3.3 that |[v(t, )| ) < C, for all ¢, with C, independent of 7. We now turn our
attention to the function w := w — 1, that we expect to be close to zero; indeed, since by Lemma 3.3 we can
choose C,, as small as we need (in particular smaller than 1), we can derive the following estimates on w.

e 2 <w(tz) < e%, V(t,x) € [0,T] x Q,

hence
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It’s true that

S -G Co

e2 —1<(C, and e —12—72—01,,

provided that C, < 1. We conclude that
—Cy S w(t,r) =1 < Cy = [0ty -)|lpe () = lw(t,)) = 1|pe@) <Cy  VEE[0,T].

Such function w satisfies the following equation:

_vp()

—Op — AW + (D, D) + % (frm(m)p + Eu? — 0v) =0,  on (0,T) x Q
w(T,")=e""2 —1, on Q.

We can apply Lemma A.4 with H = —Du and g = —% (fm(m)u +Ep? — (51}) and we get the following estimate:

sup [|Dw(t, )| poe(a) < 2/ Dwr(:)| Lo (o)
te[0,T]

+C [llzeqorixa (Ifmllze il zeqoria + Il e llim o)) (3.9)
+ C (8wl Lo o, r1x ) 1] oo fo.71x2) + 11| Low (f0,71x2))

< 2| D ()| (o) + €' (e + €+ 6Cy + Cy)

for a possibly different constant C’, which depends also on Cf.
Recall that D = Dw, and that Dv = —2e2 Dw. Estimate (3.9) can be rewritten as follows:

sup [[Du(t, )| pee () < 4 F | Dor ()] Lo () + QG%CIH (e+e*+6C, +C,),
t€(0,T7

which is the thesis. O
We are ready to show Proposition 3.2.

Proof of Proposition 3.2. Gathering all the estimates from Lemmas 3.3 and 3.4 and assumption (3.1) and using
hypothesis (3.2), we have that

it o=@ <e (ef(”t + e*"Z(T*t)> < 2,

1 1
[v(t; ) o (@) < Co = [Jvr ()|l (@) + 26 (gl + ) Cy

02

1 1
<’y—|—2€<+> Cy,

01 g2
and

Cqy Cy
||DU(t, -)HLoo(Q) <4e2 ||DUT(')HL°°(Q) + 2e2 C;{ (E +e2 4 0C, + CU)
<deFy 4207 Chy (e +62+5C, +C)
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for all ¢ € [0, T]. Since we can choose €, v as small as possible, we can establish that there exist &, ¥, depending
on O, which depends only on 7, f,m, small in such a way that (3.3) holds. O

We now state the core of the fixed point argument. First of all, we have to derive some useful estimates for
®(0) and ®(T'), which are valid under the result of Proposition 3.2.

Lemma 3.5. Under the assumptions of Proposition 3.2, one has the following estimate

2

Ho Ho
o(0)| + |&(T)| < || LX +H H\FDU ’ 3.10
R e i D@, (310
where Cp is the Poincaré- Wirtinger constant of m.
Proof. Before starting, we notice that, by Proposition 3.2, we have that in particular
[v(t, MLe@) <O < 1. (3.11)

We start from ®(0), by applying Holder’s inequality:

2

2 2 2 3 2
‘I’(O):/uo-v(O)—&—@dazS (/ 'uoda:> /mv 0) dx +/@dx§ (/'uodx) —l—/@dx,
Q m Qm Qm Qm

where we used (3.11). Then, we observe that, if we define ¢ := v — [, v, since [, 4 = 0, we have the following

12T, x)

O(T) = /QM(T, 2)o(T,z) + ———=dzx

ot ([ n)acs [ £5L
— / W(T,2)o(T, ) + ( ) / p2(T,z)  mi*(T,x) N p(T, z)
Q

2
z/ wiloz) CP m|Do[X(T, z)dz > — /%mIDvP(va)dw?
Q 2m Q 2

where we used Young’s inequality and we applied the weighted Poincaré inequality. To get the reverse
inequalities, we use (2.3) and we obtain

D(0) > ®(T)e eTIT=D) > = (e+0)(T=1) / %m\Dm?(T, z)dz > — / %m\DUF(T, z)dz,
Q Q
and

dz.

3|5

B(T) < D(0)e @O < ( / v dx)é -

Putting all the previous estimates together, we get (3.10). O

Remark 3.6. Observe that the second estimate is true also without the assumptions of Proposition 3.2.
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From Lemma 3.5, together with the results in Propositions 2.3 and 2.4, we deduce the following estimates
for A\;, with¢=1,....4.

Lemma 3.7. Under the assumptions of Proposition 3.2, the following (weighted) L? exponential-type turnpike
properties hold:

t. .
H’(: ) < )\167(075” + A267(0+6)(T7t), YVt € [O,T],
m() L2(Q)
|Vl Do, H < dae T e T e [0,
where o is as in Proposition 2.2,
)\1<C<A+2A2+C;PB2>, )\3<C(A+A2 CPB2>
2 CP 2 2, CP o po
M<C|A+A*+—B MC[(A+A +TB + B“ ),
20 and B := H\F|Dv| HLQ(Q) and C depends on m,u, f.

Proof. The estimates hold true since both |u(t,-)||L~(q) and [|[Dv(t, )| =) are smaller than © as a conse-

quence of Proposition 3.2, hence we can apply Propositions 2.3 and 2.4 together with Lemma 3.5 to get the
O

thesis.

Remark 3.8. Observe that if A and B are small, then also A; are small: when A 4+ B — 0, then A\; — 0, for all
i=1,...,4. This is a key point to prove the following

Proposition 3.9. Suppose (v, i) is a solution to (NL). Assume that
it Y zoeey < & (77 + 70 (3.12)

for all t € [0, T], where & comes from Proposition 3.2. Then, there exists ¥ < 7 such that if

[0 ()| Lo (@) + l[vr () llwie (@) <75 (3.13)
H\F y )+ IVm|Dor| ()| L2 < 7, (3.14)
L2(Q
then
5 —o1t 70'2(T7t)
1t M pe @) < 5 ¢ te ) (3.15)

for allt €10,T).

Proof. Assume first that ¥ = 4. During the proof, this constant might be further reduced, but this will not
change the applicability of the result in Proposition 3.2, since the latter holds for all v < 4. In particular, from
this observation and assumptions (3.12) and (3.13), we have that

[t =@ <©  [[Do(t, )| Le@) <O,
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hence all the L? weighted estimates in Lemma 3.7 hold and can be used. Moreover, observe that since © < 1,
the same inequality holds for ||u(t,-)||L~(q) and ||Dv(t,-)||L~(q)-

Now, recall that p satisfies the second equation in (NL). We can apply Lemma A.2 with F' = Du + Dv and
G =mDv.

Therefore, (A.1) implies that

t S[%pT]HN(t’ M) < 2ol (@) + C (MDD Loo ((t—r.t);Ln+1(0)) + il Lo (=007 (2))) 5 (3.16)
€,

— 1 m —
where 7 = 6Dl L= ) F7Ca(m) the constant C' depends only on || D| . (q), 7,7 and Cz(n) := Ca(n, 1) comes
from Lemma A.1 below. Let us estimate the terms in brackets.
First of all, we have that

MDYV Loo ((t—rt);Ln+1()) =  SUP (/ ||| Du|" T (s, y dy)

SE(t—T,t)

IN

n+1 Q) HD'U

_ T
Z;l([OTXQ) Sup (Qm|Dv| sy)dy)

t—7,t)

—1 1
< ||m|| T L HD'UHLOo (0,7] ><Q) Sup ()\36—(0—6)8 + )\46_(‘7+5)(T_‘9) ES]
(1=t (3.17)

_n_ _1 _1
< ”mHZ:OI(Q)HDUHZ;I o T]XQ) (Stup ) ()\?:Hrl o018 + Ail+1 e—az(T—S))
T

< I |0 gy (AT 4 AP0

= [Imllg

n+1 Q) HD'U

Z;l([[) TIxQ) (A7L+1eol7— —01t+)\1z+1 —o2(T— t))

Now we proceed with the other term in brackets.

el oo ((t—rt)sLm()) = sup (/ lul"(s,y dy)

sE(t—T,t)
1
% _ % ,LLQ(Say) "
n=2 1 —(o—0)s —(o —s B
< leell 2% oy 17l 2o E(Stu_P ) (>\1e (0=0)s 1 Nge (7T )> (3.18)
n—2 L 1 —7(T s)
< IlE ooyl s (A7 +0Fe )

1

n » —o1(t—T7T % —0 —
< Ml o 0 ey (A o077 Af e 70)

: o1 o1t = o (T—t)
= Al oy 0] F oy (AT 67170 4 A 200
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Plugging estimates (3.17) and (3.18) into (3.16) we get

_n_ n—1 _1 _1_
tes[l(l)pT]llu(t Wzee @) < 2lpolle@) + Climll g o) 1PVl < 0,770 (Agﬂ 71T p AT e—"2<T—t>)

n—2 1 N . PO
+ C”MHLZ’LC([QT]XQ)”mHEm(Q) </\1ne61're L AJe 2(T t))
_n_ 1 1
< 2flpollz= () + Cllmll ;2 q) </\§+1ef’ﬂealt + A4n+1eaz(Tt>>

+ C”T?LHEOO(Q) (AlﬁealTefalt + )\QEefag(Tft)>

Since A;, for all i = 1,...,4, go to 0 as v goes to 0, and the same happens for ||po||z(q), we find that there
exists 4 > 0 (possibly smaller than ) such that

1a(t, Lo ) < % (e*‘”t +e*“2<T*t>) vt € (0,77,
i.e. (3.15). O

4. FIXED POINT THEOREM AND EXISTENCE OF SOLUTIONS

Throughout this section, we restrict ourselves to the periodic case 2 = T". We are going to build a solution
(uT,mT) to (1.1) which satisfies the turnpike property with respect to a stationary solution (@, m) to (1.2), for
every T > 0. Despite the estimates shown in Sections 2 and 3 hold also for {2 = R", we restrict ourselves here
to the torus to avoid further technicalities that come from the non compact nature of R”. We point out that
solutions (u”',mT) are not a priori unique, but our claim is that we are able to find at least one solution which
is exponentially close to (@, m).

Then, in the second part of the present section, we will prove also an existence result for the infinite horizon

problem

—Oru — Au+ % — f(x,m)4+0u=0, on (0,+00)xT"
Om — Am — div(mDu) = 0, on (0,400) x T" (4.1)

m(0,2) = mo(x), u bounded , on T",

such that m is exponentially close to m for large ¢.

Our first theorem (that is Thm. 1.2 in the introduction) guarantees the existence of a solution to (1.1) which
satisfies the exponential turnpike decay, for each T' > 0, under some smallness assumptions on the initial /
terminal data and (S) , that allow to apply the estimates in Section 3.

Theorem 4.1. Let Q =T" and T > 0 be fized. Suppose that (,m) is a (classical) solution to (1.2) and that
(S) holds. Then, there exist constants € > 0,7 > 0,0 > 0 (which depend only on m,@,n,Cy but not on the time
horizon T') such that, if

<o, |mo(-) —m()|peecrny + [Jlur(:) = a(-) lwieomny <7,

then there exists a (classical) solution (u™,mT) to (1.1) satisfying the following properties:

~ € —o1t —0 —t
[m™ (¢, ) = m(:)l| poe(Tny < 3 (e t 4 emo2(T *)) , (4.2)
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m(-) | D T t..) — Du(: ’ <\ —oit A —o2(T—-t) 4.3
[VACI D" ) = DA, . < Ase™ 7 e, (43)
for allt € [0,T], where o1 = Z—jr‘f, oy = Z—ﬁ, A3 and Ay come from Lemma 3.7.

The proof uses the standard Leray-Schauder fized point theorem:

Theorem 4.2. Let M > 0 and X be a Banach space, and let T be a compact mapping of Bps(0) x [0, 1] into
X such that T (x,0) =0 for all x € X. Suppose that

z]x < M

for all (z,v) € Bpr(0) x [0,1] satisfying x = T (x,v). Then, the mapping T (x,1) has a fized point in Bps(0).

The proof can be found for instance in [38], Theorem 11.6. Note that in this reference the theorem is stated
for 7 defined on the whole X x [0, 1] (though the proof does not involve the evaluation of the operator outside
By(0)); it is possible anyway to extend 7 from Bjs(0) to X wia a retraction (as in [38], Lem. 11.7).

Proof of Theorem 4.1. Let T > 0 be fixed. To simplify the notation, throughout the proof, we drop the super-

script T'; thus, the triple (p,u, m) should be intended as (p”,u”, m”). The ambient Banach space is defined as

follows:
X :=C([0,T] x T").

We look for a solution in this space. We equip it with the norm

1ot Yooz
lolly == sup ( Y (4.4)
t€[0,T]

e—o1t + e—02 (T—t)

where o1 = ZT_-? and oy = Z—_T_‘i and o comes from Proposition 2.2.

Notice that ||p]| y and

lpllx == sup |lp(t, )l Lo (rn) (4.5)
t€[0,T]
are equivalent (7" is fixed). In particular, (X, ||-|| y) is a Banach space, since (X, || - ||x) is. Therefore, to prove
that a sequence is converging in X, we can use equivalently either the |||y norm or the || - | x one. Now, let

U= TB:0) = {pe X : loll <2},

where & comes from Proposition 3.2. We define F : U x [0,1] — X such that F(p,v) = u, where p is the solution
to the following PDE system:

—0w — Av + (Dv, Du) — f(x,m + vp) + f(z,m) + dv + % =0, on(0,T)xT"
O — Ap — div(mDv) — div(uDu) — div(pDv) = 0, on (0,7) x T" (4.6)
0(0,) = vpol)  o(T,) = vor(). on T,

where g = mo —m and vp = up — u.

Let us briefly describe how the operator acts. It takes p € U, sends it to the solution v to the first equation
in (4.6), with the corresponding terminal condition, and then maps it to u, solution to the second equation of
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the same PDE system, with the related initial datum. Notice that the fixed points u = F(u, 1) are precisely the
solutions to (NL).
We need to prove that F satisfies the assumptions of Theorem 4.2.

Step 1: F is continuous.
Let {(pk,vr)}r be a sequence in U x [0,1] such that (pg,vr) — (p,v) as k — +o0, for some p € X and some
v el0,1], i.e.

lox — pllx — 0 v — v| = 0,

as k — +o0o. We have to prove that pup — p in X, where uy := F(pi,vx) and pu := F(p,v). We can do it by
using any of the equivalent norms (4.4) and (4.5); in particular, we wish to prove that

e — pllx = sup [Jur(t,-) — p(t, )| Lo (mny — 0O, for k — +o0.
t€[0,T)

Recall that, by assumption, ||pg| < &, hence the same procedure described in Proposition 3.2 allows us to say
that

[Dvk(t, )l oo (rmy < © <1,
for all ¢ € [0, T] and for all k. The same reasoning holds also for p and Duv, since |p| < &.

First of all, we define 0y := vy — v. While computing the difference between the equations satisfied by v and
v, the following term involving f appears:

—f(z,m +vgpk) + f(2,m+vp) = =& (¢, @) (vkpx — vp),

where &, (t,2) = j;)l fm(z,m 4+ vp+ z(vgpr — vp)) dz. Hence, the equation satisfied by 0y is

— 00, — Ay + <D7}k, Dﬂ> — fy(Vkpk - I/p) + 00 + %<D1A)k, Dy, + Dv) =0, on (07T) x T,
ﬁk(T7 ) = (Vk - V)UT(')7 on T".

In the same way as (3.7) is obtained in Lemma 3.3, we get the following estimate:

T
[0k (¢, )| Lo (rry < [k — V] llor ()|l oo (Tm) +/t 1€l x - 1(kpr — vp)(85 )l Lo (Tnyds
< vk = v|(lor ()l o (omy + TCxllprllx) + TCkllpr — pllx,

for all ¢ € [0, T]. Since the sequence py converges to p € X, vy — v in [0, 1] by hypothesis and vy are bounded,
we have that

v —v||x — 0, for k — +o0.

Let us define Fy := Dvy + Dv. We apply Lemma A.4 to the equation in (3.4), with H = —Du — %Fk and
g =&, (vkpr — vp) — 6(vk, — v). Note that H is bounded uniformly in k& because both Dy and Dv are. Therefore,
we get:

[ Dox||x < 2(| Dok (T, ) || oo (rmy + C (Il x - llvwpr — vollx 4 (0 + 1) flux — vl x)
<2 (Jvg — V|[|Dor ()l ey + C - Chllprllx) + C (Crllpr — pllx + (6 + 1)llox — v[|x),
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where C' depends on ||| () and ©, with the right hand side going to 0 as k — +oo0.
Finally, let i, := pp — p. This function satisfies the following PDE:

Oefie — Afig, — div(ﬂkDfL) - diV(mD@k) - div(ﬂkDU) — diV(,u;cD@k) =0, on (O,T) x T™
fir (0, ) = (v — v)po (), on T".

A direct application of Lemma A.2 requires to control the spatial L™ norm of fix, at least on [7, T]. To avoid it,
we take advantage of the fact that T is fixed, of estimate (A.3) in Remark A.3 and the boundedness of T™ to
get:

1k (t, ) oo (zmy < C (Jve = Vlllo ()l oo oy + 1MDOk || Loo 0,777+ (xny) + N1k DOkl oo 0,777+ (17)))

o . (4.7)
< C (lvw = vlllpo ()l Lo omy + ImDogl|x + [l x - 1DOkllx)

where C depends on 7, T, || Dt|| . (rn). Moreover, since || Dvg|| x are uniformly bounded in k, a further application
of estimate (A.3) in Remark A.3, we observe that also ||u||x are uniformly bounded in k. This enables us to
improve (4.7) as follows:

et Mo (rey < € (1 = wlllto (Yl zoscrny + [l oe ooy - [1Dllx + CDollx ), e € [0,
The right hand side goes to 0, hence we conclude that

e — pllx — 0,

for k — +oo.

Step 2: F is compact.

At this stage of the proof, we take advantage of the compactness of T" to deduce compactness for F. To
reach this aim, we wish to prove that, given a sequence py := F(pg, i), for some {(pg,vi)} C U x [0,1], it
admits a limit point ¢ € X with respect to the convergence given by either the ||-|| y or the || - || x norm. By the
previous step, we already know that both uj; and vy are bounded with respect to the norm on X uniformly in k.
Then, since Du, m, Dm, vk, py are uniformly (in k) bounded in LP(T™) for any p > 1 and the initial / terminal
data are regular, from standard results in parabolic regularity theory (see for instance [39]), we deduce that gy
is bounded in C%%/2([0, T] x T™) for some 6 € (0,1) independent of k. As a consequence, the whole sequence
{pr} is equi-continuous in X, thus one can apply Ascoli-Arzela theorem. Therefore, there exists p € X and a
subsequence {/; } such that

[k, — pllx —0 for j — o0,

hence the compactness of F.

Step 3: Fixed points satisfy y = F(u,v) € 0U, ie. |u]yx < é.
In this final step we will use the a prior: estimates of Sections 2 and 3.

Note that Proposition 3.9 requires the fundamental hypothesis (S) and the integrability assumptions (2.1)
(condition (3.14) is a consequence of (3.13) on the torus). To get the latter, we show first that (v, ) possess fur-
ther regularity properties, by means of a bootstrap argument. First of all, starting from p € C([0,T] x T"), we
immediately observe that both v and Dv are bounded with respect to the norm on X, hence they belong
to any LP space, for p > 1; thus, standard parabolic regularity theory, for instance [39, 40], yields that
p e CP072([0,T) x T") for some @ € (0,1), as in the previous compactness step. Again, making use of the
extra regularity just derived, we see that v € C2t%1+9/2([0, T] x T™) by parabolic Schauder theory. Computing
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the divergence terms in the second equation yields that also p € C2T%1+9/2(]0, T x T™). Actually, v has at least
one additional continuous spatial derivative, hence the regularity assumptions in (2.1) are satisfied because m
has a strictly positive minimum on T"™. Note also that, 2 = T" and the structure of the equation for p has only
terms in divergence form, we notice that, by integration by parts,

— t,z)dx =0
G | peeydr=o

hence

/n ult ) de = / o () dz = 0,

We finally apply Proposition 3.9 (note that the estimate holds for all v in view of Rem. 2.1 and Rem. 3.1) to
get that

<&,

DO | )

lellx < &= llullx <

i.e. pu € OU, hence the fixed points of F(p,v) cannot lie on the boundary of U for all v € [0, 1].
Lastly, we need to verify that F(-,0) = 0 on U. Note that u := F(p,0) satisfies the following PDE system

-0 — Av + (Dv, D) + dv + % =0, on (0,7) x T™
Ope — Ap — div(mDw) — div(pDa) — div(upDv) =0, on (0,7) x T™
w(0,-) =0 (T, ) =0. on T™

Since v = 0 is the unique solution of the first equation, we deduce that u = 0, by uniqueness for the second
equation.

Therefore, the operator F(u,1) admits a fixed point p € U, which means a couple (v, u) that solves
system (NL) and satisfies the turnpike property.

Finally, if we take m” := pu+m and u” := v + @, we get a solution to (1.1) on T™ which satisfies the turnpike
property (4.2). As regards property (4.3), it follows from Lemma 3.7. O

Estimate (4.2) plays a fundamental role in the proof of the existence of solutions to the infinite horizon
problem. More precisely, the fact that the constant £ is independent of T' allows us to pass to the limit as
T — +o00 and to preserve the same estimate also for the limit function. We are able to state the existence
theorem for (4.1).

Theorem 4.3. Let Q = T". Suppose that (a,m) is a (classical) solution to (1.2) and that (S) holds. Then,
there exist constants v > 0,& > 0,0 > 0 (which depend only on m,u,n,Cy) such that if

6 <o, |mo(-) =m()llee(rny <,

then there exists a (classical) solution (u®, m) to (4.1) satisfying the following properties:

oo = € -0
1m™> () = m( )l (rn) < 577,

() [Du™(t,-) — Da(- ‘ < Aze 1,
|Vt Due,) = DOl < Ase
for allt > 0, where 01 = Z—;‘f and A3 comes from Lemma 3.7.
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Proof. The proof relies on a diagonal argument. From Theorem 4.1, we already know that, for each T" > 0, there
exists a solution (v”, u”) to (NL) which satisfies the turnpike property, if the initial / terminal data are small
enough.

Let k € N and consider a solution (v, uy) to the following MFG system

~Oyon — vy + (Do, D) — F(m + ) + F(m) + 2L 1 50 =0, on (0,k) x T"
Orpr, — Apg — div(mDuy) — div(ugDa) — div(ug Dug) = 0, on (0,k) x T™ (4.8)
,LLk(O, ) = :U’O() vk(ka ) =0, on Tna

where g = mg —m
Fix now j = 1. Each couple of functions (v, p) admits a restriction to [0,1] x T™ (if £ > 1) which is again
a solution to the equations in (4.8). Moreover, since by Theorem 4.1

3 —0o —oa(k— =
1k (8, ) Lo () < B (6 1t 4 g2k t)) <e Yt € [0, k],
it is true that for all k > 1 (i.e. if k is large enough)

sup ||k (t, ) peo(rmy < &
t€(0,1]

which means that {u} is equibounded on [0, 1] x T™. The same regularity argument used in Theorem 4.1 (Step 2)
enables us to establish that the sequence {u} is also equi-continuous on [0, 1] x T™. Therefore, Ascoli-Arzela

theorem yields that there exists a subsequence {ﬂg)} C {ux} such that

for some (1) defined on [0, 1] x T™.

We now do the same for v,. We consider the sequence {771(@1)}7 corresponding to {/1,(61)}. As a first step, we
know that, by the previous Theorem and Lemmata in Section 3,

~(1 ~(1
sup (|58 (¢, oo rny < sup 587 (E, )| oo my < C
te[0,1] te[0,k]

for some C independent of T and k. Moreover, parabolic Schauder regularity theory (as in the proof of Thm. 4.1,
Step 3) yields that v( ) and ﬂ,(:) are bounded in C?+%1+9/2([0,1] x T"). We can apply again Ascoli-Arzela

theorem to extract a uniformly converging subsequence v(l) — v for some v(!) defined on [0, 1] x T™. Moreover,

because of the global estimates for vk on [0, k] x T, also |o) (1, )| pec(n) < C, where C is the same as above.

Finally, we take the subsequence {uk )} where each ,ul(c) corresponds to v,(gl)

in the couple (v,(gl), ,u,(fl)) which
solves both equations in (4.8), by the C*! convergence. Again, by uniqueness of limit, u( ) = 1M on [0,1] x T™
as k — +oo0.

Summing up, so far we have obtained subsequences {uk )} and {vk } converging to pM and v respectively,
on [0,1] x T™.

To go on, fix now j = 2. By repeating the same argument as above, one gets that there exists a subsequence
{[L,(f)} - {u,(:)} such that

2
i) = p®,
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for some (2 defined on [0,2] x T™. Notice that

(2) — @
H |[o,1]x1rn_M )

by uniqueness of limit, since {ﬂ,(f)} is a subsequence of {ug)}.

Analogously, we get that from the corresponding {17,({2) }, one can extract a subsequence {v,(f)} which converges
to some v(?) on [0,2] x T".

We iterate the procedure; in the end, we obtain that there exist subsequences {ug)} C{ur}, {v,(cj)} C {uk}
and sequences {p9)},{v()} such that ug) — p9), v,ij) — 0 (in C*1, locally in time and globally in space),
as k — oo, 'Lt(j)|[0,l]><’]1‘" =1 and v(j)ho,l]xw = v for all | < j. As a consequence of these facts, one takes
diagonal subsequences {,u,(ck)} and {v,gk)}, which converge in C?!, respectively, to the functions

u(t,x) = ,u(j)(t,x), if t € [0, 5] for some j,

o(t, ) = oW (t, z), if t € [0, 5] for some 7,

where the convergence is local in time.

Since the convergence in C%! allows to pass to the limit also the nonlinear terms in the equations of (NL),
the couple (v, u) defined above gives a solution to the infinite horizon problem with initial condition given by
o = mg —m and with v bounded for all ¢ > 0. In particular, this is true since v is built by means of the

functions v\?), which are all bounded by a constant independent of 7.

)

Finally, since each ugck satisfies the turnpike property

||#§ck) (Mo < g (eﬂ”t + e’[’?(’“’t)) vt € [0, k],

if we fix ¢ € [0, k], then

et

. k . k €
ity Y e oy = Hkk‘fm Wt = Jim (e <

Loo(Tn)

The previous inequality holds for all ¢ > 0, hence the thesis, after having defined m*> := p+m and u* := v+ 4.
In fact, also u*° is bounded since both v and @ are. As regards property (4.3), it follows from Lemma 3.7, passing
to the limit as T — 4oc0. O
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APPENDIX A.

This final section is devoted to present the proof of some useful inequalities used in Section 3 to get the a priori
estimates. We point out that similar estimates can be found also in [41]; however, we need more precise ones, with
constants independent of the time horizon 7', and to do this we have to perform a slightly more refined work.

Moreover, we specify that the estimates in this Section hold for both = T™ and Q = R".
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First of all, we recall that the heat kernel on R" is defined as the function

It 2) = (Mt)%e 2, ift>0

0, if t <0,

for 2 € R"™. Recall that its L' norm over R" is equal to 1, for ¢ > 0. Moreover, one can consider the heat kernel defined
on T™ by taking the periodization of the function T', as follows:

x> Z L(t,z + 2km);

kezn

such function is defined for all x € R™ and it is periodic, hence it can be seen as a function on T". The properties recalled
in the following Lemma are standard, and valid both on © = R™ and on 2 = T" (for I and its periodization respectively).

Lemma A.1. There exist two constants C1(n,p) and Cz(n,p) such that, for all p € [1,400],
IT(t, )| Lro) < Ci(n,p)t” 2’

and

DTNt @)l oy < Calnyp)t™ 373,

N

where p' is such that % + ﬁ =1 (withp' = +oo if p=1).

We now prove two Lemmas used in Section 3.

Lemma A.2. Let z be the unique (mild) solution to the following linear forward PDE:

{atz — Az = div(zF) + div(G), on (0,T) x Q
2(0,) = zo(+), on Q.

Suppose that F € L>([0,T] x Q), F #0, G € L*([0,T]; L™T(Q)). Assume moreover that z € L*°([0,T]; L™(Q)). Then,
the following estimate holds:

2t Lo @) < 2llz0() Lo (@) + CF (1G] oo (—r.tyiLn+i(y) + Limm |2l Lo (-7 2)) (A1)
_ 1
for all t € [0,T)], where T = T p—cA e and Cr depends on F,n,T.

Proof. First of all, let Cy(n) := Ci(n, -2=), Ca(n) := Ca(n,1) and Cz(n) := Ca(n, 2L), where Ci(n,p) and Ca(n,p)

' n—1 n
are as in Lemma A.1. We consider the PDE as a heat equation with an external source; therefore, we use Duhamel

representation formula to get the following expression
t
z(t,x) = / D(t,z — y)zo(y)dy + / / It —u,z — y) [div(zF) + div(G)] (u, y)dydu
Q o Ja
t
= [ =@yt [ [ D0 = ).~ ) - G )dyda.
Q o Jo
Thus, by means of Hélder’s inequality for convolutions,

12(¢, )l poe @) < AT = w2 =)L) - 20/l (@)
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t
+ [ 1P =2 = s @120 1 01 F 2o oyt
0
t
+ [ IDT = wa =l IGE) s ey

t
_1
< HZoHLoom)+Cz(n)|\F||L°°<[0,T1xm/ (t—u)"? S?p]IIZ(U)HLw(n)dU
0 we[0,T

t
+ Ca(n) / (t — )" T G| o
0

where 7 is to be fixed and we consider only ¢t € [0, 7]. After performing the change of variables r := ¢ — u, we get

t
_1
< lzollzoo () + C2(n)[| F || o< (jo,7)x22) Sup ||Z(U)HL°°(Q)/ ro2dr
0

u€(0,7]
~ t 1 1
+02(n)/ 1 TeT S | P
0

1
< lzollzeo () + C2(n) || F ||l o o, 71x0) sup [lz(u)|| oo (0)272

u€(0,7]

~ T 1
+Cz(n)/ r 1+2"+2||G(t—7")||Ln+1(mdr
0
1
< lzollzos () + C2 ()| F || oo (0,71x22) Sl[lp ]||Z(u)|\m°<n)272
uel0,T

~ 1
+ (2n + 2)C2(n)7 272 |G| oo (t—r,t):Ln+1 () -

Choose T = Jz5-—3 L and take the supremum over [0, 7] in the left hand side. Therefore,
22T oo 0.1y )
1 ~ a1
SFP]HZ(E Mree(@) < ll2ollzee @) + 5 sup }IIZ(U)Hme) + (2n + 2)Co(n) 7252 |Gl Loo (47,0, L0+1 (20)) 5
tel0,T wel0,T

from which

~ 1
sup ]IIZ(t, Mo @) < 2ll20[[Loe (@) 4 2(2n + 2)Ca(n)7 2072 |Gl oo (- 71); 141 (02)) -
te[0,T

which gives the first part of the estimate (A.1).
For larger times, we have to use a cut-off method. Fix s € (0,7 — 1) and let

0, if t € [0, 5]
n(t)=<t—s, iftes,s+1]
1, ift€[s+1,T]

and let Z(t,x) = n(t)z(t,x). We have that

0z =0z +1'z = n(Az + div(zF) + div(G)) + 7'z =
= AZ +div(ZF) 4+ 7 div(G) + 7'z,

with initial condition Z(0,-) = 1(0)z(0,-) = 0. Hence, Z satisfies (a.e.) the following Cauchy problem:

0z — Az =div(ZF) +n div(G) + 'z, on (0,T) x Q
0,-) =0, on Q



THE LOCAL TURNPIKE PROPERTY IN MEAN FIELD CONTROL AND GAMES WITH QUADRATIC HAMILTONIAN 45

Using Duhamel representation formula, we get

Z(tx) = /o /QP(t —u,z —y) (div(ZF) + n div(G) + 1'2) (u, y)dydu
= /0 /Q<Dr(t —u,x —y), —2F(u,y) — n(u)G(u,y)) + Lt —u,x — y)n' (u, y)z(u, y)dydu

- / /Q (DT(t — u, — ), ~5F (u, y) — (w)G (. )) + Tt — w,x — )iy (u, )2, y)dydu,

where the last equality follows from the fact that 7 (and consequently Z) has support, with respect to ¢, on [s, T']. Consider
s <t < s+ 7, where 7 is defined as before. Then, again by Holder’s inequality for convolutions,

t
1Z(t, )l zoe o) S/ [DY(t = u, 2 = )1 1l Loe (0,113 [12(w) | oo () du

t
[P =t =l g 6@zt + 10 = =l o ()] ey

L7 (@)

t 1
< Co(n)||FllLes(jo,T)x0)  Sup ||5(U)||Lw<n>/(t—U)_5du
S

u€[s,s+7]

t t
+ Ga(n) / (t — w) " T Q)| s s + Ci () / (t — w3 () ey du

N[=

ri=t—u
< 2C(n)||FllLee o mixa)(t —8)2 sup  [|Z(u)|lL (o)

u€[s,s47]
~ t—s 1t 1 t—s 1
+ C2(n) r 2"+2||G(t—r)HLnH(Q)dr—i—Cl(n) r 2 ||z(t = 7)||Lnydr
0 0

1 ~
< 2C2(n)||F || Loo jo, 1% ) T 2 sup ]IIZ(U)HLOO(Q)
ue(s,s+1

+é2(n)/ f“*zniz||G(t—r)\|Ln+1(Q)dr+CI(n)/ 32t = )| e ey dr
0 0

1 3
< 2C2(n)[|F || oo (jo,7)x2) T 2 [SUP ]||Z(U)HL°°(Q)
u€l[s,s+1

~ 1 1
+ (2n+ 2)C2(n)T 272 (|G| Loo (- ay;mt1 () + 272 Cr(n)||2] oo ((t—r )27 (2)

1 - ~ a1
<3 sup ]||Z(U)HL°<>(Q) + (2n +2)Ca(n)7 2772 |Gl Loo ((1— 7 1);Ln+1(02))
ue(s,s+1

1
+ 272 Cl(n)||Z|‘L0°((t7-,—,t);[‘n(g))~

Taking the supremum over [s, s + 7], we get

- ~ 1
[Sup ]||z(u, M@ <220+ 2)C2(n) 72772 |G| oo ((1—r,1); L7+ ()
u€(s,s+1

1
+472Cy (n) HZ”L*((th,t);L”(Q))-

Recalling the definition of Z, we get that

~ 1
2(2n + 2)C2(n) T2 |G| poo (t—r1);Lm+1 (02))
T

1,
12(s + 7, ooy = —lI2(s + 7, )L () <

1
N 472 C1(n)||2]| Loo ((t—7,¢);L7 ()
T

I
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for all 0 < s < T — 1. This can be extended also for s > T'— 1 (but s < T — 7), by getting a different cut-off function

ro(t) = {o, if t € [0, 5]

t—s, iftelsT)

and again Z(t, ) = n2(t)z(¢, x). The computations are the same as before. Gathering all the estimates, we finally get (A.1).
O

Remark A.3. We notice that in the proof of (A.1) the last term arises from the cut-off argument. This means that the
estimate on [0, 7] reads as follows:

12t )l 2o () < 2[[20() || Loe () + CPIIGIl Lo ((0,7);2m+1 () (A.2)

A rougher bound than (A.1) can be obtained by iterating (A.2) m times, where m is the integer part of Z. In this way,

m k
1z(t, Ml zoe ) < 2" |[20()||Loe () + Cr (ZQ ) Gl Lo ((0,7);Ln+1 ()

k=0 (A.3)
=2"lz0(-) Iz () + Cr (2™ = DIG oo ((0,y:1m+1 (0
for all t € [0,T].
The second estimate is about backward equations with terminal condition.
Lemma A.4. Let z be the unique (mild) solution to the following linear backward PDE:
—Oiz—Az=(Dz,H)+g, on(0,T)xQ (A1)
2(T,-) = zr (), on .
Suppose that H,g € L>=([0,T] x Q). Assume moreover that z(t,-) € L>(Q) for all t € [0,T]. Then,
[1D2(t, )|z (@) < 2[Dzr (YL@ + Cr (gl o,r1x0) + Lz (B2l (o11x0)) (A.5)

for all t €10,T].

Proof. Let Cz(n) := Ca(n,1), where C3(n,p) is as in Lemma A.1. We consider again, as in Lemma A.2, the PDE as a
heat equation with an external source. We recast the equation in (A.4) as a forward PDE by introducing the following
change of (time) variable:

Z(t,z) = 2(T — t,x).
Then, we determine the equation satisfied by Z.

Oz(t,x) = —0s2(T — t,x)
=Az(T —t,z) + (Dz(T —t,z), HT — t,z)) + g(T — ¢, )
= AzZ(t,z) + (Dz(t,x), H(T — t,z)) + g(T — ¢, ),

with initial condition Z(0,-) = z7(-). Therefore, by using Duhamel representation formula, we get

Htx) = / T(t,z - y)or(y)dy + / /Q Tt~ — y) [(DE(u, ), HT — u,y)) + g(T — u,y)] dydu,

hence, recalling the definition of Z,

2(tx) = / (T — b2 — y)zr(y)dy + / ) / (T — t — u,z — y) (DT — ), H(T — u, ) + g(T — u, )] dydu.
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Now, let us compute the i-th spatial derivative of z, exploiting the properties of the convolution with respect to
differentiation. We get

T—t
Q 0 Q

T—t
+ / / 02, (T =t —u,x — y)g(T — u,y)dydu,
0 Q

from which, by Young’s inequality for convolutions, we get

102:2(8, Lo ) < IT(T =tz =)@ Dzrll L= )

T—t
+/ [DD(T =t = u, & = )l L1 () 1D2(T — )| oo o) [ H (T — )| oo () du
0
T—t
[P == aaolo(T — Wllmydu
0
T—t 1
= [|[Dzr|pe= (o) + Cz(n)/ (T =t =u) 2| Dz(T = )| Loe (o) |1 H(T — u)|| oo () du
0

+ cz<n>/0 (Tt — ) (T — )| pedu

w'i=T—u

= [[Dzrllre @+

T ’ -1 ’ ’ ’ ’
+ C2(”)/ (u' = 8)72 (| D2()| oo ) | H (W) || oo 0y + [lg(w) [ Lo () du.
t

Let T — 1 <t < T, with 7 to be fixed later. From the previous inequality, with the change of variables r := v’ — t, we
deduce

T
_1
SIIDZTIILoom)JrCz(n)/ (W' =172 sup |[[Dz(u)l|oe (o | H (u)|| e @) du’
t

uw e[T—7,T)
T—t 1
+Cao(n) / A gt + 1) o ey
[0}

To_1
up IIDZ(U')IILoom)/ o2 du’
0

< || Dzrl|pee () + C2(n)||H|| Lo (0,11x02) S
u €T —7,T)

71
+Cz(n)||g\|L°°<[0,T]xﬂ)/ rozdr
0

1 1
< ||DZT||Loo(Q) + 272 CQ(”)HHHLOO([O,T]XQ) sup ]HDZ(UI)”LOO +27’2CQ(?’L)HQHLOOQQT]XQ).
u/ €T T

Choose T = 1572 1 +—. Then, taking the supremum on both sides on [T'— 7, T] and over all spatial derivatives
I ”LOC([OYT]XQ)CQ(H’)

of z, we get

sup  ||[Dz(t)||zo (@) < 21Dzr ()|l 0) + CullgllLee (o, 71x0)>
te[T—7,T)

for some Cr depending on || H|| oo (0, 7]x 02> 7
To extend the estimate for further times, we have to apply a cut-off method. Let s > 0 and s < T'— 1 and define

1, iftef0,T—s—1]
wt)=¢T—t—s, ifte[l—s—1,T—s]
0, ifte [T —sT]
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The support of w(T —t) is [s, T]. Define z(¢,z) = w(t)z(t,z) and we compute the equation satisfied (a.e.) by z, which is:
—0 7 = —wdz — W'z
= wAz+w(Dz, H) + wg —w'z

=Az+ (D2 H) +wg —w'z,

with boundary condition z(7T',-) = 0. Duhamel representation formula, together with the previous change of time variable
and the property of the support of w, gives:

2t o) = / 7 /QF<T—t—u,w — y)(DZ(T — u,y), H(T — u,y))dydu
+ /S -t /Q DT —t—u,z—y) [wT—uwg(T —uy) —w (T —u)z(T —u,y)| dydu =
ul:z:Tiu l /Qr(ul —tx— y) [(Dé(u/,y), H(uly y)) + W(Ul)g(ul,y) — w/(u/)Z(U/,y)] dydu'.

Computing the i-th spatial derivative and exploiting the properties of the convolution with respect to differentiation
yields:

Do, 2(t, ) = / h / Ba T — t,7 — y) [(DZ(uy), H(w, ) + w(u)g(u,y) — ' (w)z(u, )] dydu.

Take now ¢ € [T'— s — 7, T — s|, where 7 is the same as before. Taking the sup norm and using the Young’s inequality
for convolutions, we obtain

T—s
102:2(8, )| o= (@) < / DT (w — t, 2 = ) p1 oy [IDZ(w)]| o @ 1H || oo 0,715 ) + l9(w) [ Loe ()] du
t

T—s
+ / IDT(u — £, — )| 1 oy 20| oo sy s
t

ol T—s—t 1
T Oy (n) sup ||Dz(u)\|Loo<Q)|\H|\Lw([O,T]Xm/ r2dr
0

uwe[T—s—7,T—s]

T—s—t 1 T—s—t 1
+CQ(TL)/ 'S 2||Z(t+7’)||Loo(Q)d7'+CQ(n)/ 'S 2||g(t+’f')||Loo(Q)d’f'
0 0

1 _ T4
<5 s [DaWlme + Col)lem o [+ har
ue[T—s—71,T—s] 0
T
+ Calmlgle=oiryeey [ 7 dr
0

1 _ 1
=3 sup 1Dz(u)|| oo () 4 272 C2(n) (||2]| o (jo,r1x ) + 9]l Lo (jo,11x)) -
uwe[T—s—7,T—s]

Taking the supremum over all derivatives and over [T — s — 7,T — s], we get

o ]HDE(% ey < Cr (9]l (o,r1x0) + 12llLo (0,71x9)) -
uwe|l'—s—7,T—s

Recalling the definition of z, we have that

1 _ Cu
ID2T =5 =7, )L (@) = —IDET =5 =7, L) < — (Igllr=o.r1x0) + 2l L= @o.11x) »
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for all 0 < s < T — 1. The same reasoning holds for s € [T'— 1,T — 7], if one chooses the cut-off function

) T—-t—s, iftel0,T—s]
w =
2 0, ifte [T —sT).

Gathering all the estimates we obtained, we finally get (A.5). O
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