
ESAIM: COCV 32 (2026) 54 ESAIM: Control, Optimisation and Calculus of Variations
https://doi.org/10.1051/cocv/2026037 www.esaim-cocv.org

THE LOCAL TURNPIKE PROPERTY IN MEAN FIELD CONTROL

AND GAMES WITH QUADRATIC HAMILTONIAN

Marco Cirant* and Nicolò De Bernardi

Abstract. We study the local stability properties of solutions to ergodic and discounted mean field
games systems, as the time horizon T → +∞, around stationary equilibria, when the Hamiltonian is
quadratic. We replace the usual monotonicity of the coupling term with a weaker, local assumption on
the stationary equilibrium (that need not be unique), stemming from a second-order strict positivity
condition. This new stability assumption, together with a symmetry property of the system, allows
us to derive an exponential turnpike property for those solutions that are close to the stationary one,
whenever the spatial domain Ω is either the flat torus Tn or Rn. Finally, through a fixed-point argument,
we establish the actual existence of stable solutions, both on the finite horizon [0, T ] and on the infinite
horizon, in the periodic setting Ω = Tn, provided that the initial (and terminal) data are close enough
to the stationary equilibrium.
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1. Introduction

This paper is devoted to the study of the long time behavior of solutions to discounted Mean Field Games
systems of PDEs with quadratic Hamiltonian, of the following form:





−∂tu−∆u+ |Du|2
2 − f(x,m) + δu = 0, on (0, T )× Ω

∂tm−∆m− div(mDu) = 0, on (0, T )× Ω

m(0, x) = m0(x), u(T, x) = uT (x), on Ω,

(1.1)

where T > 0 is the time-horizon, f : Ω × R → R is of class C2 and has bounded first and second derivatives
with respect to the second component, δ ≥ 0 is the discount factor. Here, Ω can be either the Euclidean space
Rn or the flat torus Tn (in which case, data are periodic in the x variable); m0, uT are the initial distribution
and the terminal cost, respectively, and they are assumed to be of class C2,α.

This system of PDEs has been introduced in [1] to describe Mean Field Nash equilibria among a population
of players with density m(t, x), where a typical player controls his own state

dXs = αsds+
√
2 dBs in Ω,
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with the aim of minimizing the cost

J(α) = E
∫ T

0

e−δs

(
1

2
|αs|2 + f

(
Xs,m(s,Xs)

))
ds+ e−δTuT (XT ).

Within this framework, u is the so-called value function of the typical player. Moreover, the same PDE system
constitutes the optimality conditions for the Mean Field optimal control problem of the functional (see again
[1])

F(w) =

∫ T

0

∫

Ω

e−δs

(
1

2
m(s, y)|w(s, y)|2 + F

(
y,m(s, y)

))
dyds+ e−δT

∫

Ω

uT (y)m(T, y)dy

subject to

∂tm−∆m+ div(mw) = 0, on (0, T )× Ω m(0, x) = m0(x)

where F (x,m) =
∫m

0
f(x, ν)dν.

The main purpose of this paper is to address the following problem. Consider a solution (ū, m̄) to the
stationary system





∆ū− |Dū|2
2 + f(x, m̄)− δū = 0, on Ω

∆m̄+ div(m̄Dū) = 0, on Ω,∫
Ω
m̄ = 1,

(1.2)

then under what conditions can we guarantee that (ū, m̄) attracts dynamic equilibria (u,m) as T → ∞, at least
those that are sufficiently close to (ū, m̄) itself ? The main point of our work is not to assume any kind of global
uniqueness of stationary solutions (ū, m̄) and focus on their local stability properties. Note that if δ = 0, then
we shall look at the so-called ergodic system, where the additional constant λ appears in the HJ equation:





∆ū− |Dū|2
2 + f(x, m̄)− λ = 0, on Ω

∆m̄+ div(m̄Dū) = 0, on Ω,∫
Ω
m̄ = 1.

(1.3)

In such case, we will assume throughout the paper that λ = 0. More precisely, given a triple (ū, m̄, λ) satisfying
the previous system, we tacitly replace f by f − λ. The previous question is formulated in terms of stability
properties of PDE systems, but it can be rephrased within the context of optimal control, in particular when
δ = 0. In such case, looking at the static Mean Field optimal control problem, that is, of the functional

F(w) =

∫

Ω

1

2
m(y)|w(y)|2 + F

(
y,m(y)

)
dy

subject to

−∆m+ div(mw) = 0, on Ω

∫

Ω

m(y)dy = 1,

we want to investigate conditions on static minimizers (or critical points) (w̄, m̄) ensuring their ability to attract
minimizers (or critical points) of F as T → ∞.
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Being the PDE system under consideration at the crossroads of Mean Field Games and (infinite dimensional)
optimal control, we can borrow intuitions from both sides. In the optimal control literature, the phenomenon
that solutions spend most of the time close to a steady state is often referred to as the turnpike property. Its
analysis has a long history that started in the ’60s, though the first observations in applied sciences go back to
works of von Neumann. A fundamental observation coming from the optimal control literature is that (local)
stability of stationary states originates from the (local) saddle point structure of the optimality conditions (or
extremal equations, or Pontryagin system), that takes the form of a Hamiltonian system. This fact was already
suggested in [2] in the Linear-Quadratic setting, and it has been more recently developed in general frameworks
in [3–6]. We refer to the very nice survey [7] for historical insights, recent developments and further references.

The renewed interest in the turnpike phenomenon in optimal control has grown in parallel with the study of
long-time behavior in Mean Field Game theory. Within this context, we mention the pioneering works [8, 9] and
the more recent ones [10–14]. The common thread in these contributions is the presence of some assumption that
guarantees in fact a global turnpike phenomenon: both dynamic and stationary solutions are unique, and the
former converge in long time to the latter independently of the initial / terminal conditions. These assumptions
typically take the form of monotonicity (or “smallness” of the data in some sense). It should be stressed that
turnpike is usually intended in this global sense, while here we focus on local stability. Whether it is possible
to observe a global turnpike behavior in presence of several stationary states is a difficult, interesting question,
and the answer is very likely to depend on the specific model under consideration. Nevertheless, if there was a
specific, global mechanism that drives trajectories close to a certain stationary state, what we could deduce via
the methods developed here is that such stationary state would be in fact exponentially attractive, provided
that a mild nondegeneracy condition (not related in general to monotonicity) holds.

The main purpose of this work is indeed to investigate problems with absence of monotonicity, where multiple
stationary states are likely to coexist. The stability analysis of stationary equilibria in non-monotone frameworks
has been addressed in few works [15–18], but it seems at this stage still limited to quite specific models. See also
[19] for the application of Weak KAM methods to MFG. In fact, without monotonicity, dynamic phenomena
that are far from the turnpike one have been observed, such as periodic behavior [20] or heteroclinic connections
[21].

It is important to observe that, once specialized to the MFG setting, the methods developed in optimal
control theory seem to require assumptions that resemble the ones of monotonicity (at least in a local sense).
That is why, though we are taking inspiration from those methods here, some ideas will be introduced to address
truly non monotone situations. This crucial point will be discussed in detail in Section 1.1.

The presence of the quadratic Hamiltonian simplifies the analysis: the method presented here exploits a sort
of symmetry property of the MFG, which looks clear in the quadratic case. This symmetry property will be
clarified and formalized in a general sense in Section 1.1 below.

We now state the main results. The crucial assumption is that we are given a stationary state (ū, m̄), that is
a (classical) solution to (1.2), satisfying the following properties (note that m̄ is everywhere positive).

(S) • The identity Dm̄ = −m̄Dū holds on Ω,
• m̄ satisfies a Poincaré inequality with constant CP > 0, i.e.

∫

Ω

g2(x)m̄(x)dx−
(∫

Ω

g(x)m̄(x)dx

)2

≤ CP

∫

Ω

|Dg|2(x)m̄(x)dx ∀g ∈ W 1,2(m̄dx),

• there exists η ∈ (0, 1) such that

∫

Ω

fm(x, m̄)µ2 + m̄
∣∣∣D
( µ

m̄

)∣∣∣
2

+
δµ2

m̄
dx ≥ η

∫

Ω

m̄
∣∣∣D
( µ

m̄

)∣∣∣
2

dx, (1.4)

for all µ ∈ L1(Ω) ∩ L∞(Ω) such that
∫
Ω
µ(x)dx = 0, µ/m̄ ∈ W 1,2(m̄dx), µ/m̄ ∈ L∞(Ω).
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While the first two points are generally expected to be true, the third one is way more delicate. This is a
sort of second-order positivity condition. A thorough description of its derivation, meaning and role in our
analysis will be given in Section 1.1. We anticipate here that (S) can be also seen as the positivity of a certain
“principal eigenvalue” for the linearized stationary system, as described in Remark 1.4. This is stronger than the
notion of stable solution explored in [22, 23], where, in some sense, it is required that zero is not an eigenvalue.
Note in particular that [23] focuses on the nondegeneracy properties of the linearized time-dependent problem.
Heuristically, what we do here is to show how to transfer the nondegeneracy properties of the linearized stationary
problem to stability properties of the time-dependent one, uniformly with respect to the time horizon. Several
examples of stationary solutions exhibiting such nondegeneracy properties, beyond the usual monotonicity
settings, are given below, see Remarks 1.7, 1.8 and Example 1.9.

The first result is technical, but crucial to develop what follows. It is an a priori estimate on solutions to the
MFG system describing a contractivity property; in particular, it states that if we are given a solution (u,m)
that is ε-close to the stationary solution (ū, m̄) (in terms of a suitable weighted in time sup-norm), then it has
to be in fact ε

2 -close to (ū, m̄), at least if the initial/final condition (m(0), uT ) is close enough to (m̄, ū).

Theorem 1.1. Assume that (S) holds. Let (u,m) and (ū, m̄) be (classical) solutions to (1.1) and (1.2)
respectively, such that

µ = m− m̄, v = u− ū

satisfy the integrability conditions (2.1). Then, there exist ε̄ > 0, γ̄ > 0, σ > 0 (which depend only on m̄, ū, η, f ,
but not on the time horizon T ), such that the following is true for all γ ≤ γ̄, δ < σ: if

∥m0(·)− m̄(·)∥L∞(Ω) + ∥u(T, ·)− ū(·)∥W 1,∞(Ω) < γ,∥∥∥∥∥
m0(·)− m̄(·)√

m̄(·)

∥∥∥∥∥
L2(Ω)

+
∥∥∥
√

m̄(·) |Du(T, ·)−Dū(·)|
∥∥∥
L2(Ω)

< γ,

∥m(t, ·)− m̄(·)∥L∞(Ω) ≤ ε̄
(
e−σ1t + e−σ2(T−t)

)
∀t ∈ [0, T ],

then

∥m(t, ·)− m̄(·)∥L∞(Ω) ≤
ε̄

2

(
e−σ1t + e−σ2(T−t)

)
∀t ∈ [0, T ],

where σ1 = σ−δ
n+1 and σ2 = σ+δ

n+1 .

This estimate is fundamental to obtain the main result, that shows (via a fixed point argument) the existence
of at least one dynamic solution satisfying the (local) exponential turnpike property around (ū, m̄), provided
that the initial / terminal conditions are close enough to the stationary state. We state and prove the theorem
in the simpler case where Ω = Tn, to avoid some non-compactness issues.

Theorem 1.2. Let Ω = Tn. Suppose that (ū, m̄) is a (classical) solution to (1.2) and that (S) holds. Then,
there exist constants ε̄ > 0, γ > 0, σ > 0 (which depend only on m̄, ū, η, f but not on the time horizon T ), such
that, if

δ < σ, ∥m0(·)− m̄(·)∥L∞(Tn) + ∥uT (·)− ū(·)∥W 1,∞(Tn) < γ,

then there exists a (classical) solution (uT ,mT ) to (1.1) satisfying the following property:

∥mT (t, ·)− m̄(·)∥L∞(Tn) ≤
ε̄

2

(
e−σ1t + e−σ2(T−t)

)
∀t ∈ [0, T ],
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where σ1 = σ−δ
n+1 and σ2 = σ+δ

n+1 .

The (local) turnpike property of Du to D̄u is also obtained, in the weighted-L2 sense (see Thm. 4.1 below).
Note that a bootstrap argument would allow to improve the L2 sense into the L∞ one, and then one could
propagate the turnpike at the level of the value function u; this further step would be rather technical, and it
will not be detailed here. Note that the existence of at least one trajectory that spends most of the time close
to (ū, m̄) is the best that one can expect in general, and it is sometimes false that all trajectories satisfying
the initial/final conditions enjoy that property, see for example the discussion at the end of Remark 1.8; the
presence of heteroclinic connections can also give rise to the existence of trajectories that are arbitrarily close
to a stationary state at times 0, T , but spend T/2 time close to another stationary state, see for example [21].

Finally, we can pass to the infinite-horizon T → ∞ limit to produce a dynamic equilibrium on the time
interval [0,∞), and having (ū, m̄) as a long-time limit. This result is given by Theorem 4.3.

The paper is structured as follows. The rest of the introduction contains a heuristic description of the method
and several remarks on (S) . Section 2 is devoted to the proof of the crucial a priori turnpike estimates in L2,
and these are improved to L∞ in Section 3. Finally, in Section 4 the existence of solutions satisfying the turnpike
property is proven. In the Appendix, some precise estimates on solutions to linear equations in divergence form
are given.

1.1. Discussion on the method

Consider systems (1.1) and (1.2), with solutions (m,u) and (m̄, ū), respectively. The approach developed here
is of perturbative nature, namely, it revolves around the analysis of the couple

µ := m− m̄ and v := u− ū,

that solves the PDE system





−∂tv −∆v + ⟨Dv,Dū⟩+ δv = f(x, m̄+ µ)− f(x, m̄)− |Dv|2
2 , on (0, T )× Ω

∂tµ−∆µ− div(m̄Dv)− div(µDū) = div(µDv), on (0, T )× Ω

µ(0, ·) = µ0(·) = m0(·)− m̄(·) v(T, ·) = vT (·) = uT (·)− ū(·), on Ω.

Consider now its linearization :

{
∂tµ = ∆µ+ div(m̄Dv) + div(µDū),

∂tv = −∆v + ⟨Dv,Dū⟩ − fm(x, m̄)µ+ δv.

Our main purpose is to understand the stability properties of the equilibrium state (0, 0). Since we want to
write the previous problem as a Hamiltonian system, consider first the exponential transformation

µ̃(t, x) := µ(t, x)e−
δt
2

ṽ(t, x) := v(t, x)e−
δt
2 ,

that satisfy the following system of linear PDEs:

{
∂tµ̃ = ∆µ̃+ div(µ̃Dū) + div(m̄Dṽ)− δ

2 µ̃,

∂tṽ = −∆ṽ + ⟨Dṽ,Dū⟩ − fm(x, m̄)µ̃+ δ
2 ṽ,

(1.5)
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and that can be rewritten in operator form as follows

[
˙̃µ
˙̃v

]
=

[
A− δ

2I −BB∗

−Q −A∗ + δ
2I

] [
µ̃
ṽ

]
,

where

Ah = ∆h+ div(hDū),

A∗h = ∆h− ⟨Dh,Dū⟩,
BB∗h = −div(m̄Dh),

Qh = fm(x, m̄)h.

Notice that the operator h 7→ −div(m̄Dh) is self-adjoint and positive, hence it can be written in the form BB∗,
where Bf = −div(

√
m̄f). Being a strictly elliptic operator, we may think of its inverse1 (once a normalization

condition is introduced). Note also that Q is symmetric. It is well known that, for the Hamiltonian matrix

M =

[
A− δ

2I −BB∗

−Q −A∗ + δ
2I

]

if λ ∈ C is one of its eigenvalues, then λ∗,−λ,−λ∗ are eigenvalues, too.
Now, linear stability of (0, 0), and in particular the turnpike behavior close to it, comes from its hyperbolic

nature: we need to prevent M from having purely imaginary eigenvalues, that is, if ω is any non zero real
number, then the operators matrix

[
A− δ

2I − iωI −BB∗

−Q −A∗ + δ
2I − iωI

]

must have trivial kernel. So, let (µ̄, v̄) be such that

[
A− δ

2I − iωI −BB∗

−Q −A∗ + δ
2I − iωI

] [
µ̄
v̄

]
=

[
0
0

]
,

we have to verify that the only solution be (µ̄, v̄) = (0, 0). From the first row, we derive that v̄ = (BB∗)−1(A−
δ
2I − iωI)µ̄, from which

{
Q+A∗(BB∗)−1A− δ

2

(
A∗(BB∗)−1 + (BB∗)−1A

)
+ iω

[
(BB∗)−1A−A∗(BB∗)−1

]

+

(
δ2

4
+ ω2

)
(BB∗)−1

}
µ̄ = 0.

Since BB∗ > 0, to guarantee that the only solution be µ̄ = 0 we may assume that

(i) Q+A∗(BB∗)−1A− δ
2

(
A∗(BB∗)−1 + (BB∗)−1A

)
≥ 0

(ii) A∗(BB∗)−1 = (BB∗)−1A

1Note that the invertibility BB∗ is sufficient for the (linear) controllability of the system.
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Let us first show that (ii) is a symmetry property that is clear within the quadratic Hamiltonian framework
by identity Dū = −Dm̄/m̄. Indeed, note first that,

(BB∗)f = −div(m̄Df) = −⟨Dm̄,Df⟩ − m̄∆f = m̄⟨Dū,Df⟩ − m̄∆f = −m̄A∗f = −Tm̄A∗f,

where Tm̄ is the multiplication operator by m̄. Similarly,

(BB∗)f = −div(m̄Df) = −div(Dm̄f + m̄Df + m̄fDū) = −∆(m̄f)− div(m̄fDū) = −ATm̄f, (1.6)

hence,

(BB∗)A∗ = −ATm̄A∗ = A(BB∗).

To better understand (i), observe first that2, by (1.6),

(BB∗)−1Aµ = − µ

m̄

and again by Dū = −Dm̄/m̄,

A∗(BB∗)−1Aµ = −∆
µ

m̄
+ ⟨D µ

m̄
,Dū⟩ = − 1

m̄
div
(
m̄D

( µ

m̄

))
.

Recalling the definition of Q, we put all together and we rewrite (i) (using the L2 scalar product and integrating
by parts) as

∫

Ω

fm(x, m̄)µ2 + m̄
∣∣∣D
( µ

m̄

)∣∣∣
2

+ δ
µ2

m̄
dx ≥ 0.

This inequality is closely related to (S) : in fact (S) is a strict version of it. We will show below why the strict
version of inequality is needed.

We are going to elaborate more on (S) in the next subsection. Before we do that, we continue our discussion
on the (linear) stability argument, assuming for simplicity that δ = 0. For comparison purposes, we start with a
brief description of the viewpoint adopted in [3] (which is also common in the MFG literature, see for example
[8, 9]), that looks at the evolution of the state/adjoint-state quantity

Ψ(t) = ⟨µ(t), v(t)⟩.

Using the equations (1.5), (µ̃ = µ and ṽ = v since δ = 0)

Ψ̇(t) = −⟨(BB∗)v(t), v(t)⟩ − ⟨µ(t), Qµ(t)⟩

Then, by the Cauchy-Schwarz and Young inequalities, assuming that both BB∗ and Q are positive definite,
there exists c > 0 such that

Ψ̇(t) ≤ −c|Ψ(t)|. (1.7)

This differential inequality is the core of the exponential stability: once integrated over time, it gives the
exponential decay in time that is typical of the turnpike property. In other words, Ψ(t) can be regarded as a
Lyapunov function.

2This observation appears also in [9].



8 M. CIRANT AND N. D. BERNARDI

A fundamental observation here is that assuming that Q is positive definite in our setting amounts to ask that
fm ≥ c̄ > 0, that is exactly requiring the so-called Lasry-Lions monotonicity condition. Note that this assumption
is required in several works on the turnpike property in optimal control [3–6], and forces the functionals F , F
described in the introduction to be optimized to be uniformly convex (at least close to the stationary point).

The main purpose of this paper is to address situations where such monotonicity / convexity fails. Since
Q ̸> 0, we need to take a different route, starting from the identity

−(BB∗)−1µ̇ = v − (BB∗)−1Aµ.

Letting

Φ(t) = ⟨µ(t), v(t)− (BB∗)−1Aµ(t)⟩,

We have

Φ̇ = −⟨µ̇, (BB∗)−1µ̇⟩+ ⟨µ,−Qµ−A∗v − (BB∗)−1A(Aµ−BB∗v)⟩.

Using the symmetry property (ii),

Φ̇ = −⟨µ̇, (BB∗)−1µ̇⟩ − ⟨µ,Qµ⟩ − ⟨µ,A∗(BB∗)−1Aµ⟩, (1.8)

which gives, assuming (i),

d

dt
⟨µ, (BB∗)−1µ̇⟩ = − d

dt
Φ ≥ ⟨µ̇, (BB∗)−1µ̇⟩.

It should be clear that it is not possible at this stage to derive an inequality of the form (1.7), that is to
control the right-hand side from below by c|Φ(t)|; to this purpose a stronger form of (i) is required, for instance
ensuring the presence of further term proportional to ⟨µ, (BB∗)−1µ⟩ in the right-hand side. By the structure of
our problem, it will be in fact more natural to assume that there exists η > 0 such that

Q+A∗(BB∗)−1A ≥ ηA∗(BB∗)−1A,

which is exactly the main requirement in (S) . This allows to reach the inequality

−Φ̇(t) ≥ c|Φ(t)|,

that, arguing as above for Ψ, gives the exponential stability.
As the reader will see (Prop. 2.2 below), there will be no explicit use of the operators A,BB∗... below, though

all the arguments are clearly inspired by the previous discussion. Turning indeed to the explicit form of the
operator (BB∗)−1A obtained above, one should look at the evolution of (now for general δ ≥ 0)

Φ̃(t) :=

∫

Ω

e−δt

(
µ(t, x)v(t, x) +

µ2(t, x)

m̄(x)

)
dx.

Following the previous computations we obtain

˙̃Φ(t) = −
∫

Ω

e−δt


fm(x, m̄)µ2 + m̄

∣∣∣D
( µ

m̄

)∣∣∣
2

+
δµ2

m̄︸ ︷︷ ︸
stationary

+ m̄
∣∣∣Dv +D

( µ

m̄

)∣∣∣
2

︸ ︷︷ ︸
dynamic


dx. (1.9)
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It is very convenient to recognize here the splitting between the “stationary” component and the “dynamic”
one, as it clarifies the role of the static optimization problem in the dynamic one. Once again, the second term
is related to the dynamic behavior of the system for the following reason: observe that

∆µ+ div(µDū) = div(Dµ+ µDū) = div
(
m̄D

( µ

m̄

))
.

Therefore, the (linearized) equation for µ can be rewritten as

∂tµ− div(m̄Dv)− div
(
m̄D

( µ

m̄

))
= 0 =⇒ ∂tµ = div

(
m̄
(
Dv +D

( µ

m̄

)))
,

hence the vector field Dv +D
(
µ
m̄

)
, appearing in the “dynamic” part of (1.9), drives in fact the evolution of µ.

Note that we have focused here on linear stability only. In the general, nonlinear case, the proof of the
exponential decay of the quantity Φ goes along similar lines, but one needs to handle the presence of lower order
terms. There is also some technical work that is needed to derive decay bounds on weighted L2 norms, then
on L∞ norms. Moreover, the presence of δ > 0 also needs to be handled with care; in a sense, this is a further
perturbation of the problem. Indeed, the previous argument gives the exponential decay of Φ̃(t) = e−δtΦ(t). To
recover the exponential decay of Φ(t), one then needs δ to be small enough, since the exponential decay for Φ
from the one of Φ̃ takes the form

e−(σ−δ)t + e−(σ+δ)(T−t).

There is another, elegant approach that allows to turn the linear exponential stability into the nonlinear
one, that relies on the analysis of the Riccati feedback operator E(T )µ0 = ṽ(0), where (ṽ, µ̃) is the solution
to the linear system (1.5) with final condition ṽ(T ) = 0 and initial condition µ̃(0) = µ0. As shown in [24], the
exponential convergence as T → ∞ of E(T ) is all that one needs to get local, nonlinear long time stability of
the stationary state; such exponential convergence is proven in [24] using the classical Lasry-Lions monotonicity
argument; the approach proposed here allows in fact to show that exponential convergence of E(T ) holds also
under the weaker property (S).

1.2. The assumption (S)

We discuss in this section the assumption (S).
First, the identity Dm̄ = −m̄Dū is true if m̄(x) is proportional to e−ū(x): this ansatz gives in fact a solution

to the stationary Fokker-Planck equation, so any given solution m̄ is actually proportional to e−ū provided that
uniqueness for the Fokker-Planck equation holds. This uniqueness issue has been largely explored, and it holds
under rather mild integrability assumptions, for instance if Dū ∈ L2(m̄), see [25], Example 5.5.4 (we refer to
the same monograph for a thorough discussion on uniqueness).

Similarly, there is a large body of literature on the Poincaré inequality for m̄ if Ω is bounded (that goes
under the name of weighted Poincaré inequality); this is valid for example if m̄ is regular enough and bounded
away from zero (which is our case, by elliptic regularity and the strong maximum principle). When Ω = Rn, an
additional care is needed: the inequality is somehow related also to the behavior of m̄ as x → ∞, and it is true
in many situations, see for example [26].

The main restriction in (S) is the inequality (1.4). We first observe that, under mild assumptions on f , such
inequality has equivalent formulations.

Lemma 1.3 (Equivalent formulations of (S)). Assume that m̄, fm(·, m̄(·)) ∈ L∞(Ω), and that m̄ satisfies a
Poincaré inequality. Then, the following properties are equivalent :

(a)
∫
Ω
fm(x, m̄)µ2 + m̄

∣∣D
(
µ
m̄

)∣∣2 + δ µ2

m̄ dx ≥ η
∫
Ω
m̄
∣∣D
(
µ
m̄

)∣∣2 dx;
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(b)
∫
Ω
fm(x, m̄)µ2 + m̄

∣∣D
(
µ
m̄

)∣∣2 + δ µ2

m̄ dx ≥ η′
∫
Ω

µ2

m̄ dx;

(c)
∫
Ω
fm(x, m̄)µ2 + m̄

∣∣D
(
µ
m̄

)∣∣2 + δ µ2

m̄ dx ≥ η′′
∫
Ω
µ2dx,

for some η, η′, η′′ > 0 and for all µ ∈ L1(Ω) ∩ L∞(Ω) such that
∫
Ω
µ(x)dx = 0, µ/m̄ ∈ W 1,2(m̄dx).

Proof. Suppose that (a) holds. The first implication is a simple application of the weighted-Poincaré inequality
for µ

m̄ . In fact, we know that

∫

Ω

( µ

m̄

)
m̄ dx =

∫

Ω

µdx = 0,

hence

∫

Ω

fm(x, m̄)µ2 + m̄
∣∣∣D
( µ

m̄

)∣∣∣
2

+ δ
µ2

m̄
dx

(a)

≥ η

∫

Ω

m̄
∣∣∣D
( µ

m̄

)∣∣∣
2

dx ≥ η

CP

∫

Ω

m̄
µ2

m̄2
dx =

η

CP

∫

Ω

µ2

m̄
dx,

where CP is the Poincaré constant of m̄. Therefore, (b) holds with η′ = η
CP

.
Next, let (b) hold. Since m̄ is bounded from above and non-negative, we have that

η′
∫

Ω

µ2

m̄
dx ≥ η′

∥m̄∥L∞(Ω)

∫

Ω

µ2dx,

hence (c) holds with η′′ = η′

∥m̄∥L∞ .

Finally, let (c) hold. Take ε ∈ (0, 1). We can split the left hand side of (c) into two pieces, as follows

∫

Ω

fm(x, m̄)µ2 + m̄
∣∣∣D
( µ

m̄

)∣∣∣
2

+ δ
µ2

m̄
dx

= (1− ε)

∫

Ω

fm(x, m̄)µ2 + m̄
∣∣∣D
( µ

m̄

)∣∣∣
2

+ δ
µ2

m̄
dx

+ ε

∫

Ω

fm(x, m̄)µ2 + m̄
∣∣∣D
( µ

m̄

)∣∣∣
2

+ δ
µ2

m̄
dx

≥ (1− ε)η′′
∫

Ω

µ2dx+ ε

∫

Ω

fm(x, m̄)µ2 + m̄
∣∣∣D
( µ

m̄

)∣∣∣
2

+ δ
µ2

m̄
dx

=

∫

Ω

[(1− ε)η′′ + εfm(x, m̄)]µ2dx+ ε

∫

Ω

m̄
∣∣∣D
( µ

m̄

)∣∣∣
2

+ δ
µ2

m̄
dx

≥
∫

Ω

[
(1− ε)η′′ − ε∥fm(·, m̄)∥L∞(Ω)

]
µ2dx+ ε

∫

Ω

m̄
∣∣∣D
( µ

m̄

)∣∣∣
2

+ δ
µ2

m̄
dx = ▲

Now, choosing ε = η′′

η′′+∥fm(·,m̄)∥L∞(Ω)
, we have

(1− ε)η′′ − ε∥fm(·, m̄)∥L∞(Ω) = 0.

Hence, we proceed from ▲ to get

▲ ≥ η′′

η′′ + ∥fm(·, m̄)∥L∞(Ω)

∫

Ω

m̄
∣∣∣D
( µ

m̄

)∣∣∣
2

dx,
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so that (a) holds with η := η′′

η′′+∥fm(·,m̄)∥L∞(Ω)
.

Remark 1.4 (The principal eigenvalue). The inequalities (a), (b), (c) of the previous lemma can be interpreted
as bounds from below of certain quotients of Rayleigh type. For instance (b) reads as

inf∫
Ω
µ=0

∫
Ω
fm(x, m̄)µ2 + m̄

∣∣D
(
µ
m̄

)∣∣2 + δ µ2

m̄ dx
∫
Ω

µ2

m̄ dx
≥ η′ > 0.

If such infimum is attained at some µ, then (formally) the following equality holds

fm(x, m̄)µ− 1

m̄
div
(
m̄D

( µ

m̄

))
+ δ

µ

m̄
= η1

µ

m̄
+ ℓ, (1.10)

where η1 ≥ η′ and ℓ ∈ R (ℓ can be characterized in terms of µ, m̄). Via the change of variables v = − µ
m̄ and the

identity Dū = −Dm̄
m̄ one finds the PDE system solved by the triple (v, µ, ℓ):





−∆v + ⟨Dv,Dū⟩+ δv − fm(x, m̄)µ = η1v + ℓ

∆µ+ div(m̄Dv) + div(µDū) = 0,∫
Ω
µ = 0.

(1.11)

So, another way of seeing (S) is that

the first (or principal) eigenvalue η1, that is the smallest number η1

such that (1.11) has nontrivial solutions, must be positive.

Arguing similarly with the inequality (c) yields an eigenvalue problem of the form





−∆v + ⟨Dv,Dū⟩+ δv − fm(x, m̄)µ = −η̂1µ+ ℓ

∆µ+ div(m̄Dv) + div(µDū) = 0,∫
Ω
µ = 0.

Though all considerations are made here in a merely formal way, it would be interesting to develop a systematic
spectral theory for the present problems.

Remark 1.5 (Non-local couplings). The methods proposed in this work can be adapted easily to problems
involving non-local couplings, that is, when f : Ω × R → R is replaced by f : Ω × P(Ω) → R, where P(Ω) is
the space of probability measures over Ω, of course under suitable regularity assumptions on f . Indeed, the
approach relies on linearization arguments, that, in the local case, involve expansions of the form

f(x, m̄(x) + µ(x))− f(x, m̄(x)) ≃ fm(x, m̄(x))µ(x).

In the non-local case, one would work with the expansion

f(x, m̄+ µ)− f(x, m̄) ≃
∫

Ω

δmf(x, m̄, y)µ(y)dy,
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where δmf is the so-called flat derivative. In particular the main inequality in assumption (S) would take the
form

∫

Ω

∫

Ω

δmf(x, m̄, y)µ(y)µ(x)dydx+

∫

Ω

m̄
∣∣∣D
( µ

m̄

)∣∣∣
2

+
δµ2

m̄
dx ≥ η

∫

Ω

m̄
∣∣∣D
( µ

m̄

)∣∣∣
2

dx.

We now point out that (1.4) can be also related to local minimality properties of m̄ for a static optimization
problem, at least when δ = 0. This is motivated by the fact, already mentioned in the introduction, that the
stationary PDE system (1.2) constitutes the optimality conditions of the minimization of the functional F(m,w)
under the constraints −∆m + div(mw) = 0 and

∫
Ω
m dx = 1. In the quadratic case, it is possible to further

simplify the static optimization problem by introducing a functional F̃ , which depends only on the variable m,
defined as follows

F̃(m) :=

∫

Ω

F (x,m) +
|Dm|2
2m

dx =

∫

Ω

F (x,m) + 2|D√
m|2dx, ∀√m ∈ W 1,2(Ω),

∫

Ω

m = 1.

The next Lemma explains that (1.4) holds whenever m̄ is a strict (local) minimum of F̃ .

Lemma 1.6. If m̄ is a minimum for F̃ such that m̄ is continuous and everywhere positive, then (1.4) holds
with η = 0. If, moreover, there exists η′′ > 0 such that

F̃(m)− F̃(m̄) ≥ η′′

2

∫

Ω

(m− m̄)2dx ∀√m ∈ W 1,2(Ω), (1.12)

then assertion (c) of Lemma 1.3 holds (hence (1.4) holds for some η > 0).

Proof. Take µ such that µ ∈ L1(Ω) ∩ L∞(Ω),
∫
Ω
µ(x)dx = 0, µ/m̄ ∈ W 1,2(m̄dx). Assume also that it has

compact support. We take a small variation around the minimum m̄, namely m̄ + εµ, for ε > 0 small enough
so that m̄ + εµ > 0 (recall that m̄ is continuous and everywhere positive, and µ ∈ L∞). Then, we compute

variations of F̃ as follows

F̃(m̄+ εµ) = F̃(m̄) + δF̃(m̄)[εµ] +
1

2
δ2F̃(m̄)[εµ, εµ]

− ε3
∫

Ω

[
µm̄

2(m̄+ εµ)

∣∣∣D
( µ

m̄

)∣∣∣
2

−
∫ 1

0

(1− s)2

2
fmm(x, m̄+ sεµ)µ3ds

]
dx,

where

δF̃(m̄)[εµ] = ε

∫

Ω

⟨Dm̄,Dµ⟩
m̄

− µ
|Dm̄|2
2m̄2

+ f(x, m̄)µdx,

δ2F̃(m̄)[εµ, εµ] = ε2
∫

Ω

m̄
∣∣∣D
( µ

m̄

)∣∣∣
2

+ fm(x, m̄)µ2 dx.

Since m̄ is a minimum of F̃ , then letting ε → 0 implies that δF̃(m̄)[µ] = 0 and δ2F̃(m̄)[µ, µ] ≥ 0 for all µ (with
compact support). Note that, if µ has not compact support, one can construct a sequence µR = (µ− cR)ϕ(x/R),

where ϕ is a cutoff function, cR =
∫
µϕ/

∫
ϕ , so that δ2F̃(m̄)[µR, µR] → δ2F̃(m̄)[µ, µ] as R → ∞; therefore,

(1.4) holds with η = 0.

For the second assertion, if we assume the validity of (1.12), then m̄ is still a minimizer of F̃ , and

F̃(m̄+ εµ)− F̃(m̄) ≥ ηε2

2

∫

Ω

µ2dx ⇐⇒ 1

2
δ2F̃(m̄)[εµ, εµ] + o(ε2) ≥ ηε2

2

∫

Ω

µ2dx,
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from which we derive Lemma 1.3(c).

In light of the previous lemmata, we have the following observation on the generic nature of (S) .

Remark 1.7 ((S) is a generic property of minimizers). Note that any (constrained) minimizer m̄ of

F̃(m) =

∫

Ω

F (x,m) +
|Dm|2
2m

dx

gives a stationary solution of the PDE system (1.2). Indeed, taking variations we have δF̃(m̄)[µ] = 0 for all test
functions µ such that

∫
Ω
µ = 0; this means that

−div

(
Dm̄

m̄

)
− 1

2

∣∣∣∣
Dm̄

m̄

∣∣∣∣
2

+ f(x, m̄) = λ

for some λ ∈ R. If we let ū = − log m̄, then the triple (ū, m̄, λ) solves (1.3). Note also that the left-hand side of
(1.10) is nothing but the linearization of the previous equation.

Now, for any η′′ > 0, one can define

F̃η′′(m) := F̃(m) +
η′′

2

∫

Ω

(m− m̄)2 dx,

and clearly m̄ is also a minimizer of F̃η′′ , yielding in particular a solution of





∆ū− |Dū|2
2 + f(x, m̄) + η′′(m− m̄) = 0, on Ω

∆m̄+ div(m̄Dū) = 0, on Ω,∫
Ω
m̄ = 1.

Moreover, F̃η′′ satisfies the inequality (1.12), hence (S) can be verified. In other words, any minimizer m̄ of a
given problem with coupling f is actually a (locally) stable solution of a (slightly) perturbed problem, having
the coupling f + η′′(m − m̄). This is true without any assumption on the sign of fm, and becomes of course
relevant when f is monotone decreasing, in which case several stationary states may coexist (as f + η′′(m− m̄)
remains decreasing if η′′ is small).

The construction and the analysis of minimizers of problems involving non-monotone couplings has been
carried out in several works, see for example [27–32]. The study of their nondegeneracy properties is, to our
knowledge, open even in special cases. We believe that this constitutes an interesting research direction: in light
of our results, such nondegeneracy would be in fact sufficient to show that those stationary minimizers are
actually locally stable for the time-dependent problem.

To this purpose, note that the minimization of F̃ can be recast, after the change of variables m = φ2 into
the minimization of

φ 7→
∫

Ω

F (x, φ2) + 2|Dφ|2dx, ∀φ ∈ W 1,2(Ω),

∫

Ω

φ2 dx = 1,

that is related to the normalized solutions of the (stationary) nonlinear Schrödinger equation, and several ideas
from the literature on nonlinear Schrödinger equations could be borrowed to prove nondegeneracy of solutions,
see for instance [33, 34].
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Remark 1.8 (The local Lasry-Lions mildly non-monotone case). In the standard global Lasry-Lions mono-
tonicity regime, that is when fm ≥ ℓ > 0 everywhere, it is clear that Lemma 1.3 (c) holds with η′′ = ℓ, and so
(S) holds. Actually, we can allow for a local, mild non-monotonicity assumption

inf
x∈Ω

fm(x, m̄(x))m̄(x) = −c > − 1

CP
(1.13)

Indeed, by means of the Poincaré inequality,

∫

Ω

fm(x, m̄)µ2 + m̄
∣∣∣D
( µ

m̄

)∣∣∣
2

+ δ
µ2

m̄
dx ≥

(
−c+

1

CP

)∫

Ω

µ2

m̄
dx,

and Lemma 1.3 applies.
We stress that (1.13) is a local assumption. As an illustrative example, consider, in dimension n = 1 and

with δ = 0, the problem with coupling

f(x,m) =
3A

2
m1/2 − A

2
m3/2,

that has the trivial stationary solution (ū, m̄, λ) = (0, 1, A) for every A > 0. We have that m̄ satisfies (S) : CP

is the constant of the standard Poincaré-Wirtinger inequality, and fm(x, m̄) ≡ 0, hence (1.13) holds. So, m̄ is a
stable solution (for every A > 0).

Note that f is not globally Lasry-Lions monotone (not even in the mild sense), since fm(m) → −∞ asm → ∞.
Actually, the problem admits another stationary solution (ũ, m̃, λ̃), that is given by the global minimum of the
minimization problem

F̃(m) =

∫ 1/2

−1/2

Am3/2 − A

5
m5/2 +

|Dm|2
2m

dx, ∀√m ∈ W 1,2(T),
∫ 1/2

−1/2

m = 1.

Indeed, such a minimum exists (as the exponent 3/2 is mass-subcritical in dimension one, see e.g. [27]) and
it is not achieved by m̄ = 1 when A is large. To verify this, take any smooth q ∈ C∞

0 (−1/2, 1/2) such that√
q ∈ W 1,2(−1/2, 1/2). Then, for r > 1,

F̃(rq(r·)) =
∫ 1/2

−1/2

Ar1/2q3/2 − A

5
r3/2q5/2 + r2

|Dq|2
2q

dx = A(a1r
1/2 − a2r

3/2) + a3r
2

where a1, a2, a3 > 0. Choose r large in a way that a1r
1/2 − a2r

3/2 < 0. Then, for A large enough,

F̃(m̃) = min
m

F̃(m) ≤ F̃(rq(r·)) < 0 <
4A

5
= F̃(m̄).

Note that a minimizer m̃ cannot satisfy (S) , since the problem is translation invariant and {m̃(· − y)}y∈T
provides a continuum of minimizers, that are degenerate: (1.4) holds only with η = 0. Nevertheless, the problem
could be perturbed in a way that m̃ becomes stable (see Rem. 1.7), and it is reasonable that the trivial solution

m̄ = 1 would be perturbed into another stable solution. Note also that the geometry of F̃ suggests the presence
of another family of solutions of mountain-pass type, arising from the presence of the isolated, local minimum
m̄ and the global minima {m̃(· − y)}y∈T.

We also observe that stability of the trivial stationary state guarantees the existence of dynamic equilibria
that remain close to it, at least for initial / final conditions that are close. Anyhow, even if we take the initial
/ final conditions to be exactly m(0) = m̄ = 1 and u(T ) = ū = 0, we cannot expect that all solutions (u,m)
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coincide with (ū, m̄) for all times, not even that the two couples are always close. Indeed, it would be convenient
for any dynamic minimizer (u,m) (that is a minimizer of the corresponding time-dependent functional involving

F̃ and a Lagrangian term related to the velocity) to be close to (some translation of) (ũ, m̃) for most of the
time.

Finally, the local condition fm(x, m̄(x)) ≥ −c/m̄(x) is comparable with the one assumed in [14], that reads
fm(x,m) ≥ −γ for all x,m. Despite the difference between the local/global nature of the two conditions, it could
be noticed that the first one appears to be somehow weaker when tested on problems on the whole Euclidean
space, where m̄(x) typically vanishes as x → ∞. However, our local condition just guarantees local stability,
and we do not know whether the monotonicity of f(m) + c logm (for small c > 0) would be enough to imply
global uniqueness (as when f(m) + γm is monotone increasing [14]).

Example 1.9 (A Linear-Quadratic-Gaussian problem). Let g : (0,∞) → (0,∞) be differentiable. Consider a
stationary problem with δ = 0, n = 1 and Ω = R with quadratic cost and coupling via second-order moments
of m:

{
−ūxx + 1

2 ū
2
x + λ̄ = g

(∫
R x2m̄(x) dx

)
x2, on R

m̄xx + (m̄ūx)x = 0, on R.

Using the standard Quadratic-Gaussian ansatz, we get solutions of the form

(ū, m̄, λ̄) =

(
x2

2M̄
,

e−x2/(2M̄)

∫
R e−x2/(2M̄)

,
1

M̄

)

if (and only if)

g(M̄) =
1

2M̄2

Notice that M̄ =
∫
R x2m̄. In other words, given g, it may intersect the curve M 7→ 1/(2M2) several times, and

each intersection gives a stationary solution. Are these solutions stable? We claim that if

g′(M̄) > − 1

M̄3
, (1.14)

then any (v, µ, ℓ, η) such that ∥v′′∥L∞(R), ∥x2µ∥L1(R) < ∞ satisfying the linearized system





−vxx + vx · ūx − g′(M̄)
(∫

R y2µ(y) dy
)
x2 = ηv + ℓ

µxx + (m̄ · vx)x + (µ · ūx)x = 0, (v = −µ/m̄)∫
R µ = 0.

(1.15)

is such that η ≥ η1 for some η1 > 0. This has a strong connection with the validity of (S) , as discussed in
Remark 1.4. Interestingly, −M−3 is the derivative of M−2/2, hence any time g crosses M 7→ 1/(2M2) from
below, a stable solution (in the sense of spectral properties of (1.15)) is generated, see Figure 1. Local mono-
tonicity in the Lasry-Lions sense holds only if g′(M̄) > 0, and it can be checked that displacement monotonicity
(see [13]) is locally verified only if g′(M̄) > −M̄−3/4, hence our analysis can detect further (locally) stable
solutions.

Before we proceed with the proof of the claim, it should be noted that the existence Theorem 1.2 does not
apply directly to this example, which is set on the unbounded space R, and involves solutions with quadratic
growth like ū (that is the reason why it is reasonable to restrict to perturbations v having bounded second
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M

g(M)

Figure 1: Solid line is the graph of g(M), while dashed one is the graph of (2M)−1. Intersections
indicated with black dots give rise to stable stationary solutions.

f(m) + c logm (for small c > 0) would be enough to imply global uniqueness (as when f(m) + γm is
monotone increasing [23]).

Example 1.9 (A Linear-Quadratic-Gaussian problem). Let g : (0,∞) → (0,∞) be differentiable.
Consider a stationary problem with δ = 0, n = 1 and Ω = R with quadratic cost and coupling via
second-order moments of m:

{
−ūxx + 1

2 ū
2
x + λ̄ = g

(∫
R x2m̄(x) dx

)
x2, on R

m̄xx + (m̄ūx)x = 0, on R.

Using the standard Quadratic-Gaussian ansatz, we get solutions of the form

(ū, m̄, λ̄) =

(
x2

2M̄
,

e−x2/(2M̄)

∫
R e−x2/(2M̄)

,
1

M̄

)

if (and only if)

g(M̄) =
1

2M̄2

Notice that M̄ =
∫
R x2m̄. In other words, given g, it may intersect the curve M 7→ 1/(2M2) several

times, and each intersection gives a stationary solution. Are these solutions stable? We claim that if

g′(M̄) > − 1

M̄3
, (1.14)

then any (v, µ, ℓ, η) such that ∥v′′∥L∞(R), ∥x2µ∥L1(R) < ∞ satisfying the linearized system




−vxx + vx · ūx − g′(M̄)
(∫

R y2µ(y) dy
)
x2 = ηv + ℓ

µxx + (m̄ · vx)x + (µ · ūx)x = 0, (v = −µ/m̄)
∫
R µ = 0.

(1.15)

is such that η ≥ η1 for some η1 > 0. This has a strong connection with the validity of (S) , as
discussed in Remark 1.4. Interestingly, −M−3 is the derivative of M−2/2, hence any time g crosses
M 7→ 1/(2M2) from below, a stable solution (in the sense of spectral properties of (1.15)) is generated,
see Figure 1. Local monotonicity in the Lasry-Lions sense holds only if g′(M̄) > 0, and it can be
checked that displacement monotonicity (see [22]) is locally verified only if g′(M̄) > −M̄−3/4, hence
our analysis can detect further (locally) stable solutions.

Before we proceed with the proof of the claim, it should be noted that the existence Theorem 1.2
does not apply directly to this example, which is set on the unbounded space R, and involves solu-
tions with quadratic growth like ū (that is the reason why it is reasonable to restrict to perturbations
v having bounded second order derivatives). In addition, the problem involves a nonlocal coupling
rather than a local one (see Remark 1.5 on this aspect). We still believe that this example is instruc-
tive, since it shows how to apply our arguments in a specific situation that exhibits several stationary
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Figure 1. Solid line is the graph of g(M), while dashed one is the graph of (2M)−1. Intersec-
tions indicated with black dots give rise to stable stationary solutions.

order derivatives). In addition, the problem involves a nonlocal coupling rather than a local one (see Rem. 1.5
on this aspect). We still believe that this example is instructive, since it shows how to apply our arguments in a
specific situation that exhibits several stationary states. We believe that a more general version of Theorem 1.2,
accommodating a framework where solutions are unbounded like ū (and not necessarily quadratic polynomials
in x), could be obtained with some additional technical work.

To prove the claim, we observe first that v (with bounded second derivatives) can be only a quadratic
polynomial. Indeed, let w(x) := vxx(x) be the second derivative of v. If we plug ūx = x/M̄ in (1.15) and
differentiate twice the equation for v, we get that the equation satisfied by w is

−wxx +
1

M̄
wx · x−

(
η − 2

M̄

)
w = 2g′(M̄)

(∫

R
y2µ(y) dy

)
. (1.16)

Equation (1.16) takes the form of a (non-homogeneous) Hermite equation. Now, if the right-hand side is zero,
it is well known that the values of η which give solutions with polynomial growth are

ηn = (2n+ 2)
1

M̄
n ∈ N.

In particular, for each ηn the corresponding (admissible) solution w is the Hermite polynomial of degree n.
Since we are looking for a bounded w, we just focus on the node n = 0, which corresponds to w = C, for some
constant C. Therefore, the function v is a polynomial of degree (at most) 2. Otherwise, if the right-hand side
g′(M̄)

(∫
R y2µ(y) dy

)
̸= 0, then we have

w(x) := z(x) +
2g′(M̄)

(∫
R y2µ(y) dy

)
2
M̄

− η
,

where z solves

−zxx +
1

M̄
zx · x−

(
η − 2

M̄

)
z = 0.

As above, z is constant, hence v is quadratic (note that if η = 2/M̄ we are done, since such value of η is positive).
Then, v solving (1.15) has to be of the following form:

v(x) = αx2 + βx+ γ.
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Note that, since
∫
R µ = 0, testing the equation for µ by x2 gives the identity

∫

R
x2µdx = −2αM̄2,

hence plugging the two identities above into the equation for v gives the following set of conditions:





2α
M̄

+ 2αM̄2g′(M̄) = ηα
β
M̄

= ηβ

−2α = ηγ + ℓ

Notice first that the case α = β = 0 has to be ruled out, since, by the identity v = −µ/m̄, if v is constant then µ
is constant as well, but identically zero since

∫
µ = 0, so (v, µ) is the trivial solution. Hence, assume that α ̸= 0.

Then from the first equation

η =
2

M̄
+ 2M̄2g′(M̄) > 0

in view of (1.14). If α = 0, the second equation forces η = 1
M̄

> 0 (since β cannot be zero). Therefore we obtain

that η ≥ min{ 2
M̄

+ 2M̄2g′(M̄), 1
M̄
} > 0.

1.3. Final remarks and open questions

Remark 1.10 (More general Hamiltonians). The presence of a quadratic Hamiltonian allows to present the
approach proposed in this paper in a more transparent way, but we believe that more general situations can be
addressed similarly. If we revisit the discussion of Section 1.1 replacing the Hamiltonian |Du|2 by H(x,Du), we
first observe that the linearized parabolic system reads

{
∂tµ = ∆µ+ div(µHp(Dū)) + div(m̄Hpp(Dū)Dv),

∂tv = −∆v + ⟨Dv,Hp(Dū)⟩ − fm(x, m̄)µ+ δv

so we have the same operator form with

Aµ = ∆µ+ div(µHp(Dū)),

BB∗v = −div(m̄Hpp(Dū)Dv).

Heuristically, our approach can be developed following almost identical lines provided that the symmetry
condition

A∗(BB∗)−1 = (BB∗)−1A

holds. There are situations besides the purely quadratic one where the previous identity is satisfied, but those
will be explored in future work.

Remark 1.11 (The potential structure). In the MFG framework, the variational point of view on the problem
under consideration is related with the structure of the Lagrangian cost |α|2 + f(x,m). It is known that, given
a more general Lagrangian L(x, α,m), a potential description may not be available. Nevertheless, the approach
presented here may still apply, since it works at the level of PDE systems; indeed, one would need to linearize
the parabolic problem, and address the symmetry and nondegeneracy conditions discussed in Section 1.1.
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Moreover, one could replace f by a nonlocal coupling (see the previous Rem. 1.5); while in the local case the
problem with cost |α|2 + f(x,m) has always potential structure, the nonlocal case may fail to have a variational
characterization.

Remark 1.12 (Large discount). The approach proposed here requires δ to be small; if one looks at the main
statements, the presence of the discount “unbalances” the forward / backward in time exponential decay terms,
and the arguments break down if δ is too large. The validity of the (local) turnpike phenomenon is not clear
when δ is large, and it would be worth investigating, also in light of the recent results [35, 36] on models involving
large δ.

Remark 1.13 (Final condition depending on m). If one replaces the final condition uT (x) with an m-dependent
final cost g(x,m), we expect that a local Lasry-Lions monotonicity condition of the form gm(x, m̄(x)) ≥ 0 should
be sufficient to preserve the stability of (ū, m̄); indeed, that would add to Φ(T ) a positive contribution, which
would preserve the validity of the crucial estimates on Φ (see for example 2.9).

Remark 1.14 (Dissipativity). The approach presented here can be also revisited under the lens of (local)
dissipativity, a notion that is known to be connected to the turnpike property in optimal control theory (see for
instance [4]). In particular, integrating (1.8) on [t1, t2] gives

Φ(t1) ≥
∫ t2

t1

⟨µ,Qµ⟩+ ⟨µ,A∗(BB∗)−1Aµ⟩dt+Φ(t2),

and whenever the right-hand side controls from above
∫ t2
t1

|µ|2, it is known that the turnpike property can be

proven, at least in an integral sense (this kind of control from above is in fact our assumption (S) ). Comparing
the previous inequality with [4], Definition 1, one may recognize that Φ plays the role of a storage function,
though it is time-dependent (and not state-dependent) and the inequality is reversed.

We also mention the work [37], that uses the notion of local dissipativity to address the local turnpike property
in some discrete-time optimal control problems.

2. L2 turnpike A PRIORI estimates

The results in this section are the crucial steps towards the proof of Theorem 1.1, and concern the L2 local
turnpike behavior of solutions. Let us first recall the non-linear system which comes by taking the difference
between the equations satisfied by u,m and their stationary counterparts ū and m̄ :





−∂tv −∆v + ⟨Dv,Dū⟩ − f(m̄+ µ) + f(m̄) + |Dv|2
2 + δv = 0, on (0, T )× Ω

∂tµ−∆µ− div(m̄Dv)− div(µDū)− div(µDv) = 0, on (0, T )× Ω

µ(0, ·) = µ0(·) v(T, ·) = vT (·), on Ω.

(NL)
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Now, consider a solution to the previous system, i.e. a couple (v, µ) which satisfies the two coupled equations.
We Taylor expand f around m̄ with integral remainder, so that the first equation becomes

− ∂tv −∆v + ⟨Dv,Dū⟩ − fm(m̄)µ− ξµ2 +
|Dv|2
2

+ δv = 0,

where ξ(x, t) =

∫ 1

0

(1− z)fmm(x, m̄(x) + zµ(x, t)) dz

We need to assume some integrability conditions for µ and v in order to be able to perform the computations
in Lemmata of this section:

∂tµ(t), µ(t) ∈ L1(Ω), µ(t), Dµ(t), D2µ(t), µ(t)/m̄ ∈ L∞(Ω),

∂tv(t), v(t), Dv(t), D2v(t), D3v(t) ∈ L∞(Ω),∫

Ω

µ(t) = 0

(2.1)

for a.e. t ∈ (0, T ).

Remark 2.1. It is worth noting that, as all the estimates in this section are either monotone with respect to
the initial and terminal data or independent of them, they extend to the following PDE system:





−∂tv −∆v + ⟨Dv,Dū⟩ − f(m̄+ νµ) + f(m̄) + |Dv|2
2 + δv = 0, on (0, T )× Ω

∂tµ−∆µ− div(m̄Dv)− div(µDū)− div(µDv) = 0, on (0, T )× Ω

µ(0, ·) = νµ0(·) v(T, ·) = νvT (·), on Ω,

(2.2)

for all ν ∈ [0, 1]; this will be important to conclude the fixed point argument in Section 4. Indeed, it will be
crucial below to use the inequality in (S) in the more general form

∫

Ω

νfm(x, m̄)µ2 + m̄
∣∣∣D
( µ

m̄

)∣∣∣
2

+
δµ2

m̄
dx ≥ η

∫

Ω

m̄
∣∣∣D
( µ

m̄

)∣∣∣
2

dx,

where η is independent of ν ∈ [0, 1]. This is true because the inequality is assumed in (S) to hold when ν = 1,
while for ν = 0 it is obviously satisfied with η = 1. The general case follows by convex combination.

The following Lemma is the fundamental tool to get a weighted L2 exponential-type turnpike property, which
will be used in the next Section. Let us first denote by Cf the global bound on first and second derivatives of
f with respect to m.

∥fm∥L∞(Ω×R) + ∥fmm∥L∞(Ω×R) ≤ Cf .

Proposition 2.2. Suppose that (2.1) and (S) holds. Let

Φ̃(t) :=

∫

Ω

e−δt

(
µ(t, x)v(t, x) +

µ2(t, x)

m̄(x)

)
dx.

Then, there exist Θ ≤ 1 depending on m̄, η and a constant σ > 0 depending on η, CP , Cf , m̄ (where CP is the
Poincaré constant of m̄) such that, if

sup
t∈[0,T ]

∥µ(t, ·)∥L∞(Ω) + sup
t∈[0,T ]

∥Dv(t, ·)∥L∞(Ω) ≤ Θ,
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then

Φ(T )e−(σ+δ)(T−t) ≤ Φ(t) ≤ Φ(0)e−(σ−δ)t, (2.3)

for all t ∈ [0, T ], where

Φ(t) := eδtΦ̃(t) =

∫

Ω

µ(t, x)v(t, x) +
µ2(t, x)

m̄(x)
dx.

Proof. We proceed directly with the computation of the derivative of Φ̃. We first perform some integration
by parts, recalling that Dµ+ µDū = m̄D

(
µ
m̄

)
, since Dm̄ = −m̄Dū. Hypothesis (2.1) ensures the operation of

integration by parts (in particular when Ω = Rn) and that derivatives can be moved into integrals.

˙̃Φ(t) =

∫

Ω

e−δt

[
(∂tµ)v + µ(∂tv)− δµv + 2

µ(∂tµ)

m̄
− δ

µ2

m̄

]
dx

=

∫

Ω

e−δt [v(∆µ+ div(µDū+ m̄Dv + µDv)] dx

+

∫

Ω

e−δt

[
µ

(
−∆v + ⟨Dv,Dū⟩ − fm(m̄)µ− ξµ2 +

|Dv|2
2

+ δv

)]
− δµve−δtdx

+

∫

Ω

e−δt
[
2
µ

m̄
(div(Dµ+ µDū+ m̄Dv + µDv)

]
− δ

µ2

m̄
e−δtdx

=

∫

Ω

e−δt

[
−m̄|Dv|2 − µ|Dv|2 − fm(m̄)µ2 − ξµ3 +

µ|Dv|2
2

− δ
µ2

m̄
− 2m̄

∣∣∣D
( µ

m̄

)∣∣∣
2
]
dx

+

∫

Ω

e−δt
[
−2m̄⟨Dv,D

( µ

m̄

)
⟩ − 2µ⟨Dv,D

( µ

m̄

)
⟩
]
dx.

From now on, for the sake of simplicity, we will denote by

z :=
µ

m̄
.

Changing all the signs, we get the following equality:

− ˙̃Φ(t) =

∫

Ω

e−δt
[µ|Dv|2

2
+ m̄|Dv|2 + fm(m̄)µ2 + ξµ3 + δ

µ2

m̄

+ 2m̄|Dz|2 + 2m̄⟨Dv,Dz⟩+ 2µ⟨Dv,Dz⟩
]
dx. (2.4)

We now use the hypothesis (S) with µ. Hence, for all t ∈ [0, T ],

∫

Ω

fm(m̄)µ2 + m̄|Dz|2 + δ
µ2

m̄
dx ≥ η

∫

Ω

m̄|Dz|2dx, (2.5)
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for some η ∈ (0, 1). Then, if one plugs (2.5) into (2.4), this yields

− ˙̃Φ(t) ≥
∫

Ω

e−δt

[
µ|Dv|2

2
+ m̄|Dv|2 + ξµ3 + (1 + η)m̄|Dz|2 + 2m̄⟨Dv,Dz⟩+ 2µ⟨Dv,Dz⟩

]
dx

=

∫

Ω

e−δt

[
µ|Dv|2

2
+ m̄|Dv +Dz|2 + ηm̄|Dz|2 + ξµ3 + 2µ⟨Dv,Dz⟩

]
dx.

Since it can be easily shown that (as η ∈ (0, 1)),

m̄|Dv +Dz|2 + ηm̄|Dz|2 ≥ η

4
m̄|Dv|2 + η

4
m̄|Dz|2,

we can rewrite the whole inequality as follows:

− ˙̃Φ(t) ≥
∫

Ω

e−δt

[
η

4
m̄|Dv|2 + η

4
m̄|Dz|2 + ξµ3 + 2µ⟨Dv,Dz⟩+ µ|Dv|2

2

]
dx. (2.6)

Now, we deal with the last three terms of (2.6) using the smallness hypothesis on µ and Dv :

� 2µ⟨Dv,Dz⟩ ≥ −2|µ||Dv||Dz| ≥ −2Θ|µ||Dz| ≥ −Θµ2

m̄ −Θm̄|Dz|2;
� ξµ3 ≥ −Cf ∥µ(t, ·)∥L∞(Ω) ∥m̄∥L∞(Ω)

µ2

m̄ ≥ −Cf∥m̄∥L∞(Ω)Θ
µ2

m̄ ;

�
1
2µ|Dv|2 ≥ − 1

2 |µ||Dv|2 ≥ − 1
2Θ|µ||Dv| ≥ −1

4Θ
µ2

m̄ − 1
4Θm̄|Dv|2.

We plug all the previous estimates into (2.6) and we get:

− ˙̃Φ(t) ≥
∫

Ω

e−δtm̄|Dv|2
[
η

4
− Θ

4

]
+ e−δtm̄|Dz|2

[η
4
−Θ

]
+ e−δtµ

2

m̄

[
−ΘCf∥m̄∥L∞(Ω) −

5Θ

4

]
dx ≥

Now, since
∫
Rn m̄(x)z(t, x)dx =

∫
Ω
µ(t, x)dx = 0 for all t, by the Poincaré inequality we have that

∫

Ω

µ2

m̄
dx =

∫

Ω

z2m̄dx ≤ CP

∫

Ω

|Dz|2m̄dx,

hence

− ˙̃Φ(t) ≥
∫

Ω

e−δtm̄|Dv|2
[
η

4
− Θ

4

]
+ e−δtm̄|Dz|2

[η
8
−Θ

]
+ e−δt

[
η

8CP
−ΘCf∥m̄∥L∞(Ω) −

5Θ

4

]
µ2

m̄
dx.

Now, if

Θ ≤ η

16
and Θ ≤ η

16CP (Cf∥m̄∥L∞(Ω) + 5/4)
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the following inequality follows:

− ˙̃Φ(t) ≥
∫

Ω

e−δt

[
3η

16
m̄|Dv|2 + η

16
m̄|Dz|2 +

(
η

8CP
−ΘCf∥m̄∥L∞(Ω) −

5Θ

4

)
µ2

m̄

]
dx

≥
∫

Ω

e−δt

[
3η

16
m̄|Dv|2 + η

16
m̄|Dz|2 + η

16CP

µ2

m̄

]
dx

≥ η

32CP

∫

Ω

e−δt

(
m̄v̂2 +

µ2

m̄

)
+ e−δtµ

2

m̄
dx,

(2.7)

where v̂ = v −
∫
Ω
m̄(y)v(t, y) dy.

Hence, by Young’s inequality and the triangle inequality, we get that, for σ = η
32CP

,

− ˙̃Φ(t) ≥ σ

∫

Ω

e−δt|µv̂|+ e−δt

∣∣∣∣
µ2

m̄

∣∣∣∣dx ≥ σe−δt

∣∣∣∣
∫

Ω

µv̂ +
µ2

m̄
dx

∣∣∣∣ ≥ σe−δt

∣∣∣∣
∫

Ω

µv̂ +
µ2

m̄
dx

∣∣∣∣ = σ|Φ̃(t)|,

since

∫

Ω

µ(t, x)v̂(t, x)dx =

∫

Ω

µv dx−
∫

Ω

µ(t, x)

(∫

Ω

m̄(y)v(t, y)dy

)

︸ ︷︷ ︸
=constant w.r.t. x

dx =

∫

Ω

µ(t, x)v(t, x)dx.

Then, we finally obtain that

{
˙̃Φ(t) ≤ σΦ̃(t)
˙̃Φ(t) ≤ −σΦ̃(t),

from which, after integration on [t, T ] and [0, T ], one gets

Φ̃(T )e−σ(T−t) ≤ Φ̃(t) ≤ Φ̃(0)e−σt, (2.8)

which implies (2.3).
Finally, note that integrating (2.7) on [t1, t2] gives

∫ t2

t1

∫

Ω

e−δt

[
m̄|Dv|2 + m̄|Dz|2 + µ2

m̄

]
dxdt ≤ c[Φ̃(t1)− Φ̃(t2)], (2.9)

where c depends on η, CP .

The next two Lemmata show how to convert the exponential decay estimate (2.3) into a similar one on µ
and Dv.

Proposition 2.3. Suppose that (2.1) and (S) holds, together with the following condition on µ and Dv:

sup
t∈[0,T ]

∥µ(t, ·)∥L∞(Ω) + sup
t∈[0,T ]

∥Dv(t, ·)∥L∞(Ω) ≤ Θ,
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where Θ is as in Proposition 2.2. Then, we the following inequality holds:

∥∥∥∥∥
µ(t, ·)√
m̄(·)

∥∥∥∥∥

2

L2(Ω)

=

∥∥∥∥∥
m(t, ·)− m̄(·)√

m̄(·)

∥∥∥∥∥

2

L2(Ω)

≤ λ1e
−(σ−δ)t + λ2e

−(σ+δ)(T−t),

for all t ∈ [0, T ], with

λ1 = C

(
|Φ(0)|+

∥∥∥∥
µ0√
m̄

∥∥∥∥
2

L2(Ω)

)
, λ2 = C|Φ(T )|

where σ is defined in Proposition 2.2 and C depends on η, CP .

Proof. We start from the equation for µ and we multiply it by µ
m̄e−δt. Then, we integrate by parts with respect

to x to get, with z = µ
m̄ and Dū = −Dm̄/m̄ as before,

∫

Ω

∂t

(
µ2

2m̄
e−δt

)
+ δ

µ2

2m̄
e−δt + e−δtm̄|Dz|2 + e−δtµ⟨Dv,Dz⟩+ e−δtm̄⟨Dv,Dz⟩dx = 0.

We then use a Young inequality on the last term to get

d

dt

∫

Ω

µ2

2m̄
e−δtdx+

∫

Ω

δe−δt µ
2

2m̄
+

1

2
m̄|Dz|2e−δtdx ≤

∫

Ω

1

2
e−δtm̄|Dv|2 − e−δtµ⟨Dv,Dz⟩dx.

Integration in time between t1 and t2 yields

∫

Ω

µ2(t2, x)

m̄(x)
e−δt2dx ≤

∫

Ω

µ2(t1, x)

m̄(x)
e−δt1dx+

∫ t2

t1

∫

Ω

e−δtm̄|Dv|2dxdt− 2

∫ t2

t1

∫

Ω

e−δtµ⟨Dv,Dz⟩dxdt

≤
∫

Ω

µ2(t1, x)

m̄(x)
e−δt1dx+

∫ t2

t1

∫

Ω

e−δt

(
m̄|Dv|2 +Θ

µ2

m̄
+Θm̄|Dz|2

)
dxdt. (2.10)

Plugging (2.9) into (2.10) yields

∫

Ω

µ2(t2, x)

m̄(x)
e−δt2dx ≤

∫

Ω

µ2(t1, x)

m̄(x)
e−δt1dx+ c

(
Φ̃(t1)− Φ̃(t2)

)
, (2.11)

where c depends on η, CP .
Fix now t ∈ [1, T ]. There exists τ ∈ (t− 1, t) such that

∫

Ω

µ2(τ, x)

m̄(x)
e−δτdx =

∫ t

t−1

∫

Ω

µ2(s, x)

m̄(x)
e−δsdxds ≤ c

(
Φ̃(t− 1)− Φ̃(t)

)
,

again by (2.9). Then, using (2.11) with t1 = τ and t2 = t,

∫

Ω

µ2(t, x)

m̄(x)
e−δtdx ≤

∫

Ω

µ2(τ, x)

m̄(x)
e−δτdx+ c

(
Φ̃(τ)− Φ̃(t)

)
≤ c

(
Φ̃(τ) + Φ̃(t− 1)− 2Φ̃(t)

)
,
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whose right-hand side can be bounded, using (2.3), by

2c
(
eσe−σt |Φ(0)|+ e−σ(T−t)e−δT |Φ(T )|

)
.

We have a similar result for t ∈ [0, 1], since by (2.11)

∫

Ω

µ2(t, x)

m̄(x)
e−δtdx ≤

∫

Ω

µ2
0(x)

m̄(x)
dx+ c

(
Φ̃(0)− Φ̃(t)

)
,

from which we obtain the thesis.

Proposition 2.4. Suppose that (2.1) and (S) holds, together with the following condition on µ and Dv:

sup
t∈[0,T ]

∥µ(t, ·)∥L∞(Ω) + sup
t∈[0,T ]

∥Dv(t, ·)∥L∞(Ω) ≤ Θ,

where Θ is as in Proposition 2.2. Then, the following inequality holds:

∥∥∥
√
m̄(·)|Dv|(t, ·)

∥∥∥
2

L2(Ω)
=
∥∥∥
√

m̄(·)|Du(t, ·)−Dū(·)|
∥∥∥
2

L2(Ω)
≤ λ3e

−(σ−δ)t + λ4e
−(σ+δ)(T−t),

for all t ∈ [0, T ], with

λ3 = C|Φ(0)|, λ4 = C|Φ(T )|+ ∥
√
m̄|Dv|2(T, ·)∥2L2(Ω),

where σ is defined in Proposition 2.2 and C depends on η, CP ,Θ, ū, Cf , m̄.

Proof. Fix j = 1, ..., n. Differentiate the equation for v with respect to xj , multiply it by m̄vje
−δt, where

vj :=
∂v
∂xj

, to get

− m̄vj (∂tvj) e
−δt −∆vjm̄vje

−δt + (⟨Dv,Dū⟩)j m̄vje
−δt − (fm(m̄)µ)jm̄vje

−δt

−
(
ξµ2
)
j
m̄vje

−δt + m̄vj⟨Dv,Dvj⟩e−δt + δm̄v2j e
−δt = 0.

Now, we integrate with respect to x; this yields

− d

dt

∫

Ω

m̄v2j e
−δt

2
dx+

∫

Ω

δ

2
m̄v2j e

−δtdx

︸ ︷︷ ︸
≥0

=

∫

Ω

∆vjm̄vje
−δt + (fm(m̄)µ)jm̄vje

−δtdx

+

∫

Ω

(
ξµ2
)
j
m̄vje

−δt − m̄vj⟨Dv,Dvj⟩e−δt − (⟨Dv,Dū⟩)j m̄vje
−δtdx,

therefore, integrating by parts and using the identity Dm̄ = −m̄Dū,

− d

dt

∫

Ω

m̄v2j e
−δt

2
dx ≤

∫

Ω

e−δt
(
−m̄|Dvj |2 + m̄⟨Dū,Dvj⟩vj − fm(m̄)µm̄vjj + m̄µūjfm(m̄)vj

)
dx

+

∫

Ω

e−δt
(
−ξµ2m̄vjj + ξµ2m̄ūjvj − m̄ūjvj⟨Dv,Dū⟩+ m̄⟨Dv,Dū⟩vjj − m̄vj⟨Dv,Dvj⟩

)
dx.
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Moving the first term on the right hand side to the left, and employing Young’s inequality we get

− d

dt

∫

Ω

m̄v2j e
−δt

2
dx+

∫

Ω

m̄|Dvj |2e−δtdx ≤
∫

Ω

e−δt
(m̄|Dvj |2

5
+

5

4
m̄|Dū|2v2j +

5

4
(fm(m̄))2m̄µ2

m̄

5
|vjj |2 + (fm(m̄))2m̄

µ2

2
+

m̄ū2
jv

2
j

2
+

5

4
ξ2Θ2m̄µ2 +

m̄

5
|vjj |2 +

ξ2

2
Θ2m̄µ2 +

1

2
ū2
jm̄v2j

+
m̄|Dv|2

2
+

m̄v2j |Dū|2ū2
j

2
+

m̄

5
|vjj |2 +

5

4
m̄|Dū|2|Dv|2 + m̄|Dvj |2

5
+

5

4
Θm̄|Dv|2

)
dx

≤
∫

Ω

e−δtm̄|Dvj |2 + C1m̄|Dv|2e−δt + C2
µ2

m̄
e−δtdx,

where

C1 :=
7

2
∥Dū∥2L∞(Ω) +

∥Dū∥4L∞

2
+

1

2
+

5

4
Θ = C1(Θ, ū)

and

C2 :=

(
5

4
+

1

2

)
C2

f∥m̄∥2L∞ +

(
5

4
+

1

2

)
C2

fΘ
2∥m̄∥2L∞ = C2(Cf , m̄,Θ, ū).

This implies that

− d

dt

∫

Ω

m̄v2j
2

e−δtdx ≤ C

∫

Ω

(
m̄|Dv|2 + µ2

m̄

)
e−δtdx,

where C = C(Θ, ū, Cf , m̄) := max{C1, C2}. Then, after summing over j = 1, ..., n, the previous becomes (after
replacing C with nC)

− d

dt

∫

Ω

m̄|Dv|2
2

e−δtdx ≤ C

∫

Ω

(
m̄|Dv|2 + µ2

m̄

)
e−δtdx. (2.12)

We follow now the same arguments of Proposition 2.3 to get the desired result. First of all, we integrate (2.12)
on both sides between two generic times t1 and t2 (t1 < t2) to get

∫

Ω

m̄

2
|Dv|2(t1, x)e−δt1dx ≤

∫

Ω

m̄

2
|Dv|2(t2, x)e−δt2dx+ C

∫ t2

t1

∫

Ω

(
m̄|Dv|2 + µ2

m̄

)
e−δsdxds,

which, according to (2.9) and (2.8), can be bounded from above as follows

≤
∫

Ω

m̄

2
|Dv|2(t2, x)e−δt2dx+ c

(
Φ̃(t1)− Φ̃(t2)

)

≤
∫

Ω

m̄

2
|Dv|2(t2, x)e−δt2dx+ c

(
Φ̃(0)e−σt1 − Φ̃(T )e−σ(T−t2)

)
.

Fix now t ∈ [0, T − 1]. The Mean Value Theorem guarantees the existence of some τ ∈ [t, t+ 1] such that

∫

Ω

m̄

2
|Dv|2(τ, x)e−δτdx =

∫ t+1

t

∫

Ω

m̄

2
|Dv|2(s, x)e−δsdxds.
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Then, choosing t1 = t, t2 = τ , we get, again in view of (2.9) and (2.8),

∫

Ω

m̄

2
|Dv|2(t, x)e−δtdx ≤

∫

Ω

m̄

2
|Dv|2(τ, x)e−δτdx+ c

(
Φ̃(0)e−σt − Φ̃(T )e−σ(T−τ)

)

≤
∫ t+1

t

∫

Ω

m̄

2
|Dv|2(s, x)e−δsdx+ c

(
Φ̃(0)e−σt − Φ̃(T )e−σ(T−τ)

)

≤ c
(
Φ̃(t)− Φ̃(t+ 1) + Φ̃(0)e−σt − Φ̃(T )e−σ(T−τ)

)

≤ c
(
2Φ̃(0)e−σt + |Φ̃(T )|e−σ(T−t−1) + |Φ̃(T )|e−σ(T−τ)

)

≤ c
(
2Φ̃(0)e−σt + 2eσ|Φ̃(T )|e−σ(T−t)

)
.

Finally, if t ∈ [T − 1, T ], we choose t1 = t, t2 = T to get (note that 1 ≤ eσe−σ(T−t))

∫

Ω

m̄

2
|Dv|2(t, x)e−δtdx ≤

∫

Ω

m̄

2
|Dv|2(T, x)e−δTdx+ c

(
Φ̃(0)e−σt − Φ̃(T )

)

≤ eσe−δT−σ(T−t)

∫

Ω

m̄

2
|Dv|2(T, x)dx+ cΦ̃(0)e−σt + ceσ|Φ̃(T )|e−σ(T−t).

Putting all together, we deduce that

∥∥∥
√
m̄|Dv|(t, ·)

∥∥∥
2

L2(Ω)
e−δt ≤ 2c|Φ̃(0)|e−σt + 2ceσ|Φ̃(T )|e−σ(T−t) + eσe−δT−σ(T−t)

∥∥∥
√
m̄|Dv|(T, ·)

∥∥∥
2

L2(Ω)

from which we derive the conclusion, after recalling that Φ̃(t) = e−δtΦ(t).

3. L∞ turnpike A PRIORI estimates

The goal of this section is to prove Theorem 1.1. To this aim, we need to improve the L2 decay estimates of
the previous Section into L∞ ones; this will require some technical work, and some further conditions on the
initial / terminal data.

Throughout the section, v, µ,Φ are as in the previous one; the constants σ,Θ, λ1, λ2, λ3, λ4 are those appearing
in Propositions 2.2, 2.3, 2.4. Finally, we set

σ1 =
σ − δ

n+ 1
, σ2 =

σ + δ

n+ 1
.

Remark 3.1. As in Section 2, we specify that all the estimates in this section hold also for solutions to (2.2)
for all ν ∈ [0, 1].

Proposition 3.2. Suppose that the assumptions of Theorem 1.1 are in force. Then, there exist ε̄ ∈ (0, 1
2 ) and

γ̄ > 0, depending on η, m̄, Cf , but independent of T , such that the following is true: for all γ ≤ γ̄, ε ≤ ε̄, if

∥µ(t, ·)∥L∞(Ω) ≤ ε
(
e−σ1t + e−σ2(T−t)

)
∀t ∈ [0, T ], (3.1)

∥µ0(·)∥L∞(Ω) + ∥vT (·)∥W 1,∞(Ω) < γ (3.2)



THE LOCAL TURNPIKE PROPERTY IN MEAN FIELD CONTROL AND GAMES WITH QUADRATIC HAMILTONIAN 27

then any solution (v, µ) to the non-linear system (NL) satisfies the following estimates:

∥µ(t, ·)∥L∞(Ω) < Θ ∥v(t, ·)∥W 1,∞(Ω) < Θ, (3.3)

for all t ∈ [0, T ], where Θ is as in Proposition 2.2.

We divide the proof of Proposition 3.2 into two Lemmas.

Lemma 3.3. Suppose that (v, µ) is a solution to (NL) and that the assumptions of Proposition 3.2 are in force.
Then, the following estimate holds:

∥v(t, ·)∥L∞(Ω) ≤ ∥vT (·)∥L∞(Ω) + 2ε

(
1

σ1
+

1

σ2

)
Cf

for all t ∈ [0, T ].

Proof. Let ṽ(t, x) := v(t, x)e−δt. First, we have to establish the equation satisfied by ṽ:

−∂tṽ −∆ṽ + ⟨Dṽ,Dū⟩ − fm(m̄)µe−δt − ξµ2e−δt +
|Dv|2
2

e−δt = 0. (3.4)

Then, consider Γ̃ solution to

{
∂sΓ̃−∆Γ̃− div(Γ̃Dū) = 0, on (t, T )× Ω

Γ̃(t, ·) = δx, on {s = t} × Ω

multiply it by ṽ and then multiply (3.4) by Γ̃ After integration with respect to time and space, one gets

∫ T

t

∫

Ω

−∂sṽΓ̃− (∆ṽ) Γ̃ + ⟨Dṽ,Dū⟩Γ̃− fm(m̄)µe−δsΓ̃− ξµ2e−δsΓ̃ dyds

+

∫ T

t

∫

Ω

1

2
|Dv|2e−δsΓ̃− ∂sΓ̃ṽ +∆Γ̃ṽ + div(Γ̃Dū)ṽ dyds = 0.

Integration by parts in space yields

∫

Ω

−ṽΓ̃

∣∣∣∣
T

t

dy =

∫ T

t

∫

Ω

fm(m̄)µe−δsΓ̃ + ξµ2e−δsΓ̃− 1

2
|Dv|2Γ̃e−δsdyds.

Using the initial condition on Γ̃, the fact that Γ̃ is a flow of probability measures and the square norm of the
gradient is positive, we derive that

ṽ(t, x) ≤
∫

Ω

ṽ(T, y)Γ̃(T, y)dy +

∫ T

t

∫

Ω

fm(m̄)µe−δsΓ̃ + ξµ2e−δsΓ̃ dyds

≤ ∥ṽT (·)∥L∞(Ω) + 2Cf

∫ T

t

∥µ(s, ·)∥L∞(Ω)e
−δsds,
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where we used the fact that ∥µ(s, ·)∥L∞(Ω) ≤ 1 and the Hölder’s inequality. Now, we use assumption (3.1) to
get

ṽ(t, x) ≤ ∥ṽT (·)∥L∞(Ω) + 2Cf

∫ T

t

ε
(
e−σ1s + e−σ2(T−s)

)
e−δsds. (3.5)

To get the other side of the inequality, we define a second flow of probability, called Γ̄, such that

{
∂sΓ̄−∆Γ̄− div(Γ̄(Dū+Dv)) = 0, on (t, T )× Ω

Γ̄(t, ·) = δx, on {s = t} × Ω

and we do the same computations as before. We get

ṽ(t, x) =

∫

Ω

ṽT (y)Γ̄(T, y)dy +

∫ T

t

∫

Ω

fm(m̄)µe−δsΓ̄ + ξµ2e−δsΓ̄− 1

2
|Dv|2e−δsΓ̄ + ⟨Dv,Dṽ⟩Γ̄ dyds.

Recall that ṽ(t, x) = v(t, x)e−δt, hence from the previous equation we get

ṽ(t, x) =

∫

Ω

ṽT (y)Γ̄(T, y)dy +

∫ T

t

∫

Ω

fm(m̄)µe−δsΓ̄ + ξµ2e−δsΓ̄ +
1

2
|Dv|2e−δsΓ̄ dyds

≥
∫

Ω

ṽT (y)Γ̄(T, y)dy +

∫ T

t

∫

Ω

fm(m̄)µe−δsΓ̄ + ξµ2e−δsΓ̄dyds.

Changing all signs yields

−ṽ(t, x) ≤ −
∫

Ω

ṽT (y)Γ̄(T, y)dy +

∫ T

t

∫

Ω

−fm(m̄)µe−δsΓ̄− ξµ2e−δsΓ̄ dyds

≤ ∥ṽT (·)∥L∞(Ω) + 2Cf

∫ T

t

ε
(
e−σ1s + e−σ2(T−s)

)
e−δsds. (3.6)

Putting (3.5) and (3.6) together, we finally get

∥ṽ(t, ·)∥L∞(Ω) ≤ ∥ṽT (·)∥L∞(Ω) + 2Cf

∫ T

t

ε
(
e−σ1s + e−σ2(T−s)

)
e−δsds, (3.7)

from which, by definition of ṽ, we have

∥v(t, ·)∥L∞(Ω) ≤ ∥vT (·)∥L∞(Ω)e
−δ(T−t) + 2Cf

∫ T

t

ε
(
e−σ1s + e−σ2(T−s)

)
e−δ(s−t)ds.

Since s ≥ t, we have that e−δ(s−t) ≤ 1, hence

∥v(t, ·)∥L∞(Ω) ≤ ∥vT (·)∥L∞(Ω) + 2ε

(
1

σ1
+

1

σ2

)
Cf ,

which is the thesis.
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Now, let us define

Cv := ∥vT (·)∥L∞(Ω) + 2ε

(
1

σ1
+

1

σ2

)
Cf . (3.8)

It’s clear that it tends to 0 as both ∥vT (·)∥L∞(Ω) and ε approach 0. Then, we have to get a “smallness” estimate
also for Dv. Since the equation for v is quadratic in the gradient variable, we can linearize it by using the
so-called Cole-Hopf transform, i.e. by defining

w(t, x) := e−
v(t,x)

2 .

Now, we prove the following

Lemma 3.4. Suppose that (v, µ) is a solution to (NL) and that the assumptions of Proposition 3.2 are in force.
Then, the following estimate holds:

∥Dv(t, ·)∥L∞(Ω) ≤ 4e
Cv
2 ∥DvT (·)∥L∞(Ω) + 2e

Cv
2 C ′ (ε+ ε2 + δCv + Cv

)
,

for all t ∈ [0, T ], Cv is as in (3.8) and C ′ depends on ū, Cv.

Proof. From the definition of w we derive that v = −2 log(w), hence by the chain rule,

∂tv = − 2

w
∂tw,

∂xi
v = − 2

w
∂xi

w,

∂2
xixj

v = − 2

w
∂2
xixj

w +
2

w2
∂xi

w · ∂xj
w,

∆v = − 2

w
∆w +

2

w2
|Dw|2

Dv = − 2

w
Dw.

After substituting the previous expressions into the equation satisfied by v, we get that w satisfies the following
Cauchy problem

{
−∂tw −∆w + ⟨Dw,Dū⟩+ w

2

(
fm(m̄)µ+ ξµ2 − δv

)
= 0, on (0, T )× Ω

w(T, ·) = e−
vT (·)

2 , on Ω

We have shown in Lemma 3.3 that ∥v(t, ·)∥L∞(Ω) ≤ Cv for all t, with Cv independent of T . We now turn our
attention to the function w̃ := w − 1, that we expect to be close to zero; indeed, since by Lemma 3.3 we can
choose Cv as small as we need (in particular smaller than 1), we can derive the following estimates on w̃.

e−
Cv
2 ≤ w(t, x) ≤ e

Cv
2 , ∀(t, x) ∈ [0, T ]× Ω,

hence

e−
Cv
2 − 1 ≤ w(t, x)− 1 ≤ e

Cv
2 − 1, ∀(t, x) ∈ [0, T ]× Ω.
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It’s true that

e
Cv
2 − 1 ≤ Cv and e−

Cv
2 − 1 ≥ −Cv

2
≥ −Cv,

provided that Cv ≤ 1. We conclude that

−Cv ≤ w(t, x)− 1 ≤ Cv ⇒ ∥w̃(t, ·)∥L∞(Ω) = ∥w(t, ·)− 1∥L∞(Ω) ≤ Cv ∀t ∈ [0, T ].

Such function w̃ satisfies the following equation:

{
−∂tw̃ −∆w̃ + ⟨Dw̃,Dū⟩+ w

2

(
fm(m̄)µ+ ξµ2 − δv

)
= 0, on (0, T )× Ω

w̃(T, ·) = e−
vT (·)

2 − 1, on Ω.

We can apply Lemma A.4 with H = −Dū and g = −w
2

(
fm(m̄)µ+ ξµ2 − δv

)
and we get the following estimate:

sup
t∈[0,T ]

∥Dw̃(t, ·)∥L∞(Ω) ≤ 2∥Dw̃T (·)∥L∞(Ω)

+ C
[
∥w∥L∞([0,T ]×Ω)

(
∥fm∥L∞(Ω)∥µ∥L∞([0,T ]×Ω) + ∥ξ∥L∞(Ω)∥µ∥2L∞([0,T ]×Ω)

)]

+ C
(
δ∥w∥L∞([0,T ]×Ω)∥v∥L∞([0,T ]×Ω) + ∥w̃∥L∞([0,T ]×Ω)

)

≤ 2∥Dw̃T (·)∥L∞(Ω) + C ′ (ε+ ε2 + δCv + Cv

)
,

(3.9)

for a possibly different constant C ′, which depends also on Cf .
Recall that Dw̃ = Dw, and that Dv = −2e

v
2 Dw. Estimate (3.9) can be rewritten as follows:

sup
t∈[0,T ]

∥Dv(t, ·)∥L∞(Ω) ≤ 4e
Cv
2 ∥DvT (·)∥L∞(Ω) + 2e

Cv
2 C ′

H

(
ε+ ε2 + δCv + Cv

)
,

which is the thesis.

We are ready to show Proposition 3.2.

Proof of Proposition 3.2. Gathering all the estimates from Lemmas 3.3 and 3.4 and assumption (3.1) and using
hypothesis (3.2), we have that

∥µ(t, ·)∥L∞(Ω) ≤ ε
(
e−σ1t + e−σ2(T−t)

)
≤ 2ε,

∥v(t, ·)∥L∞(Ω) ≤ Cv = ∥vT (·)∥L∞(Ω) + 2ε

(
1

σ1
+

1

σ2

)
Cf

≤ γ + 2ε

(
1

σ1
+

1

σ2

)
Cf ,

and

∥Dv(t, ·)∥L∞(Ω) ≤ 4e
Cv
2 ∥DvT (·)∥L∞(Ω) + 2e

Cv
2 C ′

H

(
ε+ ε2 + δCv + Cv

)

≤ 4e
Cv
2 γ + 2e

Cv
2 C ′

H

(
ε+ ε2 + δCv + Cv

)
,
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for all t ∈ [0, T ]. Since we can choose ε, γ as small as possible, we can establish that there exist ε̄, γ̄, depending
on Θ, which depends only on η, f, m̄, small in such a way that (3.3) holds.

We now state the core of the fixed point argument. First of all, we have to derive some useful estimates for
Φ(0) and Φ(T ), which are valid under the result of Proposition 3.2.

Lemma 3.5. Under the assumptions of Proposition 3.2, one has the following estimate

|Φ(0)|+ |Φ(T )| ≤
∥∥∥∥

µ0√
m̄

∥∥∥∥
L2(Ω)

+

∥∥∥∥
µ0√
m̄

∥∥∥∥
2

L2(Ω)

+
CP

2

∥∥∥
√
m̄|Dv|(T, ·)

∥∥∥
2

L2(Ω)
, (3.10)

where CP is the Poincaré-Wirtinger constant of m̄.

Proof. Before starting, we notice that, by Proposition 3.2, we have that in particular

∥v(t, ·)∥L∞(Ω) < Θ ≤ 1. (3.11)

We start from Φ(0), by applying Holder’s inequality:

Φ(0) =

∫

Ω

µ0 · v(0) +
µ2
0

m̄
dx ≤

(∫

Ω

µ2
0

m̄
dx

) 1
2

·



∫

Ω

m̄ v2(0)︸ ︷︷ ︸
≤1

dx




1
2

+

∫

Ω

µ2
0

m̄
dx ≤

(∫

Ω

µ2
0

m̄
dx

) 1
2

+

∫

Ω

µ2
0

m̄
dx,

where we used (3.11). Then, we observe that, if we define v̂ := v −
∫
Ω
v, since

∫
Ω
µ = 0, we have the following

Φ(T ) =

∫

Ω

µ(T, x)v(T, x) +
µ2(T, x)

m̄
dx

=

∫

Ω

µ(T, x)v̂(T, x)dx+

∫

Ω

µ(T, x)

(∫

Ω

v(T, y)dy

)
dx+

∫

Ω

µ2(T, x)

m̄
dx

=

∫

Ω

µ(T, x)v̂(T, x) +
µ2(T, x)

m̄
dx ≥

∫

Ω

−µ2(T, x)

2m̄
− m̄v̂2(T, x)

2
+

µ2(T, x)

m̄
dx

≥
∫

Ω

µ2(T, x)

2m̄
− CP

2
m̄|Dv̂|2(T, x)dx ≥ −

∫

Ω

CP

2
m̄|Dv|2(T, x)dx,

where we used Young’s inequality and we applied the weighted Poincaré inequality. To get the reverse
inequalities, we use (2.3) and we obtain

Φ(0) ≥ Φ(T )e−(σ+δ)(T−t) ≥ −e−(σ+δ)(T−t)

∫

Ω

CP

2
m̄|Dv|2(T, x)dx ≥ −

∫

Ω

CP

2
m̄|Dv|2(T, x)dx,

and

Φ(T ) ≤ Φ(0)e−(σ−δ)t ≤
(∫

Ω

µ2
0

m̄
dx

) 1
2

+

∫

Ω

µ2
0

m̄
dx.

Putting all the previous estimates together, we get (3.10).

Remark 3.6. Observe that the second estimate is true also without the assumptions of Proposition 3.2.
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From Lemma 3.5, together with the results in Propositions 2.3 and 2.4, we deduce the following estimates
for λi, with i = 1, ..., 4.

Lemma 3.7. Under the assumptions of Proposition 3.2, the following (weighted) L2 exponential-type turnpike
properties hold:

∥∥∥∥∥
µ(t, ·)√
m̄(·)

∥∥∥∥∥

2

L2(Ω)

≤ λ1e
−(σ−δ)t + λ2e

−(σ+δ)(T−t), ∀t ∈ [0, T ],

∥∥∥
√
m̄|Dv|(t, ·)

∥∥∥
2

L2(Ω)
≤ λ3e

−(σ−δ)t + λ4e
−(σ+δ)(T−t), ∀t ∈ [0, T ],

where σ is as in Proposition 2.2,

λ1 ≤ C

(
A+ 2A2 +

CP

2
B2

)
, λ3 ≤ C

(
A+A2 +

CP

2
B2

)
,

λ2 ≤ C

(
A+A2 +

CP

2
B2

)
, λ4 ≤ C

(
A+A2 +

CP

2
B2 +B2

)
,

with A :=
∥∥∥ µ0√

m̄

∥∥∥
L2(Ω)

and B :=
∥∥√m̄|Dv|(T, ·)

∥∥
L2(Ω)

and C depends on m̄, ū, f .

Proof. The estimates hold true since both ∥µ(t, ·)∥L∞(Ω) and ∥Dv(t, ·)∥L∞(Ω) are smaller than Θ as a conse-
quence of Proposition 3.2, hence we can apply Propositions 2.3 and 2.4 together with Lemma 3.5 to get the
thesis.

Remark 3.8. Observe that if A and B are small, then also λi are small: when A+B → 0, then λi → 0, for all
i = 1, ..., 4. This is a key point to prove the following

Proposition 3.9. Suppose (ν, µ) is a solution to (NL). Assume that

∥µ(t, ·)∥L∞(Ω) ≤ ε̄
(
e−σ1t + e−σ2(T−t)

)
, (3.12)

for all t ∈ [0, T ], where ε̄ comes from Proposition 3.2. Then, there exists γ̃ ≤ γ̄ such that if

∥µ0(·)∥L∞(Ω) + ∥vT (·)∥W 1,∞(Ω) < γ̃, (3.13)∥∥∥∥
µ0√
m̄

∥∥∥∥
L2(Ω)

+ ∥
√
m̄|DvT |(·)∥L2(Ω) < γ̃, (3.14)

then

∥µ(t, ·)∥L∞(Ω) ≤
ε̄

2

(
e−σ1t + e−σ2(T−t)

)
, (3.15)

for all t ∈ [0, T ].

Proof. Assume first that γ̃ = γ̄. During the proof, this constant might be further reduced, but this will not
change the applicability of the result in Proposition 3.2, since the latter holds for all γ ≤ γ̄. In particular, from
this observation and assumptions (3.12) and (3.13), we have that

∥µ(t, ·)∥L∞(Ω) < Θ ∥Dv(t, ·)∥L∞(Ω) < Θ,
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hence all the L2 weighted estimates in Lemma 3.7 hold and can be used. Moreover, observe that since Θ < 1,
the same inequality holds for ∥µ(t, ·)∥L∞(Ω) and ∥Dv(t, ·)∥L∞(Ω).

Now, recall that µ satisfies the second equation in (NL). We can apply Lemma A.2 with F = Dū+Dv and
G = m̄Dv.

Therefore, (A.1) implies that

sup
t∈[0,T ]

∥µ(t, ·)∥L∞(Ω) ≤ 2∥µ0(·)∥L∞(Ω) + C
(
∥m̄Dv∥L∞((t−τ,t);Ln+1(Ω)) + ∥µ∥L∞((t−τ,t);Ln(Ω))

)
, (3.16)

where τ = 1
16(∥Dū∥L∞(Ω)+1)2C2(n)2

, the constant C depends only on ∥Dū∥L∞(Ω), τ, n and C2(n) := C2(n, 1) comes

from Lemma A.1 below. Let us estimate the terms in brackets.
First of all, we have that

∥m̄Dv∥L∞((t−τ,t);Ln+1(Ω)) = sup
s∈(t−τ,t)

(∫

Ω

|m̄|n+1|Dv|n+1(s, y)dy

) 1
n+1

≤ ∥m̄∥
n

n+1

L∞(Ω)∥Dv∥
n−1
n+1

L∞([0,T ]×Ω) sup
s∈(t−τ,t)

(∫

Ω

m̄|Dv|2(s, y)dy
) 1

n+1

≤ ∥m̄∥
n

n+1

L∞(Ω)∥Dv∥
n−1
n+1

L∞([0,T ]×Ω) sup
s∈(t−τ,t)

(
λ3e

−(σ−δ)s + λ4e
−(σ+δ)(T−s)

) 1
n+1

≤ ∥m̄∥
n

n+1

L∞(Ω)∥Dv∥
n−1
n+1

L∞([0,T ]×Ω) sup
s∈(t−τ,t)

(
λ

1
n+1

3 e−σ1s + λ
1

n+1

4 e−σ2(T−s)

)

≤ ∥m̄∥
n

n+1

L∞(Ω)∥Dv∥
n−1
n+1

L∞([0,T ]×Ω)

(
λ

1
n+1

3 e−σ1(t−τ) + λ
1

n+1

4 e−σ2(T−t)

)

= ∥m̄∥
n

n+1

L∞(Ω)∥Dv∥
n−1
n+1

L∞([0,T ]×Ω)

(
λ

1
n+1

3 eσ1τe−σ1t + λ
1

n+1

4 e−σ2(T−t)

)
.

(3.17)

Now we proceed with the other term in brackets.

∥µ∥L∞((t−τ,t);Ln(Ω)) = sup
s∈(t−τ,t)

(∫

Ω

|µ|n(s, y)dy
) 1

n

≤ ∥µ∥
n−2
n

L∞([0,T ]×Ω)∥m̄∥
1
n

L∞(Ω) sup
s∈(t−τ,t)

(∫

Ω

µ2(s, y)

m̄(y)
dy

) 1
n

≤ ∥µ∥
n−2
n

L∞([0,T ]×Ω)∥m̄∥
1
n

L∞(Ω) sup
s∈(t−τ,t)

(
λ1e

−(σ−δ)s + λ2e
−(σ+δ)(T−s)

) 1
n

≤ ∥µ∥
n−2
n

L∞([0,T ]×Ω)∥m̄∥
1
n

L∞(Ω) sup
s∈(t−τ,t)

(
λ

1
n
1 e−

σ−δ
n s + λ

1
n
2 e−

σ+δ
n (T−s)

)

≤ ∥µ∥
n−2
n

L∞([0,T ]×Ω)∥m̄∥
1
n

L∞(Ω)

(
λ

1
n
1 e−σ1(t−τ) + λ

1
n
2 e−σ2(T−t)

)

= ∥µ∥
n−2
n

L∞([0,T ]×Ω)∥m̄∥
1
n

L∞(Ω)

(
λ

1
n
1 eσ1τe−σ1t + λ

1
n
2 e−σ2(T−t)

)

(3.18)
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Plugging estimates (3.17) and (3.18) into (3.16) we get

sup
t∈[0,T ]

∥µ(t, ·)∥L∞(Ω) ≤ 2∥µ0∥L∞(Ω) + C∥m̄∥
n

n+1

L∞(Ω)∥Dv∥
n−1
n+1

L∞([0,T ]×Ω)

(
λ

1
n+1

3 eσ1τe−σ1t + λ
1

n+1

4 e−σ2(T−t)

)

+ C∥µ∥
n−2
n

L∞([0,T ]×Ω)∥m̄∥
1
n

L∞(Ω)

(
λ

1
n
1 eσ1τe−σ1t + λ

1
n
2 e−σ2(T−t)

)

≤ 2∥µ0∥L∞(Ω) + C∥m̄∥
n

n+1

L∞(Ω)

(
λ

1
n+1

3 eσ1τe−σ1t + λ
1

n+1

4 e−σ2(T−t)

)

+ C∥m̄∥
1
n

L∞(Ω)

(
λ

1
n
1 eσ1τe−σ1t + λ

1
n
2 e−σ2(T−t)

)

Since λi, for all i = 1, ..., 4, go to 0 as γ goes to 0, and the same happens for ∥µ0∥L∞(Ω), we find that there
exists γ̃ > 0 (possibly smaller than γ̄) such that

∥µ(t, ·)∥L∞(Ω) ≤
ε̄

2

(
e−σ1t + e−σ2(T−t)

)
∀t ∈ [0, T ],

i.e. (3.15).

4. Fixed point theorem and existence of solutions

Throughout this section, we restrict ourselves to the periodic case Ω = Tn. We are going to build a solution
(uT ,mT ) to (1.1) which satisfies the turnpike property with respect to a stationary solution (ū, m̄) to (1.2), for
every T > 0. Despite the estimates shown in Sections 2 and 3 hold also for Ω = Rn, we restrict ourselves here
to the torus to avoid further technicalities that come from the non compact nature of Rn. We point out that
solutions (uT ,mT ) are not a priori unique, but our claim is that we are able to find at least one solution which
is exponentially close to (ū, m̄).

Then, in the second part of the present section, we will prove also an existence result for the infinite horizon
problem





−∂tu−∆u+ |Du|2
2 − f(x,m) + δu = 0, on (0,+∞)× Tn

∂tm−∆m− div(mDu) = 0, on (0,+∞)× Tn

m(0, x) = m0(x), u bounded , on Tn,

(4.1)

such that m is exponentially close to m̄ for large t.

Our first theorem (that is Thm. 1.2 in the introduction) guarantees the existence of a solution to (1.1) which
satisfies the exponential turnpike decay, for each T > 0, under some smallness assumptions on the initial /
terminal data and (S) , that allow to apply the estimates in Section 3.

Theorem 4.1. Let Ω = Tn and T > 0 be fixed. Suppose that (ū, m̄) is a (classical) solution to (1.2) and that
(S) holds. Then, there exist constants ε̄ > 0, γ > 0, σ > 0 (which depend only on m̄, ū, η, Cf but not on the time
horizon T ) such that, if

δ < σ, ∥m0(·)− m̄(·)∥L∞(Tn) + ∥uT (·)− ū(·)∥W 1,∞(Tn) < γ,

then there exists a (classical) solution (uT ,mT ) to (1.1) satisfying the following properties:

∥mT (t, ·)− m̄(·)∥L∞(Tn) ≤
ε̄

2

(
e−σ1t + e−σ2(T−t)

)
, (4.2)
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∥∥∥
√
m̄(·)

∣∣DuT (t, ·)−Dū(·)
∣∣
∥∥∥
L2(Tn)

≤ λ3e
−σ1t + λ4e

−σ2(T−t), (4.3)

for all t ∈ [0, T ], where σ1 = σ−δ
n+1 , σ2 = σ+δ

n+1 , λ3 and λ4 come from Lemma 3.7.

The proof uses the standard Leray-Schauder fixed point theorem:

Theorem 4.2. Let M > 0 and X be a Banach space, and let T be a compact mapping of BM (0)× [0, 1] into
X such that T (x, 0) = 0 for all x ∈ X. Suppose that

∥x∥X < M

for all (x, ν) ∈ BM (0)× [0, 1] satisfying x = T (x, ν). Then, the mapping T (x, 1) has a fixed point in BM (0).

The proof can be found for instance in [38], Theorem 11.6. Note that in this reference the theorem is stated
for T defined on the whole X × [0, 1] (though the proof does not involve the evaluation of the operator outside
BM (0)); it is possible anyway to extend T from BM (0) to X via a retraction (as in [38], Lem. 11.7).

Proof of Theorem 4.1. Let T > 0 be fixed. To simplify the notation, throughout the proof, we drop the super-
script T ; thus, the triple (ρ, u,m) should be intended as (ρT , uT ,mT ). The ambient Banach space is defined as
follows:

X := C([0, T ]× Tn).

We look for a solution in this space. We equip it with the norm

|||ρ|||X := sup
t∈[0,T ]

( ∥ρ(t, ·)∥∞,Tn

e−σ1t + e−σ2(T−t)

)
, (4.4)

where σ1 = σ−δ
n+1 and σ2 = σ+δ

n+1 and σ comes from Proposition 2.2.
Notice that |||ρ|||X and

∥ρ∥X := sup
t∈[0,T ]

∥ρ(t, ·)∥L∞(Tn) (4.5)

are equivalent (T is fixed). In particular, (X, |||·|||X) is a Banach space, since (X, ∥ · ∥X) is. Therefore, to prove
that a sequence is converging in X, we can use equivalently either the |||·|||X norm or the ∥ · ∥X one. Now, let

U := Bε̄(0) = {ρ ∈ X : |||ρ|||X ≤ ε̄} ,

where ε̄ comes from Proposition 3.2. We define F : U × [0, 1] → X such that F(ρ, ν) = µ, where µ is the solution
to the following PDE system:





−∂tv −∆v + ⟨Dv,Dū⟩ − f(x, m̄+ νρ) + f(x, m̄) + δv + |Dv|2
2 = 0, on (0, T )× Tn

∂tµ−∆µ− div(m̄Dv)− div(µDū)− div(µDv) = 0, on (0, T )× Tn

µ(0, ·) = νµ0(·) v(T, ·) = νvT (·). on Tn,

(4.6)

where µ0 = m0 − m̄ and vT = uT − ū.
Let us briefly describe how the operator acts. It takes ρ ∈ U , sends it to the solution v to the first equation
in (4.6), with the corresponding terminal condition, and then maps it to µ, solution to the second equation of



36 M. CIRANT AND N. D. BERNARDI

the same PDE system, with the related initial datum. Notice that the fixed points µ = F(µ, 1) are precisely the
solutions to (NL).

We need to prove that F satisfies the assumptions of Theorem 4.2.

Step 1: F is continuous.
Let {(ρk, νk)}k be a sequence in U × [0, 1] such that (ρk, νk) → (ρ, ν) as k → +∞, for some ρ ∈ X and some
ν ∈ [0, 1], i.e.

∥ρk − ρ∥X → 0 |νk − ν| → 0,

as k → +∞. We have to prove that µk → µ in X, where µk := F(ρk, νk) and µ := F(ρ, ν). We can do it by
using any of the equivalent norms (4.4) and (4.5); in particular, we wish to prove that

∥µk − µ∥X = sup
t∈[0,T ]

∥µk(t, ·)− µ(t, ·)∥L∞(Tn) → 0, for k → +∞.

Recall that, by assumption, |||ρk||| ≤ ε̄, hence the same procedure described in Proposition 3.2 allows us to say
that

∥Dvk(t, ·)∥L∞(Tn) ≤ Θ < 1,

for all t ∈ [0, T ] and for all k. The same reasoning holds also for ρ and Dv, since |||ρ||| ≤ ε̄.
First of all, we define v̂k := vk − v. While computing the difference between the equations satisfied by vk and
v, the following term involving f appears:

−f(x, m̄+ νkρk) + f(x, m̄+ νρ) = −ξν(t, x)(νkρk − νρ),

where ξν(t, x) =
∫ 1

0
fm(x, m̄+ νρ+ z(νkρk − νρ)) dz. Hence, the equation satisfied by v̂k is

{
−∂tv̂k −∆v̂k + ⟨Dv̂k, Dū⟩ − ξν(νkρk − νρ) + δv̂k + 1

2 ⟨Dv̂k, Dvk +Dv⟩ = 0, on (0, T )× Tn,

v̂k(T, ·) = (νk − ν)vT (·), on Tn.

In the same way as (3.7) is obtained in Lemma 3.3, we get the following estimate:

∥v̂k(t, ·)∥L∞(Tn) ≤ |νk − ν|∥vT (·)∥L∞(Tn) +

∫ T

t

∥ξν∥X · ∥(νkρk − νρ)(s, ·)∥L∞(Tn)ds

≤ |νk − ν|(∥vT (·)∥L∞(Tn) + TCf∥ρk∥X) + TCf∥ρk − ρ∥X ,

for all t ∈ [0, T ]. Since the sequence ρk converges to ρ ∈ X, νk → ν in [0, 1] by hypothesis and vT are bounded,
we have that

∥vk − v∥X → 0, for k → +∞.

Let us define Fk := Dvk + Dv. We apply Lemma A.4 to the equation in (3.4), with H = −Dū− 1
2Fk and

g = ξν(νkρk − νρ)− δ(vk − v). Note that H is bounded uniformly in k because both Dvk and Dv are. Therefore,
we get:

∥Dv̂k∥X ≤ 2∥Dv̂k(T, ·)∥L∞(Tn) + C (∥ξν∥X · ∥νkρk − νρ∥X + (δ + 1)∥vk − v∥X)

≤ 2
(
|νk − ν|∥DvT (·)∥L∞(Tn) + C · Cf∥ρk∥X

)
+ C (Cf∥ρk − ρ∥X + (δ + 1)∥vk − v∥X) ,
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where C depends on ∥ū∥L∞(Tn) and Θ, with the right hand side going to 0 as k → +∞.

Finally, let µ̂k := µk − µ. This function satisfies the following PDE:

{
∂tµ̂k −∆µ̂k − div(µ̂kDū)− div(m̄Dv̂k)− div(µ̂kDv)− div(µkDv̂k) = 0, on (0, T )× Tn

µ̂k(0, ·) = (νk − ν)µ0(·), on Tn.

A direct application of Lemma A.2 requires to control the spatial Ln norm of µ̂k, at least on [τ, T ]. To avoid it,
we take advantage of the fact that T is fixed, of estimate (A.3) in Remark A.3 and the boundedness of Tn to
get:

∥µ̂k(t, ·)∥L∞(Tn) ≤ C
(
|νk − ν|∥µ0(·)∥L∞(Tn) + ∥m̄Dv̂k∥L∞([0,T ];Ln+1(Tn)) + ∥µkDv̂k∥L∞([0,T ];Ln+1(Tn))

)

≤ C
(
|νk − ν|∥µ0(·)∥L∞(Tn) + ∥m̄Dv̂k∥X + ∥µk∥X · ∥Dv̂k∥X

)
,

(4.7)

where C depends on τ, T, ∥Dū∥L∞(Tn). Moreover, since ∥Dvk∥X are uniformly bounded in k, a further application
of estimate (A.3) in Remark A.3, we observe that also ∥µk∥X are uniformly bounded in k. This enables us to
improve (4.7) as follows:

∥µ̂k(t, ·)∥L∞(Tn) ≤ C
(
|νk − ν|∥µ0(·)∥L∞(Tn) + ∥m̄∥L∞(Tn) · ∥Dv̂k∥X + C̃∥Dv̂k∥X

)
, ∀t ∈ [0, T ].

The right hand side goes to 0, hence we conclude that

∥µk − µ∥X → 0,

for k → +∞.

Step 2: F is compact.
At this stage of the proof, we take advantage of the compactness of Tn to deduce compactness for F . To

reach this aim, we wish to prove that, given a sequence µk := F(ρk, νk), for some {(ρk, νk)} ⊆ U × [0, 1], it
admits a limit point µ ∈ X with respect to the convergence given by either the |||·|||X or the ∥ · ∥X norm. By the
previous step, we already know that both µk and vk are bounded with respect to the norm on X uniformly in k.
Then, since Dū, m̄, Dm̄, vk, ρk are uniformly (in k) bounded in Lp(Tn) for any p ≥ 1 and the initial / terminal
data are regular, from standard results in parabolic regularity theory (see for instance [39]), we deduce that µk

is bounded in Cθ,θ/2([0, T ] × Tn) for some θ ∈ (0, 1) independent of k. As a consequence, the whole sequence
{µk} is equi-continuous in X, thus one can apply Ascoli-Arzelà theorem. Therefore, there exists µ ∈ X and a
subsequence {µkj} such that

∥µkj − µ∥X → 0 for j → +∞,

hence the compactness of F .

Step 3: Fixed points satisfy µ = F(µ, ν) ̸∈ ∂U , i.e. |||µ|||X < ε̄.
In this final step we will use the a priori estimates of Sections 2 and 3.

Note that Proposition 3.9 requires the fundamental hypothesis (S) and the integrability assumptions (2.1)
(condition (3.14) is a consequence of (3.13) on the torus). To get the latter, we show first that (v, µ) possess fur-
ther regularity properties, by means of a bootstrap argument. First of all, starting from µ ∈ C([0, T ]× Tn), we
immediately observe that both v and Dv are bounded with respect to the norm on X, hence they belong
to any Lp space, for p ≥ 1; thus, standard parabolic regularity theory, for instance [39, 40], yields that
µ ∈ Cθ,θ/2([0, T ]× Tn) for some θ ∈ (0, 1), as in the previous compactness step. Again, making use of the
extra regularity just derived, we see that v ∈ C2+θ,1+θ/2([0, T ]× Tn) by parabolic Schauder theory. Computing
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the divergence terms in the second equation yields that also µ ∈ C2+θ,1+θ/2([0, T ]× Tn). Actually, v has at least
one additional continuous spatial derivative, hence the regularity assumptions in (2.1) are satisfied because m̄
has a strictly positive minimum on Tn. Note also that, Ω = Tn and the structure of the equation for µ has only
terms in divergence form, we notice that, by integration by parts,

d

dt

∫

Tn

µ(t, x) dx = 0,

hence

∫

Tn

µ(t, x) dx =

∫

Tn

µ0(x) dx = 0.

We finally apply Proposition 3.9 (note that the estimate holds for all ν in view of Rem. 2.1 and Rem. 3.1) to
get that

|||µ|||X ≤ ε̄ =⇒ |||µ|||X ≤ ε̄

2
< ε̄,

i.e. µ ̸∈ ∂U , hence the fixed points of F(ρ, ν) cannot lie on the boundary of U for all ν ∈ [0, 1].

Lastly, we need to verify that F(·, 0) = 0 on U . Note that µ := F(ρ, 0) satisfies the following PDE system





−∂tv −∆v + ⟨Dv,Dū⟩+ δv + |Dv|2
2 = 0, on (0, T )× Tn

∂tµ−∆µ− div(m̄Dv)− div(µDū)− div(µDv) = 0, on (0, T )× Tn

µ(0, ·) = 0 v(T, ·) = 0. on Tn

Since v ≡ 0 is the unique solution of the first equation, we deduce that µ ≡ 0, by uniqueness for the second
equation.

Therefore, the operator F(µ, 1) admits a fixed point µ ∈ U , which means a couple (v, µ) that solves
system (NL) and satisfies the turnpike property.

Finally, if we take mT := µ+ m̄ and uT := v+ ū, we get a solution to (1.1) on Tn which satisfies the turnpike
property (4.2). As regards property (4.3), it follows from Lemma 3.7.

Estimate (4.2) plays a fundamental role in the proof of the existence of solutions to the infinite horizon
problem. More precisely, the fact that the constant ε̄ is independent of T allows us to pass to the limit as
T → +∞ and to preserve the same estimate also for the limit function. We are able to state the existence
theorem for (4.1).

Theorem 4.3. Let Ω = Tn. Suppose that (ū, m̄) is a (classical) solution to (1.2) and that (S) holds. Then,
there exist constants γ > 0, ε̄ > 0, σ > 0 (which depend only on m̄, ū, η, Cf ) such that if

δ < σ, ∥m0(·)− m̄(·)∥L∞(Tn) < γ,

then there exists a (classical) solution (u∞,m∞) to (4.1) satisfying the following properties:

∥m∞(t, ·)− m̄(·)∥L∞(Tn) ≤
ε̄

2
e−σ1t,

∥∥∥
√
m̄(·) |Du∞(t, ·)−Dū(·)|

∥∥∥
L2(Tn)

≤ λ3e
−σ1t,

for all t > 0, where σ1 = σ−δ
n+1 and λ3 comes from Lemma 3.7.
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Proof. The proof relies on a diagonal argument. From Theorem 4.1, we already know that, for each T > 0, there
exists a solution (vT , µT ) to (NL) which satisfies the turnpike property, if the initial / terminal data are small
enough.

Let k ∈ N and consider a solution (vk, µk) to the following MFG system





−∂tvk −∆vk + ⟨Dvk, Dū⟩ − f(m̄+ µk) + f(m̄) + |Dvk|2
2 + δvk = 0, on (0, k)× Tn

∂tµk −∆µk − div(m̄Dvk)− div(µkDū)− div(µkDvk) = 0, on (0, k)× Tn

µk(0, ·) = µ0(·) vk(k, ·) = 0, on Tn,

(4.8)

where µ0 = m0 − m̄.
Fix now j = 1. Each couple of functions (vk, µk) admits a restriction to [0, 1]× Tn (if k ≥ 1) which is again

a solution to the equations in (4.8). Moreover, since by Theorem 4.1

∥µk(t, ·)∥L∞(Tn) ≤
ε̄

2

(
e−σ1t + e−σ2(k−t)

)
≤ ε̄ ∀t ∈ [0, k],

it is true that for all k > 1 (i.e. if k is large enough)

sup
t∈[0,1]

∥µk(t, ·)∥L∞(Tn) ≤ ε̄,

which means that {µk} is equibounded on [0, 1]×Tn. The same regularity argument used in Theorem 4.1 (Step 2)
enables us to establish that the sequence {µk} is also equi-continuous on [0, 1] × Tn. Therefore, Ascoli-Arzelà

theorem yields that there exists a subsequence {µ̃(1)
k } ⊆ {µk} such that

µ̃
(1)
k → µ(1),

for some µ(1) defined on [0, 1]× Tn.

We now do the same for vk. We consider the sequence {ṽ(1)k }, corresponding to {µ̃(1)
k }. As a first step, we

know that, by the previous Theorem and Lemmata in Section 3,

sup
t∈[0,1]

∥ṽ(1)k (t, ·)∥L∞(Tn) ≤ sup
t∈[0,k]

∥ṽ(1)k (t, ·)∥L∞(Tn) ≤ C,

for some C independent of T and k. Moreover, parabolic Schauder regularity theory (as in the proof of Thm. 4.1,

Step 3) yields that ṽ
(1)
k and µ̃

(1)
k are bounded in C2+θ,1+θ/2([0, 1] × Tn). We can apply again Ascoli-Arzelà

theorem to extract a uniformly converging subsequence v
(1)
k → v(1) for some v(1) defined on [0, 1]×Tn. Moreover,

because of the global estimates for v
(1)
k on [0, k]×Tn, also ∥v(1)(1, ·)∥L∞(Tn) ≤ C, where C is the same as above.

Finally, we take the subsequence {µ(1)
k }, where each µ

(1)
k corresponds to v

(1)
k in the couple (v

(1)
k , µ

(1)
k ) which

solves both equations in (4.8), by the C2,1 convergence. Again, by uniqueness of limit, µ
(1)
k → µ(1) on [0, 1]×Tn

as k → +∞.
Summing up, so far we have obtained subsequences {µ(1)

k } and {v(1)k } converging to µ(1) and v(1) respectively,
on [0, 1]× Tn.

To go on, fix now j = 2. By repeating the same argument as above, one gets that there exists a subsequence

{µ̃(2)
k } ⊆ {µ(1)

k } such that

µ̃
(2)
k → µ(2),
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for some µ(2) defined on [0, 2]× Tn. Notice that

µ(2)
∣∣
[0,1]×Tn = µ(1),

by uniqueness of limit, since {µ̃(2)
k } is a subsequence of {µ(1)

k }.
Analogously, we get that from the corresponding {ṽ(2)k }, one can extract a subsequence {v(2)k } which converges

to some v(2) on [0, 2]× Tn.

We iterate the procedure; in the end, we obtain that there exist subsequences {µ(j)
k } ⊆ {µk}, {v(j)k } ⊆ {vk}

and sequences {µ(j)},{v(j)} such that µ
(j)
k → µ(j), v

(j)
k → v(j) (in C2,1, locally in time and globally in space),

as k → +∞, µ(j)
∣∣
[0,l]×Tn = µ(l) and v(j)

∣∣
[0,l]×Tn = v(l) for all l < j. As a consequence of these facts, one takes

diagonal subsequences {µ(k)
k } and {v(k)k }, which converge in C2,1, respectively, to the functions

µ(t, x) := µ(j)(t, x), if t ∈ [0, j] for some j,

v(t, x) := v(j)(t, x), if t ∈ [0, j] for some j,

where the convergence is local in time.
Since the convergence in C2,1 allows to pass to the limit also the nonlinear terms in the equations of (NL),

the couple (v, µ) defined above gives a solution to the infinite horizon problem with initial condition given by
µ0 = m0 − m̄ and with v bounded for all t > 0. In particular, this is true since v is built by means of the
functions v(j), which are all bounded by a constant independent of T .

Finally, since each µ
(k)
k satisfies the turnpike property

∥µ(k)
k (t, ·)∥L∞(Tn) ≤

ε̄

2

(
e−σ1t + e−σ2(k−t)

)
∀t ∈ [0, k],

if we fix t ∈ [0, k], then

∥µ(t, ·)∥L∞(Tn) =

∥∥∥∥ lim
k→+∞

µ
(k)
k (t, ·)

∥∥∥∥
L∞(Tn)

= lim
k→+∞

∥µ(k)
k (t, ·)∥L∞(Tn) ≤

ε̄

2
e−σ1t.

The previous inequality holds for all t > 0, hence the thesis, after having defined m∞ := µ+ m̄ and u∞ := v+ ū.
In fact, also u∞ is bounded since both v and ū are. As regards property (4.3), it follows from Lemma 3.7, passing
to the limit as T → +∞.
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[13] M. Cirant and A. Mészáros, Long time behavior and stabilization for displacement monotone mean field games.
arXiv:2412.14903 (2025).

[14] M. Cirant and A. Porretta, Long time behavior and turnpike solutions in mildly non-monotone mean field games.
ESAIM Control Optim. Calc. Var. 27 (2021) Paper No. 86, 40.

[15] M. Bardi and H. Kouhkouh, Long-time behavior of deterministic mean field games with nonmonotone interactions.
SIAM J. Math. Anal. 56 (2024) 5079–5098.

[16] R. Carmona, Q. Cormier and H.M. Soner, Synchronization in a Kuramoto mean field game. Commun. Part. Diff.
Equ. 48 (2023) 1214–1244.

[17] A. Cesaroni and M. Cirant, Stationary equilibria and their stability in a Kuramoto MFG with strong interaction.
Commun. Part. Diff. Equ. 49 (2024) 121–147.

[18] N. Mimikos-Stamatopoulos and S. Munoz, Regularity and long time behavior of one-dimensional first-order mean
field games and the planning problem. SIAM J. Math. Anal. 56 (2024) 43–78.

[19] P. Cardaliaguet and M. Masoero, Weak KAM theory for potential MFG. J. Diff. Equ. 268 (2020) 3255–3298.

[20] M. Cirant, On the existence of oscillating solutions in non-monotone mean-field games. J. Diff. Equ. 266 (2019)
8067–8093.

[21] A. Cesaroni and M. Cirant, Brake orbits and heteroclinic connections for first order mean field games. Trans. Am.
Math. Soc. 374 (2021) 5037–5070.

[22] J. Berry, O. Ley and F.J. Silva, Approximation and perturbations of stable solutions to a stationary mean field
game system. J. Math. Pures Appl. 194 (2025) 103666.

[23] A. Briani and P. Cardaliaguet, Stable solutions in potential mean field game systems. Nonlinear Diff. Equ. Appl.
25 (2017) 1.

[24] A. Porretta, On the turnpike property for mean field games. Minimax Theory Appl. 3 (2018) 285–312.
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This final section is devoted to present the proof of some useful inequalities used in Section 3 to get the a priori
estimates. We point out that similar estimates can be found also in [41]; however, we need more precise ones, with
constants independent of the time horizon T , and to do this we have to perform a slightly more refined work.

Moreover, we specify that the estimates in this Section hold for both Ω = Tn and Ω = Rn.
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First of all, we recall that the heat kernel on Rn is defined as the function

Γ(t, x) =

 1

(4πt)
n
2
e−

|x|2
4t , if t > 0

0, if t ≤ 0,

for x ∈ Rn. Recall that its L1 norm over Rn is equal to 1, for t > 0. Moreover, one can consider the heat kernel defined
on Tn by taking the periodization of the function Γ, as follows:

x 7→
∑
k∈Zn

Γ(t, x+ 2kπ);

such function is defined for all x ∈ Rn and it is periodic, hence it can be seen as a function on Tn. The properties recalled
in the following Lemma are standard, and valid both on Ω = Rn and on Ω = Tn (for Γ and its periodization respectively).

Lemma A.1. There exist two constants C1(n, p) and C2(n, p) such that, for all p ∈ [1,+∞],

∥Γ(t, x)∥Lp(Ω) ≤ C1(n, p)t
− n

2p′

and

∥|DΓ|(t, x)∥Lp(Ω) ≤ C2(n, p)t
− n

2p′ −
1
2 ,

where p′ is such that 1
p
+ 1

p′ = 1 (with p′ = +∞ if p = 1).

We now prove two Lemmas used in Section 3.

Lemma A.2. Let z be the unique (mild) solution to the following linear forward PDE:{
∂tz −∆z = div(zF ) + div(G), on (0, T )× Ω

z(0, ·) = z0(·), on Ω.

Suppose that F ∈ L∞([0, T ]×Ω), F ̸= 0, G ∈ L∞([0, T ];Ln+1(Ω)). Assume moreover that z ∈ L∞([0, T ];Ln(Ω)). Then,
the following estimate holds:

∥z(t, ·)∥L∞(Ω) ≤ 2∥z0(·)∥L∞(Ω) + CF

(
∥G∥L∞((t−τ,t);Ln+1(Ω)) + 1[τ,T ](t)∥z∥L∞((t−τ,t);Ln(Ω))

)
, (A.1)

for all t ∈ [0, T ], where τ = 1
16∥F∥2

L∞([0,T ]×Ω)
C2(n)2

and CF depends on F, n, τ .

Proof. First of all, let C1(n) := C1(n,
n

n−1
), C2(n) := C2(n, 1) and C̃2(n) := C2(n,

n+1
n

), where C1(n, p) and C2(n, p)
are as in Lemma A.1. We consider the PDE as a heat equation with an external source; therefore, we use Duhamel
representation formula to get the following expression

z(t, x) =

∫
Ω

Γ(t, x− y)z0(y)dy +

∫ t

0

∫
Ω

Γ(t− u, x− y) [div(zF ) + div(G)] (u, y)dydu

=

∫
Ω

Γ(t, x− y)z0(y)dy +

∫ t

0

∫
Ω

⟨DΓ(t− u, x− y),−z(u, y)F (u, y)−G(u, y)⟩dydu.

Thus, by means of Hölder’s inequality for convolutions,

∥z(t, ·)∥L∞(Ω) ≤ ∥Γ(t− u, x− ·)∥L1(Ω) · ∥z0∥L∞(Ω)
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+

∫ t

0

∥DΓ(t− u, x− ·)∥L1(Ω)∥z(u)∥L∞(Ω)∥F∥L∞([0,T ]×Ω)du+

+

∫ t

0

∥DΓ(t− u, x− ·)∥
L

n+1
n (Ω)

∥G(u)∥Ln+1(Ω)du

≤ ∥z0∥L∞(Ω) + C2(n)∥F∥L∞([0,T ]×Ω)

∫ t

0

(t− u)−
1
2 sup
u∈[0,τ ]

∥z(u)∥L∞(Ω)du

+ C̃2(n)

∫ t

0

(t− u)−1+ 1
2n+2 ∥G(u)∥Ln+1(Ω)du,

where τ is to be fixed and we consider only t ∈ [0, τ ]. After performing the change of variables r := t− u, we get

≤ ∥z0∥L∞(Ω) + C2(n)∥F∥L∞([0,T ]×Ω) sup
u∈[0,τ ]

∥z(u)∥L∞(Ω)

∫ t

0

r−
1
2 dr

+ C̃2(n)

∫ t

0

r−1+ 1
2n+2 ∥G(t− r)∥Ln+1(Ω)dr

≤ ∥z0∥L∞(Ω) + C2(n)∥F∥L∞([0,T ]×Ω) sup
u∈[0,τ ]

∥z(u)∥L∞(Ω)2τ
1
2

+ C̃2(n)

∫ τ

0

r−1+ 1
2n+2 ∥G(t− r)∥Ln+1(Ω)dr

≤ ∥z0∥L∞(Ω) + C2(n)∥F∥L∞([0,T ]×Ω) sup
u∈[0,τ ]

∥z(u)∥L∞(Ω)2τ
1
2

+ (2n+ 2)C̃2(n)τ
1

2n+2 ∥G∥L∞((t−τ,t);Ln+1(Ω)).

Choose τ = 1
16C2(n)2∥F∥2

L∞([0,T ]×Ω)

and take the supremum over [0, τ ] in the left hand side. Therefore,

sup
t∈[0,τ ]

∥z(t, ·)∥L∞(Ω) ≤ ∥z0∥L∞(Ω) +
1

2
sup

u∈[0,τ ]

∥z(u)∥L∞(Ω) + (2n+ 2)C̃2(n)τ
1

2n+2 ∥G∥L∞((t−τ,t);Ln+1(Ω)),

from which

sup
t∈[0,τ ]

∥z(t, ·)∥L∞(Ω) ≤ 2∥z0∥L∞(Ω) + 2(2n+ 2)C̃2(n)τ
1

2n+2 ∥G∥L∞((t−τ,t);Ln+1(Ω)).

which gives the first part of the estimate (A.1).
For larger times, we have to use a cut-off method. Fix s ∈ (0, T − 1) and let

η(t) :=


0, if t ∈ [0, s]

t− s, if t ∈ [s, s+ 1]

1, if t ∈ [s+ 1, T ]

and let z̃(t, x) = η(t)z(t, x). We have that

∂tz̃ = η∂tz + η′z = η(∆z + div(zF ) + div(G)) + η′z =

= ∆z̃ + div(z̃F ) + η div(G) + η′z,

with initial condition z̃(0, ·) = η(0)z(0, ·) = 0. Hence, z̃ satisfies (a.e.) the following Cauchy problem:{
∂tz̃ −∆z̃ = div(z̃F ) + η div(G) + η′z, on (0, T )× Ω

z̃(0, ·) = 0, on Ω
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Using Duhamel representation formula, we get

z̃(t, x) =

∫ t

0

∫
Ω

Γ(t− u, x− y)
(
div(z̃F ) + η div(G) + η′z

)
(u, y)dydu

=

∫ t

0

∫
Ω

⟨DΓ(t− u, x− y),−z̃F (u, y)− η(u)G(u, y)⟩+ Γ(t− u, x− y)η′(u, y)z(u, y)dydu

=

∫ t

s

∫
Ω

⟨DΓ(t− u, x− y),−z̃F (u, y)− η(u)G(u, y)⟩+ Γ(t− u, x− y)η′(u, y)z(u, y)dydu,

where the last equality follows from the fact that η (and consequently z̃) has support, with respect to t, on [s, T ]. Consider
s ≤ t ≤ s+ τ , where τ is defined as before. Then, again by Hölder’s inequality for convolutions,

∥z̃(t, ·)∥L∞(Ω) ≤
∫ t

s

∥DΓ(t− u, x− ·)∥L1(Ω)∥F∥L∞([0,T ]×Ω)∥z̃(u)∥L∞(Ω)du

+

∫ t

s

∥DΓ(t− u, x− ·)∥
L

n+1
n (Ω)

∥G(u)∥Ln+1(Ω) + ∥Γ(t− u, x− ·)∥
L

n
n−1 (Ω)

∥z(u)∥Ln(Ω)du

≤ C2(n)∥F∥L∞([0,T ]×Ω) sup
u∈[s,s+τ ]

∥z̃(u)∥L∞(Ω)

∫ t

s

(t− u)−
1
2 du

+ C̃2(n)

∫ t

s

(t− u)−1+ 1
2n+2 ∥G(u)∥Ln+1(Ω)du+ C1(n)

∫ t

s

(t− u)−
1
2 ∥z(u)∥Ln(Ω)du

r:=t−u

≤ 2C2(n)∥F∥L∞([0,T ]×Ω)(t− s)
1
2 sup
u∈[s,s+τ ]

∥z̃(u)∥L∞(Ω)

+ C̃2(n)

∫ t−s

0

r−1+ 1
2n+2 ∥G(t− r)∥Ln+1(Ω)dr + C1(n)

∫ t−s

0

r−
1
2 ∥z(t− r)∥Ln(Ω)dr

≤ 2C2(n)∥F∥L∞([0,T ]×Ω)τ
1
2 sup
u∈[s,s+τ ]

∥z̃(u)∥L∞(Ω)

+ C̃2(n)

∫ τ

0

r−1+ 1
2n+2 ∥G(t− r)∥Ln+1(Ω)dr + C1(n)

∫ τ

0

r−
1
2 ∥z(t− r)∥Ln(Ω)dr

≤ 2C2(n)∥F∥L∞([0,T ]×Ω)τ
1
2 sup
u∈[s,s+τ ]

∥z̃(u)∥L∞(Ω)

+ (2n+ 2)C̃2(n)τ
1

2n+2 ∥G∥L∞((t−τ,t);Ln+1(Ω)) + 2τ
1
2C1(n)∥z∥L∞((t−τ,t);Ln(Ω))

≤ 1

2
sup

u∈[s,s+τ ]

∥z̃(u)∥L∞(Ω) + (2n+ 2)C̃2(n)τ
1

2n+2 ∥G∥L∞((t−τ,t);Ln+1(Ω))

+ 2τ
1
2C1(n)∥z∥L∞((t−τ,t);Ln(Ω)).

Taking the supremum over [s, s+ τ ], we get

sup
u∈[s,s+τ ]

∥z̃(u, ·)∥L∞(Ω) ≤ 2(2n+ 2)C̃2(n)τ
1

2n+2 ∥G∥L∞((t−τ,t);Ln+1(Ω))

+ 4τ
1
2C1(n)∥z∥L∞((t−τ,t);Ln(Ω)).

Recalling the definition of z̃, we get that

∥z(s+ τ, ·)∥L∞(Ω) =
1

τ
∥z̃(s+ τ, ·)∥L∞(Ω) ≤

2(2n+ 2)C̃2(n)τ
1

2n+2 ∥G∥L∞((t−τ,t);Ln+1(Ω))

τ

+
4τ

1
2C1(n)∥z∥L∞((t−τ,t);Ln(Ω))

τ
,
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for all 0 < s < T − 1. This can be extended also for s > T − 1 (but s < T − τ), by getting a different cut-off function

η2(t) :=

{
0, if t ∈ [0, s]

t− s, if t ∈ [s, T ]

and again z̃(t, x) = η2(t)z(t, x). The computations are the same as before. Gathering all the estimates, we finally get (A.1).

Remark A.3. We notice that in the proof of (A.1) the last term arises from the cut-off argument. This means that the
estimate on [0, τ ] reads as follows:

∥z(t, ·)∥L∞(Ω) ≤ 2∥z0(·)∥L∞(Ω) + CF ∥G∥L∞((0,τ);Ln+1(Ω)). (A.2)

A rougher bound than (A.1) can be obtained by iterating (A.2) m times, where m is the integer part of T
τ
. In this way,

∥z(t, ·)∥L∞(Ω) ≤ 2m∥z0(·)∥L∞(Ω) + CF

(
m∑

k=0

2k
)
∥G∥L∞((0,τ);Ln+1(Ω))

= 2m∥z0(·)∥L∞(Ω) + CF (2
m+1 − 1)∥G∥L∞((0,τ);Ln+1(Ω)),

(A.3)

for all t ∈ [0, T ].

The second estimate is about backward equations with terminal condition.

Lemma A.4. Let z be the unique (mild) solution to the following linear backward PDE:{
−∂tz −∆z = ⟨Dz,H⟩+ g, on (0, T )× Ω

z(T, ·) = zT (·), on Ω.
(A.4)

Suppose that H, g ∈ L∞([0, T ]× Ω). Assume moreover that z(t, ·) ∈ L∞(Ω) for all t ∈ [0, T ]. Then,

∥Dz(t, ·)∥L∞(Ω) ≤ 2∥DzT (·)∥L∞(Ω) + CH

(
∥g∥L∞([0,T ]×Ω) + 1[τ,T ](t)∥z∥L∞([0,T ]×Ω)

)
, (A.5)

for all t ∈ [0, T ].

Proof. Let C2(n) := C2(n, 1), where C2(n, p) is as in Lemma A.1. We consider again, as in Lemma A.2, the PDE as a
heat equation with an external source. We recast the equation in (A.4) as a forward PDE by introducing the following
change of (time) variable:

z̃(t, x) := z(T − t, x).

Then, we determine the equation satisfied by z̄.

∂tz̃(t, x) = −∂sz(T − t, x)

= ∆z(T − t, x) + ⟨Dz(T − t, x), H(T − t, x)⟩+ g(T − t, x)

= ∆z̃(t, x) + ⟨Dz̃(t, x), H(T − t, x)⟩+ g(T − t, x),

with initial condition z̃(0, ·) = zT (·). Therefore, by using Duhamel representation formula, we get

z̃(t, x) =

∫
Ω

Γ(t, x− y)zT (y)dy +

∫ t

0

∫
Ω

Γ(t− u, x− y) [⟨Dz̃(u, y), H(T − u, y)⟩+ g(T − u, y)] dydu,

hence, recalling the definition of z̃,

z(t, x) =

∫
Ω

Γ(T − t, x− y)zT (y)dy +

∫ T−t

0

∫
Ω

Γ(T − t− u, x− y) [⟨Dz(T − u, y), H(T − u, y)⟩+ g(T − u, y)] dydu.
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Now, let us compute the i-th spatial derivative of z, exploiting the properties of the convolution with respect to
differentiation. We get

∂xiz(t, x) =

∫
Ω

Γ(T − t, x− y)∂yizT (y)dy +

∫ T−t

0

∫
Ω

∂xiΓ(T − t− u, x− y)⟨Dz(T − u, y), H(T − u, y)⟩dydu

+

∫ T−t

0

∫
Ω

∂xiΓ(T − t− u, x− y)g(T − u, y)dydu,

from which, by Young’s inequality for convolutions, we get

∥∂xiz(t, ·)∥L∞(Ω) ≤ ∥Γ(T − t, x− ·)∥L1(Ω)∥DzT ∥L∞(Ω)

+

∫ T−t

0

∥DΓ(T − t− u, x− ·)∥L1(Ω)∥Dz(T − u)∥L∞(Ω)∥H(T − u)∥L∞(Ω)du

+

∫ T−t

0

∥DΓ(T − t− u, x− ·)∥L1(Ω)∥g(T − u)∥L∞(Ω)du

= ∥DzT ∥L∞(Ω) + C2(n)

∫ T−t

0

(T − t− u)−
1
2 ∥Dz(T − u)∥L∞(Ω)∥H(T − u)∥L∞(Ω)du

+ C2(n)

∫ T−t

0

(T − t− u)−
1
2 ∥g(T − u)∥L∞du

u′:=T−u
= ∥DzT ∥L∞(Ω)+

+ C2(n)

∫ T

t

(u′ − t)−
1
2
(
∥Dz(u′)∥L∞(Ω)∥H(u′)∥L∞(Ω) + ∥g(u′)∥L∞(Ω)

)
du′.

Let T − τ ≤ t ≤ T , with τ to be fixed later. From the previous inequality, with the change of variables r := u′ − t, we
deduce

≤ ∥DzT ∥L∞(Ω) + C2(n)

∫ T

t

(u′ − t)−
1
2 sup
u′∈[T−τ,T ]

∥Dz(u′)∥L∞(Ω)∥H(u′)∥L∞(Ω)du
′

+ C2(n)

∫ T−t

0

r−
1
2 ∥g(t+ r)∥L∞(Ω)dr

≤ ∥DzT ∥L∞(Ω) + C2(n)∥H∥L∞([0,T ]×Ω) sup
u′∈[T−τ,T ]

∥Dz(u′)∥L∞(Ω)

∫ τ

0

r−
1
2 du′

+ C2(n)∥g∥L∞([0,T ]×Ω)

∫ τ

0

r−
1
2 dr

≤ ∥DzT ∥L∞(Ω) + 2τ
1
2C2(n)∥H∥L∞([0,T ]×Ω) sup

u′∈[T−τ,T ]

∥Dz(u′)∥L∞ + 2τ
1
2C2(n)∥g∥L∞([0,T ]×Ω).

Choose τ = 1
16∥H∥2

L∞([0,T ]×Ω)
C2

2 (n)
. Then, taking the supremum on both sides on [T − τ, T ] and over all spatial derivatives

of z, we get

sup
t∈[T−τ,T ]

∥Dz(t)∥L∞(Ω) ≤ 2∥DzT (·)∥L∞(Ω) + CH∥g∥L∞([0,T ]×Ω),

for some CH depending on ∥H∥L∞([0,T ]×Ω), n.
To extend the estimate for further times, we have to apply a cut-off method. Let s > 0 and s < T − 1 and define

ω(t) =


1, if t ∈ [0, T − s− 1]

T − t− s, if t ∈ [T − s− 1, T − s]

0, if t ∈ [T − s, T ]
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The support of ω(T − t) is [s, T ]. Define z̄(t, x) = ω(t)z(t, x) and we compute the equation satisfied (a.e.) by z̄, which is:

−∂tz̄ = −ω∂tz − ω′z

= ω∆z + ω⟨Dz,H⟩+ ωg − ω′z

= ∆z̄ + ⟨Dz̄,H⟩+ ωg − ω′z,

with boundary condition z̄(T, ·) = 0. Duhamel representation formula, together with the previous change of time variable
and the property of the support of ω, gives:

z̄(t, x) =

∫ T−t

s

∫
Ω

Γ(T − t− u, x− y)⟨Dz̄(T − u, y), H(T − u, y)⟩dydu

+

∫ T−t

s

∫
Ω

Γ(T − t− u, x− y)
[
ω(T − u)g(T − u, y)− ω′(T − u)z(T − u, y)

]
dydu =

u′:=T−u
=

∫ T−s

t

∫
Ω

Γ(u′ − t, x− y)
[
⟨Dz̄(u′, y), H(u′, y)⟩+ ω(u′)g(u′, y)− ω′(u′)z(u′, y)

]
dydu′.

Computing the i-th spatial derivative and exploiting the properties of the convolution with respect to differentiation
yields:

∂xi z̄(t, x) =

∫ T−s

t

∫
Ω

∂xiΓ(u− t, x− y)
[
⟨Dz̄(u, y), H(u, y)⟩+ ω(u)g(u, y)− ω′(u)z(u, y)

]
dydu.

Take now t ∈ [T − s− τ, T − s], where τ is the same as before. Taking the sup norm and using the Young’s inequality
for convolutions, we obtain

∥∂xi z̄(t, ·)∥L∞(Ω) ≤
∫ T−s

t

∥DΓ(u− t, x− ·)∥L1(Ω)

[
∥Dz̄(u)∥L∞(Ω)∥H∥L∞([0,T ]×Ω) + ∥g(u)∥L∞(Ω)

]
du

+

∫ T−s

t

∥DΓ(u− t, x− ·)∥L1(Ω)∥z(u)∥L∞(Ω)du

r:=u−t
= C2(n) sup

u∈[T−s−τ,T−s]

∥Dz̄(u)∥L∞(Ω)∥H∥L∞([0,T ]×Ω)

∫ T−s−t

0

r−
1
2 dr

+ C2(n)

∫ T−s−t

0

r−
1
2 ∥z(t+ r)∥L∞(Ω)dr + C2(n)

∫ T−s−t

0

r−
1
2 ∥g(t+ r)∥L∞(Ω)dr

≤ 1

2
sup

u∈[T−s−τ,T−s]

∥Dz̄(u)∥L∞(Ω) + C2(n)∥z∥L∞([0,T ]×Ω)

∫ τ

0

r−
1
2 dr

+ C2(n)∥g∥L∞([0,T ]×Ω)

∫ τ

0

r−
1
2 dr

=
1

2
sup

u∈[T−s−τ,T−s]

∥Dz̄(u)∥L∞(Ω) + 2τ
1
2C2(n)

(
∥z∥L∞([0,T ]×Ω) + ∥g∥L∞([0,T ]×Ω)

)
.

Taking the supremum over all derivatives and over [T − s− τ, T − s], we get

sup
u∈[T−s−τ,T−s]

∥Dz̄(u, ·)∥L∞(Ω) ≤ CH

(
∥g∥L∞([0,T ]×Ω) + ∥z∥L∞([0,T ]×Ω)

)
.

Recalling the definition of z̄, we have that

∥Dz(T − s− τ, ·)∥L∞(Ω) =
1

τ
∥Dz̄(T − s− τ, ·)∥L∞(Ω) ≤

CH

τ

(
∥g∥L∞([0,T ]×Ω) + ∥z∥L∞([0,T ]×Ω)

)
,



THE LOCAL TURNPIKE PROPERTY IN MEAN FIELD CONTROL AND GAMES WITH QUADRATIC HAMILTONIAN 49

for all 0 < s < T − 1. The same reasoning holds for s ∈ [T − 1, T − τ ], if one chooses the cut-off function

ω2(t) =

{
T − t− s, if t ∈ [0, T − s]

0, if t ∈ [T − s, T ].

Gathering all the estimates we obtained, we finally get (A.5).
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